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1: THE BASIC TOOLS OF QUANTUM MECHANICS

Quantum Mechanics Describes Matter in Terms of Wavefunctions and Energy Levels and physical Measurements are Described
in Terms of Operators Acting on Wavefunctions

1.1: Operators

1.2: Wavefunctions

1.3: The Schrodinger Equation

1.4: Free-Particle Motion in Two Dimensions

1.5: Particles in Boxes

1.6: One Electron Moving About a Nucleus

1.7: Harmonic Vibrational Motion

1.8: Rotational Motion for a Rigid Diatomic Molecule

1.9: The Physical Relevance of Wavefunctions, Operators and Eigenvalues

This page titled 1: The Basic Tools of Quantum Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.1: Operators

Each physically measurable quantity has a corresponding operator. The eigenvalues of the operator tell the values of the
corresponding physical property that can be observed

In quantum mechanics, any experimentally measurable physical quantity F (e.g., energy, dipole moment, orbital angular
momentum, spin angular momentum, linear momentum, kinetic energy) whose classical mechanical expression can be written
in terms of the cartesian positions {q;} and momenta {p;} of the particles that comprise the system of interest is assigned a
corresponding quantum mechanical operator F. Given F in terms of the {q;} and {p;}, F is formed by replacing p; by —iha% and

leaving q; untouched. For example, if

2m1

N 2
F=Z( = +1k(q1—q?>2+L<q1—qi’)>
2

then

F—XN: O L ke -+ Ll - o)
= S, aqz D) q1 — ¢, 91— q

The x-component of the dipole moment for a collection of N particles has

N
F = Z Zjexj
j=1

and

N
F = Z Z]'€$j
j=1

where Z e is the charge on the ji* particle.

The mapping from F to F is straightforward only in terms of cartesian coordinates. To map a classical function F, given in terms
of curvilinear coordinates (even if they are orthogonal), into its quantum operator is not at all straightforward. Interested readers
are referred to Kemble's text on quantum mechanics which deals with this matter in detail. The mapping can always be done in
terms of cartesian coordinates after which a transformation of the resulting coordinates and differential operators to a curvilinear
system can be performed. The corresponding transformation of the kinetic energy operator to spherical coordinates is treated in
detail in Appendix A. The text by EWK also covers this topic in considerable detail.

The relationship of these quantum mechanical operators to experimental measurement will be made clear later in this chapter.
For now, suffice it to say that these operators define equations whose solutions determine the values of the corresponding
physical property that can be observed when a measurement is carried out; only the values so determined can be observed.
This should suggest the origins of quantum mechanics' prediction that some measurements will produce discrete or quantized
values of certain variables (e.g., energy, angular momentum, etc.).

This page titled 1.1: Operators is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and Jeff
Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.2: Wavefunctions

The eigenfunctions of a quantum mechanical operator depend on the coordinates upon which the operator acts; these functions
are called wavefunctions

In addition to operators corresponding to each physically measurable quantity, quantum mechanics describes the state of the
system in terms of a wavefunction ¥ that is a function of the coordinates {q,} and of time t. The function |¥(g;, t)|> = T*¥ gives the
probability density for observing the coordinates at the values g; at time t. For a many-particle system such as the H,0O molecule,
the wavefunction depends on many coordinates. For the H,O example, it depends on the x, y, and z (or r,q, and f) coordinates of
the ten electrons and the x, y, and z (or r,q, and f) coordinates of the oxygen nucleus and of the two protons; a total of thirty-nine
coordinates appear in .

In classical mechanics, the coordinates qj and their corresponding momenta p; are functions of time. The state of the system is
then described by specifying g¢; (t) and p; (t). In quantum mechanics, the concept that qj is known as a function of time is replaced
by the concept of the probability density for finding ¢; at a particular value at a particular time t: |\If(qj,t)\2. Knowledge of the
corresponding momenta as functions of time is also relinquished in quantum mechanics; again, only knowledge of the probability
density for finding p; with any particular value at a particular time ¢t remains.

This page titled 1.2: Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.3: The Schrodinger Equation

The Time-Dependent Schrodinger Equation

How to extract from ¥(g;, t) knowledge about momenta is treated, where the structure of quantum mechanics, the use of operators
and wavefunctions to make predictions and interpretations about experimental measurements, and the origin of 'uncertainty
relations' such as the well known Heisenberg uncertainty condition dealing with measurements of coordinates and momenta are
also treated.

Before moving deeper into understanding what quantum mechanics 'means, it is useful to learn how the wavefunctions ¥ are
found by applying the basic equation of quantum mechanics, the Schrédinger equation, to a few exactly soluble model problems.
Knowing the solutions to these 'easy' yet chemically very relevant models will then facilitate learning more of the details about the
structure of quantum mechanics because these model cases can be used as 'concrete examples'.

The Schrodinger equation is a differential equation depending on time and on all of the spatial coordinates necessary to describe
the system at hand (thirty-nine for the H,O example cited above). It is usually written

ov
HV =ih——
ot

where ¥(g;,t) is the unknown wavefunction and H is the operator corresponding to the total energy physical property of the
system. This operator is called the Hamiltonian and is formed, as stated above, by first writing down the classical mechanical
expression for the total energy (kinetic plus potential) in Cartesian coordinates and momenta and then replacing all classical

. . . 7]
momenta pj by their quantum mechanical operators p; = zha—
q;

For the H,O example used above, the classical mechanical energy of all thirteen particles is

E=Z<;:n —Z——ZZ m>+z( 2ma 6q )

where the indices i and j are used to label the ten electrons whose thirty cartesian coordinates are {q;} and a and b label the
three nuclei whose charges are denoted {Z,}, and whose nine cartesian coordinates are {q,}. The electron and nuclear masses

are denoted me and {m,}, respectively.
h2 6)2

Notice that H is a second order differential operator in the space of the thirty-nine Cartesian coordinates that describe the
positions of the ten electrons and three nuclei. It is a second order operator because the momenta appear in the kinetic energy

The corresponding Hamiltonian operator is

H - Z((h2>32 Z_*

Tij

- L0 . -
as p? and p?, and the quantum mechanical operator for each momentum p = zha— is of first order.
q

The Schrédinger equation for the H,O then reads

s[(e)2

62 2
\P+Z (Qm)(?q t3 Z aZb v

Tab

ov
= ith—
ot
If the Hamiltonian operator contains the time variable explicitly, one must solve the time-dependent Schrédinger
equation. If the Hamiltonian operator does not contain the time variable explicitly, one can solve the time-independent
Schrédinger equation

@IOIC]E) 4 (1.3.1)
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The Time-Independent Schrodinger Equation

In cases where the classical energy, and hence the quantum Hamiltonian, do not contain terms that are explicitly time dependent
(e.g., interactions with time varying external electric or magnetic fields would add to the above classical energy expression time
dependent terms discussed later in this text), the separations of variables techniques can be used to reduce the Schrodinger
equation to a time-independent equation.

In such cases, H is not explicitly time dependent, so one can assume that ¥(g;,t) is of the for
U(gj,t) = (g F(t).
Substituting this 'ansatz' into the time-dependent Schrodinger equation gives

Dividing by ¥(g;)F(t) then gives

OF
P (m—) — U (HY(g)).
ot
Since F(t) is only a function of time t, and ¥(g; ) is only a function of the spatial coordinates {g;}, and because the left hand and
right hand sides must be equal for all values of t and of {g;}, both the left and right hand sides must equal a constant. If this
constant is called E, the two equations that are embodied in this separated Schrodinger equation read as follows:

HY(q;) = E¥(g;), (1.3.1)

LOF() . dE(t)

5t T EF(t).

Equation 1.3.1 is called the time-independent Schrédinger Equation; it is a so-called eigenvalue equation in which one is asked to
find functions that yield a constant multiple of themselves when acted on by the Hamiltonian operator. Such functions are called
eigenfunctions of H and the corresponding constants are called eigenvalues of H. For example, if H were of the form

_h2 62
2M 097

then functions of the form e(™%) would be eigenfunctions because

2 2 242
—h” 0%\ Lime _ (MBTY (imo)
oM g2 oM

2h2

In this case, (m

Wi ) is the eigenvalue.

When the Schrédinger equation can be separated to generate a time-independent equation describing the spatial coordinate
dependence of the wavefunction, the eigenvalue E must be returned to the equation determining F(¢) to find the time dependent
part of the wavefunction. By solving

ih—— = EF(t)
once FE is known, one obtains
—i Bt
F(t)=e h
and the full wavefunction can be written as
—iEt

U(gj,t) = U(gjle h

@IOIC]E) 5 (1.3.2)
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and the full wavefunction can be written as

—ibt

U(gj,t) = U(gj)e

For the above example, the time dependence is expressed by

h 2M

(—it m2h2)
F(t)y=e

Having been introduced to the concepts of operators, wavefunctions, the Hamiltonian and its Schrodinger equation, it is important
to now consider several examples of the applications of these concepts. The examples treated below were chosen to provide the
learner with valuable experience in solving the Schrodinger equation; they were also chosen because the models they embody
form the most elementary chemical models of electronic motions in conjugated molecules and in atoms, rotations of linear

molecules, and vibrations of chemical bonds.

This page titled 1.3: The Schrédinger Equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.4: Free-Particle Motion in Two Dimensions

The Schrodinger Equation

The number of dimensions depends on the number of particles and the number of spatial (and other) dimensions needed to
characterize the position and motion of each particle

Consider an electron of mass m and charge e moving on a two-dimensional surface that defines the x,y plane (perhaps the
electron is constrained to the surface of a solid by a potential that binds it tightly to a narrow region in the z-direction), and
assume that the electron experiences a constant potential V; at all points in this plane (on any real atomic or molecular surface,
the electron would experience a potential that varies with position in a manner that reflects the periodic structure of the surface).
The pertinent time independent Schrodinger equation is:

h2 82 82
—w—|\a5t57 % =F
o (s + o ) o) + Viw(o1) = BuGa.t)
Because there are no terms in this equation that couple motion in the x and y directions (e.g., no terms of the form z%° or 8i e
€z 0y

or xai), separation of variables can be used to write ¢ as a product ¢(x,y)=A(x)B(y). Substitution of this form into the Schrodinger
Yy

equation, followed by collecting together all x-dependent and all y-dependent terms, gives;

h2 4 0A R, 0°B

2m 0r2  2m y?

=E-V,

Since the first term contains no y-dependence and the second contains no x-dependence, both must actually be constant (these
two constants are denoted E, and E,, respectively), which allows two separate Schrodinger equations to be written:

—h? 8%A
A7t = E,, and
2m Ox?  an
—h?__,9°B
2m B oy? Ey

The total energy E can then be expressed in terms of these separate energies E, and E, as E, + E, = E — V. Solutions to the x-
and y- Schrodinger equations are easily seen to be:

Two independent solutions are obtained for each equation because the x- and y-space Schrodinger equations are both second
order differential equations.

Boundary Conditions

The boundary conditions, not the Schrodinger equation, determine whether the eigenvalues will be discrete or continuous

@IOIC]E) 7 (1.4.1)
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If the electron is entirely unconstrained within the x,y plane, the energies E, and E, can assume any value; this means that the
experimenter can 'inject’ the electron onto the x,y plane with any total energy E and any components E, and E, along the two axes
as long as E, + E, = E. In such a situation, one speaks of the energies along both coordinates as being 'in the continuum’ or 'not
quantized'.

In contrast, if the electron is constrained to remain within a fixed area in the x,y plane (e.g., a rectangular or circular region),
then the situation is qualitatively different. Constraining the electron to any such specified area gives rise to so-called boundary
conditions that impose additional requirements on the above A and B functions. These constraints can arise, for example, if the
potential Vi(x,y) becomes very large for x,y values outside the region, in which case, the probability of finding the electron outside
the region is very small. Such a case might represent, for example, a situation in which the molecular structure of the solid surface
changes outside the enclosed region in a way that is highly repulsive to the electron.

For example, if motion is constrained to take place within a rectangular region defined by ® < x < L,; ® <y < L, then the

continuity property that all wavefunctions must obey (because of their interpretation as probability densities, which must be

continuous) causes A(x) to vanish at ® and at L,. Likewise, B(y) must vanish at ® and at L,. To implement these constraints for
| 2mE,

(2

| 2mE,
—1T
A(x), one must linearly combine the above two solutions e h*  ande h? to achieve a function that vanishes at x=6:

A(z) =e L h?

One is allowed to linearly combine solutions of the Schrédinger equation that have the same energy (i.e., are degenerate) because
Schrédinger equations are linear differential equations. An analogous process must be applied to B(y) to achieve a function that

vanishes at y=0:
[ 2mE, , W
WA | — T —iy
By)=e \ M —e N M

Further requiring A(x) and B(y) to vanish, respectively, at x=L, and y=L,, gives equations that can be obeyed only if E, and E,
assume particular values:

" 2mE, " 2mE,
1Ly Ul
e h* e h* 0 and
2mkE, 2mE,
iL, 5 —iL, >
e h —e h =0

These equations are equivalent to

2mE 2mE
sin (iLz e f) = sin (iLy - y) =0

Knowing that sin(f) vanishes at 6 = nm, for n=1,2,3,..., (although the sin(n=) function vanishes for n=0, this function vanishes for all
x ory, and is therefore unacceptable because it represents zero probability density at all points in space) one concludes that the
energies E, and E, can assume only values that obey:

2mE
L, = L =n,m
2mE,
L, oI Tz, O
2,222
nimh
, and
T o2mlL? "
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2, 212

nimh

E,= ——— withn, and n, = 1,2,3,...
: 2mL2 '

It is important to stress that it is the imposition of boundary conditions, expressing the fact that the electron is spatially
constrained, that gives rise to quantized energies. In the absence of spatial confinement, or with confinement only at x =0 or L,
or only aty =0 or L,, quantized energies would not be realized.

In this example, confinement of the electron to a finite interval along both the x and y coordinates yields energies that are
quantized along both axes. If the electron were confined along one coordinate (e.g., between ® < x < L) but not along the other
(i.e., B(y) is either restricted to vanish at y=0 or at y=L, or at neither point), then the total energy E lies in the continuum; its E,
component is quantized but E, is not. Such cases arise, for example, when a linear triatomic molecule has more than enough
energy in one of its bonds to rupture it but not much energy in the other bond; the first bond's energy lies in the continuum, but
the second bond's energy is quantized.

Perhaps more interesting is the case in which the bond with the higher dissociation energy is excited to a level that is not enough
to break it but that is in excess of the dissociation energy of the weaker bond. In this case, one has two degenerate states- i. the
strong bond having high internal energy and the weak bond having low energy (1), and ii. the strong bond having little energy and
the weak bond having more than enough energy to rupture it (). Although an experiment may prepare the molecule in a state
that contains only the former component (i.e., ¥ = Cy9; + CatpawithC; <« Cs), coupling between the two degenerate functions
(induc%j by terms in the Hamiltonian H that have been ignored in defining v, and v,) usually causes the true wavefunction ¥ =
—it

e h 1) to acquire a component of the second function as time evolves. In such a case, one speaks of internal vibrational
energy flow giving rise to unimolecular decomposition of the molecule.

3. Energies and Wavefunctions for Bound States

For discrete energy levels, the energies are specified functions the depend on quantum numbers, one for each degree of
freedom that is quantized

Returning to the situation in which motion is constrained along both axes, the resultant total energies and wavefunctions
(obtained by inserting the quantum energy levels into the expressions for A(z)B(y) are as follows:

| n2alp?
°T omL?’
and
_ n§7r2h2
y = W?
E=E, +E,

Ny TY —in,my

1N, TX —iN,Tx
1 [ 1
= —_— L] — L.’L’ Li’/ — L?/
¢($7y) ( 2Lz) ( 2Ly> € € e e

with n, and n, = 12,3, ...

1 . . .
The two 4/ 3L factors are included to guarantee that ¢ is normalized:

/ (e, )P dy = 1.

Normalization allows |¢(z,y)|? to be properly identified as a probability density for finding the electron at a point x, y.
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4. Quantized Action Can Also be Used to Derive Energy Levels

There is another approach that can be used to find energy levels and is especially straightforward to use for systems whose
Schrédinger equations are separable. The socalled classical action (denoted S) of a particle moving with momentum p along a
path leading from initial coordinate q; at initial time t; to a final coordinate q; at time ¢; is defined by:

apts
S = / p-dq

qisti

Here, the momentum vector p contains the momenta along all coordinates of the system, and the coordinate vector q likewise
contains the coordinates along all such degrees of freedom. For example, in the two-dimensional particle in a box problem
considered above, q = (x, y) has two components as does p = (p., p,), and the action integral is:

Trypits
S = / (pedz + p,dy).

Zisyisti

In computing such actions, it is essential to keep in mind the sign of the momentum as the particle moves from its initial to its
final positions. An example will help clarify these matters.

For systems such as the above particle in a box example for which the Hamiltonian is separable, the action integral decomposed
into a sum of such integrals, one for each degree of freedom. In this two-dimensional example, the additivity of H:

p: P
T Y
o + T +V(z)+ V(y)

H=H,+H,=

—h2 92 h 02
m oz TV T gz TVW

means that p, and p, can be independently solved for in terms of the potentials V(x) and V(y) as well as the energies E, and E,

associated with each separate degree of freedom:
Pa = +4/2m(E; — V(2))

Dy = 4/ Qm(Ey - V(y));

the signs on p, and p, must be chosen to properly reflect the motion that the particle is actually undergoing. Substituting these
expressions into the action integral yields:

S=8+85,
Tty yrits
= / +1/2m(E; — V(z))dx + / +4/2m(E, — V(y))dy.
Tist; Yisti

The relationship between these classical action integrals and existence of quantized energy levels has been show to involve
equating the classical action for motion on a closed path (i.e., a path that starts and ends at the same place after undergoing
motion away from the starting point but eventually returning to the starting coordinate at a later time) to an integral multiple of
Planck's constant:

qr=q;ts
Selosed = / p-dgq=nh (n: 1,2,3,4,...).

q;;3ti

Applied to each of the independent coordinates of the two-dimensional particle in a box problem, this expression reads:
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o=L, @=0
ngh = / v/ 2m(E; — V(x))dz + / —1\/2m(E, —V(z)))dx
=0 z=L,

y=L, y=0
nyh = y/o \/2m(E, — V(y))dz + y{ —y/2m(E, — V(y)))dy.

Notice that the sign of the momenta are positive in each of the first integrals appearing above (because the particle is moving
from x = ® to x = L,, and analogously for y-motion, and thus has positive momentum) and negative in each of the second integrals
(because the motion is from x = L, to x = 8 (and analogously for y-motion) and thus with negative momentum). Within the region
bounded by ® <x < L,;® <y < L,, the potential vanishes, so V(x) = V(y) = 8. Using this fact, and reversing the upper and lower
limits, and thus the sign, in the second integrals above, one obtains:

x=L,
ngh =2 / V2mE,dz = 2v/2mE, L,
=0
y=L,
nyh =2 / \/2mE,dy = 2,/2mE, L.
y=0
Solving for E, and E,, one finds:
_ (nzh)2
"~ 8mlL2
_ (nyh)2
v Sng

These are the same quantized energy levels that arose when the wavefunction boundary conditions were matched at x = ®, x = L
zandy =0,y =L, In this case, one says that the Bohr-Sommerfeld quantization condition:

qy=q;;ts
nh = / q-dq

qiti

has been used to obtain the result.

This page titled 1.4: Free-Particle Motion in Two Dimensions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.5: Particles in Boxes

The particle-in-a-box problem provides an important model for several relevant chemical situations

The above 'particle in a box' model for motion in two dimensions can obviously be extended to three dimensions or to one. For
two and three dimensions, it provides a crude but useful picture for electronic states on surfaces or in crystals, respectively. Free
motion within a spherical volume gives rise to eigenfunctions that are used in nuclear physics to describe the motions of neutrons
and protons in nuclei. In the so-called shell model of nuclei, the neutrons and protons fill separate s, p, d, etc orbitals with each
type of nucleon forced to obey the Pauli principle. These orbitals are not the same in their radial 'shapes' as the s, p, d, etc orbitals
of atoms because, in atoms, there is an additional radial potential

62
V(r)= _ZT
present. However, their angular shapes are the same as in atomic structure because, in both cases, the potential is independent
of 6 and ¢. This same spherical box model has been used to describe the orbitals of valence electrons in clusters of mono-
valent metal atoms such as Cs,, Cu,, Na, and their positive and negative ions. Because of the metallic nature of these species,
their valence electrons are sufficiently delocalized to render this simple model rather effective (see T. P. Martin, T. Bergmann, H.
Gohlich, and T. Lange, J. Phys. Chem. 95, 6421 (1991)).

One-dimensional free particle motion provides a qualitatively correct picture for w-electron motion along the p, orbitals of a
delocalized polyene. The one cartesian dimension then corresponds to motion along the delocalized chain. In such a model,
the box length L is related to the carbon-carbon bond length R and the number N of carbon centers involved in the delocalized
network L=(N-1)R. Below, such a conjugated network involving nine centers is depicted. In this example, the box length would be
eight times the C-C bond length.

Figure 1.5.1: p-atomic orbitals in Nonanane

Conjugated 7 Network with 9 Centers Involved

The eigenstates ,(x) and their energies E,, represent orbitals into which electrons are placed. In the example case, if nine 7
electrons are present (e.g., as in the 1,3,5,7- nonatetraene radical), the ground electronic state would be represented by a total
wavefunction consisting of a product in which the lowest four ¢'s are doubly occupied and the fifth 1 is singly occupied:

U = Yyatp1 Bpranhs frpzanhs frpsanhy fips .

A product wavefunction is appropriate because the total Hamiltonian involves the kinetic plus potential energies of nine electrons.
To the extent that this total energy can be represented as the sum of nine separate energies, one for each electron, the
Hamiltonian allows a separation of variables

H ZH(]’)

in which each H(j) describes the kinetic and potential energy of an individual electron. This (approximate) additivity of H implies
that solutions of H ¥ = E ¥ are products of solutions to

H()y(rj) = Epp(r;).

The two lowest m-excited states would correspond to states of the form

BIOIRIE) 12 (1.5.1)
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U* = 1hyanpy Bpaanhs Brpzanps Bipsanps fips o
and
U™ = Y100h1 Bpacnhs fpsanps Bpaonps sy,

where the spin-orbitals (orbitals multiplied by « or 8) appearing in the above products depend on the coordinates of the various
electrons. For example,

rahy Bipaapr Bz onp3 Bipsanhs fipsa

denotes

hra(r) Y1 B(ra)aa(rs) e B(ra)Ysa(rs)s B(re)hso(ry) s B(rs)sa(ry)

The electronic excitation energies within this model would be
and

for the two excited-state functions described above. It turns out that this simple model of m-electron energies provides a
qualitatively correct picture of such excitation energies.

This simple particle-in-a-box model does not yield orbital energies that relate to ionization energies unless the potential 'inside
the box' is specified. Choosing the value of this potential V, such that

2 2
is equal to minus the lowest ionization energy of the 1,3,5,7-nonatetraene radical, gives energy levels (as E=Vy+ 7r22— {%D
m

which then are approximations to ionization energies.

are depicted in the figure below for a model of the 1,3,5 hexatriene w-orbital system for which the 'box length' L is five times the
distance R¢¢ between neighboring pairs of Carbon atoms.

The individual p-molecular orbitals

@IOIC]E) 13 (1.5.2)
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n

Figure 1.5.2: 1,3,5 hexatriene m-orbitals in order or increasing energy.

\/%sin (%) ;L =5xRco

In this figure, positive amplitude is denoted by the clear spheres and negative amplitude is shown by the darkened spheres; the
magnitude of the k** C-atom centered atomic orbital in the n®* pi-molecular orbital is given by

2 sin ( ntkRcc )
L L ’

This simple model allows one to estimate spin densities at each carbon center and provides insight into which centers should
be most amenable to electrophilic or nucleophilic attack. For example, radical attack at the C5 carbon of the nine-atom system
described earlier would be more facile for the ground state ¥ than for either ¥* or ¥'*. In the former, the unpaired spin density

resides in 5, which has non-zero amplitude at the C5 site x = 3; in U* and ¥'*, the unpaired density is in ¢, and 14, respectively,

both of which have zero density at C5. These densities reflect the values

2 sin ( ntkRcco )
L L

of the amplitudes for this case in which L = 8 x R¢¢ for n = 5, 4, and 6, respectively.

This page titled 1.5: Particles in Boxes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.6: One Electron Moving About a Nucleus

The Schrédinger equation for a single particle of mass m moving in a central potential (one that depends only on the radial
coordinate r) can be written as

Y 2 2 2
n (8—4-8—-!—8—)LZH—V(\/IQ—I—yQ—G—z?)w:Ew

2u \ 0x2  Oy? 022

This equation is not separable in cartesian coordinates (x,y,z) because of the way x,y, and z appear together in the square root.
However, it is separable in spherical coordinates

B ( 9 (7"28_1/})) + L (siné’a—w) + = 82—1/) + V(r)y = Ey.

2ur? \ or or r2sinf 80 06 r2sin20 Op?
o 2
Subtracting V(r)y from both sides of the equation and multiplying by if;r then moving the derivatives with respect to r to the
right-hand side, one obtains
1 0 /. OV 1 0%  —2ur? 0 [ 5,09
— — (sing— — = E-V — = (r=).
sinf 06 (Sm ao) ot agr Tz PV -5 (T ar)

Notice that the right-hand side of this equation is a function of r only; it contains no g or f dependence. Let's call the entire right
hand side F(r) to emphasize this fact.

To further separate the 6 and ¢ dependence, we multiply by sin?6 and subtract the § derivative terms from both sides to obtain

oy 9
e F(r)ysin“0 — sin 9% (sm@W)

Now we have separated the ¢ dependence from the ¢ and r dependence. If we now substitute ¢ = ®(f)Q(r,6) and divide by Psi
Q, we obtain

! —82(1) _ 1 .2 .0 (. ,0Q
D 967 5 (F(r)szn Gfsm@% (smﬁﬁ>) .

Now all of the ¢ dependence is isolated on the left hand side; the right hand side contains only r and § dependence.

Whenever one has isolated the entire dependence on one variable as we have done above for the ¢ dependence, one can easily
see that the left and right hand sides of the equation must equal a constant. For the above example, the left hand side contains
no r or  dependence and the right hand side contains no ¢ dependence. Because the two sides are equal, they both must actually

contain no r, 6, or ¢ dependence; that is, they are constant.

For the above example, we therefore can set both sides equal to a so-called separation constant that we call -m2. It will become
clear shortly why we have chosen to express the constant in this form.

The Hydrogenic atom problem forms the basis of much of our thinking about atomic structure. To solve the
corresponding Schrédinger equation requires separation of the r, 6, and ¢ variables

The ® Equation
The resulting F equation reads

" +m*T =0
which has as its most general solution

P = Aei""‘z’ +B€72—m¢'.
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We must require the function @ to be single-valued, which means that
®(¢) = (27 + ) or,
Aeimd) (1 _ e2im7r) + Be*im¢ (1 _ ef2im7r) =0.

This is satisfied only when the separation constant is equal to an integer m = 0, %1, £ 2, ... . and provides another example of the
rule that quantization comes from the boundary conditions on the wavefunction. Here m is restricted to certain discrete values
because the wavefunction must be such that when you rotate through 27 about the z-axis, you must get back what you started
with.

The © Equation

Now returning to the equation in which the ¢ dependence was isolated from the r and 6 dependence and rearranging the 6 terms
to the left-hand side, we have

1 9 Q -m?Q
—— [(sinf— ) - ———=F .
sinf 00 (Sm 39) sintg T
In this equation we have separated ¢ and r variations so we can further decompose the wavefunction by introducing @ = ©(9)R(r)

, Which yields

1 1 6( ae) m? F(r)R

© sind 90 sm&m " sin?d R

where a second separation constant, -1, has been introduced once the r and g dependent terms have been separated onto the
right and left hand sides, respectively.

We now can write the § equation as

2
1 a< 89>_m9 VS

sind 90 st OW

sin20

where m is the integer introduced earlier. To solve this equation for ©, we make the substitutions z = cosf and P(z) = ©(6), so

V1 — 2% = sinh, and

LR
0 000z "o

The range of values for § was 0 < 6 < , so the range for z is -1 < z < 1. The equation for ©, when expressed in terms of P and z,
becomes

d dpP m?P
—(a-2H—=)--=+aP=0.
dz (( Z)dz> 1—z2+
Now we can look for polynomial solutions for P, because z is restricted to be less than unity in magnitude. If m = 9, we first let

oo
P= E akzk,
k=0

and substitute into the differential equation to obtain

Z(k +2)(k + 1agy02" — Z(k + Dkapz® + /\Zakzk =0.
=1 k=0 k=0

Equating like powers of z gives

ap(k(k+1) —X)
(k+2)(k+1) °

Af+2 =

Note that for large values of k
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a k2 (1 + %)
k+2 —

@k k2(1+%) (1+%)

Since the coefficients do not decrease with k for large k, this series will diverge for z = + 1 unless it truncates at finite order.
This truncation only happens if the separation constant A obeys A\ = [(l+1), where | is an integer. So, once again, we see that a
boundary condition (i.e., that the wavefunction be normalizable in this case) give rise to quantization. In this case, the values of A
are restricted to l(l+1); before, we saw that m is restricted to ®, +1, = 2, ...

=1.

Since this recursion relation links every other coefficient, we can choose to solve for the even and odd functions separately.
Choosing a; and then determining all of the even ak in terms of this ag, followed by rescaling all of these a; to make the function
normalized generates an even solution. Choosing a; and determining all of the odd a;, in like manner, generates an odd solution.

For = ®, the series truncates after one term and results in P,(z) = 1. For |= 1 the same thing applies and P;(z) = z. For |= 2, a,
= —6% = —3a,, SO one obtains P, = 322 — 1, and so on. These polynomials are called Legendre polynomials.

For the more general case where m ' ®, one can proceed as above to generate a polynomial solution for the Q function. Doing so,
results in the following solutions:

m d|7n\})1 (Z)
PR = (127 2 2200
dzIml

These functions are called Associated Legendre polynomials, and they constitute the solutions to the © problem for non-zero m
values.

The above P and e™¢ functions, when re-expressed in terms of § and ¢, yield the full angular part of the wavefunction for any
centrosymmetric potential. These solutions are usually written as

Vi (8, ¢) = P28 gimo

V2r

These are called spherical harmonics. They provide the angular solution of the r,0, ¢ Schrodinger equation for any problem in
which the potential depends only on the radial coordinate. Such situations include all one-electron atoms and ions (e.g., H, He™
, Lit™, etc.), the rotational motion of a diatomic molecule (where the potential depends only on bond length r), the motion of a
nucleon in a spherically symmetrical "box" (as occurs in the shell model of nuclei), and the scattering of two atoms (where the
potential depends only on interatomic distance).

The R Equation

Let us now turn our attention to the radial equation, which is the only place that the explicit form of the potential appears. Using
our derived results and specifying V(r) to be the coulomb potential appropriate for an electron in the field of a nucleus of charge
+Ze, yields:

L) (3 (o2 20) 2o

r2dr \\ dr 72 r

We can simplify things considerably if we choose rescaled length and energy units because doing so removes the factors that
depend on p, f, and e. We introduce a new radial coordinate rho and a quantity o as follows:

—8ukE
and
2 _ —pZ*e!
© 2ER?

Notice that if F is negative, as it will be for bound states (i.e., those states with energy below that of a free electron infinitely far
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from the nucleus and with zero kinetic energy), rho is real. On the other hand, if F is positive, as it will be for states that lie in
the continuum, rho will be imaginary. These two cases will give rise to qualitatively different behavior in the solutions of the radial
equation developed below.

We now define a function S such that

and substitute S for R to obtain:

1 d [ ,dS 1 (+1) o\,
wa Fg) (1) s

The differential operator terms can be recast in several ways using

ii(2ﬁ>_d2_s+gﬁ_ld_2(5)
2 ap \" dp) T @ T odp ~ pap?

It is useful to keep in mind these three embodiments of the derivatives that enter into the radial kinetic energy; in various contexts
it will be useful to employ various of these.

The strategy that we now follow is characteristic of solving second order differential equations. We will examine the equation for
S at large and small p values. Having found solutions at these limits, we will use a power series in p to "interpolate" between these
two limits.

Let us begin by examining the solution of the above equation at small values of p to see how the radial functions behave at small
r. As p —0, the second term in the brackets will dominate. Neglecting the other two terms in the brackets, we find that, for small
values of rho (or r), the solution should behave like p’ and because the function must be normalizable, we must have L > 0. Since
L can be any non-negative integer, this suggests the following more general form for S(p) :

S(p) ~ ple ™.

This form will insure that the function is normalizable since S(p) — Oasr — oo for all L, as long as rho is a real quantity. If p is
imaginary, such a form may not be normalized (see below for further consequences).

Turning now to the behavior of S for large p, we make the substitution of S(p) into the above equation and keep only the terms
with the largest power of p (e.g,, first term in brackets). Upon so doing, we obtain the equation

1
a2pLefap — ZpLefap’

- . . . 1
which leads us to conclude that the exponent in the large-rho behavior of Sis a = 3

Having found the small- and large-p behaviors of S(p), we can take S to have the following form to interpolate between large and
small rho-values:

—r
S(p) = p"e 2 P(p),

where the function L is expanded in an infinite power series in p as P(p) = 3_ axp”. Again Substituting this expression for S into
the above equation we obtain

P’p+P'(2Ly—p)+ Plo—L—1) =0,
and then substituting the power series expansion of P and solving for the ak's we arrive at:

(k—o+ L+ 1)ay

S ey Dkt 2L+ 2)
. . .. . .oapt+1 1 . . .
For large k, the ration of expansion coefficients reaches the limit —— = o which has the same behavior as the power series
ay
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expansion of e”. Because the power series expansion of P describes a function that behaves like e’ for large p, the resulting S(
—p

p) function would not be normalizable because the e 2 factor would be overwhelmed by this e” dependence. Hence, the series

expansion of P must truncate in order to achieve a normalizable S function. Notice that if p is imaginary, as it will be if E is in

the continuum, the argument that the series must truncate to avoid an exponentially diverging function no longer applies. Thus,

we see a key difference between bound (with r real) and continuum (with p imaginary) states. In the former case, the boundary

condition of non-divergence arises; in the latter, it does not.

To truncate at a polynomial of order n', we must have n' - ¢ + L+ |= 0. This implies that the quantity ¢ introduced previously is
restricted to o = n' + L + |, which is certainly an integer; let us call this integer n. If we label states in order of increasing n =
1,2,3,..., we see that doing so is consistent with specifying a maximum order (n') in the P(p) polynomial n' = §,1,2,... after which the
l-value can run from | = @, in steps of unity up to L = n-1.

Substituting the integer n for o, we find that the energy levels are quantized because ¢ is quantized (equal to n):

: and : .
2h2n2 a,n

. . h? . L. . .
Here, the length a, is the so called Bohr radius (ao = —2> ; it appears once the above E-expression is substituted into the
ue
equation for p. Using the recursion equation to solve for the polynomial's coefficients a; for any choice of n and L quantum
numbers generates a so-called Laguerre polynomial; P,,_;_1(p). They contain powers of p from zero through n-I-1.

This energy quantization does not arise for states lying in the continuum because the condition that the expansion of P(p)
terminate does not arise. The solutions of the radial equation appropriate to these scattering states (which relate to the scattering
motion of an electron in the field of a nucleus of charge Z) are treated on p. 90 of EWK.

In summary, separation of variables has been used to solve the full r,0, ¢ Schrédinger equation for one electron moving about a
nucleus of charge Z. The § and ¢ solutions are the spherical harmonics Y7 ,,,(6, ¢). The bound-state radial solutions

—r
Ry r(r) = S(p) = p"e 2 Py p1(p)

depend on the n and | quantum numbers and are given in terms of the Laguerre polynomials (see EWK for tabulations of these
polynomials).

Summary

To summarize, the quantum numbers | and m arise through boundary conditions requiring that ¢(6) be normalizable (i.e., not
diverge) and v(¢) = (¢ + 27). In the texts by Atkins, EWK, and McQuarrie the differential equations obeyed by the 6 and ¢
components of Y;,,, are solved in more detail and properties of the solutions are discussed. This differential equation involves the

three-dimensional Schrédinger equation's angular kinetic energy operator. That is, the angular part of the above Hamiltonian is
2

where L? is the square of the total angular momentum for the electron.

L
equal to h? ,
a 2mr?
The radial equation, which is the only place the potential energy enters, is found to possess both bound-states (i.e., states whose
energies lie below the asymptote at which the potential vanishes and the kinetic energy is zero) and continuum states lying
energetically above this asymptote. The resulting hydrogenic wavefunctions (angular and radial) and energies are summarized in
Appendix B for principal quantum numbers n ranging from 1to 3 and in Pauling and Wilson for n up to 5.

There are both bound and continuum solutions to the radial Schrodinger equation for the attractive coulomb potential because,

at energies below the asymptote the potential confines the particle between r=0 and an outer turning point, whereas at energies
above the asymptote, the particle is no longer confined by an outer turning point (see the figure below).
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Figure 1.6.1: Insert caption here!

The solutions of this one-electron problem form the qualitative basis for much of atomic and molecular orbital theory. For this
reason, the reader is encouraged to use Appendix B to gain a firmer understanding of the nature of the radial and angular parts
of these wavefunctions. The orbitals that result are labeled by n, |, and m quantum numbers for the bound states and by | and
m quantum numbers and the energy E for the continuum states. Much as the particle-in-a-box orbitals are used to qualitatively
describe 7 - electrons in conjugated polyenes, these so-called hydrogen-like orbitals provide qualitative descriptions of orbitals of
atoms with more than a single electron. By introducing the concept of screening as a way to represent the repulsive interactions
among the electrons of an atom, an effective nuclear charge Z.;; can be used in place of Z in the v,,,, and E,; to generate
approximate atomic orbitals to be filled by electrons in a many-electron atom. For example, in the crudest approximation of a
carbon atom, the two 1s electrons experience the full nuclear attraction so Z.;;=6 for them, whereas the 2s and 2p electrons are
screened by the two 1s electrons, so Z.;y= 4 for them. Within this approximation, one then occupies two 1s orbitals with Z=6,
two 2s orbitals with Z=4 and two 2p orbitals with Z=4 in forming the full six-electron wavefunction of the lowest-energy state of
carbon.

This page titled 1.6: One Electron Moving About a Nucleus is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.7: Harmonic Vibrational Motion

The radial motion of a diatomic molecule in its lowest (J=0) rotational level can be described by the following Schrédinger
equation:

—h?2 9 (r?0
— | = %4 =F
2ur? Or ( or ) YV v
where m is the reduced mass
mimy
=T
(m1 + my)
of the two atoms. By substituting ¢ = @ into this equation, one obtains an equation for F(r) in which the differential operators
appear to be less complicated:
—h? d’°F
_ F=FF.
2 dr? +Vin)

This equation is exactly the same as the equation seen above for the radial motion of the electron in the hydrogen-like atoms
except that the reduced mass p replaces the electron mass m and the potential V(r) is not the Coulomb potential.

If the potential is approximated as a quadratic function of the bond displacement z = r — r, expanded about the point at which
V is minimum:

1
V= 5k(r — r6)2,

the resulting harmonic-oscillator equation can be solved exactly. Because the potential V grows without bound as x approaches
ocoor — oo, only bound-state solutions exist for this model problem; that is, the motion is confined by the nature of the potential,
so no continuum states exist.

This Schrodinger equation forms the basis for our thinking about bond stretching and angle bending vibrations as well
as collective phonon motions in solids

In solving the radial differential equation for this potential (see Chapter 5 of McQuarrie), the large-r behavior is first examined.
For large-r, the equation reads:

d’F 1, ,(2u
- - fntudll B
G =2 (h?) ’

if 1k
h?

where z = r —r, is the bond displacement away from equilibrium. Defining £ = z as a new scaled radial coordinate allows

the solution of the large-r equation to be written as:

—xi?

F larger-r — € 2
The general solution to the radial equation is then taken to be of the form:

_52
F=¢ 2

> ¢nCy,
n=0

where the C, are coefficients to be determined. Substituting this expression into the full radial equation generates a set of
recursion equations for the C,, amplitudes. As in the solution of the hydrogen-like radial equation, the series described by these
coefficients is divergent unless the energy E happens to equal specific values. It is this requirement that the wavefunction not
diverge so it can be normalized that yields energy quantization. The energies of the states that arise are given by:
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Enzhwﬁ(n+l)
n 2

and the eigenfunctions are given in terms of the so-called Hermite polynomials H,(y) as follows:

(@) = — \/g ¢ 2 |H,(Var),

nl2n

where a = ( %) Within this harmonic approximation to the potential, the vibrational energy levels are evenly spaced:

k
AE=FE,,,—E, =h(—>.
W
In experimental data such evenly spaced energy level patterns are seldom seen; most commonly, one finds spacings E,.;1 — E,
that decrease as the quantum number n increases. In such cases, one says that the progression of vibrational levels displays
anharmonicity.

Because the H,, are odd or even functions of x (depending on whether n is odd or even), the wavefunctions 1,,(x) are odd or even.
This splitting of the solutions into two distinct classes is an example of the effect of symmetry; in this case, the symmetry is
caused by the symmetry of the harmonic potential with respect to reflection through the origin along the x-axis. Throughout this
text, many symmetries will arise; in each case, symmetry properties of the potential will cause the solutions of the Schrédinger
equation to be decomposed into various symmetry groupings. Such symmetry decompositions are of great use because they
provide additional quantum numbers (i.e., symmetry labels) by which the wavefunctions and energies can be labeled.

The harmonic oscillator energies and wavefunctions comprise the simplest reasonable model for vibrational motion. Vibrations of
a polyatomic molecule are often characterized in terms of individual bond-stretching and angle-bending motions each of which
is, in turn, approximated harmonically. This results in a total vibrational wavefunction that is written as a product of functions one
for each of the vibrational coordinates.

Two of the most severe limitations of the harmonic oscillator model, the lack of anharmonicity (i.e., non-uniform energy level
spacings) and lack of bond dissociation, result from the quadratic nature of its potential. By introducing model potentials that
allow for proper bond dissociation (i.e., that do not increase without bound as x — o), the major shortcomings of the harmonic
oscillator picture can be overcome. The so-called Morse potential (see the figure below)

V(r) =D, (1 - e_“(r_”))2,

is often used in this regard.
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Dissociation Energ
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Energy

Internuclear Separation (r)

Figure 1.7.1: The Morse potential (blue) and harmonic oscillator potential (green). Unlike the energy levels of the harmonic oscillator potential,
which are evenly spaced by hw, the Morse potential level spacing decreases as the energy approaches the dissociation energy. The
dissociation energy De is larger than the true energy required for dissociation D® due to the zero point energy of the lowest (v = 0) vibrational
level. (CC-SA-BY-3.9; Somoza).

Here, D, is the bond dissociation energy, r. is the equilibrium bond length, and a is a constant that characterizes the 'steepness'
of the potential and determines the vibrational frequencies. The advantage of using the Morse potential to improve upon
harmonic oscillator-level predictions is that its energy levels and wavefunctions are also known exactly. The energies are given in
terms of the parameters of the potential as follows:

| k 1 N>k [k
En—h E (n-f—E)*(n-’-g) Z E.De

where the force constant k is k = 2D.a?. The Morse potential supports both bound states (those lying below the dissociation
threshold for which vibration is confined by an outer turning point) and continuum states lying above the dissociation threshold.

Its degree of anharmonicity is governed by the ratio of the harmonic energy %,/ — to the dissociation energy D..
)%

This page titled 1.7: Harmonic Vibrational Motion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.8: Rotational Motion for a Rigid Diatomic Molecule

A diatomic molecule with fixed bond length R rotating in the absence of any external potential is described by the following
Schrédinger equation:

h—g[ L0 (sinﬂi)ﬁ-; o ]w=E?/1

21 | R2sin 06 00 R2sin? 0 0¢?
or
2
LY _ gy,
2uR?

The angles # and ¢ describe the orientation of the diatomic molecule's axis relative to a laboratory-fixed coordinate system, and
u is the reduced mass of the diatomic molecule

mims

mi + mo

The differential operators can be seen to be exactly the same as those that arose in the hydrogen-like-atom case, and, as
discussed above, these 6 : and : ¢ differential operators are identical to the L? angular momentum operator whose general
properties are analyzed in Appendix G. Therefore, the same spherical harmonics that served as the angular parts of the
wavefunction in the earlier case now serve as the entire wavefunction for the so-called rigid rotor: ¢ = Y 1(6, ¢). As detailed later
in this text, the eigenvalues corresponding to each such eigenfunction are given as:

J(J+1)

E;=h?
’ (2uR?)

=BJ(J+1)

and are independent of M. Thus each energy level is labeled by J and is 2J+1-fold degenerate (because M ranges from -J to
2

. h .
J). The so-called rotational constant B ( defined as S1R? ) depends on the molecule's bond length and reduced mass. Spacings
%

between successive rotational levels (which are of spectroscopic relevance because angular momentum selection rules often
restrict AJ to 1,8, and -1) are given by

AE=B(J+1)(J+2)—BJ(J+1)=2B(J+1).
These energy spacings are of relevance to microwave spectroscopy which probes the rotational energy levels of molecules.

This Schrodinger equation relates to the rotation of diatomic and linear polyatomic molecules. It also arises when
treating the angular motions of electrons in any spherically symmetric potential.

Summary

The rigid rotor provides the most commonly employed approximation to the rotational energies and wavefunctions of linear
molecules. As presented above, the model restricts the bond length to be fixed. Vibrational motion of the molecule gives rise to
changes in R which are then reflected in changes in the rotational energy levels. The coupling between rotational and vibrational
motion gives rise to rotational B constants that depend on vibrational state as well as dynamical couplings,called centrifugal
distortions, that cause the total ro-vibrational energy of the molecule to depend on rotational and vibrational quantum numbers
in a non-separable manner

This page titled 1.8: Rotational Motion for a Rigid Diatomic Molecule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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1.9: The Physical Relevance of Wavefunctions, Operators and
Eigenvalues

Quantum mechanics has a set of 'rules' that link operators, wavefunctions, and eigenvalues to physically measurable
properties. These rules have been formulated not in some arbitrary manner nor by derivation from some higher
subject. Rather, the rules were designed to allow quantum mechanics to mimic the experimentally observed facts as
revealed in mother nature's data. The extent to which these rules seem difficult to understand usually reflects the
presence of experimental observations that do not fit in with our common experience base.

The structure of quantum mechanics (QM) relates the wavefunction ¥ and operators F to the 'real world' in which experimental
measurements are performed through a set of rules. Some of these rules have already been introduced above. Here, they are
presented in total as follows:

1: The Time Evolution

The time evolution of the wavefunction ¥ is determined by solving the time-dependent Schrodinger equation (see pp 23-25 of
EWK for a rationalization of how the Schrédinger equation arises from the classical equation governing waves, Einstein's E = hv,
and deBroglie's postulate that A\ = %)

ov

h— = HU

ot ’
where H is the Hamiltonian operator corresponding to the total (kinetic plus potential) energy of the system. For an isolated
system (e.g., an atom or molecule not in contact with any external fields), H consists of the kinetic and potential energies of the
particles comprising the system. To describe interactions with an external field (e.g., an electromagnetic field, a static electric
field, or the 'crystal field' caused by surrounding ligands), additional terms are added to H to properly account for the system-field
interactions.

If H contains no explicit time dependence, then separation of space and time variables can be performed on the above
—iFEt

Schrédinger equation ¥ = e A  to give

Hy = ey.
In such a case, the time dependence of the state is carried in the phase factor e the spatial dependence appears in (g;).

The so called time independent Schrédinger equation Hy = Et must be solved to determine the physically measurable energies
E}, and wavefunctions v, of the system. The most general solution to the full Schrodinger equation

ov
Y~ HY
ot

Hi

is then given by applying e~ to the wavefunction at some initial time (t=0)
U =" Cpthy
&

to obtain

—ith,

U(t) :chl/lke r
k

The relative amplitudes C; are determined by knowledge of the state at the initial time; this depends on how the system has been
prepared in an earlier experiment. Just as Newton's laws of motion do not fully determine the time evolution of a classical system
(i.e., the coordinates and momenta must be known at some initial time), the Schrédinger equation must be accompanied by initial
conditions to fully determine ¥(q;, ).
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Example 1.9.1:

Using the results of Problem 11 of this chapter to illustrate, the sudden ionization of NV, in its v=0 vibrational state to generate
N, produces a vibrational wavefunction

—O[l’z

[l —— 1
Ug=4/—e 2 =3.53333—
T \/Z

that was created by the fast ionization of N,. Subsequent to ionization, this N, function is not an eigenfunction of the new
vibrational Schrédinger equation appropriate to N;*. As a result, this function will time evolve under the influence of the
N.- Hamiltonian. The time evolved wavefunction, according to this first rule, can be expressed in terms of the vibrational
functions {¥,} and energies {E,} of the N; ion as

—iE,t

U(t)=> Cyle h

The amplitudes C,, which reflect the manner in which the wavefunction is prepared (at t=0), are determined by determining
the component of each ¥, in the function ¥ at t=0. To do this, one uses

/\I/:/\Il(t = 0)dr = C,y,

which is easily obtained by multiplying the above summation by ¥, integrating, and using the orthonormality of the {¥,}
functions.

For the case at hand, this results shows that by forming integrals involving products of the N, v=0 function ¥ (¢ = 0)

= / 3.47522¢ 2911307 1) 3 533330~ 2483 )Y g

As demonstrated in Problem 11, this integral reduces to 0.959. This means that the N, v=0 state, subsequent to sudden
ionization, can be represented as containing [0.959|2 = 0.92 fraction of the v=8 state of the NI ion.

Example 1.9.1 relates to the well known Franck-Condon principal of spectroscopy in which squares of 'overlaps' between the initial
electronic state's vibrational wavefunction and the final electronic state's vibrational wavefunctions allow one to estimate the
probabilities of populating various final-state vibrational levels.

In addition to initial conditions, solutions to the Schrodinger equation must obey certain other constraints in form. They must be
continuous functions of all of their spatial coordinates and must be single valued; these properties allow ¥*¥ to be interpreted
as a probability density (i.e., the probability of finding a particle at some position can not be multivalued nor can it be ‘jerky'
or discontinuous). The derivative of the wavefunction must also be continuous except at points where the potential function
undergoes an infinite jump (e.g., at the wall of an infinitely high and steep potential barrier). This condition relates to the fact
that the momentum must be continuous except at infinitely 'steep' potential barriers where the momentum undergoes a 'sudden’
reversal.

2: Measurements are Eigenvalues

An experimental measurement of any quantity (whose corresponding operator is F) must result in one of the eigenvalues f; of the
operator F. These eigenvalues are obtained by solving

Fo; = fi9;,

where the f; are the eigenfunctions of F. Once the measurement of F is made, for that subpopulation of the experimental sample
found to have the particular eigenvalue f;, the wavefunction becomes ¢;.
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The equation Hy, = Ey;, is but a special case; it is an especially important case because much of the machinery of modern
experimental chemistry is directed at placing the system in a particular energy quantum state by detecting its energy (e.g., by
spectroscopic means). The reader is strongly urged to also study Appendix C to gain a more detailed and illustrated treatment of
this and subsequent rules of quantum mechanics.

3: Operators that correspond to Measurables are Hermitian

The operators F corresponding to all physically measurable quantities are Hermitian; this means that their matrix representations
obey (see Appendix C for a description of the 'bra' | \rangle and 'ket' \langle | notation used below):

OGIFE xR = (el Fxg)* = (Fxglxe)

in any basis {x;} of functions appropriate for the action of F (i.e., functions of the variables on which F operates). As expressed
through equality of the first and third elements above, Hermitian operators are often said to 'obey the turn-over rule'. This means
that F can be allowed to operate on the function to its right or on the function to its left if F is Hermitian.

Hermiticity assures that the eigenvalues {f;} are all real, that eigenfunctions {x;} having different eigenvalues are orthogonal
and can be normalized (x;|xx) = d;x, and that eigenfunctions having the same eigenvalues can be made orthonormal (these
statements are proven in Appendix C).

4: Stationary states do not have varying Measurables

Once a particular value f; is observed in a measurement of F, this same value will be observed in all subsequent measurements
of F as long as the system remains undisturbed by measurements of other properties or by interactions with external fields. In
fact, once f; has been observed, the state of the system becomes an eigenstate of F (if it already was, it remains unchanged):

FU = f,0.

This means that the measurement process itself may interfere with the state of the system and even determines what that state
will be once the measurement has been made.

Example 1.9.2:

Again consider the v=8 N, jonization treated in Problem 11 of this chapter. If, subsequent to ionization, the N, ions produced
were probed to determine their internal vibrational state, a fraction of the sample equal to [(¥(Na;v = 0)|¥(N,'; v = 0))|?
= 0.92 would be detected in the v=0 state of the N, ion. For this sub-sample, the vibrational wavefunction becomes, and
remains from then on,

—itE,
U(t)=T(N5v=0e H~ |

where Ej_o is the energy of the N} ion in its v = 0 state. If, at some later time, this subsample is again probed, all species

will be found to be in ther = 0 state.

5: Probability of observed a specific Eigenvalue

The probability P, of observing a particular value f, when F is measured, given that the system wavefunction is ¥ prior to the
measurement, is given by expanding ¥ in terms of the complete set of normalized eigenstates of F

U= Z [p7)(#;]1%)

and then computing P;, = (¢ ¥)|2. For the special case in which ¥ is already one of the eigenstates of F (i.e, ¥ = ¢;), the
probability of observing f; reduces to P; = §; . The set of numbers C; = (¢,|¥) are called the expansion coefficients of ¥ in the
basis of the {f;}. These coefficients, when collected together in all possible products as D;; = Cl-*C’]v form the so-called density
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matrix D;; of the wavefunction ¥ within the {y,} basis.

Example 1.9.3:

If F is the operator for momentum in the x-direction and ¥(z,t) is the wave function for x as a function of time t, then the
above expansion corresponds to a Fourier transform of ¥

1 ; s
U(z,t) = g/elk”/e_“” U(z’,t)da’ dk.

Here %e““ is the normalized eigenfunction of F = —ih% corresponding to momentum eigenvalue hk. These momentum
eigenfunctions are orthonormal:

1

— [ e *e* gk = §(z — z')
27

because F is a Hermitian operator. The function [ e~***'W(z’,t)dz’ is called the momentum-space transform of ¥(z,t) and is
denoted ¥ (k,t); it gives, when used as ¥ « (k, t)¥(k, t), the probability density for observing momentum values hk at time t.

Example 1.9.4:

Take the initial 4 to be a superposition state of the form
Y= a(2p0 + 21],1 — 2p1) + b(3p0 = 3p,1),
where the a and b are amplitudes that describe the admixture of 2, and 3, functions in this wavefunction. Then:

a. If L2 were measured, the value 2h? would be observed with probability 3|a|? + 2|b|> = 1, since all of the functions in ¢ are
p-type orbitals. After said measurement, the wavefunction would still be this same v because this entire ¢ is an eigenfunction
of L2,

b. If L, were measured for this
= a(2po + 2p—1 — 2p1) + b(3po — 3p_1),

the values 0%, 1k, and — 1/ would be observed (because these are the only functions with non-zero C,, coefficients for the L.,
operator) with respective probabilities |a|? + |b|, | — a|?, and|a|? + | — b]2.

c. After L, were measured, if the sub-population for which —14 had been detected were subjected to measurement of L? the
value 242 would certainly be found because the new wavefunction

Y’ = [—a2p_; — b3p_]

1
Vlal* + [b]?
is still an eigenfunction of L? with this eigenvalue.

d. Again after L, were measured, if the sub-population for which —14 had been observed and for which the wavefunction is
now

¢ = [—a2p_1 — b3pp_1]

1
Vlal? + [b]?

were subjected to measurement of the energy (through the Hamiltonian operator), two values would be found. With probability
| — a\QWthe energy of the 2p_; orbital would be observed; with probability | — bPW’ the energy of the 3p_; orbital

would be observed.
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If ¥ is a function of several variables (e.g., when ¥ describes more than one particle in a composite system), and if F is
a property that depends on a subset of these variables (e.g., when F is a property of one of the particles in the composite

system), then the expansion ¥ = %" |¢;)(¢;|¥) is viewed as relating only to ¥'s dependence on the subset of variables related
J
to F. In this case, the integrals (¢,|¥) are carried out over only these variables; thus the probabilities Py = |{¢,|¥)|?> depend

parametrically on the remaining variables.

Suppose that ¥(r,§) describes the radial (r) and angular (§) motion of a diatomic molecule constrained to move on a planar
surface. If an experiment were performed to measure the component of the rotational angular momentum of the diatomic
molecule perpendicular to the surface (LZ = —ih%), only values equal to mh(m=0,1,-1,2,-2,3,- 3,...) could be observed, because
these are the eigenvalues of L., :

de’m = _Zh%ﬁlsm = mhém, where

_ 1 imé
¢7’L - 27r € .

The quantization of L, arises because the eigenfunctions ¢,,m(6) must be periodic in 6:
¢(0 + 2m) = ¢(0).

Such quantization (i.e., constraints on the values that physical properties can realize) will be seen to occur whenever the pertinent
wavefunction is constrained to obey a so-called boundary condition (in this case, the boundary condition is ¢(6 + 27) = ¢(6).

Expanding the #-dependence of ¥ in terms of the ¢,,

= Z(qu‘\l/)@n(a)
allows one to write the probability that m# is observed if the angular momentum L, is measured as follows:

Py = (6] 0)? |/¢m W (r, 0)d6]2.

If one is interested in the probability that mA be observed when L, is measured regardless of what bond length r is involved, then
it is appropriate to integrate this expression over the r-variable about which one does not care. This, in effect, sums contributions
from all rvalues to obtain a result that is independent of the r variable. As a result, the probability reduces to:

= / 67(0") [ (r,0)¥(r,0)] $(0)d0’dob,
which is simply the above result integrated over r with a volume element r dr for the twodimensional motion treated here. If, on

the other hand, one were able to measure L, values when r is equal to some specified bond length (this is only a hypothetical
example; there is no known way to perform such a measurement), then the probability would equal:

P,rdr = rdr / &0, (0)T" (r,0)U(r, 0)hpn (0)dO'dO = | (| T)|*rdr.

6. Commuting Operators
Two or more properties F, G, J whose corresponding Hermitian operators F, G, J commute
FG-GF=FJ-JF=GJ-JG= 0
have complete sets of simultaneous eigenfunctions (the proof of this is treated in Appendix C). This means that the set of

functions that are eigenfunctions of one of the operators can be formed into a set of functions that are also eigenfunctions of the
others:

Fo; = fi¢; = G¢; = 9;0; = Jb; = j;b;.
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Example 1.9.5:

The p,,pyandp, orbitals are eigenfunctions of the L? angular momentum operator with eigenvalues equal to L(L + 1)h?
= 2h2. Since L2andL, commute and act on the same (angle) coordinates, they possess a complete set of simultaneous
eigenfunctions.

Although the p,,p,andp, orbitals are not eigenfunctions of L., they can be combined to form three new orbitals: pg
=Dx:P1= %[p, +ip,),andp_; = %[pz —ip,] that are still eigenfunctions of 1.2 but are now eigenfunctions of L, also (with

eigenvalues 04, 14, and — 1k, respectively).

It should be mentioned that if two operators do not commute, they may still have some eigenfunctions in common, but
they will not have a complete set of simultaneous eigenfunctions. For example, the L.andL, components of the angular
momentum operator do not commute; however, a wavefunction with L=0 (i.e., an S-state) is an eigenfunction of both
operators.

The fact that two operators commute is of great importance. It means that once a measurement of one of the properties is
carried out, subsequent measurement of that property or of any of the other properties corresponding to mutually commuting
operators can be made without altering the system's value of the properties measured earlier. Only subsequent measurement
of another property whose operator does not commute with F, G, or J will destroy precise knowledge of the values of the
properties measured earlier.

Example 1.9.6:

Assume that an experiment has been carried out on an atom to measure its total angular momentum L2. According to
quantum mechanics, only values equal to L(L + 1)A? will be observed. Further assume, for the particular experimental sample
subjected to observation, that values of L? equal to 2h2and0i? were detected in relative amounts of 64 % and 36 % ,
respectively. This means that the atom's original wavefunction 1 could be represented as:

¥ =0.8P +0.6S,

where P and S represent the P-state and S-state components of 1. The squares of the amplitudes 0.8 and 0.6 give the 64 %
and 36 % probabilities mentioned above.

Now assume that a subsequent measurement of the component of angular momentum along the lab-fixed z-axis is to be
measured for that sub-population of the original sample found to be in the P-state. For that population, the wavefunction is
now a pure P-function:

¥ =P

However, at this stage we have no information about how much of this ¢’ is of m =1, ®, or -1, nor do we know how much 2p,
3p, 4p, ... np components this state contains.

Because the property corresponding to the operator L, is about to be measured, we express the above v’ in terms of the
eigenfunctions of L, :

W = P.

However, at this stage we have no information about how much of this y' is of m = 1, ®, or -1, nor do we know how much 2p,
3p, 4p, ... np components this state contains.

Because the property corresponding to the operator L, is about to be measured, we express the above ¢' in terms of the
eigenfunctions of L, :

W =P= Z C! P,

m=1,0,—1
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When the measurement of L, is made, the values 1h,0h,and — 1h will be observed with probabilities given by
|C{12,1C4|%,and|C” ,|?, respectively. For that sub-population found to have, for example, L, equal to —14, the wavefunction
then becomes

W =P,

At this stage, we do not know how much of 2p_1,3p_1,4p_1,..np_; this wavefunction contains. To probe this question
another subsequent measurement of the energy (corresponding to the H operator) could be made. Doing so would allow the
amplitudes in the expansion of the above 9" = P_;

‘l/)” =P_1 ZZC;L/TLP_l
n

to be found.

The kind of experiment outlined above allows one to find the content of each particular component of an initial sample's
wavefunction. For example, the original wavefunction has 0.64|C;/|?|C,,|? fractional content of the various n.P,, functions. It is
analogous to the other examples considered above because all of the operators whose properties are measured commute.

Example 1.9.7:

Let us consider an experiment in which we begin with a sample (with wavefunction 1) that is first subjected to measurement
of L, and then subjected to measurement of L? and then of the energy. In this order, one would first find specific values
(integer multiples of k) of L, and one would express \psi as

1/1 = Zmem-

At this stage, the nature of each \(\m is unknown (e.g., the y1 function can contain np1, n'd1, n"f1, etc. components); all that is
known is that ym has m h as its Lz value

Taking that sub-population (|D,,|? fraction) with a particular m# value for L, and subjecting it to subsequent measurement of
L? requires the current wavefunction ,, to be expressed as

wm = Z DL,me,rm
L

When L? is measured the value L(L+1)h? will be observed with probability |D,, ;| and the wavefunction for that particular
sub-population will become

TP” = wL,m~

At this stage, we know the value of L and of m, but we do not know the energy of the state. For example, we may know that the
present sub-population has L=1, m=-1, but we have no knowledge (yet) of how much 2p-1, 3p-1, ... np-1 the system contains.

To further probe the sample, the above sub-population with L=1 and m=-1 can be subjected to measurement of the energy.
In this case, the function ; _; must be expressed as

P11 = ZD::TLP—L
n

When the energy measurement is made, the state nP_; will be found |D/|? fraction of the time.

The fact that L, L?, and H all commute with one another (i.e., are mutually commutative) makes the series of measurements
described in the above examples more straightforward than if these operators did not commute.

In the first experiment, the fact that they are mutually commutative allowed us to expand the 64 % probable L? eigenstate
with L=1 in terms of functions that were eigenfunctions of the operator for which measurement was about to be made without
destroying our knowledge of the value of L2. That is, because L? and L, can have simultaneous eigenfunctions, the L = 1 function
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can be expanded in terms of functions that are eigenfunctions of both L.? and L.. This in turn, allowed us to find experimentally
the sub-population that had, for example -14 as its value of L, while retaining knowledge that the state remains an eigenstate
of L? (the state at this time had L = 1 and m = -1 and was denoted P_;). Then, when this P_; state was subjected to energy
measurement, knowledge of the energy of the sub-population could be gained without giving up knowledge of the L? and L,
information; upon carrying out said measurement, the state became nP_;.

We therefore conclude that the act of carrying out an experimental measurement disturbs the system in that it causes the system's
wavefunction to become an eigenfunction of the operator whose property is measured. If two properties whose corresponding
operators commute are measured, the measurement of the second property does not destroy knowledge of the first property's
value gained in the first measurement.

On the other hand, as detailed further in Appendix C, if the two properties (F and G) do not commute, the second measurement
destroys knowledge of the first property's value. After the first measurement, ¥ is an eigenfunction of F; after the second
measurement, it becomes an eigenfunction of G. If the two non-commuting operators' properties are measured in the opposite
order, the wavefunction first is an eigenfunction of G, and subsequently becomes an eigenfunction of F.

It is thus often said that 'measurements for operators that do not commute interfere with one another. The simultaneous
measurement of the position and momentum along the same axis provides an example of two measurements that are
incompatible. The fact that x = x and p, = —iha—‘i do not commute is straightforward to demonstrate:

[m (—ih%) - (—ih%) z] X =ihx # 0.

Operators that commute with the Hamiltonian and with one another form a particularly important class because each such
operator permits each of the energy eigenstates of the system to be labelled with a corresponding quantum number. These
operators are called symmetry operators. As will be seen later, they include angular momenta (e.g., L%, L,, S?, S,, for atoms) and
point group symmetries (e.g., planes and rotations about axes). Every operator that qualifies as a symmetry operator provides a
quantum number with which the energy levels of the system can be labeled.

7: Expectation Values

If a property F is measured for a large number of systems all described by the same ¥, the average value of \langle F\rangle for
such a set of measurements can be computed as

(F) = (Y[F|®).
Expanding ¥ in terms of the complete set of eigenstates of F allows \langle F\rangle to be rewritten as follows:

(F) = 3 Tl w)P,

which clearly expresses \langle F\rangle as the product of the probability P; of obtaining the particular value f; when the property
F is measured and the value f;.of the property in such a measurement. This same result can be expressed in terms of the density
matrix D; ; of the state ¥ defined above as:

(F) = (W6} (il Fl;) (051 T) = > C; (il Fl;)C;

i.J i,J

Z D; (#i|F|¢p;) = Tr(DF).

i,J

Here, DF represents the matrix product of the density matrix D;; and the matrix representation F; ; = (¢;|F|¢;) of the F operator,
both taken in the {¢;} basis, and Tr represents the matrix trace operation.

As mentioned at the beginning of this Section, this set of rules and their relationships to experimental measurements can be
quite perplexing. The structure of quantum mechanics embodied in the above rules was developed in light of new scientific
observations (e.g., the photoelectric effect, diffraction of electrons) that could not be interpreted within the conventional pictures
of classical mechanics. Throughout its development, these and other experimental observations placed severe constraints on
the structure of the equations of the new quantum mechanics as well as on their interpretations. For example, the observation
of discrete lines in the emission spectra of atoms gave rise to the idea that the atom's electrons could exist with only certain
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discrete energies and that light of specific frequencies would be given off as transitions among these quantized energy states
took place.

Even with the assurance that quantum mechanics has firm underpinnings in experimental observations, students learning this
subject for the first time often encounter difficulty. Therefore, it is useful to again examine some of the model problems for which
the Schrodinger equation can be exactly solved and to learn how the above rules apply to such concrete examples.

The examples examined earlier in this Chapter and those given in the Exercises and Problems serve as useful models for
chemically important phenomena: electronic motion in polyenes, in solids, and in atoms as well as vibrational and rotational
motions. Their study thus far has served two purposes; it allowed the reader to gain some familiarity with applications of quantum
mechanics and it introduced models that play central roles in much of chemistry. Their study now is designed to illustrate how
the above seven rules of quantum mechanics relate to experimental reality.

An Example Illustrating Several of the Fundamental Rules

The physical significance of the time independent wavefunctions and energies treated in Section II as well as the meaning of
the seven fundamental points given above can be further illustrated by again considering the simple two-dimensional electronic
motion model.

If the electron were prepared in the eigenstate corresponding to n, = 1,n, = 2, its total energy would be

K2 |12 22
- | L 2.

2m | L2 L2

If the energy were experimentally measured, this and only this value would be observed, and this same result would hold for all
time as long as the electron is undisturbed.

If an experiment were carried out to measure the momentum of the electron along the y-axis, according to the second postulate

above, only values equal to the eigenvalues of —hai could be observed. The p, eigenfunctions (i.e., functions that obey p,F
Y

Leik’yy
L, ’

where the momentum hk, can achieve any value; the ,/Llf factor is used to normalize the eigenfunctions over the range 0 <y
v i2my i2my

< L,. It is useful to note that the y-dependence of ) as expressed above [eW — eT] is already written in terms of two such

= —hLF = cF) are of the form
Y

eigenstates of fiha% :

127y 127y
0 2h
L e Ly |22 Ly , and
oy L,
—i2my —12my
—2
—hi e L = h e L
Oy L,

Thus, the expansion of 1 in terms of eigenstates of the property being measured dictated by the fifth postulate above
is already accomplished. The only two terms in this expansion correspond to momenta along the y-axis of i—’j and — i—};;

the probabilities of observing these two momenta are given by the squares of the expansion coefficients of ¢ in terms

i2my 2my

of the normalized eigenfunctions of _iho%- The functions |/ (eL_w) and /- (e”_.v) are such normalized eigenfunctions;
! y y

the expansion coefficients of these functions in ¢ are % and — %, respectively. Thus the momentum i—’; will be observed
2 2
with probability (%) =1and — i—’; will be observed with probability (ﬁ) = 1. If the momentum along the x-axis were

experimentally measured, again only two values i—h and — %would be found, each with a probability of %
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The average value of the momentum along the x-axis can be computed either as the sum of the probabilities multiplied by the
momentum values:

1[1h 1k
=0
z-zl-e

<pz> = 5

or as the so-called expectation value integral shown in the seventh postulate:

o) = [[ o (155 ) axay.

Inserting the full expression for 1(x,y) and integrating over x and y from O to L, and L,, respectively, this integral is seen to vanish.
This means that the result of a large number of measurements of p, on electrons each described by the same ¢ will yield zero
net momentum along the x-axis.; half of the measurements will yield positive momenta and half will yield negative momenta of
the same magnitude.

The time evolution of the full wavefunction given above for the n,=1, n,=2 state is easy to express because this 1 is an energy
eigenstate:

_iEt
U(z,y,t) = p(x,y)e h

If, on the other hand, the electron had been prepared in a state v(z,y) that is not a pure eigenstate (i.e., cannot be expressed as
a single energy eigenfunction), then the time evolution is more complicated. For example, if at t=0 1) were of the form

_ 2 2 . 2rx . 1my . 1z . 21y
d)i”Lz”Ly [asm( L. )sm( Ly)—i—bsm( L. >sm< I, )],

with a and b both real numbers whose squares give the probabilities of finding the system in the respective states, then the time
—iHt
evolution operatore A applied to v would yield the following time dependent function:

—iBgt —iE ot

2 2 2 2 1 1 2
U= L_z“L_y ae I sin(gf)sm(gf)sm(gj)ﬁ—be h sm(gf)sm(—;j/)7

where

7’L.E2’1t
The probability of finding E,; if an experiment were carried out to measure energy would be ale & |? = |a|% the probability
for finding E; » would be |b|%. The spatial probability distribution for finding the electron at points x,y will, in this case, be given by:

AFEt
(W% = |al?[1h2,1] + [b]*[1h12]? + 2 ab 4ba, 11 sc0s (T) )

[2 /2 . 2z . 1y
1112,1 - L_z L—ysl’n ( L. ) SN (L—y) s

where AE is E;1 — Eq 2,

and
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This spatial distribution is not stationary but evolves in time. So in this case, one has a wavefunction that is not a pure eigenstate
of the Hamiltonian (one says that ¥ is a superposition state or a non-stationary state) whose average energy remains constant
(E = Es1lal? + E12/b|?) but whose spatial distribution changes with time.

Although it might seem that most spectroscopic measurements would be designed to prepare the system in an eigenstate (e.g.,
by focusing on the sample light whose frequency matches that of a particular transition), such need not be the case. For example,
if very short laser pulses are employed, the Heisenberg uncertainty broadening (AEAt > k) causes the light impinging on the
sample to be very non-monochromatic (e.g., a pulse time of 1210712 sec corresponds to a frequency spread of approximately
5¢m ™). This, in turn, removes any possibility of preparing the system in a particular quantum state with a resolution of better than
30cm ! because the system experiences time oscillating electromagnetic fields whose frequencies range over at least 5¢m™1).

Essentially all of the model problems that have been introduced in this Chapter to illustrate the application of quantum mechanics
constitute widely used, highly successful 'starting-point' models for important chemical phenomena. As such, it is important that
students retain working knowledge of the energy levels, wavefunctions, and symmetries that pertain to these models.

Thus far, exactly soluble model problems that represent one or more aspects of an atom or molecule's quantum-state structure
have been introduced and solved. For example, electronic motion in polyenes was modeled by a particle-in-a-box. The harmonic
oscillator and rigid rotor were introduced to model vibrational and rotational motion of a diatomic molecule

As chemists, we are used to thinking of electronic, vibrational, rotational, and translational energy levels as being (at least
approximately) separable. On the other hand, we are aware that situations exist in which energy can flow from one such degree of
freedom to another (e.g., electronic-to-vibrational energy flow occurs in radiationless relaxation and vibration-rotation couplings
are important in molecular spectroscopy). It is important to understand how the simplifications that allow us to focus on electronic
or vibrational or rotational motion arise, how they can be obtained from a first-principles derivation, and what their limitations
and range of accuracy are.

This page titled 1.9: The Physical Relevance of Wavefunctions, Operators and Eigenvalues is shared under a CC BY-NC-SA 4.0 license and
was authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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2: APPROXIMATION METHODS

Approximation methods can be used when exact solutions to the Schrédinger equation cannot be found. In applying quantum
mechanics to 'real' chemical problems, one is usually faced with a Schrédinger differential equation for which, to date, no one has
found an analytical solution. This is equally true for electronic and nuclear-motion problems. It has therefore proven essential to
develop and efficiently implement mathematical methods which can provide approximate solutions to such eigenvalue equations.
Two methods are widely used in this context- the variational method and perturbation theory. These tools, whose use permeates
virtually all areas of theoretical chemistry, are briefly outlined here, and the details of perturbation theory are amplified in
Appendix D

2.1: The Variational Method
2.2: Perturbation Theory

2.E: Approximation Methods (Exercises)

This page titled 2: Approximation Methods is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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2.1: The Variational Method

For the kind of potentials that arise in atomic and molecular structure, the Hamiltonian H is a Hermitian operator that is bounded
from below (i.e., it has a lowest eigenvalue). Because it is Hermitian, it possesses a complete set of orthonormal eigenfunctions
{l#;)}. Any function ® that depends on the same spatial and spin variables on which H operates and obeys the same boundary
conditions that the { ¥ j } obey can be expanded in this complete set

® =3 Cjlty).
J

The expectation value of the Hamiltonian for any such function can be expressed in terms of its C; coefficients and the exact
energy levels E; of H as follows:

(@IH|®) =) CiCi{wil Hly) = D |Cj°E;.
ij J

If the function @ is normalized, the sum 3" |C;|? is equal to unity. Because H is bounded from below, all of the E; must be greater
J

than or equal to the lowest energy F,. Combining the latter two observations allows the energy expectation value of ® to be used
to produce a very important inequality:

(®|H|) > E.
The equality can hold only if ® is equal to v ; if ® contains components along any of the other ), the energy of ® will exceed E.
This upper-bound property forms the basis of the so-called variational method in which 'trial wavefunctions' ® are constructed:

1. To guarantee that @ obeys all of the boundary conditions that the exact ¥; do and that @ is of the proper spin and space
symmetry and is a function of the same spatial and spin coordinates as the ¥ ;
2. With parameters embedded in @ whose 'optimal’ values are to be determined by making (®|H|®) a minimum.

It is perfectly acceptable to vary any parameters in ® to attain the lowest possible value for (®|H|®) because the proof outlined
above constrains this expectation value to be above the true lowest eigenstate's energy E, for any ®. The philosophy then is that
the @ that gives the lowest (®|H|®) is the best because its expectation value is closes to the exact energy.

Linear Variational Calculations

Quite often a trial wavefunction is expanded as a linear combination of other functions (not the eigenvalues of the Hamiltonian,
since they are not known)

N
o= Cyl®,). (2.1.1)
J

In these cases, one says that a 'linear variational' calculation is being performed. The set of functions {® ;} are usually constructed
to obey all of the boundary conditions that the exact state ¥ obeys, to be functions of the the same coordinates as ¥, and to be of
the same spatial and spin symmetry as W. Beyond these conditions, the {® ;} are nothing more than members of a set of functions
that are convenient to deal with (e.g., convenient to evaluate Hamiltonian matrix elements (®;|H|® ;) that can, in principle, be
made complete if more and more such functions are included in the expansion in Equation 2.1.1 (i.e., increase N).

For such a trial wavefunction, the energy depends quadratically on the 'linear variational' C; coefficients:

NN
(BH|®) = C1C;(D1|H|®,).
77

Minimization of this energy with the constraint that ® remain normalized, i.e.,
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(@) =) CrC(®;]0)) =1
7

gives rise to a so-called secular or eigenvalue-eigenvector problem:

> (@i H|® ) — E(®|®,)]Cs =Y [Hiy — ES1]Cy = 0.
7 7

If the functions {|®;)} are orthonormal, then the overlap matrix S reduces to the unit matrix and the above generalized eigenvalue
problem reduces to the more familiar form:

N
ZHUCJ = EC].
J

The secular problem, in either form, has as many eigenvalues E; and eigenvectors {C;;} as the dimension of the H;; matrix as ®.
It can also be shown that between successive pairs of the eigenvalues obtained by solving the secular problem at least one exact
eigenvalue must occur (i.e,E;11 > Eeraet > Ej, for all i). This observation is referred to as 'the bracketing theorem'.

Variational methods, in particular the linear variational method, are the most widely used approximation techniques in quantum
chemistry. To implement such a method one needs to know the Hamiltonian H whose energy levels are sought and one needs to
construct a trial wavefunction in which some 'flexibility' exists (e.g., as in the linear variational method where the C; coefficients
can be varied). In Section 6 this tool will be used to develop several of the most commonly used and powerful molecular orbital
methods in chemistry.

This page titled 2.1: The Variational Method is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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2.2: Perturbation Theory

Perturbation theory is the second most widely used approximation method in quantum chemistry. It allows one to estimate the
splittings and shifts in energy levels and changes in wavefunctions that occur when an external field (e.g., an electric or magnetic
field or a field that is due to a surrounding set of 'ligands'- a crystal field) or a field arising when a previously-ignored term in the
Hamiltonian is applied to a species whose 'unperturbed' states are known. These 'perturbations' in energies and wavefunctions
are expressed in terms of the (complete) set of unperturbed eigenstates.

Assuming that all of the wavefunctions ¢, and energies E} belonging to the unperturbed Hamiltonian H° are known
H'®), = E)®,,

and given that one wishes to find eigenstates (i), and E}) of the perturbed Hamiltonian
H=H"+)\V,

perturbation theory expresses ;. and E}. as power series in the perturbation strength X:

pp =Yy A"y
n=0

Ey= i NEM.
n=>0

The systematic development of the equations needed to determine the E,Em and the w,(c") is presented in Appendix D. Here, we
simply quote the few lowest-order results.

The zeroth-order wavefunctions and energies are given in terms of the solutions of the unperturbed problem as follows:

¢;(qo) =
and

E" = EY.
This simply means that one must be willing to identify one of the unperturbed states as the 'best' approximation to the state
being sought. This, of course, implies that one must therefore strive to find an unperturbed model problem, characterized by H°
that represents the true system as accurately as possible, so that one of the @, will be as close as possible to ;.
The first-order energy correction is given in terms of the zeroth-order (i.e., unperturbed) wavefunction as:

BV =< &,|V|®), >,

which is identified as the average value of the perturbation taken with respect to the unperturbed function ®;. The so-called first-
order wavefunction z/;,il) expressed in terms of the complete set of unperturbed functions {® ;} is:
(W, V| @)
v =Y i 1ey).
2 B -5

and the second-order correction to the wavefunction is expressed as

2 1 !
W= g 2 [@ivie) -5
Tk (B} — ]'] l#k

(®|V]®}) ®;).

L
E) B
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An essential point about perturbation theory is that the energy corrections E,i") and wavefunction corrections w;cm are expressed
in terms of integrals over the unperturbed wavefunctions ®;, involving the perturbation (i.e.,(®;|V|®;) ) and the unperturbed
energies E]‘J Perturbation theory is most useful when one has, in hand, the solutions to an unperturbed Schrodinger equation that
is reasonably 'close’ to the full Schrédinger equation whose solutions are being sought. In such a case, it is likely that low-order
corrections will be adequate to describe the energies and wavefunctions of the full problem.

It is important to stress that although the solutions to the full 'perturbed' Schrédinger equation are expressed, as above, in terms
of sums over all states of the unperturbed Schrodinger equation, it is improper to speak of the perturbation as creating excited-
state species. For example, the polarization of the 1s orbital of the Hydrogen atom caused by the application of a static external
electric field of strength E along the z-axis is described, in first-order perturbation theory, through the sum

Z p (dnpo|E € T cosb|1s)
n=2,00 w By — E"po

over all p, = py orbitals labeled by principal quantum number n. The coefficient multiplying each p, orbital depends on the energy
gap corresponding to the 1s-to-np 'excitation’ as well as the electric dipole integral (¢,p,| E e r cosf|1s) between the 1s orbital and

the npq orbital.

This sum describes the polarization of the 1s orbital in terms of functions that have p, symmetry; by combining an s orbital and
po orbitals, one can form a 'hybrid-like' orbital that is nothing but a distorted 1s orbital. The appearance of the excited np, orbitals
has nothing to do with forming excited states; these np, orbitals simply provide a set of functions that can describe the response
of the 1s orbital to the applied electric field.

The relative strengths and weaknesses of perturbation theory and the variational method, as applied to studies of the electronic
structure of atoms and molecules, are discussed in Section 6.

This page titled 2.2: Perturbation Theory is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
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2.E: Approximation Methods (Exercises)

This page titled 2.E: Approximation Methods (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
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3: NUCLEAR MOTION

The Application of the Schrodinger Equation to the Motions of Electrons and Nuclei in a Molecule Lead to the Chemists' Picture
of Electronic Energy Surfaces on Which Vibration and Rotation Occurs and Among Which Transitions Take Place.

3.1: The Born-Oppenheimer Separation of Electronic and Nuclear Motions
3.2: Time Scale Separation

3.3: Vibration/Rotation States for Each Electronic Surface
3.4: Rotation and Vibration of Diatomic Molecules

3.5: Separation of Vibration and Rotation

3.6: The Rigid Rotor and Harmonic Oscillator

3.7: The Morse Oscillator

3.8: Rotation of Polyatomic Molecules

3.9: Rotation of Linear Molecules

3.E: Exercises

3.10: Rotation of Non-Linear Molecules

3.11: Chapter Summary
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3.1: The Born-Oppenheimer Separation of Electronic and
Nuclear Motions

Many elements of chemists' pictures of molecular structure hinge on the point of view that separates the electronic motions from
the vibrational/rotational motions and treats couplings between these (approximately) separated motions as 'perturbations'. It is
essential to understand the origins and limitations of this separated-motions picture.

To develop a framework in terms of which to understand when such separability is valid, one thinks of an atom or molecule
as consisting of a collection of N electrons and M nuclei each of which possesses kinetic energy and among which coulombic
potential energies of interaction arise. To properly describe the motions of all these particles, one needs to consider the full
Schrédinger equation H¥ = EVU, in which the Hamiltonian H contains the sum (denoted H, ) of the kinetic energies of all N
electrons and the coulomb potential energies among the N electrons and the M nuclei as well as the kinetic energy T of the M
nuclei

H=H.+T
—h? 9 Z,e? e? e?
] M D WEED JEERCS
J J,a i<k a<b @

Here, m, is the mass of the nucleus a, Z,e? is its charge, and V? is the Laplacian with respect to the three cartesian coordinates of
this nucleus (this operator V2 is given in spherical polar coordinates in Appendix A); r;, is the distance between the jt* electron
and the a'* nucleus, rjk is the distance between the jt" and k' electrons, m, is the electron's mass, and R, is the distance from
nucleus a to nucleus b.

The full Hamiltonian H thus contains differential operators over the 3N electronic coordinates (denoted r as a shorthand) and the
3M nuclear coordinates (denoted R as a shorthand). In contrast, the electronic Hamiltonian H, is a Hermitian differential operator
in r-space but not in R-space. Although H, is indeed a function of the R-variables, it is not a differential operator involving them.

Because He is a Hermitian operator in r-space, its eigenfunctions ¥;(r|R) obey H.V;(r|R) = E;(R)¥;(r|R)

for any values of the R-variables, and form a complete set of functions of r for any values of R. These eigenfunctions and their
eigenvalues E;(R) depend on R only because the potentials appearing in H. depend on R. The ¥; and E; are the electronic
wavefunctions and electronic energies whose evaluations are treated in the next three Chapters.

The fact that the set of {¥,} is, in principle, complete in r-space allows the full (electronic and nuclear) wavefunction ¥ to have its
r-dependence expanded in terms of the ¥; :

U(r,R) = Z U, (r|R)Ei(R).

The E;(R) functions, carry the remaining R-dependence of ¥ and are determined by insisting that ¥ as expressed here obey the
full Schrodinger equation:

(He+T—E)Y  U(r|R)Ei(R) = 0.
i
Projecting this equation against (¥ ;(r|R)| (integrating only over the electronic coordinates because the ¥; are orthonormal only

when so integrated) gives:

2

[(Ej(R) — B)Z;(R) + TE;(R)] = = Y [(¥,|T|T:)(R)Z(R) +
i a=1,M a

(U Va|¥:)(R) - VoEi(R) |

where the (R) notation in (¥,;|T|¥;)(R) and (¥;|V,|¥;)(R) has been used to remind one that the integrals < ..> are carried out
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only over the r coordinates and, as a result, still depend on the R coordinates.

In the Born-Oppenheimer (BO) approximation, one neglects the so-called nonadiabatic or non-BO couplings on the right-hand
side of the above equation. Doing so yields the following equations for the =;(R) functions:

[(Ej(R) — E)E}(R) + TE}(R)] = 0,
where the superscript in Z(R) is used to indicate that these functions are solutions within the BO approximation only.

These BO equations can be recognized as the equations for the translational, rotational, and vibrational motion of the nuclei
on the 'potential energy surface' E;(R). That is, within the BO picture, the electronic energies E;(R), considered as functions
of the nuclear positions R, provide the potentials on which the nuclei move. The electronic and nuclear-motion aspects of the
Schrédinger equation are thereby separated.
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3.2: Time Scale Separation

The physical parameters that determine under what circumstances the BO approximation is accurate relate to the motional
time scales of the electronic and vibrational/rotational coordinates.

The range of accuracy of this separation can be understood by considering the differences in time scales that relate to electronic
motions and nuclear motions under ordinary circumstances. In most atoms and molecules, the electrons orbit the nuclei at
speeds much in excess of even the fastest nuclear motions (the vibrations). As a result, the electrons can adjust 'quickly' to the
slow motions of the nuclei. This means it should be possible to develop a model in which the electrons ‘follow' smoothly as the
nuclei vibrate and rotate.

This picture is that described by the BO approximation. Of course, one should expect large corrections to such a model for
electronic states in which 'loosely held' electrons exist. For example, in molecular Rydberg states and in anions, where the outer
valence electrons are bound by a fraction of an electron volt, the natural orbit frequencies of these electrons are not much faster
(if at all) than vibrational frequencies. In such cases, significant breakdown of the BO picture is to be expected.
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3.3: Vibration/Rotation States for Each Electronic Surface

The BO picture is what gives rise to the concept of a manifold of potential energy surfaces on which vibrational/rotational
motions occur.

Even within the BO approximation, motion of the nuclei on the various electronic energy surfaces is different because the nature
of the chemical bonding differs from surface to surface. That is, the vibrational/rotational motion on the ground-state surface is
certainly not the same as on one of the excited-state surfaces. However, there are a complete set of wavefunctions Xi?, (R) and
energy levels E]?m for each surface E;(R)T + E;(R) is a Hermitian operator in R-space for each surface (labelled j):

[T+ E(R)|EY,,(R) = EY,Z)

=j,m Jm=jm*

The eigenvalues EJUm must be labelled by the electronic surface (j) on which the motion occurs as well as to denote the particular
state (m) on that surface.
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3.4: Rotation and Vibration of Diatomic Molecules

For a diatomic species, the vibration-rotation (§> kinetic energy operator can be expressed as follows in terms of the bond

length R and the angles 6 and ¢ that describe the orientation of the bond axis relative to a laboratory-fixed coordinate system:

—h2[1 9 (., 0 L\
Tom ==, [R—ﬁ (®37) - (#) |

where the square of the rotational angular momentum of the diatomic species is

18 ) 1 0%
2 _ 2 -~ - _ -
L=h [sin@ 0 (“"9 ae) t 20087 |

. %4 .
Because the potential E;(R) depends on R but not on 6 or ¢ , the = function Xi?,m can be written as a product of an angular part

and an R-dependent part; moreover, because L? contains the full angle-dependence of Ty /g, ng’n can be written as
EY, =Y u(0,¢)F; .(R).

The general subscript n, which had represented the state in the full set of 3M-3 R-space coordinates, is replaced by the three
quantum numbers J,M, and v (i.e.,, once one focuses on the three specific coordinates R,6, and ¢, a total of three quantum
numbers arise in place of the symbol n).

A . . v . .
Substituting this product form for E?n into the 7 equation gives:

],J,UF]]JJJ

—h2 [L 0 (R2i>7J(J+1)
R? OR

2 OR OR R2p? } FiaoB) + Bi(R)Fss0(R) = B
as the equation for the vibrational (i.e., R-dependent) wavefunction within electronic state j and with the species rotating with J(J
+ 1)A2 as the square of the total angular momentum and a projection along the laboratory-fixed Z-axis of M#h. The fact that the
F; j» functions do not depend on the M quantum number derives from the fact that the Ty, kinetic energy operator does not
explicitly contain J; only J2 appears in Ty/g-

The solutions for which J=0 correspond to vibrational states in which the species has no rotational energy; they obey

L 0

i (7w (F5) | FnoB)+ BRI () = B} e
The differential-operator parts of this equation can be simplified somewhat by substituting F = % and thus obtaining the
following equation for the new function y :

—h* 0 0
b ap XJ0v R

5 R oR 00

) + Ej(R)X;0.(R) = E.,Xj0.0-

Solutions for which J # 0 require the vibrational wavefunction and energy to respond to the presence of the 'centrifugal potential’

given by hzgggl) ; these solutions obey the full coupled V/R equations given above.
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3.5: Separation of Vibration and Rotation

It is common, in developing the working equations of diatomic-molecule rotational/vibrational spectroscopy, to treat the coupling
between the two degrees of freedom using perturbation theory as developed later in this chapter. In particular, one can expand

the centrifugal coupling 2 Jéigi) around the equilibrium geometry R. (which depends, of course, on J):

5 J(J+1) 9 J(J+1)

2uR?  2u[R%(1+ AR)?]
JJ+1

th[l—mRJﬁ..},
2uR?

and treat the terms containing powers of the bond length displacement ARF as perturbations. The zeroth-order equations read:

—KZr1 9 , 0 0 0 9
T [ﬁﬁ (R @)] Fil;,(R) + Ej(R)F;;(R) + h oz LareEis

and have solutions whose energies separate

J(J+1)
0 _ 32
Ejjw=h oz e

e
and whose wavefunctions are independent of .J (because the coupling is not R-dependent in zeroth order)

FO

j,J,U(R) = Fj,v(R)-

Perturbation theory is then used to express the corrections to these zeroth order solutions as indicated in Appendix D.
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3.6: The Rigid Rotor and Harmonic Oscillator

Treatment of the rotational motion at the zeroth-order level described above introduces the so-called 'rigid rotor' energy levels

and wavefunctions: E; = h2% and Yy (0, ¢); these same quantities arise when the diatomic molecule is treated as a rigid

rod of length R,. The spacings between successive rotational levels within this approximation are

AEJ+11‘] = 2hCB(J+ 1)7

1

where the so-called rotational constant B is given in em ™" as

_ h
" 8m2cuR?’

The rotational level J is (2J+1)-fold degenerate because the energy E; is independent of the M quantum number of which there
are (2J+1) values for each J: M= -J, -J+1, -J+2, ... J-2, J-1, J.

The explicit form of the zeroth-order vibrational wavefunctions and energy levels, F]Qv and EJQU, depends on the description used
for the electronic potential energy surface E;(R). In the crudest useful approximation, E;(R) is taken to be a so-called harmonic
potential

as a consequence, the wavefunctions and energy levels reduce to

1
E‘]Qv =FEj(R.) + hﬁ (v + —) , and
‘ 1

2

2

—a(R—R.)
F},(R) = . {/ge 2 H,v/a(R—R.),

V2v!
where a = 5 and H,(y) denotes the Hermite polynomial defined by:
2 dv 2
Hy(y) = (—1)"¢" d—yve_y .

The solution of the vibrational differential equation

i [ii (Rzi)] F;»(R) 4+ E;(R)F;,(R) = E; ,F;
2u LR2OR\" OR/)|"7" e

is treated in EWK, Atkins, and McQuarrie.
These harmonic-oscillator solutions predict evenly spaced energy levels (i.e., no anharmonicity) that persist for all v. It is, of

course, known that molecular vibrations display anharmonicity (i.e., the energy levels move closer together as one moves to higher
v) and that quantized vibrational motion ceases once the bond dissociation energy is reached.
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3.7: The Morse Oscillator

The Morse oscillator model is often used to go beyond the harmonic oscillator approximation. In this model, the potential £;(R)
is expressed in terms of the bond dissociation energy D, and a parameter a related to the second derivative k of E;(R) at R.k

P~E
= —= = 2a’D, as follows:

—a(R—R.)] 2
E](R) _E](Re) = De [1 — € (R Rﬁ)] .

The Morse oscillator energy levels are given by

VE 1\ R/ k 1)?
— N ARk L
Ejy = Bj(Be) + b= (”+2) 4 (uDe)(U+2)

the corresponding eigenfunctions are also known analytically in terms of hypergeometric functions (see, for example, Handbook
of Mathematical Functions , M. Abramowitz and I. A. Stegun, Dover, Inc. New York, N. Y. (1964)). Clearly, the Morse solutions

. . . . . . 1
display anharmonicity as reflected in the negative term proportional to (v + 5)2.
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3.8: Rotation of Polyatomic Molecules

For a non-linear polyatomic molecule, again with the centrifugal couplings to the vibrations evaluated at the equilibrium geometry,
the following terms form the rotational part of the nuclear-motion kinetic energy:

J?
Trat: Z (2]1>

i=a,b,c

Here, I; is the eigenvalue of the moment of inertia tensor:

Iw,z = Zma[(Ra - RCofIVI)2 - (IEa - wC@f}\l)?]
Iy = Z ma[(Ta — Toonr) Ya — Ycorm))

expressed originally in terms of the cartesian coordinates of the nuclei (a) and of the center of mass in an arbitrary molecule-fixed
coordinate system (and similarly for I .,I,,,I, . and I,.). The operator J; corresponds to the component of the total rotational
angular momentum J along the direction belonging to the ith eigenvector of the moment of inertia tensor.

Molecules for which all three principal moments of inertia (the I/s) are equal are called 'spherical tops'. For these species, the
rotational Hamiltonian can be expressed in terms of the square of the total rotational angular momentum J?2 :

J2
Trot = ga

as a consequence of which the rotational energies once again become

J(J+1)

E;=h?
7 27

However, the Y s are not the corresponding eigenfunctions because the operator J? now contains contributions from rotations
about three (no longer two) axes (i.e., the three principal axes). The proper rotational eigenfunctions are the D{M‘K(a,ﬂ, v)
functions known as 'rotation matrices' (see Sections 3.5 and 3.6 of Zare's book on angular momentum) these functions depend on
three angles (the three Euler angles needed to describe the orientation of the molecule in space) and three quantum numbers-
J,M, and K. The quantum number M labels the projection of the total angular momentum (as M%) along the laboratory-fixed z-axis;
Kh is the projection along one of the internal principal axes ( in a spherical top molecule, all three axes are equivalent, so it does
not matter which axis is chosen).

The energy levels of spherical top molecules are (2J + 1)? -fold degenerate. Both the M and K quantum numbers run from -J, in
steps of unity, to J; because the energy is independent of M and of K, the degeneracy is (2J + 1)2.

Molecules for which two of the three principal moments of inertia are equal are called symmetric top molecules. Prolate symmetric

tops have I, < I, = I, ; oblate symmetric tops have I, = I; < I ( it is convention to order the moments of inertia as I, < I, < I..).

The rotational Hamiltonian can now be written in terms of J? and the component of J along the unique moment of inertia's axis
as:

1 1 J?

Tror = J?2 (— - _) il

ot e \o1,  2I, o7,

for prolate tops, and
1 1 ) J?

T :J.2<——— g
vt = e \ o1, 21, oI,

for oblate tops. Again, the D]{LK(a,B, ~) are the eigenfunctions, where the quantum number K describes the component of the
rotational angular momentum J along the unique molecule-fixed axis (i.e., the axis of the unique moment of inertia). The energy
levels are now given in terms of J and K as follows:
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J(J+1) 11
Jop R Gl h2K2<—f—>
JK 51, oI, 21,

for prolate tops, and

J(J+1) 1 1
E — 27 2K2 (_ _ _)
K =h o1, L oI, 21,

for oblate tops.

Because the rotational energies now depend on K (as well as on J), the degeneracies are lower than for spherical tops. In
particular, because the energies do not depend on M and depend on the square of K, the degeneracies are (2J+1) for states with
K=0 and 2(2J+1) for states with |K| > ®; the extra factor of 2 arises for |K| > ® states because pairs of states with K = |K| and K =
|-K| are degenerate.
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3.9: Rotation of Linear Molecules

The rotational motion of a linear polyatomic molecule can be treated as an extension of the diatomic molecule case. One obtains
the Y :(6, ¢) as rotational wavefunctions and, within the approximation in which the centrifugal potential is approximated at the
equilibrium geometry of the molecule (R.), the energy levels are:

J(J+1
E?:fﬂ—(; )

Here the total moment of inertia I of the molecule takes the place of uR? in the diatomic molecule case

I = Zma(R{L - RCUfM)Z;

m, is the mass of atom a whose distance from the center of mass of the molecule is (R, — Rcosur). The rotational level with
quantum number J is (2J+1)-fold degenerate again because there are (2J+1) M- values.
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3.E: Exercises
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3.10: Rotation of Non-Linear Molecules

For a non-linear polyatomic molecule, again with the centrifugal couplings to the vibrations evaluated at the equilibrium geometry,
the following terms form the rotational part of the nuclear-motion kinetic energy:

J?
Trat: Z (2]1>

i=a,b,c

Here, I; is the eigenvalue of the moment of inertia tensor:

Iw,z = Zma[(Ra - RCofIVI)2 - (IEa - wC@f}\l)?]
Iy = Z ma[(Ta — Toonr) Ya — Ycorm))

expressed originally in terms of the cartesian coordinates of the nuclei (a) and of the center of mass in an arbitrary molecule-fixed
coordinate system (and similarly for I .,I,,,I, . and I,.). The operator J; corresponds to the component of the total rotational
angular momentum J along the direction belonging to the ith eigenvector of the moment of inertia tensor.

Molecules for which all three principal moments of inertia (the I/s) are equal are called 'spherical tops'. For these species, the
rotational Hamiltonian can be expressed in terms of the square of the total rotational angular momentum J?2 :

J2
Trot = ga

as a consequence of which the rotational energies once again become

J(J+1)

E;=h?
7 27

However, the Y s are not the corresponding eigenfunctions because the operator J? now contains contributions from rotations
about three (no longer two) axes (i.e., the three principal axes). The proper rotational eigenfunctions are the D{M‘K(a,ﬂ, v)
functions known as 'rotation matrices' (see Sections 3.5 and 3.6 of Zare's book on angular momentum) these functions depend on
three angles (the three Euler angles needed to describe the orientation of the molecule in space) and three quantum numbers-
J,M, and K. The quantum number M labels the projection of the total angular momentum (as M%) along the laboratory-fixed z-axis;
Kh is the projection along one of the internal principal axes ( in a spherical top molecule, all three axes are equivalent, so it does
not matter which axis is chosen).

The energy levels of spherical top molecules are (2J + 1)? -fold degenerate. Both the M and K quantum numbers run from -J, in
steps of unity, to J; because the energy is independent of M and of K, the degeneracy is (2J + 1)2.

Molecules for which two of the three principal moments of inertia are equal are called symmetric top molecules. Prolate symmetric

tops have I, < I, = I, ; oblate symmetric tops have I, = I; < I ( it is convention to order the moments of inertia as I, < I, < I..).

The rotational Hamiltonian can now be written in terms of J? and the component of J along the unique moment of inertia's axis
as:

1 1 J?

Tror = J?2 (— - _) il

ot e \o1,  2I, o7,

for prolate tops, and
1 1 ) J?

T :J.2<——— g
vt = e \ o1, 21, oI,

for oblate tops. Again, the D]{LK(a,B, ~) are the eigenfunctions, where the quantum number K describes the component of the
rotational angular momentum J along the unique molecule-fixed axis (i.e., the axis of the unique moment of inertia). The energy
levels are now given in terms of J and K as follows:
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J(J+1) 11
Jop R Gl h2K2<—f—>
JK 51, oI, 21,

for prolate tops, and

J(J+1) 1 1
E — 27 2K2 (_ _ _)
K =h o1, L oI, 21,

for oblate tops.

Because the rotational energies now depend on K (as well as on J), the degeneracies are lower than for spherical tops. In
particular, because the energies do not depend on M and depend on the square of K, the degeneracies are (2J+1) for states with
K=0 and 2(2J+1) for states with |K| > ®; the extra factor of 2 arises for |K| > ® states because pairs of states with K = |K| and K =
|-K| are degenerate.
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3.11: Chapter Summary

This Chapter has shown how the solution of the Schrodinger equation governing the motions and interparticle potential energies
of the nuclei and electrons of an atom or molecule (or ion) can be decomposed into two distinct problems:

i. solution of the electronic Schrédinger equation for the electronic wavefunctions and energies, both of which depend on the
nuclear geometry and

ii. solution of the vibration/rotation Schrodinger equation for the motion of the nuclei on any one of the electronic energy
surfaces.

This decomposition into approximately separable electronic and nuclearmotion problems remains an important point of view in
chemistry. It forms the basis of many of our models of molecular structure and our interpretation of molecular spectroscopy. It
also establishes how we approach the computational simulation of the energy levels of atoms and molecules; we first compute
electronic energy levels at a 'grid' of different positions of the nuclei, and we then solve for the motion of the nuclei on a particular
energy surface using this grid of data.

The treatment of electronic motion is treated in detail in Sections 2, 3, and 6 where molecular orbitals and configurations and

their computer evaluation is covered. The vibration/rotation motion of molecules on BO surfaces is introduced above, but should
be treated in more detail in a subsequent course in molecular spectroscopy.

This page titled 3.11: Chapter Summary is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

BIOIRIE) 57 (3.11.1)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/03%3A_Nuclear_Motion/3.11%3A_Chapter_Summary
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTextS"

4: ATOMIC ORBITALS

Valence atomic orbitals on neighboring atoms combine to form bonding, non-bonding and antibonding molecular orbitals. In
Section 1 the Schrédinger equation for the motion of a single electron moving about a nucleus of charge Z was explicitly solved.
The energies of these orbitals relative to an electron infinitely far from the nucleus with zero kinetic energy were found to depend
strongly on Z and on the principal quantum number n, as were the radial "sizes" of these hydrogenic orbitals. Closed analytical
expressions for the r,0, and ¢ dependence of these orbitals are given in Appendix B. The reader is advised to also review this
material before undertaking study of this section.

4.1: Shapes of Atomic Orbitals
4.2: Directions of Atomic Orbitals

4.3: Sizes and Energies
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4.1: Shapes of Atomic Orbitals

Shapes of atomic orbitals play central roles in governing the types of directional bonds an atom can form.

All atoms have sets of bound and continuum s, p, d, f, g, etc. orbitals. Some of these orbitals may be unoccupied in the atom's
low energy states, but they are still present and able to accept electron density if some physical process (e.g., photon absorption,
electron attachment, or Lewis-base donation) causes such to occur. For example, the Hydrogen atom has 1s, 2s, 2p, 3s, 3p, 3d,
etc. orbitals. Its negative ion H~ has states that involve 1s2s, 2p?, 352, 3p?, etc. orbital occupancy. Moreover, when an H atom is
placed in an external electronic field, its charge density polarizes in the direction of the field. This polarization can be described
in terms of the orbitals of the isolated atom being combined to yield distorted orbitals (e.g., the 1s and 2p orbitals can "mix" or
combine to yield sp hybrid orbitals, one directed toward increasing field and the other directed in the opposite direction). Thus
in many situations it is important to keep in mind that each atom has a full set of orbitals available to it even if some of these
orbitals are not occupied in the lowest energy state of the atom.
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4.2: Directions of Atomic Orbitals

Atomic orbital directions also determine what directional bonds an atom will form.

Each set of p orbitals has three distinct directions or three different angular momentum m-quantum numbers as discussed in
Appendix G. Each set of d orbitals has five distinct directions or m-quantum numbers, etc; s orbitals are unidirectional in that
they are spherically symmetric, and have only m = 0. Note that the degeneracy of an orbital (2l+1), which is the number of distinct
spatial orientations or the number of m-values, grows with the angular momentum quantum number | of the orbital without bound.

It is because of the energy degeneracy within a set of orbitals, that these distinct directional orbitals (e.g., X, y, z for p orbitals)
may be combined to give new orbitals which no longer possess specific spatial directions but which have specified angular
momentum characteristics. The act of combining these degenerate orbitals does not change their energies. For example, the
%(Pag +ip,) and %(pz —ip,) combinations no longer point along the x and y axes, but instead correspond to specific angular

momenta (+1% and — 1h) about the z axis. The fact that they are angular momentum eigenfunctions can be seen by noting that
the x and y orbitals contain ¢ dependences of cos(¢) and sin(¢), respectively. Thus the above combinations contain e’ and e %,
respectively. The sizes, shapes, and directions of a few s, p, and d orbitals are illustrated below (the light and dark areas represent
positive and negative values, respectively).

p orbitals d orbitals

Figure 4.3.1: Insert caption here!
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4.3: Sizes and Energies

The size (e.g., average value or expectation value of the distance from the atomic nucleus to the electron) of an atomic orbital
is determined primarily by its principal quantum number n and by the strength of the potential attracting an electron in this
orbital to the atomic center (which has some |-dependence too). The energy (with negative energies corresponding to bound
states in which the electron is attached to the atom with positive binding energy and positive energies corresponding to unbound
scattering states) is also determined by n and by the electrostatic potential produced by the nucleus and by the other electrons.
Each atom has an infinite set of orbitals of each | quantum number ranging from those with low energy and small size to those
with higher energy and larger size.

Atomic orbitals are solutions to an orbital-level Schrodinger equation in which an electron moves in a potential energy field
provided by the nucleus and all the other electrons. Such one-electron Schrodinger equations are discussed, as they pertain to
qualitative and semi-empirical models of electronic structure in Appendix F. The spherical symmetry of the one-electron potential
appropriate to atoms and atomic ions is what makes sets of the atomic orbitals degenerate. Such degeneracies arise in molecules
too, but the extent of degeneracy is lower because the molecule's nuclear coulomb and electrostatic potential energy has lower
symmetry than in the atomic case. As will be seen, it is the symmetry of the potential experienced by an electron moving in the
orbital that determines the kind and degree of orbital degeneracy which arises.

Symmetry operators leave the electronic Hamiltonian H invariant because the potential and kinetic energies are not changed if
one applies such an operator R to the coordinates and momenta of all the electrons in the system. Because symmetry operations
involve reflections through planes, rotations about axes, or inversions through points, the application of such an operation to a
product such as Hy gives the product of the operation applied to each term in the original product. Hence, one can write:

R(HY) = (RH)(Ry).
Now using the fact that H is invariant to R, which means that (RH) = H, this result reduces to:
R(Hy) = H(Ry),
which says that R commutes with H:
[R,H =0

Because symmetry operators commute with the electronic Hamiltonian, the wavefunctions that are eigenstates of H can be
labeled by the symmetry of the point group of the molecule (i.e., those operators that leave H invariant). It is for this reason that
one constructs symmetry-adapted atomic basis orbitals to use in forming molecular orbitals.
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5: MOLECULAR ORBITALS

Molecular orbitals possess specific topology, symmetry, and energy-level patterns.

5.1: Orbital Interaction Topology
5.2: Orbital Symmetry

5.3: Linear Molecules

5.4: Atoms
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5.1: Orbital Interaction Topology

The orbital interactions determine how many and which molecular orbitals will have low (bonding), intermediate (non-bonding),
and higher (antibonding) energies, with all energies viewed relative to those of the constituent atomic orbitals. The general
patterns that are observed in most compounds can be summarized as follows:

1.

If the energy splittings among a given atom's atomic orbitals with the same principal quantum number are small,
hybridization can easily occur to produce hybrid orbitals that are directed toward (and perhaps away from) the other atoms
in the molecule. In the first-row elements (Li, Be, B, C, N, O, and F), the 2s-2p splitting is small, so hybridization is common.
In contrast, for Ca, Ga, Ge, As, and Br it is less common, because the 4s-4p splitting is larger. Orbitals directed toward
other atoms can form bonding and antibonding mos; those directed toward no other atoms will form nonbonding molecular
orbitals.

In attempting to gain a qualitative picture of the electronic structure of any given molecule, it is advantageous to begin by
hybridizing the atomic orbitals of those atoms which contain more than one ao in their valence shell. Only those atomic
orbitals that are not involved in p-orbital interactions should be so hybridized.

Atomic or hybrid orbitals that are not directed in a s-interaction manner toward other atomic orbitals or hybrids on
neighboring atoms can be involved in p-interactions or in nonbonding interactions.

Pairs of atomic orbitals or hybrid orbitals on neighboring atoms directed toward one another interact to produce bonding and
antibonding orbitals. The more the bonding orbital lies below the lower-energy ao or hybrid orbital involved in its formation,
the higher the antibonding orbital lies above the higher-energy ao or hybrid orbital.

For example, in formaldehyde, H,CO, one forms sp? hybrids on the C atom; on the O atom, either sp hybrids (with one p
orbital "reserved” for use in forming the = and =" orbitals and another p orbital to be used as a non-bonding orbital lying in
the plane of the molecule) or sp? hybrids (with the remaining p orbital reserved for the = and 7" orbitals) can be used. The H
atoms use their 1s orbitals since hybridization is not feasible for them. The C atom clearly uses its sp? hybrids to form two
CH and one CO ¢ bonding - antibonding orbital pairs.

The O atom uses one of its sp or sp? hybrids to form the CO o bond and antibond. When sp hybrids are used in
conceptualizing the bonding, the other sp hybrid forms a lone pair orbital directed away from the CO bond axis; one of the
atomic p orbitals is involved in the CO 7 and 7« orbitals, while the other forms an in-plane non-bonding orbital. Alternatively,
when sp? hybrids are used, the two sp? hybrids that do not interact with the C-atom sp? orbital form the two non-bonding
orbitals. Hence, the final picture of bonding, non-bonding, and antibonding orbitals does not depend on which hybrids one
uses as intermediates.

As another example, the 2s and 2p orbitals on the two N atoms of N, can be formed into pairs of sp hybrids on each
N atom plus a pair of p, atomic orbitals on each N atom. The sp hybrids directed toward the other N atom give rise to
bonding ¢ and antibonding ¢* orbitals, and the sp hybrids directed away from the other N atom yield nonbonding o orbitals.
The p, orbitals, which consist of 2p orbitals on the N atoms directed perpendicular to the N-N bond axis, produce bonding
7 and antibonding 7 orbitals.

In general, ¢ interactions for a given pair of atoms interacting are stronger than = interactions (which, in turn, are stronger
than ¢ interactions, etc.) for any given sets (i.e., principal quantum number) of atomic orbitals that interact. Hence, ¢ bonding
orbitals (originating from a given set of aos) lie below 7 bonding orbitals, and ¢* orbitals lie above =" orbitals that arise from
the same sets of aos. In the N, example, the ¢ bonding orbital formed from the two sp hybrids lies below the = bonding
orbital, but the 7" orbital lies below the ¢" orbital. In the H,CO example, the two CH and the one CO bonding orbitals have
low energy; the CO 7 bonding orbital has the next lowest energy; the two O-atom non-bonding orbitals have intermediate
energy; the CO «”* orbital has somewhat higher energy; and the two CH and one CO antibonding orbitals have the highest
energies.

If a given ao or hybrid orbital interacts with or is coupled to orbitals on more than a single neighboring atom, multicenter
bonding can occur. For example, in the allyl radical the central carbon atom's p, orbital is coupled to the p, orbitals on both
neighboring atoms; in linear Lis, the central Li atom's 2s orbital interacts with the 2s orbitals on both terminal Li atoms; in
triangular Cus, the 2s orbitals on each Cu atom couple to each of the other two atoms' 4s orbitals.

Multicenter bonding that involves "linear" chains containing N atoms (e.g., as in conjugated polyenes or in chains of Cu or
Na atoms for which the valence orbitals on one atom interact with those of its neighbors on both sides) gives rise to mo
energy patterns in which there are N/2 (if N is even) or N/2 — 1 non-degenerate bonding orbitals and the same number of
antibonding orbitals (if N is odd, there is also a single non-bonding orbital).

Multicenter bonding that involves "cyclic" chains of N atoms (e.g., as in cyclic conjugated polyenes or in rings of Cu or Na
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1.

atoms for which the valence orbitals on one atom interact with those of its neighbors on both sides and the entire net forms
a closed cycle) gives rise to mo energy patterns in which there is a lowest non-degenerate orbital and then a progression
of doubly degenerate orbitals. If N is odd, this progression includes (N- 1)/2 levels; if N is even, there are (N-2)/2 doubly
degenerate levels and a final nondegenerate highest orbital. These patterns and those that appear in linear multicenter
bonding are summarized in the Figures shown below.

— — | antibonding

non-bonding

— — ] bonding

Pattern for Linear Multicenter
Bonding Situation: N=2, 3, .6

- —_— antibonding
[— — —— non-bonding
- - — == . bonding
Pattern for Cyclic Multicenter Bonding -
N=3,4,5,..8

Figure 5.1.1: Insert caption here!

In extended systems such as solids, atom-based orbitals combine as above to form so called 'bands' of molecular orbitals.
These bands are continuous rather than discrete as in the above cases involving small polyenes. The energy 'spread' within
a band depends on the overlap among the atom-based orbitals that form the band; large overlap gives rise to a large
band width, while small overlap produces a narrow band. As one moves from the bottom (i.e., the lower energy part) of a
band to the top, the number of nodes in the corresponding band orbital increases, as a result of which its bonding nature
decreases. In the figure shown below, the bands of a metal such as Ni (with 3d, 4s, and 4p orbitals) is illustrated. The d-
orbital band is narrow because the 3d orbitals are small and hence do not overlap appreciably; the 4s and 4p bands are
wider because the larger 4s and 4p orbitals overlap to a greater extent. The d-band is split into o, 7, andd components
corresponding to the nature of the overlap interactions among the constituent atomic d orbitals. Likewise, the p-band is split
into o and m components. The widths of the o components of each band are larger than those of the m components because
the corresponding o overlap interactions are stronger. The intensities of the bands at energy E measure the densities of

states at that E. The total integrated intensity under a given band is a measure of the total number of atomic orbitals that
form the band.
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5.2: Orbital Symmetry

Symmetry provides additional quantum numbers or labels to use in describing the molecular orbitals. Each such
quantum number further sub-divides the collection of all molecular orbitals into sets that have vanishing Hamiltonian
matrix elements among members belonging to different sets.

Orbital interaction "topology" as discussed above plays a most- important role in determining the orbital energy level patterns of
a molecule. Symmetry also comes into play, but in a different manner. Symmetry can be used to characterize the core, bonding,
nonbonding, and antibonding molecular orbitals. Much of this chapter is devoted to how this can be carried out in a systematic
manner. Once the various molecular orbitals have been labeled according to symmetry, it may be possible to recognize additional
degeneracies that may not have been apparent on the basis of orbital-interaction considerations alone. Thus, topology provides
the basic energy ordering pattern and then symmetry enters to identify additional degeneracies.

For example, the three NH bonding and three NH antibonding orbitals in N H3, when symmetry adapted within the Cj, point group,
cluster into a; and e molecular orbitals as shown in the Figure below. The N-atom localized non-bonding lone pair orbital and the
N-atom 1s core orbital also belong to a; symmetry.

In a second example, the three CH bonds, three CH antibonds, CO bond and antibond, and three O-atom non-bonding orbitals of
the methoxy radical H;C — O also cluster into a; and e orbitals as shown below. In these cases, point group symmetry allows one
to identify degeneracies that may not have been apparent from the structure of the orbital interactions alone.

A -

} NH antibonding

e

o — N non-bonding

lone pair

e } NH bonding
a

1

a,
-_ N-atom s core

Orbital Character and Symmetry in NH;

CH antibonding

—~——CO antibonding
a

e —

a

— __ —] O non-bonding
lone pairs and radical center

—<———CO bonding
ay —
e } CH bonding

a

a1 Catom 1s core

= O-atom ls core

Orbital Character and Symmetry in H;CO Radical

Figure 5.2.1: Insert caption here!

The three resultant molecular orbital energies are, of course, identical to those obtained without symmetry above. The three
LCAO-MO coefficients , now expressing the molecular orbitals in terms of the symmetry adapted orbitals are C;, = ( 0.707, 0.707,
0.9) for the bonding orbital, (0.8, 8.9, 1.80) for the nonbonding orbital, and (0.707, -0.707, 8.9) for the antibonding orbital. These
coefficients, when combined with the symmetry adaptation coefficients C,, given earlier, express the three molecular orbitals in
terms of the three atomic orbitals as

¢i = Z CiscsaXa

The sum
Z Ciscsa
s

gives the LCAO-MO coefficients C;, which, for example, for the bonding orbital, are (0.7072, 0.707, 0.7072), in agreement with what
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was found earlier without using symmetry.

The low energy orbitals of the H,O molecule can be used to illustrate the use of symmetry within the primitive ao basis as well
as in terms of hybrid orbitals. The 1s orbital on the Oxygen atom is clearly a nonbonding core orbital. The Oxygen 2s orbital
and its three 2p orbitals are of valence type, as are the two Hydrogen 1s orbitals. In the absence of symmetry, these six valence
orbitals would give rise to a 6x6 secular problem. By combining the two Hydrogen 1s orbitals into 8.707(1s;, + 1sg) and 0.707(
1s; — 1sg) symmetry adapted orbitals (labeled a; and by within the Ca, point group; see the Figure below), and recognizing that
the Oxygen 2s and 2p, orbitals belong to a; symmetry (the z axis is taken as the C; rotation axis and the x axis is taken to be
perpendicular to the plane in which the three nuclei lie) while the 2p, orbital is b; and the 2p, orbital is b,, allows the 6x6 problem
to be decomposed into a 3x3 ( a;) secular problem, a 2x2 ( b,) secular problem and a 1x1 ( b; ) problem. These decompositions
allow one to conclude that there is one nonbonding b; orbital (the Oxygen 2p, orbital), bonding and antibonding b, orbitals (
the O-H bond and antibond formed by the Oxygen 2p, orbital interacting with 8.707(1s; — 1sg)), and, finally, a set of bonding,
nonbonding, and antibonding a; orbitals (the O-H bond and antibond formed by the Oxygen 2s and 2p, orbitals interacting with
0.707(1st + 1sg) and the nonbonding orbital formed by the Oxygen 2s and 2p, orbitals combining to form the "lone pair" orbital
directed along the z-axis away from the two Hydrogen atoms).

& & e

a; Hydrogen b; Hydrogen
Orbitals Orbitals

@ 7S

Oxygen a, Orbitals Oxygen b Orbital

A

Oxygen b, Orbital

Figure 5.2.2: Insert caption here!

Alternatively, to analyze the H,O molecule in terms of hybrid orbitals, one first combines the Oxygen 2s, 2p., 2p,and2p, orbitals
to form four sp® hybrid orbitals. The valence-shell electron-pair repulsion (VSEPR) model of chemical bonding (see R. J. Gillespie
and R. S. Nyholm, Quart. Rev. 11, 339 (1957) and R. J. Gillespie, J. Chem. Educ. 40, 295 (1963)) directs one to involve all of the
Oxygen valence orbitals in the hybridization because four o-bond or nonbonding electron pairs need to be accommodated about
the Oxygen center; no = orbital interactions are involved, of course. Having formed the four sp® hybrid orbitals, one proceeds as
with the primitive atomic orbitals; one forms symmetry adapted orbitals. In this case, the two Hydrogen 1s orbitals are combined
exactly as above to form

0.707(18L + 183)
and
0.707(18L — 133).

The two sp? hybrids which lie in the plane of the H and O nuclei ( label them L and R) are combined to give symmetry adapted
hybrids: 8.707(L+R) and 8.707(L-R), which are of a; and b, symmetry, respectively (Figure Figure 5.2.3). The two sp? hybrids that lie
above and below the plane of the three nuclei (label them T and B) are also symmetry adapted to form 8.707(T+ B) and 0.707(TB),
which are of a; and b; symmetry, respectively. Once again, one has broken the 6x6 secular problem into a 3x3 a; block, a 2x2 b,
block and a 1x1 b; block. Although the resulting bonding, nonbonding and antibonding a; orbitals, the bonding and antibonding
by orbitals and the nonbonding b, orbital are now viewed as formed from symmetry adapted Hydrogen orbitals and four Oxygen
sp® orbitals, they are, of course, exactly the same molecular orbitals as were obtained earlier in terms of the symmetry adapted
primitive aos. The formation of hybrid orbitals was an intermediate step which could not alter the final outcome.

@IOIC]E) 67 (5.2.2)



LibreTextS“'

L + R a; Hybrid ; -R bgtHy]:gl;l‘t 1
Symmetry Orbital ymmetry Drbita

&

H H
T + B Hybrid T-BHybrid
Symmetry Orbital Symmetry Orbital
Seen From the Side Seen From the Side

Figure 5.2.3: Insert caption here!

That no degenerate molecular orbitals arose in the above examples is a result of the fact that the C5, point group to which
H,0 and the allyl system belong (and certainly the C, subgroup which was used above in the allyl case) has no degenerate

representations. Molecules with higher symmetry such as NH3, CH,, and benzene have energetically degenerate orbitals because
their molecular point groups have degenerate representations.
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5.3: Linear Molecules

Linear molecules belong to the axial rotation group. Their symmetry is intermediate in complexity between nonlinear
molecules and atoms.

For linear molecules, the symmetry of the electrostatic potential provided by the nuclei and the other electrons is described
by either the Cu, or D, group. The essential difference between these symmetry groups and the finite point groups which
characterize the non-linear molecules lies in the fact that the electrostatic potential which an electron feels is invariant to
rotations of any amount about the molecular axis (i.e., V(y + éy) = V(«), for any angle increment §v). This means that the operator
Cs, which generates a rotation of the electron's azimuthal angle v by an amount ¢y about the molecular axis commutes with
the Hamiltonian [h, Cs, 1 =0. C;, can be written in terms of the quantum mechanical operator L, = —iha% describing the orbital

angular momentum of the electron about the molecular (z) axis:

Because Cs, commutes with the Hamiltonian and Cj, can be written in terms of L, L, must commute with the Hamiltonian. As a
result, the molecular orbitals ¢ of a linear molecule must be eigenfunctions of the z-component of angular momentum L:

it l9) = i),

The electrostatic potential is not invariant under rotations of the electron about the x or y axes (those perpendicular to the
molecular axis), so L, and L, do not commute with the Hamiltonian. Therefore, only L. provides a "good quantum number" in the
sense that the operator L, commutes with the Hamiltonian.

In summary, the molecular orbitals of a linear molecule can be labeled by their m quantum number, which plays the same role as
the point group labels did for non-linear polyatomic molecules, and which gives the eigenvalue of the angular momentum of the
orbital about the molecule's symmetry axis. Because the kinetic energy part of the Hamiltonian contains h—zﬂg—;, whereas the

2m

potential energy part is independent of v, the energies of the molecular orbitals depend on the square of the m quantum number.
Thus, pairs of orbitals with m= % 1 are energetically degenerate; pairs with m= x 2 are degenerate, and so on. The absolute value
of m, which is what the energy depends on, is called the A quantum number. Molecular orbitals with A = 0 are called o orbitals;
those with X\ = 1 are 7 orbitals; and those with \ = 2 are ¢ orbitals.

Just as in the non-linear polyatomic-molecule case, the atomic orbitals which constitute a given molecular orbital must have the
same symmetry as that of the molecular orbital. This means that o, 7, and § molecular orbitals are formed, via LCAO-MO, from
m=0, m= %= 1, and m= + 2 atomic orbitals, respectively. In the diatomic N, molecule, for example, the core orbitals are of o
symmetry as are the molecular orbitals formed from the 2s and 2p, atomic orbitals (or their hybrids) on each Nitrogen atom. The
molecular orbitals formed from the atomic 2p_; = (2p, — i2p,) and the 2p, = (2p, + i2p,) orbitals are of p symmetry and have m
=-Tand +1.

For homonuclear diatomic molecules and other linear molecules which have a center of symmetry, the inversion operation (in
which an electron's coordinates are inverted through the center of symmetry of the molecule) is also a symmetry operation. Each
resultant molecular orbital can then also be labeled by a quantum number denoting its parity with respect to inversion. The
symbols g (for gerade or even) and u (for ungerade or odd) are used for this label. Again for N,, the core orbitals are of o, and o,
symmetry, and the bonding and antibonding o orbitals formed from the 2s and 2p, orbitals on the two Nitrogen atoms are of
o4 and o, Ssymmetry.

@IOIC]E) 69 (5.3.1)



LibreTexts"

o g

@& =

OEO CE W

Og Ou
Ty Tg n

Figure 5.4.1: Insert caption here!

The bonding = molecular orbital pair (with m = +1 and -1) is of 7, symmetry whereas the corresponding antibonding orbital is of
7, symmetry. Examples of such molecular orbital symmetries are shown above.

The use of hybrid orbitals can be illustrated in the linear-molecule case by considering the N, molecule. Because two 7 bonding
and antibonding molecular orbital pairs are involved in N, (one with m = +1, one with m = -1), VSEPR theory guides one to form
sp hybrid orbitals from each of the Nitrogen atom's 2s and 2p. (which is also the 2p orbital with m = ) orbitals. Ignoring the core
orbitals, which are of o, and o, symmetry as noted above, one then symmetry adapts the four sp hybrids (two from each atom)
to build one ¢, orbital involving a bonding interaction between two sp hybrids pointed toward one another, an antibonding o,
orbital involving the same pair of sp orbitals but coupled with opposite signs, a nonbonding ¢, orbital composed of two sp hybrids
pointed away from the interatomic region combined with like sign, and a nonbonding o, orbital made of the latter two sp hybrids
combined with opposite signs. The two 2p,, orbitals (m= +1 and -1) on each Nitrogen atom are then symmetry adapted to produce
a pair of bonding , orbitals (with m = +1 and -1) and a pair of antibonding =, orbitals (with m = +1 and -1). This hybridization and
symmetry adaptation thereby reduces the 8x8 secular problem (which would be 10x10 if the core orbitals were included) into a
2x2 0,4 problem (one bonding and one nonbonding), a 2x2 o, problem (one bonding and one nonbonding), an identical pair of 1x1
m, problems (bonding), and an identical pair of 1x1 7, problems (antibonding).

Another example of the equivalence among various hybrid and atomic orbital points of view is provided by the CO molecule.
Using, for example, sp hybrid orbitals on C and O, one obtains a picture in which there are: two core ¢ orbitals corresponding to
the O-atom 1s and C-atom 1s orbitals; one CO bonding, two non-bonding, and one CO antibonding orbitals arising from the four
sp hybrids; a pair of bonding and a pair of antibonding = orbitals formed from the two p orbitals on O and the two p orbitals on
C. Alternatively, using sp? hybrids on both C and O, one obtains: the two core ¢ orbitals as above; a CO bonding and antibonding
orbital pair formed from the sp? hybrids that are directed along the CO bond; and a single = bonding and antibonding =" orbital
set. The remaining two sp? orbitals on C and the two on O can then be symmetry adapted by forming + combinations within each
pair to yield: an a; non-bonding orbital (from the + combination) on each of C and O directed away from the CO bond axis; and a
p- orbital on each of C and O that can subsequently overlap to form the second = bonding and =" antibonding orbital pair.

It should be clear from the above examples, that no matter what particular hybrid orbitals one chooses to utilize in conceptualizing
a molecule's orbital interactions, symmetry ultimately returns to force one to form proper symmetry adapted combinations which,
in turn, renders the various points of view equivalent. In the above examples and in several earlier examples, symmetry adaptation
of, for example, sp? orbital pairs (e.g., sp? + sp%) generated orbitals of pure spatial symmetry. In fact, symmetry combining hybrid
orbitals in this manner amounts to forming other hybrid orbitals. For example, the above + combinations of sp? hybrids directed
to the left (L) and right (R) of some bond axis generate a new sp hybrid directed along the bond axis but opposite to the sp? hybrid
used to form the bond and a non-hybridized p orbital directed along the L-to-R direction. In the CO example, these combinations
of sp? hybrids on O and C produce sp hybrids on O and C and p, orbitals on O and C.
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5.4: Atoms

Atoms belong to the full rotation symmetry group; this makes their symmetry analysis the most complex to treat.

In moving from linear molecules to atoms, additional symmetry elements arise. In particular, the potential field experienced by
an electron in an orbital becomes invariant to rotations of arbitrary amounts about the X, y, and z axes; in the linear-molecule
case, it is invariant only to rotations of the electron's position about the molecule's symmetry axis (the z axis). These invariances
are, of course, caused by the spherical symmetry of the potential of any atom. This additional symmetry of the potential causes
the Hamiltonian to commute with all three components of the electron's angular momentum:

e [L,,H]=0
e [Ly,H]=0
e [L,H]=0

It is straightforward to show that H also commutes with the operator L?, defined as the sum of the squares of the three individual
components of the angular momentum

L*=L+L,+ L.

Because L,, L,, and L, do not commute with one another, orbitals which are eigenfunctions of H cannot be simultaneous
eigenfunctions of all three angular momentum operators. However, because L,, L,, and L, do commute with L?, orbitals can be
found which are eigenfunctions of H, of L? and of any one component of L; it is convention to select L, as the operator which,
along with H and L2, form a mutually commutative operator set of which the orbitals are simultaneous eigenfunctions.

So, for any atom, the orbitals can be labeled by both | and m quantum numbers, which play the role that point group labels did
for non-linear molecules and X did for linear molecules. Because (i) the kinetic energy operator in the electronic Hamiltonian
explicitly contains #;2, (ii) the Hamiltonian does not contain additional L., L., or L, factors, and (iii) the potential energy part
of the Hamiltonian is spherically symmetric (and commutes with L2 and L,), the energies of atomic orbitals depend upon the
L quantum number and are independent of the m quantum number. This is the source of the 2l+1- fold degeneracy of atomic

orbitals.

The angular part of the atomic orbitals is described in terms of the spherical harmonics Y} ,,; that is, each atomic orbital ¢ can be
expressed as

¢n,l,m = )/I,m(97 QO)RTLJ(T)'

The explicit solutions for the Y[,m and for the radial wavefunctions R,,; are given in Appendix B. The variables r, 6, ¢ give the
position of the electron in the orbital in spherical coordinates. These angular functions are, as discussed earlier, related to the
cartesian (i.e., spatially oriented) orbitals by simple transformations; for example, the orbitals with =2 and m=2,1,8,-1,-2 can be
expressed in terms of the dy, d,., dy., d..—yy, and d., orbitals. Either set of orbitals is acceptable in the sense that each orbital is
an eigenfunction of H; transformations within a degenerate set of orbitals do not destroy the Hamiltonian- eigenfunction feature.
The orbital set labeled with | and m quantum numbers is most useful when one is dealing with isolated atoms (which have
spherical symmetry), because m is then a valid symmetry label, or with an atom in a local environment which is axially symmetric
(e.g., in a linear molecule) where the m quantum number remains a useful symmetry label. The cartesian orbitals are preferred
for describing an atom in a local environment which displays lower than axial symmetry (e.g., an atom interacting with a diatomic
molecule in Cy, symmetry).

The radial part of the orbital R, ,(r) as well as the orbital energy ¢,; depend on | because the Hamiltonian itself contains z(gz;nrzf
; they are independent of m because the Hamiltonian has no m-dependence. For bound orbitals, R, (r) decays exponentially
for large r (as e*”ﬁfﬂ"), and for unbound (scattering) orbitals, it is oscillatory at large r with an oscillation period related to the
deBroglie wavelength of the electron. In R, (r) there are (n-I-1) radial nodes lying between r=0 and r = cc. These nodes provide
differential stabilization of low-| orbitals over high-l orbitals of the same principal quantum number n. That is, penetration of outer
shells is greater for low-l orbitals because they have more radial nodes; as a result, they have larger amplitude near the atomic
nucleus and thus experience enhanced attraction to the positive nuclear charge.

The average size (i.e., (r):
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of an orbital depends strongly on n, weakly on [ and is independent of m. It also depends strongly on the nuclear charge and on
the potential produced by the other electrons. This potential is often characterized qualitatively in terms of an effective nuclear
charge Z.;; which is the true nuclear charge of the atom Z minus a screening component Z,. which describes the repulsive effect
of the electron density lying radially inside the electron under study. Because, for a given n, low-l orbitals penetrate closer to the
nucleus than do high-l orbitals, they have higher Z.;; values (i.e., smaller Z,. values) and correspondingly smaller average sizes
and larger binding energies.
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6: QUANTUM MECHANICS IN REACTIONS

Along "reaction paths", orbitals can be connected one-to-one according to their symmetries and energies. This is the origin of the
Woodward-Hoffmann rules.

6.1: Reduction in Symmetry Along Reaction Paths

6.2: Orbital Correlation Diagrams - Origins of the Woodward-Hoffmann Rules

This page titled 6: Quantum Mechanics in Reactions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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6.1: Reduction in Symmetry Along Reaction Paths

As fragments are brought together to form a larger molecule, the symmetry of the nuclear framework (recall the
symmetry of the Coulombic potential experienced by electrons depends on the locations of the nuclei) changes.
However, in some cases, certain symmetry elements persist throughout the path connecting the fragments and the
product molecule. These preserved symmetry elements can be used to label the orbitals throughout the 'reaction'.

The point-group, axial- and full-rotation group symmetries which arise in nonlinear molecules, linear molecules, and atoms,
respectively, are seen to provide quantum numbers or symmetry labels which can be used to characterize the orbitals appropriate
for each such species. In a physical event such as interaction with an external electric or magnetic field or a chemical process
such as collision or reaction with another species, the atom or molecule can experience a change in environment which causes
the electrostatic potential which its orbitals experience to be of lower symmetry than that of the isolated atom or molecule. For
example, when an atom interacts with another atom to form a diatomic molecule or simply to exchange energy during a collision,
each atom's environment changes from being spherically symmetric to being axially symmetric. When the formaldehyde molecule
undergoes unimolecular decomposition to produce CO + H, along a path that preserves Cs, symmetry, the orbitals of the CO
moiety evolve from Cs5, symmetry to axial symmetry.

It is important, therefore to be able to label the orbitals of atoms, linear, and nonlinear molecules in terms of their full symmetries
as well in terms of the groups appropriate to lower-symmetry situations. This can be done by knowing how the representations
of a higher symmetry group decompose into representations of a lower group. For example, the Y;,, functions appropriate for
spherical symmetry, which belong to a 2l+1 fold degenerate set in this higher symmetry, decompose into doubly degenerate pairs
of functions Y, Y, ;Y,-1, Y —141; €tc., plus a single non-degenerate function Y, in axial symmetry. Moreover, because L? no
longer commutes with the Hamiltonian whereas L, does, orbitals with different l-values but the same m-values can be coupled.
As the N, molecule is formed from two N atoms, the 2s and 2p, orbitals, both of which belong to the same (o) symmetry in the
axial rotation group but which are of different symmetry in the isolated-atom spherical symmetry, can mix to form the sg bonding
orbital, the su antibonding, as well as the o, and o, nonbonding lone-pair orbitals. The fact that 2s and 2p have different l-values
no longer uncouples these orbitals as it did for the isolated atoms, because l is no longer a "good" quantum number.

Another example of reduced symmetry is provided by the changes that occur as H>O fragments into OH and H. The o bonding
orbitals (a; and by) and in-plane lone pair (a;) and the o* antibonding (a; and by) of H,O become a' orbitals (see the Figure
below); the out-of-plane b; lone pair orbital becomes a" (in Appendix IV of Electronic Spectra and Electronic Structure of
Polyatomic Molecules , G. Herzberg, Van Nostrand Reinhold Co., New York, N.Y. (1966) tables are given which allow one to
determine how particular symmetries of a higher group evolve into symmetries of a lower group).

Ghok -

a; o bonding a; o* antibonding
orbital orbital
bz o bonding b, o* antibonding
orbital orbital

Figure 6.1.1: Insert caption here!

To further illustrate these points dealing with orbital symmetry, consider the insertion of CO into H, along a path which preserves
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Cs, symmetry. As the insertion occurs, the degenerate m bonding orbitals of CO become b1 and b, orbitals. The antibonding 7*
orbitals of CO also become b; and by. The o, bonding orbital of H, becomes a;, and the o, antibonding H, orbital becomes b,. The
orbitals of the reactant H,CO are energy-ordered and labeled according to C», symmetry in the Figure shown below as are the
orbitals of the product H, + CO.

CHo* =
(I) 0* —
COm* =

1== COg*
- = COn*

T/;\T

O lone pairs = a - 1_ 811311}; Bﬁ?

COn bond == by—b,, by== = COx bonds
COobond = ar—=__ 3, == (COgbond

CH bonds — b:?/

=5

a, — HHobond

IsC —_—ay A 1sC
1s0 = a7 150

H,CO ==>H, + CO Orbital Correlation Diagram in C,, Symmetry

Figure 6.1.2: Insert caption here!

When these orbitals are connected according to their symmetries as shown above, one reactant orbital to one product orbital
starting with the low-energy orbitals and working to increasing energy, an orbital correlation diagram (OCD) is formed. These
diagrams play essential roles in analyzing whether reactions will have symmetry-imposed energy barriers on their potential energy
surfaces along the reaction path considered in the symmetry analysis. The essence of this analysis, which is covered in detail in
Chapter 12, can be understood by noticing that the sixteen electrons of ground-state H,CO do not occupy their orbitals with the
same occupancy pattern, symmetry-by-symmetry, as do the sixteen electrons of ground-state Hs + CO. In particular, H,CO places
a pair of electrons in the second b, orbital while Hy + CO does not; on the other hand, H, + CO places two electrons in the sixth
a1 orbital while H,CO does not. The mismatch of the orbitals near the 5a;,6a;, and 2b, orbitals is the source of the mismatch in
the electronic configurations of the ground-states of H,CO and H, + CO. These mismatches give rise, as shown in Chapter 12, to
symmetry-caused energy barriers on the H,CO — H, + CO reaction potential energy surface.
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6.2: Orbital Correlation Diagrams - Origins of the Woodward-
Hoffmann Rules

Connecting the energy-ordered orbitals of reactants to those of products according to symmetry elements that are
preserved throughout the reaction produces an orbital correlation diagram.

In each of the examples cited above, symmetry reduction occurred as a molecule or atom approached and interacted with another
species. The "path" along which this approach was thought to occur was characterized by symmetry in the sense that it preserved
certain symmetry elements while destroying others. For example, the collision of two Nitrogen atoms to produce N, clearly occurs
in a way which destroys spherical symmetry but preserves axial symmetry. In the other example used above, the formaldehyde
molecule was postulated to decompose along a path which preserves Cs, symmetry while destroying the axial symmetries of CO
and H,. The actual decomposition of formaldehyde may occur along some other path, but if it were to occur along the proposed
path, then the symmetry analysis presented above would be useful.

The symmetry reduction analysis outlined above allows one to see new orbital interactions that arise (e.g., the 2s and 2p,
interactions in the N + N — N, example) as the interaction increases. It also allows one to construct orbital correlation diagrams
(OCD's) in which the orbitals of the "reactants" and "products" are energy ordered and labeled by the symmetries which are
preserved throughout the "path”, and the orbitals are then correlated by drawing lines connecting the orbitals of a given symmetry,
one-by-one in increasing energy, from the reactants side of the diagram to the products side. As noted above, such orbital
correlation diagrams play a central role in using symmetry to predict whether photochemical and thermal chemical reactions will
experience activation barriers along proposed reaction paths (this subject is treated in Chapter 12).

To again illustrate the construction of an OCD, consider the p orbitals of 1,3- butadiene as the molecule undergoes disrotatory
closing (notice that this is where a particular path is postulated; the actual reaction may or may not occur along such a path) to
form cyclobutene. Along this path, the plane of symmetry which bisects and is perpendicular to the C; — C5 bond is preserved, so
the orbitals of the reactant and product are labeled as being even-e or odd-o under reflection through this plane. It is not proper
to label the orbitals with respect to their symmetry under the plane containing the four C atoms; although this plane is indeed a
symmetry operation for the reactants and products, it does not remain a valid symmetry throughout the reaction path.

Lowest x orbital of Tz

1,3- butadiene denoted
My

o
T3
=« orbital of x* orbital of
cyclobutene cyclobutene

i <

o* orbital of
cyclobutene

o orbital of
cyclobutene

Figure 6.2.1: Insert caption here!

The four 7 orbitals of 1,3-butadiene are of the following symmetries under the preserved plane (see the orbitals in the Figure
above). T = e, my = 0,73 = e, m, = 0. The 7 and 7* and o and o* orbitals of cyclobutane which evolve from the four active orbitals
of the 1,3-butadiene are of the following symmetry and energy order: o = e,m =e,n" = 0,0 = 0. Connecting these orbitals by
symmetry, starting with the lowest energy orbital and going through the highest energy orbital, gives the following OCD:
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Figure 6.2.2: Insert caption here!

The fact that the lowest two orbitals of the reactants, which are those occupied by the four = electrons of the reactant, do not
correlate to the lowest two orbitals of the products, which are the orbitals occupied by the two o and two 7 electrons of the
products, will be shown later in Chapter 12 to be the origin of the activation barrier for the thermal disrotatory rearrangement (in
which the four active electrons occupy these lowest two orbitals) of 1,3-butadiene to produce cyclobutene.

If the reactants could be prepared, for example by photolysis, in an excited state having orbital occupancy w3wix}, then reaction
along the path considered would not have any symmetry-imposed barrier because this singly excited configuration correlates to
a singly-excited configuration o2x'x"! of the products. The fact that the reactant and product configurations are of equivalent
excitation level causes there to be no symmetry constraints on the photochemically induced reaction of 1,3-butadiene to produce
cyclobutene. In contrast, the thermal reaction considered first above has a symmetry-imposed barrier because the orbital
occupancy is forced to rearrange (by the occupancy of two electrons) from the ground-state wavefunction of the reactant to
smoothly evolve into that of the product.

It should be stressed that although these symmetry considerations may allow one to anticipate barriers on reaction potential
energy surfaces, they have nothing to do with the thermodynamic energy differences of such reactions. Symmetry says whether
there will be symmetry-imposed barriers above and beyond any thermodynamic energy differences. The enthalpies of formation
of reactants and products contain the information about the reaction's overall energy balance.

As another example of an OCD, consider the N + N — N, recombination reaction mentioned above. The orbitals of the atoms
must first be labeled according to the axial rotation group (including the inversion operation because this is a homonuclear
molecule). The core 1s orbitals are symmetry adapted to produce 1o, and 1o, orbitals (the number 1 is used to indicate that
these are the lowest energy orbitals of their respective symmetries); the 2s orbitals generate 20, and 20, orbitals; the 2p orbitals
combine to yield 3o, a pair of 17, orbitals, a pair of 17, orbitals, and the 3o, orbital, whose bonding, nonbonding, and antibonding
nature was detailed earlier. In the two separated Nitrogen atoms, the two orbitals derived from the 2s atomic orbitals are
degenerate, and the six orbitals derived from the Nitrogen atoms' 2p orbitals are degenerate. At the equilibrium geometry of
the N, molecule, these degeneracies are lifted, Only the degeneracies of the 1w, and 1w, orbitals, which are dictated by the
degeneracy of +m and -m orbitals within the axial rotation group, remain.

As one proceeds inward past the equilibrium bond length of N, toward the unitedatom limit in which the two Nitrogen nuclei
are fused to produce a Silicon nucleus, the energy ordering of the orbitals changes. Labeling the orbitals of the Silicon atom
according to the axial rotation group, one finds the 1s is o, the 2s is 0,4, the 2p orbitals are o, and 7, the 3s orbital is ¢, the 3p
orbitals are o, and m,, and the 3d orbitals are oy, 7y, and d,. The following OCD is obtained when one connects the orbitals of the
two separated Nitrogen atoms (properly symmetry adapted) to those of the N, molecule and eventually to those of the Silicon
atom.
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Figure 6.2.3: Insert caption here!

The fact that the separated-atom and united-atom limits involve several crossings in the OCD can be used to explain barriers in
the potential energy curves of such diatomic molecules which occur at short internuclear distances. It should be noted that the
Silicon atom's 3p orbitals of 7, symmetry and its 3d orbitals of o, and J, symmetry correlate with higher energy orbitals of N, not
with the valence orbitals of this molecule, and that the 3su antibonding orbital of N2 correlates with a higher energy orbital of
Silicon (in particular, its 4p orbital).
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7: FURTHER CHARACTERIZATION OF MOLECULAR ORBITALS

The most elementary molecular orbital models contain symmetry, nodal pattern, and approximate energy information

7.1: The LCAO-MO Expansion and the Orbital-Level Schrodinger Equation
7.2: Determining the Effective Potential

7.3: The Hickel Parameterization

7.4: The Extended Hickel Method
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7.1: The LCAO-MO Expansion and the Orbital-Level
Schrodinger Equation

In the simplest picture of chemical bonding, the valence molecular orbitals ¢; are constructed as linear combinations of valence
atomic orbitals x, according to the LCAOMO formula:

i = Z Ci,uX,w
I

The core electrons are not explicitly included in such a treatment, although their effects are felt through an electrostatic potential
V that has the following properties:

1.V contains contributions from all of the nuclei in the molecule exerting coulombic attractions on the electron, as well as
coulombic repulsions and exchange interactions exerted by the other electrons on this electron;

2. As a result of the (assumed) cancellation of attractions from distant nuclei and repulsions from the electron clouds (i.e., the
core, lone-pair, and valence orbitals) that surround these distant nuclei, the effect of V on any particular mo ¢; depends
primarily on the atomic charges and local bond polarities of the atoms over which ¢; is delocalized.

As a result of these assumptions, qualitative molecular orbital models can be developed in which one assumes that each mo fi
obeys a one-electron Schrodinger equation

hoi = eip;.
Here the orbital-level hamiltonian h contains the kinetic energy of motion of the electron and the potential V mentioned above:

—h?
[W} ¢i = €ii.
Expanding the mo ¢; in the LCAO-MO manner, substituting this expansion into the above Schrodinger equation, multiplying on
the left by x., and integrating over the coordinates of the electron generates the following orbital-level eigenvalue problem:

—h?
Y G0l 5 =V + VIxu)Ci = £ 3 S (xulX) Cin
Iz ¢ 3

If the constituent atomic orbitals {),} have been orthonormalized as discussed earlier in this chapter, the overlap integrals (x.|x,)
reduce to §,,,.
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7.2: Determining the Effective Potential

In the most elementary models of orbital structure, the quantities that explicitly define the potential V' are not computed from
first principles as they are in so-called ab initio methods. Rather, either experimental data or results of ab initio calculations are
used to determine the parameters in terms of which V is expressed. The resulting empirical or semi-empirical methods discussed
below differ in the sophistication used to include electron-electron interactions as well as in the manner experimental data or ab
initio computational results are used to specify V.

If experimental data is used to parameterize a semi-empirical model, then the model should not be extended beyond the level at
which it has been parameterized. For example, experimental bond energies, excitation energies, and ionization energies may be
used to determine molecular orbital energies which, in turn, are summed to compute total energies. In such a parameterization
it would be incorrect to subsequently use these molecular orbitals to form a wavefunction, as in Sections 3 and 6, that goes
beyond the simple 'product of orbitals' description. To do so would be inconsistent because the more sophisticated wavefunction
would duplicate what using the experimental data (which already contains mother nature's electronic correlations) to determine
the parameters had accomplished.

Alternatively, if results of ab initio theory at the single-configuration orbital-product wavefunction level are used to define the
parameters of a semi-empirical model, it would then be proper to use the semi-empirical orbitals in a subsequent higher-level
treatment of electronic structure as done in Section 6.
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7.3: The Hiickel Parameterization

In the most simplified embodiment of the above orbital-level model, the following additional approximations are introduced.

Approximation 1: Diagonal Component

The diagonal values (x| 2722 V2 + V|x,), which are usually denoted «,, are taken to be equal to the energy of an electron in the

atomic orbital x, and, as such, are evaluated in terms of atomic ionization energies (IP's) and electron affinities (EA's):

2

V24 Vx,) = —IP,,

(Xul P

for atomic orbitals that are occupied in the atom, and

—h
2m

2
(xul VZ+V|x,) = —EA,,

for atomic orbitals that are not occupied in the atom.

These approximations assume that contributions in V arising from coulombic attraction to nuclei other than the one on which x,
is located, and repulsions from the core, lone-pair, and valence electron clouds surrounding these other nuclei cancel to an extent
that (x,.|V|x,) contains only potentials from the atom on which x, sits.

It should be noted that the IP's and EA's of valence-state orbitals are not identical to the experimentally measured IP's and EA's
of the corresponding atom, but can be obtained from such information. For example, the 2p valence-state IP (VSIP) for a Carbon
atom is the energy difference associated with the hypothetical process

C(15%252p,2p,2p.) — CT(15%252p,2p,,).

If the energy differences for the "promotion" of C
C(1s%25%2p,2p,) — C(15*252p,2p,2p.); AEc

and for the promotion of C'*

C*(1s%25%2p,) — C*(1s°252p,2p,); AE;
are known, the desired VSIP is given by:

IPy, =IPc+ AEc+ —AEg.

The EA of the 2p orbital is obtained from the

C(1s%2s%2p,2p,) — C~ (15*25*2p,2p,2p.)

energy gap, which means that EA4,, = EAc. Some common IP's of valence 2p orbitals in eV are as follows: C (11.16), N (14.12), N*
(28.71), O (17.79), O" (31.42), F* (37.28).

Approximation 2: Nearest Neighbors Approximation

The off-diagonal elements (X,,\;—TffVQ + V|x,) are taken as zero if x, and x,u belong to the same atom because the atomic
orbitals are assumed to have been constructed to diagonalize the one-electron hamiltonian appropriate to an electron moving in
that atom. They are set equal to a parameter denoted §,,, if x, and x, reside on neighboring atoms that are chemically bonded.

If ¢,, and ¢, reside on atoms that are not bonded neighbors, then the off-diagonal matrix element is set equal to zero.

Approximation 3: Off-Diagonal Component

The geometry dependence of the §,,, parameters is often approximated by assuming that 3, , is proportional to the overlap S,,,
between the corresponding atomic orbitals:
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Buw = BriySup-

Here 37, is a constant (having energy units) characteristic of the bonding interaction between x, and y,; its value is usually

determined by forcing the molecular orbital energies obtained from such a qualitative orbital treatment to yield experimentally
correct ionization potentials, bond dissociation energies, or electronic transition energies.

It is sometimes assumed that the overlap matrix S is the identity matrix. This means that overlap between the orbitals is
neglected

The three approximations above form the basis of the so-called Hiickel model. Its implementation requires knowledge of the
atomic «, and 3%, values, which are eventually expressed in terms of experimental data, as well as a means of calculating the

wy

geometry dependence of the 3, ,'s (e.g., some method for computing overlap matrices S, ).
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7.4: The Extended Hiickel Method

It is well known that bonding and antibonding orbitals are formed when a pair of atomic orbitals from neighboring atoms
interact. The energy splitting between the bonding and antibonding orbitals depends on the overlap between the pair of atomic
orbitals. Also, the energy of the antibonding orbital lies higher above the arithmetic mean E,,. = E4 + Ep of the energies of
the constituent atomic orbitals (E4 and Ep) than the bonding orbital lies below E,,.. If overlap is ignored, as in conventional
Hiickel theory (except in parameterizing the geometry dependence of 3, ,), the differential destabilization of antibonding orbitals
compared to stabilization of bonding orbitals can not be accounted for.

By parameterizing the off-diagonal Hamiltonian matrix elements in the following overlap-dependent manner:

2
hyy = (Xl om v+ V|Xu> = 0-5K(hu,u + hv,u)Su,m

and explicitly treating the overlaps among the constituent atomic orbitals {cm} in solving the orbital-level Schrodinger equation

—h2
D 5= V2 VI Ciu = € ) {xolx) Cin

W ¢ w

Hoffmann introduced the so-called extended Hiickel method. He found that a value for K= 1.75 gave optimal results when using
Slater-type orbitals as a basis (and for calculating the S/, /n,). The diagonal h,, elements are given, as in the conventional
Hiickel method, in terms of valence-state IP's and EA's. Cusachs later proposed a variant of this parameterization of the off-
diagonal elements:

by = 0'5K(hu,u)SuW(2 - |Su7u|)~

For first- and second-row atoms, the 1s or (2s, 2p) or (3s,3p, 3d) valence-state ionization energies (a),s), the number of valence
electrons (#Elec.) as well as the orbital exponents (e, e, and e4) of Slater-type orbitals used to calculate the overlap matrix
elements S, , corresponding are given below.

Atom i# Elec. es=ep ed as(eV)  apleV) adeV)

H 1 1.3 -13.6

Li 1 0.650 -5.4 -3.5

Be 2 0.975 -10.0 -6.0

B 3 1.300 -15.2 -8.5

C 4 1.625 -21.4 -11.4

N 5 1.950 -26.0 -13.4

O 6 2.275 -323 -14.8

F 7 2.425 -40.0 -18.1

Na 1 0.733 -5.1 -3.0

Mg 2 0.950 -9.0 -4.5

Al 3 1.167 -12.3 -6.5

8i 4 1.383 1.383 -17.3 -9.2 -6.0
P 5 1.600 1.400 -18.6 -14.0 -7.0
S 6 1.817 1.500 -20.0 -13.3 -8.0
Cl 7 2.033 2.033 -30.0 -15.0 -9.0

Table 7.4.1: Insert caption here!
In the Hickel or extended Hiickel methods no explicit reference is made to electron-electron interactions although such

contributions are absorbed into the V potential, and hence into the a, and §,,, parameters of Hiickel theory or the b, , and h,,
parameters of extended Hiickel theory. As electron density flows from one atom to another (due to electronegativity differences),
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the electron-electron repulsions in various atomic orbitals changes. To account for such charge-density-dependent coulombic
energies, one must use an approach that includes explicit reference to inter-orbital coulomb and exchange interactions. There
exists a large family of semi-empirical methods that permit explicit treatment of electronic interactions; some of the more
commonly used approaches are discussed in Appendix F.
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8: ELECTRONIC CONFIGURATIONS

One of the goals of quantum chemistry is to allow practicing chemists to use knowledge of the electronic states of fragments
(atoms, radicals, ions, or molecules) to predict and understand the behavior (i.e., electronic energy levels, geometries, and
reactivities) of larger molecules. In the preceding Section, orbital correlation diagrams were introduced to connect the orbitals
of the fragments along a 'reaction path' leading to the orbitals of the products. In this Section, analogous connections are made
among the fragment and product electronic states, again labeled by appropriate symmetries. To realize such connections, one
must first write down N-electron wavefunctions that possess the appropriate symmetry; this task requires combining symmetries
of the occupied orbitals to obtain the symmetries of the resulting states.

8.1: Orbitals Do Not Provide the Complete Picture; Their Occupancy By the N Electrons Must Be Specified
8.2: Even N-Electron Configurations are Not Mother Nature's True Energy States

8.3: Mean-Field Models

8.4: Configuration Interaction (CI) Describes the Correct Electronic States

8.5: Summary

This page titled 8: Electronic Configurations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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8.1: Orbitals Do Not Provide the Complete Picture; Their
Occupancy By the N Electrons Must Be Specified

Knowing the orbitals of a particular species provides one information about the sizes, shapes, directions, symmetries, and
energies of those regions of space that are available to the electrons (i.e., the complete set of orbitals that are available). This
knowledge does not determine into which orbitals the electrons are placed. It is by describing the electronic configurations
(i.e., orbital occupancies such as 1s522s22p> or 1s%2s22p'3s!) appropriate to the energy range under study that one focuses
on how the electrons occupy the orbitals. Moreover, a given configuration may give rise to several energy levels whose
energies differ by chemically important amounts. for example, the 1522s22p? configuration of the Carbon atom produces nine
degenerate 3P states, five degenerate ' D states, and a single 'S state. These three energy levels differ in energy by 1.5 eV and 1.2
eV, respectively.

This page titled 8.1: Orbitals Do Not Provide the Complete Picture; Their Occupancy By the N Electrons Must Be Specified is shared under a CC
BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the
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8.2: Even N-Electron Configurations are Not Mother Nature's
True Energy States

Moreover, even single-configuration descriptions of atomic and molecular structure (e.g., 1s22522p* for the Oxygen atom) do not
provide fully correct or highly accurate representations of the respective electronic wavefunctions. As will be shown in this Section
and in more detail in Section 6, the picture of N electrons occupying orbitals to form a configuration is based on a so-called
"mean field" description of the coulomb interactions among electrons. In such models, an electron at r is viewed as interacting
with an "averaged" charge density arising from the N-1 remaining electrons:

2
e
dr’.

Vmean field :/prl(I")

e 1]

Here py_1(r’) represents the probability density for finding electrons at r’, and ‘rj—zr‘ is the mutual Coulomb repulsion between
electron density at r and r'. Analogous mean-field models arise in many areas of chemistry and physics, including electrolyte
theory (e.g., the Debye-Hiickel theory), statistical mechanics of dense gases (e.g., where the Mayer-Mayer cluster expansion is
used to improve the ideal-gas mean field model), and chemical dynamics (e.g., the vibrationally averaged potential of interaction).

In each case, the mean-field model forms only a starting point from which one attempts to build a fully correct theory by effecting
systematic corrections (e.g., using perturbation theory) to the mean-field model. The ultimate value of any particular meanfield
model is related to its accuracy in describing experimental phenomena. If predictions of the mean-field model are far from the
experimental observations, then higher-order corrections (which are usually difficult to implement) must be employed to improve
its predictions. In such a case, one is motivated to search for a better model to use as a starting point so that lower-order
perturbative (or other) corrections can be used to achieve chemical accuracy (e.g., £ 1 kcal/mole).

In electronic structure theory, the single-configuration picture (e.g., the 1s22s522p* description of the oxygen atom) forms the
mean-field starting point; the configuration interaction (CI) or perturbation theory techniques are then used to systematically
improve this level of description.

The single-configuration mean-field theories of electronic structure neglect correlations among the electrons. That is, in
expressing the interaction of an electron at r with the N-1 other electrons, they use a probability density py_i(r’) that is
independent of the fact that another electron resides at r.

The single-configuration mean-field theories of electronic structure neglect correlations among the electrons.

In fact, the so-called conditional probability density for finding one of N-1 electrons at r', given that an electron is at r certainly
depends on r. As a result, the mean-field coulomb potential felt by a 2p, orbital’s electron in the 1s?2s*2p,2p, single-configuration
description of the Carbon atom is:

e2

9 |2 e’ ’ 9|2 e? ’
dr’+2 [ |2s(r)] dr’+ [ |2p,(r’)| dr’.

|r — 1’| |r — 1’|

Vmean field = 2/|18(I")‘2

v —r’|

In this example, the density py_i(r’) is the sum of the charge densities of the orbitals occupied by the five other electrons
2|1s(r?)|% + 2|2s(r”)|? + |2py(r’)|%, and is not dependent on the fact that an electron resides at r.

This page titled 8.2: Even N-Electron Configurations are Not Mother Nature's True Energy States is shared under a CC BY-NC-SA 4.0 license
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8.3: Mean-Field Models

The Mean-Field Model, Which Forms the Basis of Chemists' Pictures of Electronic Structure of Molecules, Is Not Very Accurate

The magnitude and "shape" of such a mean-field potential is shown below for the Beryllium atom. In this figure, the nucleus is at
the origin, and one electron is placed at a distance from the nucleus equal to the maximum of the 1s orbital's radial probability
density (near 8.13 A). The radial coordinate of the second is plotted as the abscissa; this second electron is arbitrarily constrained
to lie on the line connecting the nucleus and the first electron (along this direction, the inter-electronic interactions are largest).
On the ordinate, there are two quantities plotted: (i) the Self-Consistent Field (SCF) mean-field potential [ [1s(r’)|? ¢ _dr’, and

[r—r’]

2

(ii) the so-called Fluctuation potential (F), which is the true coulombic ‘rj— interaction potential minus the SCF potential.

r’|
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Figure 8.3.1: Insert caption here!

As a function of the inter-electron distance, the fluctuation potential decays to zero more rapidly than does the SCF potential.
For this reason, approaches in which F is treated as a perturbation and corrections to the mean-field picture are computed
perturbatively might be expected to be rapidly convergent (whenever perturbations describing long-range interactions arise,
convergence of perturbation theory is expected to be slow or not successful). However, the magnitude of F is quite large and
remains so over an appreciable range of inter-electron distances. The resultant corrections to

The resultant corrections to the SCF picture are therefore quite large when measured in kcal/mole. For example, the differences
AFE between the true (state-of-the-art quantum chemical calculation) energies of interaction among the four electrons in Be and
the SCF mean-field estimates of these interactions are given in the table shown below in eV (recall that 1 eV = 23.06 kcal/mole).

Orb. Pair lsalsp lsasa lsa2sp 1sp2sc 1sp2sp 2sa2sp
AEineV 1.126 0.022 0.058 0.058 0.022 1.234

Table 8.3.1: Insert caption here!

To provide further insight why the SCF mean-field model in electronic structure theory is of limited accuracy, it can be noted that
the average value of the kinetic energy plus the attraction to the Be nucleus plus the SCF interaction potential for one of the 2s
orbitals of Be with the three remaining electrons in the 1s22s? configuration is:

7h2 4 2
V- % + Vscp|2s) = —15.4eV;

e

(2s]

the analogous quantity for the 2p orbital in the 1522s?p configuration is:
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—h?

2
(2p T

2 4e?
Ve — - + Vser|2p) = —12.28¢eV;

the corresponding value for the 1s orbital is (negative and) of even larger magnitude. The SCF average coulomb interaction
between the two 2s orbitals of 152252 Be is:

2

/|2s(r)|2|2s(r’)\2 dr dr’ = 5,95¢V.

v —r’|

This data clearly shows that corrections to the SCF model (see the above table) represent significant fractions of the inter-electron
interaction energies (e.g., 1.234 eV compared to 5.95- 1.234 = 4.72 eV for the two 2s electrons of Be), and that the interelectron
interaction energies, in turn, constitute significant fractions of the total energy of each orbital (e.g., 5.95 -1.234 eV = 4.72 eV out
of -15.4 eV for a 2s orbital of Be).

The task of describing the electronic states of atoms and molecules from first principles and in a chemically accurate manner
(= 1 kcal/mole) is clearly quite formidable. The orbital picture and its accompanying SCF potential take care of "most" of the
interactions among the N electrons (which interact via long-range coulomb forces and whose dynamics requires the application
of quantum physics and permutational symmetry). However, the residual fluctuation potential, although of shorter range than the
bare coulomb potential, is large enough to cause significant corrections to the mean-field picture. This, in turn, necessitates
the use of more sophisticated and computationally taxing techniques (e.g., high order perturbation theory or large variational
expansion spaces) to reach the desired chemical accuracy.

Mean-field models are obviously approximations whose accuracy must be determined so scientists can know to what degree
they can be "trusted". For electronic structures of atoms and molecules, they require quite substantial corrections to bring them
into line with experimental fact. Electrons in atoms and molecules undergo dynamical motions in which their coulomb repulsions
cause them to "avoid" one another at every instant of time, not only in the average-repulsion manner that the mean-field models
embody. The inclusion of instantaneous spatial correlations among electrons is necessary to achieve a more accurate description
of atomic and molecular electronic structure.

This page titled 8.3: Mean-Field Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
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8.4: Configuration Interaction (CI) Describes the Correct
Electronic States

The most commonly employed tool for introducing such spatial correlations into electronic wavefunctions is called configuration
interaction (CI); this approach is described briefly later in this Section and in considerable detail in Section 6. Briefly, one employs
the (in principle, complete as shown by P. O. Lowdin, Rev. Mod. Phys. 32, 328 (1960)) set of N-electron configurations that

i. can be formed by placing the N electrons into orbitals of the atom or molecule under study, and that
ii. possess the spatial, spin, and angular momentum symmetry of the electronic state of interest.

This set of functions is then used, in a linear variational function, to achieve, via the CI technique, a more accurate and
dynamically correct description of the electronic structure of that state. For example, to describe the ground 1S state of the Be
atom, the 1s22s2 configuration (which yields the mean-field description) is augmented by including other configurations such
as 152352 , 1s22p? | 1523p? , 1522s%s , 352252 , 2p?2s2 etc,, all of which have overall 1S spin and angular momentum symmetry. The
excited 1S states are also combinations of all such configurations. Of course, the ground-state wavefunction is dominated by the
|15225%| and excited states contain dominant contributions from |1s22s3s|, etc. configurations. The resultant CI wavefunctions are
formed as shown in Section 6 as linear combinations of all such configurations.

To clarify the physical significance of mixing such configurations, it is useful to consider what are found to be the two most
important such configurations for the ground 1S state of the Be atom:

U = C1|1225°| — Cy [[1s°2p2| + |1s°2p;| + [15”2p2] .

As proven in Chapter 13.I11, this two-configuration description of Be's electronic structure is equivalent to a description is which
two electrons reside in the 1s orbital (with opposite, a and 8 spins) while the other pair reside in 2s-2p hybrid orbitals (more
correctly, polarized orbitals) in a manner that instantaneously correlates their motions:

L= %01\132{[(23 —a2p;)a(2s + a2p,) B — (25 — a2p;) B(2s + a2p;)a] (8.4.1)
+ (25 — a2py) (25 + a2p,) B — (25 — a2p,) B(2s + a2py)a] (8.4.2)
+[(2s —a2p.)a(2s + a2p,)B — (25 — a2p,)B(2s + a2p,)al}|, (8.4.3)

Cy
h =4/3—=.
where a = 4/ -

The so-called polarized orbital pairs (2s + a2p,,, or ) are formed by mixing into the 2s orbital an amount of the 2,,, .. . orbital,
with the mixing amplitude determined by the ratio of C5 to C;. As will be detailed in Section 6, this ratio is proportional to
the magnitude of the coupling (|1s22s%|H|15%2p?|) between the two configurations and inversely proportional to the energy
difference [{|1s22s%| H|1s%2s?|) — (|1s?2p?|H|1s22p?|)] for these configurations. So, in general, configurations that have similar
energies (Hamiltonian expectation values) and couple strongly give rise to strongly mixed polarized orbital pairs. The result of
forming such polarized orbital pairs are described pictorially below.
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! /Q 2s -a 2p,
\ 2s +a2p,
2s and 2p,

Polarized Orbital 2s and 2p , Pairs

In each of the three equivalent terms in this wavefunction, one of the valence electrons moves in a 2s+a2p orbital polarized in
one direction while the other valence electron moves in the 2s-a2p orbital polarized in the opposite direction. For example, the
first term [(2s — a2p,)a(2s + a2p,) B — (25 — a2p, ) B(2s + a2p,)a] describes one electron occupying a 2s — a2p, polarized orbital
while the other electron occupies the 2s + a2p, orbital. In this picture, the electrons reduce their mutual coulomb repulsion by
occupying different regions of space; in the SCF mean-field picture, both electrons reside in the same 2s region of space. In this
particular example, the electrons undergo angular correlation to "avoid" one another. The fact that equal amounts of x, y, and z
orbital polarization appear in Y is what preserves the 1S symmetry of the wavefunction.

The fact that the CI wavefunction

U = C1|1s%2s™ Cs 15”22 + [15°2p7| + [1572p2]
mixes its two configurations with opposite sign is of significance. As will be seen later in Section 6, solution of the Schrédinger
equation using the CI method in which two configurations (e.g., |1s?2s?| and |1s*2p?|) are employed gives rise to two solutions.

One approximates the ground state wave function; the other approximates an excited state. The former is the one that mixes the
two configurations with opposite sign.

To understand why the latter is of higher energy, it suffices to analyze a function of the form
U = C1[1s%25%| + Oy [|1s2p]] + [1s72p)| + |1s°2p7]]

in a manner analogous to above. In this case, it can be shown that

N A= %01\152{[(25 —ia2p;)a(2s + ia2p;) B — (25 — ia2p,) B(2s + ia2p; )] (8.4.4)
+ [(2s — ia2py)a(2s + ia2p,) B — (25 — ia2p,) B(2s + ia2p,)a (8.4.5)
+ [(2s —ia2p,)a(2s + ia2p,) B — (2s — ia2p,) B(2s + ia2p,)a] |}. (8.4.6)

There is a fundamental difference, however, between the polarized orbital pairs introduced earlier ¢.. = (2s £ a2p,, or -) and the
corresponding functions ¢/, = (2s + ia2p,, or -) appearing here. The probability densities embodied in the former

l¢+® = [25]° + a®||” + 2a(252pay or =)

describe constructive (for the + case) and destructive (for the - case) superposition of the probabilities of the 2s and 2p orbitals.
The probability densities of ¢/, are

|¢,i|2 = (25 + iazpz,y or z) * (25 + iazpz,y or z) (847)
= |25|2 +a2‘2pz,yor z|2‘ (8.4.8)

These densities are identical to one another and do not describe polarized orbital densities. Therefore, the CI wavefunction
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which mixes the two configurations with like sign, when analyzed in terms of orbital pairs, places the electrons into orbitals ¢/,
= (25 +ia2p,,, - ») Whose densities do not permit the electrons to avoid one another. Rather, both orbitals have the same spatial
density |2s] + a2\2pzjyﬁ or 2\2, which gives rise to higher coulombic interaction energy for this state.

This page titled 8.4: Configuration Interaction (CI) Describes the Correct Electronic States is shared under a CC BY-NC-SA 4.0 license and
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8.5: Summary

In summary, the dynamical interactions among electrons give rise to instantaneous spatial correlations that must be handled to
arrive at an accurate picture of atomic and molecular structure. The simple, single-configuration picture provided by the mean-
field model is a useful starting point, but improvements are often needed. In Section 6, methods for treating electron correlation
will be discussed in greater detail.

For the remainder of this Section, the primary focus is placed on forming proper Nelectron wavefunctions by occupying the
orbitals available to the system in a manner that guarantees that the resultant N-electron function is an eigenfunction of those
operators that commute with the N-electron Hamiltonian.

For polyatomic molecules, these operators include point-group symmetry operators (which act on all N electrons) and the spin
angular momentum (S? and S,) of all of the electrons taken as a whole (this is true in the absence of spin-orbit coupling which is
treated later as a perturbation). For linear molecules, the point group symmetry operations involve rotations R, of all N electrons
about the principal axis, as a result of which the total angular momentum L, of the N electrons (taken as a whole) about this
axis commutes with the Hamiltonian, H. Rotation of all N electrons about the x and y axes does not leave the total coulombic
potential energy unchanged, so L, and L, do not commute with H. Hence for a linear molecule, L., S2, and S, are the operators
that commute with H. For atoms, the corresponding operators are L2, L., S?, and S, (again, in the absence of spin-orbit coupling)
where each operator pertains to the total orbital or spin angular momentum of the N electrons.

To construct N-electron functions that are eigenfunctions of the spatial symmetry or orbital angular momentum operators as well
as the spin angular momentum operators, one has to "couple" the symmetry or angular momentum properties of the individual
spinorbitals used to construct the N-electrons functions. This coupling involves forming direct product symmetries in the case of
polyatomic molecules that belong to finite point groups, it involves vector coupling orbital and spin angular momenta in the case
of atoms, and it involves vector coupling spin angular momenta and axis coupling orbital angular momenta when treating linear
molecules. Much of this Section is devoted to developing the tools needed to carry out these couplings.

This page titled 8.5: Summary is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and Jeff
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9: SYMMETRY OF ELECTRONIC WAVEFUNCTIONS

Electronic wavefuntions must be constructed to have permutational antisymmetry because the N electrons are indistinguishable
Fermions

9.1: Electronic Configurations

9.2: Antisymmetric Wavefunctions

This page titled 9: Symmetry of Electronic Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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9.1: Electronic Configurations

Atoms, linear molecules, and non-linear molecules have orbitals which can be labeled either according to the symmetry
appropriate for that isolated species or for the species in an environment which produces lower symmetry. These orbitals should
be viewed as regions of space in which electrons can move, with, of course, at most two electrons (of opposite spin) in each
orbital. Specification of a particular occupancy of the set of orbitals available to the system gives an electronic configuration.
For example, 1522522p* is an electronic configuration for the Oxygen atom (and for the F*! jon and the N ! ion); 1522522p33p!
is another configuration for O, F*!, or N~L. These configurations represent situations in which the electrons occupy low-energy
orbitals of the system and, as such, are likely to contribute strongly to the true ground and low-lying excited states and to the
low-energy states of molecules formed from these atoms or ions.

Specification of an electronic configuration does not, however, specify a particular electronic state of the system. In the above
1522s5%2p* example, there are many ways (fifteen, to be precise) in which the 2p orbitals can be occupied by the four electrons. As a
result, there are a total of fifteen states which cluster into three energetically distinct levels, lying within this single configuration.
The 1522s%2p33p! configuration contains thirty-six states which group into six distinct energy levels (the word level is used to
denote one or more state with the same energy). Not all states which arise from a given electronic configuration have the same
energy because various states occupy the degenerate (e.g., 2p and 3p in the above examples) orbitals differently. That is, some
states have orbital occupancies of the form

2pi2ps2p",
while others have
2p;2p52p%,

as a result, the states can have quite different coulombic repulsions among the electrons (the state with two doubly occupied
orbitals would lie higher in energy than that with two singly occupied orbitals). Later in this Section and in Appendix G techniques
for constructing wavefunctions for each state contained within a particular configuration are given in detail. Mastering these tools
is an important aspect of learning the material in this text.

In summary, an atom or molecule has many orbitals (core, bonding, non-bonding, Rydberg, and antibonding) available to it;
occupancy of these orbitals in a particular manner gives rise to a configuration. If some orbitals are partially occupied in this
configuration, more than one state will arise; these states can differ in energy due to differences in how the orbitals are occupied.
In particular, if degenerate orbitals are partially occupied, many states can arise and have energies which differ substantially
because of differences in electron repulsions arising in these states. Systematic procedures for extracting all states from a given
configuration, for labeling the states according to the appropriate symmetry group, for writing the wavefunctions corresponding
to each state and for evaluating the energies corresponding to these wavefunctions are needed. Much of Chapters 10 and 11 are
devoted to developing and illustrating these tools.

This page titled 9.1: Electronic Configurations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
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9.2: Antisymmetric Wavefunctions

General Concepts

The total electronic Hamiltonian

A —h? Z,e> e? ZoZye?

H= A v Zaz = LZafb®
Z ( 2me ! ; Tia ) + ; TU + ; Tab

where i and j label electrons and a and b label the nuclei (whose charges are denoted Z,), commutes with the operators P;; which
permute the names of the electrons i and j. This, in turn, requires eigenfunctions of H to be eigenfunctions of Pij. In fact, the
set of such permutation operators form a group called the symmetric group. In the present text, we will not exploit the full group
theoretical nature of these operators; we will focus on the simple fact that all wavefunctions must be eigenfunctions of the 131-]-
operator.

Because P;; obeys
PPy =1

the eigenvalues of the 131-]- operators must be +1 or - 1. Electrons are Fermions (i.e., they have half-integral spin) and they must
have wavefunctions which are odd under permutation of any pair:

Bosons such as photons or deuterium nuclei (i.e., species with integral spin quantum numbers) have wavefunctions, which are
even under permutation and obey

P¥ = 40
These permutational symmetries are not only characteristics of the exact eigenfunctions of H belonging to any atom or molecule
containing more than a single electron, but they are also conditions which must be placed on any acceptable model or trial

wavefunction (e.g., in a variational sense) which one constructs.

In particular, within the orbital model of electronic structure (discussed in Section 6), one can not construct trial wavefunctions
which are simple spin-orbital products (i.e., an orbital multiplied by an a or (3 spin function for each electron) such as

1lsalsfB2sa2sf2pla2pla.

Such spin-orbital product functions must be made permutationally antisymmetric if the N-electron trial function is to be properly
antisymmetric. This can be accomplished for any such product wavefunction by applying the following antisymmetrizer operator:

1
A= — E pspP
Vv N!

where N is the number of electrons, P runs over all N! permutations, and s p is +1 or -1 depending on whether the permutation P
contains an even or odd number of pairwise permutations (e.g., 231 can be reached from 123 by two pairwise permutations:

123 — 213 — 231

so 231 would have s p =1). The permutation operator P in A acts on a product wavefunction and permutes the ordering of the
spin-orbitals.

For example,

1
Aplp2p3 = % [p19203 — 132 — Y3201 — Y2013 + P3P1P2 + P2p3pl]
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where the convention is that electronic coordinates r, 75, and r3 correspond to the orbitals as they appear in the product (e.g.,
theterm @3 @2@1represents @3 (r1)@2(r2)@1(r3)).

It turns out that the permutations P can be allowed either to act on the "names" or labels of the electrons, keeping the order of
the spin-orbitals fixed, or to act on the spin- orbitals, keeping the order and identity of the electrons' labels fixed. The resultant
wavefunction, which contains N! terms, is exactly the same regardless of how one allows the permutations to act. Because we
wish to use the above convention in which the order of the electronic labels remains fixed as 1, 2, 3, ... N, we choose to think of
the permutations acting on the names of the spin-orbitals. It should be noted that the effect of A on any spin-orbital product is
to produce a function that is a sum of N! terms. In each of these terms the same spin-orbitals appear, but the order in which they
appear differs from term to term.

Antisymmetrization does not alter the overall orbital occupancy; it simply "scrambles" any knowledge of which electron
is in which spin-orbital.

The antisymmetrized orbital product Ap;pyp3 is represented by the short hand | @_1 @_2 @_3 | and is referred to as a Slater
determinant. The origin of this notation can be made clear by noting that (1/  N!) times the determinant of a matrix whose rows
are labeled by the index i of the spin-orbital @ i and whose columns are labeled by the index j of the electron at r j is equal to the
above function:

Aplp2¢3 = (1/ 3ldet(pi(r])).

v

The general structure of such Slater determinants is illustrated below:

\/%detgoj(ri):ﬁcpl(l)go?(l)gﬁ(l)...gok(l) ....... ON (1)1 (2)02(2)63(2) -0k (2) oo N (2).. 01 (N)p2(N) p3(N) .ok (N)..oN (N)

The antisymmetry of many-electron spin-orbital products places constraints on any acceptable model wavefunction, which give
rise to important physical consequences. For example, it is antisymmetry that makes a function of the form | 1s a 1s a | vanish
(thereby enforcing the Pauli exclusion principle) while | 1s a 2s a | does not vanish, except at points r 1and r 2 where 1s(r1) = 2s(r2)
, and hence is acceptable. The Pauli principle is embodied in the fact that if any two or more columns (or rows) of a determinant
are identical, the determinant vanishes. Antisymmetry also enforces indistinguishability of the electrons in that

[1salsB2sa2sB| = —|1salsPB2sB2sal.

That is, two wavefunctions which differ simply by the ordering of their spin-orbitals are equal to within a sign (+/- 1); such an
overall sign difference in a wavefunction has no physical consequence because all physical properties depend on the product W
* Y which appears in any expectation value expression.

The antisymmetry of many-electron spin-orbital products places constraints on any acceptable model wavefunction.

Physical Consequences of Antisymmetry

Once the rules for evaluating energies of determinental wavefunctions and for forming functions which have proper spin and
spatial symmetries have been put forth (in Chapter 11), it will be clear that antisymmetry and electron spin considerations, in
addition to orbital occupancies, play substantial roles in determining energies and that it is precisely these aspects that are
responsible for energy splittings among states arising from one configuration. A single example may help illustrate this point.
Consider the 7'7*! configuration of ethylene (ignore the other orbitals and focus on the properties of these two). As will be shown
below when spin angular momentum is treated in full, the triplet spin states (e.g., S = 1) of this configuration are:

|S=1,Mgs=1) =|rar*a]
1S =1,Ms =—1) = [zpr"f],

and
1 * *
|S=1,Ms=0)= —2[|7ra7r B + |7Br*a].

The singlet spin state is:
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1§ =0, Ms = 0) = %nmw*m — |mpral].

To understand how the three triplet states have the same energy and why the singlet state has a different energy, and an energy
different than the Mg = 0 triplet even though these two states are composed of the same two determinants, we proceed as follows:

e Step 1. We express the bonding = and antibonding =* orbitals in terms of the atomic p-orbitals from which they are formed:

1
W—E[L-I—R]

and

N 1
"= L
where R and L denote the p-orbitals on the left and right carbon atoms, respectively.
e Step 2. We substitute these expressions into the Slater determinants that form the singlet and triplet states and collect terms
and throw out terms for which the determinants vanish.
e Step 3. This then gives the singlet and triplet states in terms of atomic-orbital occupancies where it is easier to see the
energy equivalences and differences. Let us begin with the triplet states:

|rar* ol = % [|[LaLa| — |RaRa| + |RaLa| — |LaRal|] (9.2.1)

= |RaLal; (9.2.2)

LQ ([wan* 8] + |rral] = %% [LaLB| — |RaRA| + |RaLB| — |LaRA| + |LALa| — |RBRa| + |RBLa| — |LBRal]  (9.2.3)
_ % (|RaLB| + |RBL]]; 9.2.4)

|mBm* Bl = % [[ILBLB| — |RBRA| + |[RBLA| — | LBRA] (9.2.5)

= |RBLA|. (9.2.6)

The singlet state can be reduced in like fashion:

% ([man* 8| — |rfral] = %% ([LaLB| — |RaRB| + |RaLB| — |LaRB| — |LALa| — |RALa| + |LARa] 9.2.7)
_ % (LaLB| — |RBRal]. 9.2.8)

Notice that all three triplet states involve atomic orbital occupancy in which one electron is on one atom while the other is on
the second carbon atom. In contrast, the singlet state places both electrons on one carbon (it contains two terms; one with
the two electrons on the left carbon and the other with both electrons on the right carbon). In a "valence bond" analysis of
the physical content of the singlet and triplet 7'7*! states, it is clear that the energy of the triplet states will lie below that
of the singlet because the singlet contains "zwitterion" components that can be denoted C*C~ and C~C™, while the three
triplet states are purely "covalent". This case provides an excellent example of how the spin and permutational symmetries of a
state "conspire" to qualitatively affect its energy and even electronic character as represented in its atomic orbital occupancies.
Understanding this should provide ample motivation for learning how to form proper antisymmetric spin (and orbital) angular
momentum eigenfunctions for atoms and molecules.

The energy of the triplet states will lie below that of the singlet

This page titled 9.2: Antisymmetric Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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10: ANGULAR MOMENTUM AND GROUP SYMMETRIES OF

ELECTRONIC WAVEFUNCTIONS

Electronic wavefunctions must also possess proper symmetry. These include angular momentum and point group symmetries

10.1: Angular Momentum Symmetry and Strategies for Angular Momentum Coupling
10.2: Electron Spin Angular Momentum

10.3: Coupling of Angular Momenta

10.4: Atomic Term Symbols and Wavefunctions

10.5: Atomic Configuration Wavefunctions

10.6: Inversion Symmetry

10.7: Review of Atomic Cases

This page titled 10: Angular Momentum and Group Symmetries of Electronic Wavefunctions is shared under a CC BY-NC-SA 4.0 license and
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10.1: Angular Momentum Symmetry and Strategies for
Angular Momentum Coupling

Because the total Hamiltonian of a many-electron atom or molecule forms a mutually commutative set of operators with S2, S,
and A = (O1/N!)Sp sp P, the exact eigenfunctions of H must be eigenfunctions of these operators. Being an eigenfunction of A
forces the eigenstates to be odd under all P;;. Any acceptable model or trial wavefunction should be constrained to also be an
eigenfunction of these symmetry operators.

If the atom or molecule has additional symmetries (e.g., full rotation symmetry for atoms, axial rotation symmetry for linear
molecules and point group symmetry for nonlinear polyatomics), the trial wavefunctions should also conform to these spatial
symmetries. This Chapter addresses those operators that commute with H, P;j, S2?, and S, and among one another for atoms,
linear, and non-linear molecules. As treated in detail in Appendix G, the full non-relativistic N-electron Hamiltonian of an atom or
molecule

\[H = \sum\limits_j \left( \dfrac{-\hbar*2}{2m} \nabla_j*2 - \sum\limits_a \dfrac{Z_ae”*2Hr_{j,a}} \right) + \sum\limits_{j
commutes with the following operators:

i. The inversion operator i and the three components of the total orbital angular momentum L, = %" L.(j), L,, L., as well as
J
the components of the total spin angular momentum S., S, and S, for atoms (but not the individual electrons' L.(j), S.(j),

etc). Hence, L2, L,, S?, S, are the operators we need to form eigenfunctions of, and L, M, S, and MS are the "good" quantum
numbers.
iil. L,=7Y L.(j), as well as the N-electron S, S, and S, for linear molecules (also i, if the molecule has a center of symmetry).
J

Hence, L., S?, and S, are the operators we need to form eigenfunctions of, and My, S, and Mg are the "good" quantum
numbers; L no longer is! iii.

iii. S, Sy, and S, as well as all point group operations for non-linear polyatomic molecules. Hence S2, S,, and the point group
operations are used to characterize the functions we need to form. When we include spin-orbit coupling into H (this adds
another term to the potential that involves the spin and orbital angular momenta of the electrons), L2, L., S?, S, no longer
commute with H. However, J, = S, + L, and J? = (L+S)? now do commute with H.

This page titled 10.1: Angular Momentum Symmetry and Strategies for Angular Momentum Coupling is shared under a CC BY-NC-SA 4.0 license
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10.2: Electron Spin Angular Momentum

Individual electrons possess intrinsic spin characterized by angular momentum quantum numbers s and m; for electrons, s =
1/2 and ms = 1/2, or -1/2. The m, = 1/2 spin state of the electron is represented by the symbol a and the m, = —1/2 state is
represented by 5. These spin functions obey:

S,a = %ha
2 1 2
S°B = 3 (— + 1) hep
and
1
S.6= —Ehﬁ.

The o\ (and\ (B spin functions are connected via lowering S_ and raising S, operators, which are defined in terms of the x and y
components of S as follows:

and
S_ =8, —1iS,.

In particular S, 8 = ha, Sya =0,S_a = kS, and S_B = 0. These expressions are examples of the more general relations (these
relations are developed in detail in Appendix G) which all angular momentum operators and their eigenstates obey:

J2|j,m) = j(j + 1)h?|j,m)

‘]Z|j7 m> = mh|j’ m>

Joliim) = b/ + 1) —m(m + D]jm + 1)

and

J_|j,m) = h/(G + 1) —m(m — D]j.m 1)

In a many-electron system, one must combine the spin functions of the individual electrons to generate eigenfunctions of the
total S, = > S.(i) (expressions for S, = 5,(¢) and S, =) 5,(¢) also follow from the fact that the total angular momentum of a

collection of particles is the sum of the angular momenta, component-by-component, of the individual angular momenta) and
total S? operators because only these operators commute with the full Hamiltonian, H, and with the permutation operators P;;. No
longer are the individual S%(i) and S.(i) good quantum numbers; these operators do not commute with P;;.

Spin states which are eigenfunctions of the total S? and S, can be formed by using angular momentum coupling methods or the
explicit construction methods detailed in Appendix (G). In the latter approach, one forms, consistent with the given electronic
configuration, the spin state having maximum S, eigenvalue (which is easy to identify as shown below and which corresponds to
a state with S equal to this maximum S, eigenvalue) and then generating states of lower S, values and lower S values using the
angular momentum raising and lowering operators

S = ZS,@) and S, = Zsm)).

To illustrate, consider a three-electron example with the configuration 1s2s3s. Starting with the determinant | 1sa2sa3sa |, which
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has the maximum M, = 3 and hence has S = 2 (this function is denoted | £, 2)), apply S_ in the additive form S_ =Y~ S_(i) to

generate the following combination of three determinants:
h[|1s82sa3sal + |1sa2sB3sal + |1sa2saldsf],

which, according to the above identities, must equal

SHESEIEEE

So the state |2, 1) with S = £ and M, = £ can be solved for in terms of the three determinants to give

1

31
2'2

).

1
V3
The states with S = £ and M, = 5 and = can be obtained by further application of S_ to |2, 3) (actually, the M, = =% can be

identified as the "spin flipped" image of the state with M, = % and the one with M, = %1 can be formed by interchanging all a's
and b's in the M, = ; state).

15 5)

[I1s82sal3sa| + [1sa2sB3sal + |1sa2sadsf)] .

I

| w
|~

Of the eight total spin states (each electron can take on either « or 3 spin and there are three electrons, so the number of
states is 23), the above process has identified proper combinations which yield the four states with S = % Doing so consumed
the determinants with M, = % and *73, one combination of the three determinants with Mg = %, and one combination of the
three determinants with Mg = =%. There still remain two combinations of the Mg = 4 and two combinations of the Mg = 5-
determinants to deal with. These functions correspond to two sets of S = 1 eigenfunctions having Mg = % and 5. Combinations
of the determinants must be used in forming the S = % functions to keep the S = % eigenfunctions orthogonal to the above S
= % functions (which is required because S? is a hermitian operator whose eigenfunctions belonging to different eigenvalues
must be orthogonal). The two independent S = %, M, = % states an be formed by simply constructing combinations of the above
three determinants with Mg = % which are orthogonal to the S = % combination given above and orthogonal to each other. For
example,

11 1
\5, 5) = E [I1s82sa3sal — |1sa2sB3sal + 0z|1sa2sa3sf|],
| L1 )= ! [I1sB2sa3sal + |1sa2sP3sa| — 2z|1sa2sa3sf|]
2'2" /g ’

are acceptable (as is any combination of these two functions generated by a unitary transformation ). A pair of independent
orthonormal states with S = % and Mg = ’Tl can be generated by applying S_ to each of these two functions ( or by constructing a
pair of orthonormal functions which are combinations of the three determinants with Mg = %1 and which are orthogonal to the S
= 3, Mg = ! function obtained as detailed above).

The above treatment of a three-electron case shows how to generate quartet (spin states are named in terms of their spin
degeneracies 2S+1) and doublet states for a configuration of the form 1s2s3s. Not all three-electron configurations have both
quartet and doublet states; for example, the 1s522s configuration only supports one doublet state. The methods used above
to generate S = % and S = % states are valid for any three-electron situation; however, some of the determinental functions
vanish if doubly occupied orbitals occur as for 15%2s. In particular, the |1salsa2sa| and |1s81s82s8|Ms = £, 52 and [1salsa2sf|
and |1s81sB2sa | Mg = %, %1 determinants vanish because they violate the Pauli principle; only |1salsf2sa| and |1salsfB2s3| do
not vanish. These two remaining determinants form the S = % Mg = %, *71 doublet spin functions which pertain to the 15%2s
configuration. It should be noted that all closed-shell components of a configuration (e.g., the 1s? part of 1522s or the 1522522p5
part of 1522522p%3s3p! ) must involve « and B spin functions for each doubly occupied orbital and, as such, can contribute nothing
to the total My value; only the open-shell components need to be treated with the angular momentum operator tools to arrive at

proper total-spin eigenstates.

In summary, proper spin eigenfunctions must be constructed from antisymmetric (i.e., determinental) wavefunctions as
demonstrated above because the total S? and total S, remain valid symmetry operators for many-electron systems. Doing so
results in the spinadapted wavefunctions being expressed as combinations of determinants with coefficients determined via spin
angular momentum techniques as demonstrated above. In configurations with closed-shell components, not all spin functions
are possible because of the antisymmetry of the wavefunction; in particular, any closed-shell parts must involve o spin pairings
for each of the doubly occupied orbitals, and, as such, contribute zero to the total M,.
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10.3: Coupling of Angular Momenta

Vector Coupling

Given two angular momenta (of any kind) L; and Ly, when one generates states that are eigenstates of their vector sum L = L
+ Lo, one can obtain L values of

Ly+ Ly, L1+ Ly—1,...|L; — Ls|.

This can apply to two electrons for which the total spin S can be 1 or © as illustrated in detail above, or to a p and a d orbital for
which the total orbital angular momentum L can be 3, 2, or 1. Thus for a p'd' electronic configuration, *F,! F 3 D,! D, P, and!' P
energy levels (and corresponding wavefunctions) arise. Here the term symbols are specified as the spin degeneracy (2S+1) and
the letter that is associated with the L-value. If spin-orbit coupling is present, the 3F level further splits into J= 4, 3, and 2 levels
which are denoted 3Fy,? F5, and *F,.

This simple "vector coupling" method applies to any angular momenta. However, if the angular momenta are "equivalent"
in the sense that they involve indistinguishable particles that occupy the same orbital shell (eg.,
2p® involves 3 equivalent electrons; 2p'3p'4p' involves 3 non-equivalent electrons; 2p%3p! involves 2 equivalent electrons and one
non-equivalent electron), the Pauli principle eliminates some of the expected term symbols (i.e., when the corresponding
wavefunctions are formed, some vanish because their Slater determinants vanish). Later in this section, techniques for dealing
with the equivalent-angular momenta case are introduced. These techniques involve using the above tools to obtain a list of
candidate term symbols after which Pauli-violating term symbols are eliminated.

Figure 10.3.1: Illustration of the vector model of orbital angular momentum. Image used with permisison (Public Domain; Maschen)

Non-Vector Coupling

For linear molecules, one does not vector couple the orbital angular momenta of the individual electrons (because only L, not L2
commutes with H), but one does vector couple the electrons' spin angular momenta. Coupling of the electrons' orbital angular
momenta involves simply considering the various L, eigenvalues that can arise from adding the L, values of the individual
electrons. For example, coupling two p orbitals (each of which can have m = £1) can give

M =1+1,1-1, -1+1,and -1-1,0r 2, 0, O, and -2.

The level with M = £2 is called a D state (much like an orbital with m = +2 is called a d orbital), and the two states with M,
= 0 are called S states. States with L, eigenvalues of My and — M are degenerate because the total energy is independent of
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which direction the electrons are moving about the linear molecule's axis (just a 7,; and 7_; orbitals are degenerate). Again, if the
two electrons are non-equivalent, all possible couplings arise (e.g., a 7in’! configuration yields *A* £33, A1 8, and!'S states). In
contrast, if the two electrons are equivalent, certain of the term symbols are Pauli forbidden. Again, techniques for dealing with
such cases are treated later in this Chapter.

Direct Products for Non-Linear Molecules

For non-linear polyatomic molecules, one vector couples the electrons' spin angular momenta but their orbital angular momenta
are not even considered. Instead, their point group symmetries must be combined, by forming direct products, to determine
the symmetries of the resultant spin-orbital product states. For example, the blb! configuration in Cs, symmetry gives rise to
34, and *A4, term symbols. The e'e’! configuration in Cj, symmetry gives 3E,? 4,2 A;,' E,' A, and *A4; term symbols. For two
equivalent electrons such as in the e? configuration, certain of the 3E,? 4,3 A, E,' Ay, and 1A, term symbols are Pauli forbidden.
Once again, the methods needed to identify which term symbols arise in the equivalent-electron case are treated later.

One needs to learn how to tell which term symbols will be Pauli excluded, and to learn how to write the spin-orbit product
wavefunctions corresponding to each term symbol and to evaluate the corresponding term symbols' energies.

This page titled 10.3: Coupling of Angular Momenta is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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10.4: Atomic Term Symbols and Wavefunctions

Non-Equivalent Orbital Term Symbols

When coupling non-equivalent angular momenta (e.g., a spin and an orbital angular momenta or two orbital angular momenta of
non-equivalent electrons), one vector couples using the fact that the coupled angular momenta range from the sum of the two
individual angular momenta to the absolute value of their difference. For example, when coupling the spins of two electrons, the
total spin S can be 1 or ®; when coupling a p and a d orbital, the total orbital angular momentum can be 3, 2, or 1. Thus for a p'd!
electronic configuration, 3F,! F,* D,' D, P, and ' P energy levels (and corresponding wavefunctions) arise. The energy differences
among these levels has to do with the different electron-electron repulsions that occur in these levels; that is, their wavefunctions
involve different occupancy of the p and d orbitals and hence different repulsion energies. If spin-orbit coupling is present, the L
and S angular momenta are further vector coupled. For example, the 3F level splits into J= 4, 3, and 2 levels which are denoted
3F,3 Fy, and ®F,. The energy differences among these J-levels are caused by spin-orbit interactions.

J

Z

Figure 10.4.1: Illustration of L-S coupling. Total angular momentum J is purple, orbital L is blue, and spin S is green.

Equivalent Orbital Term Symbols

If equivalent angular momenta are coupled (e.g., to couple the orbital angular momenta of a p? or d® configuration), one must
use the "box" method to determine which of the term symbols, that would be expected to arise if the angular momenta were
nonequivalent, violate the Pauli principle. To carry out this step, one forms all possible unique (determinental) product states with
non-negative M and Mg values and arranges them into groups according to their M and M values. For example, the boxes
appropriate to the p? orbital occupancy are shown below:

Mg 2 1 0
Mg | Ploapoc] [prap-qa)|
0 [prapip prapofls [poepifl  [prapaBl
[porcep B,

[ppcxpoP

Figure 10.4.1: Insert caption here!

@IOIC]E) 107 (10.4.1)



@g%tjbréRHGSN

There is no need to form the corresponding states with negative M| or negative Ms values because they are simply "mirror
images" of those listed above. For example, the state with M = —1 and Mg = —1 is |p_18pef|, which can be obtained from the
M =1, Mg =1 state |plapyc| by replacing a by 8 and replacing p; by p_i.

Given the box entries, one can identify those term symbols that arise by applying the following procedure over and over until all
entries have been accounted for:

1. One identifies the highest Mg value (this gives a value of the total spin quantum number that arises, S) in the box. For the
above example, the answer is S = 1.

2. For all product states of this Mg value, one identifies the highest M}, value (this gives a value of the total orbital angular
momentum, L, that can arise for this S ). For the above example, the highest M within the Mg = 1 states is M = 1 (not M|,
=2), hence L =1.

3. Knowing an S, L combination, one knows the first term symbol that arises from this configuration. In the p? example, this is
3p.

4. Because the level with this L and S quantum numbers contains (2L+1)(25+1) states with M and Mg quantum numbers
running from -L to L and from -S to S, respectively, one must remove from the original box this number of product states.
To do so, one simply erases from the box one entry with each such ML and MS value. Actually, since the box need only show
those entries with non-negative ML and MS values, only these entries need be explicitly deleted. In the 3P example, this
amounts to deleting nine product states with M, Mg values of 1,1; 1,8; 1,-1; 9,1; 8,9; 0,-1; -1,1; -1,8; -1,-1.

5. After deleting these entries, one returns to step 1and carries out the process again. For the p? example, the box after deleting
the first nine product states looks as follows (those that appear in italics should be viewed as already cancelled in counting
all of the 3P states):

M 2 1 0
Mg L [proeppe | lpjap.jo
o [propi [propofl. poapiBl  |prapoBl
[poicepi B,
[Pacpof

Figure 10.4.2: Insert caption here!

It should be emphasized that the process of deleting or crossing off entries in various My, Mg boxes involves only counting how
many states there are; by no means do we identify the particular L, S, M1, Mg wavefunctions when we cross out any particular
entry in a box. For example, when the |p;apy8| product is deleted from the M = 1, Mg = 0 box in accounting for the states in
the 3P level, we do not claim that |piapgf| itself is a member of the 3P level; the |pyap18| product state could just as well been
eliminated when accounting for the 3P states. As will be shown later, the 3P state with M; = 1, Mg = 0 will be a combination of

[p1apof| and [poap: B].

Returning to the p? example at hand, after the 3P term symbol's states have been accounted for, the highest Mg value is ® (hence
there is an S=0 state), and within this Mg value, the highest My, value is 2 (hence there is an L=2 state). This means there is a
1D level with five states having M}, = 2,1,8,-1,-2. Deleting five appropriate entries from the above box (again denoting deletions by
italics) leaves the following box:
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ML 2 1 0
Mg 1 |progpg prap_ja
0 [prop B [propofl|, poopiB|  prapgBl
pp-sap Bl
[Pocapof

Figure 108.4.3: Insert caption here!

The only remaining entry, which thus has the highest Mg and M, values, has Mg = 0 and M = 0. Thus there is also a 'S level in
the p? configuration.

Thus, unlike the non-equivalent 2p13pl case, in which 3P,' P3D,! D> S, and 'S levels arise, only the 3P,! D, and 'S arise in the
p? situation. This "box method" is necessary to carry out whenever one is dealing with equivalent angular momenta.

If one has mixed equivalent and non-equivalent angular momenta, one can determine all possible couplings of the equivalent
angular momenta using this method and then use the simpler vector coupling method to add the non-equivalent angular momenta
to each of these coupled angular momenta. For example, the p2d' configuration can be handled by vector coupling (using the
straightforward non-equivalent procedure) L=2 (the d orbital) and S = % (the third electron's spin) to each of 3P,! D, and 'S. The
resultis *F*DAP2F2D2P2G2F2D2P2S, and 2D.

This page titled 10.4: Atomic Term Symbols and Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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10.5: Atomic Configuration Wavefunctions

To express, in terms of Slater determinants, the wavefunctions corresponding to each of the states in each of the levels, one
proceeds as follows:

1. For each Mg, M combination for which one can write down only one product function (i.e., in the non-equivalent angular
momentum situation, for each case where only one product function sits at a given box row and column point), that product
function itself is one of the desired states. For the p? example, the |papoa| and |p1ap_1a| (as well as their four other
M, and Mg "mirror images") are members of the 3P level (since they have Mg = +1) and |p;ap:8| and its M, mirror image
are members of the D level (since they have M = +2).

2. After identifying as many such states as possible by inspection, one uses L, and S, to generate states that belong to the
same term symbols as those already identified but which have higher or lower M, and/or Mg values.

3. If, after applying the above process, there are term symbols for which states have not yet been formed, one may have to
construct such states by forming linear combinations that are orthogonal to all those states that have thus far been found.

To illustrate the use of raising and lowering operators to find the states that can not be identified by inspection, let us again focus
on the p? case. Beginning with three of the 3P states that are easy to recognize, |piapal, [prap_1a|, and |p_1apoal, we apply S_
to obtain the Mg = 0 functions:

S3P(Mp=1,Mg=1)=[S_(1) + S_(2)]|prapoal

=hy/1(2) — 1(0)3P(ML =1, Mg =0)

_ h\/% (% _ % (7%))\1)15;0004\ + hV1|prapof],

S0,
3 1
P(Mp=1,Ms=0) = 7 [[P1Bpoc| + |prapoc].

The same process applied to |pjap_1a| and |p_japoal gives
1
7 [lprop_18] + |p1Bp—1a]

V2

and
1

7 [[P-18pofB| + [p-18pocl],

respectively.

1 . .
The 3P(My, =1, Ms = 0) = —[|p18poa| + |p1apof|] function can be acted on with L_ to generate 3P(M;, = 0, Mg =0) :
\/—
2
1
L>P(Mp =1,Ms=0) = [L_(1) + L*(Q)]E[‘plﬂpoa‘ + |pr1apof|]

= hy/1(2) — 1(0)3P(ML =0, Mg =0)

1(2) —1(0
2

1(2) —0(=1)

5 [lp1Bp-10| + |prap_18]],

) [[PoBpoc| + |poapoBl] + 1

Il
>

so,
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The ' D term symbol is handled in like fashion. Beginning with the My = 2 state |p1ap1 3|, one applies L_ to generate the My =1
state:

SP(Mp, =0,Mg=0)= llp1Bp—1ca| + [prap_14|].

LLD(My =2, Ms=0) = [L_(1) + L_(1)][prapsf]
= h/2(3) — 2(1)1D(ML =1,Ms=0)
— 1/12) — 10)lpoop1 Bl + [prapef,
so,
D(My = 1, Ms = 0) = %npoaplm + Iprapof]

Applying L_ once more generates the ' D(M = 0, Mg = 0) state:

[L-(1)+L-(2)]
V2

= hy/2(3) — 1(0)D(My, = 0, Mg = 0)

1(2) — 1(0)
2

L' D(Mp, Mg =0) = [lpoap1 8| + |p1apop|]

= W[lpﬂwlﬂ\ +lprap-1 Bl + A

[IPoapoB| + |poapof|]
so,
1

V6

Notice that the M}, = 0, Mg = 0 states of 3P and of ! D are given in terms of the three determinants that appear in the "center" of
the p? box diagram:

'D(Mp, =0,Mg=0) = 2lpoapoB| + [p—1ap1 8| + |prap—16]].

1
'D(My = 0,Ms =0) = —||2poapoB| + [p-1p18| + [prap_18]],
V6
1
SP(My, =0, Mg = 0)——|lp1Bp-10| + |prap_14]]
V2

1
—[—lp_1ap1 8| + [prap_1 ).

V2

The only state that has eluded us thus far is the 1S state, which also has M; = 0 and Mg = 0. To construct this state, which must
also be some combination of the three determinants with M; = 0 and Mg = 0, we use the fact that the 1S wavefunction must
be orthogonal to the *P and ' D functions because 1S,® P, and ! D are eigenfunctions of the hermitian operator L? having different
eigenvalues. The state that is normalized and is a combination ofpyapof|, |p—1ap16|, and |p1ap_18| is given as follows:

1

1
S =
V3

[lpoapof| — [p—10p18| — [prap-18]] .-

This page titled 10.5: Atomic Configuration Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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10.6: Inversion Symmetry

One more quantum number, that relating to the inversion (i) symmetry operator can be used in atomic cases because the total
potential energy V is unchanged when all of the electrons have their position vectors subjected to inversion (i.e., ir = -r). This
quantum number is straightforward to determine. Because each L, S, M, Mg, H state discussed previously consists of a few (or,
in the case of configuration interaction several) symmetry adapted combinations of Slater determinant functions, the effect of the
inversion operator on such a wavefunction ¥ can be determined by:

i. applying i to each orbital occupied in ¥ thereby generating a + 1 factor for each orbital (+1for s, d, g, i, etc orbitals; -1 for p, f,
h, j, etc orbitals),
ii. multiplying these +1 factors to produce an overall sign for the character of ¥ under i.

When this overall sign is positive, the function ¥ is termed "even" and its term symbol is appended with an "e" superscript (e.g.,

the 3P level of the O atom, which has 1s22s%2p* occupancy is labeled 3P¢); if the sign is negative ¥ is called "odd" and the term
symbol is so amended (e.g., the 3P level of 1s22s'2p! B ion is labeled 3P,).

This page titled 10.6: Inversion Symmetry is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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10.7: Review of Atomic Cases

The orbitals of an atom are labeled by [ and m,; quantum numbers; the orbitals belonging to a given energy and [ value are 2] + 1
-fold degenerate. The many-electron Hamiltonian, H, of an atom and the antisymmetrizer operatorA = (,/%) >~ spP commute
p

with total L, = > L,(4), as in the linear-molecule case. The additional symmetry present in the spherical atom reflects itself in the
i

fact that L., and L, now also commute with H and A. However, since L, does not commute with L,\ or L,, new quantum numbers
can not be introduced as symmetry labels for these other components of L. A new symmetry label does arise when

L*=L24+L2+L]

is introduced; L? commutes with H, A, and L., so proper eigenstates (and trial wavefunctions) can be labeled with L, M}, S, M,
and H quantum numbers.

To identify the states which arise from a given atomic configuration and to construct properly symmetry-adapted determinental
wave functions corresponding to these symmetries, one must employ L and M} and S and Mg angular momentum tools. One
first identifies those determinants with maximum Mg (this then defines the maximum S value that occurs); within that set of
determinants, one then identifies the determinant(s) with maximum M (this identifies the highest L value). This determinant has
S and L equal to its Mg and M values (this can be verified, for example for L, by acting on this determinant with L, in the form

L*=L L, +L2+hL,

and realizing that L, acting on the state must vanish); other members of this L,S energy level can be constructed by sequential
application of S_ and L_ =} L_(i). Having exhausted a set of (2L+1)(2S+1) combinations of the determinants belonging to the
[

given configuration, one proceeds to apply the same procedure to the remaining determinants (or combinations thereof). One
identifies the maximum Mg and, within it, the maximum Mj which thereby specifies another S, L label and a new "maximum"
state. The determinental functions corresponding to these L,S (and various My, Ms ) values can be constructed by applying
S_ and L_ to this "maximum" state. This process is continued until all of the states and their determinental wave functions are
obtained.

As illustrated above, any p? configuration gives rise to 3P¢,! D¢, and 'S levels which contain nine, five, and one state respectively.
The use of L and S angular momentum algebra tools allows one to identify the wavefunctions corresponding to these states. As
shown in detail in Appendix G, in the event that spin-orbit coupling causes the Hamiltonian, H, not to commute with L or with
S but only with their vector sum J =L + S, then these L2S?L,S, eigenfunctions must be coupled (i.e., recombined) to generate
J2J, eigenstates. The steps needed to effect this coupling are developed and illustrated for the above p? configuration case in
Appendix G.

In the case of a pair of non-equivalent p orbitals (e.g., in a 2p'3p! configuration), even more states would arise. They can also be
found using the tools provided above. Their symmetry labels can be obtained by vector coupling (see Appendix G) the spin and
orbital angular momenta of the two subsystems. The orbital angular momentum coupling with l=1and l=1gives L =2,1,and ® or
D, P, and S states. The spin angular momentum coupling with s =1/2 and s = 1/2 gives S = 1 and 9§, or triplet and singlet states. So,
vector coupling leads to the prediction that 3D¢,! D¢ 3 Pe;l pe3 S¢ and !S¢ states can be formed from a pair of non-equivalent
p orbitals. It is seen that more states arise when non-equivalent orbitals are involved; for equivalent orbitals, some determinants
vanish, thereby decreasing the total number of states that arise.

This page titled 10.7: Review of Atomic Cases is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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11: EVALUATING THE MATRIX ELEMENTS OF N-ELECTRON

WAVEFUNCTIONS

One must be able to evaluate the matrix elements among properly symmetry adapted N-electron configuration functions for any
operator, the electronic Hamiltonian in particular. The Slater-Condon rules provide this capability

11.1: Configuration State Functions can Express the Full N-Electron Wavefunction

11.2: The Slater-Condon Rules Give Expressions for the Operator Matrix Elements Among the CSFs
11.3: The Slater-Condon Rules

11.4: Examples of Applying the Slater-Condon Rules

11.S: Evaluating the Matrix Elements of N-electron Wavefunctions (Summary)

This page titled 11: Evaluating the Matrix Elements of N-electron Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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11.1: Configuration State Functions can Express the Full N-
Electron Wavefunction

It has been demonstrated that a given electronic configuration can yield several space- and spin- adapted determinental
wavefunctions; such functions are referred to as configuration state functions (CSFs). These CSF wavefunctions are not the exact
eigenfunctions of the many-electron Hamiltonian, H; they are simply functions which possess the space, spin, and permutational
symmetry of the exact eigenstates. As such, they comprise an acceptable set of functions to use in, for example, a linear
variational treatment of the true states.

In such variational treatments of electronic structure, the N-electron wavefunction ¥ is expanded as a sum over all CSFs that
possess the desired spatial and spin symmetry:

U= Zc.,cp,.
J

Here, the ®; represent the CSFs that are of the correct symmetry, and the C; are their expansion coefficients to be determined
in the variational calculation. If the spin-orbitals used to form the determinants, that in turn form the CSFs {® ;}, are orthonormal
one electron functions (i.e., (¢x|¢;) = di ), then the CSFs can be shown to be orthonormal functions of N electrons

<’51)J“1>K> = 5(]71(.

In fact, the Slater determinants themselves also are orthonormal functions of N electrons whenever orthonormal spin-orbitals are
used to form the determinants.

The above expansion of the full N-electron wavefunction is termed a "configuration-interaction" (CI) expansion. It is, in principle,
a mathematically rigorous approach to expressing ¥ because the set of all determinants that can be formed from a complete set
of spin-orbitals can be shown to be complete. In practice, one is limited to the number of orbitals that can be used and in the
number of CSFs that can be included in the CI expansion. Nevertheless, the CI expansion method forms the basis of the most
commonly used techniques in quantum chemistry.

In general, the optimal variational (or perturbative) wavefunction for any (i.e., the ground or excited) state will include contributions
from spin-and space-symmetry adapted determinants derived from all possible configurations. For example, although the
determinant with L =1, S = 1, My = 1, Mg = 1 arising from the 15225%2p? configuration may contribute strongly to the true ground
electronic state of the Carbon atom, there will be contributions from all configurations which can provide these L, S, My, and Mg
values (e.g., the 1s22s522p'3p! and 2s22p* configurations will also contribute, although the 1s%2522p'3s! and 1s%22s'2p?3p! will not
because the latter two configurations are odd under inversion symmetry whereas the state under study is even).

The mixing of CSFs from many configurations to produce an optimal description of the true electronic states is referred to
as configuration interaction (CI). Strong CI (i.e., mixing of CSFs with large amplitudes appearing for more than one dominant
CSF) can occur, for example, when two CSFs from different electronic configurations have nearly the same Hamiltonian
expectation value. For example, the 1s%2s? and 1s22p? 'S configurations of Be and the analogous ns? and np? configurations of
all alkaline earth atoms are close in energy because the ns-np orbital energy splitting is small for these elements; the 72 and =2
configurations of ethylene become equal in energy, and thus undergo strong CI mixing, as the CC 7 bond is twisted by 90° in
which case the 7 and «~ orbitals become degenerate.

Within a variational treatment, the relative contributions of the spin-and space symmetry adapted CSFs are determined by solving
a secular problem for the eigenvalues (E; ) and eigenvectors ( C; ) of the matrix representation H of the full many-electron
Hamiltonian H within this CSF basis:

Z Hg 1Cir = ECik.
i

The eigenvalue E; gives the variational estimate for the energy of the ‘" state, and the entries in the corresponding eigenvector
C, k give the contribution of the K CSF to the it wavefunction ¥; in the sense that

v, = Z Cix®r,
%S
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where ® kis the K*"CSF.

This page titled 11.1: Configuration State Functions can Express the Full N-Electron Wavefunction is shared under a CC BY-NC-SA 4.0 license

and was authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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11.2: The Slater-Condon Rules Give Expressions for the
Operator Matrix Elements Among the CSFs

To form the Hg ; matrix, one uses the so-called Slater-Condon rules which express all non-vanishing determinental matrix
elements involving either one- or two- electron operators (one-electron operators are additive and appear as

F=>" f(i);
7
two-electron operators are pairwise additive and appear as
G=> gij.
ij

Because the CSFs are simple linear combinations of determinants with coefficients determined by space and spin symmetry, the
H; ; matrix in terms of determinants can be used to generate the Hk ; matrix over CSFs.

The Slater-Condon rules give the matrix elements between two determinants

| >=|p142¢3...2 5]

and
| >= |p1¢305..- D]

for any quantum mechanical operator that is a sum of one- and two- electron operators (F + G). It expresses these matrix
elements in terms of one-and two-electron integrals involving the spin-orbitals that appear in | > and | '> and the operators f and

g.

As a first step in applying these rules, one must examine | > and | > and determine by how many (if any) spin-orbitals | > and
| '> differ. In so doing, one may have to reorder the spin-orbitals in one of the determinants to achieve maximal coincidence
with those in the other determinant; it is essential to keep track of the number of permutations (V,) that one makes in achieving
maximal coincidence. The results of the Slater-Condon rules given below are then multiplied by (—1)"» to obtain the matrix
elements between the original | > and | '>. The final result does not depend on whether one chooses to permute | > or | '>.

Once maximal coincidence has been achieved, the Slater-Condon (SC) rules provide the following prescriptions for evaluating

the matrix elements of any operator F + G containing a one-electron part F' = )" f(i) and a two-electron part G = ¢(4, j) (the

Hamiltonian is, of course, a specific example of such an operator; the electric dipole operator }_ er; and the electronic kinetic
7

—h EV? are examples of one-electron operators (for which one takes g = 0); the electron-electron coulomb interaction
i

2m.

energy

> f—9 is a two-electron operator (for which one takes f = 9)):
i>j 7

The Slater-Condon rules express integrals of one- and two-body operators over wavefunctions constructed as Slater
determinants of orthonormal orbitals in terms of the individual orbitals. In doing so, the original integrals involving N-
electron wavefunctions are reduced to sums over integrals involving at most two molecular orbitals, or in other words,
the original 3N dimensional integral is expressed in terms of many three- and six-dimensional integrals.

This page titled 11.2: The Slater-Condon Rules Give Expressions for the Operator Matrix Elements Among the CSFs is shared under a CC BY-
NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style
and standards of the LibreTexts platform.
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11.3: The Slater-Condon Rules

The Slater-Condon rules express integrals of one- and two-body operators over wavefunctions constructed as Slater determinants
of orthonormal orbitals in terms of the individual orbitals. In doing so, the original integrals involving N-electron wavefunctions
are reduced to sums over integrals involving at most two molecular orbitals

i. If |> and |'> are identical, then

(F+Gl) = (ailfloi) + > Uidslgldis; — (did;l9ld6:)],

i i>]
where the sums over i and j run over all spin-orbitals in | >;

ii. If | > and | "> differ by a single spin-orbital mismatch ( (¢, # ¢}, ),

(IF+Gl') = (| fld,) + Z [($p0ilgldps) — ($ndslgldioy)]
J

where the sum over j runs over all spin-orbitals in | > except ¢, ;
iii. If | > and | "> differ by two spin-orbitals (¢, # ¢, and ( ¢, # ¢,),

(IF + GI") = (¢pPalaldydy) — (bpdalgldgdy)
(note that the F contribution vanishes in this case);

iv. If | > and | "> differ by three or more spin orbitals, then
<|F+ G| >=0;

v. For the identity operator I, the matrix elements < | I |'> = © if | > and | > differ by one or more spin-orbitals (i.e., the Slater
determinants are orthonormal if their spin-orbitals are).

Recall that each of these results is subject to multiplication by a factor of (—1)™ to account for possible ordering differences in
the spin-orbitals in | > and | '>.

In these expressions,

< ¢ilflo; >

is used to denote the one-electron integral
[ o105

and < ¢;¢;|glord: > (or in short hand notation < i j| k | >) represents the two-electron integral
[ 6100659t yonr)o1(r"arar’

The notation < ij | k > introduced above gives the two-electron integrals for the g(r,r') operator in the so-called Dirac notation,
in which the i and k indices label the spin-orbitals that refer to the coordinates r and the j and | indices label the spin-orbitals
referring to coordinates r. The r and r' denote r, 0, ¢, o and r’,0’,¢’, 0’ (with o and ¢’ being the o or 3 spin functions). The fact that
r and r' are integrated and hence represent 'dummy' variables introduces index permutational symmetry into this list of integrals.
For example,

< ikl >=< jillk >=< Kl|ij > =< lk|ji >;
the final two equivalences are results of the Hermitian nature of g(r,r').

It is also common to represent these same two-electron integrals in a notation referred to as Mulliken notation in which:
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/ 61 (16, () g Yb(r)di(r)drdr’ = (ik|30).

Here, the indices i and k, which label the spin-orbital having variables r are grouped together, and j and |, which label spin-orbitals
referring to the r' variables appear together. The above permutational symmetries, when expressed in terms of the Mulliken
integral list read:

(ikljl) = (glik) = (killj)" = (Lj]ki)".

If the operators f and g do not contain any electron spin operators, then the spin integrations implicit in these integrals (all of the
¢; are spin-orbitals, so each ¢ is accompanied by an « or 3 spin function and each ¢" involves the adjoint of one of the « or 8 spin
functions) can be carried out as < ala>=1,< a|8>=0, < fla >= 0, < |8 >= 1, thereby yielding integrals over spatial orbitals.
These spin integration results follow immediately from the general properties of angular momentum eigenfunctions detailed in
Appendix G; in particular, because a and § are eigenfunctions of Sz with different eigenvalues, they must be orthogonal < «|8
>=< Bla>=0.

The essential results of the Slater-Condon rules are:

1. The full N! terms that arise in the N-electron Slater determinants do not have to be treated explicitly, nor do the N!(N! + 1)/2
Hamiltonian matrix elements among the N! terms of one Slater determinant and the N! terms of the same or another Slater
determinant

2. All such matrix elements, for any one- and/or two-electron operator can be expressed in terms of one- or two-electron
integrals over the spin-orbitals that appear in the determinants.

3. The integrals over orbitals are three or six dimensional integrals, regardless of how many electrons N there are.

4. These integrals over mo's can, through the LCAO-MO expansion, ultimately be expressed in terms of one- and two-electron
integrals over the primitive atomic orbitals. It is only these ao-based integrals that can be evaluated explicitly (on high speed
computers for all but the smallest systems).

This page titled 11.3: The Slater-Condon Rules is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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11.4: Examples of Applying the Slater-Condon Rules

It is wise to gain some experience using the Slater-Condon rules, so let us consider a few illustrative example problems.

1.

What is the contribution to the total energy of the 3P level of Carbon made by the two 2p orbitals alone? Of course, the two
1s and two 2s spin-orbitals contribute to the total energy, but we artificially ignore all such contributions in this example to
simplify the problem.

Because all nine of the 3P states have the same energy, we can calculate the energy of any one of them; it is therefore
prudent to choose an "easy" one

SP(Mp=1,Mg=1) = [prapoo.

The energy of this state is < |pjapoa|H|piapoc| >. The SC rules tell us this equals:
IQpl + IQI’(J+ < 2p12p0|2p12p0 > —<K 2p12p0‘2p02p1 >,

where the short hand notation \(I_j =<j | f | j > is introduced.

If the contributions from the two 1s and two 2s spin-orbitals are now taken into account, one obtains a total energy that also
contains 2[5 + 2155 + < 1sls|lsls > +4 < 152s|152s > —2 < 152s]2sls > + < 2525|2525 > +2 < 1s2p;|152p; > — < 1s2p;|2p;1s
> 42 < 182pg|1s2pg > — < 182po|2pols > +2 < 252p1|282p1 > — < 282p1|2p12s > +2 < 282p|252pg > — < 252pg|2pe2s > .

Is the energy of another 3P state equal to the above state's energy? Of course, but it may prove informative to prove this.
Consider the Mg = 0, M = 1 state whose energy is:

1 1
— < [IprapoB] + Ip1Bpoal]|H| < [|p1apofl + [p18pocl] > —

V2 V2

1

5 op, + Top,+ < 2p12p0|2p12p0 > +1ap, + Top,+ < 2p12p0|2p12p0 >]

1
3 [— < 2p12p0|2p02p1 > — < 2p12p0|2p02p1 >]

= Igpl + Ian+ < 2])12])0‘2])12])0 > —< 2p12p0|2p02p1 > .

Which is, indeed, the same as the other 3P energy obtained above
What energy would the singlet state % < [lprapoB| — |p1Bpoc|] have?

The 3PMg = 0 example can be used (changing the sign on the two determinants) to give

E = Iy, + Ipp,+ < 2p12po|2p12p0 > + < 2p12po|2po2p1 >

Note, this is the M; =1 component of the 1D state; it is, of course, not a 1P state because no such state exists for two
equivalent p electrons

What is the CI matrix element coupling |1s22s2| and |1523s2|?

These two determinants differ by two spin-orbitals, so

< |1salsB2sa2sB|H|1salsfB3sadsf| >=< 252s|3s3s >=< 2s3s|3s2s >

(note, this is an exchange-type integral).
What is the CI matrix element coupling |ran| and |7*ax”5]|?
These two determinants differ by two spin-orbitals, so

< |ramp|H|n an" B >=< wrjn'n >=< 77|t 7 >
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10.

(note, again this is an exchange-type integral).

What is the Hamiltonian matrix element coupling |raxg| and %Hﬂ'aﬂ'*ﬂ\ — |nBr"al]?

The first determinant differs from the =% determinant by one spin-orbital, as does the second (after it is placed into maximal
coincidence by making one permutation), so

< |7Toz7rﬂ\H\%[\7ra7r*ﬁ\ — |mpr"al] >

[< x| fln" > + < wn|n’ @ >] —(-1) [< 7lflr >+ < wnln’w >]

L L
V2 V2

=V2[< a|fln" > + < wrln w >).

What is the element coupling |rar3| and % [|[rar"B| + |7pr"al]?

]. * * 1 * * 1 * *
< \7ra7r,5’|H|E [\ﬂonr Bl + |npm Oz\] >=— [< mlflm >+ <wrmlmw >] +(-1)— [< w|flm >+ <wmlm W >] =0.

V2 V2

This result should not surprise you because |maxf| is an S=08 singlet state while % [ran” B + |mBr"a] is the Mg =0
component of the S=1 triplet state.

What is the r = ) er; electric dipole matrix element between |p;ap: 6| and %leapo/[ﬂ + [poap18]]? Is the second function
J
a singlet or triplet? It is a singlet in disguise; by interchanging the pya and p;8 and thus introducing a (-1), this function is

clearly identified as %leapoﬂ\ — |p1apoa|] which is a singlet.

The first determinant differs from the latter two by one spin orbital in each case, so

\[ <lp_Nalpha p_1\beta|\textbf{r}\dfrac{1}{\sart{2}}[|p_1\alpha p_O\beta] + |p_O\alpha p_1\beta|]> = \dfrac{1{\sqrt{2}}[ <
p_1\textbf{r}|p_® > + ] = \dfrac{1}{\sart{2}}. \nonumber \]

What is the electric dipole matrix elements between the 'A = |ram (| state and the ! 5~ = % [[miar_18] + |r_1am B]] state?

1
< —=[Iman 18| + |7 _1am f] |r|miam B >
V2

1

V2

[< 7T,1|I‘|7T1 >+ < 7T71|I‘|p2'1 >]

=V2 <7 y|rjm >.

As another example of the use of the SC rules, consider the configuration interaction which occurs between the 1522s% and
15%2p?1S CSFs in the Be atom.
The CSFs corresponding to these two configurations are as follows:

®; = |1salsB2sa2sf|

and

P [[1salsB2poa2pof| — [1salsf2pia2p 1] — [1salsB2p_102p 1a2p1f]] .

V3
The determinental Hamiltonian matrix elements needed to evaluate the 2x2 H ; matrix appropriate to these two CSFs are
evaluated via the SC rules. The first such matrix element is:

< |1salsf2sa2sf|H|1salsB2s02sf| >= 2h1s + 2has + Jis2s + 41525 + Jos 26 — 2K 15 25,

where
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—h?
hi =< ¢;
< dil5

4e?
V- —¢i >,
me r

2
[
| i

Jij =< ¢id; |pigp; >,

T12

and

2
e
| S

Kij =< ¢;¢; |pjdi >

T12

are the orbital-level one-electron, coulomb, and exchange integrals , respectively.

Coulomb integrals J;; describe the coulombic interaction of one charge density ( qﬁ? above) with another charge density (¢§
above); exchange integrals K;; describe the interaction of an overlap charge density (i.e., a density of the form ¢;¢; ) with
itself ( ¢;¢; with ¢;¢; in the above).

The spin functions « and 8 which accompany each orbital in |1salsf2sa2s8| have been eliminated by carrying out the
spin integrations as discussed above. Because H contains no spin operators, this is straightforward and amounts to
keeping integrals < ¢i|fl¢p; > only ¢,and¢; are of the same spin and integrals < ¢idjlglord
> only if ¢; and ¢, are of the same spin and ¢; and ¢; are of the same spin. The physical content of the above energy (i.e.,
Hamiltonian expectation value) of the |1sals32sa2s8| determinant is clear: 2hs + 2hss is the sum of the expectation values of
the one-electron (i.e., kinetic energy and electron-nuclear coulomb interaction) part of the Hamiltonian for the four occupied
spin-orbitals; Jis15 + 4J1525 + Jas2s — 2K152s contains the coulombic repulsions among all pairs of occupied spin-orbitals
minus the exchange interactions among pairs of spin-orbitals with like spin.

The determinental matrix elements linking ®; and ®, are as follows:

< |1salsB2sa2sB|H|1salsB2poa2pef] >=< 2525|2p¢2py >,
< |1salsB2sa2spB|H|1salsB2pla2p_1 8| >=< 2s2s|2p12p_1 >,

< |1salsB2sa2sfB|H|1salsB2p_1a2p1 8| >=< 252s|2p_12p; >,

where the Dirac convention has been introduced as a shorthand notation for the two electron integrals (e.g., < 2s2s|2p¢2p >
represents [ 2s*(r1)2s" (r2) £=2po(r1)2po(ra)dridrs).

T12

The three integrals shown above can be seen to be equal and to be of the exchange integral form by expressing the integrals
in terms of integrals over cartesian functions and recognizing identities due to the equivalence of the 2p,,2p,, and 2p,
orbitals. For example,

2

< 252s)2p12p_q >= [< 2525|(2p; + i2p,) (2P, — 12p,] >] =

1
V2
1
3 [< 282s|zx > + < 252s|yy > +i < 252s|lyz > —i < 282s|zy >] =< 282s|xz >= Ko,

(here the two imaginary terms cancel and the two remaining real integrals are equal);

< 25282p2pg >=< 2828|zz >=< 252s|zx >= Koy,

this is because Ky, . = Koz = Ko, y;

1
< 282s|2p_12py >= 3 [< 252s|[2p, — i2py][2p, + i2py] >] =
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2
< 282s|zx >= /28*(7’1)28*(7‘2):;2[)1(1’1)2}’)1(1’2)6”'1(17'2 = Kosz.
12

These integrals are clearly of the exchange type because they involve the coulombic interaction of the 2s2p, .. overlap
charge density with itself.

Moving on, the matrix elements among the three determinants in ®, are given as follows:

< |1salsf2poa2pof|H|1salsf2poa2pf] >= 2h1s + 2hop + Jis1s + 4J152p — 2K159p

(J1s,2p and K149, are independent of whether the 2p orbital is 2p,, 2p,, or 2p.);

< |1salsf2pia2p_1B|H|1salsf2p102p_1 | >= 2his + 2hap + Jis1s + 4J15.2p — 2K 1529+ < 2p12p_1|2p12p_1 >;
< |1salsf2p_ia2p Bl H|1salsf2p_102p1 S| >= 2his + 2hay + Jis1s + 4J1s2p — 2K152p+ < 2p_12p1|2p_12p1 >;

< [1salsB2poa2pf|H|1salsf2pia2p 16| >=< 2pe2po|2p12p_1 >
< [1salsB2poa2pof|H|1salsf2p-1a2p1B| >=< 2po2po|2p-12p1 >

< |lsalsf2pia2p 1 B|H|1salsf2p 102p1 f| >=< 2p12p 1|2p 12p;1 >

Certain of these integrals can be recast in terms of cartesian integrals for which equivalences are easier to identify as follows:

< 2po2po|2p12p—1 >=< 2pe2po|2p_12p1 >=< zz|zr >= K, 4;

1
< 2p12p-1|2p12p1 >=< zzlyy >+ [<wwlrz > — <aylzy >]

1
= Kw,y + 5 [Jzz - Jzy} )

1
< 2p12p,1‘2p12p,1 >=< 217—12P1|2P712P1 >= 5 [J.'B,z + Jz,y] .

Finally, the 2x2 CI matrix corresponding to the CSFs ¥, and ¥, can be formed from the above determinental matrix elements;
this results in:

Hyy = 2hys + 2hog + Jig1s + 4J1525 + Jos 26 — 2K 243

_K2s,z .

)

Hypp =

2
Hoy = 2h1s + 2hop + Jis1s +4J1s2p — 2K150p + J 2.2 — gKZ,X~

The lowest eigenvalue of this matrix provides this CI calculation's estimate of the groundstate 'S energy of Be; its
eigenvector provides the CI amplitudes for ®; and ®, in this ground-state wavefunction. The other root of the 2x2 secular
problem gives an approximation to another S state of higher energy, in particular, a state dominated by the
%[|lsalsﬁ2p0a2poﬂ\ — |1salsB2pia2p_1 0] — |1salsB2p_1a2p15]] CSF.
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1.

As another example, consider the matrix elements which arise in electric dipole transitions between two singlet electronic

states:

< U, |E- Y er;|¥,; > . Here E - Y er; is the one-electron operator describing the interaction of an electric field of magnitude
- .

1
and polarization E with the instantaneous dipole moment of the electrons (the contribution to the dipole operator arising from
the nuclear charges — ) Z,e’R, does not contribute because, when placed between ¥, and ¥,, this zero-electron operator

a

yields a vanishing integral because ¥; and ¥, are orthogonal).

When the states ¥, and ¥, are described as linear combinations of CSFs as introduced earlier (¥; = > C;x ¥ k), these matrix
K
elements can be expressed in terms of CSF-based matrix elements < ¥g|> er;|¥; >. The fact that the electric dipole
i

operator is a one-electron operator, in combination with the SC rules, guarantees that only states for which the dominant

determinants differ by at most a single spin-orbital (i.e., those which are "singly excited") can be connected via electric dipole

transitions through first order (i.e., in a one-photon transition to which the < ¥,  er;|¥, > matrix elements pertain). It is
7

for this reason that light with energy adequate to ionize or excite deep core electrons in atoms or molecules usually causes
such ionization or excitation rather than double ionization or excitation of valence-level electrons; the latter are two-electron
events.

In, for example, the = — 7~ excitation of an olefin, the ground and excited states are dominated by CSFs of the form (where
all but the "active" = and 7" orbitals are not explicitly written) :

U, = |..manf|

and

Dy = L[\...7rcy7r*,8| — .. al.

V2

The electric dipole matrix element between these two CSFs can be found, using the SC rules, to be
e

V2

[< e > + < 7r|r|7r*] =V2e < lr|n" > .

Notice that in evaluating the second determinental integral < |..mamf|er|...7Br"a| >, a sign change occurs when one puts
the two determinants into maximum coincidence; this sign change then makes the minus sign in @, yield a positive sign in
the final result.
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11.S: Evaluating the Matrix Elements of N-electron
Wavefunctions (Summary)

In all of the examples in Chapter 11, the Slater-Condon rules were used to reduce matrix elements of one- or two- electron
operators between determinental functions to one- or two- electron integrals over the orbitals which appear in the determinants.
In any ab initio electronic structure computer program there must exist the capability to form symmetry-adapted CSFs and to
evaluate, using these SC rules, the Hamiltonian and other operators' matrix elements among these CSFs in terms of integrals over
the Molecular Orbitals that appear in the CSFs. The Slater-Condon rules provide not only the tools to compute quantitative matrix
elements; they allow one to understand in qualitative terms the strengths of interactions among CSFs. In the following section,
the SC rules are used to explain why chemical reactions in which the reactants and products have dominant CSFs that differ by
two spin-orbital occupancies often display activation energies that exceed the reaction endoergicity.
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12: QUANTUM MECHANICAL PICTURE OF BOND MAKING AND

BREAKING REACTIONS

Along "reaction paths", configurations can be connected one-to-one according to their symmetries and energies. This is another
part of the Woodward-Hoffmann rules

12.1: Concepts of Configuration and State Energies

12.2: Mixing of Covalent and Ionic Configurations

12.3: Various Types of Configuration Mixing
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12.1: Concepts of Configuration and State Energies

Plots of CSF Energies Give Configuration Correlation Diagrams

The energy of a particular electronic state of an atom or molecule has been expressed in terms of Hamiltonian matrix elements,
using the Slater-Condon rules, over the various spin-and spatially adapted determinants or CSFs which enter into the state
wavefunction.

E= Z((I)I|H|(I)J>CICJ~
T

The diagonal matrix elements of H in the CSF basis multiplied by the appropriate CI amplitudes (®;|H|®;)C;C; represent the
energy of the I** CSF weighted by the strength ( C? ) of that CSF in the wavefunction. The off-diagonal elements represent the
effects of mixing among the CSFs; mixing is strongest whenever two or more CSFs have nearly the same energy ( i.e., < ®;|H|®;
>#< O ;|H|®; > ) and there is strong coupling ( i.e., < ®;|H|®; > is large ). Whenever the CSFs are widely separated in energy,
each wavefunction is dominated by a single CSF.

CSFs Interact and Couple to Produce States and State Correlation
Diagrams

Just as orbital energies connected according to their symmetries and plotted as functions of geometry constitute an orbital
correlation diagram, plots of the diagonal CSF energies, connected according to symmetry, constitute a configuration
correlation diagram (CCD). If, near regions where energies of CSFs of the same symmetry cross (according to the direct product
rule of group theory discussed in Appendix E, only CSFs of the same symmetry mix because only they have non-vanishing

< ®;|H|®; > matrix elements), CI mixing is allowed to couple the CSFs to give rise to "avoided crossings", then the CCD is
converted into a so-called state correlation diagram ( SCD ).

CSFs that Differ by Two Spin-Orbitals Interact Less Strongly than CSFs
that Differ by One Spin-Orbital

The strengths of the couplings between pairs of CSFs whose energies cross are evaluated through the Slater-Condon rules. CSFs
that differ by more than two spin-orbital occupancies do not couple; the Slater-Condon rules give vanishing Hamiltonian matrix
elements for such pairs. Pairs that differ by two spin-orbitals (e.g.|..¢4...@p...|US|..0a’ ...y ...|) have interaction strengths determined
by the two-electron integrals < ab | a'b' > - < ab | b'a'>. Pairs that differ by a single spin-orbital (e.g.|..@,......|US|..¢4 ......|) are

coupled by the one- and two- electron parts of H :< a|f]b > + > [ < aj|bj > — < aj|jb >]. Usually, couplings among CSFs that differ
j
by two spin-orbitals are much weaker than those among CSFs that differ by one spin-orbital. In the latter case, the full strength

of H is brought to bear, whereas in the former, only the electron-electron coulomb potential is operative.

State Correlation Diagrams

In the SCD, the energies are connected by symmetry but the configurational nature as reflected in the C; coefficients changes as
one passes through geometries where crossings in the CCD occur. The SCD is the ultimate product of an orbital and configuration
symmetry and energy analysis and gives one the most useful information about whether reactions will or will not encounter
barriers on the ground and excited state surfaces.

As an example of the application of CCD's and SCD's, consider the disrotatory closing of 1,3-butadiene to produce cyclobutene.
The OCD given earlier for this proposed reaction path is reproduced below.
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Figure 12.1.1: Insert caption here!

Recall that the symmetry labels e and o refer to the symmetries of the orbitals under reflection through the one C, plane that
is preserved throughout the proposed disrotatory closing. Low-energy configurations (assuming one is interested in the thermal
or low-lying photochemically excited-state reactivity of this system) for the reactant molecule and their overall space and spin
symmetry are as follows:

o minl = 1e?10%! Fven
o mimiml = 1le’10'2¢!',? Odd and 'Odd.
For the product molecule, on the other hand, the low-lying states are
o o’1% =1e%2¢?,!' Even
o o?rlr™ = 1e22e'0!,? Odd,! Odd.

Notice that although the lowest energy configuration at the reactant geometry w372 = 1e?10? and the lowest energy configuration
at the product geometry o2n? = 1e22¢? are both of 1Even symmetry, they are not the same configurations; they involve occupancy
of different symmetry orbitals.

In constructing the CCD, one must trace the energies of all four of the above CSFs (actually there are more because the singlet
and triplet excited CSFs must be treated independently) along the proposed reaction path. In doing so, one must realize that the
le?10% CSF has low energy on the reactant side of the CCD because it corresponds to wfp% orbital occupancy, but on the product
side, it corresponds to o272 orbital occupancy and is thus of very high energy. Likewise, the 1e22¢2 CSF has low energy on the
product side where it is o272 but high energy on the reactant side where it corresponds to m272. The low-lying singly excited CSFs
are le?2e'1o! at both reactant and product geometries; in the former case, they correspond to wirin} occupancy and at the latter

to o?n'7*! occupancy. Plotting the energies of these CSFs along the disrotatory reaction path results in the CCD shown below.
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If the two 'Even CSFs which cross are allowed to interact (the Slater-Condon rules give their interaction strength in terms of
the exchange integral < |le?10%|H|1e%2e?| >=< lolo|2e2e >= K, 3. ) to produce states which are combinations of the two 1Even
CSFs, the following SCD results:

IEZEEZ |

1&2292

Figure 12.1.3: Insert caption here!

This SCD predicts that the thermal (i.e., on the ground electronic surface) disrotatory rearrangement of 1,3-butadiene to produce
cyclobutene will experience a symmety-imposed barrier which arises because of the avoided crossing of the two 1Even
configurations; this avoidance occurs because the orbital occupancy pattern (i.e., the configuration) which is best for the ground
state of the reactant is not identical to that of the product molecule. The SCD also predicts that there should be no symmetry-
imposed barrier for the singlet or triplet excited-state rearrangement, although the reaction leading from excited 1,3-butadiene
to excited cyclobutene may be endothermic on the grounds of bond strengths alone.

It is also possible to infer from the SCD that excitation of the lowest singlet =" state of 1,3-butadiene would involve a low
quantum yield for producing cyclobutene and would, in fact, produce ground-state butadiene. As the reaction proceeds along the
singlet 77" surface this '0dd state intersects the ground '1Even surface on the reactant side of the diagram; internal conversion
(i.e., quenching from the '0dd to the 'Even surfaces induced by using a vibration of odd symmetry to "digest" the excess energy
(much like vibronic borrowing in spectroscopy) can lead to production of ground-state reactant molecules. Some fraction of
such events will lead to the system remaining on the '0dd surface until, further along the reaction path, the '0dd surface again
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intersects the 'Even surface on the product side at which time quenching to produce ground-state products can occur. Although,
in principle, it is possible for some fraction of the events to follow the !0dd surface beyond this second intersection and to thus
lead to 'Odd product molecules that might fluoresce, quenching is known to be rapid in most polyatomic molecules; as a result,
reactions which are chemiluminescent are rare. An appropriate introduction to the use of OCD's, CCD's, and SCD's as well as
the radiationless processes that can occur in thermal and photochemical reactions is given in the text Energetic Principles of
Chemical Reactions , J. Simons, Jones and Bartlett, Boston (1983).
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12.2: Mixing of Covalent and Ionic Configurations

As chemists, much of our intuition concerning chemical bonds is built on simple models introduced in undergraduate chemistry
courses. The detailed examination of the H, molecule via the valence bond and molecular orbital approaches forms the basis
of our thinking about bonding when confronted with new systems. Let us examine this model system in further detail to explore
the electronic states that arise by occupying two orbitals (derived from the two 1s orbitals on the two hydrogen atoms) with two
electrons.

In total, there exist six electronic states for all such two-orbital, two-electron systems. The heterolytic fragments X + Y: and X: +
Y produce two singlet states; the homolytic fragments X- + Y- produce one singlet state and a set of three triplet states having
Mg =1, 9, and -1. Understanding the relative energies of these six states , their bonding and antibonding characters, and which
molecular state dissociates to which asymptote are important.

Before proceeding, it is important to clarify the notation (e.g., X -, Y -, X, Y :, etc.), which is designed to be applicable to neutral as
well as charged species. In all cases considered here, only two electrons play active roles in the bond formation. These electrons
are represented by the dots. The symbols X- and Y - are used to denote species in which a single electron is attached to the
respective fragment. By X: , we mean that both electrons are attached to the X- fragment; Y means that neither electron resides
on the Y- fragment. Let us now examine the various bonding situations that can occur; these examples will help illustrate and
further clarify this notation.

The H, Case in Which Homolytic Bond Cleavage is Favored

To consider why the two-orbital two-electron single bond formation case can be more complex than often thought, let us consider
the H, system in more detail. In the molecular orbital description of H,, both bonding sg and antibonding su mos appear. There
are two electrons that can both occupy the sg mo to yield the ground electronic state HQ(ISJ, ng); however, they can also occupy
both orbitals to yield *Su + (sg's,) and 'S, + (ss,), or both can occupy the su mo to give the 1Sg +(su 2) state. As demonstrated
explicitly below, these latter two states dissociate heterolytically to X + Y: = H + H—, and are sufficiently high in energy relative
to Xe + Ye = H + H that we ordinarily can ignore them. However, their presence and character are important in the development of
a full treatment of the molecular orbital model for H, and are essential to a proper treatment of cases in which heterolytic bond
cleavage is favored.

Cases in Which Heterolytic Bond Cleavage is Favored

For some systems one or both of the heterolytic bond dissociation asymptotes (e.g., X+ Y: or X: + Y) may be lower in energy

+ +
than the homolytic bond dissociation asymptote. Thus, the states that are analogues of the '} (c}ol) and ' Y (o?) states of
u g

H, can no longer be ignored in understanding the valence states of the XY molecules. This situation arises quite naturally in
systems involving transition metals, where interactions between empty metal or metal ion orbitals and 2-electron donor ligands
are ubiquitous.

Two classes of systems illustrate cases for which heterolytic bond dissociation lies lower than the homolytic products. The first
involves transition metal dimer cations, M, . Especially for metals to the right side of the periodic table, such cations can be
considered to have ground-state electron configurations with ¢2d"d"*! character, where the d electrons are not heavily involved in
the bonding and the s bond is formed primarily from the metal atom s orbitals. If the o bond is homolytically broken, one forms X
“+Y - = M(std™) + M *(s'd™). For most metals, this dissociation asymptote lies higher in energy than the heterolytic products
X:+Y =M (s2d") + M+ (s"d"+), since the latter electron configurations correspond to the ground states for the neutrals and ions,
respectively. A prototypical species which fits this bonding picture is Ni;

The second type of system in which heterolytic cleavage is favored arises with a metal-ligand complex having an atomic metal
ion (with a s°d"*! configuration) and a two electron donor, L: . A prototype is (Ag CsHg)* which was observed to photodissociate
to form X - +Y - = Ag(2S, s'd'%) 4+ CsHg +(2B1) rather than the lower energy (heterolytically cleaved) dissociation limit Y + X: =
149-*-(157 50d10) + CGHG(IAl).
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Analysis of Two-Electron, Two-Orbital, Single-Bond Formation

The resultant family of six electronic states can be described in terms of the six configuration state functions (CSFs) that arise
when one occupies the pair of bonding ¢ and antibonding " molecular orbitals with two electrons. The CSFs are combinations of
Slater determinants formed to generate proper spin- and spatial symmetry- functions.

The spin- and spatial- symmetry adapted N-electron functions referred to as CSFs can be formed from one or more Slater

determinants. For example, to describe the singlet CSF corresponding to the closed-shell ¢? orbital occupancy, a single Slater
determinant

1
2(0) = caof| = — [oa(l)oB(2) — oB(1)oa(2
0) = | ﬁ[()() (1)oa(2)]
suffices. An analogous expression for the (¢*)2 CSF is given by

'y 0)=lc"a0" B = [0"a(1)o"B(2) — 0" a(2)0"B(1)] .

L
V2
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12.3: Various Types of Configuration Mixing

Essential CI

The above examples of the use of CCD's show that, as motion takes place along the proposed reaction path, geometries may be
encountered at which it is essential to describe the electronic wavefunction in terms of a linear combination of more than one
CSF:

U= Zc,q>,
I

where the ®;I are the CSFs which are undergoing the avoided crossing. Such essential configuration mixing is often referred to
as treating "essential CI".

Dynamical CI

To achieve reasonable chemical accuracy (e.g., + 5 kcal/mole) in electronic structure calculations it is necessary to use a
multiconfigurational ¥ even in situations where no obvious strong configuration mixing (e.g., crossings of CSF energies) is
present. For example, in describing the 72 bonding electron pair of an olefin or the ns? electron pair in alkaline earth atoms, it
is important to mix in doubly excited CSFs of the form (7*)? and np?, respectively. The reasons for introducing such a CI-level
treatment were treated for an alkaline earth atom earlier in this chapter.

Briefly, the physical importance of such doubly-excited CSFs can be made clear by using the identity:
C[|¢O(¢ﬁ‘ - Cz‘..¢/a¢/6..|

=< [l-(¢—2¢ )¢+ 2¢")B..| — |..(¢ — 2¢") B(¢ + 24 )],

A
e

This allows one to interpret the combination of two CSFs which differ from one another by a double excitation from one orbital (¢)
to another (¢’) as equivalent to a singlet coupling of two different (non-orthogonal) orbitals (¢ — z¢’) and (¢ + z¢’). This picture
is closely related to the so-called generalized valence bond (GVB) model that W. A. Goddard and his co-workers have developed
(see W. A. Goddard and L. B. Harding, Annu. Rev. Phys. Chem. 29 , 363 (1978)). In the simplest embodiment of the GVB model,
each electron pair in the atom or molecule is correlated by mixing in a CSF in which that electron pair is "doubly excited" to a
correlating orbital. The direct product of all such pair correlations generates the GVB-type wavefunction. In the GVB approach,
these electron correlations are not specified in terms of double excitations involving CSFs formed from orthonormal spin orbitals;
instead, explicitly non-orthogonal GVB orbitals are used as described above, but the result is the same as one would obtain using
the direct product of doubly excited CSFs.

where

In the olefin example mentioned above, the two non-orthogonal "polarized orbital pairs" involve mixing the = and =" orbitals to
produce two left-right polarized orbitals as depicted below:
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In this case, one says that the 72 electron pair undergoes left-right correlation when the (7*)> CSF is mixed into the CI
wavefunction.

In the alkaline earth atom case, the polarized orbital pairs are formed by mixing the ns and np orbitals (actually, one must mix in
equal amounts of p1,p_1, and py orbitals to preserve overall 1S symmetry in this case), and give rise to angular correlation of the
electron pair. Use of an (n + 1)s? CSF for the alkaline earth calculation would contribute in-out or radial correlation because, in
this case, the polarized orbital pair formed from the ns and (n+1)s orbitals would be radially polarized.

The use of doubly excited CSFs is thus seen as a mechanism by which ¥ can place electron pairs , which in the single-
configuration picture occupy the same orbital, into different regions of space (i.e., one into a member of the polarized orbital pair)
thereby lowering their mutual coulombic repulsions. Such electron correlation effects are referred to as "dynamical electron
correlation"; they are extremely important to include if one expects to achieve chemically meaningful accuracy (i.e., = 5 kcal/
mole).
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13: MOLECULAR ROTATION AND VIBRATION

Treating the full internal nuclear-motion dynamics of a polyatomic molecule is complicated. It is conventional to examine the
rotational movement of a hypothetical "rigid" molecule as well as the vibrational motion of a non-rotating molecule, and to then
treat the rotation-vibration couplings using perturbation theory.

13.1: Rotational Motions of Rigid Molecules
13.2: Vibrational Motion Within the Harmonic Approximation

13.3: Anharmonicity

This page titled 13: Molecular Rotation and Vibration is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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13.1: Rotational Motions of Rigid Molecules

In Chapter 3 and Appendix G the energy levels and wavefunctions that describe the rotation of rigid molecules are described.
Therefore, in this Chapter these results will be summarized briefly and emphasis will be placed on detailing how the
corresponding rotational Schrodinger equations are obtained and the assumptions and limitations underlying them.

Linear Molecules

As given in Chapter 3, the Schrodinger equation for the angular motion of a rigid (i.e., having fixed bond length R) diatomic
molecule is

h? 1 0 0 1 0?

2 —— = (sinf— - = |y=E

21 {RQSinﬁ a6 (Sm ao) * (stmw) aW v
or more succinctly in terms of the angular momentum operator as

L%y
=Y _E
2uR? v

The Hamiltonian in this problem contains only the kinetic energy of rotation; no potential energy is present because the molecule
is undergoing unhindered "free rotation". The angles 8 and ¢ describe the orientation of the diatomic molecule's axis relative to a
laboratory-fixed coordinate system, and p is the reduced mass of the diatomic molecule

mimse

my +mgy

The Eigenfunctions and Eigenvalues

The eigenvalues corresponding to each eigenfunction are straightforward to find because H,,; is proportional to the L? operator
whose eigenvalues have already been determined. The resultant rotational energies are given as:

J(J+1)

E; =122 2 —BJ(J+1

=W (J+1)

and are independent of M. Thus each energy level is labeled by J and is 2J + 1-fold degenerate (because M ranges from —J to

J). The rotational constant B (defined as A%/2uR? depends on the molecule's bond length and reduced mass. Spacings between

successive rotational levels (which are of spectroscopic relevance because angular momentum selection rules often restrict AJ
to 1,9, and -1) are given by

AE=DB(J+1)(J+2)— BJ(J+1)=2B(J +1).

Within this "rigid rotor" model, the absorption spectrum of a rigid diatomic molecule should display a series of peaks, each of
which corresponds to a specific J — J + 1 transition. The energies at which these peaks occur should grow linearly with J. An
example of such a progression of rotational lines is shown in the figure below.
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Figure 13.1.1: Insert caption here!

The energies at which the rotational transitions occur appear to fit the AE = 2B(J + 1) formula rather well. The intensities of
transitions from level J to level J+1 vary strongly with J primarily because the population of molecules in the absorbing level varies
with J. These populations PJ are given, when the system is at equilibrium at temperature T, in terms of the degeneracy (2J+1) of
the J* level and the energy of this level B J(J+1) :

—BJ(J+1)
Py=Q'(2J+ e KT |
where Q is the rotational partition function:
—BJ(J+1)
Q=) (2] +1)e kT
J

For low values of J, the degeneracy is low and the e 5 factor is near unity. As J increases, the degeneracy grows linearly but
—BJ(J+1) BJ(J+1)

the e—# factor decreases more rapidly. As a result, there is a value of J, given by taking the derivative of (2J + 1)e”—#  with

respect to J and setting it equal to zero,
[ 2kT
2Jmax + 1= T

at which the intensity of the rotational transition is expected to reach its maximum.

The eigenfunctions belonging to these energy levels are the spherical harmonics Y7, 3(6, ¢) which are normalized according to

T 2m

// YL*,M(H, )Y 2 (0, ¢)sinfdfde = Sr 1 0nrar-

0 0

These functions are identical to those that appear in the solution of the angular part of Hydrogen-like atoms. The above energy
levels and eigenfunctions also apply to the rotation of rigid linear polyatomic molecules; the only difference is that the moment
of inertia I entering into the rotational energy expression is given by

I= ZmaRz
a

where m, is the mass of the a* atom and R, is its distance from the center of mass of the molecule. This moment of inertia
replaces mR? in the earlier rotational energy level expressions.

Non-Linear Molecules

The rotational kinetic energy operator for a rigid polyatomic molecule is shown in Appendix G to be
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J?2 J2 g2
b + _b + c

H,p =
o= o1, T o1, ' 2l

where the I, (k = a, b, c) are the three principal moments of inertia of the molecule (the eigenvalues of the moment of inertia
tensor). This tensor has elements in a Cartesian coordinate system (K, K' = X, Y, Z) whose origin is located at the center of mass
of the molecule that are computed as:

Ix i »_ mi(R} — Ry ;)(for K = K)
J

Ixx =—Y miRg;Ri j(for K # K).
J

The components of the quantum mechanical angular momentum operators along the three principal axes are:

. 0 1 9
J, = —ihcosx {cot 0& ~ 5o 8_¢

} — —ihsinx%

o 0 1 0 . 0
Jy = ihsinx [cot Ha ~ e 8_¢] — —ihcos X0
0
.= —th—.
J ) B

The angles 6, ¢, and x are the Euler angles needed to specify the orientation of the rigid molecule relative to a laboratory-fixed
coordinate system. The corresponding square of the total angular momentum operator J2 can be obtained as

92 a8 1 (9 0
g2z g2 9 9 =5+ 55 — 2c0s0——
Tr=di Iyt o= g — oot — g (8¢2 "o T Bgax ) ’

and the component along the lab-fixed Z axis Jz is — iha—%.
The Eigenfunctions and Eigenvalues for Special Cases

Spherical Tops

When the three principal moment of inertia values are identical, the molecule is termed a spherical top. In this case, the total
rotational energy can be expressed in terms of the total angular momentum operator J?2

J2
Hro = =57
Y]
As a result, the eigenfunctions of H,ot are those of J? (and
J, as well as Jz both of which commute with J2? and with one another; Jz is the component of J along the lab-fixed Z-axis and
commutes with J, because J; = fz'ha% and J, = —z’haix act on different angles). The energies associated with such
eigenfunctions are
J(J+1)
E(J,M,K)=hr*""——~
( b 7 ) 2]2 K

for all K (i.e., J, quantum numbers) ranging from -J to J in unit steps and for all M (i.e., Jz quantum numbers) ranging from -J to
J. Each energy level is therefore (2J + 1) degenarate because there are 2J + 1 possible K values and 2J + 1 possible M values for
each J.

The eigenfunctions of J2, Jz and J,, |J, M, K) are given in terms of the set of rotation matrices Dy k :

1, M, K) = \| ——=Dax(6:6:X)

which obey
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T2, M K) = B2J(J + 1)|J, M, K),
Ju|J, M, K) = hK|J, M, K),

Jz|J, M, K) = hM|J, M, K).

Symmetric Tops

Molecules for which two of the three principal moments of inertia are equal are called symmetric tops. Those for which the
unique moment of inertia is smaller than the other two are termed prolate symmetric tops; if the unique moment of inertia is
larger than the others, the molecule is an oblate symmetric top. Again, the rotational kinetic energy, which is the full rotational
Hamiltonian, can be written in terms of the total rotational angular momentum operator J2? and the component of angular
momentum along the axis with the unique principal moment of inertia:
J? o[ 1 1
H,.op = ﬁ'ﬁ‘Ja [2—1.[1—5]

for prolate tops and

J? 1 1
H.pp = — : a7
Y IREL {ﬂc 21}

for oblate tops.

As a result, the eigenfunctions of H,are those of J2? and J, or J. (and of Jz), and the corresponding energy levels are:

J(J+1) 1 1
_ 2o\ ) 22 |~ =
E(J,K,M)=h 272 + h*K [21& 21],
for prolate toops
J(J+1) 9o 1 1
E(J K M)=h—+h*K*|— — —
(7, K, M) 212 + [QLI 21]’

for oblate tops, again for K and M (i.e., J, or J. and Jz quantum numbers, respectively) ranging from -J to J in unit steps. Since
the energy now depends on K, these levels are only 2J + 1 degenerate due to the 2J + 1 different M values that arise for each J
value. The eigenfunctions |J, M, K) are the same rotation matrix functions as arise for the spherical-top case.

Asymmetric Tops

The rotational eigenfunctions and energy levels of a molecule for which all three principal moments of inertia are distinct (a
so-called asymmetric top) can not easily be expressed in terms of the angular momentum eigenstates and the J, M, and K
quantum numbers. However, given the three principal moments of inertia I, I, and I., a matrix representation of each of the
three contributions to the rotational Hamiltonian

J:JE J?
Hro — a b c
t= o1, "o, Tar

can be formed within a basis set of the {|J, M, K>} rotation matrix functions. This matrix will not be diagonal because the |J, M, K>
functions are not eigenfunctions of the asymmetric top H,.;. However, the matrix can be formed in this basis and subsequently
brought to diagonal form by finding its eigenvectors {C, ju x and its eigenvalues {E,}. The vector coefficients express the
asymmetric top eigenstates as

v, (0,6,x) = Z Ch, MK
MK

J, M, K).

Because the total angular momentum J?2 still commutes with H,.,, each such eigenstate will contain only one J-value, and hence
v, can also be labeled by a J quantum number:
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U,5(0,6,%) = Y CosaiilJ, M, K).
M,K

To form the only non-zero matrix elements of H,,; within the |J, M, K) basis, one can use the following properties of the rotation-
matrix functions:

1
(J, M, K|J2|J,M,K) = (J,M,K|JZ|J, M,K) = 5, M,K|J?— J2|J,M,K) = R*[J(J +1) — K7,

(J,M,K|J2|J, M, K) = B*K?,

(M, KT, MK 4 2) = —(J, M KT, MK £2) = B2y J( 4+ 1) = K(K £ 14/ J( + 1) — (K £ 1)(K +2)
(J,M,K|J2|J,M,K +2) = 0.
Each of the elements of J2,J2, and J? must, of course, be multiplied, respectively, by 2%, % and 2% summed together to

form the matrix representation of H,,. The diagonalization of this matrix then provides the asymmetric top energies and
wavefunctions.

This page titled 13.1: Rotational Motions of Rigid Molecules is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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13.2: Vibrational Motion Within the Harmonic Approximation

The simple harmonic motion of a diatomic molecule was treated in Chapter 1, and will not be repeated here. Instead, emphasis
is placed on polyatomic molecules whose electronic energy's dependence on the 3N Cartesian coordinates of its N atoms
can be written (approximately) in terms of a Taylor series expansion about a stable local minimum. We therefore assume that
the molecule of interest exists in an electronic state for which the geometry being considered is stable (i.e., not subject to
spontaneous geometrical distortion).

The Taylor series expansion of the electronic energy is written as:
ov 1
14 =V —_— — iH;p+...
(qr) ()+Xk:<aqk)%+2;% Gkt

where V(0) is the value of the electronic energy at the stable geometry under study, g is the displacement of the k;, Cartesian

coordinate away from this starting position, (B—V) is the gradient of the electronic energy along this direction, and the H,; are

Oqy
. . . . . . 2

the second derivative or Hessian matrix elements along these directions H;; = (%

J v

to a stable species, the gradient terms will all vanish (meaning this geometry corresponds to a minimum, maximum, or saddle
point), and the Hessian matrix will possess 3N - 5 (for linear species) or 3N -6 (for non-linear molecules) positive eigenvalues and
5 or 6 zero eigenvalues (corresponding to 3 translational and 2 or 3 rotational motions of the molecule). If the Hessian has one
negative eigenvalue, the geometry corresponds to a transition state (these situations are discussed in detail in Chapter 20).

) . If the starting geometry corresponds

From now on, we assume that the geometry under study corresponds to that of a stable minimum about which vibrational motion
occurs. The treatment of unstable geometries is of great importance to chemistry, but this Chapter deals with vibrations of stable
species. For a good treatment of situations under which geometrical instability is expected to occur, see Chapter 2 of the text
Energetic Principles of Chemical Reactions by J. Simons. A discussion of how local minima and transition states are located
on electronic energy surfaces is provided in Chapter 20 of the present text.

The Newton Equations of Motion for Vibration

The Kinetic and Potential Energy Matrices

Truncating the Taylor series at the quadratic terms (assuming these terms dominate because only small displacements from the
equilibrium geometry are of interest), one has the so-called harmonic potential:

1
Vigr) = V(0) + 3 ]Zk @ H; 1 qr-

The classical mechanical equations of motion for the 3N {g;} coordinates can be written in terms of the above potential energy
and the following kinetic energy function:

1 .2

where ¢; denotes the time rate of change of the coordinate ¢; and m; is the mass of the atom on which the j** Cartesian
coordinate resides. The Newton equations thus obtained are:

m;g; = — E Hj gk
k
where the force along the ;% coordinate is given by minus the derivative of the potential V along this coordinate g_;/; = zk: Hj g
within the harmonic approximation.

These classical equations can more compactly be expressed in terms of the time evolution of a set of so-called mass weighted
Cartesian coordinates defined as:
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in terms of which the Newton equations become

. ’
:Ej = — E j’kxk

k

and the mass-weighted Hessian matrix elements are

Hjy=Hjp s
The Harmonic Vibrational Energies and Normal Mode Eigenvectors
Assuming that the z; undergo some form of sinusoidal time evolution:
z(t) = z(0)cos(wt),
and substituting this into the Newton equations produces a matrix eigenvalue equation:

2 ’
wx; = ZHj’kmk
k

in which the eigenvalues are the squares of the so-called normal mode vibrational frequencies and the eigenvectors give the
amplitudes of motion along each of the 3N mass weighted Cartesian coordinates that belong to each mode.

Within this harmonic treatment of vibrational motion, the total vibrational energy of the molecule is given as

3N—=5or 6 1
E(U17U27~~~V})N75or 6) = ]; hw]' (Uj—’_E)

as a product of 3N-5 or 3N-6 harmonic oscillator functions ¥,;(z;) are for each normal mode within this picture, the energy
gap between one vibrational level and another in which one of the v; quantum numbers is increased by unity (the origin of this
"selection rule" is discussed in Chapter 15) is

AEW' — Vj +1= h(.c)j

The harmonic model thus predicts that the "fundamental” (v =0 — v = 1) and "hot band" (v = 1 — v = 2) transition should occur
at the same energy, and the overtone (v=0 4 v=2) transitions should occur at exactly twice this energy.

The Use of Symmetry

Symmetry Adapted Modes

It is often possible to simplify the calculation of the normal mode frequencies and eigenvectors by exploiting molecular
point group symmetry. For molecules that possess symmetry, the electronic potential V(g;) displays symmetry with respect to
displacements of symmetry equivalent Cartesian coordinates. For example, consider the water molecule at its Cs, equilibrium
geometry as illustrated in the figure below. A very small movement of the H,O molecule's left H atom in the positive x direction
(Az ) produces the same change in V as a correspondingly small displacement of the right H atom in the negative x direction
(—Azg). Similarly, movement of the left H in the positive y direction (Ay;) produces an energy change identical to movement of
the right H in the positive y direction (Ayg).
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Figure 13.2.1: Insert caption here!

The equivalence of the pairs of Cartesian coordinate displacements is a result of the fact that the displacement vectors are
connected by the point group operations of the Cs, group. In particular, reflection of Az through the yz plane produces —Azp,
and reflection of Ay, through this same plane yields Ayg.

More generally, it is possible to combine sets of Cartesian displacement coordinates {gq;} into so-called symmetry adapted
coordinates {Qcamma,} Where the index T' labels the irreducible representation and j labels the particular combination of that
symmetry. These symmetry adapted coordinates can be formed by applying the point group projection operators to the individual
Cartesian displacement coordinates.

To illustrate, again consider the H,O molecule in the coordinate system described above. The 3N = 9 mass weighted Cartesian
displacement coordinates (X, Yz, Z1, Xo, Yo, Zo, Xr, Yr, Zr) can be symmetry adapted by applying the following four projection
operators:

Py =140y, +0,+C
Py =140y +0,—C)
P,=1-0y+0,—0C
Py, =1—0y—0.,y+Cy

to each of the 9 original coordinates. Of course, one will not obtain 9 x 4 = 36 independent symmetry adapted coordinates in
this manner; many identical combinations will arise, and only 9 will be independent.

The independent combination of \(\textbf{ a_1 symmetry } (normalized to produce vectors of unit length) are
1

Qal,l = \/5

(X1 — X&]

Qa2 = %[YL — Y]

Qa1,3 = [YO]
Those of b, symmetry are
Quut = —=[X1 + X
byl = —=|AL R
2 \/5
Q2 = —= [V — Vil
b2 — —=|{L — IR
2y \/5
Qb2,3 = [XO]
and the combinations
Qo = —= 171 + Za)
b, — — = L R
V2
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Qu.2 = [Z0]
are of b; symmetry, whereas

1

Qag,l = \/5

[Z1 — Zg]

is of a; symmetry.
Point Group Symmetry of the Harmonic Potential

These nine Qr; are expressed as unitary transformations of the original mass weighted Cartessian coordinates:

Qrj =Y Cr;sXx
T

These transformation coefficients {Cr ;:} can be used to carry out a unitary transformation of the 9x9 mass-weighted Hessian
matrix. In so doing, we need only form blocks

1
r
Hy =ww CrjpHip F

within which the symmetries of the two modes are identical. The off-diagonal elements

I’
Hy =w CrjrHrw =Cr 1w

mgrm

o

vanish because the potential V(g;) (and the full vibrational Hamiltonian H = T + V) commutes with the Cyy point

symmetry operations.

group

As a result, the 9x9 mass-weighted Hessian eigenvalue problem can be sub divided into two 3x3 matrix problems ( of a; and by
symmetry), one 2x2 matrix of b; symmetry and one 1x1 matrix of as symmetry. For example, the a; symmetry block H]'.Jl'1 is formed

as follows:

= 1 1 . - 1 1 -
r—C— | r—r— |
N _ L aly M a8 B V2
N — my - (my mp) e
ax 0% dxp Xy dxg
aly 4 it @Y
1 1 . my T (e mg )" — 1 1
? ‘\T AXpaxL dX R dxp X0 -? ? ]
2 2 . v T v aly 2 2
(my mo) ™= 7 (my mp) . o 3
dXp o%p X 0Xp axg” o
L 0 0 1 oo 1 |

The by,b; and ay blocks are formed in a similar manner. The eigenvalues of each of these blocks provide the squares of
the harmonic vibrational frequencies, the eigenvectors provide the normal mode displacements as linear combinations of the
symmetry adapted {Q}}.

Regardless of whether symmetry is used to block diagonalize the mass-weighted Hessian, six (for non-linear molecules) or five
(for linear species) of the eigenvalues will equal zero. The eigenvectors belonging to these zero eigenvalues describe the 3
translations and 2 or 3 rotations of the molecule. For example,

1
ﬁ[XL + Xg + Xo]
1

7 YL + YR + Yo

144 (13.2.4)
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1
—IZL+ Zr+ Zo]
V3
are three translation eigenvectors of by, a; and b; symmetry, and
(21— Z)
—(ZL—Zr
V2
is a rotation (about the Y-axis in the figure shown above) of a; symmetry. This rotation vector can be generated by applying
the as projection operator to Z, or to Zp. The fact that rotation about the Y-axis is of

as symmetry is indicated in the right-hand column of the Cy, character table of Appendix E via the symbol Rz (n.b., care must be
taken to realize that the axis convention used in the above figure is different than that implied in the character table;
the latter has the Z-axis out of the molecular plane, while the figure calls this the X-axis). The other two rotations are of
by and by symmetry (see the Cy, character table of Appendix E) and involve spinning of the molecule about the X- and Z- axes of
the figure drawn above, respectively.

So, of the 9 cartesian displacements, 3 are of a; symmetry, 3 of by, 2 of by, and 1 of as. Of these, there are three translations
(a1,b2, and by) and three rotations (b, b1, and as). This leaves two vibrations of a; and one of by symmetry. For the H,O example
treated here, the three non zero eigenvalues of the mass-weighted Hessian are therefore of a1bs, and a; symmetry. They describe
the symmetric and asymmetric stretch vibrations and the bending mode, respectively as illustrated below.

\\ o \\ <)

Figure 13.2.2: Insert caption here!

The method of vibrational analysis presented here can work for any polyatomic molecule. One knows the mass-weighted Hessian
and then computes the non-zero eigenvalues which then provide the squares of the normal mode vibrational frequencies. Point
group symmetry can be used to block diagonalize this Hessian and to label the vibrational modes according to symmetry.

This page titled 13.2: Vibrational Motion Within the Harmonic Approximation is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 145 (13.2.5)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/13%3A_Molecular_Rotation_and_Vibration/13.02%3A_Vibrational_Motion_Within_the_Harmonic_Approximation
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

13.3: Anharmonicity

The electronic energy of a molecule, ion, or radical at geometries near a stable structure can be expanded in a Taylor series in
powers of displacement coordinates as was done in the preceding section of this Chapter. This expansion leads to a picture of
uncoupled harmonic vibrational energy levels
3N—5or 6 1
E(i..Vsn_50r6) = Z hw; (Uj + 5)

=

and wavefunctions
U(x1...23N=5 or 6 =§ivf5 o Wyi(zy).
The spacing between energy levels in which one of the normal-mode quantum numbers increases by unity
AE,;=E(.v;+1..)—E(.vj..)=hw,
is predicted to be independent of the quantum number vj . This picture of evenly spaced energy levels

AEy=AE; =AFE; = ...

is an incorrect aspect of the harmonic model of vibrational motion, and is a result of the quadratic model for the potential energy
surface V(z;).

. . 1
The Expansion of E(v) in Powers of (v + 5) .

Experimental evidence clearly indicates that significant deviations from the harmonic oscillator energy expression occur as the
quantum number v; grows. In Chapter 1 these deviations were explained in terms of the diatomic molecule's true potential V(R)
deviating strongly from the harmonic 217(E — E.)? potential at higher energy (and hence larger |R — R.|) as shown in the following
figure.

0 1 2 3 4

Figure 13.3.1: Insert caption here!

At larger bond lengths, the true potential is "softer" than the harmonic potential, and eventually reaches its asymptote which
lies at the dissociation energy D, above its minimum. This negative deviation of the true V(R) from %(R — R,)? causes the true
vibrational energy levels to lie below the harmonic predictions.
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It is convention to express the experimentally observed vibrational energy levels, along each of the 3N-5 or 6 independent modes,
as follows:

1 1)\2 1)\3 1\4
E(’U]‘) =h wj (’Uj + 5) — (wm)j (’Uj + 5) + (wy)j (Uj + 5) + (wz)j (’U]‘ + 5) +...

The first term is the harmonic expression. The next is termed the first anharmonicity; it (usually) produces a negative contribution
to E(v;) that varies as (v; + %)2 The spacings between successive v; — v; + 1 energy levels is then given by:

AE,; = E(Jvj+1) — E(v;)

= hlw; — 2(wz);(v; + 1)+...]
A plot of the spacing between neighboring energy levels versus v; should be linear for values of vj where the harmonic and
first overtone terms dominate. The slope of such a plot is expected to be —2i(wz); and the small —v; intercept should be Ajw;

— 2(wz),]. Such a plot of experimental data, which clearly can be used to determine the w; and (wz); parameter of the vibrational
mode of study, is shown in the figure below.
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Figure 13.3.2: Insert caption here!

The Birge-Sponer Extrapolation

These so-called Birge-Sponer plots can also be used to determine dissociation energies of molecules. By linearly extrapolating
the plot of experimental AFE,; values to large vj values, one can find the value of v; at which the spacing between neighboring
vibrational levels goes to zero. This value v;, max specifies the quantum number of the last bound vibrational level for the
particular potential energy function V(z,) of interest. The dissociation energy D. can then be computed by adding to %hwj (the
zero point energy along this mode) the sum of the spacings between neighboring vibrational energy levels from v; =0 to v;
= vj, max:

’U] max
v; =0

1
DEEhUJ] + AEU].

Since experimental data are not usually available for the entire range of v; values (from ® to v;max), this sum must be computed
using the anharmonic expression for AE,, :

AE, =h {wj —2(wz); ('Uj + %—i—)] .

Alternatively, the sum can be computed from the Birge-Sponer graph by measuring the area under the straight-line fit to the
graph of AE,, or v; from v; = 0 to v; = v}, max -
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This completes our introduction to the subject of rotational and vibrational motions of molecules (which applies equally well to
ions and radicals). The information contained in this Section is used again in Section 5 where photon-induced transitions between
pairs of molecular electronic, vibrational, and rotational eigenstates are examined. More advanced treatments of the subject
matter of this Section can be found in the text by Wilson, Decius, and Cross, as well as in Zare's text on angular momentum.

This page titled 13.3: Anharmonicity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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14: TIME-DEPENDENT QUANTUM DYNAMICS

The interaction of a molecular species with electromagnetic fields can cause transitions to occur among the available molecular
energy levels (electronic, vibrational, rotational, and nuclear spin). Collisions among molecular species likewise can cause
transitions to occur. Time-dependent perturbation theory and the methods of molecular dynamics can be employed to treat such
transitions.

14.1: Time-Dependent Vector Potentials

14.2: Time-Dependent Perturbation Theory

14.3: Application to Electromagnetic Perturbations

14.4: The "Long-Wavelength" Approximation

14.5: The Kinetics of Photon Absorption and Emission

This page titled 14: Time-dependent Quantum Dynamics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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14.1: Time-Dependent Vector Potentials

The full N-electron non-relativistic Hamiltonian H discussed earlier in this text involves the kinetic energies of the electrons and
of the nuclei and the mutual Coulombic interactions among these particles

\[H = \sum\limits_{a=1,M} -\left(\dfrac{\hbar~*2}{2m_a}\right) \nabla_a*2 + \sum\limits_j \left[ \left(-\dfrac{\hbar”2}{2m_e}\right)
\nabla_j*2 - \sum\limits_a Z_a \dfrac{e”2}r_{j,a}} \right] + \sum\limits_{j

When an electromagnetic field is present, this is not the correct Hamiltonian, but it can be modified straightforwardly to obtain
the proper H.

The Time-Dependent Vector A (r,¢) Potential

The only changes required to achieve the Hamiltonian that describes the same system in the presence of an electromagnetic
field are to replace the momentum operators P, and p; for the nuclei and electrons, respectively, by (P\(_a\) - Z, e/c A(R,,t)) and
(p; - e/c A(rj ,t)). Here Za e is the charge on the ath nucleus, -e is the charge of the electron, and c is the speed of light.

The vector potential A depends on time t and on the spatial location r of the particle in the following manner:
A(r,t) = 2Apcos(wt —k - 1).

The circular frequency of the radiation w (radians per second) and the wave vector k (the magnitude of k is |k| = QT”, where )\ is
the wavelength of the light) control the temporal and spatial oscillations of the photons. The vector A, characterizes the strength
(through the magnitude of A,) of the field as well as the direction of the A potential; the direction of propagation of the photons
is given by the unit vector k/|k|. The factor of 2 in the definition of A allows one to think of Ay as measuring the strength of both
e'wi—kr) and eil“!—k1) components of the cos(wt — k - r) function.

The Electric E(r,¢) and Magnetic H(r,t) Fields

The electric E(r, t) and magnetic H(r,t) fields of the photons are expressed in terms of the vector potential A as

1 0A
E(r,t) = —gaa—t = %Ag sin(wt —k - r)

H(r,t)=Vx A = kx A,2sin(wt —k-r).
The E field lies parallel to the A, vector, and the H field is perpendicular to A,; both are perpendicular to the direction of

propagation of the light k/|k|. E and H have the same phase because they both vary with time and spatial location as sin(wt — k
-r). The relative orientations of these vectors are shown below.

E

Figure 14.1.1: Insert caption here!
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The Resulting Hamiltonian

Replacing the nuclear and electronic momenta by the modifications shown above in the kinetic energy terms of the full electronic
and nuclear-motion hamiltonian results in the following additional factors appearing in H:

ieh e? ., eh Z2e?
Hiy =) [—mecA(Tﬂ"”'Vﬁ (—2m cz) \A(m,t)lz} +D [(zzam c) A(Ro,t) - Va+ (2m 02) IA(Ra,t)lz] :
j e (& a a a

These so-called interaction perturbations H;,; are what induces transitions among the various electronic/vibrational/rotational
states of a molecule. The one-electron additive nature of H;,; plays an important role in determining the kind of transitions that
H,,; can induce. For example, it causes the most intense electronic transitions to involve excitation of a single electron from one
orbital to another (e.g., the Slater-Condon rules).

This page titled 14.1: Time-Dependent Vector Potentials is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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14.2: Time-Dependent Perturbation Theory

The mathematical machinery needed to compute the rates of transitions among molecular states induced by such a time-
dependent perturbation is contained in time dependent perturbation theory (TDPT). The development of this theory proceeds
as follows. One first assumes that one has in-hand all of the eigenfunctions {®;} and eigenvalues {EJ} that characterize the
Hamiltonian H° of the molecule in the absence of the external perturbation:

H'®) = E)®;.
One then writes the time-dependent Schrédinger equation

ov
ih— = (H" + H;,)U
wn (H” + Hint)

in which the full Hamiltonian is explicitly divided into a part that governs the system in the absence of the radiation field and H;,,;
which describes the interaction with the field.

Perturbative Solution
By treating H? as of zeroth order (in the field strength |A]|), expanding ¥ order-by order in the field-strength parameter:
=00+ 0! 4024 034

realizing that Hint contains terms that are both first- and second- order in |A|

[ o 5] D[ a v

s[5 ] (25 wanor]

and then collecting together all terms of like power of |A|, one obtains the set of time dependent perturbation theory equations.
The lowest order such equations read:

owo

ih = H%%
o
1
2y (H'W' + 7}, 07
ot
o2 ) )
hw - (H v +Hmt Hmt )

The zeroth order equations can easily be solved because H' is independent of time. Assuming that at t = —co, ¥ = v; (We use
the index i to denote the initial state), this solution is:

—iEMt
W=0qe h

The first-order correction to U9, ¥! can be found by (i) expanding ¥ in the complete set of zeroth-order states {®}:
=D 0 <y >=D" 2,0,
f f

(ii) using the fact that

H'®; = B}
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’

and (iii) substituting all of this into the equation that Y1 obeys. The resultant equation for the coefficients that appear in the first-
order equation can be written as

901 —iEMt
ih 8tf =) [E)CiSal+ < Bs|Hjy|®i>e b,
k
or
—iE°
. 80} 0,1 1 Zhlt
Defining

—iEt
Ci(t) = Dj(t)e h

his equation can be cast in terms of an easy-to-solve equation for the D} coefficients:

ilBY — Bt
‘q)i >e h

1
! =< ¢'f|H-1

int

'ha
o

Assuming that the electromagnetic field A(r,¢) is turned on at t=0, and remains on until t = T, this equation for D} can be
integrated to yield:

T ilBY — EJ]t’

1 —_—
DL(t) = — O HL |, h dt’.
10 = [ <ol >
0
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14.3: Application to Electromagnetic Perturbations

First-Order Fermi-Wentzel "Golden Rule"

Using the earlier expressions for H., and for A(r,t)

Hl

=S a 0] - [(22) i)

and
2A ,cos(wt —k-1r) = Ay [ei(“’t_k'r) + e_i(“’t_k'r)] ,

it is relatively straightforward to carry out the above time integration to achieve a final expression for D! (t) which can then be

zEOt

substituted into C}(t) = D}(t)e ) to obtain the final expression for the first-order estimate of the probability amplitude for

—iE0t

the molecule appearing in the state ® e 7
expression reads:

after being subjected to electromagnetic radiation from t = ® until t = T. This final

~iEYT

1
UT)= —¢ h
CHT) = =

ieh iZq.eh , eilwtwr)T _
@ —ik: r]A. ( ) 71kAR"A : a (I)’i
> k LR AV S

10
—zEfT

1 ieh iZq.eh eilwtwr)T _q
= 5 @ ( ) ik- r]A ( ) ik- RaA o|®;
e [ f|z [ R +Z Vel i(—w+wy,i)

where

CE )

is the resonance frequency for the transition between "initial" state ®; and 'final" state @

Defining the time-independent parts of the above expression as

€ —ikT Zo€\ _ix
o= (@f\z [(m c>e k on-Vj+Z (m) e kRuAO.va@)’}
J ¢ a @

this result can be written as

120
—zEfT

Cf() e h

|: ei(w-%—wm)T —1 . efi(wfw/_,)T -1 :|

. o —
i(w+wp;) P —i(w—wp)

The modulus squared \C} (T)|? gives the probability of finding the molecule in the final state ®; at time T, given that it was in ®;
at time t = O. If the light's frequency w is tuned close to the transition frequency wy; of a particular transition, the term whose
denominator contains (w — wy;) will dominate the term with (w + wy;) in its denominator. Within this "near-resonance" condition,
the above probability reduces to:

1—cos(w—wy)T

CH2 = 2ayl?

o sin?(1/2(w — wy,;)T)
(w—wpi)?

= 4oyl
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This is the final result of the first-order time-dependent perturbation theory treatment of light-induced transitions between states
®; and ®;.

The so-called sinc-function

sin®(1/2(w —wy,;)T)
(w—wpi)?

as shown in the figure below is strongly peaked near w = wy;, and displays secondary maxima (of decreasing amplitudes) near w
=wys; +25,n=1,2,...In the T — oo limit, this function becomes narrower and narrower, and the area under it

i sin®(1/2(w —wy;)T _ sin?(1/2(w —wy;)T) Ty T r sin®(x) T
] 1] 25 ]

(w—wy;)? 1/4T%(w — wy;)? 2 2 22 2

—00 —00

grows with T. Physically, this means that when the molecules are exposed to the light source for long times (large T), the sinc
function emphasizes w values near wy; (i.e., the on-resonance w values). These properties of the sinc function will play important
roles in what follows.

Intensity

w —

Figure 14.3.1: Insert caption here!

In most experiments, light sources have a "spread" of frequencies associated with them; that is, they provide photons of various
frequencies. To characterize such sources, it is common to introduce the spectral source function g(w) dw which gives the
probability that the photons from this source have frequency somewhere between w and w + dw. For narrow-band lasers, g(w) is a
sharply peaked function about some "nominal" frequency w,; broader band light sources have much broader g(w) functions.

When such non-monochromatic light sources are used, it is necessary to average the above formula for \C} (T)|? over the g(w) dw
probability function in computing the probability of finding the molecule in state ®; after time T, given that it was in ®; up until t
= 0, when the light source was turned on. In particular, the proper expression becomes:

sin?(1/2(w — wyi)T)

d
w—wr?

CHT) 2,0 = dlas? / o(w)

T 2in?(1)2w—wi)T) [ T
:2|af,i|2T /9("-’) 1/4T2(w—wff,i)2 d(wE)

sin®(1/2(w —wy;)T)
(w—wyi)?

If the light-source function is "tuned" to peak near w = wy; and if g(w) is much broader (in w-space) than the
sin?(1/2(w — wy,;)T)

(w—wy,)?

function, g(w) can be replaced by its value at the peak of the function, yielding:
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[o.¢]
sin?(1/2(w —wys)T T sin®(z
\C}(T)ave = 2g(wf_i)\af,i\2T / AT (w *wf,];;2 d (w?) = 2g(wf_i)\af,i\2T / %dm = 27rg(wf7i)|af7i|2T.

—00 —00

The fact that the probability of excitation from ®; to ®; grows linearly with the time T over which the light source is turned on
implies that the rate of transitions between these two states is constant and given by:

R = 2mg(wyi)layl’;

this is the so-called first-order Fermi-Wentzel "golden rule" expression for such transition rates. It gives the rate as the square of
a transition matrix element between the two states involved, of the first order perturbation multiplied by the light source function
g(w) evaluated at the transition frequency wy ;.

Higher Order Results

Solution of the second-order time-dependent perturbation equations,

ov?
ih
o

= (HO‘I’Z + Hz?nt"l’o + Hilnt

ol
which will not be treated in detail here, gives rise to two distinct types of contributions to the transition probabilities between
®; and P

There will be matrix elements of the form

2,2

1 5 () 14507 + 3 [ () 14 R 20

a
arising when HZ, couples ®; to @;.

There will be matrix elements of the form
ieh i1Z.eh
P XAt -V, A(R,,t)-V,||®
< f\Z[(m) ) Vo] [ (e ) AR V. o)

W[ 7] T[22 a5

arising from expanding H},¥! =Y C}H} ,|®;) and using the earlier result for the first-order amplitudes C}. Because both types
k

int

of second-order terms vary quadratically with the A(r,t) potential, and because A has time dependence of the form cos(wt — k - r)
, these terms contain portions that vary with time as cos(2wt). As a result, transitions between initial and final states ®; and ®;
whose transition frequency is w;; can be induced when 2w = wy;; in this case, one speaks of coherent two-photon induced
transitions in which the electromagnetic field produces a perturbation that has twice the frequency of the "nominal" light source
frequency w.

This page titled 14.3: Application to Electromagnetic Perturbations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/
or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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14.4: The "Long-Wavelength" Approximation

To make progress in further analyzing the first-order results obtained above, it is useful to consider the wavelength \ of the
light used in most visible/ultraviolet, infrared, or microwave spectroscopic experiments. Even the shortest such wavelengths
(ultraviolet) are considerably longer than the spatial extent of all, but the largest molecules (i.e., polymers and biomolecules for
which the approximations we introduce next are not appropriate).

In the definition of the essential coupling matrix element a;
asi = @Y () e A V4 Y (S ) Ay vl
fii f - mec J - MaC a 1/
the factors e~*7i and e~** R« can be expanded as:
—ikr; . 1 . 2
e :1+(—zk~rj)+5(—zk-r]~) +...
) 1
e R — 1 4 (—ik-R,) + 5 (k- R,)%+

Because |k| = 27/}, and the scales of r; and R, are of the dimension of the molecule, k - r; and k - R, are less than unity in
magnitude, within this so-called "long-wavelength" approximation.

Electric Dipole Transitions

Introducing these expansions into the expression for af,i gives rise to terms of various powers in 1/\. The lowest order terms are:

asa(B1) = ( <1>f|z( )Ag v, +Z(

)Ao.va\cp,-)

and are called "electric dipole" terms, and are denoted E1. To see why these matrix elements are termed E1, we use the following
identity (see Chapter 1) between the momentum operator —:AV and the corresponding position operator r:

Me

v]':7<h2 ) (H,1)]

7= (%) i

This derives from the fact that H contains V; and V, in its kinetic energy operators (as V2 and V? ). Substituting these
expressions into the above a;;(E1) equation and using H® o, ¢ = E° .®;.¢,one obtains:

iorf

asi(EBl) = (EJ‘?*E?)AU(‘I’HZ(%) Z(

=wrilo- (D Z (%) rj+ Z (Zhu:) R,|®;)
7 a

Wy, )
= Ag- (P P,
( 2o ) Ao (@ylu|®i),
where p is the electric dipole moment operator for the electrons and nuclei:

= Zerj + ZZaeR,,,.
J a

The fact that the E1 approximation to ay; contains matrix elements of the electric dipole operator between the initial and final
states makes it clear why this is called the electric dipole contribution to o ;; within the E1 notation, the E stands for electric
moment and the 1 stands for the first such moment (i.e., the dipole moment).
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Within this approximation, the overall rate of transitions is given by:
Ri ;= 2mg(wy)|ay|?

wr 2
2mg(wr) () |Ao - (@5lul@) 2

C

. 1 0A
Recalling that E(r,t) = —Z%—t = %AO sin (wt —k - 1),

the magnitude of A, can be replaced by that of E, and this rate expression becomes

2m
Rig = () s [Eo - @ lul@:) 2.

This expresses the widely used E1 approximation to the Fermi-Wentzel golden rule.

Magnetic Dipole and Electric Quadrupole Transitions

When E1 predictions for the rates of transitions between states vanish (e.g., for symmetry reasons as discussed below), it is
essential to examine higher order contributions to a;;. The next terms in the above long-wavelength expansion vary as % and
have the form:

a€

e Z,
(F2+ M1) = (® — ) [~ik - r;]Ay - V; —ik - RyJAg - V,|®;).
asaB2-+M1) = (@13 () ikl 94 3 (220 ) ik RulAo - Vale
For reasons soon to be shown, they are called electric quadrupole (E2) and magnetic dipole (M1) terms. Clearly, higher and higher
order terms can be so generated. Within the longwavelength regime, however, successive terms should decrease in magnitude
because of the successively higher powers of % that they contain.

To further analyze the above E2 + M1 factors, let us label the propagation direction of the light as the z-axis (the axis along which
k lies) and the direction of A, as the x-axis. These axes are so-called "lab-fixed" axes because their orientation is determined
by the direction of the light source and the direction of polarization of the light source's E field, both of which are specified by
laboratory conditions. The molecule being subjected to this light can be oriented at arbitrary angles relative to these lab axes.
With the x, y, and z axes so defined, the above expression for a;; (E2+M1) becomes

0
)Zaa—za|@z>

Zqe
MeC

Now writing (for both z; and z,)

(Loalsnl i)
z@z x@z z@x m@z’

and using

Mg
B2

v, = —( ) [H,R.],

the contributions of 4 (z-Z + z-Z) (E2+M1) can be rewritten as

i (A0€27Twlr’,;)
afi(E2) = —ZT<¢f| Z zixj + Z Zo2a%a|®i).

J a

The operator Y z;z; + Y Zqz.%, that appears above is the z,x element of the electric quadrupole moment operator Q. , ; it is for
1 a

this reason that this particular component is labeled E2 and denoted the electric quadrupole contribution.
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L. 1 o} 0 N . . . .
The remaining 7 (z— — x—) contribution to ay,; (E2+M1) can be rewritten in a form that makes its content more clear by first

ox 0z
1 o o 7 7
5 (35 ~755) = (35) o —2p0 = (35) o

contains the y-component of the angular momentum operator. Hence, the following contribution to a; (E2+M1) arises:

noting that

A027re Ly Ly
J(MI = 22 (@ 5 Zq
ai(MD) = @ Y T+ Y 2

;).

a
The magnetic dipole moment of the electrons about the y axis is

e
H y, electrons = Ej Imoc Ly;;

that of the nuclei is

Z,e
= L,
My, nuclei i ( 2mac ) Ya

The ay; (M1) term thus describes the interaction of the magnetic dipole moments of the electrons and nuclei with the magnetic
field (of strength |H| = A k) of the light (which lies along the y axis):

M1) = |H] o} 0]
af,i( )_ T( f|l14y, electrons"’lly, nucleil z>

The total rate of transitions from ®; to ®; is given, through first-order in perturbation theory, by

Ri = 2mg(wyi)|agl®,
where ay; is a sum of its E1, E2, M1, etc. pieces. In the next chapter, molecular symmetry will be shown to be of use in
analyzing these various pieces. It should be kept in mind that the contributions caused by E1 terms will dominate, within the
long-wavelength approximation, unless symmetry causes these terms to vanish. It is primarily under such circumstances that
consideration of M1 and E2 transitions is needed.

This page titled 14.4: The "Long-Wavelength" Approximation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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14.5: The Kinetics of Photon Absorption and Emission

The Phenomenological Rate Laws

Before closing this chapter, it is important to emphasize the context in which the transition rate expressions obtained here
are most commonly used. The perturbative approach used in the above development gives rise to various contributions to the
overall rate coefficient for transitions from an initial state ®; to a final state ®; ; these contributions include the electric dipole,
magnetic dipole, and electric quadrupole first order terms as well contributions arising from second (and higher) order terms in
the perturbation solution.

In principle, once the rate expression

Riy = 2mg(wpi)layl?
has been evaluated through some order in perturbation theory and including the dominant electromagnetic interactions, one can
make use of these state-to-state rates , which are computed on a per-molecule basis, to describe the time evolution of the

populations of the various energy levels of the molecule under the influence of the light source's electromagnetic fields.

For example, given two states, denoted i and f, between which transitions can be induced by photons of frequency wf,i, the
following kinetic model is often used to describe the time evolution of the numbers of molecules ni and nf in the respective states:

dn;

o = —Rimi+ Rpng
dny
5 = Brins+ Rigna

Here, R; ; and Ry; are the rates (per molecule) of transitions for the i — fand f — i transitions respectively. As noted above,
these rates are proportional to the intensity of the light source (i.e., the photon intensity) at the resonant frequency and to the
square of a matrix element connecting the respective states. This matrix element square is |a; f|? in the former case and |ay,|?
in the latter. Because the perturbation operator whose matrix elements are «;; and ay; is Hermitian (this is true through all
orders of perturbation theory and for all terms in the long-wavelength expansion), these two quantities are complex conjugates of
one another, and, hence |a; f|? = |ay;|% from which it follows that R; s = Ry,;. This means that the state-to-state absorption and
stimulated emission rate coefficients (i.e., the rate per molecule undergoing the transition) are identical. This result is referred to
as the principle of microscopic reversibility.

Quite often, the states between which transitions occur are members of levels that contain more than a single state. For example,
in rotational spectroscopy a transition between a state in the J = 3 level of a diatomic molecule and a state in the J = 4 level
involve such states; the respective levels are 2J+1 =7 and 2J+1 = 9 fold degenerate, respectively.

To extend the above kinetic model to this more general case in which degenerate levels occur, one uses the number of molecules
in each level (N; and N; for the two levels in the above example) as the time dependent variables. The kinetic equations then
governing their time evolution can be obtained by summing the state-to-state equations over all states in each level

3 (dni)_dNI
dt ) dt

iin level 1

Z ( dnf ) _ dNF
fin level F dt dt

and realizing that each state within a given level can undergo transitions to all states within the other level (hence the total rates of
production and consumption must be summed over all states to or from which transitions can occur). This generalization results
in a set of rate laws for the populations of the respective levels:

dN;
dt

=—grRisN;+ giRs;Ny
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dN;
7 = —ginﬂ;Nf + ngj,’fNZ‘.

Here, g; and g; are the degeneracies of the two levels (i.e., the number of states in each level) and the R; ; and R;;, which are
equal as described above, are the state-to-state rate coefficients introduced earlier.

Spontaneous and Stimulated Emission

It turns out (the development of this concept is beyond the scope of this text) that the rate at which an excited level can emit
photons and decay to a lower energy level is dependent on two factors:

i. the rate of stimulated photon emission as covered above and
ii. the rate of spontaneous photon emission.

The former rate g¢R; s (per molecule) is proportional to the light intensity g(ws;) at the resonance frequency. It is conventional to
separate out this intensity factor by defining an intensity independent rate coefficient B; ; for this process as:

grRip = g(wyi)Biy-

Clearly, B, ; embodies the final-level degeneracy factor gy, the perturbation matrix elements, and the
27 factor in the earlier expression for R; ;. The spontaneous rate of transition from the excited to the lower level is found to be
independent of photon intensity, because it deals with a process that does not require collision with a photon to occur,
and is usually denoted A;;. The rate of photon-stimulated upward transitions from state f to state i (g;Ry;
= g;R; s in the present case) is also proportional to g(wy;), so it is written by convention as:

giRysi = g(wyi) By

An important relation between the B; ; and By; parameters exists and is based on the identity R, ; = R, that connects the state-
to-state rate coefficients:

(Biy) _ (9sRiy) _ 97

(By.i) (giRs)  fi

This relationship will prove useful in the following sections.

Saturated Transitions and Transparency

Returning to the kinetic equations that govern the time evolution of the populations of two levels connected by photon absorption
and emission, and adding in the term needed for spontaneous emission, one finds (with the initial level being of the lower energy):

dN;
~ = 9BisNi+ (Agi +9B1i)Ny
dN;
T —(Ayi+9gByi)Ny+gB;sN;

where g = g(w) denotes the light intensity at the resonance frequency. At steady state, the populations of these two levels are
given by setting

dN; _ ANy

dt dt

Ny (9Biy)

Ni (Afi+9Bri)

When the light source's intensity is so large as to render gB;;>> Ay, (i.e., when the rate of spontaneous emission is small
compared to the stimulated rate), this population ratio reaches (B; ¢/ By,), which was shown earlier to equal (g;/g;). In this case,
one says that the populations have been saturated by the intense light source. Any further increase in light intensity will result
in zero increase in the rate at which photons are being absorbed. Transitions that have had their populations saturated by the
application of intense light sources are said to display optical transparency because they are unable to absorb (nor emit) any
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further photons because of their state of saturation.

Equilibrium and Relations Between A and B Coefficients
When the molecules in the two levels being discussed reach equilibrium (at which time the % = % = 0 also holds) with a
photon source that itself is in equilibrium characterized by a temperature T, we must have:

N —(EBy — Ei) huw
29, T T _ 9 kT

N; gi i

where g; and g; are the degeneracies of the states labeled f and i. The photon source that is characterized by an equilibrium
temperature T is known as a black body radiator, whose intensity profile g(w) (in erg em 2 sec) is know to be of the form:

-1
2(hw)?

w
me3h2 ekl —1

g(w) =

Equating the kinetic result that must hold at equilibrium:

Ny (¢9Biy)

N; (Asi+gByy)

to the thermodynamic result:

N —hw
Zf 9T
N; gi
and using the above black body g(w) expression and the identity
Bis _ 91

B g’

one can solve for the Ay; rate coefficient in terms of the By, coefficient. Doing so yields:

2(hw)?
Ari=Bri= s

Summary

In summary, the so-called Einstein A and B rate coefficients connecting a lower-energy initial state i and a final state f are
related by the following conditions:

g
By = —f_Bf,z'

9i
and

o 2(hw)?
I R By,

These phenomenological level-to-level rate coefficients are related to the state-to-state R;; coefficients derived by applying
perturbation theory to the electromagnetic perturbation through

grRi ;= g(wsi)Biy.

The A and B coefficients can be used in a kinetic equation model to follow the time evolution of the populations of the
corresponding levels:
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dN;

- = *gBi,fNi + (Af,i + ngvi)Nf
dNy
— = —(Ayi+9Byi)Ny+ gB; ¢N;.

These equations possess steady state solutions

Ny (9Biy)
Ni  (Api+9Byi)

which, for large g(w), produce saturation conditions:

Ny _ Biy) _ 95
N;  (Bri) g
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15: SPECTROSCOPY

The tools of time-dependent perturbation theory can be applied to transitions among electronic, vibrational, and rotational states
of molecules.

15.1: Rotational Transitions
15.2: Vibration-Rotation Transitions
15.3: Electronic-Vibration-Rotation Transitions

15.4: Time Correlation Function Expressions for Transition Rates

This page titled 15: Spectroscopy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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15.1;: Rotational Transitions

Within the approximation that the electronic, vibrational, and rotational states of a molecule can be treated as independent, the
total molecular wavefunction of the "initial" state is a product

b, = 1/)6in1'¢7“1'

of an electronic function
e, a vibrational function x,;, and a rotational function ¢,;. A similar product expression holds for the 'final" wavefunction ®;.

In microwave spectroscopy, the energy of the radiation lies in the range of fractions of a cm ™! through several cm™!; such energies
are adequate to excite rotational motions of molecules but are not high enough to excite any but the weakest vibrations (e.g.,
those of weakly bound Van der Waals complexes). In rotational transitions, the electronic and vibrational states are thus left
unchanged by the excitation process; hence .; = 9.y and xu = Xuy-

Applying the first-order electric dipole transition rate expressions
Ri = 2mg(wy)|ay|?
obtained in Chapter 14 to this case requires that the E1 approximation

2m
Ris = (37 ) 9ws)[Bo - (@ lul@:)

be examined in further detail. Specifically, the electric dipole matrix elements (®|u|®;) with o = > er; + > Z,eR, must be
i a

analyzed for ®; and ® being of the product form shown above.

The integrations over the electronic coordinates contained in (®¢|u|®;), as well as the integrations over vibrational degrees of
freedom vyield "expectation values" of the electric dipole moment operator because the electronic and vibrational components of
®; and @ are identical:

<’¢)ei‘l~jf|¢ei> = /J«(R)

is the dipole moment of the initial electronic state (which is a function of the internal geometrical degrees of freedom of the
molecule, denoted R); and

<X71i ‘/U‘(R) |Xvi> = Have

is the vibrationally averaged dipole moment for the particular vibrational state labeled x,;. The vector p,.,. Mave has components
along various directions and can be viewed as a vector "locked" to the molecule's internal coordinate axis (labeled a, b, ¢ as
below).
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Figure 15.1.1: Insert caption here!

The rotational part of the (®;|u|®;)integral is not of the expectation value form because the initial rotational function
¢ir is not the same as the final ¢ .. This integral has the form:

(o oo B 1) = / (¥7 (60, 6) e Yo 20 (6,6) sind d0 do

or linear molecules whose initial and final rotational wavefunctions are Y1\ and Y1\, respectively, and

2L+1 /2L +1
<¢)1r|ﬂave|¢fr> = \/ 871'2 87T2

[ (D11 k(6,600 D3 v, 106,610 sind 46 s )

. . 2L+1 _« . . . . .
for spherical or symmetric top molecules (here, S——ZDL .k (0, &, x) are the normalized rotational wavefunctions described in
\ T sx M,

Chapter 13 and in Appendix G). The angles 6, ¢, and x refer to how the molecule-fixed coordinate system is oriented with respect
to the space-fixed X, Y, Z axis system.

Linear Molecules

For linear molecules, the vibrationally averaged dipole moment .. lies along the molecular axis; hence its orientation in the lab-
fixed coordinate system can be specified in terms of the same angles (6 and ¢) that are used to describe the rotational functions
Y1, m(0, ). Therefore, the three components of the (¢;;|fave| @) integral can be written as:

(Pirltavel b fr)e = #/Ylj, M(0; @) sind cosg Yr a (6, ¢) sinf df do
(Birlavel @ pr)y = M/Yli M(0; @) sind cosg Y, w (0, ¢) sinf df do

(Pirlfavel P pr)e = 1 / Y1 (0, ¢) sind cosg Yi (6, ¢) sind df dg

where p is the magnitude of the averaged dipole moment. If the molecule has no dipole moment, all of the above electric
dipole integrals vanish and the intensity of E1 rotational transitions is zero.

The three E1 integrals can be further analyzed by noting that cosf oc Y ; sinf cos¢ < Y11+ Yi.i; and sinf sing x Y11 — Yi
and using the angular momentum coupling methods illustrated in Appendix G. In particular, the result given in that appendix:
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Dj,m,m’Dl,njn’: Z <J7M|j7m;l7n><j7m/§l7n/|‘]7M/>DJ,M,M’
J, M, M’

when multiplied by D}: u, v and integrated over sinf df d¢ dy, yields:
/ D} v v Dy, my w D, w sind df d¢ dy

_ 82
T 2J+1

2 JiJ ) ( JlJ ) MM
= -1 .
8m (mn—M m’'n’ — M’ (=1)

To use this result in the present linear-molecule case, we note that the D; ik functions and the Y functions are related by:

(IM]jm 5 Lo )(jm’ ; Lo’lJ, M)

2J+1

Yim(8,¢) = TD; M, 0(0s &, X)-

The normalization factor is now |/ 22t rather thany/ 225 because the Y;y are no longer functions of x, and thus the need to

8m?

integrate over 0 < x < 1x disappears. Likewise, the x-dependence of D;MK disappears for K = 0.
We now use these identities in the three E1 integrals of the form
[ Yin(6.6)Yion(6,)Yicar (6.6) sind 46 do,

with m = ® being the Z- axis integral, and the Y- and X- axis integrals being combinations of the m =1 and m = -1 results. Doing
so yields:

H / Vi (0, 0)Y1m(8, ) Y (6, ¢) sindfdd d

\/2L+12L’+1 3

— yp T In / DLY M, 0 Dl, m, ODL’, M, 0 sinf d6 d¢7 d%

The last factor of 1/2x is inserted to cancel out the integration over dxthat, because all K-factors in the rotation matrices equal
zero, trivially yields 27. Now, using the result shown above expressing the integral over three rotation matrices, these E1 integrals
for the linearmolecule case reduce to:

N/ Y;,M(ez ) Yim(0,9) Y v (6, ¢) sind do d¢

- \/2L+12L’+138772 L'1L L'1L ¥
N T4 T ar 4r 27 \(M'm -0 ) \00—0

u\/(u +1)(2L’ + 1)% (M,Ln;lfM) (0%/?0) (—DM.

Applied to the z-axis integral (identifying m = ®), this result therefore vanishes unless:

M=M
and
L=L"4+1orl’ —1.

Even though angular momentum coupling considerations would allow L = L' (because coupling two angular momenta with j = 1

)

. . . L’1
and j = L' should give L'+1, L', and L'-1), the 3-j symbol ( 00

L . . . .
0 ) vanishes for the L = L' case since 3-j symbols have the following

symmetry
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( ’1L ) — (1)L ( L'1L )
M’ m -M -M’ -m M

)

00-0
forL =L'since L + L'+ 1is odd and hence (—1)L*¥ *+1ijs -1,

with respect to the M, M', and m indices. Applied to the ( ) 3-j symbol, this means that this particular 3-j element vanishes

Applied to the x- and y- axis integrals, which contain m = + 1 components, this same analysis yields:

mfe s ven 0 (s ) (o) 0

which then requires that
M=M +1
and
L=L+1,L-1
with L = L' again being forbidden because of the second 3-j symbol.

These results provide so-called "selection rules" because the limit the L and M values of the final rotational state, given the L',

M' values of the initial rotational state. In the figure shown below, the L = L' + 1 absorption spectrum of NO at 120 °K is given. The

intensities of the various geaks are related to the populations of the lower-energy rotational states which are, in turn, proportional
(7L'<L/+1)h7

to (2L7 +1)e 872IKT . Also included in the intensities are so-called line strength factors that are proportional to the

squares of the quantities:

wfer v g (o) (o) 0"

which appear in the E1 integrals analyzed above (recall that the rate of photon absorption R;; = (i—g)g(wﬁi)mo AP || D)

involves the squares of these matrix elements). The book by Zare gives an excellent treatment of line strength factors'
contributions to rotation, vibration, and electronic line intensities.

[ntensity
T

.

Figure 15.1.2: Insert caption here!

Non-Linear Molecules

For molecules that are non-linear and whose rotational wavefunctions are given in terms of the spherical or symmetric top
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functions D}:M’K, the dipole moment p,,. can have components along any or all three of the molecule's internal coordinates (e.g.,
the three molecule-fixed coordinates that describe the orientation of the principal axes of the moment of inertia tensor). For a

spherical top molecule, |uq.e| vanishes, so E1 transitions do not occur.

For symmetric top species, uq.. lies along the symmetry axis of the molecule, so the orientation of u,,. can again be described
in terms of 6 and ¢, the angles used to locate the orientation of the molecule's symmetry axis relative to the lab-fixed coordinate

system. As a result, the E1 integral again can be decomposed into three pieces:

(Girltanel b2 = 1 / D, k(6,6,X) cosd coséD yp. 10 (6, 6, x) sind d6 dg dx

(Girltbave| P fr)y = N/DL, M, (6, ¢, x) cosf sinqﬁDi,’ w, k0 (0, @, x) sind df d¢ dx

<¢ir|“a’ve‘¢fr)z = U / DL, M, K(ev ¢a X) COSGD;’, M, K’(03 ¢7 X) sinf d d¢ dX

Using the fact that cosf D’{' 0,0; sinf cosg o DI’LO + D;_LO; and sinf sing D’{,Lo — Di-l,o and the tools of angular momentum
coupling allows these integrals to be expressed, as above, in terms of products of the following 3-j symbols:

( 1L )(L’lL)
M’ m -M K'0-K/’
from which the following selection rules are derived:
L=L"+41,L,L -1 (but not L = L = 0)
K=K

M=M +m,

with m = O for the Z-axis integral and m = = 1 for the X- and Y- axis integrals. In addition, if K = K'

also forbidden by the second 3-j symbol vanishing.

= 0, the L = L' transitions are

This page titled 15.1: Rotational Transitions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

BIOIRIE) 169 (15.1.5)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/15%3A_Spectroscopy/15.01%3A_Rotational_Transitions
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

15.2: Vibration-Rotation Transitions

When the initial and final electronic states are identical, but the respective vibrational and rotational states are not, one is dealing
with transitions between vibration-rotation states of the molecule. These transitions are studied in infrared (IR) spectroscopy
using light of energy in the 3@ cm~! (far IR) to 5000 cm ! range. The electric dipole matrix element analysis still begins with the
electronic dipole moment integral (¢;|u|Ye;) = p(R), but the integration over internal vibrational coordinates no longer produces
the vibrationally averaged dipole moment. Instead one forms the vibrational transition dipole integral:

<X1)f|N(R)‘X7ﬂ?> = Ut

between the initial x; and final x; vibrational states.

The Dipole Moment Derivatives

Expressing p(R) in a power series expansion about the equilibrium bond length position (denoted R. collectively and R,
individually):

H(R) = p(R,) + Y (R — R

substituting into the (x.,¢|u(R)|x.:) integral, and using the fact that x; and x; are orthogonal (because they are eigenfunctions of
vibrational motion on the same electronic surface and hence of the same vibrational Hamiltonian), one obtains:

<XVf|H(R)‘Xm'> = M(Re)<X1}f|Xvi> + Z %(va‘(Ra — Roe)|Xui)+---

=2 (35 ) e (Ra = R )+

This result can be interpreted as follows:

. S . 0
1. Each independent vibrational mode of the molecule contributes to the uy; vector an amount equal to (%) (Xvf|(Rq
a

—Rae)|Xvi) oo 5
2. Each such contribution contains one part (afl:

) that depends on how the molecule's dipole moment function varies with

a

vibration along that particular mode (labeled a),
3. and a second part (x.f|(R. —Rq.)|Xxwi) that depends on the character of the initial and final vibrational wavefunctions.

If the vibration does not produce a modulation of the dipole moment (e.g., as with the symmetric stretch vibration of the CO,
Op
oR,

molecule), its infrared intensity vanishes because ( ) = 0. One says that such transitions are infrared "inactive".

Selection Rules on v in the Harmonic Approximation

If the vibrational functions are described within the harmonic oscillator approximation, it can be shown that the (x.f|(R.
—Ruy.)|xwi) integrals vanish unless vf = vi +1, vi -1 (and that these integrals are proportional to \/(vi + 1) and 1/(vi) in the
respective cases). Even when x,; and x,; are rather non-harmonic, it turns out that such Av = +1 transitions have the largest
(xvf|(Ra — Rae)|xwi) integrals and therefore the highest infrared intensities. For these reasons, transitions that correspond to Av
= 41 are called "fundamental"; those with Av = +2 are called "first overtone" transitions.

In summary then, vibrations for which the molecule's dipole moment is modulated as the vibration occurs (i.e., for which (;T“)
is non-zero) and for which Av = +1 tend to have large infrared intensities; overtones of such vibrations tend to have smaller

intensities, and those for which (a‘;" ) = 0 have no intensity.
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Rotational Selection Rules

The result of all of the vibrational modes' contributions to

ou
; (8—R4a) <X'uf‘(Ra - R(L,E)'X'Ui)

is a vector puqns that is termed the vibrational "transition dipole" moment. This is a vector with components along, in principle, all
three of the internal axes of the molecule. For each particular vibrational transition (i.e., each particular x; and x ) its orientation
in space depends only on the orientation of the molecule; it is thus said to be locked to the molecule's coordinate frame. As such,
its orientation relative to the lab-fixed coordinates (which is needed to effect a derivation of rotational selection rules as was
done earlier in this Chapter) can be described much as was done above for the vibrationally averaged dipole moment that arises
in purely rotational transitions. There are, however, important differences in detail. In particular,

1. For a linear molecule p4.q,s Can have components either along (e.g., when stretching vibrations are excited; these cases are
denoted o-cases) or perpendicular to (e.g., when bending vibrations are excited; they are denoted = cases) the molecule's
axis.

2. For symmetric top species, uwqans N€ed not lie along the molecule's symmetry axis; it can have components either along or
perpendicular to this axis.

3. For spherical tops, pqns Will vanish whenever the vibration does not induce a dipole moment in the molecule. Vibrations
such as the totally symmetric a; C-H stretching motion in CH4 do not induce a dipole moment, and are thus infrared inactive;
non-totally-symmetric vibrations can also be inactive if they induce no dipole moment.

As a result of the above considerations, the angular integrals
<¢ir|ﬂtrans|¢fr> = /DL, M, K(97 ¢7 X)NtransD;’, M, K"(ey ¢7 X) sind df d¢ dX

that determine the rotational selection rules appropriate to vibrational transitions produce similar, but not identical, results as in
the purely rotational transition case.

The derivation of these selection rules proceeds as before, with the following additional considerations. The transition dipole
moment's uiqns COMponents along the labfixed axes must be related to its molecule-fixed coordinates (that are determined by
the nature of the vibrational transition as discussed above). This transformation, as given in Zare's text, reads as follows:

(ﬂtmns)m = Z D;: m, k(ev ¢7 X) (/Jtmns)k
k

where (trans)m With m =1, ®, -1 refer to the components along the lab-fixed (X, Y, Z) axes and (ptrans)x With k = 1, ®, -1 refer to the
components along the molecule- fixed (a, b, c) axes.

This relationship, when used, for example, in the symmetric or spherical top E1 integral:
<¢ir|ﬂtmns|¢fr> = /DL,M,K(G» ¢7 X)/‘tmnsDz’, M, K’(07 ¢7 X) sinf d6 d¢ dX

gives rise to products of 3-j symbols of the form:

( L’1L )(L’IL)

M’ m -M Kk-K/°

The product of these 3-j symbols is nonvanishing only under certain conditions that provide the rotational selection rules
applicable to vibrational lines of symmetric and spherical top molecules.

Both 3-j symbols will vanish unless
L=L+1L,orL-1.

In the special case in which L = L' =0 (and hence with M = M' =0 = K = K/, which means that m = ® = k), these 3-j symbols again
vanish. Therefore, transitions with
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L=L=0
are again forbidden. As usual, the fact that the lab-fixed quantum number m can range over m =1, §, -1, requires that
M=M +1 M, M-1.

The selection rules for AK depend on the nature of the vibrational transition, in particular, on the component of ;..,s along the
molecule-fixed axes. For the second 3-j symbol to not vanish, one must have

K=K'+Kk,

where k = 0, 1, and -1 refer to these molecule-fixed components of the transition dipole. Depending on the nature of the transition,
various k values contribute.

Symmetric Tops

In a symmetric top molecule such as N Hj, if the transition dipole lies along the molecule's symmetry axis, only k = O contributes.
Such vibrations preserve the molecule's symmetry relative to this symmetry axis (e.g. the totally symmetric N-H stretching mode in
N Hjs). The additional selection rule AK = 0 is thus obtained. Moreover, for K = K' = 9, all transitions with AL = 0 vanish because
the second 3-j symbol vanishes. In summary, one has:

AK =0;AM = 41,0;AL = +1,0 (but L = L' = ® is forbidden and all AL = 0 are forbidden for K = K' = 9)

for symmetric tops with vibrations whose transition dipole lies along the symmetry axis.

If the transition dipole lies perpendicular to the symmetry axis, only k = +1 contribute. In this case, one finds

AK = 4+1; AM = +1,0; AL = +1,0 (neither L = L' = ® nor K = K' = 8 can occur for such transitions, so there are no additional
constraints).

Linear Molecules
When the above analysis is applied to a diatomic species such as HCl, only k = © is present since the only vibration present

in such a molecule is the bond stretching vibration, which has ¢ symmetry. Moreover, the rotational functions are spherical
harmonics (which can be viewed as D;M,,K,(e, ¢, x) functions with K' = 9), so the K and K' quantum numbers are identically zero.

As a result, the product of 3-j symbols
( L’1L ) ( L’1L )
M’ n-M K'k—K

reduces to

( I’1L )(L’IL)
M’ m -M 000
which will vanish unless
L=L"+1L-1,
but not L = L' (since parity then causes the second 3-j symbol to vanish), and
M=M +1, M, M- 1.

The L = L' +1 transitions are termed R-branch absorptions and those obeying L = L' -1 are called P-branch transitions. Hence, the
selection rules

AM = 41,0; AL = +1

are identical to those for purely rotational transitions.
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When applied to linear polyatomic molecules, these same selection rules result if the vibration is of & symmetry (i.e., has k = 9).
If, on the other hand, the transition is of 7 symmetry (i.e., has k = +1), so the transition dipole lies perpendicular to the molecule's
axis, one obtains:

AM = +1,0; AL = +1,0.

These selection rules are derived by realizing that in addition to k = %1, one has: (i) a linear-molecule rotational wavefunction
that in the v = O vibrational level is described in terms of a rotation matrix Dy, \r o(6, ¢, x) with no angular momentum along the
molecular axis, K' = 0 ; (ii) a v = 1 molecule whose rotational wavefunction must be given by a rotation matrix D, n,1(6, ¢, x) with
one unit of angular momentum about the molecule's axis, K = 1. In the latter case, the angular momentum is produced by the
degenerate 7 vibration itself. As a result, the selection rules above derive from the following product of 3-j symbols:

(L’IL )(L’lL)
Mm-M/\01-1/"

Because AL = 0 transitions are allowed for 7 vibrations, one says that 7 vibrations possess Q- branches in addition to their R-
and P- branches (with AL =1 and — 1, respectively).

In the figure shown below, the v = ® — v = 1 (fundamental) vibrational absorption spectrum of HCl is shown. Here the peaks at
lower energy (to the right of the figure) belong to P-branch transitions and occur at energies given approximately by:

2

h h?
E = hwstreten + (871'—2]) ((L — I)L — L(L + 1)) = AWstretch — 2 (87’1’21) L

The R-branch transitions occur at higher energies given approximately by:

2 2

E = hwstretch + (h—> ((L + 1)([/ + 2) - L(L + 1)) = hwstretch +2 (h—

L+1).
82l 87r21)( +1)

The absorption that is "missing" from the figure below lying slightly below 2908 cm-~! is the @-branch transition for which L = L,
it is absent because the selection rules forbid it.
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Figure 15.2.1: Infrared rotational-vibration spectrum of hydrochloric acid gas at room temperature. The P- und R- branches correspond,

respectively to v=0 and v=1. The IR absorption intensities depend on the isotopes present in the sample, e.g. H-35¢iLvs. 'H-¥cL (CC BY-SA
2.5; mrtz)

It should be noted that the spacings between the experimentally observed peaks in HCl are not constant as would be expected
based on the above P- and R- branch formulas. This is because the moment of inertia appropriate for the v = 1 vibrational level is
different than that of the v = ® level. These effects of vibration-rotation coupling can be modeled by allowing the v=0 and v =1
levels to have rotational energies written as
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1 h?
- — 1
E hwstretch (U + 2) + (87.‘_21'” ) (L(L + ))

where v and L are the vibrational and rotational quantum numbers. The P- and R- branch transition energies that pertain to these
energy levels can then be written as:

R2 h2 h2 R2
E :hwsrec - - —_— L — L2
o=t~ | (g7 ) + (5257 ) | o+ | (1) - (5557
h? h2 h2 h2 h?
ER = Mostretch + 2 3 — L — |- = L~
= treteh (87r211)+ [(87r211) (87r2]0>] +{(87r211> (&rmﬂ

Clearly, these formulas reduce to those shown earlier in the I1 = IO limit.

If the vibrationally averaged bond length is longer in the v = 1 state than in the v = O state, which is to be expected, I; will be larger

2 2
than I, and therefore {( 8h2] ) _ (8h21 )} will be negative. In this case, the spacing between neighboring P-branch lines
mly 1o

- h? h? . . .
will increase as shown above for HCL. In contrast, the fact that [(8—2[> — (8—21>] is negative causes the spacing between
el uarli
neighboring R- branch lines to decrease, again as shown for HCL.

This page titled 15.2: Vibration-Rotation Transitions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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15.3: Electronic-Vibration-Rotation Transitions

The Electronic Transition Dipole and Use of Point Group Symmetry

Returning to the expression

2w

Ris = (37 ) 9(ro)Ba- (@sluion)

for the rate of photon absorption, we realize that the electronic integral now involves
<wef|ﬂ‘wei> = Mj}i(R)y

a transition dipole matrix element between the initial ¢.; and final ¢. s electronic wavefunctions. This element is a function of the
internal vibrational coordinates of the molecule, and again is a vector locked to the molecule's internal axis frame.

Molecular point-group symmetry can often be used to determine whether a particular transition's dipole matrix element will vanish
and, as a result, the electronic transition will be "forbidden" and thus predicted to have zero intensity. If the direct product of the
symmetries of the initial and final electronic states v.; and .; do not match the symmetry of the electric dipole operator (which
has the symmetry of its x, y, and z components; these symmetries can be read off the right most column of the character tables
given in Appendix E), the matrix element will vanish.

For example, the formaldehyde molecule H,CO has a ground electronic state (see Chapter 11) that has 'A; symmetry in the
Ca,point group. Its # — 7 singlet excited state also has 'A; symmetry because both the = and =" orbitals are of b; symmetry. In
contrast, the lowest n — 7" singlet excited state is of !A5 symmetry because the highest energy oxygen centered n orbital is of b,
symmetry and the 7" orbital is of b; symmetry, so the Slater determinant in which both the n and =" orbitals are singly occupied
has its symmetry dictated by the boxb; direct product, which is A,.

The = — 7" transition thus involves ground (*A;) and excited ('A;) states whose direct product (4; x Ay) is of A; symmetry. This
transition thus requires that the electric dipole operator possess a component of A; symmetry. A glance at the C,, point group's
character table shows that the molecular z-axis is of A; symmetry. Thus, if the light's electric field has a non-zero component
along the C; symmetry axis (the molecule's z-axis), the 7 — =" transition is predicted to be allowed. Light polarized along either
of the molecule's other two axes cannot induce this transition.

In contrast, the n — 7" transition has a ground-excited state direct product of B; x B = A, symmetry. The Cs, 's point group
character table clearly shows that the electric dipole operator (i.e,, its x, y, and z components in the molecule-fixed frame) has no
component of A, symmetry; thus, light of no electric field orientation can induce this n — 7" transition. We thus say that the n
— 7" transition is E1 forbidden (although it is M1 allowed).

Beyond such electronic symmetry analysis, it is also possible to derive vibrational and rotational selection rules for electronic
transitions that are E1 allowed. As was done in the vibrational spectroscopy case, it is conventional to expand p¢;(R) in a power
series about the equilibrium geometry of the initial electronic state (since this geometry is more characteristic of the molecular
structure prior to photon absorption):

Oy
priR) = pri(Re) + Y 01; (Fo = Roc) b

The Franck-Condon Factors

The first term in this expansion, when substituted into the integral over the vibrational coordinates, gives i ;(R.){xuvf|Xvi), Which
has the form of the electronic transition dipole multiplied by the "overlap integral" between the initial and final vibrational
wavefunctions. The py;(R.) factor was discussed above; it is the electronic E1 transition integral evaluated at the equilibrium
geometry of the absorbing state. Symmetry can often be used to determine whether this integral vanishes, as a result of which
the E1 transition will be "forbidden".

Unlike the vibration-rotation case, the vibrational overlap integrals (x.f|x.) do not necessarily vanish because x,s and x.; are no
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longer eigenfunctions of the same vibrational Hamiltonian. x, is an eigenfunction whose potential energy is the final electronic

state's energy surface; x,; has the initial electronic state's energy surface as its potential. The squares of these (x,f|x.:) integrals,
. . s . 2

which are what eventually enter into the transition rate expression R, ; = (h—g) g(wy.i)|Eo - (¢7]p|é:)|?, are called "Franck-Condon

factors". Their relative magnitudes play strong roles in determining the relative intensities of various vibrational "bands" (i.e.,

peaks) within a particular electronic transition's spectrum.
Whenever an electronic transition causes a large change in the geometry (bond lengths or angles) of the molecule, the

Franck-Condon factors tend to display the characteristic "broad progression" shown below when considered for one initial-state
vibrational level vi and various final-state vibrational levels vf:

I':XiIXT>|2

I
vie= 0 123456
Final state vibrational Energy (E.s)

Figure 15.3.1: Insert caption here!

Notice that as one moves to higher vf values, the energy spacing between the states (E,; — E,;_1) decreases; this, of course,
reflects the anharmonicity in the excited state vibrational potential. For the above example, the transition to the vf = 2
state has the largest FranckCondon factor. This means that the overlap of the initial state's vibrational wavefunction
Xuvi is largest for the final state’s x,s function with vf = 2.

As a qualitative rule of thumb, the larger the geometry difference between the initial and final state potentials, the broader will
be the Franck-Condon profile (as shown above) and the larger the vf value for which this profile peaks. Differences in harmonic
frequencies between the two states can also broaden the Franck-Condon profile, although not as significantly as do geometry
differences.

For example, if the initial and final states have very similar geometries and frequencies along the mode that is excited when the
particular electronic excitation is realized, the following type of Franck-Condon profile may result:
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J<ibi

|
wi= 0 123458
Final state vibrational Energy (E.;)

Figure 15.3.2: Insert caption here!

In contrast, if the initial and final electronic states have very different geometries and/or vibrational frequencies along some
mode, a very broad Franck-Condon envelope peaked at high-vf will result as shown below:

<xitee

i Ir
vi=E0 123458
Final state vibrational Energy (E.f)

Figure 15.3.3: Insert caption here!

Vibronic Effects

aﬂfﬁi
OR,
analyze when the first term p;(R.) vanishes (e.g., for reasons of symmetry). This dipole derivative term, when substituted into

The second term in the above expansion of the transition dipole matrix element > (Ry — R,.) can become important to
a

Opy,i . . . .
the integral over vibrational coordinates gives ) %Oﬁzﬂ(Ra — Ra.¢)|xwi)- Transitions for which u;(R.) vanishes but for which

Oy
OR,

of such modes are dependent on how strongly the electronic dipole integral varies along the mode (i.e, on

does not for the a!” vibrational mode are said to derive intensity through "vibronic coupling" with that mode. The intensities

Ot
OR,

) as well as on

the magnitude of the vibrational integral (x.¢|(Rs — Rae)|Xvi)-

An example of an E1 forbidden but "vibronically allowed" transition is provided by the singlet n — 7" transition of H,CO that was
discussed earlier in this section. As detailed there, the ground electronic state has 'A; symmetry, and the n — =" state is of *A,
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symmetry, so the E1 transition integral (v.|p|v.;) vanishes for all three (x, y, z) components of the electric dipole operator .
However, vibrations that are of b, symmetry (e.g., the H-C-H asymmetric stretch vibration) can induce intensity in the n — 7"
transition as follows: (i) For such vibrations, the by mode's vi = ® to vf = 1 vibronic integral (x.,¢|(Ra — Ra,)|Xvi) Will be non-zero
and probably quite substantial (because, for harmonic oscillator functions these "fundamental" transition integrals are dominant-
see earlier); (ii) Along these same b, modes, the electronic transition dipole integral derivative 6”“ will be non-zero, even though
the integral itself ;¢ ;(R.) vanishes when evaluated at the initial state's equilibrium geometry.

To understand why the derivative ‘Z“—é’: can be non-zero for distortions (denoted R,) of by symmetry, consider this quantity in
greater detail:

6uf71; Tpef d)e:

OR,

0
= ﬁ(w#“ﬂwei) = < |MW;H> <wef|/l’| > <w€f| W’ez)

The third integral vanishes because the derivative of the dipole operator itself y =>"er; + 3 Z,eR, with respect to the
i a

coordinates of atomic centers, yields an operator that contains only a sum of scalar quantities (the elementary charge e and the

magnitudes of various atomic charges Z,); as a result and because the integral over the electronic wavefunctions (¢ + ef|t.;)

vanishes, this contribution yields zero. The first and second integrals need not vanish by symmetry because the wavefunction

derivatives BW ‘%’“ do not possess the same symmetry as their respective wavefunctions . and ;. In fact, it can be shown

that the symmetry of such a derivative is given by the direct product of the symmetries of its wavefunction and the symmetry of
the vibrational mode that gives rise to the %. For the H,CO case at hand, the b, mode vibration can induce in the excited A,
state a derivative component (i.e., ‘Zf{f

derivative component of !B, symmetry.

and 5

) that is of 'B; symmetry) and this same vibration can induce in the 'A; ground state a

Yes

As a result, the contribution (5z-|u|¢.;) to a"f‘ arising from vibronic coupling within the excited electronic state can be expected

to be non-zero for components of the dlpole operator 1 that are of (6’/’” ;) = (B1 x A1) = B; symmetry. Light polarized along

the molecule's x-axis gives such a b; component to p (see the C,, character table in Appendix E). The second contribution
oxm 8“”) can be non-zero for components of y that are of (¢ +ef x a““) = (A; x By) = By symmetry; again, light of x-axis
polarization can induce such a transition.

In summary, electronic transitions that are E1 forbidden by symmetry can derive significant (e.g., in H,CO the singletn — 7
transition is rather intense) intensity through vibronic coupling. In such coupling, one or more vibrations (either in the initial or
the final state) cause the respective electronic wavefunction to acquire ( ) a symmetry component that is different
than that of v itself. The symmetry of gg , which is given as the direct product of the symmetry of ¢ and that of the vibration, can
then cause the electric dipole integral (¢’ \p\%) to be non-zero even when (¢’ |u|y)is zero. Such vibronically allowed transitions

are said to derive their intensity through vibronic borrowing.

Rotational Selection Rules for Electronic Transitions

Each vibrational peak within an electronic transition can also display rotational structure (depending on the spacing of the
rotational lines, the resolution of the spectrometer, and the presence or absence of substantial line broadening effects such as
those discussed later in this Chapter). The selection rules for such transitions are derived in a fashion that parallels that given
above for the vibration-rotation case. The major difference between this electronic case and the earlier situation is that the
vibrational transition dipole moment p,.,s appropriate to the former is replaced by u;(R.) for conventional (i.e., nonvibronic)
transitions or “f‘ (for vibronic transitions).

As before, when g ;(R.)( or ﬂ) lies along the molecular axis of a linear molecule, the transition is denoted o and k = ® applies;
when this vector lies perpendicular to the axis it is called = and k = +1 pertains. The resultant linear-molecule rotational selection
rules are the same as in the vibration-rotation case:

AL =41, and AM = 41,0 (for o transitions).
AL =41, and AM = £1,0 (for 7 transitions).

In the latter case, the L = L' = © situation does not arise because a p transition has one unit of angular momentum along the
molecular axis which would preclude both L and L' vanishing.
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AL =+41,0; AM = 41,0; and AK =0 (L = L’ = 0 is not allowed and all AL =0 are forbidden when K = K’ = 0)
which applies when p¢;(R.) or %“Tf: lies along the symmertry axis, and
AL =41,0; AM = 4+1,0; and AK = 41 (L = L’ = 0 is not allowed)
Opsi

which applies when p¢;(R.) or T lies perpendicular to the symmetry axis.

This page titled 15.3: Electronic-Vibration-Rotation Transitions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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15.4: Time Correlation Function Expressions for Transition
Rates

The first-order E1 "golden-rule" expression for the rates of photon-induced transitions can be recast into a form in which certain
specific physical models are easily introduced and insights are easily gained. Moreover, by using so-called equilibrium averaged
time correlation functions, it is possible to obtain rate expressions appropriate to a large number of molecules that exist in a
distribution of initial states (e.g., for molecules that occupy many possible rotational and perhaps several vibrational levels at
room temperature).

State-to-State Rate of Energy Absorption or Emission
To begin, the expression obtained earlier
2m 2

Ry = (ﬁ g(wysi) | Eo - (@rlpl®|,

that is appropriate to transitions between a particular initial state ®, and a specific final state @/, is rewritten as
2m 2
Ris=(33) [ 9@IEo - (@ilul6l?0(ws — w) o,

Here, the 6(w;; —w) function is used to specifically enforce the "resonance condition” that resulted in the time-dependent
perturbation treatment given in Chapter 14; it states that the photons' frequency w must be resonant with the transition frequency
wy,. It should be noted that by allowing w to run over positive and negative values, the photon absorption (with w;; positive
and hence w positive) and the stimulated emission case (with w;; negative and hence w negative) are both included in this

expression (as long as g(w) is defined as g(|w|) so that the negative-w contributions are multiplied by the light source intensity at
the corresponding positive w value).

The following integral identity can be used to replace the §-function:
0
Mwyp; —w) = % / ellwr—lt gt
“%
by a form that is more amenable to further development. Then, the state-to-state rate of transition becomes:

Riy=(3) [ oo @sluls) 7 SO 4

—00

Averaging Over Equilibrium Boltzmann Population of Initial States

If this expression is then multiplied by the equilibrium probability p; that the molecule is found in the state ®; and summed over
all such initial states and summed over all final states @ that can be reached from &; with photons of energy Aw, the equilibrium
averaged rate of photon absorption by the molecular sample is obtained:

1
RquaveA - (ﬁ) pr7

[owEs-@uap [ et du

This expression is appropriate for an ensemble of molecules that can be in various initial states ®; with probabilities p;. The
corresponding result for transitions that originate in a particular state (®;) but end up in any of the "allowed" (by energy and
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selection rules) final states reads:

1
Rowei = (75 > [ ot (@ slul
/ elwrim9t qede.

For a canonical ensemble, in which the number of molecules, the temperature, and the system volume are specified, p; takes the
form:

EY

9i ~7m

¢i = Z_¢ kT
Q

where Q@ is the canonical partition function of the molecules and g; is the degeneracy of the state ®; whose energy is EJ.
In the above expression for Req.ave., @ double sum occurs. Writing out the elements that appear in this sum in detail, one finds:

> 6o - (®:lul® B - (@ |u|®;)elr .

i,f
In situations in which one is interested in developing an expression for the intensity arising from transitions to all allowed final
states, the sum over these final states can be carried out explicitly by first writing

1Ht 1Ht
(slul@i)e ) = (@fle b pe |

and then using the fact that the set of states {®,} are complete and hence obey

D12 (@] = 1.

k

The result of using these identities as well as the Heisenberg definition of the time dependence of the dipole operator
i1Ht iHt
ut)y=e h pe n,

ZPi(‘D\Eo - pEq - p(t)|®;).

In this form, one says that the time dependence has been reduce to that of an equilibrium averaged (n.b., the 3 p;(®;||®;)) time
i

correlation function involving the component of the dipole operator along the external electric field at t = 0 (Eq - 1) and this
component at a different time ¢t(Eg - u(t)).

Photon Emission and Absorption

If wy; is positive (i.e, in the photon absorption case), the above expression will yield a non-zero contribution when multiplied by
e ™! and integrated over positive w values. If w; is negative (as for stimulated photon emission), this expression will contribute,
again when multiplied by e~**, for negative w-values. In the latter situation, p; is the equilibrium probability of finding the molecule
in the (excited) state from which emission will occur; this probability can be related to that of the lower state p; by

_EO

lower )

(!

excited

Pexcited = Plower€ kT

hw
= Plower€ kT .
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In this form, it is important to realize that the excited and lower states are treated as individual states, not as levels that might
contain a degenerate set of states.

The absorption and emission cases can be combined into a single net expression for the rate of photon absorption by recognizing
that the latter process leads to photon production, and thus must be entered with a negative sign. The resultant expression for
the net rate of decrease of photons is:

1 hw
Req.ave.net = (F) Z pi|l—e kT

[fg«@<¢A(Eo-M)Eo-uaﬂ¢»efwwdwdt

The Line Shape and Time Correlation Functions

Now, it is convention to introduce the so-called "line shape" function I(w):
I@) = pi [ (B0 B0 - u(0)@)e > ds
in terms of which the net photon absorption rate is
R (L (1= ™) [ glw)I(w) d
eq.ave.net — hQ € glw w w.
As stated above, the function

Ct) = ZPi("DilEO ) Eo - p(t)|®:)

is called the equilibrium averaged time correlation function of the component of the electric dipole operator along the direction
of the external electric field E,. Its Fourier transform is I(w), the spectral line shape function. The convolution of I(w) with the
light source's (\g(\omega\)) function, multiplied by (1 — e*ﬁ—?), the correction for stimulated photon emission, gives the net rate

of photon absorption.

This page titled 15.4: Time Correlation Function Expressions for Transition Rates is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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16: COLLISIONS AND SCATTERING

Collisions among molecules can also be viewed as a problem in time-dependent quantum mechanics. The perturbation is the
"interaction potential" and the time dependence arises from the movement of the nuclear positions.

16.1: One Dimensional Scattering
16.2: Multichannel Problems
16.3: Classical Treatment of Nuclear Motion

16.4: Wavepackets

This page titled 16: Collisions and Scattering is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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16.1: One Dimensional Scattering

Atom-atom scattering on a single Born-Oppenheimer energy surface can be reduced to a one-dimensional Schrédinger equation
by separating the radial and angular parts of the three-dimensional Schrédinger equation in the same fashion as used for the
Hydrogen atom in Chapter 1. The resultant equation for the radial part ¥(R) of the wavefunction can be written as:

h2 1 0 , O 52 -
~(5) 7 (PR + 10+ 1) Gy VORI = B

where L is the quantum number that labels the angular momentum of the colliding particles whose reduced mass is p.

Defining ¥(R) = Ry(R) and substituting into the above equation gives the following equation for ¥ :

RZ\ 92w h?
— L(L+1 U+ V(R)V =EV.
(2u> OR? +L(L+ )Z,uR2 +V(R)

The combination of the "centrifugal potential" L(L + 1)25—;2 and the electronic potential V(R) thus produce a total "effective
potential" for describing the radial motion of the system.

The simplest reasonable model for such an effective potential is provided by the "square well" potential illustrated below. This
model V(R) could, for example, be applied to the L = O scattering of two atoms whose bond dissociation energy is D, and whose
equilibrium bond length for this electronic surface lies somewhere between R = ® and R = R.y.

V(R)

0.0

Rmax

Y

Interatomic Distance R
Figure 16.1.1: Insert caption here!

The piecewise constant nature of this particular V(R) allows exact solutions to be written both for bound and scattering states
because the Schrodinger equation

a2\ 4’0
— | = = BV ( f < < Roppax
(ZH) iR EV (for0 < R < Rpax)

K2\ d*w
) — = e <
<2u) i +D.¥ =EV Ry < R < 00)

admits simple sinusoidal solutions.
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Bound States

The bound states are characterized by having E < D.. For the inner region, the two solutions to the above equation are
U, (R) = Asin(kR)
and

Uy(R) = Beos(kR)

b 2uE
\V Th2

is termed the "local wave number" because it is related to the momentum values for the e=**? components of such a function:

where

_ihaeiikR

_ +ikR
B = hke .

The cos(kR) solution must be excluded (i.e., its amplitude B in the general solution of the Schrédinger equation must be chosen
equal to 8.09) because this function does not vanish at R = O, where the potential moves to infinity and thus the wavefunction must
vanish. This means that only the

U = Asin(kR)
term remains for this inner region.

Within the asymptotic region (R > R,,...) there are also two solutions to the Schrédinger equation:

\I/3 = CeinR
and
U, = De™®
where
_ 2N(De * E)
K= _
h?

Clearly, one of these functions is a decaying function of R for large R and the other ¥, grows exponentially for large R. The latter's
amplitude D must be set to zero because this function generates a probability density that grows larger and larger as R penetrates
deeper and deeper into the classically forbidden region (where E < V(R)).

To connect ¥, in the inner region to V3 in the outer region, we use the fact that ¥ and % must be continuous except at points R
where V(R) undergoes an infinite discontinuity (see Chapter 1). Continuity of $at R,,.. gives:

Asin(kRyez) = Ce "R

and continuity of 4 at Ruax Yields

Akcos(kRumaz) = —kCe " Fna
These two equations allow the ratio C/A as well as the energy E (which appears in s and in k) to be determined:

A —k e "Bmaw

c 'k cos(kRyaz)

The condition that determines E is based on the well known requirement that the determinant of coefficients must vanish for
homogeneous linear equations to have no-trivial solutions (i.e., not A= C = Q):
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" $in(kRpas) ——e "Fmes\ .
kcos(kRyaz) re Ffme
The vanishing of this determinant can be rewritten as
Iﬁ?S’L.n(k}]‘%maz)67’€R’”‘”r —+ kcos(kRmaw)efﬂRmaz =0

or

tan(kRmaz) = %ﬂ

When employed in the expression for A/C, this result gives

A e FRma

c sin(kRmaz)

For very large D, compared to E, the above equation for E reduces to the familiar "particle in a box" energy level result since
vanishes in this limit, and thus tan(kR,,.,) = 8, which is equivalent to sin(kR,,.;) = 8, which yields the familiar E = SZIZ{;I and %
0, so ¥ = A sin(kR).

==

When D, is not large compared to E, the full transcendental equation tan(kR,,,,) = —% must be solved numerically or graphically
for the eigenvalues E,,, n =1, 2, 3, .... These energy levels, when substituted into the definitions for k and « give the wavefunctions:

¥ = A sin(kR) (for 0 < R < Ryax)

¥ = A sin(kR,, e (for R, <R < 0).

max

The one remaining unknown A can be determined by requiring that the modulus squared of the wavefunction describe a
probability density that is normalized to unity when integrated over all space:

[o.0)

/ |T]%dR = 1.

0

Note that this condition is equivalent to
o
/ [T]?2R2dR =1
0

which would pertain to the original radial wavefunction. In the case of an infinitely deep potential well, this normalization
condition reduces to

Ripax
A%sin?(kR)dR = 1

which produces

2
A= .
Rmax
Scattering States
The scattering states are treated in much the same manner. The functions

¥, and ¥, arise as above, and the amplitude of ¥5 must again be chosen to vanish because ¥ must vanish at R = O where the
potential moves to infinity. However, in the exterior region (R> Ry.x), the two solutions are now written as:

Uy = Ce¥R
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U, = De *¥F

Ko=) e
h2

The conditions that ¥ and % be continuous at Ry Still apply:

where the large-R local wavenumber

arises because E > D, for scattering states.

Asin(kR = Ce¥ B _ jlo D Rmax,

max)
and

kAcos(kR,,,,) = ik’Ce™ Rm — jkDe R,

max)

However, these two equations (in three unknowns A, C, and D) can no longer be solved to generate eigenvalues E and amplitude
ratios. There are now three amplitudes as well as the E value but only these two equations plus a normalization condition to be
used. The result is that the energy no longer is specified by a boundary condition; it can take on any value. We thus speak of
scattering states as being "in the continuum" because the allowed values of E form a continuum beginning at E = D, (since the
zero of energy is defined in this example as at the bottom of the potential well).

The R > Ry, components of ¥ are commonly referred to as "incoming"
Ty, = De¥R
and "outgoing"
Uy = Ce™ R

because their radial momentum eigenvalues are -4 k’ and & k', respectively. It is a common convention to define the amplitude D
so that the flux of incoming particles is unity.

Choosing

m

D=
hk’

produces an incoming wavefunction whose current density is:

—ih * d d\IJin :
S =5 [q’ ()~ (&) ‘I’]

This means that there is one unit of current density moving inward (this produces the minus sign) for all values of R at which ¥,
is an appropriate wavefunction (i.e., R > R.x). This condition takes the place of the probability normalization condition specified
in the boundstate case when the modulus squared of the total wavefunction is required to be normalized to unity over all space.
Scattering wavefunctions can not be so normalized because they do not decay at large R; for this reason, the flux normalization
condition is usually employed. The magnitudes of the outgoing (C) and short range (A) wavefunctions relative to that of the
incoming function (D) then provide information about the scattering and "trapping" of incident flux by the interaction potential.

Once D is so specified, the above two boundary matching equations are written as a set of two inhomogeneous linear equations
in two unknowns (A and C):

Asin(kR,, ) — Cel¥Rms = DeikRuu)

max )

@IOIC]E) 187 (16.1.4)



LibreTexts"

and
kAcos(kR,,,,) — ik’Cel¥Rum) = _jlo Dtk R

or

Sin(kRmax) 7eik’Rmu A De’ik)Rm“
keos(kR 5 -k’ el Romax (C) T\ Lik’De®Ruax |

Non-trivial solutions for A and C will exist except when the determinant of the matrix on the left side vanishes:

-ik’sin(kR,,,.) + kcos(kR ,,) = 0,
which can be true only if
ik’
tan(kRH}aX) = T'

This equation is not obeyed for any (real) value of the energy E, so solutions for A and C in terms of the specified D can always be
found.

In summary, specification of unit incident flux is made by choosing D as indicated above. For any collision energy E > D, the 2x1
array on the right hand side of the set of linear equations written above can be formed, as can the 2x2 matrix on the left side.
These linear equations can then be solved for A and C. The overall wavefunction for this E is then given by:

U= Asin(kR)  (for 0 € R < Rue)
U = Ce*® 4+ De*®  (for R, <R < oo

max — ) .

Shape Resonance States

If the angular momentum quantum number L in the effective potential introduced earlier is non-zero, this potential has a repulsive
component at large R. This repulsion can combine with short-range attractive interactions due, for example, to chemical bond
forces, to produce an effective potential that one can model in terms of simple piecewise functions shown below.

V(R) T

0.0

anax anax +d

\J

Interatomic Distance R

Figure 16.1.1: Insert caption here!
Again, the piecewise nature of the potential allows the one-dimensional Schrodinger equation to be solved analytically. For

energies below D., one again finds bound states in much the same way as illustrated above (but with the exponentially decaying
function e*® used in the region Rpax < R < Rpyax + 6, with &’ = 1/2u(—D, — 8V — E)/h2).
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For energies lying above D. + 4V, scattering states occur and the four amplitudes of the functions (sin(kR), e
HER) with k” = \/2u(D, + 0V + E)/A?), and ™)) appropriate to each R-region are determined in terms of the amplitude of
the incoming asymptotic function De ¥R av

) from the four equations obtained by matching ¥ and qp at Ruax and at Ryax + 0.

For energies lying in the range D, < E < D, + §V, a qualitatively different class of scattering function exists. These so-called
shape resonance states occur at energies that are determined by the condition that the amplitude of the wavefunction within
the barrier (i.e., for ® < R < Ry ) be large so that incident flux successfully tunnels through the barrier and builds up, through
constructive interference, large probability amplitude there. Let us now turn our attention to this specific energy regime.

The piecewise solutions to the Schrédinger equation appropriate to the shaperesonance case are easily written down:

¥ = Asin(kR) (for 0 < R < Rpax)

U=B,e""+B e*® (forR,,, < R <Rpyax+9

mar — )

U = Ce¥R 4 De kR (forR_, . +d< R <o0)

max

Note that both exponentially growing and decaying functions are acceptable in the R, < R < Ruax + 0 region because
this region does not extend to R = co. There are four amplitudes (A, B+, B- , and C) that must be expressed in terms
of the specified amplitude D of the incoming flux. Four equations that can be used to achieve this goal result when
¥ and % are matched at R,,.; and at R4 + 9:

ASin(kRmaw) = B+6H/R”m + B,efﬁ/R”W,
Akcos(kRyaz) = K'B.y e Buw — i/ B_ " R,
B+en'(Rm+6) + B_e " (Bunwtd) — Otk (Rmatd) | De—ik'(Rm“Jré)’
/i/BJre“/(Rmuﬁﬁ) — k' B_e " (Rmas+0)

= ik’ CeiF Bmartd) _ ik’ Dotk (Rmar+0)

It is especially instructive to consider the value of A/D that results from solving this set of four equations in four unknowns
because the modulus of this ratio provides information about the relative amount of amplitude that exists inside the centrifugal
barrier in the attractive region of the potential compared to that existing in the asymptotic region as incoming flux.

The result of solving for A/D is:

A 4 e~ (Bimaz+0)

D

e® ik’ — k') (k' sin(kRmaz) + kcos(kRmaz)) N e ik’ + k') (K sin(kRmaz) — kcos(kRmaz))
ik’ ik’

Further, it is instructive to consider this result under conditions of a high (large D. + éV - E) and thick (large §) barrier. In such a
case, the "tunnelling factor" e~*'% will be very small compared to its counterpart e*’%, and so

. —Kk'6
A 4 ik’ K’ o~k (Runar+9) e

D ik’ — K’ k' 8in(kRyaz) + kcos(kRpaz)

The e~*? factor in A/D causes the magnitude of the wavefunction inside the barrier to be small in most circumstances; we say
that incident flux must tunnel through the barrier to reach the inner region and that e %% gives the probability of this tunnelling.
The magnitude of the A/D factor could become large if the collision energy E is such that

k' sin(kRyqz) + kcos(kRyaz)
is small. In fact, if

tan(kRmaz) = ;k

’

this denominator factor in A/D will vanish and A/D will become infinite. Note that the above condition is similar to the energy
quantization condition

tan(kRmaz) = -~
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that arose when bound states of a finite potential well were examined earlier in this Chapter. There is, however, an important
difference. In the bound-state situation

2uE
K2

k=

and

in this shape-resonance case, k is the same, but

. |2u(D, + 4V —E)
h2

rather than x occurs, so the two tan(kR,,....) equations are not identical.
However, in the case of a very high barrier (so thats x’ is much larger than k), the denominator
k' sin(kRmaz) + kcos(kRpmay) ~ K’ sin(kRmaz)
in A/D can become small if
$in(kRmaz) ~ 0.

This condition is nothing but the energy quantization condition that would occur for the particle-in-a-box potential shown below.

V(R)

e

0.0

RI’\"I ax

Interatomic Distance R ———
Figure 16.1.4: Insert caption here!

This potential is identical to the true effective potential for 0 < R < R,,.., but extends to infinity beyond R,,... ; the barrier and the
dissociation asymptote displayed by the true potential are absent.

In summary, when a barrier is present on a potential energy surface, at energies above the dissociation asymptote D, but
below the top of the barrier (D, + §V here), one can expect shape-resonance states to occur at "special" scattering energies E.
These socalled resonance energies can often be approximated by the bound-state energies of a potential that is identical to the
potential of interest in the inner region (0 < R < R, here) but that extends to infinity beyond the top of the barrier (i.e., beyond
the barrier, it does not fall back to values below E).

The chemical significance of shape resonances is great. Highly rotationally excited molecules may have more than enough total
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energy to dissociate (D.), but this energy may be "stored" in the rotational motion, and the vibrational energy may be less than
D.. In terms of the above model, high angular momentum may produce a significant barrier in the effective potential, but the
system's vibrational energy may lie significantly below D.. In such a case, and when viewed in terms of motion on an angular
momentum modified effective potential, the lifetime of the molecule with respect to dissociation is determined by the rate of
tunnelling through the barrier.

For the case at hand, one speaks of "rotational predissociation”" of the molecule. The lifetime T can be estimated by computing
the frequency v at which flux existing inside R,,.. strikes the barrier at R4,

v= ik (sec™)
B 2/l]%maz

and then multiplying by the probability P that flux tunnels through the barrier from R,,,., 10 R,;10z + 8¢

P =29
The result s that
l — hk 672'{/5
T 2iu‘Rmaz

with the energy E entering into k and «’ being determined by the resonance condition: (x’sin (kR ,a.)+kcos(kR q,)) = minimum.

Although the examples treated above involved piecewise constant potentials (so the Schrddinger equation and the boundary
matching conditions could be solved exactly), many of the characteristics observed carry over to more chemically realistic
situations. As discussed, for example, in Energetic Principles of Chemical Reactions , J. Simons, Jones and Bartlett, Portola
Valley, Calif. (1983), one can often model chemical reaction processes in terms of:

1. motion along a "reaction coordinate" (s) from a region characteristic of reactant materials where the potential surface is
positively curved in all direction and all forces (i.e., gradients of the potential along all internal coordinates) vanish,

2. to a transition state at which the potential surface's curvature along s is negative while all other curvatures are positive and
all forces vanish,

3. onward to product materials where again all curvatures are positive and all forces vanish.

Within such a "reaction path" point of view, motion transverse to the reaction coordinate s is often modelled in terms of local
harmonic motion although more sophisticated treatments of the dynamics is possible. In any event, this picture leads one to
consider motion along a single degree of freedom (s), with respect to which much of the above treatment can be carried over,
coupled to transverse motion along all other internal degrees of freedom taking place under an entirely positively curved potential
(which therefore produces restoring forces to movement away from the "streambed" traced out by the reaction path s).

This page titled 16.1: One Dimensional Scattering is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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16.2;: Multichannel Problems

When excited electronic states are involved, couplings between two or more electronic surfaces may arise. Dynamics occuring
on an excited-state surface may evolve in a way that produces flux on another surface. For example, collisions between an
electronically excited 1s2s(S) He atom and a ground-state 1s%(!S) He atom occur on a potential energy surface that is repulsive
at large R (due to the repulsive interaction between the closed-shell 1s? He and the large 2s orbital) but attractive at smaller R
(due to the 025! orbital occupancy arising from the three 1s-derived electrons). The ground-state potential energy surface for this
system (pertaining to two 1s2('S) He atoms is repulsive at small R values (because of the o202 nature of the electronic state). In
this case, there are two Born-Oppenheimer electronic-nuclear motion states that are degenerate and thus need to be combined
to achieve a proper description of the dynamics:

lI}l = |U2U*2|\I/ground.(R7 07 ¢)
pertaining to the ground electronic state and the scattering state ¥,,,.,q. ON this energy surface, and
Uy = 0?0120 [T (RO, )

pertaining to the excited electronic state and the nuclear-motion state ¥., on this energy surface. Both of these wavefunctions
can have the same energy E; the former has high nuclear-motion energy and low electronic energy, while the latter has higher
electronic energy and lower nuclear-motion energy.

A simple model that can be used to illustrate the two-state couplings that arise in such cases is introduced through the two one-
dimensional piecewise potential surfaces shown below.

De
V(R)
0.0
: anax
S
Interatomic Distance R >

Figure 16.2.1: Insert Caption here!
The dashed energy surface
V(R)=—Afor0 <R < 0)

provides a simple representation of a repulsive lower-energy surface, and the solid-line plot represents the excited-state surface
that has a well of depth D, and whose well lies A above the ground-state surface.

In this case, and for energies lying above zero (for E < 0, only nuclear motion on the lower energy dashed surface is "open" (i.e.,
accessible)) yet below D., the nuclear motion wavefunction can have amplitudes belonging to both surfaces. That is, the total
(electronic and nuclear) wavefunction consists of two portions that can be written as:

U = Agsin(kR) + ¢” A”sin(k"R) (for 0 < R < Rupax)
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and

U = Apsin(kRmay)e e *E 4 3" A”sin(k”R) (for R < R < 0),

max —

where ¢ and ¢” denote the electronic functions belonging to the upper and lower energy surfaces, respectively. The wavenumbers
k and k" are defined as:

2uE

k= %

2u(E+ A)

k" = =

and « is as before

2u(D. — E)
h2 ’

For the lower-energy surface, only the sin(k"R) function is allowed because the cos(k"R) function does not vanish at R=0.

The Coupled Channel Equations

In such cases, the relative amplitudes (A and A") of the nuclear motion wavefunctions on each surface must be determined
by substituting the above "two-channel" wavefunction ( the word channel is used to denote separate asymptotic states of the
system; in this case, the ¢ and ¢” electronic states) into the full Schrodinger equation. In Chapter 3, the couplings among Born-
Oppenheimer states were so treated and resulted in the following equation:

:nha ) (U;|Va| i) (R) - vaEi(R):|

[(E;(R) — E)E,(R) + TE;(R)] = — ) _ [{

i

(U;|T| ;) (R)Ei(R) + (
a=1,M

where E;(R) and =;(R) denote the electronic energy surfaces and nuclear-motion wavefunctions, ¥; denote the corresponding
electronic wavefunctions, and the V, represent derivatives with respect to the various coordinates of the nuclei. Changing to the
notation used in the one-dimensional model problem introduced above, these so-called coupled-channel equations read:

h § d2 Nl ” ” h § 4 ” ” h2 4 d d
(fOI‘ 0 <RL Rmax)7
h? d? h? d? h? R
A—E A7sin(k"R ” "VA”sin(k"R) + (f—) ¢” A sin(kR,, e e ]
(-8 B) - g | rsinm) = = (0] - g 0ASIR) + (< ) (0] G 16) g Adsin(R, )

(for 0 < R < 0),

when the index j refers to the ground-state surfaces (V(R) = -A, for ( ® < R < o0), and

[(o _E)— % dﬁ } Asin(kR) = { o — Z; dd22 |6) Asin(kR) + ( %2) (¢|%|¢”>%A” sin(k”R)]
(for 0 < R < Ruax)
[(D g } Asin(kR,,,, )e e { A~ 2 L |y Asin(kR e e (h—z) (o] < |¢”>imsm(m)]
24 dR? 24 dr? Iz dR dR
(for R, < R < 00)

when the index j refers to the excited-state surface (where V(R)) =0, for ® <R < Ry and V(R) =D, for Ry < R < o0 ).

Clearly, if the right-hand sides of the above equations are ignored, one simply recaptures the Schrodinger equations describing
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motion on the seperate potential energy surfaces:

[ 2 d2 b
-5 A”sin(k"R) =0
(for 0 < R < Riyax)s
[ h2 d2 b
—A—FE)— —— | A”’in(k”"R) =0
>( 2“ dR2 | ( )
(for 0 <R < o0);
that describe motion on the lower-energy surface, and
h2 2
{(0 B - } Asin(kR) = 0
(for 0 < R < Ryax)s
h2 d2
{(De —E)— E—] Asin(kR_ . ) KRuax o —kR _ 3

(for Ripax < R < 00)

describing motion on the upper surface on which the bonding interaction occurs. The terms on the right-hand sides provide the
couplings that cause the true solutions to the Schrodinger equation to be combinations of solutions for the two separate surfaces.

In applications of the coupled-channel approach illustrated above, coupled sets of second order differential equations (two in the
above example) are solved by starting with a specified flux in one of the channels and a chosen energy E. For example, one might
specify the amplitude A to be unity to represent preparation of the system in a bound vibrational level (with E < D.) of the excited
electronic-state potential. One would then choose E to be one of the eigenenergies of that potential. Propagation methods could
be used to solve the coupled differential equations subject to these choices of E and A. The result would be the determination of
the amplitude A' of the wavefunction on the groundstate surface. The ratio A'/A provides a measure of the strength of coupling
between the two Born-Oppenheimer states

Perturbative Treatment

Alternatively, one can treat the coupling between the two states via time dependent perturbation theory. For example, by taking
A = 1.0 and choosing E to be one of the eigenenergies of the excited-state potential, one is specifying that the system is initially
(just prior to t = O) prepared in a state whose wavefunction is:

U0 = ¢sin(kR) (for 0 < R < Rypax)

= ¢sin(kR,, e e ™ (for R, < R < o).

max max —

From t = © on, the coupling to the other state

W =¢'sin(kR) (for0 < R < o0

ground
is induced by the "perturbation" embodied in the terms on the right-hand side of the coupled-channel equations

Within this time dependent perturbation theory framework, the rate of transition of probability amplitude from the initially
prepared state (on the excited state surface) to the ground-state surface is proportional to the square of the perturbation matrix
elements between these two states:

Ripax 0
Rate af / sin(kR)e"Rum e~ R( qﬁ‘ |¢” (ism(k”R)) dR + /sm(kRmx) Fmax o~ R ¢| M)” (—sm(k”R ) dR|2
0 Rimax

The matrix elements occurring here contain two distinct parts:
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d

(6] -2-[6")

has to do with the electronic state couplings that are induced by radial movement of the nuclei; and both
sin(kR) d sin(k”R)
dR

relate to couplings between the two nuclear-motion wavefunctions induced by these same radial motions. For a transition to
occur, both the electronic and nuclear-motion states must undergo changes. The initially prepared state (the bound state on the
upper electronic surface) has high electronic and low nuclear-motion energy, while the state to which transitions may occur (the
scattering state on the lower electronic surface) has low electronic energy and higher nuclear-motion energy.

. . . . . . d
Of course, in the above example, the integrals over R can be carried out if the electronic matrix elements <¢‘ﬁ|¢”> can be

handled. In practical chemical applications (for an introductory treatment see Energetic Principles of Chemical Reactions , J.
Simons, Jones and Bartlett, Portola Valley, Calif. (1983)), the evaluation of these electronic matrix elements is a formidable task
that often requires computation intensive techniques such as those discussed in Section 6.

Even when the electronic coupling elements are available (or are modelled or parameterized in some reasonable manner), the
solution of the coupled-channel equations that govern the nuclear motion is a demanding task. For the purposes of this text, it
suffices to note that:

couplings between motion on two or more electronic states can and do occur;

these couplings are essential to treat whenever the electronic energy difference (i.e., the spacing between pairs of Born-
Oppenheimer potential surfaces) is small (i.e., comparable to vibrational or rotational energy level spacings);

3. there exists a rigorous theoretical framework in terms of which one can evaluate the rates of so-called radiationless
transitions between pairs of such electronic, vibrational, rotational states. Expressions for such transitions involve (a)
electronic matrix elements that depend on how strongly the electronic states are modulated by movement ( hence the %) of
the nuclei, and (b) nuclear-motion integrals connecting the initial and final nuclear-motion wavefunctions, which also contain

N o=

) because they describe the "recoil" of the nuclei induced by the electronic transition.

Chemical Relevance

As presented above, the most obvious situation of multichannel dynamics arises when electronically excited molecules undergo
radiationless relaxation (e.g., internal conversion when the spin symmetry of the two states is the same or intersystem crossing
when the two states differ in spin symmetry). These subjects are treated in some detail in the text Energetic Principles of
Chemical Reactions , J. Simons, Jones and Bartlett, Portola Valley, Calif. (1983)) where radiationless transitions arising in
photochemistry and polyatomic molecule reactivity are discussed.

Let us consider an example involving the chemical reactivity of electronically excited alkaline earth or d’s? transition metal
atoms with Hy molecules. The particular case for Cd* + Hy, —+ CdH + H has been studied experimentally and theoretically. In
such systems, the potential energy surface connecting to ground-state Cd (!S) + H, becomes highly repulsive as the collision
partners approach (see the depiction provided in the Figure shown below). The three surfaces that correlate with the Cd ('P) + H
5 species prepared by photo-excitation of Cd(!S) behave quite differently as functions of the Cd-to-H, distance because in each
the singly occupied 6p orbital assumes a different orientation relative to the Hy molecule's bond axis. For (near) Cs, orientations,
these states are labeled !B,, 'B;, and 'A;; they have the 6p orbital directed as shown in the second Figure, respectively. The
corresponding triplet surfaces that derive from Cd (*P) + H, behave, as functions of the Cd-to-H, distance (R) in similar manner,
except they are shifted to lower energy because Cd (3P) lies below Cd (*P) by ca. 37 kcal/mol.

Collisions between Cd (!P) and H, can occur on any of the three surfaces mentioned above. Flus on the ' A; surface is primarily
reflected (at low collision energies characteristic of the thermal experiments) because this surface is quite repulsive at large
R. Flux on the !B; surface can proceed in to quite small R (ca. 2.4 A ) before repulsive forces on this surface reflect it. At
geometries near R = 2.0A and ryy = 0.88 A, the highly repulsive A, surface intersects this 'B; surface from below. At and near
this intersection, a combination of spin-orbit coupling (which is large for Cd) and non-adiabatic coupling may induce flux to evolve
onto the 3A; surface, after which fragmentation to Cd (*P) + H, could occur.

In contrast, flux on the !B, surface propogates inward under attractive forces to R = 2.25 A and rug = 0.79 A where it may
evolve onto the 3A; surface which intersects from below. At and near this intersection, a combination of spin-orbit coupling
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(which is large for Cd) and non-adiabatic coupling may induce flux to evolve onto the 3A; surface, after which fragmentation
to Cd (*P) + H, could occur. Flux that continues to propogate inward to smaller R values experiences even stronger attractive
forces that lead, near R = 1.69 A and rgg = 1.54 A, to an intersection with the 'A; surface that connects to Cd (*S) + H,. Here,
non-adiabatic couplings may cause flux to evolve onto the 'A; surface which may then lead to formation of ground state Cd (
1S) + H, or Cd (18) + H + H, both of which are energetically possible. Processes in which electronically excited atoms produce
groundstate atoms through such collisions and surface hopping are termed "electronic quenching".

The nature of the non-adiabatic couplings that arise in the two examples given above are quite different. In the former case, when
the 1B; and ®A; surfaces are in close proximity to one another, the first-order coupling element:

(T('B1)|V;[2(A)

is non-zero only for nuclear motions (i.e., V; ) of byxa; = b; symmetry. For the CdH, collision complex being considered in (or
near) C,, symmetry, such a motion corresponds to rotational motion of the nuclei about an axis lying parallel to the H-H bond
axis. In contrast, to couple the 3A; and 1B, electronic states through an element of the form

(U('By)| V3| ¥(*Ay)),

the motion must be of boxa; = by symmetry. This movement corresponds to asymmetric vibrational motion of the two Cd-H
interatomic coordinates.

The implications of these observations are clear. For example, in so-called halfcollision experiments in which a van der Waals
CdH, complex is probed, internal rotational motion would be expected to enhance 'B; —3 A; quenching, whereas asymmetric
vibrational motion should enhance the !B, —3 A; process.

Moreover, the production of ground-state Cd ('S) +H, via B, —! A; surface hopping (near R = 1.69 A and ryi = 1.54 A) should
also be enhanced by asymmetric vibrational excitation. The 'B, and 'A; surfaces also provide, through their non-adiabatic
couplings, a "gateway" to formation of the asymmetric bond cleavage products CdH(zE) + H. It can be shown that the curvature
(i.e., second energy derivative) of a potential energy surface consists of two parts: (i) one part that in always positive, and (ii) a
second that can be represented in terms of the non-adiabatic coupling elements between the two surfaces and the energy gap A
E between the two surfaces. Applied to the two states at hand, this second contributor to the curvature of the 1B, surface is:

(T (Bo) |V, T(A))”
E('By) —E(*A;)

Clearly, when the 'A; state is higher in energy but strongly non-adiabatically coupled to the 'B, state, negative curvature along
the asymmetric b, vibrational mode is expected for the !B, state. When the 'A; state is lower in energy, negative curvature along
the b, vibrational mode is expected for the 'A; state (because the above expression also expresses the curvature of the 'A;
state).

Therefore, in the region of close-approach of these two states, state-to-state surface hopping can be facile. Moreover, one of
the two states (the lower lying at each geometry) will likely possess negative curvature along the b, vibrational mode. It is this
negative curvature that causes movement away from C,, symmetry to occur spontaneously, thus leading to the CdH (22) + H
reaction products.
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CdH (B%E) + H 163
CdH (A®IT) + H—» 157

cd('s)+2H— 11p

CdH (X% H—»g2 88<—Cd (P) + H,

E in kcal/mol

HCdH ('z,") —» 24

0-=—Cd('S)+H,

O
O

b, overlap b, overlap a; overlap
of Cd 6p orbital of Cd 6p orbital of Cd 6p orbital
and H o, orbital and H o, orbital and H o, orbital

Coupled-state dynamics can also be used to describe situations in which vibrational rather than electronic-state transitions occur.
For example, when van der Waals complexes such as HCL...Ar undergo so-called vibrational predissociation, one thinks in terms
of movement of the Ar atom relative to the center of mass of the HCL molecule playing the role of the R coordinate above, and the
vibrational state of HCl as playing the role of the quantized (electronic) state in the above example.

In such cases, a vibrationally excited HCl molecule (e.g., in v = 1) to which an Ar atom is attached via weak van der Waals
attraction transfers its vibrational energy to the Ar atom, subsequently dropping to a lower (e.g., v = 0) vibrational level. Within
the twocoupled-state model introduced above, the upper energy surface pertains to Ar in a bound vibrational level (having
dissociation energy D.) with HCL in an excited vibrational state (A being the v = ® to v = 1 vibrational energy gap), and the lower
surface describes an Ar atom that is free from the HCl molecule that is itself in its v = ® vibrational state. In this case, the
coordinate R is the Ar-to-HCl distance.

In analogy with the electronic-nuclear coupling example discussed earlier, the rate of transition from HCI (v=1) bound to Ar to
HCl(v=0) plus a free Ar atom depends on the strength of coupling between the Ar...HCl relative motion coordinate (R) and the HCl
internal vibrational coordinate. The (q}\ % |¢”) coupling elements in this case are integrals over the HCl vibrational coordinate x
involving the v = 0 (¢) and v = 1 (¢”) vibrational functions. The integrals over the R coordinate in the earlier expression for the rate
of radiationless transitions now involve integration over the distance R between the Ar atom and the center of mass of the HCl
molecule.
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This completes our discussion of dynamical processes in which more than one Born-Oppenheimer state is involved. There
are many situations in molecular spectroscopy and chemical dynamics where consideration of such coupled-state dynamics is
essential. These cases are characterized by

1. total energies E which may be partitioned in two or more ways among the internal degrees of freedom (e.g., electronic and
nuclear motion or vibrational and ad-atom in the above examples),

2. Born-Oppenheimer potentials that differ in energy by a small amount (so that energy transfer from the other degree(s) of
freedom is facile).

This page titled 16.2: Multichannel Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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16.3: Classical Treatment of Nuclear Motion

For all but very elementary chemical reactions (e.g.,, D + HH — HD + H or F + HH — FH + H) or scattering processes (e.g., CO (v,J) +
He — CO (v',J') + He), the above fully quantal coupled equations simply can not be solved even when modern supercomputers are
employed.Fortunately, the Schrodinger equation can be replaced by a simple classical mechanics treatment of nuclear motions
under certain circumstances.

For motion of a particle of mass p along a direction R, the primary condition under which a classical treatment of nuclear motion
is valid

Al

dp
ALy
47rp‘dR <

relates to the fractional change in the local momentum defined as:
p=4/2u(E - E;(R))

along R within the 3N - 5 or 3N - 6 dimensional internal coordinate space of the molecule, as well as to the local de Broglie
wavelength

\— 27rh.
Ip|

. . 1d .
The inverse of the quantity —’%‘ can be thought of as the length over which the momentum changes by 180%. The above
p

condition then states that the local de Broglie wavelength must be short with respect to the distance over which the potential
changes appreciably. Clearly, whenever one is dealing with heavy nuclei that are moving fast (so |p| is large), one should anticipate
that the local de Broglie wavelength of those particles may be short enough to meet the above criteria for classical treatment.

It has been determined that for potentials characteristic of typical chemical bonding (whose depths and dynamic range of
interatomic distances are well known), and for all but low-energy motions (e.g., zero-point vibrations) of light particles such as
Hydrogen and Deuterium nuclei or electrons, the local de Broglie wavelengths are often short enough for the above condition to
be met (because of the large masses u of non-Hydrogenic species) except when their velocities approach zero (e.g., near classical
turning points). It is therefore common to treat the nuclear-motion dynamics of molecules that do not contain H or D atoms in a
purely classical manner, and to apply so-called semi-classical corrections near classical turning points. The motions of H and D
atomic centers usually require quantal treatment except when their kinetic energies are quite high.

Classical Trajectories

To apply classical mechanics to the treatment of nuclear-motion dynamics, one solves Newtonian equations

d*Xy dE;
my——— = —
a2 X
where X, denotes one of the 3N cartesian coordinates of the atomic centers in the molecule, my is the mass of the atom
associated with this coordinate, and g—)E(i is the derivative of the potential, which is the electronic energy E;(R), along the Kkt
coordinate's direction. Starting with coordinates {X,(0)} and corresponding momenta {P,(0)} at some initial time t = ®, and given

the ability to compute the force - g—)E(i at any location of the nuclei, the Newton equations can be solved (usually on a computer)

using finite-difference methods:

ot
Xk(t + 6t) = Xtcztk(t) + Pk(t) I
my
dE;
Pi(t + 0t) = Py(t) — X, (t)dt.
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In so doing, one generates a sequence of coordinates {X(t,)} and momenta {P(t,)}, one for each "time step" tn. The histories
of these coordinates and momenta as functions of time are called "classical trajectories". Following them from early times,
characteristic of the molecule(s) at "reactant” geometries, through to late times, perhaps characteristic of "product" geometries,
allows one to monitor and predict the fate of the time evolution of the nuclear dynamics. Even for large molecules with many
atomic centers, propagation of such classical trajectories is feasible on modern computers if the forces - 9 can be computed

ax
in a manner that does not consume inordinate amounts of computer time.

In Section 6, methods by which such force calculations are performed using firstprinciples quantum mechanical methods (i.e.,
so-called ab initio methods) are discussed. Suffice it to say that these calculations are often the rate limiting step in carrying

out classical trajectory simulations of molecular dynamics. The large effort involved in the ab initio determination of electronic

energies and their gradients - dd—)i motivate one to consider using empirical "force field" functions V; (R) in place of the ab

initio electronic energy E; (R). Such model potentials V\)_j\) (R), are usually constructed in terms of easy to compute and to
differentiate functions of the interatomic distances and valence angles that appear in the molecule. The parameters that appear
in the attractive and repulsive parts of these potentials are usually chosen so the potential is consistent with certain experimental
data (e.g., bond dissociation energies, bond lengths, vibrational energies, torsion energy barriers).

For a large polyatomic molecule, the potential function V usually contains several distinct contributions:

V= VbondJr Vbend+ VvamderWaLals+ Vtorsion* electrostatic-

Here Vg gives the dependence of V on stretching displacements of the bonds (i.e., interatomic distances between pairs of
bonded atoms) and is usually modeled as a harmonic or Morse function for each bond in the molecule:

1
Vibond = Z EkJ(R] - Reqﬁ])2
J

or

2
E —aj(Ry—Req,
Vbond = De,-] (1 —€ as(Ry 1"”)
J

where the index J labels the bonds and the k; , a; and R, ; are the force constant and equilibrium bond length parameters for
the J* bond.

Viend describes the bending potentials for each triplet of atoms (ABC) that are bonded in a A-B-C manner; it is usually modeled
in terms of a harmonic potential for each such bend:

1
Viend = Z §k3 (0] - 0901»J)2 .
J

The 6.,y and k?} are the equilibrium angles and force constants for the J** angle.

V.anderwaals represents the van der Waals interactions between all pairs of atoms that are not bonded to one another. It is usually
written as a sum over all pairs of such atoms (labeled J and K) of a Lennard-Jones 6-12 potential:

\[ \text{V}_{\text{vanderWaals}} = \sum\limits_{J

where a; x and b; x are parameters relating to the repulsive and dispersion attraction forces, respectively for the J™ and K™
atoms.

Viasion CONtributions describe the dependence of V on angles of rotation about single bonds. For example, rotation of a CH3 group
around the single bond connecting the carbon atom to another group may have an angle dependence of the form:

Vtorsion = ‘/0(1 - 005(36))

where 0 is the torsion rotation angle, and V; is the magnitude of the interaction between the C-H bonds and the group on the
atom bonded to carbon.

Velectrostatic CONtains the interactions among polar bonds or other polar groups (including any charged groups). It is usually written
as a sum over pairs of atomic centers (J and K) of Coulombic interactions between fractional charges {Q;} (chosen to represent
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the bond polarity) on these atoms:
\[ \text{V}_{\text{electrostatic}} = \sum\limits_{J

Although the total potential V as written above contains many components, each is a relatively simple function of the Cartesian
positions of the atomic centers. Therefore, it is relatively straightforward to evaluate V and its gradient along all 3N Cartesian
directions in a computationally efficient manner. For this reason, the use of such empirical force fields in so-called molecular
mechanics simulations of classical dynamics is widely used for treating large organic and biological molecules.

Initial Conditions

No single trajectory can be used to simulate chemical reaction or collisions that relate to realistic experiments. To generate
classical trajectories that are characteristic of particular experiments, one must choose many initial conditions (coordinates and
momenta) the collection of which is representative of the experiment. For example, to use an ensemble of trajectories to simulate
a molecular beam collision between H and Cl atoms at a collision energy E, one must follow many classical trajectories that have
a range of "impact parameters" (b) from zero up to some maximum value b,,,, beyond which the H ...Cl interaction potential
vanishes. The figure shown below describes the impact parameter as the distance of closest approach that a trajectory would
have if no attractive or repulsive forces were operative.

H atom

- 9,
T initial momentum

impact vector
parameter

Cl atom
Figure 16.3.1: Insert caption here!

Moreover, if the energy resolution of the experiment makes it impossible to fix the collision energy closer than an amount ¢E, one
must run collections of trajectories for values of E lying within this range.

If, in contrast, one wishes to simulate thermal reaction rates, one needs to follow trajectories with various E values and various
impact parameters b from initiation at t = ® to their conclusion (at which time the chemical outcome is interrogated). Each of
these trajectories must have their outcome weighted by an amount proportional to a Boltzmann factor e, where R is the ideal
gas constant and T is the temperature because this factor specifies the probability that a collision occurs with kinetic energy E.

As the complexity of the molecule under study increases, the number of parameters needed to specify the initial conditions
also grows. For example, classical trajectories that relate to F + H, — HF + H need to be specified by providing (i) an impact
parameter for the F to the center of mass of H,, (ii) the relative translational energy of the F and H,, (iii) the radial momentum
and coordinate of the H, molecule's bond length, and (iv) the angular momentum of the H, molecule as well as the angle of the
H-H bond axis relative to the line connecting the F atom to the center of mass of the H, molecule. Many such sets of initial
conditions must be chosen and the resultant classical trajectories followed to generate an ensemble of trajectories pertinent to
an experimental situation.

It should be clear that even the classical mechanical simulation of chemical experiments involves considerable effort because
no single trajectory can represent the experimental situation. Many trajectories, each with different initial conditions selected so
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they represent, as an ensemble, the experimental conditions, must be followed and the outcome of all such trajectories must be
averaged over the probability of realizing each specific initial condition.

Analyzing Final Conditions

Even after classical trajectories have been followed from t = ® until the outcomes of the collisions are clear, one needs to properly
relate the fate of each trajectory to the experimental situation. For the F + H, — HF + H example used above, one needs to
examine each trajectory to determine, for example, (i) whether HF + H products are formed or non-reactive collision to produce
F + H, has occurred, (ii) the amount of rotational energy and angular momentum that is contained in the HF product molecule,
(iii) the amount of relative translational energy that remains in the H + FH products, and (iv) the amount of vibrational energy that
ends up in the HF product molecule.

Because classical rather than quantum mechanical equations are used to follow the time evolution of the molecular system,
there is no guarantee that the amount of energy or angular momentum found in degrees of freedom for which these quantities
should be quantized will be so. For example, F + H, — HF + H trajectories may produce HF molecules with internal vibrational
energy that is not a half integral multiple of the fundamental vibrational frequency w of the HF bond. Also, the rotational angular

momentum of the HF molecule may not fit the formula J(J + 1) 8:21, where I is HF's moment of inertia.

To connect such purely classical mechanical results more closely to the world of quantized energy levels, a method know as
"binning" is often used. In this technique, one assigns the outcome of a classical trajectory to the particular quantum state (e.g.,
to a vibrational state v or a rotational state J of the HF molecule in the above example) whose quantum energy is closest to the
classically determined energy. For the HF example at hand, the classical vibrational energy E. ., is simply used to define, as the
closest integer, a vibrational quantum number v according to:

_ Ecl.vib o l
hw 2°

Likewise, a rotational quantum number J can be assigned as the closest integer to that determined by using the classical

rotational energy E., i, in the formula:
1 327T2[Ec1,1‘0t
J= 3 {1+ — 1

which is the solution of the quadratic equation J(J + 1) 8:21 = Ea,t By following many trajectories and assigning vibrational

and rotational quantum numbers to the product molecules formed in each trajectory, one can generate histograms giving the
frequency with which each product molecule quantum state is observed for the ensemble of trajectories used to simulate the
experiment of interest. In this way, one can approximately extract product-channel quantum state distributions from classical
trajectory simulations.

This page titled 16.3: Classical Treatment of Nuclear Motion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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16.4: Wavepackets

In an attempt to combine the attributes and stregths of classical trajectories, which allow us to "watch" the motions that
molecules undergo, and quantum mechanical wavefunctions, which are needed if interference phenomena are to be treated, a
hybrid approach is sometimes used. A popular and rather successful such point of view is provided by so called coherent state
wavepackets.

A quantum mechanical wavefunction 1/)(X|X,P) that is a function of all pertinent degrees of freedom (denoted collectively by x)
and that depends on two sets of parameters (denoted X and P, respectively) is defined as follows:

{Z‘Pkwk B (x4, —Xk)T

N | R 4 (Azy)?
o(x|X,P)=]]

k=1 kV4 27T<A.I‘k>2

Here, (Ax};)? is the uncertainty
(Azy)? :/|¢\2(xk_xk)2dx

along the k' degree of freedom for this wavefunction, defined as the mean squared displacement away from the average
coordinate

/ [|*zrdx = X

So, the parameter X, specifies the average value of the coordinate ;. In like fashion, it can be shown that the parameter P; is
equal to the average value of the momentum along the k' coordinate:

/w* (—ihaixk — Pk)2wdx =P

The uncertainty in the momentum along each coordinate:
. ) 2
(App)? = /w (—z’h— —Pk) dx
oxy,

is given, for functions of the coherent state form, in terms of the coordinate uncertainty as

(e = 2

Of course, the general Heisenberg uncertainty condition
2 2 h2
<Apk> <A=Tk> > T

limits the coordinate and momentum uncertainty products for arbitrary wavefunctions. The coherent state wave packet functions
are those for which this uncertainty product is minimum . In this sense, coherent state wave packets are seen to be as close
to classical as possible since in classical mechanics there are no limits placed on the resolution with which one can observe
coordinates and momenta

These wavepacket functions are employed as follows in the most straightforward treatements of combined quantal/classical
mechanics:

1. Classical trajectories are used, as discribed in greater detail above, to generate a series of coordinates
X (t,) and momenta Pj(t,) at a sequence of times denoted {t,}.

2. These classical coordinates and momenta are used to define a wavepacket function as written above, whose X, and P;,
parameters are taken to be the coordinates and momenta of the classical trajectory. In effect, the wavepacket moves around
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"riding" the classical trajectory's coordiates and momenta as time evolves

3. At any time t,, the quantum mechanical properties of the system are computed by forming the expectation values of the
corresponding quantum operators for a wavepacket wavefunction of the form given above with X; and P; given by the
classical coordinates and momenta at that time t¢,,.

Such wavepackets are, of course, simple approximations to the true quantum mechanical functions of the system because they
do not obey the Schrédinger equation appropriate to the system. The should be expected to provide accurate representations
to the true wavefunctions for systems that are more classical in nature (i.e., when the local de Broglie wave lengths are short
compared to the range over which the potentials vary appreciably). For species containing light particles (e.g., electrons or H
atoms) or for low kinetic energies, the local de Broglie wave lengths will not satisfy such criteria, and these approaches can be
expected to be less reliable. For further information about the use of coherent state wavepackets in molecular dynamics and
molecular spectroscopy, see E. J. Heller, Acc. Chem. Res. 14, 368 (1981).

This completes our treatment of the subjects of molecular dynamics and molecular collisions. Neither its depth not its level
was at the research level; rather, we intended to provide the reader with an introduction to many of the theoretical concepts
and methods that arise when applying either the quantum Schrédinger equation or classical Newtonian mechanics to chemical
reaction dynamics. Essentially none of the experimental aspects of this subject (e.g., molecular beam methods for preparing
"cold" molecules, laser pump/probe methods for preparing reagents in specified quantum states and observing products in such
states) have been discussed. An excellent introduction to both the experimental and theoretical foundations of modern chemical
and collision dynamics is provided by the text Molecular Reaction Dynamics and Chemical Reactivity by R. D. Levine and R.
B. Bernstein, Oxford Univ. Press (1987).

This page titled 16.4: Wavepackets is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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17: HIGHER ORDER CORRECTIONS TO ELECTRONIC STRUCTURE

Electrons interact via pairwise Coulomb forces; within the "orbital picture" these interactions are modelled by less difficult to
treat "averaged" potentials. The difference between the true Coulombic interactions and the averaged potential is not small, so to
achieve reasonable (ca. 1 kcal/mol) chemical accuracy, high-order corrections to the orbital picture are needed.

17.1: Orbitals, Configurations, and the Mean-Field Potential

17.2: Electron Correlation Requires Moving Beyond a Mean-Field Model
17.3: Moving from Qualitative to Quantitative Models

17.4: Atomic Units

This page titled 17: Higher Order Corrections to Electronic Structure is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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17.1: Orbitals, Configurations, and the Mean-Field Potential

The discipline of computational ab initio quantum chemistry is aimed at determining the electronic energies and wavefunctions
of atoms, molecules, radicals, ions, solids, and all other chemical species. The phrase ab initio implies that one attempts to solve
the Schrodinger equation from first principles, treating the molecule as a collection of positive nuclei and negative electrons
moving under the influence of coulombic potentials, and not using any prior knowledge about this species' chemical behavior.

To make practical use of such a point of view requires that approximations be introduced; the full Schrodinger equation is too
difficult to solve exactly for any but simple model problems. These approximations take the form of physical concepts (e.g.,
orbitals, configurations, quantum numbers, term symbols, energy surfaces, selection rules, etc.) that provide useful means of
organizing and interpreting experimental data and computational methods that allow quantitative predictions to be made.

Essentially all ab initio quantum chemistry methods use, as a starting point from which improvements are made, a picture in
which the electrons interact via a one-electron additive potential. These so-called mean-field potentials

Ving(1) = 3 Ving )

provide descriptions of atomic and molecular structure that are approximate. Their predictions must be improved to achieve
reasonably accurate solutions to the true electronic Schrédinger equation. In so doing, three constructs that characterize
essentially all ab initio quantum chemical methods are employed: orbitals, configurations, and electron correlation.

Since the electronic kinetic energy operator is one-electron additive
T=>T;
J

the mean-field Hamiltonian
H® =T+ Vyy

is also of this form. The additivity of H9 implies that the mean-field wavefunctions {\Ilg} can be formed in terms of products of
functions {¢k} of the coordinates of the individual electrons, and that the corresponding energies {E,?} are additive. Thus, it is the
ansatz that Vs is separable that leads to the concept of orbitals, which are the one-electron functions {¢;}. These orbitals are
found by solving the one-electron Schrédinger equations:

(T1 + Ving(r1))d(r1) = €;0;(r1);
the eigenvalues {e;} are called orbital energies.

Because each of the electrons also possesses intrinsic spin, the one-electron functions {¢;} used in this construction are taken to
be eigenfunctions of (T} + V,,(r1)) multiplied by either a or . This set of functions is called the set of mean-field spin-orbitals.

Given the complete set of solutions to this one-electron equation, a complete set of N-electron mean-field wavefunctions can
be written down. Each \Ilg is constructed by forming an antisymmetrized product of N spin-orbitals chosen from the set of {¢;},
allowing each spin-orbital in the list to be a function of the coordinates of one of the N electrons (e.g,

) = |1 (r1)Pra(r2) drs(r3)...dnv—1) (rn—1)den (rn)],

as above). The corresponding mean field energy is evaluated as the sum over those spin-orbitals that appear in lIJZ

El(c) = Z €kj-

j=1,N

By choosing to place N electrons into specific spin-orbitals, one has specified a configuration. By making other choices of
which N ¢; to occupy, one describes other configurations. Just as the one-electron mean-field Schrédinger equation has a
complete set of spin-orbital solutions {¢; and ¢;}, the N-electron mean-field Schrédinger equation has a complete set of N-
electron configuration state functions (CSFs) ¥ and energies E}.
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17.2: Electron Correlation Requires Moving Beyond a Mean-
Field Model

To improve upon the mean-field picture of electronic structure, one must move beyond the single-configuration approximation.
It is essential to do so to achieve higher accuracy, but it is also important to do so to achieve a conceptually correct view of
chemical electronic structure. However, it is very disconcerting to be told that the familiar 15?2s22p? configuration description of
the carbon atom is inadequate and that instead one must think of the 3P ground state of this atom as a 'mixture' of multiple
(often considered "excited-state") configurations:

o 1522522p?
o 1522523p2
o 152252342
o 25235%2p2

and any other configurations whose angular momenta can be coupled to produce L =1 and S = 1.

Although the picture of configurations in which N electrons occupy N spin-orbitals may be very familiar and useful for
systematizing electronic states of atoms and molecules, these constructs are approximations to the true states of the system.
They were introduced when the mean-field approximation was made, and neither orbitals nor configurations describe the proper
eigenstates {Uy, E}}.

The picture of configurations in which N electrons occupy N spin-orbitals is very familiar and useful for systematizing
electronic states of atoms and molecules, but these constructs are approximations to the true states of the system.

The inclusion of instantaneous spatial correlations among electrons is necessary to achieve a more accurate description of
atomic and molecular electronic structure. No single spin-orbital product wavefunction is capable of treating electron correlation
to any extent; its product nature renders it incapable of doing so.

This page titled 17.2: Electron Correlation Requires Moving Beyond a Mean-Field Model is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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17.3: Moving from Qualitative to Quantitative Models

The preceding Chapters introduced, in a qualitative manner, many of the concepts which are used in applying quantum mechanics
to electronic structures of atoms and molecules. Atomic, bonding, non-bonding, antibonding, Rydberg, hybrid, and delocalized
orbitals and the configurations formed by occupying these orbitals were discussed. Spin and spatial symmetry as well as
permutational symmetry were treated, and properly symmetry-adapted configuration state functions were formed. The Slater-
Condon rules were shown to provide expressions for Hamiltonian matrix elements (and those involving any one- or two-electron
operator) over such CSFs in terms of integrals over the orbitals occupied in the CSFs. Orbital, configuration, and state correlation
diagrams were introduced to allow one to follow the evolution of electronic structures throughout a 'reaction path'.

Section 6 addresses the quantitative and computational implementation of many of the above ideas. It is not designed
to address all of the state-of-the-art methods which have been, and are still being, developed to calculate orbitals and state
wavefunctions. The rapid growth in computer hardware and software power and the evolution of new computer architectures
makes it difficult, if not impossible, to present an up-to-date overview of the techniques that are presently at the cutting edge in
computational chemistry. Nevertheless, this Section attempts to describe the essential elements of several of the more powerful
and commonly used methods; it is likely that many of these elements will persist in the next generation of computational
chemistry techniques although the details of their implementation will evolve considerably. The text by Szabo and Ostlund
provides excellent insights into many of the theoretical methods treated in this Section.

This page titled 17.3: Moving from Qualitative to Quantitative Models is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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17.4: Atomic Units

The electronic Hamiltonian is expressed, in this Section, in so-called atomic units (aus)
\[ H_e = \sum\limits \left[ -\dfrac{1{2N\nabla_j*2 - \sum\limits_a\dfrac{Z_a}{r_{j,a}} \right] + \sum\limits_{j
These units are introduced to remove all #, e, and m, factors from the equations.

To effect this unit transformation, one notes that the kinetic energy operator scales as r;2 whereas the coulombic potentials scale
as r’l and as r’,ﬁ So, if each of the distances appearing in the cartesian coordinates of the electrons and nuclei were expressed
as a unit of length ay, multiplied by a dimensionless length factor the klnet1c energy operator would involve terms of the form

(—M—m) V2 and the coulombic potentials would appear as @ ) ¢ and W A factor of £ (wh1ch has units of energy since ag
. T

has units of length) can then be removed from the coulombic and kinetic energies, after Wthh the kinetic energy terms appear

as —sz and the potential energies appear as '1 and ——. Then, choosing ay =
V2 as a result, the entire electronic Hamlltoman takes the form given above in Wthh no e me, or 1% factors appear. The
value of the so-called Bohr radius ag = -I— is 8.529 A, and the so-called Hartree energy unit & Wthh factors out of H,, is 27.21

eV or 627.51 kcal/mol.

This page titled 17.4: Atomic Units is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
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18: MULTICONFIGURATION WAVEFUNCTIONS

The single Slater determinant wavefunction (properly spin and symmetry adapted) is the starting point of the most common mean
field potential. It is also the origin of the molecular orbital concept.

18.1: Optimization of the Energy for a Multiconfiguration Wavefunction
18.2: The Single-Determinant Wavefunction

18.3: The Unrestricted Hartree-Fock Spin Impurity Problem

18.4: Atomic Orbital Basis Sets

18.5: The LCAO-MO Expansion

18.6: The Roothaan Matrix SCF Process

18.7: Observations on Orbitals and Orbital Energies

This page titled 18: Multiconfiguration Wavefunctions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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18.1: Optimization of the Energy for a Multiconfiguration
Wavefunction

The Energy Expression

The most straightforward way to introduce the concept of optimal molecular orbitals is to consider a trial wavefunction of the
form which was introduced earlier in Chapter 9.2. Consider a multi-electron wavefunction of the multiconfigurational form

M
v=>"Cio,
1

where ®; is a space- and spin-adapted configuration state function (CSF) consisting of determinental wavefunctions of spin-
orbitals (¢;):

D = |¢pndnds..din|
The expectation value of the Hamiltonian with this wavefunction
E = (U|H|T)

can be expanded as:

M M R
E= ;;CIOJ@I\H\@J).

The spin- and space-symmetry of the ®; SCFs determine the symmetry of the state ¥ whose energy is to be optimized. In
this form, it is clear that E is a quadratic function of the C; amplitudes C}; it is a quartic functional of the spin-orbitals
because the Slater-Condon rules express each (¢I\H\<I>J) CI matrix element in terms of one- and two-electron integrals

(¢i|f|¢;) and (¢ip;|g|prei) over these spin-orbitals.

The Fock and Secular Equations

The variational method can be used to optimize the above expectation value expression for the electronic energy (i.e., to make
the functional stationary) as a function of the CI coefficients C; and the LCAO-MO coefficients {C, ;} that characterize the spin-
orbitals. However, in doing so the set of {C,;} can not be treated as entirely independent variables. The fact that the spin-orbitals
{¢;} are assumed to be orthonormal imposes a set of constraints on the {C, ;}:

(9] ds) = b = Z C,ri{XulX0)Crj
v

These constraints can be enforced within the variational optimization of the energy function mentioned above by introducing a
set of Lagrange multipliers {¢; ;} , one for each constraint condition, and subsequently differentiating

E=) eij|dii— Y Crilxulx)Cuy
%7 R

with respect to each of the C, ; variables.

Upon doing so, the following set of equations is obtained (early references to the derivation of such equations include A. C. Wahl,
J. Chem. Phys. 41,2600 (1964) and F. Grein and T. C. Chang, Chem. Phys. Lett. 12, 44 (1971) and R. Shepard, p 63, in Adv. in Chem.
Phys. LXIX, K. P. Lawley, Ed., WileyInterscience, New York (1987); the subject is also treated in the textbook Second Quantization
Based Methods in Quantum Chemistry, P. Jgrgensen and J. Simons, Academic Press, New York (1981))) :
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M
ZHI,JC'J = EC (18.1.1)
J=1

with I =1,2,...M and
Fe¢i = ZQJ%‘, (18.1.2)

J

where the ¢, ; are Lagrange multipliers.

The set of equations in Equation 18.1.1 that govern the {C;} amplitudes are called the CI-secular equations. The set of equations
in Equation 18.1.2 that determine the LCAO-MO coefficients of the spin-orbitals {¢;} are called the Fock equations. The Fock
operator F is given in terms of the one- and two-electron operators in H itself as well as the so-called one- and two-electron
density matrices ~; ; and I'; ; 5; which are defined below. These density matrices reflect the averaged occupancies of the various
spin orbitals in the CSFs of W. The resultant expression for F' is:

Fo; = Z’Yz}jhﬁbj + Z L gkt TPk,
J

Jikil

where h is the one-electron component of the Hamiltonian (i.e., the kinetic energy operator and the sum of coulombic attractions
to the nuclei). The operator J;; is defined by:

Jiulr) = / ¢j<r’>¢1(r’),r;dr¢k(r),

,,,,/‘

where the integration denoted dr' is over the spatial and spin coordinates. The so-called spin integration simply means that the
a or (3 spin function associated with ¢; must be the same as the a or 3 spin function associated with ¢; or the integral will vanish.
This is a consequence of the orthonormality conditions (a|a) = (8|8) = 1, (a|8) = (B|a) =0

One- and Two- Electron Density Matrices

The density matrices introduced above can most straightforwardly be expressed in terms of the CI amplitudes and the nature of
the orbital occupancies in the CSFs of ¥ as follows:

1.~ is the sum over all CSFs, in which ¢, is occupied, of the square of the CI coefficient of that CSF:

Yii = Z (with ¢; occupied) C?.
T

2. ~;; is the sum over pairs of CSFs which differ by a single spin-orbital occupancy (i.e., one having ¢; occupied where the other
has ¢; occupied after the two are placed into maximal coincidence-the sign factor (sign) arising from bringing the two to
maximal coincidence is attached to the final density matrix element):

Vij = Z( sign )( with ¢; occupied in I where ¢; is in J) C; Cj.
IJ

The two-electron density matrix elements are given in similar fashion:
3. T,i; =7 ( with both¢; and ¢; occupied)C;C;
T

4. T;;;: =—y ( with both¢; and ¢; occupied)C;C; = —T'; ;; ; (it can be shown, in general that I'; ; ., is odd under exchange of i
I

and j, odd under exchange of k and | and even under (i,j)<+(k,l) exchange; this implies that I'; ; ;; vanishes if i = j or k = L);
5. Ty k; =, (sign)( with ¢; in both I and J and ¢;in I where ¢y, is in J)C;C;
1,J

=Tjige = —Tijjir = —Tjitk;
6. T k= (sign)( with ¢; in I where ¢, is in J and ¢; in I where ¢; is in J) C,C;
IJ

=Tjipk = —Tyi50=—Tijur =Tjiik

These density matrices are themselves quadratic functions of the CI coefficients and they reflect all of the permutational
symmetry of the determinental functions used in constructing ¥; they are a compact representation of all of the Slater-Condon
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rules as applied to the particular CSFs which appear in ¥. They contain all information about the spin-orbital occupancy of the
CSFs in U. The one- and two- electron integrals (¢;|f|¢;) and (¢;¢;|g|dr¢:) contain all of the information about the magnitudes of
the kinetic and Coulombic interaction energies.

This page titled 18.1: Optimization of the Energy for a Multiconfiguration Wavefunction is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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18.2: The Single-Determinant Wavefunction

The simplest trial function of the form given above is the single Slater determinant function:
|¥) = |p10203...0n].

For such a function, the CI part of the energy minimization is absent (the classic papers in which the SCF equations for closed-
and open-shell systems are treated are C. C. J. Roothaan, Rev. Mod. Phys. 23, 69 (1951); 32, 179 (1960)) and the density matrices
simplify greatly because only one spin-orbital occupancy is operative. In this case, the orbital optimization conditions reduce to:

Foi=> eib),

J

where the so-called Fock operator F' is given by

Poi=hoi+ > [5i- Ko

j(occupied)

The coulomb (jj) and exchange (Kj) operators are defined by the relations:

7 ¥ 7 ’ 1 ’
Jigi= [ 616,07 ——dr' i)

=1

and

A * 1

&@=/@wwmngq“%m.
Again, the integration implies integration over the spin variables associated with the ¢; (and, for the exchange operator, ¢, ), as
a result of which the exchange integral vanishes unless the spin function of ¢; is the same as that of ¢; ; the coulomb integral is
non-vanishing no matter what the spin functions of ¢; and ¢;.

The sum over coulomb and exchange interactions in the Fock operator runs only over those spin-orbitals that are occupied in
the trial . Because a unitary transformation among the orbitals that appear in |¥) leaves the determinant unchanged (this is a
property of determinants- det (UA) = det (U) det (A) = 1 det (A), if U is a unitary matrix), it is possible to choose such a unitary
transformation to make the ¢; ; matrix diagonal. Upon so doing, one is left with the so-called canonical Hartree-Fock equations:

Fo; = ep;,

where ¢; is the diagonal value of the ¢; ; matrix after the unitary transformation has been applied; that is, ¢; is an eigenvalue of
the ¢;; matrix. These equations are of the eigenvalue-eigenfunction form with the Fock operator playing the role of an effective
one-electron Hamiltonian and the ¢; playing the role of the one-electron eigenfunctions.

It should be noted that the Hartree-Fock equations Fqﬁi = ¢;¢; possess solutions for the spin-orbitals which appear in ¥ (the
so-called occupied spin-orbitals) as well as for orbitals which are not occupied in ¥ ( the so-called virtual spin-orbitals). In fact,
the F operator is hermitian, so it possesses a complete set of orthonormal eigenfunctions; only those which appear in ¥ appear
in the coulomb and exchange potentials of the Fock operator. The physical meaning of the occupied and virtual orbitals will be
clarified later in this Chapter (Section VIL.A).

This page titled 18.2: The Single-Determinant Wavefunction is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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18.3: The Unrestricted Hartree-Fock Spin Impurity Problem

As formulated above in terms of spin-orbitals, the Hartree-Fock (HF) equations yield orbitals that do not guarantee that ¥
possesses proper spin symmetry. To illustrate the point, consider the form of the equations for an open-shell system such as the
Lithium atom Li. If 1sa, 153, and 2sa spin-orbitals are chosen to appear in the trial function ¥, then the Fock operator will contain
the following terms:

F = h+4 Jisa + Jisg + J2sa — [K1sa + Kisp + Kosa) -
Acting on an « spin-orbital ¢, with F and carrying out the spin interfrations, one obtains
Fora = hopa + (2J15 + J25)Sra — (K15 + Kag) Pra-
In contrast, when acting on a 3 spin-orbital, one obtains
Fors = hdrg + (2J1s + Jos)drs — (K1s)Prg-

Spin-orbitals of o and 3 type do not experience the same exchange potential in this model, which is clearly due to the fact that
¥ contains two a spin-orbitals and only one 8 spin-orbital.

One consequence of the spin-polarized nature of the effective potential in F is that the optimal 1sa and 1s3 spin-orbitals, which

are themselves solutions of F¢; = €;¢;, do not have identical orbital energies (i.e., €154 # €153 ) and are not spatially identical to one

another ( i.e., ¢154 and @15 do not have identical LCAO-MO expansion coefficients). This resultant spin polarization of the orbitals

in ¥ gives rise to spin impurities in ¥. That is, the determinant \1sals’523a| is not a pure doublet spin eigenfunction although it is
1

an S, eigenfunction with M, = %; it contains both S = 5 and S = % components. If the 1sa and 1s’3 spin-orbitals were spatially

identical, then |1sa 1s’3 2sa| would be a pure spin eigenfunction with S = 1.

The above single-determinant wavefunction is commonly referred to as being of the unrestricted Hartree-Fock (UHF) type
because no restrictions are placed on the spatial nature of the orbitals which appear in ¥. In general, UHF wavefunctions are not
of pure spin symmetry for any open-shell system. Such a UHF treatment forms the starting point of early versions of the widely
used and highly successful Gaussian 70 through Gaussian- 8X series of electronic structure computer codes which derive from
J. A. Pople and coworkers (see, for example, M. J. Frisch, J. S. Binkley, H. B. Schlegel, K Raghavachari, C. F. Melius, R. L. Martin, J.
J. P. Stewart, F. W. Bobrowicz, C. M. Rohling, L. R. Kahn, D. J. Defrees, R. Seeger, R. A. Whitehead, D. J. Fox, E. M. Fleuder, and J. A.
Pople, Gaussian 86 , Carnegie-Mellon Quantum Chemistry Publishing Unit, Pittsburgh, PA (1984)).

The inherent spin-impurity problem is sometimes ‘fixed' by using the orbitals which are obtained in the UHF calculation to
subsequently form a properly spin-adapted wavefunction. For the above Li atom example, this amounts to forming a new
wavefunction (after the orbitals are obtained via the UHF process) using the techniques detailed in Section 3 and Appendix G:

U= % [|1sa 1s"B 250 - [1sB 1s'a 2sal] .

This wavefunction is a pure S = % state. This prescription for avoiding spin contamination (i.e., carrying out the UHF calculation
and then forming a new spin-pure ¥) is referred to as spin-projection.

It is, of course, possible to first form the above spin-pure ¥ as a trial wavefunction and to then determine the orbitals 1s 1s' and
2s which minimize its energy; in so doing, one is dealing with a spin-pure function from the start. The problem with carrying out
this process, which is referred to as a spin-adapted Hartree-Fock calculation, is that the resultant 1s and 1s' orbitals still do not
have identical spatial attributes. Having a set of orbitals (1s, 1s', 2s, and the virtual orbitals) that form a non-orthogonal set (1s
and 1s' are neither identical nor orthogonal) makes it difficult to progress beyond the singleconfiguration wavefunction as one
often wishes to do. That is, it is difficult to use a spinadapted wavefunction as a starting point for a correlated-level treatment of
electronic motions.

Before addressing head-on the problem of how to best treat orbital optimization for open-shell species, it is useful to examine
how the HF equations are solved in practice in terms of the LCAO-MO process.
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18.4: Atomic Orbital Basis Sets

The basis orbitals commonly used in the LCAO-MO-SCF process fall into two classes Slater-type orbitals and Cartesian Gaussian-
type orbitals.

Slater-type orbitals (STO) are characterized by quantum numbers n, [, and m and exponents (which characterize the 'size' of the
basis function) &:

Xn,lm (7’, 0, ¢) = le,m,gyvl,m(av ¢)Tn—1€—§r’
and N, ¢ denotes the normalization constant.

Cartesian Gaussian-type orbitals (GTO) are characterized by quantum numbers a, b, and ¢ which detail the angular shape and
direction of the orbital and exponents « which govern the radial 'size' of the basis function akin to ¢ in STOs.

(17‘2

Xa,b,c(ﬁ 97 ¢) - Na/,b,c,axabe667 3
For example, orbitals with a, b, and c values of 1,0,8 or 8,18 or 8,8,1 are p,, p,, and p, orbitals; those with a, b, and c values of 2, §,

Qor®,2,00r0,0,2and1,1,00r0,1,10r 1,08, 1span the space of five d orbitals and one s orbital (the sum of the 2, ®, ® and O,
2,0 and 0, O, 2 orbitals is an s orbital because z2 + y? + 22 = r? is independent of § and ¢).

For both types of orbitals, the coordinates r 6, and ¢ refer to the position of the electron relative to a set of axes attached to the
center on which the basis orbital is located.

The Utility of Gaussians

Although STOs are preferred on fundamental grounds (e.g., as demonstrated in Appendices A and B, the hydrogen atom
orbitals are of this form and the exact solution of the many-electron Schrodinger equation can be shown to be of this form
(in each of its coordinates) near the nuclear centers), STOs are used primarily for atomic and linear-molecule calculations
because the multi-center integrals (XaXb|g|XeXd> (each basis orbital can be on a separate atomic center) which arise in
polyatomic-molecule calculations can not efficiently be performed when STOs are employed. In contrast, such integrals can
routinely be done when GTOs are used. This fundamental advantage of GTOs has lead to the dominance of these functions
in molecular quantum chemistry.

To understand why integrals over GTOs can be carried out when analogous STO based integrals are much more difficult,
one must only consider the orbital products ( x.x.(r1) and xpxa(r2) ) which arise in such integrals. For orbitals of the GTO
form, such products involve e=:(r—Ra)*g—acr—Ro)* By completing the square in the exponent, this product can be rewritten as
follows:

— — 2 — 2 _ — 2 _ _ 2
e a,(r—R,) e a.(r—R.) =g (gtac)(r—R?) e @ (R.—R.) ,

where
R — aaRa ol acRc
Qg+
and
;00
Qg + Q.

Thus, the product of two GTOs on different centers is equal to a single other GTO at a center R’ between the two original
centers. As a result, even a four-center two-electron integral over GTOs can be written as, at most, a two-center two-electron
integral; it turns out that this reduction in centers is enough to allow all such integrals to be carried out. A similar reduction
does not arise for STOs because the product of two STOs can not be rewritten as a new STO at a new center.
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To overcome the primary weakness of GTO functions, that they have incorrect behavior near the nuclear centers (i.e., their
radial derivatives vanish at the nucleus whereas the derivatives of STOs are non-zero), it is common to combine two, three, or
more GTOs, with combination coefficients which are fixed and not treated as LCAO-MO parameters, into new functions called
contracted GTOs or CGTOs. Typically, a series of tight, medium, and loose GTOs (i.e., GTOs with large, medium, and small « values,
respectively) are multiplied by so-called contraction coefficients and summed to produce a CGTO which appears to possess the
proper 'cusp’ (i.e., non-zero slope) at the nuclear center (although even such a combination can not because each GTO has zero
slope at the nucleus).

Basis Set Libraries

Much effort has been devoted to developing sets of STO or GTO basis orbitals for main-group elements and the lighter transition
metals. This ongoing effort is aimed at providing standard basis set libraries which:

1. Yield reasonable chemical accuracy in the resultant wavefunctions and energies.
Are cost effective in that their use in practical calculations is feasible.

3. Are relatively transferrable in the sense that the basis for a given atom is flexible enough to be used for that atom in a variety
of bonding environments (where the atom's hybridization and local polarity may vary).

The Fundamental Core and Valence Basis

In constructing an atomic orbital basis to use in a particular calculation, one must choose from among several classes of
functions. First, the size and nature of the primary core and valence basis must be specified. Within this category, the following
choices are common:

1. A minimal basis in which the number of STO or CGTO orbitals is equal to the number of core and valence atomic orbitals in
the atom.

2. A double-zeta (DZ) basis in which twice as many STOs or CGTOs are used as there are core and valence atomic orbitals. The
use of more basis functions is motivated by a desire to provide additional variational flexibility to the LCAO-MO process. This
flexibility allows the LCAO-MO process to generate molecular orbitals of variable diffuseness as the local electronegativity
of the atom varies. Typically, double-zeta bases include pairs of functions with one member of each pair having a smaller
exponent (¢ or a value) than in the minimal basis and the other member having a larger exponent.

3. A triple-zeta (TZ) basis in which three times as many STOs or CGTOs are used as the number of core and valence atomic
orbitals.

4. Dunning has developed CGTO bases which range from approximately DZ to substantially beyond TZ quality (T. H. Dunning,
J. Chem. Phys. 53, 2823 (1970); T. H. Dunning and P. J. Hay in Methods of Electronic Structure Theory, H. F. Schaefer, III
Ed., Plenum Press, New York (1977))). These bases involve contractions of primitive GTO bases which Huzinaga had earlier
optimized (S. Huzinaga, J. Chem. Phys. 42 , 1293 (1965)) for use as uncontracted functions (i.e., for which Huzinaga varied
the « values to minimize the energies of several electronic states of the corresponding atom). These Dunning bases are
commonly denoted, for example, as follows for first-row atoms: (18s,6p/5s,4p), which means that 10 s-type primitive GTOs
have been contracted to produce 5 separate s-type CGTOs and that 6 primitive p-type GTOs were contracted to generate 4
separate p-type CGTOs. More recent basis sets from the Dunning group are given in T. Dunning, J. Chem. Phys. 90 , 1007
(1990).

5. Even-tempered basis sets (M. W. Schmidt and K. Ruedenberg, J. Chem. Phys. 71, 3961 (1979)) consist of GTOs in which
the orbital exponents ak belonging to series of orbitals consist of geometrical progressions: oy = a 8, where o and 8
characterize the particular set of GTOs.

6. STO-3G bases were employed some years ago (W. J. Hehre, R. F. Stewart, and J. A. Pople, J. Chem. Phys. 51, 2657 (1969))
but are less popular recently. These bases are constructed by least squares fitting GTOs to STOs which have been optimized
for various electronic states of the atom. When three GTOs are employed to fit each STO, a STO-3G basis is formed.

7. 4-31G, 5-31G, and 6-31G bases (R. Ditchfield, W. J. Hehre, and J. A. Pople, J. Chem. Phys. 54 , 724 (1971); W. J. Hehre, R.
Ditchfield, and J. A. Pople, J. Chem. Phys. 56 , 2257 (1972); P. C. Hariharan and J. A. Pople, Theoret. Chim. Acta. (Berl.) 28
, 213 (1973); R. Krishnan, J. S. Binkley, R. Seeger, and J. A. Pople, J. Chem. Phys. 72, 650 (1980)) employ a single CGTO of
contraction length 4, 5, or 6 to describe the core orbital. The valence space is described at the DZ level with the first CGTO
constructed from 3 primitive GTOs and the second CGTO built from a single primitive GTO.

The values of the orbital exponents ({s or as) and the GTO-to-CGTO contraction coefficients needed to implement a particular

basis of the kind described above have been tabulated in several journal articles and in computer data bases (in particular, in
the data base contained in the book Handbook of Gaussian Basis Sets: A. Compendium for Ab initio Molecular Orbital
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Calculations , R. Poirer, R. Kari, and I. G. Csizmadia, Elsevier Science Publishing Co., Inc., New York, New York (1985)).

Several other sources of basis sets for particular atoms are listed in the Table shown below (here JCP and JACS are abbreviations
for the Journal of Chemical Physics and the Journal of The American Chemical Society, respectively).

Literature Reference

Hehre, W.J.; Stewart, R.F.; Pople, J.A. JCP 51, 2657 (1969).
Hehre, W.J,; Ditchfield, R.; Stewart, R.F.; Pople, J.A. JCP 52, 2769 (1970).

Binkley, J.S.; Pople, J.A,; Hehre, W.J. JACS 102, 939 (1980).

Gordon, M.S.; Binkley, J.S.; Pople, J.A.; Pietro, W.J.; Hehre, W.J. JACS 104 , 2797 (1982).
Dobbs, K.D.; Hehre, W.J., J. Comput. Chem. 7 , 359 (1986).

Dobbs, K.D.; Hehre, W.J., J. Comput. Chem. 8, 880 (1987).

Ditchfield, R.; Hehre, W.J.; Pople, J.A., JCP 54 , 724 (1971).

Dill, J.D.; Pople, J.A,, JCP 62, 2921 (1975).

Binkley, J.S.; Pople, J.A,, JCP 66 , 879 (1977)

Hehre, W.J.; Ditchfield, R.; Pople, J.A., JCP 56 , 2257 (1972).

Francl, M.M.; Pietro, W.J.; Hehre, W.J.; Binkley, J.S.; Gordon, M.S.; DeFrees, D.J.;
Pople, J.A. JCP 77 , 3654 (1982).

Dunning, T. JCP 53, 2823 (1970).

Dunning, T. JCP 55, 716 (1971).

Krishnan, R.; Binkley, J.S.; Seeger, R.; Pople, J.A. JCP 72, 650 (1980).

Dunning, unpublished VDZ.

Dunning, unpublished VTZ.

Dunning, unpublished VQZ.

Dunning, T. JCP 90, 1007 (1989). (pVDZ,pVTZ,pVQZ correlation-consistent)
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Huzinaga, S.; Klobukowski, M.; Tatewaki, H. Can. J. Chem. 63, 1812 (1985).

Huzinaga, S.; Klobukowski, M. THEOCHEM. 44 , 1 (1988).

McLean, A.D,; Chandler, G.S. JCP 72, 5639 (1980).

Dunning, T.H.Jr.; Hay, P.J. Chapter 1in 'Methods of Electronic Structure Theory',
Schaefer, H.F.III, Ed., Plenum Press, N.Y., 1977.

Hood, D.M,; Pitzer, R.M,; Schaefer, H.F.III, JCP 71, 705 (1979).

Schmidt, M.W.; Ruedenberg, K. JCP 71, 3951 (1979).
(regular even-tempered)

Polarization Functions

In addition to the fundamental core and valence basis described above, one usually adds a set of so-called polarization
functions to the basis. Polarization functions are functions of one higher angular momentum than appears in the atom's valence
orbital space (e.g, d-functions for C, N, and O and p-functions for H). These polarization functions have exponents (¢ or a) which
cause their radial sizes to be similar to the sizes of the primary valence orbitals ( i.e., the polarization p orbitals of the H atom
are similar in size to the 1s orbital). Thus, they are not orbitals which provide a description of the atom's valence orbital with one
higher l-value; such higher-l valence orbitals would be radially more diffuse and would therefore require the use of STOs or GTOs
with smaller exponents.

The primary purpose of polarization functions is to give additional angular flexibility to the LCAO-MO process in forming the
valence molecular orbitals. This is illustrated below where polarization d, orbitals are seen to contribute to formation of the
bonding 7 orbital of a carbonyl group by allowing polarization of the Carbon atom's p, orbital toward the right and of the Oxygen
atom's p, orbital toward the left.
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Figure 18.4.1: Insert caption here!

Polarization functions are essential in strained ring compounds because they provide the angular flexibility needed to direct the
electron density into regions between bonded atoms.

Functions with higher l-values and with 'sizes' more in line with those of the lower-l orbitals are also used to introduce additional
angular correlation into the calculation by permitting polarized orbital pairs (see Chapter 18) involving higher angular correlations
to be formed. Optimal polarization functions for first and second row atoms have been tabulated (B. Roos and P. Siegbahn,
Theoret. Chim. Acta (Berl.) 17, 199 (1970); M. J. Frisch, J. A. Pople, and J. S. Binkley, J. Chem. Phys. 80, 3265 (1984)).

Diffuse Functions

When dealing with anions or Rydberg states, one must augment the above basis sets by adding so-called diffuse basis orbitals.
The conventional valence and polarization functions described above do not provide enough radial flexibility to adequately
describe either of these cases. Energy-optimized diffuse functions appropriate to anions of most lighter main group elements
have been tabulated in the literature (an excellent source of Gaussian basis set information is provided in Handbook of Gaussian
Basis Sets , R. Poirier, R. Kari, and I. G. Csizmadia, Elsevier, Amsterdam (1985)) and in data bases. Rydberg diffuse basis sets
are usually created by adding to conventional valence-pluspolarization bases sequences of primitive GTOs whose exponents are
smaller than that (call it aqy) of the most diffuse GTO which contributes strongly to the valence CGTOs. As a 'rule of thumb',
one can generate a series of such diffuse orbitals which are liniarly independent yet span considerably different regions of radial
space by introducing primitive GTOs whose exponents are +auai, + i, 3+ aife, €tC.

Once one has specified an atomic orbital basis for each atom in the molecule, the LCAO-MO procedure can be used to determine
the C,; coefficients that describe the occupied and virtual orbitals in terms of the chosen basis set. It is important to keep
in mind that the basis orbitals are not themselves the true orbitals of the isolated atoms; even the proper atomic orbitals are
combinations (with atomic values for the C, ; coefficients) of the basis functions. For example, in a minimal-basis-level treatment
of the Carbon atom, the 2s atomic orbital is formed by combining, with opposite sign to achieve the radial node, the two CGTOs
(or STOs); the more diffuse s-type basis function will have a larger C;, coefficient in the 2s atomic orbital. The 1s atomic orbital
is formed by combining the same two CGTOs but with the same sign and with the less diffuse basis function having a larger C, ;
coefficient. The LCAO-MO-SCF process itself determines the magnitudes and signs of the C, ;.

This page titled 18.4: Atomic Orbital Basis Sets is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 222 (18.4.5)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/18%3A_Multiconfiguration_Wavefunctions/18.04%3A_Atomic_Orbital_Basis_Sets
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

18.5: The LCAO-MO Expansion

The HF equations F¢; = ¢;¢; comprise a set of integro-differential equations; their differential nature arises from the kinetic
energy operator in h, and the coulomb and exchange operators provide their integral nature. The solutions of these equations
must be achieved iteratively because the J; and K; operators in F depend on the orbitals ¢; which are to be solved for. Typical
iterative schemes begin with a 'guess' for those ¢; which appear in ¥, which then allows F to be formed. Solutions to F¢; = ¢;¢;
are then found, and those ¢; which possess the space and spin symmetry of the occupied orbitals of ¥ and which have the proper
energies and nodal character are used to generate a new F operator (i.e., new J; and K; operators). The new a operator then gives
new ¢; and ¢; via solution of the new equations:

Fo; = ei¢:. (18.5.1)

This iterative process is continued until the ¢; and ¢; do not vary significantly from one iteration to the next, at which time one says
that the process has converged. This iterative procedure is referred to as the Hartree-Fock self-consistent field (SCF) procedure
because iteration eventually leads to coulomb and exchange potential fields that are consistent from iteration to iteration.

In practice, solution of Equation 18.5.1 as an integro-differential equation can be carried out only for atoms (C. Froese-Fischer,
Comp. Phys. Commun. 1,152 (1970)) and linear molecules (P. A. Christiansen and E. A. McCullough, J. Chem. Phys. 67,1877 (1977))
for which the angular parts of the ¢; can be exactly separated from the radial because of the axial- or full- rotation group symmetry
(e.9., ¢i =Y Ry (r) for an atom and ¢; = eim‘i’Rn,l,m(r, ) for a linear molecule). In such special cases, F¢; = €;¢; gives rise to a
set of coupled equations for the R,,;(r) or R, im(nd) which can and have been solved. However, for non-linear molecules, the HF

equations have not yet been solved in such a manner because of the three-dimensional nature of the ¢; and of the potential
terms in F.

In the most commonly employed procedures used to solve the HF equations for non-linear molecules, the ¢; are expanded in a
basis of functions x,, according to the LCAO-MO procedure:

¢ = Z C,ujin
o

Doing so then reduces F ¢; = ¢;¢; to a matrix eigenvalue-type equation of the form:
Z Fp,uclz,i =€ Z Su,ucu,iy
v v

where S, , = (x,|x.) is the overlap matrix among the atomic orbitals (aos) and

Fuu = (xulh|xo) + > [von{xuxs|glxuxs) — 155 x| 9] xxx0)]
8,k

is the matrix representation of the Fock operator in the ao basis. The coulomb and exchange-density matrix elements in the ao
basis are:

Vo = Z Cs;C;, and

i(occupied)

Vo = > CsiClis

i(occ., and same spin)

where the sum in v§” runs over those occupied spin-orbitals whose m, value is equal to that for which the Fock matrix is being

K

formed (for a closed-shell species, v5% = %'ym).
It should be noted that by moving to a matrix problem, one does not remove the need for an iterative solution; the F),, matrix
elements depend on the C,; LCAO-MO coefficients which are, in turn, solutions of the so-called Roothaan matrix Hartree-Fock

equations:

Z F/1,71/Cu,i =€ Z S}L,ch,i~ (1852)
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One should also note that, just as F¢; = ¢;¢; possesses a complete set of eigenfunctions, the matrix F, ,, whose dimension M is
equal to the number of atomic basis orbitals used in the LCAO-MO expansion, has M eigenvalues ¢; and M eigenvectors whose
elements are the C, ;. Thus, there are occupied and virtual molecular orbitals (mos) each of which is described in the LCAO-MO
form with C,; coefficients obtained via solution of Equations 18.5.2.
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18.6: The Roothaan Matrix SCF Process

The matrix SCF equations introduced earlier
Z F,u,uou,i =€ Z Su,ucu,i

must be solved both for the occupied and virtual orbitals' energies ¢; and C,; values. Only the occupied orbitals' C,; coefficients
enter into the Fock operator

Fuu = (xulh|xo) + > [xuxalglxons) — 755 Ocuxalglxsx)]
8,k

but both the occupied and virtual orbitals are solutions of the SCF equations. Once atomic basis sets have been chosen for each
atom, the one- and two-electron integrals appearing in F,,, must be evaluated. Doing so is a time consuming process, but there
are presently several highly efficient computer codes which allow such integrals to be computed for s, p, d, f, and even g, h, and i
basis functions. After executing one of these 'integral packages' for a basis with a total of N functions, one has available (usually
on the computer's hard disk) of the order of NTZ one-electron and NT' two-electron integrals over these atomic basis orbitals (the
factors of % and % arise from permutational symmetries of the integrals). When treating extremely large atomic orbital basis sets
(e.g., 200 or more basis functions), modern computer programs calculate the requisite integrals but never store them on the disk.
Instead, their contributions to F),, are accumulated 'on the fly' after which the integrals are discarded.

To begin the SCF process, one must input to the computer routine which computes F,, initial 'guesses' for the C,; values
corresponding to the occupied orbitals. These initial guesses are typically made in one of the following ways:

1. If one has available C, ; values for the system from an SCF calculation performed earlier at a nearby molecular geometry, one
can use these Cn,i values to begin the SCF process.
2. If one has C,; values appropriate to fragments of the system (e.g., for C and O atoms if the CO molecule is under study or
for CH; and O if H,CO is being studied), one can use these.
3. If one has no other information available, one can carry out one iteration of the SCF process in which the two-electron
contributions to F,, are ignored ( i.e, take F,, = (Xﬂ|h\x,,>) and use the resultant solutions to Y~ F,,C,; =€¢;>.S,,C,; as
v v

initial guesses for the C,, ;. Using only the one-electron part of the Hamiltonian to determine initial values for the LCAO-MO
coefficients may seem like a rather severe step; it is, and the resultant C,; values are usually far from the converged values
which the SCF process eventually produces. However, the initial C,; obtained in this manner have proper symmetries and
nodal patterns because the one-electron part of the Hamiltonian has the same symmetry as the full Hamiltonian.

Once initial guesses are made for the C,; of the occupied orbitals, the full F,,, matrix is formed and new ¢; and C,; values
are obtained by solving > F,,C,; =¢.S,,Cvi. These new orbitals are then used to form a new
v v

F,,, matrix from which new ¢; and C,; are obtained. This iterative process is carried on until the ¢; and C,; do not vary (within
specified tolerances) from iteration to iteration, at which time one says that the SCF process has converged and reached self-
consistency.

As presented, the Roothaan SCF process is carried out in a fully ab initio manner in that all one- and two-electron integrals are
computed in terms of the specified basis set; no experimental data or other input is employed. As described in Appendix F, it is
possible to introduce approximations to the coulomb and exchange integrals entering into the Fock matrix elements that permit
many of the requisite F,, elements to be evaluated in terms of experimental data or in terms of a small set of 'fundamental'
orbital-level coulomb interaction integrals that can be computed in an ab initio manner. This approach forms the basis of so-
called 'semi-empirical' methods. Appendix F provides the reader with a brief introduction to such approaches to the electronic
structure problem and deals in some detail with the well known Hiickel and CNDO- level approximations.
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18.7: Observations on Orbitals and Orbital Energies

The Meaning of Orbital Energies

The physical content of the Hartree-Fock orbital energies can be seen by observing that F'¢ = ¢;4; implies that ¢; can be written
as:

i = (Gl Fldi) = (@ilhloa) + D (6il ;= Kjla) = (@alhloa) + Y [Ty —Kigl.

j(occupied) j(occupied)

In this form, it is clear that ¢; is equal to the average value of the kinetic energy plus Coulombic attraction to the nuclei for an
electron in ¢; plus the sum over all of the spin-orbitals occupied in ¥ of coulomb minus exchange interactions between ¢; and
these occupied spin-orbitals.

o If ¢, itself is an occupied spin-orbital, the term [J,; — K, ;] disappears and the latter sum represents the coulomb minus
exchange interaction of ¢; with all of the N-1 other occupied spin-orbitals.

o If ¢; is a virtual spin-orbital, this cancellation does not occur, and one obtains the coulomb minus exchange interaction of ¢;
with all N of the occupied spin-orbitals.

In this sense, the orbital energies for occupied orbitals pertain to interactions which are appropriate to a total of N electrons,
while the orbital energies of virtual orbitals pertain to a system with N+1 electrons. It is this fact that makes SCF virtual orbitals
not optimal (in fact, not usually very good) for use in subsequent correlation calculations where, for instance, they are used, in
combination with the occupied orbitals, to form polarized orbital pairs as discussed in Chapter 12. To correlate a pair of electrons
that occupy a valence orbital requires double excitations into a virtual orbital that is not too dislike in size. Although the virtual
SCF orbitals themselves suffer these drawbacks, the space they span can indeed be used for treating electron correlation. To
do so, it is useful to recombine (in a unitary manner to preserve orthonormality) the virtual orbitals to 'focus' the correlating
power into as few orbitals as possible so that the multiconfigurational wavefunction can be formed with as few CSFs as possible.
Techniques for effecting such reoptimization or improvement of the virtual orbitals are treated later in this text.

Koopmans' Theorem

Further insight into the meaning of the energies of occupied and virtual orbitals can be gained by considering the following model
of the vertical (i.e., at fixed molecular geometry) detachment or attachment of an electron to the original N-electron molecule:

1. In this model, both the parent molecule and the species generated by adding or removing an electron are treated at the
single-determinant level.

2. In this model, the Hartree-Fock orbitals of the parent molecule are used to describe both the parent and the species
generated by electron addition or removal. It is said that such a model neglects 'orbital relaxation' which would accompany
the electron addition or removal (i.e., the reoptimization of the spin-orbitals to allow them to become appropriate to the
daughter species).

Within this simplified model, the energy difference between the daughter and the parent species can be written as follows (¢
represents the particular spin-orbital that is added or removed):

1. For electron detachment:

ENT— EN = (|¢16s...0k1...0n|H|$182...0k1...0N ) — (| 1020k 10k 0N | H|p102... 01 10k...0 N |
= — (| h|or) — Z [(Jrj — Kkjl = —€;

j=(1,k—1,k+1,N)
2. For electron attachment:

EN — ENTY = (|$163...0n|H|d162...0x]) — (| $102...0NGk-..don [H|$162...0n bk )

BIOIRIE) 226 (18.7.1)



LibreTexts"

= —(exlhlor) = D [y — Kijl = —ews

J=(1,N)

So, within the limitations of the single-determinant, frozen-orbital model set forth, the ionization potentials (IPs) and electron
affinities (EAs) are given as the negative of the occupied and virtual spin-orbital energies, respectively. This statement is referred
to as Koopmans' theorem (T. Koopmans, Physica 1, 184 (1933)); it is used extensively in quantum chemical calculations as a
means for estimating IPs and EAs and often yields results that are at least qualitatively correct (i.e., £ 8.5 eV).

Koopmans' theorem argues that the ionization potentials and electron affinities are given as the negative of the
occupied and virtual spin-orbital energies, respectively.

Orbital Energies and the Total Energy

For the N-electron species whose Hartree-Fock orbitals and orbital energies have been determined, the total SCF electronic
energy can be written, by using the Slater-Condon rules, as:

E= 3 (gilhlea+ D [Jiy— K

i(occupied) i>j(occupied)

For this same system, the sum of the orbital energies of the occupied spin-orbitals is given by:

Sooa= 3 (ilhled+ Do Kl

i(occupied) i(occupied) i,j(occupied)

These two seemingly very similar expressions differ in a very important way; the sum of occupied orbital energies, when
compared to the total energy, double counts the coulomb minus exchange interaction energies. Thus, within the Hartree-Fock
approximation, the sum of the occupied orbital energies is not equal to the total energy. The total SCF energy can be computed in
terms of the sum of occupied orbital energies by taking one-half of >~ ¢; and then adding to this one-half of (¢>i|h|¢i)

i(occupied) i(occupied)

EZ% Z (pilh|d:) + Z €

i(occupied) i(occupied)

The fact that the sum of orbital energies is not the total SCF energy also means that as one attempts to develop a qualitative
picture of the energies of CSFs along a reaction path, as when orbital and configuration correlation diagrams are constructed,
one must be careful not to equate the sum of orbital energies with the total configurational energy; the former is higher than the
latter by an amount equal to the sum of the coulomb minus exchange interactions.

The sum of orbital energies is not the total SCF energy.

The Brillouin Theorem

The condition that the SCF energy be stationary with respect to variations d¢; in the occupied spin-orbitals (that preserve
orthonormality) can be written

(|1..-0¢i...0n|H|1...0:...0x]) = 0.

The infinitesimal variation of ¢; can be expressed in terms of its (small) components along the other occupied ¢; and along the
virtual ¢,, as follows:

6¢1 = Z Ulj¢] + Z Uim¢m-
j=00 m

When substituted into |¢1...0¢;...¢n, the terms > |¢1...¢;...¢n|Ui; vanish because ¢; already appears in the original Slater

j'=occ
determinant \¢1...¢N| ,S0 \¢1...¢j...¢N| contains ¢; twice. Only the sum over virtual orbitals remains, and the stationary property
written above becomes
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> Ua(|¢1.-Gm-. | H|b1...0i.. 0w |) = 0.

m

The Slater-Condon rules allow one to express the Hamiltonian martix elements appearing here as

(|p1.-Om-..on|H|d1...05... 0N |) = (b || i) + Z (om|[J; — Kj]|¢3),

j=oce,#i

which (because the term with j=i can be included since it vanishes) is equal to the following element of the Fock operator:
(¢m\F\¢i) = €;0;» = 0. This result proves that Hamiltonian matrix elements between the SCF determinant and those that are
singly excited relative to the SCF determinant vanish because they reduce to Fock-operator integrals connecting the pair
of orbitals involved in the 'excitation'. This stability property of the SCF energy is known as the Brillouin theorem (i.e.,, that
’¢1¢i¢N’ and \¢1~--¢m~--¢zv| have zero Hamiltonian matrix elements if the ¢s are SCF orbitals). It is exploited in quantum chemical
calculations in two manners:

1. When multiconfiguration wavefunctions are formed from SCF spin-orbitals, it allows one to neglect Hamiltonian matrix
elements between the SCF configuration and those that are 'singly excited' in constructing the secular matrix.

2. A so-called generalized Brillouin theorem (GBT) arises when one deals with energy optimization for a multiconfigurational
variational trial wavefunction for which the orbitals and CI mixing coefficients are simultaneously optimized. This GBT
causes certain Hamiltonian matrix elements to vanish, which, in turn, simplifies the treatment of electron correlation for such
wavefunctions. This matter is treated in more detail later in this text.
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19: MULTI-DETERMINANT WAVEFUNCTIONS

Corrections to the mean-field model are needed to describe the instantaneous Coulombic interactions among the electrons. This
is achieved by including more than one Slater determinant in the wavefunction.

19.1: Introduction to Multi-Determinant Wavefunctions
19.2: Different Methods
19.3: Strengths and Weaknesses of Various Methods

19.4: Further Details on Implementing Multiconfigurational Methods
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19.1: Introduction to Multi-Determinant Wavefunctions

Much of the development of the previous chapter pertains to the use of a single Slater determinant trial wavefunction. As
presented, it relates to what has been called the unrestricted Hartree-Fock (UHF) theory in which each spin-orbital ¢; has its own
orbital energy ¢; and LCAO-MO coefficients C, ;; there may be different C,; for a spin-orbitals than for g spin-orbitals. Such a
wavefunction suffers from the spin contamination difficulty detailed earlier.

To allow for a properly spin- and space- symmetry adapted trial wavefunction and to permit ¥ to contain more than a single CSF,
methods which are more flexible than the single-determinant HF procedure are needed. In particular, it may be necessary to use
a combination of determinants to describe such a proper symmetry function. Moreover, as emphasized earlier, whenever two or
more CSFs have similar energies (i.e., Hamiltonian expectation values) and can couple strongly through the Hamiltonian (e.g., at
avoided crossings in configuration correlation diagrams), the wavefunction must be described in a multiconfigurational manner
to permit the wavefunction to evolve smoothly from reactants to products. Also, whenever dynamical electron correlation effects
are to be treated, a multiconfigurational ¥ must be used; in this case, CSFs that are doubly excited relative to one or more
of the essential CSFs (i.e., the dominant CSFs that are included in the socalled reference wavefunction ) are included to permit
polarized-orbital-pair formation.

Multiconfigurational functions are needed not only to account for electron correlation but also to permit orbital readjustments to
occur. For example, if a set of SCF orbitals is employed in forming a multi-CSF wavefunction, the variational condition that the
energy is stationary with respect to variations in the LCAO-MO coefficients is no longer obeyed (i.e., the SCF energy functional is
stationary when SCF orbitals are employed, but the MC-energy functional is generally not stationary if SCF orbitals are employed).
For such reasons, it is important to include CSFs that are singly excited relative to the dominant CSFs in the reference
wavefunction.

That singly excited CSFs allow for orbital relaxation can be seen as follows. Consider a wavefunction consisting of one CSF
|$1...0;...¢n| to which singly excited CSFs of the form |¢1...¢,,...¢ | have been added with coefficients C; .:

U= Zci,m‘¢1”'¢m~"¢N‘ + |¢1¢1¢N|

All of these determinants have all of their columns equal except the i** column; therefore, they can be combined into a single new
determinant:

v = ]¢1...¢§...¢N‘,
where the relaxed orbital ¢;

¢! =¢i+ Y Cimbn

m

The sum of CSFs that are singly excited in the i** spin-orbital with respect to |¢1-~~¢i-~~¢N| is therefore seen to allow the spin-
orbital ¢; to relax into the new spin-orbital ¢;. It is in this sense that singly excited CSFs allow for orbital reoptimization.

In summary, doubly excited CSFs are often employed to permit polarized orbital pair formation and hence to allow for electron
correlations. Singly excited CSFs are included to permit orbital relaxation (i.e., orbital reoptimization) to occur.
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19.2: Different Methods

There are numerous procedures currently in use for determining the 'best' wavefunction of the form:

U= Z Cro;,
I

where ®;I is a spin-and space- symmetry adapted CSF consisting of determinants of the form |¢11¢12¢13-..¢1N\- Excellent
overviews of many of these methods are included in Modern Theoretical Chemistry Vols. 3 and 4, H. F. Schaefer, III Ed., Plenum
Press, New York (1977) and in Advances in Chemical Physics , Vols. LXVII and LXIX, K. P. Lawley, Ed., Wiley-Interscience, New
York (1987). Within the present Chapter, these two key references will be denoted MTC, Vols. 3 and 4, and ACP, Vols. 67 and 69,
respectively.

In all such trial wavefunctions, there are two fundamentally different kinds of parameters that need to be determined- the CI
coefficients CI and the LCAO-MO coefficients describing the ¢. The most commonly employed methods used to determine
these parameters include:

1.

(V| H W)
(¥|w)

variationally and simultaneously made stationary with respect to variations in the C; and C,,; coefficients subject to the
constraints that the spin-orbitals and the full N-electron wavefunction remain normalized:

<¢z|¢]> = 5i,]' = ZCV,iSV,MC;L,iy and
y

M ci=1
I

The articles by H.-J. Werner and by R. Shepard in ACP Vol. 69 provide up to date reviews of the status of this approach. The
article by A. C. Wahl and G. Das in MTC Vol. 3 covers the 'earlier' history on this topic. F. W. Bobrowicz and W. A. Goddard, III
provide, in MTC Vol. 3, an overview of the GVB approach, which, as discussed in Chapter 12, can be viewed as a specific kind
of MCSCF calculation.

The configuration interaction (CI) method in which the LCAO-MO coefficients are determined first (and independently) via
either a singleconfiguration SCF calculation or an MCSCEF calculation using a small number of CSFs. The CI coefficients are

subsequently determined by making the expectation value <\I'(|\pf‘llp\>\1’> stationary with respect to variations in the C; only. In this

process, the optimizations of the orbitals and of the CSF amplitudes are done in separate steps. The articles by I. Shavitt
and by B. O. Ross and P. E. M. Siegbahn in MTC, Vol. 3 give excellent early overviews of the CI method.

The Moller-Plesset perturbation method (MPPT) uses the single-configuration SCF process (usually the UHF
implementation) to first determine a set of LCAO-MO coefficients and, hence, a set of orbitals that obey F¢; = ¢;¢;. Then,

using an unperturbed Hamiltonian equal to the sum of these Fock operators for each of the N electrons H® = Y F(i),
i=1,N

perturbation theory (see Appendix D for an introduction to time-independent perturbation theory) is used to determine the
CI amplitudes for the CSFs. The MPPT procedure is also referred to as the many-body perturbation theory (MBPT) method.
The two names arose because two different schools of physics and chemistry developed them for somewhat different
applications. Later, workers realized that they were identical in their working equations when the UHF H° is employed as the
unperturbed Hamiltonian. In this text, we will therefore refer to this approach as MPPT/MBPT.

The multiconfigurational self-consistent field ( MCSCF) method in which the expectation value is treated

The amplitude for the so-called reference CSF used in the SCF process is taken as unity and the other CSFs' amplitudes are
determined, relative to this one, by RayleighSchrodinger perturbation theory using the full N-electron Hamiltonian minus the
sum of Fock operators H-H® as the perturbation. The Slater-Condon rules are used for evaluating matrix elements of (H-H°
) among these CSFs. The essential features of the MPPT/MBPT approach are described in the following articles: J. A. Pople,
R. Krishnan, H. B. Schlegel, and J. S. Binkley, Int. J. Quantum Chem. 14 , 545 (1978); R. J. Bartlett and D. M. Silver, J. Chem.
Phys. 62, 3258 (1975); R. Krishnan and J. A. Pople, Int. J. Quantum Chem. 14, 91 (1978).

The Coupled-Cluster method expresses the CI part of the wavefunction in a somewhat different manner (the early work in
chemistry on this method is described in J. Cizek, J. Chem. Phys. 45, 4256 (1966); J. Paldus, J. Cizek, and I. Shavitt, Phys.
Rev. A5, 50 (1972); R. J. Bartlett and G. D. Purvis, Int. J. Quantum Chem. 14 , 561 (1978); G. D. Purvis and R. J. Bartlett, J.
Chem. Phys. 76 , 1910 (1982)):

U =c"®,
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where @ is a single CSF (usually the UHF single determinant) which has been used to independently determine a set of
spin-orbitals and LCAO-MO coefficients via the SCF process. The operator T generates, when acting on ®, single, double, etc.
‘excitations' (i.e., CSFs in which one, two, etc. of the occupied spin-orbitals in ® have been replaced by virtual spin-orbitals).
T is commonly expressed in terms of operators that effect such spin-orbital removals and additions as follows:
T = Zt;“mM' + z ti mtn it
i,m 4,7,m,n

where the operator m™ is used to denote creation of an electron in virtual spin-orbital ¢,, and the operator j is used to denote
removal of an electron from occupied spin-orbital ¢;.

The ", t;f’]’?", etc. amplitudes, which play the role of the CI coefficients in CC theory, are determined through the set of

equations generated by projecting the Schrodinger equation in the form

e THeT® = E®
against CSFs which are single, double, etc. excitations relative to ®. For example, for double excitations <I>Z”;" the equations
read:

(@"|eTet|®) = E(®"|®) = 0;

zero is obtained on the right hand side because the excited CSFs ](I)l’.f‘j‘"> are orthogonal to the reference function |®). The

elements on the left hand side of the CC equations can be expressed, as described below, in terms of one- and two-electron
integrals over the spin-orbitals used in forming the reference and excited CSFs.

Integral Transformations

All of the above methods require the evaluation of one- and two-electron integrals over the N atomic orbital basis:
(X(,,|f|x,,> and (XaXb|g|Xch>- Eventually, all of these methods provide their working equations and energy expressions in terms of
one- and two electron integrals over the N final molecular orbitals: (¢;|f|$;) and (xix;|g|xkx:). The mo-based integrals can only
be evaluated by transforming the AO-based integrals as follows:

(9i0j|9|drdr) = Z C,iCriCerCai{XaXo|g|XcXa),
a,b,c,d

and

(@il fl63) =" CaiChj{xal f|x0)-
ab

It would seem that the process of evaluating all N* of the (¢;¢;|g|¢r¢:), each of which requires N* additions and multiplications,
would require computer time proportional to N8. However, it is possible to perform the full transformation of the two-electron
integral list in a time that scales as N°. This is done by first performing a transformation of the (XaXb|g|Xch> to an intermediate
array (xaxs|g|xc¢1) labeled as follows:

<X(1Xb|g|Xc¢l> = ch,l<X(LXb|g|Xch>~
d

This partial transformation requires N° multiplications and additions. The list (Xaxb|g|xc¢1) is then transformed to a second-level
transformed array (xaxs|g|¢ré1):

(XaXs|g|drd1) = Cerlxaxs|g|xcdr),

which requires another N° operations. This sequential, one-index-at-a-time transformation is repeated four times until the final
(¢i¢j\g\¢k¢l) array is in hand. The entire transformation done this way requires 4N® multiplications and additions.

Once the requisite one- and two-electron integrals are available in the molecular orbital basis, the multiconfigurational
wavefunction and energy calculation can begin. These transformations consume a large fraction of the computer time used in
most such calculations, and represent a severe bottleneck to progress in applying ab initio electronic structure methods to larger
systems.
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Configuration List Choices

Once the requisite one- and two-electron integrals are available in the molecular orbital basis, the multiconfigurational
wavefunction and energy calculation can begin. Each of these methods has its own approach to describing the configurations {
® ;} included in the calculation and how the {C;} amplitudes and the total energy E is to be determined.

The number of configurations (N.) varies greatly among the methods and is an important factor to keep in mind when planning
to carry out an ab initio calculation. Under certain circumstances (e.g., when studying Woodward-Hoffmann forbidden reactions
where an avoided crossing of two configurations produces an activation barrier), it may be essential to use more than one
electronic configuration. Sometimes, one configuration (e.g., the SCF model) is adequate to capture the qualitative essence of the
electronic structure. In all cases, many configurations will be needed if highly accurate treatment of electron-electron correlations
are desired.

The value of Ny determines how much computer time and memory is needed to solve the N¢-dimensional Y H; ;C; = EC;
7

secular problem in the CI and MCSCF methods. Solution of these matrix eigenvalue equations requires computer time that scales
as N} (if few eigenvalues are computed) to N2 (if most eigenvalues are obtained).

So-called complete-active-space (CAS) methods form all CSFs that can be created by distributing N valence electrons among
P valence orbitals. For example, the eight noncore electrons of H,O might be distributed, in a manner that gives Mg = 0, among
six valence orbitals (e.g., two lone-pair orbitals, two OH & bonding orbitals, and two OH ¢" antibonding orbitals). The number
of configurations thereby created is 225 . If the same eight electrons were distributed among ten valence orbitals 44,100
configurations results; for twenty and thirty valence orbitals, 23,474,025 and 751,034,025 configurations arise, respectively.
Clearly, practical considerations dictate that CAS-based approaches be limited to situations in which a few electrons are to be
correlated using a few valence orbitals. The primary advantage of CAS configurations is discussed below in Sec. II. C.

This page titled 19.2: Different Methods is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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19.3: Strengths and Weaknesses of Various Methods

Variational Methods Such as MCSCF, SCF, and CI Produce Energies that
are Upper Bounds, but These Energies are not Size-Extensive

(v| H |w)
(7| w)
lowest energy of the symmetry which characterizes the CSFs which comprise ¥. These methods also can provide approximate
excited-state energies and wavefunctions (e. g., in the form of other solutions of the secular equation Z H; ;C; = C; that arises

Methods that are based on making the energy functional stationary (i.e., variational methods) yield upper bounds to the

in the CI and MCSCF methods). Excited-state energies obtained in this manner can be shown to bracket the true energies of the
given symmetry in that between any two approximate energies obtained in the variational calculation, there exists at least one
true eigenvalue. This characteristic is commonly referred to as the 'bracketing theorem' (E. A. Hylleraas and B. Undheim, Z. Phys.
65, 759 (1930); J. K. L. MacDonald, Phys. Rev. 43, 830 (1933)). These are strong attributes of the variational methods, as is the
long and rich history of developments of analytical and computational tools for efficiently implementing such methods (see the
discussions of the CI and MCSCF methods in MTC and ACP).

However, all variational techniques suffer from at least one serious drawback; they are not size-extensive (J. A. Pople, pg. 51
in Energy, Structure, and Reactivity , D. W. Smith and W. B. McRae, Eds., Wiley, New York (1973)). This means that the energy
computed using these tools can not be trusted to scale with the size of the system. For example, a calculation performed on
two C'Hj; species at large separation may not yield an energy equal to twice the energy obtained by performing the same kind of
calculation on a single CHj3 species. Lack of size-extensivity precludes these methods from use in extended systems (e.g., solids)
where errors due to improper scaling of the energy with the number of molecules produce nonsensical results.

By carefully adjusting the kind of variational wavefunction used, it is possible to circumvent size-extensivity problems for selected

species. For example, a CI calculation on Be, using all ' Y~ CSFs that can be formed by placing the four valence electrons into
g

the orbitals 20, 20, 30y, 304, 17, and 17, can yield an energy equal to twice that of the Be atom described by CSFs in which

the two valence electrons of the Be atom are placed into the 2s and 2p orbitals in all ways consistent with a 'S symmetry. Such

special choices of configurations give rise to what are called complete-active-space (CAS) MCSCF or CI calculations (see the

article by B. O. Roos in ACP for an overview of this approach).

Let us consider an example to understand why the CAS choice of configurations works. The 'S ground state of the Be atom is
known to form a wavefunction that is a strong mixture of CSFs that arise from the 252 and 2p? configurations:

Vg, = 01’182282‘ + 02‘1522;02‘,

where the latter CSF is a short-hand representation for the proper spin- and spacesymmetry adapted CSF

|1s22p2| = % [|1salsﬁ2p0a2p06’ - |1sa1352p1a2p,15‘ -

The reason the CAS process works is that the Be; CAS wavefunction has the flexibility to dissociate into the product of two CAS
Be wavefunctions:

U = UpeaUpa, = [C1]15%25%| + Co|15*2p|] , [C1|15°25%| + Ca|15%2p°|],

where the subscripts a and b label the two Be atoms, because the four electron CAS function distributes the four electrons in all
ways among the 20,, 20, 27,, and 27, orbitals. In contrast, if the Be, calculation had been carried out using only the following
CSFs : |102 107 207 207 | and all single and double excitations relative to this (dominant) CSF, which is a very common type of CI
procedure to follow, the Be, wavefunction would not have contained the particular CSFs |10%27%| |10%27%|, because these CSFs
are four-fold excited relative to the |102107%207

In general, one finds that if the 'monomer' uses CSFs that are K-fold excited relative to its dominant CSF to achieve an accurate
description of its electron correlation, a size-extensive variational calculation on the 'dimer' will require the inclusion of CSFs
that are 2K-fold excited relative to the dimer's dominant CSF. To perform a size-extensive variational calculation on a species
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containing M monomers therefore requires the inclusion of CSFs that are MxK-fold excited relative to the M-mer's dominant CSF.

Non-Variational Methods Such as MPPT/MBPT and CC do not Produce
Upper Bounds, but Yield Size-Extensive Energies

In contrast to variational methods, perturbation theory and coupled-cluster methods achieve their energies from a '‘transition
formula' (®| H |¥) rather than from an expectation value (¥| H |¥). It can be shown (H. P. Kelly, Phys. Rev. 131, 684 (1963)) that
this difference allows non-variational techniques to yield size-extensive energies. This can be seen in the MPPT/MBPT case by
considering the energy of two non-interacting Be atoms. The reference CSF is ® = |s22s2as}2s}|; the Slater-Condon rules limit the
CSFs in Y which can contribute to

E= (2 H|¥) =(2|H ) C,2,).
J

to be @ itself and those CSFs that are singly or doubly excited relative to ®. These 'excitations' can involve atom a, atom b, or
both atoms. However, any CSFs that involve excitations on both atoms ( e.g., 1s§23a2pals§23b2pb\ ) give rise, via the SC rules, to
one- and two- electron integrals over orbitals on both atoms; these integrals ( e.g., (2502pa\ g ]2sb2pb> ) vanish if the atoms are far
apart, as a result of which the contributions due to such CSFs vanish in our consideration of size-extensivity. Thus, only CSFs that
are excited on one or the other atom contribute to the energy:

E= (2,8 H Y Cuu®;,8+ Y Cn®®y),
Ja Jb

where &, and ®; as well as ®7, and @7, are used to denote the a and b parts of the reference and excited CSFs, respectively.

This expression, once the SC rules are used to reduce it to one- and two- electron integrals, is of the additive form required of
any size-extensive method:

E= (| H Y Cru®ya)+ (@ H|Y Cn®p),
Ja Jb
and will yield a size-extensive energy if the equations used to determine the CJa and CJb amplitudes are themselves separable.

In MPPT/MBPT, these amplitudes are expressed, in first order, as:

(@, H |2],P,
Ja = T 0 * 0
Ea+Eb7EJa7Eb

(and analogously for C 7). Again using the SC rules, this expression reduces to one that involves only atom a:

H|®75,
Co— M
Ea_EJa

The additivity of E and the separability of the equations determining the C; coefficients make the MPPT/MBPT energy size-
extensive. This property can also be demonstrated for the Coupled-Cluster energy (see the references given above in Chapter 19.
1.4). However, size-extensive methods have at least one serious weakness; their energies do not provide upper bounds to the true
energies of the system (because their energy functional is not of the expectation-value form for which the upper bound property
has been proven).

Which Method is Best?

At this time, it may not possible to say which method is preferred for applications where all are practical. Nor is it possible to
assess, in a way that is applicable to most chemical species, the accuracies with which various methods predict bond lengths
and energies or other properties. However, there are reasons to recommend some methods over others in specific cases. For
example, certain applications require a size-extensive energy (e.g., extended systems that consist of a large or macroscopic
number of units or studies of weak intermolecular interactions), so MBPT/MPPT or CC or CAS-based MCSCF are preferred.
Moreover, certain chemical reactions (e.g., Woodward-Hoffmann forbidden reactions) and certain bond-breaking events require
two or more 'essential’ electronic configurations. For them, single-configuration-based methods such as conventional CC and
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MBTP/MPPT should not be used; MCSCF or CI calculations would be better. Very large molecules, in which thousands of atomic
orbital basis functions are required, may be impossible to treat by methods whose effort scales as N* or higher; density functional
methods would be better to use then.

For all calculations, the choice of atomic orbital basis set must be made carefully, keeping in mind the N* scaling of the one-
and two-electron integral evaluation step and the N°® scaling of the two-electron integral transformation step. Of course, basis
functions that describe the essence of the states to be studied are essential (e.g., Rydberg or anion states require diffuse
functions, and strained rings require polarization functions).

As larger atomic basis sets are employed, the size of the CSF list used to treat dynamic correlation increases rapidly. For example,
most of the above methods use singly and doubly excited CSFs for this purpose. For large basis sets, the number of such CSFs,
N, scales as the number of electrons squared, n?, times the number of basis functions squared, N2. Since the effort needed
to solve the CI secular problem varies as N2 or N2, a dependence as strong as N* to N° can result. To handle such large CSF
spaces, all of the multiconfigurational techniques mentioned in this paper have been developed to the extent that calculations
involving of the order of 100 to 5,000 CSFs are routinely performed and calculations using 19,000, 100,000, and even several
million CSFs are practical

Other methods, most of which can be viewed as derivatives of the techniques introduced above, have been and are still being
developed. This ongoing process has been, in large part, stimulated by the explosive growth in computer power and change in
computer architecture that has been realized in recent years. All indications are that this growth pattern will continue, so ab initio
quantum chemistry will likely have an even larger impact on future chemistry research and education (through new insights and
concepts).

This page titled 19.3: Strengths and Weaknesses of Various Methods is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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19.4: Further Details on Implementing Multiconfigurational
Methods

The MCSCF Method

The simultaneous optimization of the LCAO-MO and CI coefficients performed within an MCSCF calculation is a quite formidable
task. The variational energy functional is a quadratic function of the CI coefficients, and so one can express the stationary
conditions for these variables in the secular form:

> H;,C;=ECrL
J

However, E is a quartic function of the C,; coefficients because each matrix element <I>I| H |¢>1) involves one- and two-electron
integrals over the mos ¢;, and the two-electron integrals depend quartically on the C, ; coefficients. The stationary conditions with
respect to these C,; parameters must be solved iteratively because of this quartic dependence.

It is well known that minimization of a function (E) of several non-linear parameters (the C, ;) is a difficult task that can suffer
from poor convergence and may locate local rather than global minima. In an MCSCF wavefunction containing many CSFs, the
energy is only weakly dependent on the orbitals that are weakly occupied (i.e., those that appear in CSFs with small C; values); in
contrast, E is strongly dependent on the C,; coefficients of those orbitals that appear in the CSFs with larger C; values. One is
therefore faced with minimizing a function of many variables (there may be as many C,; as the square of the number of orbital
basis functions) that depends strongly on several of the variables and weakly on many others. This is a very difficult job.

For these reasons, in the MCSCF method, the number of CSFs is usually kept to a small to moderate number (e.g., a few to several
hundred) chosen to describe essential correlations (i.e., configuration crossings, proper dissociation) and important dynamical
correlations (those electron-pair correlations of angular, radial, left-right, etc. nature that arise when low-lying 'virtual' orbitals
are present). In such a compact wavefunction, only spin-orbitals with reasonably large occupations (e.g., as characterized by
the diagonal elements of the one-particle density matrix ; j) appear. As a result, the energy functional is expressed in terms of
variables on which it is strongly dependent, in which case the nonlinear optimization process is less likely to be pathological.

Such a compact MCSCF wavefunction is designed to provide a good description of the set of strongly occupied spin-orbitals and
of the CI amplitudes for CSFs in which only these spin-orbitals appear. It, of course, provides no information about the spin-
orbitals that are not used to form the CSFs on which the MCSCF calculation is based. As a result, the MCSCF energy is invariant
to a unitary transformation among these 'virtual' orbitals.

In addition to the references mentioned earlier in ACP and MTC, the following papers describe several of the advances that have
been made in the MCSCF method, especially with respect to enhancing its rate and range of convergence: E. Dalgaard and P.

Jorgensen, J. Chem. Phys. 69 , 3833 (1978); H. J. Aa. Jensen, P. Jorgensen, and H. &Agren, J. Chem. Phys. 87 , 457 (1987); B. H.
Lengsfield, III and B. Liu, J. Chem. Phys. 75, 478 (1981).

The Configuration Interaction Method

In the Configuration Interaction (CI) method, one usually attempts to realize a high-level treatment of electron correlation. A set
of orthonormal molecular orbitals are first obtained from an SCF or MCSCF calculation (usually involving a small to moderate list
of CSFs). The LCAO-MO coefficients of these orbitals are no longer considered as variational parameters in the subsequent CI
calculation; only the C; coefficients are to be further optimized.

The CI wavefunction
P = Z C;®;
7

is most commonly constructed from CSFs ® ; that include:
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1. All of the CSFs in the SCF (in which case only a single CSF is included) or MCSCF wavefunction that was used to generate the
molecular orbitals ¢;. This set of CSFs are referred to as spanning the 'reference space' of the subsequent CI calculation,
and the particular combination of these CSFs used in this orbital optimization (i.e., the SCF or MCSCF wavefunction) is called
the reference function.

2. CSFs that are generated by carrying out single, double, triple, etc. level 'excitations' (i.e., orbital replacements ) relative to
reference CSFs. CI wavefunctions limited to include contributions through various levels of excitation (e.g., single, double,
etc. ) are denoted S (singly excited), D (doubly), SD ( singly and doubly), SDT (singly, doubly, and triply), and so on.

The orbitals from which electrons are removed and those into which electrons are excited can be restricted to focus attention on
correlations among certain orbitals. For example, if excitations out of core electrons are excluded, one computes a total energy
that contains no correlation corrections for these core orbitals. Often it is possible to so limit the nature of the orbital excitations
to focus on the energetic quantities of interest (e.g., the CC bond breaking in ethane requires correlation of the o¢¢ orbital but
the 1s Carbon core orbitals and the CH bond orbitals may be treated in a non-correlated manner).

Clearly, the number of CSFs included in the CI calculation can be far in excess of the number considered in typical MCSCF
calculations; CI wavefunctions including 5,000 to 50,000 CSFs are routinely used, and functions with one to several million
CSFs are within the realm of practicality (see, for example, J. Olsen, B. Roos, Poul Jergensen, and H. J. Aa. Jensen, J. Chem. Phys.
89,2185 (1988) and J. Olsen, P. Jargensen, and J. Simons, Chem. Phys. Letters 169 , 463 (1990)).

The need for such large CSF expansions should not come as a surprise once one considers that (i) each electron pair requires
at least two CSFs (let us say it requires P of them, on average, a dominant one and P-1 others which are doubly excited) to form
polarized orbital pairs, (ii) there are of the order of N(N-1)/2 = X electron pairs in an atom or molecule containing N electrons, and
(iif) that the number of terms in the CI wavefunction scales as PX. So, for an H,O molecule containing ten electrons, there would
be P terms in the CI expansion. This is 3.6 x10!6 terms if P=2 and 1.7 x1826 terms if P=3. Undoubtedly, this is an over estimate
of the number of CSFs needed to describe electron correlation in H,O, but it demonstrates how rapidly the number of CSFs can
grow with the number of electrons in the system.

The H;; matrices that arise in CI calculations are evaluated in terms of one- and two- electron integrals over the molecular

orbitals using the equivalent of the Slater-Condon rules. For large CI calculations, the full H; ; matrix is not actually evaluated and

stored in the computer's memory (or on its disk); rather, so-called 'direct CI' methods (see the article by Roos and Siegbahn in

MTC) are used to compute and immediately sum contributions to the sum )" H; ;C; in terms of integrals, density matrix elements,
7

and approximate values of the C; amplitudes. Iterative methods (see, for example, E. R. Davidson, J. Comput. Phys. 17, 87 (1975)),
in which approximate values for the C; coefficients and energy E are refined through sequential application of > H;; to the
I

preceding estimate of the C; vector, are employed to solve these large CI matrix eigenvalue problems.

The MPPT/MBPT Method

In the MPPT/MBPT method, once the reference CSF is chosen and the SCF orbitals belonging to this CSF are determined, the
wavefunction 1 and energy E are determined in an order-by-order manner. This is one of the primary strengths of the MPPT/
MBPT technique; it does not require one to make further (potentially arbitrary) choices once the basis set and dominant (SCF)
configuration are specified. In contrast to the MCSCF and CI treatments, one need not make choices of CSFs to include in or
exclude from . The MPPT/MBPT perturbation equations determine what CSFs must be included through any particular order.

For example, the first-order wavefunction correction 1 (i.e., 1 = ® 4 ¢! through first order) is given by:

\[ \begin{align} \psi*1 &= -\sum\limits_{in} \dfrac{\langle \Phi_{ij}*{m,n}\big| \text{ H - H}*® \big| \Phi \rangle}{\epsilon_m -
\epsilon_i + \epsilon_n - \epsilon_j} \bigg| \Phi_{i,j}*{m,n} \rangle \ &= - \sum\limits_{i

where the SCF orbital energies are denoted ¢; and <I>Z”]" represents a CSF that is doubly excited relative to \Phi. Thus, only
doubly excited CSFs contribute to the first-order wavefunction ; as a result, the energy E is given through second order as:

\[ \begin{align} E &= \langle \big| \text{H}*® \big| \Phi \rangle + \langle \Phi \Big| \text{ H - H}*® \big| \Phi \rangle + \langle \Phi
\big| \text{ H - H}*® \big| \psi*1 \rangle \ &= \langle \Phi \big| \text{ H } \big| \Phi \rangle - \sum\limits_{i

These contributions have been expressed, using the SC rules, in terms of the two-electron integrals (i,j|g|m,n) coupling the

excited spin-orbitals to the spin-orbitals from which electrons were excited as well as the orbital energy differences [e,, — ¢;
+ e, — €;] accompanying such excitations. In this form, it becomes clear that major contributions to the correlation energy of

@IOIC]E) 238 (19.4.2)



LibreTexts"

the pair of occupied orbitals ¢;¢; are made by double excitations into virtual orbitals ¢,,¢, that have large coupling (i.e., large
(i, 4] g |m,n) integrals) and small orbital energy gaps, [e,, — €; + €, — €;].

In higher order corrections to the wavefunction and to the energy, contributions from CSFs that are singly, triply, etc. excited
relative to ® appear, and additional contributions from the doubly excited CSFs also enter. It is relatively common to carry MPPT/
MBPT calculations (see the references given above in Chapter 19.1.3 where the contributions of the Pople and Bartlett groups to
the development of MPPT/MBPT are documented) through to third order in the energy (whose evaluation can be shown to require
only 4° and v'). The entire GAUSSIAN-8X series of programs, which have been used in thousands of important chemical studies,
calculate E through third order in this manner.

In addition to being size-extensive and not requiring one to specify input beyond the basis set and the dominant CSF, the
MPPT/MBPT approach is able to include the effect of all CSFs (that contribute to any given order) without having to find any
eigenvalues of a matrix. This is an important advantage because matrix eigenvalue determination, which is necessary in MCSCF
and CI calculations, requires computer time in proportion to the third power of the dimension of the H; ; matrix. Despite all of
these advantages, it is important to remember the primary disadvantages of the MPPT/MBPT approach; its energy is not an upper
bound to the true energy and it may not be able to treat cases for which two or more CSFs have equal or nearly equal amplitudes
because it obtains the amplitudes of all but the dominant CSF from perturbation theory formulas that assume the perturbation is
'small’.

The Coupled-Cluster Method

The implementation of the Coupled-Cluster method begins much as in the MPPT/MBPT case; one selects a reference CSF that is
used in the SCF process to generate a set of spin-orbitals to be used in the subsequent correlated calculation. The set of working
equations of the Coupled-Cluster technique can be written explicitly by introducing the form of the so-called cluster operator T,

T= Zt?m*i—i— Z tZLj"nern*j i+ ..,
i,m

i,4,m,n

where the combination of operators m™i denotes creation of an electron in virtual spin orbital ¢,, and removal of an electron from
occupied spin-orbital ¢; to generate a single excitation. The operation m™n™ j i therefore represents a double excitation from
¢id; 10 ¢, Expressing the cluster operator T in terms of the amplitudes ¢!*, t?fj’”, etc. for singly, doubly, etc. excited CSFs, and
expanding the exponential operators in

e THeT
one obtains:

(@ | B+ [T] + SIETLT] + [T T 4+ o [T TT)T] [8) = 0;
(@5 B+ [T] + ST + < [[HTLT)T] + o [T, T [2) =0

mn. 1 1 1
and so on for higher order excited CSFs. It can be shown, because of the one- and twoelectron operator nature of H, that
the expansion of the exponential operators truncates exactly at the fourth power; that is terms such as [[[[[H,T],T],T],T],T] and
higher commutators vanish identically (this is demonstrated in Chapter 4 of Second Quantization Based Methods in Quantum
Chemistry , P. Jgrgensen and J. Simons, Academic Press, New York (1981).

@IOIC]E) 239 (19.4.3)



LibreTexts"

= P Q/-'I + + + ...

., @l

full correlation singlets doublets triplets
singlet factorization

singlet—-doublet approximation

Figure 19.3.1: Schematic representation of the cluster-expansion-based classification. The full correlation is composed of singlets, doublets,

triplets, and higher-order correlations, all uniquely defined by the cluster-expansion approach. Each blue sphere corresponds to one particle

operator and yellow circles/ellipses to correlations. The number of spheres within a correlation identifies the cluster number. (CC SA-BY-3.0;
Christoph N. Bé6ttge, "Phonon-assistierte Lasertatigkeit in Mikroresonatoren").

As a result, the exact Coupled-Cluster equations are quartic equations for the ¢, tZ’j’", etc. amplitudes. Although it is a rather
formidable task to evaluate all of the commutator matrix elements appearing in the above Coupled-Cluster equations, it can be
and has been done (the references given above to Purvis and Bartlett are especially relevant in this context). The result is to
express each such matrix element, via the Slater-Condon rules, in terms of one- and twoelectron integrals over the spin-orbitals

used in determining @, including those in @ itself and the 'virtual' orbitals not in ®.

In general, these quartic equations must then be solved in an iterative manner and are susceptible to convergence difficulties
that are similar to those that arise in MCSCF-type calculations. In any such iterative process, it is important to start with an
approximation (to the t amplitudes, in this case) which is reasonably close to the final converged result. Such an approximation
is often achieved, for example, by neglecting all of the terms that are nonlinear in the t amplitudes (because these amplitudes are
assumed to be less than unity in magnitude). This leads, for the Coupled-Cluster working equations obtained by projecting onto
the doubly excited CSFs, to:

(ij|g]mn) +lem—eten—elth"+ S (@ H-H|@l el )l =0,

i,j i,J iy 1y
i’ m’ '

(ij]g|mn)’
€m—€itTEn—€;

addition, the factors that couple different doubly excited CSFs are ignored (i.e., the sum over i'j’,m'n') , the equations for the t
amplitudes reduce to the equations for the CSF amplitudes of the first-order MPPT/MBPT wavefunction:

where the notation is used to denote the two-electron integral difference )ij|g|mmn)-(ij|g|nm). If, in

e (i g’

I €m — €+ €n — €

As Bartlett and Pople have both demonstrated, there is, in fact, close relationship between the MPPT/MBPT and Coupled-Cluster
methods when the Coupled-Cluster equations are solved iteratively starting with such an MPPT/MBPT-like initial 'guess' for these
double-excitation amplitudes.

The Coupled-Cluster method, as presented here, suffers from the same drawbacks as the MPPT/MBPT approach; its energy is not
an upper bound and it may not be able to accurately describe wavefunctions which have two or more CSFs with approximately
equal amplitude. Moreover, solution of the non-linear Coupled-Cluster equations may be difficult and slowly (if at all) convergent.
It has the same advantages as the MPPT/MBPT method; its energy is size-extensive, it requires no large matrix eigenvalue
solution, and its energy and wavefunction are determined once one specifies the basis and the dominant CSF.

Density Functional Methods

These approaches provide alternatives to the conventional tools of quantum chemistry. The CI, MCSCF, MPPT/MBPT, and CC
methods move beyond the singleconfiguration picture by adding to the wave function more configurations whose amplitudes they
each determine in their own way. This can lead to a very large number of CSFs in the correlated wave function, and, as a result, a
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need for extraordinary computer resources.
The density functional approaches are different. Here one solves a set of orbitallevel equations

h2 2 ZAe
- - d
2mev r—RA / v — +U(r)

in which the orbitals {¢;} 'feel' potentials due to the nuclear centers (having charges Z,), Coulombic interaction with the total
electron density p(r'), and a so-called exchange correlation potential denoted U(r'). The particular electronic state for which the
calculation is being performed is specified by forming a corresponding density p(r'). Before going further in describing how DFT
calculations are carried out, let us examine the origins underlying this theory.

i = €iP;

The so-called Hohenberg-Kohn theorem states that the ground-state electron density p(r) describing an N-electron system
uniquely determines the potential V(r) in the Hamiltonian

H:ZQh—V2+Vr] Z—

J [ Tjk

and, because H determines the ground-state energy and wave function of the system, the ground-state density p(r) determines
the ground-state properties of the system. The proof of this theorem proceeds as follows:

e p(r) determines N because [ p(r)d’r =N.
e Assume that there are two distinct potentials (aside from an additive constant that simply shifts the zero of total energy) V(r)
and V'(r) which, when used in H and H’, respectively, to solve for a ground state produce

EO? 1/}(1‘) and E(’)v 1/’7(1')
that have the same one-electron density:

/\de dry ... dry = p(r) = / |o|dry dr ... dry

e If we think of 1 as trial variational wave function for the Hamiltonian H, we know that

Eo < (' [H]y') = (¢'[H'|y) + /p(r) [V(r) = V'(r)]d’r = E, + /p(r) V() = V'(r)]d’r (19.4.1)
e Similarly, taking v as a trial function for the H' Hamiltonian, one finds that
E5<Eo+/p(r) [V/(r) = V(r)] d3. (19.4.2)
e Adding the Equations 19.4.1 and 19.4.2 gives
E¢ + Eo + Ej,

and a clear contradiction.

Hence, there cannot be two distinct potentials V and V' that give the same groundstate p(r). So, the ground-state density p(r)
uniquely determines N and V, and thus H, and therefore ¢ and Eq. Furthermore, because 1) determines all properties of the ground
state, then p(r), in principle, determines all such properties. This means that even the kinetic energy and the electron-electron
interaction energy of the ground-state are determined by p(r). It is easy to see that [ p(r)V(r)d’r = V[p] gives the average value
of the electron nuclear (plus any additional one-electron additive potential) interaction in terms of the ground-state density p(r),
but how are the kinetic energy T[p] and the electron-electron interaction V.. [p] energy expressed in terms of p?

The main difficulty with DFT is that the Hohenberg-Kohn theorem shows that the ground-state values of T, V., V, etc. are all
unique functionals of the ground-state o (i.e., that they can, in principle, be determined once p is given), but it does not tell us
what these functional relations are.

To see how it might make sense that a property such as the kinetic energy, whose operator —%VZ involves derivatives, can
be related to the electron density, consider a simple system of N non-interacting electrons moving in a three-dimensional cubic
“box” potential. The energy states of such electrons are known to be

h2
E = (W) (ni+n§+nz),

@IOIC]E) 241 (19.4.5)



LibreTexts"

where L is the length of the box along the three axes, and n,, n,, and n, are the quantum numbers describing the state. We
can view n2 + n2 + n? = R? as defining the squared radius of a sphere in three dimensions, and we realize that the density
of quantum states in this space is one state per unit volume in the n,, n,, n. space. Because n,, n,, and nz must be positive
integers, the volume covering all states with energy less than or equal to a specified energy E = ( ) R?is L the volume of the
sphere of radius R:

2m,L?

3
1 /4nm ™ L?

Since there is one state per unit of such volume, ®(E) is also the number of states with energy less than or equal to E, and is
called the integrated density of states. The number of states g(E) dE with energy between E and E+dE, the density of states,
is the derivative of ®:

gpy =22 _T 8me \/—

If we calculate the total energy for N electrons, with the states having energies up to the so-called Fermi energy (i.e., the energy
of the highest occupied molecular orbital HOMO) doubly occupied, we obtain the ground-state energy:

Ep

3
2m,
E0:2/g(E)EdE=8?”,/ Z; 1*Er .
0

The total number of electrons N can be expressed as

2 2me
N:2/ g(E)dE = 3 n LWEF,

o

which can be solved for Er in terms of N to then express E; in terms of N instead of Ex:

3h? 3/ N
Eo = 16m, \/
This gives the total energy, which is also the kinetic energy in this case because the potential energy is zero within the “box”,
in terms of the electron density p(x,y,z) = (% ). It therefore may be plausible to express kinetic energies in terms of electron

densities p(r), but it is by no means clear how to do so for “real” atoms and molecules with electron-nuclear and electron-electron
interactions operative.

In one of the earliest DFT models, the Thomas-Fermi theory, the kinetic energy of an atom or molecule is approximated using
the above kind of treatment on a “local” level. That is, for each volume element in r space, one assumes the expression given
above to be valid, and then one integrates over all r to compute the total kinetic energy:

Trrlp] = / 10m, \3/7 \/—) dSF—CF/\/—) d’r,

where the last equality simply defines the Cr constant (which is 2.8712 in atomic units). Ignoring the correlation and exchange
contributions to the total energy, this T is combined with the electron-nuclear V and Coulombic electron-electron potential
energies to give the Thomas-Fermi total energy:

d3 d3/

Eorrlpl = CF/ p(r) d3r+/ (r)p(r d3r+—/

This expression is an example of how E, is given as a local density functional approximation (LDA). The term local means that
the energy is given as a functional (i.e., a function of p) which depends only on p(r) at points in space but not on p(r) at more than
one point in space.

Unfortunately, the Thomas-Fermi energy functional does not produce results that are of sufficiently high accuracy to be of great
use in chemistry. What is missing in this theory are a. the exchange energy and b. the correlation energy; moreover, the kinetic
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energy is treated only in the approximate manner described.

In the book by Parr and Yang, it is shown how Dirac was able to address the exchange energy for the 'uniform electron gas' (N
Coulomb interacting electrons moving in a uniform positive background charge whose magnitude balances the charge of the N
electrons). If the exact expression for the exchange energy of the uniform electron gas is applied on a local level, one obtains the
commonly used Dirac local density approximation to the exchange energy:

4
Eex, Dirac[p] = _Cz / \3/ p(r) (131‘7

with C,, = %|sqrt[3}% = 0.7386 in atomic units. Adding this exchange energy to the Thomas-Fermi total energy E, rr[p] gives the
so-called Thomas-Fermi-Dirac (TFD) energy functional.

Because electron densities vary rather strongly spatially near the nuclei, corrections to the above approximations to T[
p) and E,, ... are needed. One of the more commonly used so-called gradient-corrected approximations is that invented by
Becke, and referred to as the Becke88 exchange functional:

1

E.;(Becke88) = E.z Dirac[p] — R ey d
(Becke88) Diraclp] ’Y/Iﬁ {1+67xcsch(l‘) "

1
W4
energies of specific electronic states of the inert gas atoms (Becke finds ~ to equal 8.8042). A common gradient correction to
the earlier T[p] is called the Weizsacker correction and is given by

where x =

\Vp|, and ~ is a parameter chosen so that the above exchange energy can best reproduce the known exchange

1 b [ Vel
72 m, p(r)

6TWeizsacker = dr.

Although the above discussion suggests how one might compute the ground-state energy once the ground-state density p(r) is
given, one still needs to know how to obtain p. Kohn and Sham (KS) introduced a set of so-called KS orbitals obeying the following
equation:

1 2 ! ,
——V2+V(r)+e—/ p(r') dr’ + Use(r) | ¢; = €;;,
2 2) Jr—r

|

o]
dp(r)

exchange-correlation energy functional E,.[p] were known. KS also showed that the KS orbitals {¢;} could be used to compute the
density p by simply adding up the orbital densities multiplied by orbital occupancies n; :

p(r) = nylem)|”

J

where the so-called exchange-correlation potential U,.(r) = dE,. could be obtained by functional differentiation if the

(here n; =0,1, or 2 is the occupation number of the orbital ¢; in the state being studied) and that the kinetic energy should be
calculated as

T= Yo ms{6,0)] = 5 V().

The same investigations of the idealized 'uniform electron gas' that identified the Dirac exchange functional, found that the
correlation energy (per electron) could also be written exactly as a function of the electron density p of the system, but only in two
limiting cases- the high-density limit (large p) and the low-density limit. There still exists no exact expression for the correlation
energy even for the uniform electron gas that is valid at arbitrary values of p. Therefore, much work has been devoted to creating
efficient and accurate interpolation formulas connecting the low- and high- density uniform electron gas expressions. One such
expression is

Blol = [ o),

where
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A x 2b bz (x — x)? 2(b+ zo)
e(p) =+ |In(= )+ —— |
p 5 | (X) Qtan-1 (2;1 b) Xo n X Otan-1 (2;1 b)

is the correlation energy per electron. Here x = \/r;, X = 2® + bz +¢, Xo = 22 + bzo + c and Q = /(4c — b?), A = 0.0621814,

= -0.409286, b = 13.0720, and ¢ = 42.7198. The parameter r; is how the density p enters since %m‘i is equal to %; that is, ry is

the radius of a sphere whose volume is the effective volume occupied by one electron. A reasonable approximation to the full
E..[p] would contain the Dirac (and perhaps gradient corrected) exchange functional plus the above E¢[p], but there are many
alternative approximations to the exchange-correlation energy functional. Currently, many workers are doing their best to “cook
up” functionals for the correlation and exchange energies, but no one has yet invented functionals that are so reliable that most
workers agree to use them.

To summarize, in implementing any DFT, one usually proceeds as follows:

1. An atomic orbital basis is chosen in terms of which the KS orbitals are to be expanded.
Some initial guess is made for the LCAO-KS expansion coefficients Cj;,: ¢; = > C; o Xa-

3. The density is computed as p(r) = an\¢j(r)|2. Often, p(r) is expanded in an atomic orbital basis, which need not be the
J

same as the basis used for the ¢;, and the expansion coefficients of p are computed in terms of those of the ¢;. It is
also common to use an atomic orbital basis to expand +/p(r) which, together with p, is needed to evaluate the exchange-
correlation functional’s contribution to Ej.

4. The current iteration’s density is used in the KS equations to determine the Hamiltonian
[f % V2 4+ V(r)+ %Z Ik |f(jr)\ dr’ + Uu(r)]whose “new” eigenfunctions {¢; } and eigenvalues {e; } are found by solving the KS
equations.

5. These new ¢, are used to compute a new density, which, in turn, is used to solve a new set of KS equations. This process is
continued until convergence is reached (i.e., until the ¢; used to determine the current iteration’s p are the same ¢; that arise
as solutions on the next iteration.

6. Once the converged p(r) is determined, the energy can be computed using the earlier expression

Bl = S0~ 5V + [ Vipterae + G [ 72 e an B

|

In closing this section, it should once again be emphasized that this area is currently undergoing explosive growth and much
scrutiny. As a result, it is nearly certain that many of the specific functionals discussed above will be replaced in the near future
by improved and more rigorously justified versions. It is also likely that extensions of DFT to excited states (many workers are
actively pursuing this) will be placed on more solid ground and made applicable to molecular systems. Because the computational
effort involved in these approaches scales much less strongly with basis set size than for conventional (SCF, MCSCF, CI, etc.)
methods, density functional methods offer great promise and are likely to contribute much to quantum chemistry in the next
decade.

This page titled 19.4: Further Details on Implementing Multiconfigurational Methods is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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20: RESPONSE THEORY

Many physical properties of a molecule can be calculated as expectation values of a corresponding quantum mechanical operator.
The evaluation of other properties can be formulated in terms of the "response" (i.e., derivative) of the electronic energy with
respect to the application of an external field perturbation.

20.1: Calculations of Properties Other Than the Energy
20.2: Ab Initio, Semi-Empirical, and Empirical Force Field Methods

This page titled 20: Response Theory is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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20.1: Calculations of Properties Other Than the Energy

There are, of course, properties other than the energy that are of interest to the practicing chemist. Dipole moments,
polarizabilities, transition probabilities among states, and vibrational frequencies all come to mind. Other properties that are of
importance involve operators whose quantum numbers or symmetry indices label the state of interest. Angular momentum and
point group symmetries are examples of the latter properties; for these quantities the properties are precisely specified once the
quantum number or symmetry label is given (e.g., for a 3P state, the average value of L% is = (3P|L2|3P) = h?1(1 + 1) = 2A%

Although it may be straightforward to specify what property is to be evaluated, often computational difficulties arise in carrying
out the calculation. For some ab initio methods, these difficulties are less severe than for others. For example, to compute the
electric dipole transition matrix element (\112| r |¥;) between two states ¥; and ¥,, one must evaluate the integral involving the
one-electron dipole operator r = )" er; — > eZ,R,; here the first sum runs over the N electrons and the second sum runs over
] a

the nuclei whose charges are denoted Z,. To evaluate such transition matrix elements in terms of the Slater-Condon rules is
relatively straightforward as long as ¥; and ¥, are expressed in terms of Slater determinants involving a single set of orthonormal
spin-orbitals. If ¥; and ¥,, have been obtained, for example, by carrying out separate MCSCF calculations on the two states
in question, the energy optimized spin-orbitals for one state will not be the same as the optimal spin-orbitals for the second
state. As a result, the determinants in ¥; and those in ¥, will involve spin-orbitals that are not orthonormal to one another. Thus,
the SC rules can not immediately be applied. Instead, a transformation of the spin-orbitals of ¥; and ¥, to a single set of
orthonormal functions must be carried out. This then expresses ¥; and ¥, in terms of new Slater determinants over this new set
of orthonormal spinorbitals, after which the SC rules can be exploited.

In contrast, if ¥; and ¥, are obtained by carrying out a CI calculation using a single set of orthonormal spin-orbitals (e.g., with
¥, and ¥, formed from two different eigenvectors of the resulting secular matrix), the SC rules can immediately be used to
evaluate the transition dipole integral.

Formulation of Property Calculations as Responses

Essentially all experimentally measured properties can be thought of as arising through the response of the system to some
externally applied perturbation or disturbance. In turn, the calculation of such properties can be formulated in terms of the
response of the energy E or wavefunction ¥ to a perturbation. For example, molecular dipole moments p are measured, via
electric-field deflection, in terms of the change in energy

AE=,u-E+%E~a-E+%E~E~E'5+...

caused by the application of an external electric field E which is spatially inhomogeneous, and thus exerts a force
F=-VAF

on the molecule proportional to the dipole moment (good treatments of response properties for a wide variety of wavefunction
types (i.e., SCF, MCSCF, MPPT/MBPT, etc.) are given in Second Quantization Based Methods in Quantum Chemistry , P.
Jorgensen and J. Simons, Academic Press, New York (1981) and in Geometrical Derivatives of Energy Surfaces and Molecular
Properties , P. Jgrgensen and J. Simons, Eds., NATO ASI Series, Vol. 166, D. Reidel, Dordrecht (1985)).

To obtain expressions that permit properties other than the energy to be evaluated in terms of the state wavefunction ¥, the
following strategy is used:

1. The perturbation V = H-H® appropriate to the particular property is identified. For dipole moments (u), polarizabilities («),
and hyperpolarizabilities (3), V is the interaction of the nuclei and electrons with the external electric field

V=Y ZeR, -E—) er;-E.
a j

For vibrational frequencies, one needs the derivatives of the energy E with respect to deformation of the bond lengths and
angles of the molecule, so V is the sum of all changes in the electronic Hamiltonian that arise from displacements éR,, of the
atomic centers
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V=) (VR.H) iR,.

a

2. A power series expansion of the state energy E, computed in a manner consistent with how ¥ is determined (i.e., as
an expectation value for SCF, MCSCF, and CI wavefunctions or as (®| H |¥)for MPPT/MBPT or as (®|e~” H e’ ®) for CC
wavefunctions), is carried out in powers of the perturbation V:

E=E"+EY +E®@ L EG® 4

In evaluating the terms in this expansion, the dependence of H = H+V and of ¥ (which is expressed as a solution of the
SCF, MCSCEF, ..., or CC equations for H not for H%) must be included.
3. The desired physical property must be extracted from the power series expansion of A E in powers of V.

The MCSCF Response Case

The Dipole Moment

To illustrate how the above developments are carried out and to demonstrate how the results express the desired quantities in
terms of the original wavefunction, let us consider, for an MCSCF wavefunction, the response to an external electric field. In this
case, the Hamiltonian is given as the conventional one- and two-electron operators H? to which the above one-electron electric
dipole perturbation V is added. The MCSCF wavefunction ¥ and energy E are assumed to have been obtained via the MCSCF
procedure with H=H® 4+ \V, where X can be thought of as a measure of the strength of the applied electric field. The terms in the
expansion of E()) in powers of A:

dE d’E
E=EO\=0)+\ —/\
A=0+ (d)\) + (dA2)0+

are obtained by writing the total derivatives of the MCSCF energy functional with respect to A\ and evaluating these derivatives at
A = 0 (which is indicated by the subscript (..)® on the above derivatives):

E(A=0)=(¥(A=0)| H|¥(A=0)) =

(i_?)f(xp(xzo)\v\wu +2Z(BC") aC]\HnyI/ —0)) +2Z(ac‘”) G%GZ\HON’ =0))+

23 (), G| B =),

and so on for higher order terms. The factors of 2 in the last three terms come through using the hermiticity of H’ to combine
terms in which derivatives of ¥ occur.

The first-order correction can be thought of as arising from the response of the wavefunction (as contained in its LCAO-MO and
CI amplitudes and basis functions x,) plus the response of the Hamiltonian to the external field. Because the MCSCF energy
functional has been made stationary with respect to variations in the C; and C; , amplitudes, the second and third terms above
vanish:

OE 0 B
ac, BC;’HW =0 =
OE 0 _
ac.. =2(— aCM | H|w (A =0)) = 0.

If, as is common, the atomic orbital bases used to carry out the MCSCF energy optimization are not explicitly dependent on the
external field, the third term also vanishes because <ax, ) = 0. Thus for the MCSCF case, the first-order response is given as the

average value of the perturbation over the wavefunction with A\l = 0:\

(%)0 = (WA = 0)|V]¥(x = 0)).

For the external electric field case at hand, this result says that the field-dependence of the state energy will have a linear term
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equal to

(TA=0)|[V[¥(A=0)) = (¥| > ZseRq-e— Zerj “e| D),

where e is a unit vector in the direction of the applied electric field (the magnitude of the field A having already been removed
in the power series expansion). Since the dipole moment is determined experimentally as the energy's slope with respect to field
strength, this means that the dipole moment is given as:

= (| ZZaeRa - Zerj|\11>.
a 7

The Geometrical Force

These same techniques can be used to determine the response of the energy to displacements éR, of the atomic centers. In
such a case, the perturbation is

V=Y 6R, Vg, (Z(’Z—) ZZ625R Z R|
(ri —Ra)
|ri — Ra
Hamiltonian with respect to displacement of center-a in the x, y, or z direction. The expressions given above for E(A=0) and (g_E)o
can once again be used, but with the Hellmann-Feynman form for V. Once again, for the MCSCF wavefunction, the variational
optimization of the energy gives

Here, the one-electron operator Z is referred to as 'the HellmannFeynman' force operator; it is the derivative of the

6

o 4
<WJ| H“\@(A:o)): |H0|\I/ =0)) =0.

However, because the atomic basis orbitals are attached to the centers, and because these centers are displaced in forming V, it
is no longer true that ( Ix ) = 0; the variation in the wavefunction caused by movement of the basis functions now contributes to

the firstorder energy response. As a result, one obtains
2 a\Il 0
0o =— Zz e*R, \p\z i R ‘3 | o) +2Z5RG.Z(VRQXV)0<W\ H| @ (X =0)).
The first contribution to the force
— 0
= —Z,¢? \IJ]Z |r 7 ‘3\\11 +2Z (VR X0)o _y H| (A =0))

along the x, y, and z directions for center-a involves the expectation value, with respect to the MCSCF wavefunction with A = 0, of
the Hellmann-Feynman force operator. The second contribution gives the forces due to infinitesimal displacements of the basis
functions on center-a. The evaluation of the latter contributions can be carried out by first realizing that

U= Z Cylpndr2013.-Gm---bIN|
7

with
¢j = Z CuiXp
}L

involves the basis orbitals through the LCAO-MO expansion of the ¢;s. So the derivatives of the basis orbitals contribute as
follows:

o
Z(VRQXVXW‘ = Z Z CsCoj{|p1072013.-- VR, X0 PuN|-
v J g

v

Each of these factors can be viewed as combinations of CSFs with the same C; and C,,; coefficients as in ¥ but with the 4th
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spin-orbital involving basis functions that have been differentiated with respect to displacement of center-a. It turns out that such
derivatives of Gaussian basis orbitals can be carried out analytically (giving rise to new Gaussians with one higher and one lower

l-quantum number). When substituted into 2 (VRr,Xv)0 —| H°|¥(X = 0)), these basis derivative terms yield
Z (Vr.Xv)o l HY|¥(A=0)) = Z Z CsCu (| b10s203-. VR, X0 dun| H|T),
v J v

whose evaluation via the Slater-Condon rules is straightforward. It is simply the expectation value of H? with respect to ¥ (with
the same density matrix elements that arise in the evaluation of U's energy) but with the one- and two-electron integrals over the
atomic basis orbitals involving one of these differentiated functions:

<X;LXV| g ’X~/X6> = VRG<XMXV’ g |X'yX5> =
= (VR XuXv| & [XaXs) + (u VR XY 8 [XaXs) + (uXo| 8 | VR XAX6) + (uXo| & [x3 VR XG)-

In summary, the force F, felt by the nuclear framework due to a displacement of center-a along the x, y, or z axis is given as
— 0
= —Z,e%( \plzl 3|\1: (Vr, (¥ H|D)),

where the second term is the energy of ¥ but with all atomic integrals replaced by integral derivatives: (Xuxyl g X+Xs)
= VR, (XuXv| & X7X0)-

Responses for Other Types of Wavefunctions

It should be stressed that the MCSCF wavefunction yields especially compact expressions for responses of E with respect to an
external perturbation because of the variational conditions

ov oW ] o
(g | H[TO = 0) = (Ga—| B2 = 0)) = 0

ai

that apply. The SCF case, which can be viewed as a special case of the MCSCF situation, also admits these simplifications.
However, the CI, CC, and MPPT/MBPT cases involve additional factors that arise because the above variational conditions do not

. ov . . . s ov
apply (in the CI case, <W| H“[\IJ(/\ = 0)) = 0 still applies, but the orbital condition {(—— HO]\IJ = 0)) = 0 does not because
J

0C,,
the orbitals are not varied to make the CI energy functional stationary).

Within the CC, CI, and MPPT/MBPT methods, one must evaluate the so-called responses of the C; and C,; coefficients ("C’ )0
ac, 0 _ OCa,i ov 0
5, ¢ ac | HO|U(\ = o)>+22( ), ¢ Eom | HO (A
= 0)). To do so requires solving a set of response equations that are obtained by differentiating whatever equations govern the
Cr and C,; coefficients in the particular method (e.g., CI, CC, or MPPT/MBPT) with respect to the external perturbation. In the
geometrical derivative case, this amounts to differentiating with respect to x, y, and z displacements of the atomic centers. These
response equations are discussed in Geometrical Derivatives of Energy Surfaces and Molecular Properties , P. Jargensen
and J. Simons, Eds., NATO ASI Series, Vol. 166, D. Reidel, Dordrecht (1985). Their treatment is somewhat beyond the scope of this
text, so they will not be dealt with further here.

and (%), that appear in the full energy response as (see above) 2
J

The Use of Geometrical Energy Derivatives

1. Gradients as Newtonian Forces The first energy derivative is called the gradient g and is the negative of the force F (with
components along the a* center denoted F,) experienced by the atomic centers F = -g . These forces, as discussed in
Chapter 16, can be used to carry out classical trajectory simulations of molecular collisions or other motions of large organic
and biological molecules for which a quantum treatment of the nuclear motion is prohibitive. The second energy derivatives
with respect to the x, y, and z directions of centers a and b (for example, the x, y component for centers a and b is Hy, ;,

61'11 Yb
cartesian directions. The gradient and Hessian can be used to systematically locate local minima (i.e., stable geometries)
and transition states that connect one local minimum to another. At each of these stationary points, all forces and thus
all elements of the gradient g vanish. At a local minimum, the H matrix has 5 or 6 zero eigenvalues corresponding to
translational and rotational displacements of the molecule (5 for linear molecules; 6 for non-linear species) and 3N-5 or 3N-6

2
= ( 9 ) form the Hessian matrix H. The elements of H give the local curvatures of the energy surface along the 3N
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positive eigenvalues. At a transition state, H has one negative eigenvalue, 5 or 6 zero eigenvalues, and 3N-6 or 3N-7 positive
eigenvalues.
2. Transition State Rate Coefficients The transition state theory of Eyring or its extensions due to Truhlar and coworkers (see,
for example, D. G. Truhlar and B. C. Garrett, Ann. Rev. Phys. Chem. 35, 159 (1984)) allow knowledge of the Hessian matrix at
a transition state to be used to compute a rate coefficient k,.;. appropriate to the chemical reaction for which the transition
state applies. More specifically, the geometry of the molecule at the transition state is used to compute a rotational partition
function ont in which the principal moments of inertia I,, I, and I, (see Chapter 13) are those of the transition state (the
symbol is, by convention, used to label the transition state):
B 8m2I,kT
rot
n = ab,c
where k is the Boltzmann constant and T is the temperature in °K. The eigenvalues {w,} of the mass weighted Hessian matrix
(see below) are used to compute, for each of the 3N-7 vibrations with real and positive w, values, a vibrational partition
function that is combined to produce a transition-state vibrational partition function:

hwa
e 2kT
Ql, = I ———
Y a=1,3N-7 _ hwa
1—e kT

The electronic partition function of the transition state is expressed in terms of the activation energy (the energy of the
transition state relative to the electronic energy of the reactants) E' as:

Ef
Q]L = wTeiﬁ

electronic

where w' is the degeneracy of the electronic state at the transition state geometry. In the original Eyring version of transition
state theory (TST), the rate coefficient k,.. is then given by:

Ef
T of
kT -0 ;
krate _ TUJTG kT Qrothlb

reactants

where Q
as:

is the converntional partition function for the reactant materials. For example, in a biomolecular reaction such

reactants

F+Hy, - FH + H,
the reactant partition function
Qrcaetants = QFQHZ

is written in terms of the translational and electronic (the degeneracy of the 2P state produces the 2 (3) overall degeneracy

factor) partition functions of the F atom
3
2rmpkT
Q=2

and the translational, electronic, rotational, and vibrational partition functions of the H, molecule

hwH;
[2nmmkT 8 IHokT e 2KT

Qu, = h2 2h2 hom,
1—e kT

The factor of 2 in the denominator of the H2 molecule's rotational partition function is the "symmetry number" that must
be inserted because of the identity of the two H nuclei. The overall rate coefficient K;ate (with units sec ! because this is
a rate per collision pair) can thus be expressed entirely in terms of energetic, geometrical, and vibrational information
about the reactants and the transition state. Even within the extensions to Eyring's original model, such is the case. The
primary difference in the more modern theories is that the transition state is identified not as the point on the potential
energy surface at which the gradient vanishes and there is one negative Hessian eigenvalue. Instead, a so-called variational
transition state (see the above reference by Truhlar and Garrett) is identified. The geometry, energy, and local vibrational
frequencies of this transition state are then used to compute, must like outlined above, K.

3. Harmonic Vibrational Frequencies It is possible (see, for example, J. Nichols, H. L. Taylor, P. Schmidt, and J. Simons, J.
Chem. Phys. 92, 340 (1990) and references therein) to remove from H the zero eigenvalues that correspond to rotation and
translation and to thereby produce a Hessian matrix whose eigenvalues correspond only to internal motions of the system.
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After doing so, the number of negative eigenvalues of H can be used to characterize the nature of the stationary point (local
minimum or transition state), and H can be used to evaluate the local harmonic vibrational frequencies of the system. The
relationship between H and vibrational frequencies can be made clear by recalling the classical equations of motion in the

Lagrangian formulation:
d (0L (OL\ _,
dt \ dg; aq; )

where ¢; denotes, in our case, the 3N cartesian coordinates of the N atoms, and ¢, is the velocity of the corresponding
coordinate. Expressing the Lagrangian L as kinetic energy minus potential energy and writing the potential energy as a local
quadratic expansion about a point where g vanishes, gives

1 . 1
L= 3 z:quj2 — E(0) — 3 quHj,qu.
7 ik

Here, E(O) is the energy at the stationary point, mj is the mass of the atom to which g; applies, and the H; are the elements
of H along the X, y, and z directions of the various atomic centers. Applying the Lagrangian equations to this form for L gives
the equations of motion of the ¢; coordinates:

mj...qj = — Z H; 1qy.
k

To find solutions that correspond to local harmonic motion, one assumes that the coordinates g; oscillate in time according
to

q;(t) = gjcos(wt).
Substituting this form for q_j(t) into the equations of motion gives

miw'e; =Y Hjudr.
k

Defining
a; = ¢;\/m;
and introducing this into the above equation of motion yields
UJQQJ/' = ZH]{M};,
where

1

’
H;) =Hj———
’ M my,

J

is the so-called mass-weighted Hessian matrix. The squares of the desired harmonic vibrational frequencies w? are thus
given as eigenvalues of the mass-weighted Hessian H":
H,q’(! = wiq’(l
The corresponding eigenvector, {d,; gives, when multiplied by #, the atomic displacements that accompany that
N ¢l

particular harmonic vibration. At a transition state, one of the w? will be negative and 3N-6 or 3N-7 will be positive.
4. Reaction Path Following The Hessian and gradient can also be used to trace out 'streambeds' connecting local minima to
transition states. In doing so, one utilizes a local harmonic description of the potential energy surface

1
Ex)=FE0)+x-g+ §x~H-x+...,

where x represents the (small) step away from the point x = @ at which the gradient g and Hessian H have been evaluated.
By expressing x and g in terms of the eigenvectors v\(_{\alpha}\) of H

Hv, = )‘avou

X=Y (Va[X)Va =D XaVa,
a @

g = Z(V(z‘g>va = Zgav(u
a a

the energy change E(x) - E(®) can be expressed in terms of a sum of independent changes along the eigendirections:

E(x)—E(0) =) [xaga + %xixa] +...

«
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Depending on the signs of g, and of \,, various choices for the displacements xa will produce increases or decreases in
energy:

1. If )\, is positive, then a step x,, ’along’ g, (i.e.,, one with x, g, positive) will generate an energy increase. A step 'opposed to'
d. Will generate an energy decrease if it is short enough that x,, g, is larger in magnitude than %xi)\a, otherwise the energy
will increase.

2. If \,}is negative, a step opposed to g, will generate an energy decrease. A step along g, will give an energy increase if it is
short enough for x,, g, to be larger in magnitude than %xi)\a, otherwise the energy will decrease. Thus, to proceed downhill
in all directions (such as one wants to do when searching for local minima), one chooses each x, in opposition to g, and
of small enough length to guarantee that the magnitude of x, g, exceeds that of $z2), for those modes with A, > 8. To
proceed uphill along a mode with \,' < ® and downhill along all other modes with A\, > ®, one chooses x,' along g,' with x
« short enough to guarantee that x/, g/, is larger in magnitude than %;:cZ)\u/, and one chooses the other x, opposed to g,
and short enough that x,, g, is larger in magnitude than %xi/\a. Such considerations have allowed the development of highly
efficient potential energy surface ‘walking' algorithms (see, for example, J. Nichols, H. L. Taylor, P. Schmidt, and J. Simons, J.
Chem. Phys. 92, 340 (1990) and references therein) designed to trace out streambeds and to locate and characterize, via
the local harmonic frequencies, minima and transition states. These algorithms form essential components of most modern
ab initio , semi-empirical, and empirical computational chemistry software packages.

This page titled 20.1: Calculations of Properties Other Than the Energy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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20.2: Ab Initio, Semi-Empirical, and Empirical Force Field
Methods

Ab Initio Methods

Most of the techniques described in this Chapter are of the ab initio type. This means that they attempt to compute electronic
state energies and other physical properties, as functions of the positions of the nuclei, from first principles without the use or
knowledge of experimental input. Although perturbation theory or the variational method may be used to generate the working
equations of a particular method, and although finite atomic orbital basis sets are nearly always utilized, these approximations do
not involve 'fitting' to known experimental data. They represent approximations that can be systematically improved as the level
of treatment is enhanced.

Semi-Empirical and Fully Empirical Methods

Semi-empirical methods, such as those outlined in Appendix F, use experimental data or the results of ab initio calculations
to determine some of the matrix elements or integrals needed to carry out their procedures. Totally empirical methods attempt
to describe the internal electronic energy of a system as a function of geometrical degrees of freedom (e.g., bond lengths and
angles) in terms of analytical 'force fields' whose parameters have been determined to 'fit' known experimental data on some class
of compounds. Examples of such parameterized force fields were presented in Section III. A of Chapter 16.

Strengths and Weaknesses

Each of these tools has advantages and limitations. Ab initio methods involve intensive computation and therefore tend to
be limited, for practical reasons of computer time, to smaller atoms, molecules, radicals, and ions. Their CPU time needs
usually vary with basis set size (M) as at least M%; correlated methods require time proportional to at least M® because they
involve transformation of the atomic-orbital-based two-electron integrals to the molecular orbital basis. As computers continue
to advance in power and memory size, and as theoretical methods and algorithms continue to improve, ab initio techniques will
be applied to larger and more complex species. When dealing with systems in which qualitatively new electronic environments
and/or new bonding types arise, or excited electronic states that are unusual, ab initio methods are essential. Semi-empirical or
empirical methods would be of little use on systems whose electronic properties have not been included in the data base used
to construct the parameters of such models.

On the other hand, to determine the stable geometries of large molecules that are made of conventional chemical units (e.g.,
CC, CH, CO, etc. bonds and steric and torsional interactions among same), fully empirical force-field methods are usually
quite reliable and computationally very fast. Stable geometries and the relative energetic stabilities of various conformers of
large macromolecules and biopolymers can routinely be predicted using such tools if the system contains only conventional
bonding and common chemical building blocks. These empirical potentials usually do not contain sufficient flexibility (i.e., their
parameters and input data do not include enough knowledge) to address processes that involve rearrangement of the electronic
configurations. For example, they can not treat:

1. Electronic transitions, because knowledge of the optical oscillator strengths and of the energies of excited states is absent
in most such methods;

2. Concerted chemical reactions involving simultaneous bond breaking and forming, because to do so would require the force-
field parameters to evolve from those of the reactant bonding to those for the product bonding as the reaction proceeds;

3. Molecular properties such as dipole moment and polarizability, although in certain fully empirical models, bond dipoles and
lone-pair contributions have been incorporated (although again only for conventional chemical bonding situations).

Semi-empirical techniques share some of the strengths and weaknesses of ab initio and of fully empirical methods. They treat
at least the valence electrons explicitly, so they are able to address questions that are inherently electronic such as electronic
transitions, dipole moments, polarizability, and bond breaking and forming. Some of the integrals involving the Hamiltonian
operator and the atomic basis orbitals are performed ab initio ; others are obtained by fitting to experimental data. The
computational needs of semiempirical methods lie between those of the ab initio methods and the force-field techniques. As
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with the empirical methods, they should never be employed when qualitatively new electronic bonding situations are encountered
because the data base upon which their parameters were determined contain, by assumption, no similar bonding cases.

This page titled 20.2: Ab Initio, Semi-Empirical, and Empirical Force Field Methods is shared under a CC BY-NC-SA 4.0 license and was

authored, remixed, and/or curated by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the
LibreTexts platform.
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21: Problem Sets

This page titled 21: Problem Sets is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
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22.1.1: i. Review Exercises

Q1

Transform (using the coordinate system provided below) the following functions accordingly:

Z

a. from Cartesian to spherical polar coordinates
3z+y—4z=12
b. from Cartesian to cylindrical coordinates
P +22=9
c. from spherical polar to Cartesian coordinates

r = 2sin 6 cos ¢

Q2

Perform a separation of variables and indicate the general solution for the following expressions:

)
a. 9z + lﬁya—z -0

b.2y+@+6:0
ox

Q3

Find the eigenvalues and corresponding eigenvectors of the following matrices:

= [, )
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-2 0
b 0 -1 2
0 2

Q4

For the hermitian matrix in review exercise 3a show that the eigenfunctions can be normalized and that they are orthogonal.

Q5

For the hermitian matrix in review exercise 3b show that the pair of degenerate eigenvalues can be made to have orthonormal
eigenfunctions.

Q6

Solve the following second order linear differential equation subject to the specified "boundary conditions";

d’x 9
pr) +k*z(t) =0

d
where z(t = 0) = L and Rl -
dt li=o

This page titled 22.1.1: i. Review Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.1.2: 11. Exercises

Q1

Replace the following classical mechanical expressions with their corresponding quantum mechanical operators.
a.KE. = %“2 in three-dimensional space.
b. p = mv, a three-dimensional Cartesian vector.

c. y-component of angular momentum: L, = zp, — zp,.

Q2

Transform the following operators into the specified coordinates:

h . . .
a.L,=— (yi — zi) from Cartesian to spherical polar coordinates.
i 0z oy

h 0 . . .
b.L,= _'8_¢ from spherical polar to Cartesian coordinates.
7

Q3

Match the eigenfunctions in column B to their operators in column A. What is the eigenvalue for each eigenfunction?

Column A Column B
i.(l—zz)dd—;—z% 4z* — 1222 + 3
ii.dd—; 5z
.o —— e +e ¥
iv.dd—;—Qx% 2?2 — 4z +2
v. zdd—;—i-(l—a:)% 4z% — 3z

Q4
Show that the following operators are Hermitian.
P,
L

a.
b.

xT

Q5

For the following basis of functions (¥y, ,,¥y,,, and ¥y, ), construct the matrix representation of the L, operator (use the
ladder operator representation of L,). Verify that the matrix is Hermitian. Find the eigenvalues and corresponding eigenvectors.
Normalize the eigenfunctions and verify that they are orthogonal.
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) A
Uy, = ——=4/ — re 2a Sinfe
8wV a
) = A
Uop = ﬁ“ 55 ¢ 2a Cosb
. =5
Uy, = ——1/ — re 2a Sinfe'
8wV a

Q6

Using the set of eigenstates (with corresponding eigenvalues) from the preceding problem, determine the probability for
observing a z-component of angular momentum equal to 1% if the state is given by the L, eigenstate with 04 L, eigenvalue.

Q7

Use the following definitions of the angular momentum operators:

h 1o} 0 h 1o} 1o} h 0 1o}
Le=5 (v o) =7 (ar o) b= 7 (o )

and L? = L2 + Lz + L2, and the relationships:

[x,p.] = ih, [y,p,] =ik, and [z, p,] = ik, to demonstrate the following operator identities:

a. [L,,L,)=ih L,
b. [L,, L. =ih L,
c. [L,, L, =ih Ly,
d. [L,L%=0,
e. L,L’=0,
f. L,,LY=0.

Q38

In exercise 7 above you determined whether or not many of the angular momentum operators commute. Now, examine the
operators below along with an appropriate given function. Determine if the given function is simultaneously an eigenfunction of
both operators. Is this what you expected?

1
a. L., L2, with function: Y)(0, ¢) = ——.
0 Var
b. L, L., with function: Y{(8, ¢) = L
) ) ) \/E
c. L., L2, with function: YI(8, ¢) = Cosh.
47

d. L., L., with function: Y?(@, @) = iC’os@.

4

Q9

For a "particle in a box" constrained along two axes, the wavefunction ¥(x,y) as given in the text was:
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( NGTT ) ( —in,TT ) ( inymy ) ( —inymy )
1 |1
¥(z,y) = 2L, Q—Ly e\ La —e Ly e Ly —e Ly ,

with n, and n, = 1,2,3, ... Show that this wavefunction is nomalized.

Q10

Using the same wavefunction, ¥(x,y), given in exercise 9 show that the expectation value of p, vanishes.

Q11

Calculate the expectation value of the x? operator for the first two states of the harmonic oscillator. Use the v=0 and v=1 harmonic
2
axr

oscillator wavefunctions given below which are normalized such that [ ¥(z)%dz = 1. Remember that ¥ = ,// 2e 2 ) and U,
™

0[1’2
4 4043 a 2
= “ —zxe .
™

Q12

—00

For each of the one-dimensional potential energy graphs shown below, determine:

a. whether you expect symmetry to lead to a separation into odd and even solutions,
b. whether you expect the energy will be quantized, continuous, or both, and

c. the boundary conditions that apply at each boundary (merely stating that ¥ and/or B2 is continuous is all that is necessary).
X

Q13

Consider a particle of mass m moving in the potential:
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V(z) =00 for z <0 Region 1
V(z)=0 for 0<z<0 RegionlII
V(z) =V(V>0) for x>L Region III

a. Write the general solution to the Schrodinger equation for the regions I, II, III, assuming a solution with energy E < V (i.e. a
bound state).

Write down the wavefunction matching conditions at the interface between regions I and II and between II and III.

Write down the boundary conditions on ¥ for x — 4o0.

Use your answers to a. - c. to obtain an algebraic equation which must be satisfied for the bound state energies, E.
Demonstrate that in the limit V. — oo, the equation you obtained for the bound state energies in d. gives the energies of a

. . . .. 242,22
particle in an infinite box; E, = T%L’; ;n=123,.

20T

This page titled 22.1.2: ii. Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.1.3: 1ii. Problems 1-10

Q1

A particle of mass m moves in a one-dimensional box of length L, with boundaries at x = ® and x = L. Thus, V(x) = Q@ for 0 < z

< L, and V(x) = co. The normalized eigenfunctions of the Hamiltonian for this system are given by ¥, (z) = 1/ £sin% | with E,

L L
_ n’n’h?
— 2mL??

where the quantum number n can take on the values n=1,2,3,....

a. Assuming that the particle is in an eigenstate, ¥, (z), calculate the probability that the particle is found somewhere in the
region0 <z < % Show how this probability depends on n.

b. For what value of n is there the largest probability of finding the particle in 0 < z < %?

c. Now assume that ¥ is a superposition of two eigenstates, ¥ = a¥,, + b¥,,, at time t = 0. What is ¥ at time t? What energy
expectation value does ¥ have at time t and how does this relate to its value at t = 0?

d. For an experimental measurement which is capable of distinguishing systems in state ¥,, from those in ¥,,, what fraction
of a large number of systems each described by ¥ will be observed to be in ¥,? What energies will these experimental
measurements find and with what probabilities?

e. For those systems originally in ¥ = a¥,, + b¥,, which were observed to be in ¥, at time t, what state (¥,,, ¥,,, or whatever)
will they be found in if a second experimental measurement is made at a time t' later than t?

f. Suppose by some method (which need not concern us at this time) the system has been prepared in a nonstationary state
(that is, it is not an eigenfunction of H). At the time of a measurement of the particle's energy, this state is specified by the

normalized wavefunction ¥ = ,/ 20 (L —z) for 0 <z < L, and ¥ = 0 elsewhere. What is the probability that a measurement
n2m2h?

of the energy of the particle will give the value E, = 7 for any given value of n?

g. What is the expectation value of H, i.e. the average energy of the system, for the wavefunction ¥ given in part f?

Q2

iEt
Show that for a system in a non-stationary state, ¥ = ) Cj\Ilje*T], the average value of the energy does not vary with time but
J

the expectation values of other properties do vary with time.

Q3

A particle is confined to a one-dimensional box of length L having infinitely high walls and is in its lowest quantum state.
Calculate: (z), (z2), (p), and (p?). Using the definition AA = /(A?) — (A)2, to define the uncertainty, AA, calculate Az and Ap.
Verify the Heisenberg uncertainty principle that AzAp > %

It has been claimed that as the quantum number n increases, the motion of a particle in a box becomes more classical. In this
problem you will have an opportunity to convince yourself of this fact.

a. For a particle of mass m moving in a one-dimensional box of length L, with ends of the box located at x = ® and x = L, the
classical probability density can be shown to be independent of x and given by P(x)dx = dfm regardless of the energy of the
particle. Using this probability density, evaluate the probability that the particle will be found within the interval from x = ® to
L

b. Now consider the quantum mechanical particle-in-a-box system. Evaluate the probability of finding the particle in the interval
fromx=0tox= % for the system in its nth quantum state.

c. Take the limit of the result you obtained in part b as n — oo. How does your result compare to the classical result you obtained
in part a?
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Q5

According to the rules of quantum mechanics as we have developed them, if ¥ is the state function, and ¢,, are the eigenfunctions

of a linear, Hermitian operator, A, with eigenvalues a,, A¢,, = a,¢,, then we can expand ¥ in terms of the complete set of

eigenfunctions of A according to ¥ = 3" ¢,¢,, where ¢, = [ qﬁ;\IldT. Furthermore, the probability of making a measurement of the
n

property corresponding to A and obtaining a value a,, is given by \cn 2, provided both ¥ and ¢, are properly normalized. Thus, P(

a,) = |cn|2. These rules are perfectly valid for operators which take on a discrete set of eigenvalues, but must be generalized

for operators which can have a continuum of eigenvalqes, An example of this latter type of operator is the momentum operator,
1px

pP\(_x\), which has eigenfunctions given by ¢,(z) = Ae " where p is the eigenvalue of the p, operator and A is a normalization

constant. Here p can take on any value, so we have a continuous spectrum of eigenvalues of p.. The obvious generalization to the

equation for ¥ is to convert the sum over discrete states to an integral over the continuous spectrum of states:

zp:r

/C(p¢p dp—/C )Ae h dp

The interpretation of C(p) is now the desired generalization of the equation for the probability P(p)dp = |C p)|2dp This equation
states that the probability of measuring the momentum and finding it in the range from p to p+dp is g1ven by |C’ | dp.

Accordingly, the probability of measuring p and finding it in the range from p; to ps is given by fP Ydp = fC(p C(p)dp.
b1 p1
C(p) is thus the probability amplitude for finding the particle with momentum between p and p+dp. This is the momentum
+

o0
representation of the wavefunction. Clearly we must require C(p) to be normalized, so that [ C(p)"C(p)dp = 1. With this
- . o 1 . — " . .
restriction we can derive the normalization constant A = ——, giving a direct relationship between the wavefunction in coordinate
™
space, ¥(x), and the wavefunction in momentum space, C(p):

o ipw
27h A
and by the Fourier integral theorem:
) +00 ipT
C(p) = / U(z)e h dz.
27h s

Lets use these ideas to solve some problems focusing our attention on the harmonic oscillator; a particle of mass m moving in a
2

one-dimensional potential described by V(z) = %

a. Write down the Schrédinger equation in the coordinate representation.
b. Now lets proceed by attempting to write the Schrodinger equation in the momentum representation. Identifying the kinetic
2

energy operator T, in the momentum representation is quite straitforward T = 2p— = —Error!. Writing the potential, V(x), in the
m

momentum representation is not quite as straightforward. The relationship between position and momentum is realized in their
commutation relation [x,p] = ik, or ( Xp - px ) = ik This commutation relation is easily verified in the coordinate representation
leaving x untouched (x = x. ) and using the above definition for p. In the momentum representation we want to leave p untouched
(P = p. ) and define the operator x in such a manner that the commutation relation is still satisfied. Write the operator x in the
momentum representation. Write the full Hamiltonian in the momentum representation and hence the Schrédinger equation in
the momentum representation.

c. Verify that ¥ as given below is an eigenfunction of the Hamiltonian in the coordinate representation. What is the energy of the
system when it is in this state? Determine the normalization constant C, and write down the normalized ground state wavefunction
in coordinate space.
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d. Now consider ¥ in the momentum representation. Assuming that an eigenfunction of the Hamiltonian may be found of the
form ¥(p) = Ce ", substitute this form of ¥ into the Schrédinger equation in the momentum representation to find the value of
a which makes this an eigenfunction of H having the same energy as ¥(x) had. Show that this ¥(p) is the proper fourier transform
of ¥(z). The following integral may be useful:

+o00 —b2

e 7" Cos(bx)dr = Eeﬂ.
[ e wcntmrin =2

—00

since this Hamiltonian has no degenerate states, you may conclude that ¥(z) and ¥(p) represent the same state of the system if
they have the same energy.

Q6

The energy states and wavefunctions for a particle in a 3-dimensional box whose lengths are L, L,, and L3 are given by

0 2 ’ ’
E(n1,n,n3) = o [(%) + (%) * (Z_z) ] and

w( ) 2 2 2 . ( nomY ) . < ngmz )
n1,MN9,N3) = | — 14| — 14/ —sin sin .
1,762,703 L1 L2 L3 LQ L3

These wavefunctions and energy levels are sometimes used to model the motion of electrons in a central metal atom (or ion)
which is surrounded by six ligands.

a. Show that the lowest energy level is nondegenerate and the second energy level is triply degenerate if L; = L, = L3. What
values of n1,ns, and n3 characterize the states belonging to the triply degenerate level?

b. For a box of volume V =L, L, L3, show that for three electrons in the box (two in the nondegenerate lowest "orbital", and one in
the next), a lower total energy will result if the box undergoes a rectangular distortion (L; = L, #+ L3). which preserves the
total volume than if the box remains undistorted (hint: if V is fixed and L; = Lo, then L3 = ¥ and L, is the only "variable").

1
c. Show that the degree of distortion (ratio of L3 to L;) which will minimize the total energy is L; = v/2L,. How does this

problem relate to Jahn-Teller distortions? Why (in terms of the property of the central atom or ion) do we do the calculation

with fixed volume?
2

. o s . . h
d. By how much (in eV) will distortion lower the energy (from its value for a cube, L; =Ly =L3)if V=28 A® and B
m
=6.01210 ¥erg cm? 1eV = 1.6 x 184 —12 erg

Q7

The wavefunction ¥ = Ae | is an exact eigenfunction of some one-dimensional Schrédinger equation in which x varies
from —coto +oco. The value of a is: a = (2,4)71. For now, the potential V(x) in the Hamiltonian \(\left( \textbf{H} =
-\dfrac{\hbar{2m}dfrac{d*2 }{dx”2} + V(x) \right) \text{ for which } \Psi (x)\) is an eigenfunction is unknown.

a. Find a value of A which makes ¥(x) normalized. Is this value unique? What units does ¥(x) have?
b. Sketch the wavefunction for positive and negative values of x, being careful to show the behavior of its slope near x = 8.
Recall that |x| is defined as:

z ifr>0

‘ml:fx ifr <0

c. Show that the derivative of ¥(z) undergoes a discontinuity of magnitude 2¢/a as x goes through x = . What does this fact
tell you about the potential V(x)?

d. Calculate the expectation value of [x| for the above normalized wavefunction | (obtain a numerical value and give its units).
What does this expectation value give a measure of?

e. The potential V(x) appearing in the Schrddinger equation for which ¥ = Ae~l is an exact solution is given by V(x)

h? . . . . S b d?
= —ad(m). Using this potential, compute the expectation value of the Hamiltonian (H = o 42 +V(x)> for your
m m ax
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normalized wavefunction. Is V(x) an attractive or repulsive potential? Does your wavefunction correspond to a bound state?
2

h
Is (H) use 5= 6.062107%% erg cm? and 1eV = 1.6x107'2 erg.
m
f. Transform the wavefunction, ¥ = Ae~“*l, from coordinate space to momentum space.
g. What is the ratio of the probability of observing a momentum equal to 2a# to the probability of observing a momentum equal
to —ah ?

Q38

The m-orbitals of benzene, CsHg, may be modeled very crudely using the wavefunctions and energies of a particle on a ring. Lets
first treat the particle on a ring problem and then extend it to the benzene system.

a. Suppose that a particle of mass m is constrained to move on a circle (of radius r) in the xy plane. Further assume that the
particle's potential energy is constant (zero is a good choice). Write down the Schrodinger equation in the normal cartesian
coordinate representation. Transform this Schrodinger equation to cylindrical coordinates where x = rcos(¢), y = rsin(¢), and
z = z (z = O in this case). Taking r to be held constant, write down the general solution, ®(¢), to this Schrodinger equation.
The "boundary" conditions for this problem require that ®(¢) = ®(¢ + 2m). Apply this boundary condition to the general
solution. This results in the quantization of the energy levels of this system. Write down the final expression for the normalized
wavefunction and quantized energies. What is the physical significance of these quantum numbers which can have both
positive and negative values? Draw an energy diagram representing the first five energy levels.

b. Treat the six m-electrons of benzene as particles free to move on a ring of radius 1.40 A, and calculate the energy of the
lowest electronic transition. Make sure the Pauli principle is satisfied! What wavelength does this transition correspond to?
Suggest some reasons why this differs from the wavelength of the lowest observed transition in benzene, which is 2600 A.

Q9

A diatomic molecule constrained to rotate on a flat surface can be modeled as a planar rigid rotor (with eigenfunctions, ®(¢),
analogous to those of the particle on a ring) with fixed bond length r. At t = 8, the rotational (orientational) probability distribution

is observed to be described by a wavefunction ¥(¢,0) = \/ 3—CosQ¢. What values, and with what probabilities, of the rotational
Y8

angular momentum, (—z’ha—%) , could be observed in this system? Explain whether these probabilities would be time dependent
as ¥(¢,0) evolves into ¥(¢,t).

Q10

A particle of mass m moves in a potential given by V(z,y, z) = ) (x2 +2 + 22) = dfrackr?2.

Write down the time-independent Schrodinger equation for this system.

Make the substitution ¥(x,y,z) = X(x)Y(y)Z(z) and separate the variables for this system.

What are the solutions to the resulting equations for X(x), Y(y), and Z(z)?

What is the general expression for the quantized energy levels of this system, in terms of the quantum numbers n,,n,, and n,
, Which correspond to X(x), Y(y), and Z(z)?

e. What is the degree of degeneracy of a state of energy

E =5.5n/ i for this system?
m

f. An alternative solution may be found by making the substitution U(r,0,¢)
= F(r)G(6, ¢). In this substitution, what are the solutions for G(6, ¢)?

g. Write down the differential equation for F(r) which is obtained when the substitution ¥(r, 6, ¢) = F(r)G(6, ¢) is made. Do not
solve this equation.

Qoo

This page titled 22.1.3: iii. Problems 1-10 is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.1.4: iv. Problems 11-18

Qn

Consider an N, molecule, in the ground vibrational level of the ground electronic state, which is bombarded by 100 eV electrons.
This leads to the ionization of the N, molecule to form N,. In this problem we will attempt to calculate the vibrational distribution
of the newly-formed N, ions, using a somewhat simplified approach.

a. Calculate (according to classical mechanics) the velocity (in cm/sec) of a 180 eV electron, ignoring any relativistic effects. Also
calculate the amount of time required for a 190 eV electron to pass an N, molecule, which you may estimate as having a length
of 2A.

b. The radial Schrédinger equation for a diatomic molecule treating vibration as a harmonic oscillator can be written as:

2
h (6 (r28‘1’)>+§(r—re)2w:m,

~2ur? \or or
N F(r)y . . . .
Substituting ¥(r) = — this equation can be rewritten as:
h? 92 k 2
_EWF(T) + 5(7"—7"8) U= E‘\IJ7

The vibrational Hamiltonian for the ground electronic state of the N2 molecule within this approximation is given by:

_h_Zd_z + kNZ
2u dr? 2

H(N2) = (r—rn,),

where ry, and ky, have been measured experimentally to be:

vy, = 1097964; ky, = 2.294210° 5.
sec

The vibrational Hamiltonian for the N; ion , however, is given by :

R: 42 ky, 2
H(NZ):_EW_F 2 (T—?"NZ) )

where r}; and kj; have been measured experimentally to be:
2 2
+ o et — 6_8
i, = 1.116424; k3, = 2.009z10 7

In both systems the reduced mass is u = 1.1624210 2%g. Use the above information to write out the ground state vibrational
wavefunctions of the N, and N» + molecules, giving explicit values for any constants which appear in them. Note: For this problem
use the "normal" expression for the ground state wavefunction of a harmonic oscillator. You need not solve the differential
equation for this system.

c. During the time scale of the ionization event (which you calculated in part a), the vibrational wavefunction of the N2 molecule
has effectively no time to change. As a result, the newly-formed N ion finds itself in a vibrational state which is not an
eigenfunction of the new vibrational Hamiltonian, H(N). Assuming that the N molecule was originally in its v=@ vibrational state,
calculate the probability that the NJ ion will be produced in its v=0 vibrational state.

Q12

g
sec

The force constant, k, of the C-O bond in carbon monoxide is 1.87210°

5 - Assume that the vibrational motion of CO is purely

harmonic and use the reduced mass p = 6.857 amu.
a. Calculate the spacing between vibrational energy levels in this molecule, in units of ergs and cm~L.
b. Calculate the uncertainty in the internuclear distance in this molecule, assuming it is in its ground vibrational level. Use the
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ground state vibrational wavefunction (¥,—), and calculate (z), (x2), and Az = /{(z?2) — (z)2.

c. Under what circumstances (i.e. large or small values of k; large or small values of u) is the uncertainty in internuclear distance
large? Can you think of any relationship between this observation and the fact that helium remains a liquid down to absolute
zero?

Q13

Suppose you are given a trial wavefunction of the form:

, (7Ze7’1) (7Ze7'2)
_ Z e ao e ao

- 3
7ra0

to represent the electronic structure of a two-electron ion of nuclear charge Z and suppose that you were also lucky enough to be
given the variational integral, W, (instead of asking you to derive it!):

5 2
W= (Zj — 227+ —Ze) ‘.
8 ao

w = 0. Find both the

a. Find the optimum value of the variational parameter Z. for an arbitrary nuclear charge Z by setting 27
€

optimal value of Z, and the resulting value of W.
b. The total energies of some two-electron atoms and ions have been experimentally determined to be:

Z =1 H~- —14.35¢V
Z =2 He —7898V
Z =3 Lit —198.02¢V
Z =4 Bet? —3715eV
Z =5 Bt 5993V
Z =6 C*t* —881.6eV
Z =7 Nt° _—1218.3eV
Z =8 0% —1609.5eV

Using your optimized expression for W, calculate the estimated total energy of each of these atoms and ions. Also calculate the
percent error in your estimate for each ion. What physical reason explains the decrease in percentage error as Z increases?

c. In 1928, when quantum mechanics was quite young, it was not known whether the isolated, gas-phase hydride ion, H™,
was stable with respect to dissociation into a hydrogen atom and an electron. Compare your estimated total energy for H™ to
the ground state energy of a hydrogen atom and an isolated electron (system energy = -13.60 eV), and show that this simple
variational calculation erroneously predicts H~ to be unstable. (More complicated variational treatments give a ground state
energy of H™ of -14.35 eV, in agreement with experiment.)

Q14

R? d?

A particle of mass m moves in a one-dimensional potential given by H = o Ta?
m axr

defined by [x] = x if x > ® and |x] = -x if x < O.

+ a|z|, where the absolute value function is

. . . 4 2b . . .
a. Use the normalized trial wavefunction ¢ =/ —e"** to estimate the energy of the ground state of this system, using the
™

variational principle to evaluate W(b).

b. Optimize b to obtain the best approximation to the ground state energy of this system, using a trial function of the form of ¢,
as given above. The numerically calculated exact ground state energy is 0.808616 v/ hQ%%Q. What is the percent error in your
value?

Q15

The harmonic oscillator is specified by the Hamiltonian:
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h? d? 1
H=——— + Zka?
2m da? + 9"
Suppose the ground state solution to this problem were unknown, and that you wish to approximate it using the variational
theorem. Choose as your trial wavefunction,

15
¢=1/E%5(a27x2) for-a<x<a
¢=0for x| > a

where a is an arbitrary parameter which specifies the range of the wavefunction. Note that ¢ is properly normalized as given.
a. Calculate \( \int\limits_{-\infty}*{+\infty} \phi*{\text{*}} \textbf{H} \phi dx and show it to be given by:

+00
* 5 h2 kaQ
/ ¢ Hode = 55 + 91

+00 2
b. Calculate [ ¢ Heodx fora=b f/ :— with b = 0.2, 0.4, 0.6 0.8, 1.0, 1.5, 2.9, 2.5, 3.9, 4.0, and 5.8, and plot the result.
% m

c. To find the best approximation to the true wavefunction and its energy, find the minimum of

+OO * d +OO * . . . . . +DO * . .
J ¢"Hedz by setting Ta J ¢ "Hedz = 0 and solving for a. Substitute this value into the experssion for [ ¢ Hgdz given in part
—00 a s —00
a. to obtain the best approximation for the energy of the ground state of the harmonic oscillator.
d. What is the percent error in your calculated energy of part c. ?

Q16

Einstein told us that the (relativistic) expression for the energy of a particle having rest mass m and momentum p is E? = m?¢*

+p2c2.

a. Derive an expression for the relativistic kinetic energy operator which contains terms correct through one higher order than the
2

"ordinary" E = mc? + 2
2m

b. Using the first order correction as a perturbation, compute the first-order perturbation theory estimate of the energy for the 1s
level of a hydrogen-like atom (general Z). Show the Z dependence of the result.

AN Z?met
-— me
Note: U(r);; = ” ;e a and Eiy = ERTTT

c. For what value of Z does this first-order relativistic correction amount to 18% of the unperturbed (non-relativistic) 1s energy?

Q17

Consider an electron constrained to move on the surface of a sphere of radius r. The Hamiltonian for such motion consists of a
2

kinetic energy term only Hy =

p—E where L is the orbital angular momentum operator involving derivatives with respect to the
MeTy

spherical polar coordinates (6, ¢). Hy has the complete set of eigenfunctions 1/),(23 =Y1..(0,9).

a. Compute the zeroth order energy levels of this system.

b. A uniform electric field is applied along the z-axis, introducing a perturbation V = —eez = —eeryCosf, where ¢ is the strength of
the field. Evaluate the correction to the energy of the lowest level through second order in perturbation theory, using the identity

(I+m+1)(1—m+1)
20+ 1)(2+3)

(l+m)(l—m)
(2l+1)(21—1)

COSGY},TIL (0, ¢) = \/ YvH»l,m (97 ¢) + Y'lfl,m (97 ¢) .

Note that this identity enables you to utilize the orthonormality of the spherical harmonics.
c. The electric polarizability a gives the response of a molecule to an externally applied electric field, and is defined by «
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_ _9E
- 9%

where E is the energy in the presence of the field and ¢ is the strength of the field. Calculate « for this system.
e=0
d. Use this problem as a model to estimate the polarizability of a hydrogen atom, where ry = aq = 0.529 A, and a cesium atom,

which has a single 6s electron with ry ~ 2.68 A. The corresponding experimental values are ay = 0.6668 A® and ac¢, = 59.6 4.

Q18

An electron moving in a conjugated bond framework can be viewed as a particle in a box. An externally applied electric field of
strength e interacts with the electron in a fashion described by the perturbation V = ee (gc — 5), where x is the position of the

electron in the box, e is the electron's charge, and L is the length of the box.

a. Compute the first order correction to the energy of the n=1 state and the first order wavefunction for the n=1 state. In the
wavefunction calculation, you need only compute the contribution to \Ilgl) made by \I/éo). Make a rough (no calculation needed)
sketch of \IJ(IO) + \Il§1) as a function of x and physically interpret the graph.

b. Using your answer to part a. compute the induced dipole moment caused by the polarization of the electron density due to the

. ¥ L . . . .
electric field effect pinqueea = —€ f 1\ (x — 5) WUdzx. You may neglect the term proportional to € merely obtain the term linear in

€.
c. Compute the polarizability, o, of the electron in the n=1 state of the box, and explain physically why o should depend as it does

upon the length of the box L. Remember that o = %

e=0

This page titled 22.1.4: iv. Problems 11-18 is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.1.5: v. Review Exercise Solutions

Q1

The general relationships are as follows:

x =r1Sinf Cos¢ r?=x2+y?+ 22
Va2 +y?
Vet +y?+ 22

y = rSinf Sing Sinfé

z

/$2+y2+22

Tan¢g = 4
z

z = 1rCosf Cos =

3r+y—4z=12
3(rSinfCos¢) + SindSing — 4(rCosf) = 12
r(3SinfCos¢ + SinfSing — 4Cosf) = 12

b.
z=1Cos¢p r?=1x2+19>
y =rSin Tang = Y
x
z=1z Y +22=9

r2Sin? + 22 =9
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r = 25infCos¢
—2(2)
r
r? =2z
22+ + 22 =22
22 -2z 4+9y*+22=0
2222+ 1+9y*+22=1
(z—1)+124+22=1

Q2

9z + 16y 2L =

16ydy = —9zxdzx
1
763/2 = —%azQ +c
16y? = —922 + ¢’

2172

2
% + 16 = c”(general equation for an ellipse)

—2z =In(y+3)+c
7, —2x

ceT=y+3
y=ce -3

Q3

a. First determine the eigenvalues:

—1—A 2
2 2— A
(=1 —=X)(2—-X)—22=0
—24+A-21+A2—-4=0
AN —-A—6=0
A=3)A+2)=0
A=3or A\=-2.

det =0

Next, determine the eigenvectors. First, the eigenvector associated with eigenvalue -2:

{2 2] [Czl] o {021]
—C)ll + 209 = —2C3
Ci =20
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(Note: The second row offers no new information, e.g. 2C1; + 2Cy = —2C4;)
C} + C% =1 (from normalization)
(—2021)* +C35 =1
4C3 +C3 =1

5C% =1
C% =02
Cy1 =02

(again the second row offers no new information)
0122 + 0222 =1
0.25C%, + C3, =1
1.25C%, =1
C%,=0.8
Cy =108 = 2\/0._2, and therefore C15 = v/0.2.
Therefore the eigenvector matrix becomes:
-2/02 V02
[ V0.2 2\/07]

b. First determine the eigenvalues:
—2—A 0 0
det 0 —1—-A 2 =0
0 2 2—A

—1-—-2A 2
det[72—/\]det{ 9 27)\}20

From 3a, the solutions then become -2, -2, and 3. Next, determine the eigenvectors. First the eigenvector associated with
eigenvalue 3 (the third root):

-2 0 0] [Cy Cu
0 -1 2 Co1| =3 |Co
0o 2 2| |ca Can

—2C13 = 3C13 (row one)
Ci3=0
— Co3 +2C33 = 3Cy3 (I‘OW tWO)
20733 = 203

Cs3 = 2C3 (again the third row offers no new information)
C% + C% 4+ C2 =1 (from normalization)
0+Ch+(20%)* =1
5C% =1
Cog = \/()._27 and therefore C33 = v0.2.

Next, find the pair of eigenvectors associated with the degenerate eigenvalue of -2. First, root one eigenvector one:

—2C1; = —2C1; (no new information from row one)
— C1 +2C3 = —2C9 (row two)
C91 = —2C3; (again the third row offers no new information)

C? + C3 4+ C% =1 (from normalization)
Ch + (=203)* + C5 =1
CH +5C; =1

Cn =4/1-5C%

Note: There are now two equations with three unkowns. Second, root two eigenvector two:
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—2C13 = —2C12 (no new information from row one)
— C91 4+ 2C3 = —2C9 (row two)
Cy1 = —2C3; (again the third row offers no new information)

C% +C% + C% =1 (from normalization)
Chy+ (—2C3)* + Cj, =1
CL+5C% =1

Cip = 1/1—5C%,

Note: Again there are now two equations with three unknows.

C11C12 + C21C2 + C31C32 = 0 (from orthogonalization)

Now there are five equations with six unknowns.

Arbitrarily choose C1; =0

Cp=0=14/1-5C2

503 =1
Cs = V0.2
Co = —2v0.2

C11C12 + C21Cq + C31Cs9 = 0 (from orthogonalization)
0+ —2vV 0.2(—2032) +v0.2C3 =0
5C3 =0
032 = 0,022 = 0, and 012 =1

Therefore the eigenvector matrix becomes:

0 1 0
—2v/02 0 02
V02 0 202
Q4
Show: (¢1]¢1) = 1, (¢2|d2) = 1, and (p1]¢2) =0
(G1]1) £ 1

(—2v02)" + (Vo2)’ L1
4(0.2) +02£1
084021
1=1
(p2|@2) <1
(V02)" + (2v02)" L1
02+4(02) =1
024081
1=1
(01],0) = (¢2|01) 0
—2v02V02 ;5202 = 0
—2(0.2) +2(0.2) =0

— 0440420
0=0
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Show (for the degenerate eigenvalue; A = -2): (¢a|d2) = 1, (¢2|¢2 = 1, and, |ed) = 0
(p1]01) 1
0+ (—2v02)" + (V02)" L1
4(02) +0.2 =1
08+02=1
1=1
(p1]02) 1
1240+0=1
1=1
(¢1|d2 = (¢2| 1) 2o
(0)(1) + (—2v0:2)(0) + (v0.2)(0) = 0

Suppose the solution is of the form x(t) = eat , with a unknown. Inserting this trial solution into the differential equation
results in the following:

a26at + k,zeat =0
(& +K*)z(t)=0
(0> + k%) =0
052 — 7}4}2
o=V —k?

a = +ik

- Solutions are of the form e~ ¢! or a combination of both: z(t) = C1e™* + Cae™*.
Euler's formula also states that: e*? = CosO + iSin®©, so the previous equation for x(t) can also be written as:
z(t) = Cy [Cos(kt) + iSin(kt)] + Cy [Cos(kt) — iSin(kt)]
z(t) = (C1 + C2) Cos(kt) + (C1 + Cs) iSin(kt), or alternatively
z(t) = C3Cos(kt) + C4Sin(kt).

We can determin these coefficients by making use of the "boundary conditions".

att =0,2(0) = L
z(0) = C3C0s(0) + C4Sin(0) = L

C3=1L
it =0, 20 _
att = e

4oty = L (CyCos(it) + CrSin(kt)
dflx = at 3Cos 401N
Ew(t) = —CskSin(kt) + C4kCos(kt)
%m@)zOngﬁﬂm®)+Cm0wm)

Cik=0

Cy=0

= The solution is of the form: z(t) = LCos(kt)

This page titled 22.1.5: v. Review Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.1.6: vi. Exercise Solutions

Q1
mu? my dmv?  (mv)? p?
T2 T (E) 2 2m  2m (22.161)
1
KE =— (p>+p2+p° 22.1.6.2
om (pz+py+pz) ( 6.2)
a. 1 N (hON* [h O\
KE =— —_— - - 22.1.6.
2m (hax) +(i8y> +<z’82> ( 63)
_h2 82 62 82
K.E. = —t —— 22.1.6.4
2m {63)2 + Ay? az2] ( )
p =mv = ip, + jp, + kp. (22.1.6.5)
b. h 0 h 0 h o
_|i(ro .(hO ho 22.1.6.
= [(Gm 1 Gw) (G3)] 2100
where i, j, and k are unit vectors along the x, y, and z axes.
L, = zp, —ap. (22.1.6.7)
c. h 0 h 0
n=+(55) - (7%) S
Q2
. . o 0 0 . o 0 0 .
First derive the general formulas for —, —, — in terms of r, 8, and ¢, and —, —, and — in terms of x,y, and z. The general
ox’ Oy’ 0z or’ 00 100)
relationships are as follows:
x = rsinfcos ¢ 2= 2%y + 22 (22.1.6.9)
[22 1 02
y=rsinfsin¢ sinf = VT Tty (22.1.6.10)
/xZ + y2 + 22
z=rcosf cosf = ——2 (22.1.6.11)
Va?+y?+ 22
tang = (22.1.6.12)
x
. o 0 0 .
First s a_y’ and 5 from the chain rule:
0 or 7] a6 0 o} 0
— == — — — — — 22.1.6.1
oz ( z)y,zar+<az)y,zao+(ax)y,za¢’ (22.1.6.13)
3] or 9] 06 3] 103 0
— == — — — — — 22.1.6.14
By (By)yﬂz 8r+(8y)yyz 80+(8y>w 9’ (22.1.6.14)
0 or 0] a9 0] 9o 9
— == — — — —_— — 22.1.6.1
o= (az)y,z ar+<az)y,z aa“L(az)y,z 96’ (22.1.6.15)
Evaluation of the many "coefficients" gives the following:
or . o0 cos 0 cos ¢ 0p sin ¢
L W 99N _ 2y —_ e 22.1.6.1
(8:5)1’,% sinfcos ¢, (&T)W T ’ (8;10)%;; rsind (22.1.6.16)
or . . o0 cos fsin ¢ 0p cos ¢
N _gne LA sin ¢ &) L5 22.1.6.1
(ay)w sinfsin g, (ay)w r ' (ay),z rsiné ( 6.17)
(ﬁ) = cos, (ﬁ) _ sl (%> =0. (22.1.6.18)
0z z,2 0z z,y r 0z Y,z

Upon substitution of these "coefficients™
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i_ 00 qji-y cos0005¢£7 sin ¢ i

dr DT, 09 rsinf 99’

0 . . 0 cosfsing O Cos¢p 0

By fs1n05m¢6r + a6 tsing d¢’ and
9,0 sm00 0

0z or r 00 00’

0 0 0 . .
Next 5 50 and 8_¢> from the chain rule:

Again evaluation of the the many "coefficients" results in:

(T (7
orJes P+ iE+a2 orlos @R +y+22

&)= G
00 ) g 21y 00 )4 2242
B @)

6¢ r,0 v a¢ r.0 ’

Upon substitution of these "coefficients™

0= 9.y 9. = 3
o AP+ 0T R +2 0 [y + 22 02
9 Tz 0 Yz 1o} 0

00 /2% + 12 8z+ /2% 4 12 Oy =ty 0z

7] 4] 1o} 0

8—¢7—y8—x+1‘8—y+05.

(%) S
O/os o2ty 22
(%) —— $2+y2

90 ),, " "V

(22.1.6.19)
(22.1.6.20)

(22.1.6.21)

(22.1.6.22)
(22.1.6.23)

(22.1.6.24)

(22.1.6.25)
(22.1.6.26)

(22.1.6.27)

(22.1.6.28)
(22.1.6.29)

(22.1.6.30)

Note, these many "coefficients" are the elements which make up the Jacobian matrix used whenever one wishes to transform a
function from one coordinate representation to another. One very familiar result should be in transforming the volume element dz

dy dz to r2sinf dr df dé. For example:

[ #eu2)dadyaz = [ 1(a(r,6,0),010.0,0),200.0,0)) | (52

a.

L= [z 5]

o= 2 rining o0~ I DN maino 2
L, = 77}? (sintﬁ% +Cot0cos¢%)

b. 5 5

L,= %O—(ﬁ = _ih8_¢

pb (el
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B
i 4zt —1222+3
ii. 5z
iii. e e 3
1. 22 —4z+2
V. 42% — 3
B(v.) is an eigenfunction of
d? d
1-2%)— —z—B
( o ) dz? v dx

B/ B/l

162° — 24z 48z% — 24
2023 6022

(631‘ _ e3z) 9 (e3z + 673z)
2¢ — 4 2
1222 —3 24z

A(i.):

(v) =
=(1—2?) (24z) — z (122° — 3)
=24z — 242% — 122 + 32
=—362° + 27z
=—9 (42 — 3z) (ecigenvalue is -9)

B(iii.) is an eigenfunction of A(ii.):

dQ
=9 (e’ + e73") (ecigenvalue is 9)
B(ii.) is an eigenfunction of A(iii.):
d
=z (20x3)
=20z*
=4 (52") (eigenvalue is 4)

B(i.) is an eigenfunction of A(vi.):

d? d _ ..

=(482% — 24) — 2z (162® — 247)

=4822 — 24 — 32z* + 4827

=— 322" + 627 — 24

=—8(4z" — 122 + 3) (eigenvalue is -8)

B(iv.) is an eigenfunction of A(v.):

d? d
— — +(1 — z)—DB(iv.
¥ dz? +Hi-2) dz (iv.)
Q4
Show that:

@O0

=z(2) + (1 —z)(2x — 4)

=2z + 2z — 4 — 2z° + 4
=—22"+8zx—4

=—2(2% — 4z +2) (eigenvalue is -2)

/f*Agdrz/g(Af)*dT
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22.1.6.36)
22.1.6.37)
22.1.6.38)
22.1.6.39)
22.1.6.40)

(
(
(
(
(
(22.1.6.41)

22.1.6.42

( )
(22.1.6.43)
(22.1.6.44)
(22.1.6.45)
(22.1.6.46)

(22.1.6.47)
(22.1.6.48)

(22.1.6.49)

(22.1.6.50)
(22.1.6.51)
(22.1.6.52)

22.1.6.53

( )
(22.1.6.54)
(22.1.6.55)
(22.1.6.56)
(22.1.6.57)

22.1.6.58)

(

(22.1.6.59)
(22.1.6.60)
(22.1.6.61)
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a. Suppose f and g are functions of x and evaluate the integral on the left hand side by "integration by parts™

/f zh—) g(z)dz

let dv = %g(x)dw and u = —ihf(z)"

v=g(x)du = —ihg—axf(x)*dz

Now, fudv = uv — fvdu,

so:
f@) (—ihi) (¢)de = —ihf(z)" g(z) + i / @2 f(2)ds
ox g B g g ox
Note that in, principle, it is impossible to prove hermiticity unless you are given knowledge of the type of function on which
the operator is acting. Hermiticity requires (as can be seen in this example) that the term -iAf(x)*g(x) vanish when evaluated
at the integral limits. This, in general, will occur for the "well behaved" functions (e.g., in bound state quantum chemistry, the
wavefunctions will vanish as the distances among particles approaches infinity). So, in proving the hermiticity of an operator, one

must be careful to specify the behavior of the functions on which the operator is considered to act. This means that an operator
may be hermitian for one class of functions and non-hermitian for another class of functions. If we assume that f and g vanish at

the boundaries, then we have
le g\r dr = g(z) | —h - dz

b. Suppose f and g are functions of y and z and evaluate the integral on the left hand side by "integration by parts" as in the
previous exercise:

[ twa) [t (v — 25 )] atw vz = [ 502" [in (v )] otw vz — [ 2" [in (o )] oo v
For the first integral, [ f(2)" (—ihy%) g(2)dz,

let dv = aig(z)dz u = —ihyf(z)" (22.1.6.63)
2z

v=g(?) du = —ihy—(2) dz (22.1.6.64)

SO:

*

[ 1@ (<itvo ) a(e1dz = —ins(2)o(2) + iy [ 961501z = [ 9(a) (—itg 1)) =
For the second integral, ff(y)* (fz'hy(%) g(y)dy,

let dv = %g(y)dy u = —ihyf(y)* (22.1.6.65)

S
Il

9(y) du = —z‘hza%f(y)*dy . (22.1.6.66)

SO:

*

/f mz—) 9(y)dy = —ihzf(y)"g(y) +ihz/y(y)a%f(y)*dy = /g(y) (—iﬁza%f(y)> dy.

*

[ sy [t (v — =2 )] ot vt = [ oo (<imese)) o [ gt (<ine )

@IOIC]E) 281 (22.1.6.4)



LibreTexts"

= /g(y, 2) (—h (y% - z(%) Iy, z)) * dydz.

Again we have had to assume that the functions f and g vanish at the boundary.

Q5

L_=L,;—iLy so

1
L. +L.=2L;, or L, = o (L; +L.)

L Yim = /10 +0) — m(m + DT i

L_Yin =/l +1) — m(m — )ATi s
Using these relationships:
L Uy, , =0,L Uy, =210y, L Uy, =2k,
LUy, , = V2hUy, L, Uy, = \/ih\Ilsz, L ¥y, , =0, and the following L, matrix elements can be evaluated:
La(L,1) = (W5 (L +1) [W3,) =0

1 V2
Lz(1,2) = <\I/2p71|5 (L+ —+ L_) |\112p0> = Th

1
Lx(173) = <\II2P71|§ (L+ + L*) |\Il2p+1> =0

1 V2
Lo(2,1) = (a5 (s + L) [¥3,,) = 5-h

1
L2(2,2) = (Uap,| 5 (L + L) [U3) = 0

1 , V2
LI(27 3) = <\I}2po‘§ (L+ + L*) bzg|\11217+1> = _h

[\V]

1
Lz(3, 1) = <\IJ2P+1|§ (L+ =+ L,) |lIl2p,1> =0
1 V2
L.(3,2) = <\IJ2P+1|§ (Ly + L) Uy, ) = Th
L.(3,3)=0
This matrix:
V2
0 Th 0
B "o ﬁh (22.1.6.67)
2 2
2
0 %h 0

, can now be diagonalized:
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0— A gh 0
V2 V2
V2
0o =0
0— A ?h
?h 0—A (=)

AN =h%) =0
“AA=RB)(A+h) =0
with roots: 0,4, and — h

Next, determine the corresponding eigenvectors:

ForA=0
V2
0 Th 0
2 2
%h 0 gh Cu C1
Va2 Co| =0 |Cxn
0 —h 0
2 ~ ~
2
%hcm =0 (row one)
Cy1=0
2 2
ghcu + %h()’gl =0 (row two)
Ci1+C5=0
Cn=-Cxn
C? + C3 + C2% =1 (normalization)
Ch+(—Cn)?=1
204 =1
C L C. 0, and C !
= —, =0, an = ——
1 NG 21 31 7
For A= 1h:
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V2
0 Sho0
?h 0 ?h Cio Cia (22.1.6.72)
2 C =0|C
o V2. 22 22
Y Y
ghcgg = hC12 (row one)
2
Cpp = 7022
2 2
%hcm + ghc32 — hCh (row two)

V2 V2 V2
7032 = Cop

——C
2 9 22 +
1 V2
5022 + 7032 =Cop

V2

1
7032 = 5022

V2
O3 = 7022

C% + C% + C2, = 1 (normalization)
2 2
2 2
(%Cm) +CL+ (§022> =1

1 1
50222 + 0222 + 50222 =1

205 =1
V2
On =5
1 V2 1
ClZ = 5,022 = T, and C32 = 5
For A = —1h
V2
0 Th 0
gh 0 gh 013 013 (22.1.6.73)
C =0|C
o V2. 23 23
Y

Y

V2

Thczg = 7h013 (I‘OW one)
V2
Ci3 = —7023
2 2
\/— hC13 + gthgg = —hCqs (I‘OW tWO)

2
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Vi ( V2 V2
o\ T ) Ty Ce =

1 V2
*5023 + 7033 =—Cy

V2 1

7033 = *5023
2

C33 = —7023

CL + C% + O = 1 (normalization)

2 2
2 2
<——\/_ C23> +C3 + (——\2_ 023> =1

2
1 1

205 =1

|G

Cy =

1

1 2
Ci3=——Cyp = %’ and C33 = —5

Show: (¢1]¢1) = 1, (pald2) = 1,(#3|p3) = 1, (d1]¢2) = 0, (p1]¢3) = 0, and(¢p2|p3) = 0.

2

(G1]¢1) =1

|-~
o

(¢1\¢2> = <¢2\¢1> -

285 (22.1.6.8)
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(d1]¢3) = (ds]d1) £ 0

0=0

($aldps) = (Bslepa) = 0

Q6
Py, = |(93,, 9]
vy = %dmm - %@pﬂ
Py, =|— %<¢20+1¢2p+1>‘2 = % (or 50
Q7

It is useful here to use some of the general commutator relations found in Appendix C.V.

a.
[Lz7 Ly] = [ypz — ZPy, 2Pz — -sz]

= [ypz, 2p2] — [ypz, 2p2] — [2py, 2Da] + [2py, TP:]
= [y, 2lpep: + 2[y, Pa]p= + Ylp2, 202 + Y2[D2, Pa]
[y, zp.p. — xly, p:Ip- — ylp=, xlp. — y2[p-, D]
—[z, 2lpapy — 2[2, Palpy — 2[Py; 2Pz — 22[Py, s
+[2, z]p.py + z[2, p:lpy + 2[py-2]pP: + 22[DY, P2

As can be easily ascertained, the only non-zero terms are:

[sz Ly] =Y [pz, Z} Pzt [Z7 pz} Dy
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= y(ih)p, + x(ih)py
= ih (—yps + Tpy)

=ihL,

[Ly, L.] = [2p. — xp., zpy — yp-]
= [2Ps, TPy] — (2P, YPa] — 2Dz, TDy] + (D2, YD)
= [z, 2]pyps + = [2,py] P2 + 2 [P2, T| Py + 22 [P2, P2
—[2, Y| Peps — Y12, P2] Po — 2 [Pz, Y] Po — 2Y [Pz P2
—[=, zlpyp. — x [z,py] p: — x [p2, 7] py — 22 [P2, Py
&, Ylpep. + y [, pa] P2 + = [Pz Y] P2 + 2y [P2, s
Again, as can be easily ascertained, the only non-zero terms are:
[Ly, L.] = z[pa, ] py + ¥ [2, D] P2
= z(—ih)p, + y(ih)p.
= ih(—zpy + yp-)

=1thL,

(L2, Ls] = [zpy — Ypss P> — 2Py
= [zpy, yp:] — [2py, 2Py] — [YP2, YP:] + [UP2s 2Py
= [z,Y] p.py + y [z, p:] Py + [Py, Y] P> + 7Y [Py, D]
— [z, 2] pypy — 2 [z, py] Py — 2 [Py, 2] Py — T2 [Py, P,
— Y, Y1 PPz — 2[Y: Dyl Pz — Y [P, Y] P2 — Yy [Pz, D]
+ [y, 2 pype + 2 [y, Py] P2 + Y P2y 2] Py + Y2 [P, D2
Again, as can be easily ascertained, the only non-zero terms are:
(L, Lo] =  [py, Y] P> + 2 [y, Py] Pa
= z(—ih)p. + z(ih)p,
= ih(—zp. + 2ps)

— ihL,

[Le,L?] = [Lo.L2 + L2 + L7]
= [Lo, L] + [La, L3] + [La, L]
= [Lo, L}] + [Ls, L]
=Ly, Ly Ly + Ly [Ly.Ly) + [Lo, L) L, + L, [Ly, L)

= (ihL,) L, + L, (ihL,) + (—ihL,) L, + L. (—ihL,)
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= (ih) (~L,Ly — LyL. + LyL, + L.L,)

= (i) ([L2, Ly + [Ly, L:]) = 0

[Ly,L?] = [Ly, L+ L.+ L]
= [Ly, L] + [y L] + [Ly, L]
= [L= L3] + [L-, L]
=Ly, Lo] Lo + Lo [Ly, Ly] + [Ly, L] L. + L. [Ly, L.]
= (—ihL,) Ly + L, (—ihL,) + (ihL,) L, + L. (ihL,)
= (ih) (—L.Ly — Lo L.+ L,L.+ L.L,)

= (ih) ([Lr7 Lz] + [LzyLz]) =0

[L.,L*] = [L., L} + L} + L]
= L., L2] + [L., L] + [L., L?]
= [L., L] + [L., L}]
=[L., Ly Ly + Ly [Ly L) + L2y Ly Ly + Ly [L2, Ly
= (ihLy) Ly + Lq (ihLy) + (—ihL,) Ly + Ly (—ihL,)
(ih) (LyLy + L,L, — Ly L, — L,L,)

(Zh) ([Lu’ Lz} + [Lm; L?J]) =0

Q8

Use the general angular momentum relationships:
J2[j,m) = h* (5 (5 + 1)) [4,m)
Jz‘ja m> = hm|.]7 m>a

and the information used in exercise 5, namely that:

1
Lz = 5 (L+ +L,)

L Yi = 10+ 1) — m(m + DAY

[ \textbf{L}_- Y_{Lm} = \sart{l(l + 1) - m(m - )Nhbar Y_{l,m-1} \nonumber \]

Given that:
1
Yo00(0,¢) = f = |0,0>
™
3
Yi0(0,0) =1/ 1 Cost = |1,0).
a.
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L.[0,0) =0
[ \textbf{L}*2 \big| ®,8\rangle = ® \nonumber \]
Since L? and L, commute you would expect |8,80> to be simultaneous eigenfunctions of both.

b.
L,]0,0) =0

L.[0,0) =0

L, and L, do not commute. It is unexpected to find a simultaneous eigenfunction (|®,8>) of both ... for sure these operators
do not have the same full set of eigenfunctions.

C.
L.[1,0) =0

L?|1,0) = 2A%[1,0)
Again since L? and L, commute you would expect |1,0> to be simultaneous eigenfunctions of both.
d.

§h|1,—1>+ ?hh,l)

L.|1,0) =
L.|1,0)=0

Again, L, and L, do not commute. Therefore it is expected to find differing sets of eigenfunctions for both.

Q9

For

wer= o) (o) [ ) - FE) | L))

2L, ) \ 2L,
(U(x,9)[¥(z,9)) =1

s
Let:a, = %, and a, = Li and using Euler's formula, expand the exponentials into Sin and Cos terms.
T y

U(z,y) = (L> (L) [cos(azx) + isin(ayx) — cos(azx) + isin(az)] [cos(ayy) + isin(a,y) — cos(ayy) + isin(ayy)]

oz ) o,
e T2 (ot
U(ry) = m sin(a,) sin(a,9)
(e, )| 0(w0) = [ ( (£) (£ ) sia.e) sin(ayy>)2d:cdy

() (£) [t s aasay

h

@IOIC]E) 289 (22.1.6.12)



LibreTextS“'

Using the integral:

Q10

Y

(¥(z,y)|ps|¥(z,y)) = (%) 7y sin’(a,y)dy (Liz) 7 sin(a,x) (—ih%) sin(a,x)dz = (#iaz) /LT sin(a,x) cos(az)dx
0 0 0

But the integral:

L

5

cos(a,z) sin(azz)dzr = 0,

0

« (U(2,y)|pa| ¥ (2,)) = 0

Q11

Using the integral:

Using the previously defined integral:
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~ There are
1. continuum states.

Symmetry will break
solutions, and there

are no bound states.

®= L

W, ¥ are continuous.

1. There are both bound
and continuum states.

E<V
iii. @ o

states.

-V <E<O

K ¥is continuous.

¥ is not continuous.

-Mg—>

II

Vix) =V

Symmetry will break
solutions.

¥,and ¥ are continuous.
There are both bound and continuous

There is
no symmetry.
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2mE
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U;(0) = U (0)

| 2mE | 2mE
O TR
+ Be

0=A+B

\III(O) =0= \I/H(O) = Ae(

B=-4
v7(0) = ¥7,(0)
( this gives no useful information since ¥} (z) does not exist at x = Q)
I~ 11
Uy (L) =¥ (L)

| 2mE | 2mE | 2m(V —E) | 2m(V —E)
i h2 L —1i h2 L i TL —1 TL
Ae =A'e + Be

+ Be
| 2mE | 2mE _ 2m(V7E)L _ 2m(V7E)L
V(L) =W DA eV P [ 4Ble VI foae h? +B |e h?

\I/}I(L) = ‘I’hf(L)

2mE

2mE i szL 2mE i L
A(i,/%)e 0 _B<z-,/%)e h

| 2m(V —E) | 2m(V —E)
o (l 2m(VE))eZ — (l 2m(VE))el ——L

h? h?

asx — —o00, ¥ (z) =0
asz — o0, ¥r(x) =0+~ A" =0

d. Rewrite the equations for ¥;(0), ¥;;(0), ¥;(L) = Uyg(L), and ¥ (L) = U;;(L) using the information in 13c:

B = —A(egn.1)

. 2mEL ) 2mEL ; 2m(V — E) L
Ae h "+ Be h =B'e h

(eqn. 2)
2m(V — E)

2mE | 2mE . i
/ i L - [2m(V — E T
A (z —27;:2E> e h —B (z QZE L) e - (z 7777,( % )) e h?
substitution (eqn. 1) into (eqn. 2)
2mE 2mE 2m(V — E)
i| —5—L —i\| —=—L —i\| ————1L
Ae V P* T 4e h*  _ pe h?
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A —A

h2

=y
cos( 2mEL>—isin< 2mEL)]:B'e h?

2mE 2mE
cos( %L) +isin( ZL? L)
) 2m(V7E)L
2Aisin< T—fL) = Be h?

2m(V — E)

2mE B 2 L
i — h
sin ( 2 L) =54 ¢ (eqn. 4)

substituting (eqn. 1) into (eqn. 3):

2mE

2mE
ix| ——L —iy| ——L | ——————> 1L
. |2mE ( \ A2 . |2mE h? . [2m(V—E) h?
Al o e + Al e e =—-B'|i — e
A (i\/ QT;QE) <cos ( Q;nQE L) + isin ( 27;12E L>) + A (z 27:2E> (cos ( QZZE L> — ¢sin ( —QZZE L))

This page titled 22.1.6: vi. Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
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22.2.1: 1. Review Exercises

Q1

Draw qualitative shapes of the (1) s, (3) p and (5) d "tangent sphere" atomic orbitals (note that these orbitals represent only the
angular portion and do not contain the radial portion of the hydrogen like atomic wavefunctions) Indicate with + the relative signs
of the wavefunctions and the position(s) (if any) of any nodes.

Q2

Define the symmetry adapted "core" and "valence" orbitals of the following systems:
i. NH3 in the Cj3, point group,

ii. H,O in the Cy, point group,

iii. H,0s (cis) in the Cy point group,

iv. N'in Doop, Dap, Csy, and Cs point groups,

V. Ny in D, Doy, Co,\text{, and } C_s\) point groups.

Q3

Plot the radial portions of the 4s, 4p, 4d, and 4f hydrogen like atomic wavefunctions.

Q4

Plot the radial portions of the 1s, 2s, 2p, 3s, and 3p hydrogen like atomic wavefunctions for the Si atom using screening concepts
for any inner electrons.

This page titled 22.2.1: i. Review Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.2.2: 11. Exercises

N

In quantum chemistry it is quite common to use combinations of more familiar and easy- to-handle "basis functions" to
approximate atomic orbitals. Two common types of basis functions are the Slater type orbitals (STO's) and gaussian type
orbitals (GTQO's). STO's have the normalized form:

1 —&r

(2_5)"*5( 1 )éwle(a_o)n,mw,w,

ag (271)'

whereas GTO's have the form:

Nty (8, ¢).

Orthogonalize (using Lowdin (symmetric) orthogonalization) the following 1s (core), 2s (valence), and 3s (Rydberg) STO's for
the Li atom given:

Liy,€ = 2.6906
Liss€ = 0.6396

Liss€ = 0.1503.
Express the three resultant orthonormal orbitals as linear combinations of these three normalized STO's.

Calculate the expectation value of r for each of the orthogonalized 1s, 2s, and 3s Li orbitals found in Exercise 1.
Draw a plot of the radial probability density (e.g., r2[R,,;(r)]? with R referring to the radial portion of the STO) versus r for each
of the orthonormal Li s orbitals found in Exercise 1.

This page titled 22.2.2: ii. Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
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22.2.3: iii. Problems

Q1

Given the following orbital energies (in hartrees) for the N atom and the coupling elements between two like atoms (these coupling
elements are the Fock matrix elements from standard ab-initio minimum-basis SCF calculations), calculate the molecular orbital
energy levels and 1-electron wavefunctions. Draw the orbital correlation diagram for formation of the N, molecule. Indicate
the symmetry of each atomic and molecular orbital. Designate each of the molecular orbitals as bonding, non-bonding, or
antibonding.

Ny, = —15.31"
Ny, = —0.86"
Ny, = —0.48"

Nyo g Fock matrix”

—6.52
—6.22 —7.06 (22.2.3.1)
361 400 —3.92

Nymy For Matrix”
[0.28]
Nso,, For Matrix”

1.02
—0.60 —7.59 (22.2.3.2)
002 742 —853

Ny, Fock matrix”
[—0.58]

*The Fock matrices (and orbital energies) were generated using standard STO3G minimum basis set SCF calculations. The Fock
matrices are in the orthogonal basis formed from these orbitals.

Q2

Given the following valence orbital energies for the C atom and H, molecule draw the orbital correlation diagram for formation of
the CH, molecule (via a C5, insertion of C into H, resulting in bent CH,). Designate the symmetry of each atomic and molecular
orbital in both their highest point group symmetry and in that of the reaction path (Cs,).

Cis = —1091"  Hyo, = —0.58" (22.2.3.3)
Oy = —0.60" Hyo, = 0.67 (22.2.3.4)
Cyy = —0.33" (22.2.3.5)

*The orbital energies were generated using standard STO3G minimum basis set SCF calculations.

Q3

Using the empirical parameters given below for C and H (taken from Appendix F and "The HMO Model and its Applications" by
E. Heilbronner and H. Bock, Wiley- Interscience, NY, 1976), apply the Hiickel model to ethylene in order to determine the valence
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electronic structure of this system. Note that you will be obtaining the 1-electron energies and wavefunctions by solving the
secular equation (as you always will when the energy is dependent upon a set of linear parameters like the MO coefficients in
the LCAO- MO approach) using the definitions for the matrix elements found in Appendix F.

Cagpr = —11.4eV
Cop = —14.7eV
Hag = —13.6eV
C — CBopr—oz = —1.2eV
C — CBgpr_gp = —5.0eV
C— Hfgp g = —4.0eV

a. Determine the C=C (2r) 1-electron molecular orbital energies and wavefunctions. Calculate the = — =" transition energy for
ethylene within this model.

b. Determine the C-C (sp?) 1-electron molecular orbital energies and wavefunctions.

c. Determine the C-H (sp?-s) 1-electron molecular orbital energies and wavefunctions (note that appropriate choice of symmetry
will reduce this 8x8 matrix down to 4 2x2 matrices; that is, you are encouraged to symmetry adapt the atomic orbitals before
starting the Hiickel calculation). Draw a qualitative orbital energy diagram using the HMO energies you have calculated.

Q4Q5

Using the empirical parameters given below for B and H (taken from Appendix F and "The HMO Model and its Applications" by
E. Heilbronner and H. Bock, Wiley- Interscience, NY, 1976), apply the Hiickel model to borane (BH3) in order to determine the
valence electronic structure of this system.

Basgy, = —8.5eV

Boy» = —10.7eV

Hag = —13.6eV
B— HB,yp» s = —3.5eV

Determine the symmetries of the resultant molecular orbitals in the D3, point group. Draw a qualitative orbital energy diagram
using the HMO energies you have calculated.

Q5

Qualitatively analyze the electronic structure (orbital energies and 1-electron wavefunctions) of PFs. Analyze only the 3s and 3p
electrons of P and the one 2p bonding electron of each F. Proceed with a D3, analysis in the following manner:

Symmetry adapt the top and bottom F atomic orbitals.

Symmetry adapt the three (trigonal) F atomic orbitals.

Symmetry adapt the P 3s and 3p atomic orbitals.

Allow these three sets of D3, orbitals to interact and draw the resultant orbital energy diagram. Symmetry label each of these
molecular energy levels. Fill this energy diagram with 10 "valence" electrons.

Q0o
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22.2.4: iv. Review Exercises Solutions

»:
b

EEK

/jg/
A
/%/Y

2. i. In ammonia the only "core" orbital is the N 1s and this becomes an a1 orbital in C3, symmetry. The N 2s orbitals and 3 H 1s
orbitals become 2 a; and an e set of orbitals. The remaining N 2p orbitals also become 1 a; and a set of e orbitals. The total
valence orbitals in C3, symmetry are 3a; and 2e orbitals.

ii. In water the only core orbital is the O 1s and this becomes an a1 orbital in Cs, symmetry. Placing the molecule in the yz
plane allows us to further analyze the remaining valence orbitals as: O 2p, = a;, O 2p, as by , and O 2p, as b;. TheH1s + H 1s
combination is an a; whereas the H 1s - H 1s combination is a b,.

iii. Placing the oxygens of H,O- in the yz plane (z bisecting the oxygens) and the (cis) hydrogens distorted slightly in +x and
-x directions allows us to analyze the orbitals as follows. The core O 1s + O 1s combination is an a orbital whereas the O 1s
- O 1s combination is aborbital. The valence orbitals are: 02s+02s=a, 02s-02s=b, O 2p, + O 2p, = b, O 2px - O 2px = a, O
2py + 0 2py=a,02py-02py=b,02pz+02pz=b,02pz-02pz=a,H1s + H1s = a, and finally the H1s - H 1s = b.

iv. For the next two problems we will use the convention of choosing the z axis as principal axis for the D, Do, and Csy,
point groups and the xy plane as the horizontal reflection plane in C; symmetry.
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Dooh
Nls oy
N2s oy
N2p, Ty
N2p, Tyu
N2p, oy

Dy, Ca
Qg [25]
[ a
b3u bl
bay bo
b1 a1

22241)

22.2.4.4)
22.2.4.5)

(
(
(22 2.4. 3)
(
(
(22.2.4.6)

v. The Nitrogen molecule is in the yz plane for all point groups except the Cs in which case it is placed in the xy plane.

@O0

R4s(r)

Dooh

N1s+ N1ls
Nls — Nls
N2s+ N2s
N2s — N2s
N2p, + N2p,
N2p, — N2p,
N2p, + N2p,
N2p, — N2p,
N2p,+ N2p,
N2p,— N2p,

Og
Oy
Og
G-’U/

ﬂ-Zu

ﬂ'yu
Tyg
Oy
Og

Doy, Cyy

ay
by
ai
by
b1
as
ay
ba
ba
a

2

~ O~ 0~ O~

~

S 0~ 0~
N

e 8 8 8 & 8 8 & & ©

Hydrogen 4s Radial Function

0.25

0.20

0.15 +

0.10 A

0.05

0.00 N

-0.05

20
r (bohr)
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@O0

R4p(r)

R4d(r)

R4F(r)

Hydrogen 4p Radial Function
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@O0

Radial Function R(r)

Radial Function R(r)

Sils
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40 Z=14
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@O0

Radial Function R(r)

Radial Function R(r)

Radial Function R(r)

Si 2p
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Si 3s
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22.2.5: v. Exercise Solution

1. Two Slater type orbitals, i and j, centered on the same point results in the following overlap integrals:

2T ™ oo 7&,‘7‘ 1 6]
_ / // m+— 1 r("Fl)e ag Yl ( ¢) 2§J 1 r(nj—l)e ag Yl (9 ¢)r2$in0drd9d¢
z] (277,1)' iy (271])' 5y ] .
0
. 1 - - . . .
For these s orbitals | = m = ® and Y; (6, ¢) = ——. Performing the integrations over # and ¢ yields 47 which then cancels
4

with these Y terms. The integral then recuces to:

(& +&)r )
r2dr

1
5= (32)72 V ar () \/ / e ( b

1 1 . (& + &)
ni+— A\ ity -
— (2_§Z> i 2 1 (2_5-7) 2 # / r(mflJrn]fl)e aq ’I"Zd’l"

(an)' ap (2TLJ)'
0

ao

Using integral equation (4) the integral then reduces to:

1 1
26\ 1 njito 1 a0 e
si=(3) e O e (g%5)

We then substitute in the values for each of these constants:
for i=1; n=1, l=m=0, and £ = 2.6906

for i=2; n=2, I=m=0, and £ = 0.6396
for i=3; n=3, l=m=0, and £ = 0.1503.
Evaluating each of these matrix elements we obtain:
Sp1 = (12.482992)(0.707107)(12.482992)(0.707107)(2.00)(0.006417) = 1.000000
So1 = S12 = (1.850743)(0.204124)(12.482992)(0.707107)(6.00)(0.008131) = 0.162673
Sas = (1.850743)(0.204124)(1.850743)(0.204124)(24.00)(0.291950) = 1.00

S, = S13 = (0.0144892)(0.037268)(12.482992)(0.707107)(24.00)(0.005404) = 0.000635
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Ssy = S = (0.014892)(0.037268)(1.850743)(0.204124)(120.00)(4.116872) = 0.103582

S35 = (0.014892)(0.037268)(0.014892)(0.037268)(720.00)(4508.968136) = 1.00

1.000000
S = 0.162673 1.000000
0.000635 0.103582 1.000000

We now solve the matrix eigenvalue problem S U = A U.
The eigenvalues, ), of this overlap matrix are:

[ 0.807436 0.999424 1193139 ],

and the corresponding eigenvectors, U, are:

0.596540 —0.537104 —0.596372
—0.707634 —0.001394 0.706578
0.378675 0.843515  —0.380905

1
The A 2 matrix becomes:

1 1.112874 0.000000 0.000000
A 2= 0.000000 1.000288 0.000000
0.000000 0.000000 0.915492

1
Back transforming into the original eigenbasis gives Sig, eg.

1 1
S 2=Ux 20T

1 1.010194
S 2 =1 —0083258 1.014330

0.006170  —0.052991 1.004129

The old ao matrix can be written as:

1.000000 0.000000 0.000000
C= 0.000000 1.000000 0.000000
0.000000 0.000000 1.000000

The new ao matrix (which now gives each ao as a linear combination of the original aos) then becomes:

1 1.010194 —0.083258 0.006170
C'=8 2C= —0.083258 1.014330 —0.052991
0.006170  —0.052991  1.004129
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These new aos have been constructed to meet the orthonormalization requirement C’7SC’ = 1 since:

1N\ 1 1 1
S 2C| 88 2¢c=0Ts 288 2¢0=C"C=1.

But, it is always good to check our result and indeed:

1.000000 0.000000 0.000000
c'Tse’ = 0.000000 1.000000 0.000000
0.000000 0.000000 1.000000

2. The least time consuming route here is to evaluate each of the needed integrals first. These are evaluated analogous to
exercise 1, letting x; denote each of the individual Slater Type Orbitals.

/ij,ﬂdr _ (r)i; (22.2.5.2)
0

1 (& + fj)T)
dr

L %0 .
_ (2_52) m“*’E 1 2_5] nj+ 2 1 / r(nlJrn]Jrl)e ag
ao (2ni)! ao (ZTL]')!
0

(22.2.5.3)

Once again using integral equation (4) the integral recduces to:

(&+&)r

1 1 .
nit A\ Wty -
_ ( 2¢; ) 3 1 2¢; 2 1 / ,r(ni+nj+l)e( ap ) dr
ao (277,1)' ao (277,]')!
0

Again, upon substituting in the values for each of these constants, evaluation of these expectation values yields:

(r)1y = (12.482992)(0.707107)(12.482992)(0.707107)(6.00)(0.001193) = 0.557496

(rYo1 = (r)12(1.850743)(0.204124)(12.482992)(0.707107)(24.00)(0.002441) = 0.195391

(r)gs = (1.850743)(0.204124)(1.850743)(0.204124)(120.00)(0.228228) = 3.908693

(r)s1 = ()13 = (0.014892)(0.0337268)(12.482292)(0.707107)(120.00)(0.001902) = 0.001118

(r)ss = (r)as = (0.014892)(0.037268)(1.850743)(0.204124)(720.00)(5.211889) = 0.786798

(r)33 = (0.014892)(0.037268)(0.014892)(0.037268)(5040.00) (14999.893999) = 23.286760
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00 0.557496
/XZ'T‘X]"I‘QdT‘ =(r);; | 0.195391 3.908693
0

0.001118 0.786798 23.286760

Using these integrals one then proceeds to evaluate the expectation values of each of the orthogonalized aos, ¥, as:

(o]

/X’;LTX’:lTIZdT:ZZ ni n] r>lj

0 i=1 j=

This results in the following expectation values (in atomic units):
X1sTX s 2dr = 0.563240 bohr

XheTX o 2dr = 3.973199 bohr

XhaTX5sr2dr = 23.406622 bohr

0\8 0\8 0\8

(22.2.5.4)

(22.2.5.5)

(22.2.5.6)

3. The radial density for each orthogonalized orbital, x,,, assuming integrations over 8 and ¢ have already been performed can

be written as:

0 i=1 j=

Therefore a plot of the radial probability for a given orthogonalized atomic orbital, n, will be: Z Z

Plot the orthogonalized 1s orbital probability density vs r; note there are no nodes.
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Plot of the orthogonalized 2s orbital probability density vs r; note there is one node.
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Plot of the orthogonalized 3s orbital probability density vs r; note there are two nodes in the
0-5 bohr region but they are not distinguishable as such. A duplicate plot with this nodal
region expanded follows.
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0.0004

0.0003 -

0.0002 -

0.0001

3s probability density

0.0000 . T T .

This page titled 22.2.5: v. Exercise Solution is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.2.6: vi. Problem Solutions

1.
Iz, 1
- —.""/‘ 30]; ‘h"’%\n -
szzp}n zpr_ _4::_—4:‘:_¢::: -‘-“'::;\_::-‘;'_"-:h_ZpTZP-‘__ZpX
SN Tl 30, eemmm T
""‘:?.,__,_hlu I, _o==""
2s ezt 20, -__‘""‘:::-—25
20’3
lo,
Is ——— e T T T T T T e e e e - — 1s
'lUg
N N> N

The above diagram indicates how the SALC-AOs are formed from the 1s, 2s, and 2p N atomic orbitals. It can be seen that there
are 30y, 30y, 1My, 1wy, 1mg,, and 1my, SALC - AOs. The Hamiltonian matrices (Fock matrices) are given. Each of these can be
diagonalized to give the following MO energies:

30,4 -15.52, -1.45, and -0.54 (hartrees)
30, -15.52, -0.72, and 1.13

17mye; -0.58

17yy; -0.58

1mge; 0.28

1mgy; 0.28

It can be seen that the 30, orbitals are bonding, the 30, orbitals are antibonding, the 1x,, and 17, orbitals are bonding, and the
174, and 17, orbitals are antibonding. The eigenvectors one obtains are in the orthogonal basis and therefore pretty meaningless.

Back transformation into the original basis will generate the expected results for the 1e~ MOs (expected combinations of SALC-
AOs).

2. Using these approximate energies we can draw the following MO diagram:
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~T3h, TR T
e /’f 4a, ‘\\ B Ibs 1o,
e -
2p, Zpy '2]7;’/-':-‘ e o - \\"-\
by by o 3p 5T T T
1 2,.»‘;’1’ \ 1b, “‘-:‘\__
o \ -
2s 2“7\\ \ L7138 1o,
. \ -
-..‘_-:\ ‘—_/”
2a,
Is la la,
c c e
h/ \H

This MO diagram is not an orbital correlation diagram but can be used to help generate one. The energy levels on each side (C

and H,) can be "superimposed" to generate the left side of the orbital correlation diagram and the center CH, levels can be used
to form the right side. Ignoring the core levels this generates the following orbital correlation diagram.

Orbital-correlation diagram for the reaction C + Hy —--- > CH, (bent)

oy T bs(antibonding)
T - -é]{antibonding)
2p,0) 2p(by) 2p@II T
Tl _______h_lizpm}

2s(a,) T Rk P ) Hai{non-hc-ndmg}

hz{h@ﬂdiﬂg}

-t sTTT T -==---"777""" "3 (bonding)

Ug{a])
C+H; CH; (bent)
3.
©@®SO
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2p,

1 2
Using D, symmetry and labeling the orbitals (f; — f12) as shown above proceed by using the orbitals to define a reducible
representation which may be subsequently reduced to its irreducible components. Use projectors to find the SALC-AOs for these
irreps.

3. a. The 2P, orbitals on each carbon form the following reducible representation:
Doy, E Cs(z) Ca(y) Cy(z) i o(zy) o(zz) o(yz) (22.2.6.1)
Tap, 2 -2 0 0 0 0 2 -2 (22.2.6.2)
The number of irreducible representations may be found by using the following formula:

1
TNirrep = E Z Xred(R)Xirrep(R)7
R

where g = the order of the point group (8 for Dsy,).

ra, = %ZFQ,,Z(R)AQ(R) (22.2.6.3)
R
= L@+ DO +O)1) + O + O +0)1) + (1) + (<] =0 (22.26.4)
Similarly,

ng, 0 (22.2.6.5)

np, = 1 (22.2.6.6)

ng, = 0 (22.2.6.7)

na, = 0 (22.2.6.8)

ng, = 0 (22.2.6.9)

np, = 0 (22.2.6.10)

ng, = 1 (22.2.6.11)

Projectors using the formula:

Pirrep = Z Xirrep(R)Ry
R

may be used to find the SALC-AOs for these irreducible representations.

PBZ_q = ZXB2_(1(R)R7
R
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Pp, =  (WEfi +(=1)Ca(2) f1 + (1)Ca(y) f1 + (=1)Ca(z) fr + (1)if1 + (=Do(zy) f1 + (Do(z2) f1 + (—1)o(y2) f1 (22.2.€

WA+ - fi+Q)—fo+ (D fo+ Q)= fo+ (- fo+ Q) f1 + (1) — f1
fitrfi—fo—fo—fo—fo+ i+ fi
= 4fi—4fy

Normalization of this SALC-AO (and representing the SALC-AOs with ¢) yields:

/N(fl — f2)N(fi— fo)dr=1

N? (/flfldr—/flfzdr—/fzfldf-i-/fgfsz) =1

N*(1+1)=1
2N?2 =1
1

V2
(fr = f2).

1

Dby, = 7

The Bz, SALC-AO may be found in a similar fashion:
Pp, f1 = WA+ED)—fi+ D) —fo+ D fe+ () = fo+ Q) fo+ 1) fr+ (1) — fi

f+h+f+fotfo+fho+hi+h
4f1 +4f>

Normalization of this SALC-AQ yields:

1

1y, = 7

(fr + f2).

(22.2.€
(22.2.€
(22.2.€

(22.2.6.16)
(22.2.6.17)
(22.2.6.18)

Since there are only two SALC-AOs and both are of different symmetry types these SALC-AOs are MOs and the 2x2 Hamiltonian

matrix reduces to 2 1x1 matricies.

i, = [ %(fl - f2)H%(f1  f)dr

1

— 5 ([ nmnar—z [ pngar s [ )
1

= 5 (0‘2p7r - 2ﬂ2p7r—2p77 + a2p7r)

Qopr — /821)7r72p7r

—114—(—1.2) = —10.2

i = [ %(fl N fﬁH%(fl t fa)dr

_ %(/ lefldT+2/lefsz+/f2Hf2dT)

1
= 5 (a2p77 + 2/32p7r—2p7r + aZpaT)

= Qopr + ,82p7r72p7r
= —114+(-12)=-126
This results in a # — 7" splitting of 2.4 eV.

3. b. The sp? orbitals forming the C-C bond generate the following reducible representation:

Doy, E Cs(z) Csy(y) Csy(z) i o(zy) o(zz) o(yz)
rs, 2 2 0 0 0 0 2 2

This reducible representation reduces to 14, and 1B;, irreducible representations.
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Projectors are used to find the SALC-AOs for these irreducible representations.

Pafs=  (DEf3+(1)C2(2)f3 + (1)Ca(y) f3 + (1)Ca(z) f3 + (1)if.
Wfs+O)fs+ W) fa+ O fa+ ) fa+ O fs+ (1) f3+ (D)3

= Afs+4fy
Normalization of this SALC-AQ yields:
biay = —=(fs + f)
la, = —=J3 4)-
V2
The B, SALC-AO may be found in a similar fashion:
Pp,fs=  Ufsi+Ofs+ (D fa+ (CDfa+ EDfa+ (D fa+ (D) fs + (1) f3 (22.2.6.34)
= Afs—4f, (22.2.6.35)
Normalization of this SALC-AOs yields:
B, = —=(fs — 1)
by, = —=(f3 — fa)-
1bg \/5 3 4

Again sine there are only two SALC-AOs and both are of different symmetry types these SALC-AOs are MOs and the 2x2
Hamiltonian matrix reduces to 2 1x1 matrices.

1

Hiay1a, = / %(fa + f)H 7 (fs + fa)dr (22.2.6.36)
= % (Qsp2 + 2822 + p2) (22.2.6.38)

= Qg2 + ﬁspzfs;ﬂ (222639)

=  —14.7+(-5.0)=—-19.7 (22.2.6.40)

Hipy, 160, = / %(fa - f4)H%(f3 — fa)dr (22.2.6.41)
= % </ f3Hf3d7'—2/szf4dT+/f4Hf4dT> (22.2.6.42)

= % (O‘Sp2 - 26213?72132 + aspz) (22.2.6.43)

= ag =By (22.2.6.44)

=  —147—(-5.0)=-97 (22.2.6.45)

3. c. The C sp? orbitals and the H s orbitals forming the C-H bonds generate the following reducible representation:

Doy, E Cy(2) Cs(y) Csy(x) i o(zy) o(zz) o(yz) (22.2.6.46)
Tyey, 8 0 0 0 0 0 0 8 (22.2.6.47)

This reducible representation reduces to 24, 2Bs,, 2By, and 2By, irreducible representation.

Projectors are used to find the SALC-AOs for these irreducible representations.

Py fo= (DEfe+ (1)Ca(2)f6 + (1)Ca(y) fo + (1)Ca(x) fo + (1)ife(1)o(zy) fo + (1)o(z2)fe + (1)o(yz)fe (22.2.6.4
= Wfs+Q)fs+O)fr+ 0 fs+ D) fs+ (1) fr + (1) f5 + (1) fe (22.2.6.4:

o . 1
Normalization yields: ¢2a, = E(fs + fo + fr + fs)-

Pafro= (1)Efio+ (1)C2(2) f10 + (1)C2(y) fro + (1)C2 () fro + (1)ifi0 + (1)o(zy) fio + (1)o(z2) f10 + (1)o(2
(1) fio + (1) fo + (1) frr + (1) frz + (1) fr2 + (1) frr + (1) fo + (1) fro
= 2fo +2f10 + 2f11 + 2f12
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.. . 1
Normalization yields: ¢3,, = E(fg + fio + fu + fi2).

Pp,fo= (Dfs+ (=1fs +(=Dfr + W) fs + ) fs + (1) fr + (1) f5 + (1) fe (22.2.6.54)
= — 2fs + 2f6 — 2f7 + 25 (22.2.6.55)

o . . 1
Normalization yields: ¢1s,, = 5(—f5 + fo — fr+ fs).

Pp,, f1o= O fio+ (D fo+ (- fu+ D) fie+ Q) fie+ (D fuu+ (1) fo+ (1) fro (22.2.6.56)
= —2f9 +2f10 — 2fu + 212 (22.2.6.57)

o s . 1
Normalization yields: ¢2,, = 5(—f9 + fio — fu1 + f12).

Pp.fo=  (Ofe+D)fs +(Dfr+(Dfs+ (s + (D fr+ QO fs + 1) fs (22.2.6.58)
= 2fs+2fc—2fr —2fs (22.2.6.59)

- . 1
Normalization yields: ¢, = E(fg, + fo — fr— fs).

Pp,, f10 = (D) fro+ Q) fo+ (=) fuu + (=1) frz + (=1 frz + (=1) fuz + (1) fo + (1) f1o (22.2.6.60)
= 2fo+2fi0—2fu—2f (22.2.6.61)

Normalization yields: ¢3;,, = %(fg + fio — fu — fi2)-
Pp, fo =) fe+ (1 fs+ ) fr+ (=1 fs+ (=) fs + () fr + (=) fs + () fs = —2fs+2f6 +2f7—2fs |
Normalization yields: ¢13,, = %(fj% + fo— fr— fs)-

Pp,, fio = (1) fio + (=) fo + (1) fu1 + (=1) fiz + (=1 frz + (1) fu1 + (=1) fo + (1) fro = —2f9+2f10+2f11 -

—_

Normalization yields: ¢qp,, =

5(*]09 + fio + fu1 — fi2)-

Each of these four 2x2 symmetry blocks generate identical Hamitonian matrices. This will bve demonstrated for the B,
symmetry, the others proceed analogously:

i, = [ 3(-fs+ fo— fr JOHG(~fs+ fo— fr+ fi)dr (222
- H/f5Hf5dT—/f5Hf6dr+/f5Hf7dT—/f5Hf8dr (22.2.

- / FoHfsdr + / FoH fodr — / foH frdr + / fsH fsdr (22.2.

+ / F1H fodr — / F1H frodr + / f1H fudr — / foH frodr (22.2.

- / FsH fodr + / FsH frodr — / foH frdr + / szfmdr} (22.2.

= % Bspr—s —04+0—0—0+4 P42 s —0+04+0—0+Bg2 s —0—0+0—0+ By2_s] = By2s (22.2.

Hupy o, = / S fs+ fom fr ) Hg(~fo+ fro— fu+ fu)dr (22.2.
- %[/f5Hfng—/f5Hf10dT+/f5Hf11dr—/f5Hf12dr (22.2.

- / FoH fodr + / foH frodr — / foH frudr + / f5H frodr (22.2.

+ / f1H fodr — / F1H frodr + / f1H fuadr — / f1H frodr (22.2.

- / FoH fodr + / fsH frodr — / fsH fudr + / ngfndT} (22.2.

1
7 Bapros =00 =004 By =0+ 0+0 =0+ By —0—0+0 -0+ ] = By (222
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Hop,, 205, = / %(‘fﬁ) + fio— fu+ f12)Hé(—f9 + fio — fu1 + fr2)dr (22.2.6.76)
= % [/ngfng - /ngfde+/ngfMde/ngfde (22.2.6.77)

= [ ubtsadr+ [ fufodr~ [ foH e+ [ fo o (22.2.6.78)

+ / flleng — / fllel(]dT —|— /fllellde/flleIZdT (222679)
—/f12Hf9d7' + /meflodT— /f12Hf11dT+/f12Hf12dT} (22.2.6.80)

= %[08—04-0—0—0—!—&5—O+0+0—0+as—0—0+0—0+as]=as (22.2.6.81)

This matrix eigenvalue problem then becomes:

OtSPQ — € ﬁspz,s
=0
:Bspzfs Qs —€
—4T—e —40 | _,
—4.0  —136 |
Solving this yields eigenvalues of:
| —18.19 —10.11 | (22.2.6.82)

and corresponding eigenvectors:

—0.7537 —0.6572

22.2.6.83
—0.6572  0.7537 ( )

This results in an orbital energy diagram:

-9.70 ____ C-C (antibonding)

1011 C-H (antibonding)
-10.20 —

-12.60 —

-1819 C-H (bonding)
-19.70 ___ C-C (bonding)

For the ground state of ethylene you would fill the bottom 3 levels (the C-C, C-H, and 7 bonding orbitals), with 12 electrons.
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Using the hybrid atomic orbitals as labeled above (functions f; — f7) and the D3, point group
symmetry it is easiest to construct three sets of reducible representations:

i. the B 2p, orbital (labeled function 1)
ii. the 3 B sp? hybrids (labeled functions 2 - 4)
iii. the 3 H 1s orbitals (labeled functions 5 - 7).

i. The B 2p, orbital generates the following irreducible representation:

D3h FE 203 302 Op 2S3 30'1,
Iy, 11 -1 -1 -1 1

This irreducible representation is A5 and is its own SALC-AO.

ii. The B sp? orbitals generate the following reducible representation:

Dgh FE 203 302 Op 253 30'1;
y, 3 0 1 3 0 1

This reducible representation reduces to 147 and 1E'

irreducible representations.

Projectors are used to find the SALC-AOs for these irreducible representations.
Define: C5 = 120 degree rotations, C; = 240 degree rotation,

C, = rotation around fy, C; = rotation around fs, and

C, = rotation adound f5. S5 and S; are defined analogous

to C5 and C4 with accompanying horizontal reflection.

o, = a reflection plane through f4, o, = a reflection plane

through f,, and o), = a reflection plan through f3

(22.2.6.84)
(22.2.6.85)

Py fo=(1)Efas + (1)Csfy + (1)C3fa + (1)Cafa + (1)Csf2 + (1)CY fo + (L)onfo + (1)Ssf2 + (1)S5f2 + (L)ouf2 + (1)oy, fo

+ (D)o fa
=W+ M) fs+M)fa+D)fs+D)fo+ D) fa+ D)o+ D) fs+ D) fa+ 1) fs+ (1) f2+(1)afs

=4fy +4fs +4f4

.. . 1
Normalization yields: ¢1. = 7 (2fa— f3—f1).
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To find the second €' (orthogonal to the first), projection of f5 yields (2f;5 — fo — f4) and projection on f; yields (2fy

— fa — f3). Neither of these functions are orthogonal to the first, but a combination of the two (2fs — fo — f1) — (2f4
— f2 — f3) yields a function which is orthogonal to the first.

- . 1
Normalization yields: ¢9or = —

7 (fs = fa) \

iii. The H 1s orbitals generate the following reducible representation:

D3y, E 203 302

Op 253 3Uv
T

(22.2.6.86)
W 3 0 1 3 0 1

(22.2.6.87)
This reducible representation reduces to 1A4] and 1E' irreducible representations exactly like part ii. and in addition
the projectors used to find the SALC-AOs for these irreducible representations is exactly analogous to part ii.

$2a; = %(ﬁs + fo + f1)
$3er = LG(Qfs — fo — fr).

P = L(f6 - fr).
2

7
So, there are 145,24} and 2E' orbitals. Solving the Hamiltonian matrix for each symmetry block yields
A5 Block:

Hioy1a, = / f1H frdr (22.2.6.88)
= Qapr (22.2.6.89)
= -85 (22.2.6.90)

A7 Block:
H [tk fat fOH—ft fat i) U retitar+ [
Ly = —_— —_— T = —_ T A
Larsle 73 2 3 4 73 2 3 4 3 241 ]2 2
" [ ntiprs [ agair+ [ ptpars
+ /f4Hf2dT+ /f4Hf3dT+ /f4Hf4d7']
1
3 [asp2 +0+04+0+ age + 040+ 0+ age] = oy
H [ et fa+ fOH—fs+ fat fi)d 5| ntgsdr+
Lo 2ar = —(J2 3 1) —=(J5 6 7)aT = Y 24 J5aT
’ V3 V3 3
" [ nttgsar+ [ sabtsadr + [ pttpars
" [ ittgsar+ [ futtgoar+ [ futtpar
1
= g [531)275 +0+0+0+ 551)273 +0+0+0+ ﬁspzfs] = Bsp2fs
H [ Sths+ fo+ == (fs+ o+ o) U fottgsar + [ gt
al’s%al’ T = = 7)0T = By T T-
2,17,2, \/5 5 6 7 \/5 5 6 3 5 5 5 6
+ [ fettgsar+ [ futtsodr+ [ futtpars
+ /f7Hf5dT+/f7Hf6dT+/f7Hf7dT]

E[as+0+0+0+a5+0+0+0+a5]:as
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This matrix eigenvalue problem then becomes:

\befin{align}

’ Fepic Popi—s ‘ (22.2.6.103)
Bspzfs Qs — €
&=&0\
—10.7—€ —-3.5
22.2.6.104
‘ -3.5 —13.6 —¢ ‘ ( )
& = & 0 \end{align}
Solving this yields eigenvalues of:
| —15.94 —8.36 | (22.2.6.105)
and corresponding eigenvectors:
—0.5555 —0.8315
(22.2.6.106)
—0.8315 0.5555
E' Block:
This 4x4 symmetry block factors to two 2x2 blocks: where one 2x2 block includes the SALC-AOs
¢ L (2f— fs— fa) (22.2.6.107)
e = = 2 J3— J4 «4.0.
NG
1
b= —=(2fs— fo— fr), (22.2.6.108)
V6
and the other includes the SALC-AOs
) ! (fs— fa) (22.2.6.109)
e = —\J3—J4 -2.0.
V2
1
o= —=(fs—fr) (22.2.6.110)
V2

Both of these 2x2 matrices are identical to the A;' 2x2 array and therefore yield identical energies and MO coefficients.
This results in an orbital energy diagram:

-8.36 a'e'

-15.94 a,e'

For the ground state of BH3 you would fill the bottom level (B-H bonding), a; and €' orbitals, with 6 electrons.
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Y
5. a. The two F p orbitals (top and bottom) generate the following reducible representation:
Dgh E 203 302 Op 253 30'1; (22.2.6.111)
r, 2 2 0 0 0 2 (22.2.6.112)
This reducible representation reduces to 14; and 147 irreducible representations.
Projectors may be used to find the SALC-AOsfor these irreducible representations.
é L (fi— ) (22.2.6.113)
a = —=\J1—J2 -4.0.
V2
1
ba,=  —=(fi+f2) (22.2.6.114)
V2
5. b. The three trigonal F p orbitals generate the following reducible representation:
Dy, E 205 3C, o, 255 30, (22.2.6.115)
r, 30 1 3 0 1 (22.2.6.116)

This reducible representation reduces to 14 and 1E' irreducible representations.
Projectors may be used to find the SALC-AOs for these irreducible representations (but they are exactly analogous to the
previous few problems):

bo; = %(fg + fa+ f5) (22.2.6.117)
Per = %(2/‘3 —fa—1s) (22.2.6.118)
Per = %(ﬂ; — fs). (22.2.6.119)
5. c. The 3 P sp? orbitals generate the following reducible representation:
Dy, E 203 3C, on 255 30, (22.2.6.120)
r, 30 1 3 0 1 (22.2.6.121)

This reducible representation reduces to 1A4] and 1E' irreducible representations. Again, projectors may be used to find the
SALC-AOs for these irreducible representations.(but again they are exactly analogous to the previous few problems):
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ba; = ig(fe + fr+ fs) (22.2.6.122)
1

o= —Q2fs—fr— 22.2.6.123

¢ \/6( fo— fr— fs) ( )

G = %(ﬁ — fs). (22.2.6.124)

The leftover P p, orbital generate the following irreducible representation:

Dy, E 203 3Cy oy 29, 30, (22.2.6.125)
r, 1 1 —1 —1 —1 1 (22.2.6.126)
This irreducible representation is an AJ
¢a§’ = fo.

Drawing an energy level diagram using these SALC-AOs would result in the following:

___a'y
&
11
— d 5
e
|| a‘l
] 1 e
| a'
—_— 2
Il a’]

This page titled 22.2.6: vi. Problem Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.3.1: i. Review Exercises

Q1

For the given orbital occupations (configurations) of the following systems, determine all possible states (all possible
allowed combinations of spin and space states). There is no need to form the determinental wavefunctions simply label
each state with its proper term symbol. One method commonly used is Harry Grays "box method" found in Electrons and

Chemical Bonding.

a.)  CH, 1a?2a?1b23a]1b}
b.) B, 10310320317@327@&
c.) Os 10‘310‘220‘320’217Ti30‘31ﬂ'3
d.) Ti  15%2522p®3s23pS4as?dtad’
e.) Ti 1522522p535%3p545%3d?

22.3.1.1)
22.3.1.2)

(
(
(22.3.1.3)
(22.3.1.4)
(22.3.1.5)

This page titled 22.3.1: i. Review Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack

Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.3.2: 11. Exercises

Q1

Show that the configuration (determinant) corresponding to the Li*1s(a)1s(a) state vanishes.

Q2

Construct the 3 triplet and 1 singlet wavefunctions for the Li*1s'2s! configuration. Show that each state is a proper eigenfunction
of §% and S, (use raising and lowering operators for S2)

Q3

Construct wavefunctions for each of the following states of CH, :

a.) 'B1(171251 15530 1) (22.32.1)
by Bi(1%,2215,3L11) (22.3.2.2)
c) 14,(12,22,1%,3%) (22.3.2.3)

Q4

Construct wavefunctions for each state of the 162262302172 configuration of NH.

Q5

Construct wavefunctions for each state of the 1s'2s'3s! configuration of Li.

Q6

Determine all term symbols that arise from the 1s22522p?3d' configuration of the excited N atom.

Q7

Calculate the energy (using Slater Condon rules) associated with the ep valence electrons for the following states of the C atom.

L3P(Mp=1,Mg=1),

. 3P(My = 0, Mg = 0),

iii. 1S(My = 0, Mg = 0), and
iv. \D(M} = 0, Ms = 0).

Q38

Calculate the energy (using Slater Condon rules) associated with the = valence electrons for the following states of the NH
molecule.

i. 1AMy =2, Mg = 0),

ii. IE(ML = 07 MS = 0), and

iii. 3%(Mp = 0, Mg = 0).
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This page titled 22.3.2: ii. Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 326 (22.3.2.2)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/22%3A_Problems/22.03%3A_Electronic_Configurations%2C_Term_Symbols%2C_and_States/22.3.02%3A_ii._Exercises
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTextS“'

22.3.3: 1ii. Problems

Q1

Let us investigate the reactions:

i. CHy(*A))—  Hy+C,and (22.3.3.1)
ii. CHy(®B)) =  Hy+C, (22.3.3.2)

under an assumed Cs, reaction pathway utilizing the following information:

29 2 keal/mole 327 keal/mole
C atom: 3p - ID . 1g

C(°P)+ Ha — CH»(°B;) AE =-78.8 kcal/mole
C(ID) + Hy — CH('A;) AE = -97.0 keal/mole
IP (Hy) > IP (2s carbon).

a. Write down (first in terms of 2p, o _; orbitals and then in terms of 2p,, . orbitals) the:

i. three Slater determinant (SD) wavefunctions belonging to the 3P state all of which have Mg =1,
ii. five D SD wavefunctions, and

iii. one 'S SD wavefunction.

b. Using the coordinate system shown below, label the hydrogen orbitals 4,0, and the carbon 2s, 2p,, 2p,, sp., orbitals as
a1, bi(x), by(y), or as. Do the same for the o, o, ¢, o*, n, and p, orbitals of CH,.

c. Draw an orbital correlation diagram for the CH; — H, + C reactions. Try to represent the relative energy orderings of the
orbitals correctly.

d. Draw (on graph paper) a configuration correlation diagram for CH,(3B;) — H» + C showing all configurations which arise from
the C(3P) + H, products. You can assume the doubly excited configurations like much (~180 kcal / mole) above their parent
configurations.

e. Repeat step d. for CH,(*A;) — H, + C again showing all configurations which arise from the C(! D) + H, products.

f. Do you expect the reaction C(®P) + H, — CH, to have a large activation barrier? About how long? What state of CH, is
produced in this reaction? Would distortions away from C5, symmetry be expected to raise of lower the activation barrier? Show

how one could estimate where along the reaction path the barrier top occurs.

g. Would C(1D) + H, — CH, be expected to have a larger or smaller barrier than you found for the 3 PC reaction?
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Q2

L ]
M

N

oy . J"— . .

The decomposition of the ground-state single carbene, £=\ , to produce acetylene and 'D carbon is known to occur with an
activation energy equal to the reaction endothermicity. However, when triplet carbene decomposes to acetylene and ground-
state (triplet) carbon, the activation energy exceeds this reaction's endothermicity. Construct orbital, configuration, and state
correlation diagrams which permit you to explain the above observations. Indicate whether single configuration or configuration

interaction wavefunctions would be required to describe the above singlet and triplet decomposition processes.

Q3

We want to carry out a configuration interaction calculation on H2 at R=1.40 au. A minimal basis consisting of normalized 1s
Slater orbitals with £=1.8 gives rise to the following overlap (S), one-electron (h), and two-electron atomic integrals:

(154]185) = 0.753 = S,
(1S4|R|1s4) = —1.110, (1S5|h|S4) = —0.968,
(18,4184 |h|154154) = 0.625 = (AA|AA)
(AA|BB) = 0.323, (AB|AB) = 0.504, and
(AA|AB) = 0.426.

a. The normalized and orthogonal molecular orbitals we will use for this minimal basis will be determined purely by symmetry:
oy — (1S4 +1SB) a
V2 +28
(1S4 — 185)
V2 +28

nd

Oy =

Show that these orbitals are indeed orthogonal.
b. Evaluate (using the one- and two- electron atomic integrals given above) the unique one- and two- electron integrals over
this molecular orbital basis (this is called a transformation from the ao to the mo basis). For example, evaluate , , , ect.

+
c. Using the two ! 3~ configureations 03, and o2, show that the elements of the 2x2configuration interaction Hamiltonian matrix
g

are -1.805, 0.140, and -0.568.

d. Using this configureation interaction matrix, find the configuration interaction (CI) approximation to the ground and excited
state energies and wavefunctions.

e. Evaluate and make a rough sketch of the polarized orbitals which result from the above ground state crg and o2 CI
wavefunction.

This page titled 22.3.3: iii. Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.3.4: iv. Review Exercise Solutions

Q1

a. For non-degenerate point groups one can simply multiply the representations (since only one representation will be obtained):

a1 ®b =b

Constructing a "box" in this case is unnecessary since it would only contain a single row. Two unpaired electrons will result in
a singlet (S=0, Ms=0), and three triplets (S=1, Mg=1, S=1, Ms=0, S=1, Mg = —1). The states will be: >B;(Mg=1), 3B;(Mg = 0),
(*3B_1(M_S=-1\)), and ' B, (M3 = 0).

b. Remember that when coupling non-equivalent linear molecule angular momenta, one simple adds the individual Lz values and
vector couples the electron spin. So, in this case (17.27l), we have M values of 1+1, 1-1, -1+1, and -1-1 (2,8,8, and -2). The term

U

symbol A is used to denote the spatially doubly degenerate level (M} = +2) and there are two distinct spatially non-degenerate
levels denote by the term symbol > (M = 0). Again, two unpaired electrons will result in a singlet (S =0, Mg = 0), and three
triplets (S=1, Mg=1; S=1, Mg=0; S=1, Mg = —1). The states generate are then:

YA (M = 2); one states (Mg = 0),
A (M = —2); one states (Mg = 0),
3A (M = 2); one states (Mg =1, 0, and -1),
SA (M = —2); one states (Mg = 1, 0, and -1),
YA (M = 0); one states (Mg = 0),
YA (My, = 0); one states (Mg = 0),
3A (M = 0); one states (Mg =1, 0, and -1), and

3A (M, = 0); one states (Mg =1, 0, and -1)

c. Constructing the "box" for two equivalent = electrons one obtains:

M 2 1 4]
Mg
] Feypoemoyal
0 briam Bl riam-1Bl,
l7e_poemey Bl

From this "box" one obtains six states:

YA(Mg = 2); one state (Mg = 0),
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A(Mp = —2); one state (Mg = 0),
LA(My, = 0); one state (Mg = 0),

3A(M = 0); three states (Mg = 1, 0, and -1),

d. It is not necessary to construct a "box" when coupling non-equivalent angular momenta since the vector coupling results in a
range from the sum of the two individual angular momenta to the absolute value of their difference. In this case, 3d'4d', L=4, 3,
2,1, 8, and S=1, ®. The term symbol are: 3G,'G3FLF3D'D3 P! P> S, and 'S. THe L and S angular momenta can be vector
coupled to produce further splitting into levels:

J=L+S.. [L-8

Denoting J as a term symbol subscript one can identify all the levels and the subsequent (2J + 1) states:

3G5 (11 states),
3Gy (9 states),
3G (7 states),
1G4 (9 states),
3Fy (9 states),
3Fs (7 states),
3Fy (5 states),
LF3 (7 states),
3Ds (7 states),
3Dy (5 states),
3Dy (3 states),
1D, (5 states),
3P, (5 states),

3P) (3 states),
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3Py (1 states),
1P (3 states),
355 (3 states), and

1Sy (1 states).

e. Construction of a "box" for the two equivalent d electrons generates (note the "box" has been turned side ways for convenience):

Mg 1 0
ML
4 \dacxd il
3 |d2ﬂ.d|ﬂ| |d2ﬂd]ﬁ|, |d.1ﬁd.]l’i|
2 ldocdgatl Idacedpfl, Idafdoal,
Idycd Bl
1 |d]l.')‘.d.[jf1|, |d2l'1d_]l.".(| |d|ﬂd|]ﬁ|, |d.]ﬁd|]01|,
Idzced 131, Idofid-jal
0 |d20‘.d_2(1| 5 |-E]'| l“.'_-lj_ 1 el |d2ﬂd_2ﬁ| . |d1ﬁ d_zl’)‘.l,
|d|rld_]ﬁ|, |d.]Bd._]D‘.|,
ldgaedopl

The term symbols are: 'G, 3F, 'D, 3P, and !S. The L and S angular momenta can be vector coupled to produce further splitting
into levels:

1@, (9 states),

3Fy (9 states),

3Fy (7 states),

3Fy (5 states),

1Dy (5 states),

3Py (5 states),

3P; (3 states),

3Py (1 states), and

1Sy (1 states).
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22.3.5: v. Exercise Solutions

Q1

Constructing the Slater determinant corresponding to the "state" 1s(a)ls(«) with the rows labeling the orbitals and the columns
labeling the electrons gives:

B 1 |1sa(l) 1sa(2)

[Lsalsa| = 72 1sa(1) asa(Z)‘ (22.3.5.1)
= % (Isa(1)lsa(2) — 1sa(1)1sa(2)) (22.3.5.2)
= 0 (22.3.5.3)

Q2

Staring with the Mg = 1 38 state which in a "box" for this M = 0, Mg = 1 case would contain only one product function; [1sa2sa|)
and applying S_ gives:

SIS(S=1,Ms=1)= /10 +1)— 11— DAS(S = 1,Ms = 0) (22.3.5.4)
= W2'S(S=1,Ms=0) (22.3.5.5)
= (S—(1) + 5-(2)) |1sa2sa| (22.3.5.6)
= S_(1)|1sa2sa| + S_(2)|1sa2sc| (22.3.5.7)

1 /1 1 /1
- h\/§ (5 + 1) -3 (5 - 1) [[1sB2sa-+|Lsa2s]] (22.3.5.8)
= h(|1sB2sal + |1sa2sf]) (22.3.5.9)
So, W2 S(S=1,Ms=0)=  h(|LsB2sal + [Lsa2sh|) (22.3.5.10)
38(S=1,Ms=0) = L (11sB2sa + |1sa2sp|)) (22.3.5.11)
V2
The three triplet states are then:
35(S =1, Ms = 1) = |1sa2sal, (22.3.5.12)
35(S=1,Ms=0) = % (|1sB2sal + [1sa2sf|) , and (22.3.5.13)
38(8 =1, Mg = —1) = |1582s0|. (22.3.5.14)

The single state which must be constructed orthogonal to the three singlet states (and in particular to the 3S(S = 0, M5 = 0) state)
can be seen to be:

1

18(8=0,Mg=0)=—
( 5=0) 7

(I11sB2sal — |1sa2s0)) .

Applying S? and S, to each of these states gives:
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@O0

Sz|lsa2sal

5%|1sa2sa

1
Sz— (|1sB2sa| + |1sa2sf||) =
v (1 |+ I

32% (11sB2sa] + |1sa2sB|)

(Sz(1) + Sz(2)) |1sa2sp|
Sz(1)|1sa2sal + Sz(2)[1sa2sal

h (%) [1sa2sal + h (%) [1sa2sal
h|1sa2sal

(S_S4 + S7 + hSz) [Lsa2sal

= S_S,|1sa2sal 4+ SE|1sa2sal + hSz|1sa2sal
0+ h*[1sa2sal + h?|1sa2sal

2h%|1sa2s0]

(52(1) + 52(2)) —= (158250 + [1sa255)

2
% (S7(1) + S7(2)) [1582sa] + % (S7(1) + S5(2)) [15a258]

(1 (5) ()« 5 3 (3) 4 (1))

1
0h—— (|1sB2sa| + |1sa2sp
7 (I |+ )

S

1
S_S, 4+ 8%+ hS;) — (|1sB2sa| + |1sa2s
(S-84 + 87 + hSz) \/5(‘ |+ )
1
S_Si+— (|1sf2a| + |1sa2sp
+\/§(\ |+ )

(S_(S(1) + S4(2)) |15B2sal + S_ (S+(1) + S (2)) [Lsa2s5)

Sl-

1
— (S_h|1sa2sa| + S_h|lsa2sal)

S

1
ZhE ((S=(1) + S-(2)) |1sa2sal)

1
2h—— (h|1sB2sa| + |h|lsa2sp])
V2 |

2h2% (1sB2sal + |1sa2s|)

S?|1sB2sB| = (S1S-+ S5 —hS4)|1sB2sB|

SZ% (|11sp2sa| — |1sa2s8|) =

= S1S_|1sB2s6|1s62s8| — hSz|1s82sp|
0+ h2|1s82s06| + h2|1582s8|
2h%|1532sp]

(S2(1) + S7(2)) —= (|1582s0| — |1sa253])

[\V]

L (82(1) + 52(2)) [158250] — —= (S4(1) + 5(2)) [1s0255)
NG

% (h (7%) h (%)) 158250 — % (h (%) +h (f%)) 15025

Oh% (1sB2sal — |1sa2sp|)

S

334 (22.3.5.2)
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(
(
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(
(
(
(22.3.5.37

)
)
)
)
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1 1
S2— (1sB2sa| — |1sa2s8|) = S_S,S8L+hSz) — (|1s82sa| — |1sa2sp
7 ( ll ) (S-8.8% + hSz) 7 (I =1 )

= 5LS+L (|11sp2sa| — |1sa2sp|)

V2

b—l%»—n
[\

(S (S4+(1) + 54(2)) [15B2sa] — S_ (S4(1) + S (2)) [Lsa2s8])

= — (S_h|lsa2sa| — S_h|lsa2sal)

9

= 0h—=((5-(1) +52)) [1502sa])

V2

1
= 0h— (h|1sB2sa| — h|lsa2sp
7 (] | — Al )

= OBQ% (|11sB2sa| — |1sa2sp|)

Q3

(22.3.5.42)
(22.3.5.43)
(22.3.5.44)
(22.3.5.45)
(22.3.5.46)
(22.3.5.47)

(22.3.5.48)

a. Once the spatial symmetry has been determined by multimplication of the irreducible representations, the spon coupling is

identical to exercise 2 and gives the result:
1
V2

b. There are three states here (again analogous to exercise 2):
1.)\3a1a1b1a|,

(|3a1a1b1,3‘ — |3a1,6’1b1a\)

1
2.)— (‘3a1041b1ﬁ| —+ ‘3a1,31b104|) s and

V2
3.)[3a181b1 8|

|3a1a3a15|

Q4

As shown in review exercise 1c, for two ewuivalent 7 electrons one obtains six states:
YA(My = 2); one state (Mg = 0),
YA(My, = —2); one state (Mg = 0),
1Z(ML = 0); one state (Mg = 0), and
3 Z(ML = 0); three states (Mg = 1,0, and -1).

(22.3.5.49)
(22.3.5.50)

(22.3.5.51)

22.3.5.52
22.3.5.53
22.3.5.54

22.3.5.55

( )
( )
( )
( )

By inspecting the "box" in review exercise 1c, it should be fairly straightforward to write down the wavefunctions for each of these:

LA(My, = 2); |mam ]
'A(Mp = —2); |mam f]
1

DY (M = 0); — (jmBrial — [mar_18)

V2

3 Z(ML =0,Mg=1);|mar_iq|

Sy (M =0,Ms =0);

1

V2

(|mpr_re] + |miam_18|)

3 Z(ML =0, Mg = —1); |7 fr_1 0|
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(22.3.5.56)
(22.3.5.57)

(22.3.5.58)

(22.3.5.59)

(22.3.5.60)

(22.3.5.61)
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Q5

We can conveniently couple another s electron to the states generate from the 1s'2s! configuration in exercise 2:

38(L=0,8 = 1)with 3s'(L = 0,8 = %)giving :

L=0,5= %, %,4 S(4states)and?S(2states).
1
1S(L =0,8 = 0)with3s' (L = 0,8 = g)giving :
L=0,5= %;2 S(2states).
Constructing a "box" for this case would yield:
M 0

Ms

3 Isa2s03sol

2

% sa2sa3sBl, Nsa2sB3sal, 1sp2saisal

One can immediately identify the wavefunctions for two of the quartets (they are single entries):

15(8 = %,MS = %) : |1sa2sa3sal
i5(8 = % Mg — —g) : |15825835|
. ) 3 3. .
Applying S_ to *S(S = 5’MS = —5) yields:
3 3 373 3573 .\ 3 1
o= gon=di= WITT) 303 o=
S5(5= 5. Ms = 3) 3\2 7" 2 \2 SE =3 Ms=3)
1
- h\/§4S(S:g,MS: )
S_|1sa2sa3sal = h(|1s82sa3sa| + [1sa2sP3sal + |1sa2sa3sp))
. 3 1 1
=2 Mg==)= — (|1 1 1
So, “S(S 5 Ms 2) 7 (|11sB2sa3sal + |1sa2sB3sal + |1sa2sa3sf))
. s 3 3. .
Applying S, to °(S = 3 Mg = —5) yields:
. \ 3 3.
Applying S, to *S(S = 3 Mg = —5) yields:
3 3 3 /3 3.3 .\ 3 1
4 = — = ——) = — | = — | = = — = ——
SLS(S = 5, Ms = —) h\/2 (2+1) 2(2+1> S(5 =2, Ms=—3)
1
= w3'ss= ;,Msz—g)
S1|1sp2s63sp6| = h(|1sa2sB3sp| + |1sp2sa3sf| + [1s82sB83sal)
1 1
So, *S(8 = %, Mg = 75) = % (11sa2sB3sp| + |1sp2sa3sf| + |1s52s83sal)
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(22.3.5.62)
(22.3.5.63)
(22.3.5.64)

(22.3.5.65)

(22.3.5.66)

(22.3.5.67)

(22.3.5.68)

(22.3.5.69)
(22.3.5.70)
(22.3.5.71)

(22.3.5.72)

(22.3.5.73)
(22.3.5.74)
(22.3.5.75)
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Applying S, to (S = g,MS = —%) yields:

It only remains to construct the doublet states which are orthogonal to these quartet states. Recall that the orthogonal
combinations for systems having three equal components (for example when symmetry adapting the 3 sp? hybrids in Cs, or D3,
symmetry) give results of + + +, +2 - -, and ® + -. Notice that the quartets are the + + + combinations and therefore the doublets
can be recognized as:

25(8 = %, Mg = f%) = % (11sB2sa3sa| + |1sa2sB3sa| — 2|1sa2sa3sp|) (22.3.5.76)
28(8 = %, Mg = —%) = % (|11sp2saldsal — |1sa2sB3sal + 0|1sa2saldsp|) (22.3.5.77)
25(8 = %, Mg = —%) = % (|11sa2sB3sB| + |1sB2sa3s8| — 2|1s32s83sa) (22.3.5.78)
28(8 = %, Mg = f%) = % (|11sa2sB3sp] — |1sp2sa3sp| + 0|1s52s83sal) (22.3.5.79)

Q6

As illustrated in this chapter a p? configuration (two equivalent p electrons) gives rise to the term symbols: 3P,! D, and 'S.
Coupling an additional electron (3d') to this p? configureation will give the desired 1522522p%3d! term symbols:

SP(L=1,8=1) with (L =2,5= %)generates; (22.3.5.80)
L=3,21and S= % % with term symbols ‘F,2F*D2D,* P, and %8, (22.3.5.81)
18(L =0,8 =0) with 2D(L = 2,5 = %)generates; (22.3.5.82)
L=2and S= % with term symbol 2D. (22.3.5.83)

Q7

The notation used for the Slater Condon tules will be the same as used in the test:
(a.) zero (spin orbital) difference;

(F+G) = ($ilflgi) + Y (ditilaleid;) — (di6;l916,6:) (22.3.5.84)
i>j
= Z fii + > (gijij — giiie) (22.3.5.85)

i>j

(b.) one (spin orbital) difference (¢, # ¢,;

(F+G)= (dlflow) + D (Sp0ilgldpds) — ($pslaldidy)) (22.3.5.86)
J#pip’
= fwt Y G — Goiw') (22.3.5.87)
JFpip’

(c.) two (spin orbital) differences (¢, # ¢,» and ¢, # ¢y);
(IF+@Gl) (DpBalgldp dq) — (Dpdalgldidp) (22.3.5.88)

9pap'a’ — Gpag~'p’ (22.3.5.89)

(d.) three or more (spin orbital) differences;
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(IF+Gl)=0

i.3P(Mp=1,Ms=1) = |prapya]
(Iprapoa| H|prapoa|) =
Error!. Using the Slater Condon rule (a.) above (SCa):

(|10]H[10]) = f11 + foo + g1010 — G001

. 1
ii.3P(Mp =0, Mg=0) = 7 (Iprap-18] + |p1Bp-10|)

(3P(Mp =0,Mg = 0)|H|>P(My =0, Mg = 0)) =

= % ({lprap-18|H|prap-18]) + {|prop_18/H|p18p-1a|) + {|p1Bp-10|H|

Evaluating each matrix element gives:

(lprap_1B|H|prap_16]) = flata + f-18-18 + g1a-181a-18 — G1a—18-181a(SCA) (22.3.5.92)

= fu+faa1+g1-11-1—0 (22.3.5.93)

(lprap_1B|H|p1Bp-_10) = 9la—1818—1a — Gla—15-1a18(SCc) (22.3.5.94)

= 0O0—gi1-n (22.3.5.95)

([p1Bp1alHlprap 18]) =  g1p-1a1a-18 — 915-1a-161a(SCc) (22.3.5.96)

= 0—g1-1-11 (22.3.5.97)

(Ip1Bp—1a|Hlp1fp-1al) =  fipip+ f-1a—1a + 915-1018-1a — 918-1a—1a18(SCa) (22.3.5.98)

=  fut+faat+tg9-1a-0 (22.3.5.99)

Substitution of these expressions give:

(*P(My, =0,Ms = 0)[H?P(M;, = 0, Mg = 0)) = é (fu+tfaa+guni1—grrnu—gi1ru+fm+faiai+gn

= fu+faa+gin-1—g1-1-n

1
iii. 1S(Mp =0, Mg = 0); — (|poapof| — |prap—18| — [p-1ap18])
V3
1
("S(Mp, =0,Mg=0)|H|'S(ML =0,Ms =0)) = 3 ((|poapoﬂ|H|PoaP05|> — {|lpoapoB|H|prap-10]) - (Ipocepc

+ ([prap—1B|H|prap-16) + {Iprap-18|H|p-11ap18])
- (|[p—10p1B|H|pocpoB) + (|p-1ap1 8l H|prap—18])

+ <|P71ap15|H|P7104p15|>>

Evaluating each matrix element gives:

(|[PoapoS| HIpoapoBl) = foaoa + fos08 + 90a080a08 — G0a0s080a (SCa) (22.3.5.106)
= foo+ foo + goooo — 0 (22.3.5.107)

(IpoapoBlH|prap-1B]) = (Iprap—1B8H|poapos|) (22.3.5.108)
= g0a0fla—18 — J0a0s—181a(SCC) (22.3.5.109)

= gooi-1—0 (22.3.5.110)

(lpoapof|Hlp-1ap1Bl) = (|p-10p1B/H|pocpof|) (22.3.5.111)
= 900081018 — J0a0818—1a(SCc) (22.3.5.112)

= goo-u—0 (22.3.5.113)

(lprap_1B|H|prap_16]) = fiata + f-18-18 + g1a—181a-18 — J10—18-181a(SCa) (22.3.5.114)
= futfaa+gi-n-1—0 (22.3.5.115)

(lprap-1B|H|p-1ap1B]) = (lp—1ap1B|H|prap-18]) (22.3.5.116)
= 91a—B—1a18 — Jla—1813-1a(SCc) (22.3.5.117)

=  g1i-1-u—0 (22.3.5.118)

(lp—10p1BlH|p_10p1B]) =  f-ra-1a + f1618 + 9-1a18-1018 — 9-1a1818-1a(SCa) (22.3.5.119)
= faat+tfutgunu-—0 (22.3.5.120)
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Substitution of these expressions give:
(*S(Mp =0, Ms = 0) |H|'S(M =0, Mg = 0))

1
= 3 (foo + foo + goooo — goor—1 — goo—11 — goor—1 + fu1 + f1 1+ 91111+ 91111 — goo-11 + g1

1
= 3 (2fo0 +2f11 +2f-1-1 + goooo — 490011 +291-11-1 + 291-1-11)

. 1
iv. 'D(M = 0,Ms =0) = 7 (2|poapoB| + |prap—18| + |p—1ap15])

Evaluating (! D(My, =0, Ms = 0)|H|'D(M, = 0, Mg = 0)) we note that all the Slater Condon matrix elements generated are the
same as those evaluated in part iii. (the sign for the wavefunction components and the multiplicative factor of two for one of the
components, however, are different).

(!D (M =0,Ms=0)|H|'D (M =0, Ms = 0))

3 (4fo0 + 4foo + 490000 + 290011 + 2g00-11 + 2g001-1 + f11 + fo1-1 + 91111+ 91-1-11 + 290011 + 91-1-11 + 11+ fui
1

=% (8fo0 4+ 2f11 +2f-1-1 + 490000 + 8goo1—1 + 291-11-1 + 291-1-11)

Q38

i.A(ML =2,M3=0)= \mamﬁ\

(*A (M =2,Ms=0) |H|'A (M =2, Mg = 0)) (22.3.5.127)
= <|7r1a7r1,8|H|7r1a7r1ﬂ\> (2235128)
= fiata + f1818 + 910181018 — 1(SCa) (22.3.5.129)

alphalBlfla
= fuu+ fu+g111 —0 (22.3.5.130)
= 2f11 +gun (22.3.5.131)

i 1Y (M = 0, Mg = 0) = % (jmram 18| — 1 Br1a])

(*Y (M =0,Ms=0)|H*Y_ (M =0,Ms =0))

1
= 3 (|mam_1B|H|miar_1B]) — (|miam_1B|H|m Br_1al) — (|m1 57
Evaluating each matrix element gives:

(|miam_1B|H|mar_18]) = flata + f-18-18 + 910-181a-18 — G1a—18-181a(SCa)

= fu+ fa1+91-11-1—0
(|miar 1 B|H|mpr_1al) = Jla-1616-1a — J1a-15-1a15(SCC)

= 0—g1-1-11
(|mpBr_1a|H|mar_16]) = 0—g1-1-11
(|mBro|H|mBr_1p|) = fi18 + fo1a—1a + 918-1018-10 — G18-1a—1al

fu+fa1+g9-1-1—-0

Substitution of these expressions give:

1
3 (fu+faat+g-na+ga-u+ga-n+fu+faa+yg
= fMm+faa1+tani1+g-1-1

> (Mp=0,Ms =0)|HY (M =0,Ms = 0))
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.35 (M, = 0, Mg = 0) % (jmam_1f] + |mBr_ial)

(> (Mp=0,Mg=0)[H]* Y (Mg =0, Mg = 0))
1
2

Evaluating each matrix element gives:

(|moam_1B|H|mar_18) =  fiala + f-18-18 + G1a—181a-18 — J1a-18-181a(SCa)
= fu+fa1+91-1-1—0
(|mam 1 BlH|mpr_1al) =  gla-1818-1a — 91a—15-1a18(SCc)
= 0—g11-11

fip18 + f-1a—1a + g18-1a18-1a — J15-1a—1a18(SCa)
= fu+fai1+91111-0

<|7T1,6’7r,1a|H|7r1a7r,1a|)

Substitution of these expressions give:
( X (M =0,Mg=0)|H[*Y (M =0,Ms =0))

1
= b) (fu+faa+g-na1—ga-u+fu+faa+gi-n-1)
= fu+faa+gi1—gi1n

= ({|Imar_18|H|mar_18]) + (|mar_1 Bl H|mifr_1al) + (|71 87

22.3.5.145)
22.3.5.146)
22.3.5.147)
22.3.5.148)
22.3.5.149)
22.3.5.150)

Py

(22.3.5.151)

(22.3.5.152)
(22.3.5.153)

This page titled 22.3.5: v. Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack

Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.3.6: vi. Problem Solutions

Q1

a. All the Slater determinants have in common the |1salsf2sa2s8| "core" and hence this component will not be written out

explicitly for each case.

SP(Mp =1,Mg=1)

SP(M, =0,Mg=1) =

L
V2

(ps — ipy)e

SP(Mp = —1.Mg=1)=

[p1apocy]

1 .
|E(pz +ipy)a(p.)al
1
vz

[prap_1cf

(Ipzap.al + ilpyap.al)

1 .
|—2(px +ipy)al

V2

1 . .
5(|pzapza\ — ilpsapyal + ilpyapsal + [pyapyal)

1 .
20— ilpsap,al)

- 7:|sz‘pyO‘|

Ip—1apoc|

| 1
V2
1
V2

(pz - ipy)a(pz)a|

(|p:50¢pz05| - l‘pyapzal)

(22.3.6.1)
(22.3.6.2)

(22.3.6.3)
(22.3.6.4)
(22.3.6.5)

(22.3.6.6)

(22.3.6.7

(22.3.6.8
(22.3.6.9

)
)
)
(22.3.6.10)

(22.3.6.11)

As you can see, the symmetried of each of these states cannot be labeled with a single irreducible representation of the Cs, point
group. For example, |p,ap.a| is xz (B1) and |p,ap.al is yz (B2) and hence the 3P(My, Mg = 1) functions are degenerate for the C
atom and any combination of these functions would also be degenerate. Therefore we can choose new combinations which can

be labeled with "pure" Cy, point group labels.

SP(xz,Mg=1) =
SP(yz, Mg =1) =
SP(yz, Mg =1) =

|pzapza‘
1

V2
|py04p$(l|
1

|pyapza|
1

/2

—(P(Mp=1,Mg=1)+* P(M, =—1,Mg =1)) = B
7(3P(ML =0,Mg = 1)) =3 Ay

(CP(Mp =1,Ms =1)=* P(M, = —1, Mg =1)) =* B,

Now we can do likewise for the five degenerate ' D states:

@O0
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(
(22.3.6.13)
(22.3.6.14)
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'D(My =2,Ms=0) =

'D(Mp =—2,Ms=0) =

1°(Mp =1,Mg=0) =

DMy =—1,Ms=0) =

'D(My =0,Ms=0) =

|P1a1015|

1 . 1 .
|E(pz + Zpy)aﬁ(pz + Zpy)ﬂl

1 . .
5(\Pz04pxﬁ| + Z‘pzapym + Z‘pyapzm - ‘pyapym)
[p—1ap-16|

L(pz - ipy)ai(pz - Zpy)ﬂl

V2 V2

1 , .
5(\pmapmﬁ| — i|psapyB| — i|pyap. 8| — [pyapyBl)

L (poap1Bl — Ipofpral)

V2

1 1 . 1 i
- (|<pz>aﬁ<pz +in,)8l = |95+ zpy>a|)

1 . .
5(‘pzapzm + 'L|pzapy13‘ - |pzﬂpza| - Z‘pzﬁpya‘)

L (Ipoap_15] — IpoBpsal)

V2

1 1 . 1
- (|<pz>aﬁ<pz ~in)Al = (p) =

1 . .
5(\pzapxﬁ\ —ip.apyB| — [p-Bp.al + |i|p.Lpyal)

(pz — ipy)a|>

1
— (2|poapoB| + Iprap 18] + [p-10p18])
V6
= (20002814 12 0+ im0 — 1981 + | 5~ im)a—= (0 + i)
= P.QP; =Pz T WPy )O—=Pz — 1P, = —ipy)a——=(pz + ip
V6 \/5 VG) ! \/5 ! \/— !
1 . .
\/6 (2|pzapzﬁ| + = (|pzapzm |pzapym + 7/|pyapz,8‘ + |pyapyﬂ‘) + 5(|pzapz,8‘ + 1|pzapy13‘
1

V6

Analogous to the three 3p states we can also choose combinations of the five degenerates ' D states which can be labeled with
"pure" Cs, point group labels:

The only state left is the 1S:

@O0

'D(zz —yy, Ms =0) = |peap.f| — [pyap,f] (22.3.6.34)
= (DM =2 Ms=0)+' DM, =—2,Ms=0)) =" 4; (22.3.6.35)
'D(yz, Mg = 0) = |pzapyB] + |pyap. B (22.3.6.36)
1
= 7(1D(ML =2, Mg=0)-! DM, =—-2,Mg=0)) = 4, (22.3.6.37)
1D(za:,Mg =0) = |papyB| — |p-Bpyal (22.3.6.38)
=  (!\D(Mp=1,Mg=0)+' DM, =—-1,Msg=0)) =' B, (22.3.6.39)
1D(zy, Mg =0) = |p-apyB| — |p-Bpyal (22.3.6.40)
= l 'D(Mp =1,Msg=0) - D(My = —1,Ms =0)) =! By 22.3.6.41
1
1
'D(22z + xz + yy, Ms = 0) = %(ﬂpzapzﬁl + |psap.B| + |pyapyBl)) (22.3.6.42)
= DMy =0,Ms=0) =4, (22.3.6.43)
'S(Mp =0,Ms=0) = —(\poapoﬁ\ [prap-18| — [p-1ap1|)
\/5
= (Inewsl— 1+ o~ )81 |0~ im)a—os + )81
\/g z z \/5 T Y \/5 T Y \/5 \/5 T Y
1 1 1
= % <|Pz0épz5| - §(|Px0lpzm |pxapum + 1|Py04pz5\ + |py0épy5\)5(\PzOépx5| + Z‘pzapym - Z‘p1
1
= —=(p:ap.Bl — pzap.Bl — |pyap,Hl)
\/5 Y Y
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Each of the componenets of this state are A; and hence this state has A; symmetry.

b. Forming SALC-AOs from the C and H atomic orbitals would generate the following:

His+Hjy=0,=2; H;-Hj;=0,=b;

%@ﬁa-%?w’

Czp'b2 Czp'bJ

The bonding, nonbonding, and antibonding orbitals of CHp can be illustrated in the

following manner:

o=a P1-bl

%’@39@

o*=b,

Orbital-correlation diagram for the reaction C + H, ---—--> CH, (bent)

oy(by) b,(antibonding)
_ - -=""a,(antibonding)

2p,b)  2p,(b) zp,@;) ----- e
e~ . 1(213‘1)
2s(ay) T Rl T aj(non bonding)
bz(bondmg)
it " "a,(bonding)
Ug(al)
C+H, CH, (bent)

d. - e. It is necessary to determine how the wave functions found in part a. correlate with states of the CH, molecule:
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3P(xz, Mg =1);*B; = Uzszpzpz — sigma’n’pro (22.3.6.48)
SP(yz, Mg =1);3 Ay = 035217110;, — o’n’pgo (22.3.6.49)
3P(yz, Mg =1);3 By = 0352pypz —s o?n’oc” (22.3.6.50)
'D(zz — yy, Mg = 0);' A} — o?n’p? — o?n?c? (22.3.6.51)
'D(yx, Mg = 0);* Ay — on?op, (22.3.6.52)
'D(zz, Mg = 0);' B — 0°n%c p, (22.3.6.53)
'D(zy, Mg = 0);! By — o’n’c’o (22.3.6.54)
'D(22z + zx + yy, Mg = 0);' A; — 20?002 + o’n’p2 + o°n’o” (22.3.6.55)

Note, the C + H, state to which the lowest 'A,(c°n*0*)CH, state decomposes would be o7s’p;. This sate (02s*p;) cannon be
obtained by a simple combination of the ! D states. In order to obtain pure 0332115) cannon be obtained by a simple combination
of the ' D states. In order to obtain pure o7s’p; it is necessary to combine 'S with 'D. For example,

g

o2s2p? = % (\/EID(o,o) —2v3'5(0, 0) - % (*D(2,0) +! D(~2,0)).

This indicates that a CCD must be drawn with a barrier near the ' D asymptote to represent the fact that ' A; CH, correlates with
a mixture of 1D and 'S carbon plus hydrogen. The C + H, state to which the lowest 3B, (0?no?p,)CH, state decomposes would
be o2sp?p,.

g Y

3 2 2
B;(on"o%p )
A e

2 2
0, 5Py P

co('D) +H,
1o, 1, 1, 1
By Ay Ay Ay By)
2
J}32(0 cmzo*)

29.2 Kcal/mole

c’p)+H,

35 3. 3 -
(B "By Az) -~

78.8 Kcal/mole

979 Kcal/mole

3 22
By(c'o'np,)

f. If you follow the *B; component of the C(*P) + H, (since it leads to the ground state products) to 3B;CH, you must go over
an approximately 20 Kcal/mole barrier. Of course this path produces 3B;CH, product. Distortions away from C,, symmetry, for
example to C — s symmetry, would make the a; and by orbitals identical in symmetry (a'). The b; orbitals would maintain their
identity group going to a" symmetry. Thus ®B; and 4, (both 34 ” in C, symmetry and odd under reflection through the molecular
plane) can mix. The system could thus follow the 34, component of the C(3P) + H, surface to the place (marked with a circle on
the CCD) where it crosses the 3B, surface upon which it then moves and continues to products. As a result, the barrier would be
lowered.

You can estimate when the barrier occurs (late or early) using thermodynamic information for the reaction (i.e. slopes and
asymptotic energies). For example, an early barrier would be obtained for a reaction with the characteristics:
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Energy - hES

Progress of Reaction

and a late barrier would be obtained for a reaction with the characteristics:

Energy 7

Progress of Reaction

This relation between reaction endothermicity or exothermicity is known as the Hammond postulate. Note that the C(3P;) + H;
— C'H, reaction of interest here (see the CCD) has an early barrier.

g. The reaction C(!D) + Hy — CH,(' A;) should have no symmetry barrier )this can be recognized by the following the ' A;(C('D)
+ H,) reactants down to the !A;(CH,) products on the CCD).

Q2

This problem in many respects is analogous to problem 1.

The ®B; surface certainly requires a two configuration CI wavefunction; the o?o?np, (’p2sp,) and the o?n2po” (72s%p,p,). The
1A, surface could use the sigma®s?n’*(n?s?p2) only but once again there is n combination of ' D determinants which gives purely
this configuration (%s?pZ). Thus mixing of both 'D and 'S determinants are necessary to yield the required pis?p2 configuration.

Hence even the ' A; surface would require a multiconfigurational wavefunction for adequate description.

‘ + C — > | ~c:
C® y
H b2
X
Orbital-correlation diagram for the reaction C,H, + C ----- > C3H,y

- - ===~ "b,(antibonding)o*cc
-=" _~~"aj(antibonding) 0¥

=~ ~_ _by(bonding)o
a;(bonding) occ

GH, +C GH,

Configuration correlation diagram for the reaction C;H; + C ---> C3Hj.
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22 3 2 2
nspy P, B B, (c'n o%p )
2
3Bz(q cnlo*)
/”
3 2 2
A,(0 on )
c('D) + C,H, S P
22 21
TS Py A 3
Ea Bl

CCP) + G, H,

E, >AE (for “B;)

Q3
a.
(oglog) =
(oglow) =
(oul) =
b.

@O0

22 3
TS PxPy B]
22 3
“25 pxpy AZ

2 3
TS pypz B2

(

1
2428

AE B,

3 2 2
Bi(conpy)

~ 22
E, = AE (for 'A;) A (6f o))

1sg+1sp|1sa + 1sp

)

V2425 | V2428

(0.285)((1.000) + (0.753) + (0.753) + (1.000))

0999 ~ 1

1sg+ 1sp|1sg — 1SB>
V2425 1 V2-28
<1SA‘1SA> + <1SA|1SB> + <1SB|18A) + <183|183>
V2+25v2—-28
(1.434)(0.534)((1.000) — (0.753) + (0.753) — (1.000))
0

(

<15A — 183 18A*1.SB>
vV2—-25 | V/2-28
<18A‘18A> — <1SA|1SB> — <1SB|].8A) + <1SB|183>
2—28

(2.024)((1.000) — (0.753) — (0.753) + (1.000))
1.000

346 (22.3.6.6)

(<1SA|].SA> + <].SA|].SB> + <].SB|1SA> + (1.SB|1SB>)

(22.3.6.56)

(22.3.6.57)

(22.3.6.58)
(22.3.6.59)

(22.3.6.60)

22.3.6.61

22.3.6.63

( )
(22.3.6.62)
( )
(22.3.6.64)
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(o4lhlog)

(oulh|ow)

(o404lhlogo,)

(gulgu) =

. <1SA+1SB 1s4+ 1sp
V2428 V2+28
B (1sa|h|lsa) + (1sa|h|lsp) + (1splh|1sa) + (1sp|h|lsp)
B 2425
= (0.285)((~1.110) + (—0.968) + (—0.968) + (—1.110))
= —1.184
_ <1SA—1SB 15A_15B>
V2—-28 V2—28
B (1sa|h|lsa) — (1sa|h|lsg) — (1sp|h|1sa) + (1sp|h|lsp)
B 2—25
= (2.024)((—1.110) + (0.968) + (0.968) + (—1.110))
= —0.575
= loslee) = 5555
A N TR Y

<(1SA + 183)(18,4 =+ 183)(1SA + 183)(1SA + 183)
m(mmm) + (AA|AB) + (AA|BA) + (AA|BB) + (AB|AA) + (AB|AB) + (AB|BA) + (AB.

(BA|AA) + (BA|AB) + (BA|BA) + (BA|BB) + (BB|AA) + (BB|BA) + (BB|BA) + (BB|BB))
= (0.081)((0.625) + (0.426) + (0.426) + (0.323) + (0.426) + (0.504) + (0.323) + (0.426)+

(0.426) + (0.323) + (0.504) + (0.426) + (0.323) + (0.426) + (0.426) + (0.625))
= 0.564

1 1

2—-282-28

((1sg — 1sp)(1sa — 1sp)|(lsa — 1sp)(1sa — 1sp))
= ﬁ((AAMA) — (AA|AB) — (AA|BAY(AA|BB) — (BA|AA) + (BA|AB) + (BA|BA) — (BA|BB
(BA|AA) + (BA|AB) + (BA|BA) — (BA|BB) + (BB|AA) — (BB|AB) — (BB|BA) + (BB|BB))
(4.100)((0.625) — (0.426) — (0.426) + (0.323) — (0.426) + (0.504) + (0.323) — (0.426)—
(0.426) + (0.323) + (0.504) — (0.426) + (0.323) — (0.426) — (0.426) + (0.625))
= 0.582

1 1
2425 2-25

((1sg+ 1sp)(1sg + 1sp)|(1s4 — 1sp)(1s4 — 1sp))
1 1

22.3.
22.3.

—_— 22.3.
2425 2-25 3

(
(
(
((AA|AA) — (AA|AB) — (AA|BA) + (AA|BB) + (AB|AA) — (AB|AB) — (AB|BA) + (AB|BB)+  (22.3.
+ (BA|AA) — (BA|AB) — (BA|BA) + (BA|BB) + (BB|AA) — (BB|AB) — (BB|BA) + (BB|BB)) (22.3.
(0.285)(2.024)((0.625) — (0.426) — (0.426) + (0.323) + (0.426) — (0.504) — (0.323) + (0.426)+ (22.3.
(
(
(

+ (0.426) —(0.323) — (0.504) — (0.426) +(0.323) — (0.426) — (0.426) + (0.625) 22.3.

0.140 22.3.
! L 22.3

2+252-25 -

<(18A + 183)(1SA — ].SB)(LSA + 153)(18A — 1SB)> (22.3,
1 1

2+252-28 (22.3.6

((AA|AA) — (AA|AB) + (AA|BA) — (AA|BB) — (AB|AA) + (AB|AB) — (AB|BA) + (AB|BB)  (22.3.6
+ (BA|AA) — (BA|AB) + (BA|BA) — (BA|BB) — (BB|AA) + (BB|AB) — (BB|BA) + (BB|BB)) (22.3.6

(0.285)(2.024)((0.625) — (0.426) + (0.426) — (0.323) — (0.426) + (0.504) — (0.323) + (0.426)+... (22.3.6
..+ (0.426) — (0.323) + (0.504) — (0.426) — (0.323) + (0.426) — (0.426) + (0.625)) (22.3.6
0.557 (22.3.6

Note, that (gg|gu) = (uu|ug) = 0 from symmetry considerations, but this can be easily verified. For example,

@O0
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1 1
(99lgu). = (22.3.6.10¢
V2+2S ,/(2—25)3
((1s4 + 1sp)(1s4 + 1sp)|(1sa + 1sp)(1sa — 1sp)) (22.3.6.10"
1 1

_ (22.3.6.10¢
V2125 (2 25)°
((AA|AA) — (AA|AB) + (AA|BA) — (AA|BB) (22.3.6.10¢
(AB|AA) — (AB|AB) + (AB|BA) — (AB|BB)+ (22.3.6.11(
(BA|AA) — (BA|AB) + (BA|BA) — (BA|BB)+ (22.3.6.111
(BB|AA) — (BB|AB) + (BB|BA) — (BB|BB)) (22.3.6.11¢
(0.534)(2.880)((0.625) — (0.426) + (0.426) — (0.323) + (0.426) — (0.504) + (0.323) — (0.426)+... (22.3.6.11:
+(0.426) — (0.323) + (0.504) — (0.426) + (0.323) — (0.426) + (0.426) — (0.625)) (22.3.6.11
(

= 0.000 22.3.6.11¢

c. We can now set up the configuration interaction Hamiltonian matrix. The elements are evaluated by using the Slater-Condon
rules as shown in the text.

Hy = (0g400,6|H|og0048) (22.3.6.116)
= 2f0'50'g + 9o,0,040, (2236117)
= 2(—1.184) + 0.564 = —1.804 (22.3.6.118)
Hy = Hiy = (o4a0,08|H|oy00,f) (22.3.6.119)
= 9o,040,0, (2236120)
= 0140 (22.3.6.121)
Hyy = (owaoyB|H|oyao,B) (22.3.6.122)
= 2fo0. T Gouriouon (22.3.6.123)
2(—0.575) 4 0.582 = —0.568 (22.3.6.124)
d. Solving this eigenvalue problem:
—1.804 —¢ 0.140
- 0 (22.3.6.125)
0.140 —0.568 — ¢

(—1.804 — ¢)(—0.568 —¢) — (0.140)> = 0 (22.3.6.126)
1.025 + 1.804¢ + 0.568¢ + ¢ — 0.0196 = 0 (22.3.6.127)
€2 4+2372+1.005= 0 (22.3.6.128)

—2.372 + 2.372)2 — 4(1)(1.005
€= V/(2:372)2 — 4(1)(1.005) (22.3.6.129)

(2)(1)
—1.186 + 0.634 (22.3.6.130)
—1.820, and — 0.552. (22.3.6.131)
Solving for the coefficients:
—1,804 —¢ 0.140 C, 0
= (22.3.6.132)
0.140 —0.568 — ]| |Cy (0]

For the first eigenvalue this becomes:
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1.804 + 1.820 0.140 C 0
= 22.3.6.133
[ 0.140 —0.568 + 1.820} [CJ [0} ( )
0.016 0.140] [Cy 0
= 22.3.6.134
ovao 125 ez = o (226130
(0.140)(C}) + (1.252)(Cy) = 0 (22.3.6.135)
Cy = —8.943C, (22.3.6.136)
C? 4 C} = 1(from normalization) (22.3.6.137)
(—8.943Cy)% +C; =1 (22.3.6.138)
80.975C% = 1 (22.3.6.139)
Cy =0.111,C; = —0.994 (22.3.6.140)
For the second eigenvalue this becomes:
—1.804 + 0.552 0.140 Ch 0
= 22.3.6.141
[ 0.140 —0.568 + 0.552} [C’J M ( )
—1.252  0.140 Ch 0
= 22.3.6.142
oo o) lcs) = o (226142
(—1.252)(C1) + (0.140)(Cy) (22.3.6.143)
C1 =0.112C, (22.3.6.144)
C?+ C} =1 (from normalization) (22.3.6.145)
(0.112C,)2 + C3 =1 (22.3.6.146)
1.0125C2 =1 (22.3.6.147)
Cy =0.994,C; = 0.111 (22.3.6.148)
e. The polarized orbitals, R,, are given by:
R.= o,+ ﬁau (22.3.6.149)
C
0.111
= 22.3.6.1
Ry 0991°" (22.3.6.150)
R.=  0,+0.3340, (22.3.6.151)
R, = o4+ 0.3340, (left polarized) (22.3.6.152)
R_= 0, — 0.3340, (right polarized (22.3.6.153)
g
R, Left Polarized E_ Right Polarized

This page titled 22.3.6: vi. Problem Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.4: MOLECULAR ROTATION AND VIBRATION

il
o o hopic nierareny L1

22.4.1: i. Exercises

22.4.2: ii. Problems

22.4.3: iii. Exercise Solutions
22.4.4: iv. Problem Solutions

This page titled 22.4: Molecular Rotation and Vibration is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.4.1: 1. Exercises

Q1

Consider the molecules CCly, CHCl3, and CH,Cls.

a. What kind of rotor are they (symmetric top, ect; do not bother with oblate, or near-prolate, etc.)

b. Will they show pure rotational spectra?

c. Assume that ammonia shows a pure rotational spectrum. If the rotational constrants are 9.44 and 6.20 cm ™!, use the energy
expression:

E=(A—B)K*+BJ(J+1),

to calculate the energies ( in em™') of the first three lines (i.e., those with lowest K, J quantum number for the adsorbing level) in
the absorption spectrum (ignoring higher order terms in the energy expression).

Q2

The molecule ' B8O has a vibrational frequency w, = 1885¢m ™!, a rotational constant B — e = 1,78cm ™!, and a bond energy from
the bottom of the potential well of DY = 8.28¢V'.

Use integral atomic masses in the following:

a. In the approximation that the molecule can be represented as a Morse oscillaor, calculate the bond length, R, in angstroms,
the centrifugal distortion constant, D. in ¢m ™!, the anharmonicity constant, w.X. in cm ™!, the zero-point corrected bond energy,
Dg in eV, the vibrational rotation interaction constant, a. in cm™', and the vibrational state specific rotation constants,
By and B; in cm™. Use the vibration-rotation energy expression for a Morse oscillator:

1 12
E=  hw, (v + 5) — hw X, (v = 5) + B,J(J +1) — D, J*(J 4 1)?, where (22.4.1.1)
1 —6B>  6y/B3hw. X, 4B
Bv = Be — Qe = ) &e = = : 3 De = ° 22.4.1.2
«@ (v—l— 2) o Fo. + i, and ho? ( )

b. Will this molecule show a pure rotation spectrum? A vibration-rotation spectrum? Assume that it does, what are the energies
(inem 1) of the first three lines in the P branch (Av = +1, AJ = —1) of the fundamental absorption?

Q3

Consider trans-CyH,Cl5. The vibrational normal modes of this molecule are shown below. What is the symmetry of the molecule?
Label each of the modes with the appropriate irreducible representation.
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22.4.2: 1i. Problems

Q1

Suppose you are given two molecules (one is CH; and the other is CH; but you don't know which is which). Both molecules have
C5, symmetry. The CH bond length of molecule I is 1.121 A and for molecule II it is 1.876 A. The bond angle of molecule I is 184°
and for molecule II it is 136°.

Z

R y

S
a. Using a coordinate system centered on the C nucleus as shown above (the molecule is in the YZ plane), compute the moment
of inertia tensors of both species (I and II). The definitions of the componenets of the tensor are, for example:

Le= Y mi(y}+2]) - MY?*+ 2% (22.4.2.1)
J
Ly= =Y mzjy— MXY (22.4.2.2)
J

Here, m; is the mass of the nucleus j, M is the mass of the entire molecule, and X, Y, Z are the coordinates of the center of mass
of the molecule. Use A for distances and amu's for masses.

b. Find the principal moment of interia I,(I,(I. for both compounds ( in amu A? units) and convert these values into rotational
constants A, B, and C in em™! using, for example,

h

B 8n2cl,

c. Both compounds are "nearly prolate tops" whose energy levels can be well approximated using the prolate top formula:
E=(A—B)K*+BJ(J+1),

if one uses for the B constant the average of the B and C valued determined earlier. Thus, take B and C values (for each compound)
and average them to produce an effective B constant to use in the above energy formula. Write down ( in em™! units) the energy
formula for both species. What values are J and K allowed to assume? What is the degeneracy of the level labeled by a given J
and K?

d. Draw a picture of both compounds and show the directions of the three principle axes (a,b,c). On these pictures show the kinf
of rotational motion associated with the quantum number K.

e. Given that the electrical transition moment vector i connecting species I and II is directed along the Y axis, what are the
selection rules J and K?

f. Suppose you are given the photoelectron spectrum of CH, . In this spectrum J; = J; + 1 transitions are called R-branch
absorptions and those obeying J; = J; — 1 are called P-branch transitions , The spacing between lines can increase or decrease
as functions of J; depending on the changes in the moment of inertia for the transition. If spacings grow closer and closer, we
say that the spectrum exhibits a so-called band head formation. In the photoelectron spectrum that you are given, a rotational
analysis of the vibrational lines in this spectrum is carried out and it is found that the R-branches show band head formation but
the P-branches do not. Based on this information, determine which compound I or II is the CH, anion. Explain your reasoning.
g. At what J value (of the absorbing species) does the band head occur and at what rotational energy difference?
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Q2

Let us consider the vibrational motions of benzene. To consider all of the vibrational modes of benzene we should attach a set of
displacement vectors in the x, y, and z directions to each atom in the molecule (giving 36 vectors in all), and evaluate how these
transform under the symmetry operations of Dgy. For this problem, however, let's only inquire about the C-H stretching vibrations.
a. Represent the C-H stretching motion on each C-H bond by an outward-directed vector on each H atom, designated r;:

ryq

t

I
2\ H / e
H H
H H
o T rs
My H
Fq

These vectors form the basis for a reducible representation. Evaluate the characters for this reducible representation under the
symmetry operations of the Dg;, group.

b. Decompose the reducible representation you obtained in part a. into its irreducible components. These are the symmetries of
the various C-H stretching vibrational modes in benzene.

c. The vibrational state with zero quanta in each of the vibrational modes (the ground vibrational state) of any molecule always
belongs to the totally symmetric representation. For benzene the ground vibrational state is therefore of A;;, symmetry. Am
excited state which has one quantum of vibrational excitation in a mode which is of a given symmetry species has the same
symmetry species as the mode which is excied (because the vibrational wave functions are given as Hermite polynomials in the
stretching coordinate). Thus, for example, excitation (by one quantum) of a vibrational mode of A, symmetry gives a wavefunction
of A,, symmetry. To resolve the question of what vibrational modes may be excited by the absorption of infrared radiation we
must examine the x, y, and z componenets of the transition dipole integral for initial and final state wave functions ; and v,
respectively:

[(glalipa)l, [(Wrlylepa)|, and [(y¢|z]ebs)]-

Using the information provided above, which of the C-H vibrational modes of benzene will be infrared-active, and how will the
transitions be polarized? How many C-H vibrations will you observe in the infrared spectrum of benzene?
d. A vibrational mode will be acrive in Raman spectroscopy only if one of the following integrals is nonzero:
K@ lmylva)], [(Wrlzzlva)], [(Wrlyz|ii)l, (22.4.2.3)
(sl i), [(Wrly? i), and [(3s|22[1i)]- (224.24)

Using the fact that the quadratic operators transform according to the irreducible representations:

(2> +9%,2%) = Ay (22.4.2.5)
(zz,y2) = Ey, (22.4.2.6)
(2% —y*, zy) = By, (22.4.2.7)

Determine which of the C-H vibrational modes will be Raman-active.
e. Are there any of the C-H stretching vibrational motions of benzene which cannot be observed in either infrared of Raman
spectroscopy? Give the irreducible representation label for these unobservable modes.
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Q3

In treating the vibrational and rotational motion of a diatomic molecule having reduced mass y, equilibrium bond length re and
harmonic force constant k, we are faced with the following radial Schrédinger equation:
—h? d (TQ dR) J(J+1)h? 1

By —k(r—r.)?R=ER
2ur? dr dr 2ur? R+ 2 (r=re)

N F
a. Show that the substitution R = — leads to:
T

—h? J(J 4 1)h? 1
F”+#F+ Fk(r = re)’F = EF

2 2ur
. . 1 9
b. Taking r = r. + Ar and expanding —— =1 — 2z + 3z° +...,
(1+2)?
. . . . J(J +1)h? .
show that so-called vibration-rotation coupling term oz can be approximated (for small
ur
J(J+1)A? 2A Ar?
Ar)byu(l__r_._:; r )
2ur? Te r2

Keep terms only through order Ar2.
c. Show that, through terms of order Ar?, the above equation for F can be rearranged to yield a new equation of the form:
—h?

_ 1)h2
—F”+lk(r—n)2F: E—i‘](‘]+ ) +A|F
24 2 2ur?

Give explicit expressions for how the modified force constant k, bond length 7., and energy shift A depend on J, Kk, 7. and p.
d. Given the above modified vibrational problem, we can now conclude that the modified energy levels are:

’ 1\  J(J+1)h2
E=h E(er—)qLL—A
1 2 2ur?

Explain how the conclusion is "obvious", how for J = ®, k = k, and A = ®, we obtain the usual harmonic oscillator energy levels.
Describe how the energy levels would be expected to vary as J increases from zero and explain how these changes arise from
changes in k and r.. Explain in terms of physical forces involved in the rotating-vibrating molecule why r. and k are changed by
rotation.

This page titled 22.4.2: ii. Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.4.3: 1ii. Exercise Solutions

Q1

a. CCly is tetrahedral and therefore is a spherical top. CHC!3 has Cs, symmetry and therefore is a symmetric top. CH,Cly has Cy,
symmetry and therefore is an asymmetric top.

b. CCl, has such high symmetry that it will not exhibit pure rotational spectra. CHCl3 and CH,Cl5 will both exhibit pure rotation
spectra.

c. NH; is a symmetric top (oblate). Use the given energy expression,|

E=(A—B)K*+BJ(J+1),

A=6.20 cm™!, B = 9.44em ™!, selection rules AJ = 41, and the fact that ;i lies along the figure axis such that AK = 0, to give:
AE =2B(J +1) = 2B,4B, and 6B(J = 0,1, and 2).

So, lines are at 18.88cm 1, 37.76¢m 1. and 56.64c¢m 1.

Q2

To convert between c¢m ™! and energy, multiply by hc = 6.6261821073* J sec )(2.997925210'° cm sec™) = 1.9865210% J cm .
Let all quantities in em™! be designated with a bar,

eg. B, =178cm™.

a.
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heB, =

i1
I

Qe =

By =

h2
2uR?
h

\/2phcB,
11)(16
mpmo _ (ID)U6) 1 a60e6:10-27kg
mp+mo (114 16)
1.0824210%%kg
he(1.78cm™ = 3.535921072%]

1.05459210734J sec

\/(2)1.0824210 *kg 3.35350210 % J

1.205210%m = 1.2054

4B _ 4B, (4)(1.78cm~1)?

D, = - = 6.35210 Scm ™
m?’ T 52 (4)(66782.2cm ) v oem
? w? (1885cm™")? .
0 yWele = — = T RRTRE D 1Y =13.30cm™ .
4D0 4D0 (4)(66782.2cm—1)
hw hwexe = - w Wel
0_ e ede 0 — 0o_ Xe ete
De 5 T Do = De 2 T
1885 13.3
22— 4 22
6678 T2
65843.0cm ! = 8.16eV.
—6B% 6/ B3hw.z.
+
hwe hw,
—6B2 64/ nggxe
— + —
We We
(—6)(1.78)2  6+/(1.78)3(13.3) .
=0.0175 )
(1885) (1885) o

N - - /1 0.0175
Be—ae(i),Bg—Be—ae<§)—1.78— B

1.77cm ™!
3

B.—a, (g) ,B1=B.—a, (5) =1.78 — 0.0175(1.5)

1.75cm ™!

(22.4.3.1)

(22.4.3.2)
22.4.3.3)

(

(22.4.3.4)
(22.4.3.5)
(

22.4.3.6)

(22.4.3.7)

(22.4.3.8)
(22.4.3.9)

(22.4.3.10)

(22.4.3.11)
(22.4.3.12)

(22.4.3.13)

(22.4.3.14)

(22.4.3.15)

(22.4.3.16)
(22.4.3.17)
(22.4.3.18)
(22.4.3.19)

b. The molecule has a dipole moment and so it should have a pure rotational spectrum. In addition, the dipole moment should
change with R and so it should have a vibration rotation spectrum.
The first three lines correspondtoJ =1—-0,J=2—1,J=3 =2

E=

AE =
AE =
AE =

AE(J=1)=
AE(J=2)=
AE(J =3) =

Q3

1 1)\?2
e (v + —) — hwe, (v + 5) + B,J(J+1) = D.J*J +1)*

2
hwe — 2hwet, — BoJ)J + 1) + B1J(J — 1) —4D,J3
Ge — 2wite — BoJ(J = 1)+ B J(J — 1) —4D,J3

1885 — 2(13.3) — 1.77J(J + 1) + 1.75J(J — 1) — 4(6.352107°%) J 3
1858.4 — 1.77J(J +1) + 1.75J(J — 1) — 2.54x107°J3

1854.9cm !
1851.3cm
1847.7cm ™!

22.4.3.20)

(

(22.4.3.21)
(22.4.3.22)
(22.4.3.23)
(22.4.3.24)
(22.4.3.25)
(22.4.3.26)
(22.4.3.27)

The CyH,Cl, molecule has a o, plane of symmetry (plane of molecule) a C5 axis (L to plane), and inversion symmetry,

this result in Cy  symmetry.

@O0

Using Cy, symmetry labels the modes

357 (22.4.3.2)

follows:
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vi,V2,V3, Vs, and vs are ag, v and vy are ay, vg is by, and vy, vip, V11, and vig are by,.

This page titled 22.4.3: iii. Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 358 (22.4.3.3)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/22%3A_Problems/22.04%3A_Molecular_Rotation_and_Vibration/22.4.03%3A_iii._Exercise_Solutions
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

22.4.4: iv. Problem Solutions

Q1
z
R y
o —
B
H H

Molecule I Molecule IT (22.4.4.1)

Rem = 1.1214 Rew = 1.0764 (22.4.4.2)

Zpon = 104° Zpon = 136° (22.4.4.3)

6
yiz = R Sin (5) = 40.8834 yy = £0.9976 (22.4.4.4)
0
zg = R Cos (5) = —0.2902 2y = —0.4031 (22.4.4.5)
Center of Mass(COM): clearly, X =Y =0, (22.4.4.6)
12(0) — 2RCos (2)
Z= m =—0.0986  Z=—0.0576 (22.4.4.7)
a.
_ 2 2 2 2
Le= Y m(y}+2])—MY?*+ 2% (22.4.4.8)
j
Toy= =Y myzy;— MXY (22.4.4.9)
j

I, = 2(1.121)2 — 14(—0.0986)2 I, = 2(1.076)% — 14(—0.0576)> (22.4.4.10)

=2.377 =2.269 (22.4.4.11)

I, = 2(0.6902)% — 14(—0.0986)> I, = 2(0.4031)% — 14(—0.0576)? (22.4.4.12)

=0.8167 = 0.2786 (22.4.4.13)

I, =2(0.8834) I.. =2(0.9976)2 (22.4.4.14)

= 1.561 =1.990 (22.4.4.15)

I,=1I,=1I,=0 (22.4.4.16)

b. Since the moment of inertia tensor is already diagonal, the principal moments of inertia have already been determined to be

(La{Ip( 1) : (22.4.4.17)

Ly (Lo Toa Ly (LI e (22.4.4.18)

0.8167(1.561(2.377  0.2786(1.990(2.269 (22.4.4.19)
h 6.62210~7

Using the formula: A = =
8r2cl,  8m2(3z10'%)1,
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LibreTexts"

16.84
A= T cm ™!
similarly, B= - cm™!, and C = 16}'84 cm™L.
So, 4
Molecule 1 Molecule II
y=>A=2062 y=A=6045
z= B=10.79 2= B=238.46
z=C="7.08 rz=C=1742
c. Averaging B + C:
B B
B=B ;C=8.94 B= +C:7.94
A—B=11.68 A— B=5251
Using the Prolate top formula
E=(A—B)K*+BJ(J+1),
Molecule I Molecule II
E=1168K>+894J(J+1) E=>52051K>+7.94J(J+1)
Levels:J=0,1,2,..and K=0,1, .. J
For a given level defined by J and K, there are M; degeneracies given by: (2J + 1)x
lfor K=0
2for K #0
d.
Molecule I Molecule II
z=>1, z=>l,
= | - el
H H H
e. Since /i is along Y, AK = 0 since K describes rotation about the y axis.
Therefore AJ = +1
f. Assume molecule I is CH, and molecule II is CH,. Then, AE = E;(CH,), where:
E(CH;) =52.51K2 4+ 7.94J(J + 1), and E(CHy) = 11.68K?% +8.94J(J + 1)
For R-branches: J; = J; + 1,AK = 0;
AFER = EJJ(C’HZ) — E;,(CH,)
= 794(J; + 1)(Ji +1+1) —8.94J;(J; + 1)
= (Ji+D{7.94(J; +1+1) —8.94J;}
= (Ji+1){(7.94—8.94)J; +2(7.94)}
= (Ji+1){—J;+15.88}

@O0

360 (22.4.4.2)

(22.4.4.20)
(22.4.4.21)
(22.4.4.22)
(22.4.4.23)

(22.4.4.24)
(22.4.4.25)

(22.4.4.26)
(22.4.4.27)

(22.4.4.28)

(22.4.4.29)
(22.4.4.30)
(22.4.4.31)
(22.4.4.32)
(22.4.4.33)
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For P-branches: J; — 1, AK = 0;

AEp=  E;(CHs)— E;(CH))

= J{-J;—16.88}

7.94(J; — 1)(Ji — 1+ 1) — 8.94J;(J; + 1)
J{T.94(J; — 1) — 8.94(J; + 1)}
Ji{(7.94 —8.94)J; — 7.94 — 8.94}

(22.4.4.34)
(22.4.4.35)
(22.4.4.36)
(22.4.4.37)
(22.4.4.38)

This indicates that the R branch lines occur at energies which grow closer and closer together as J increases (since the 15.88 - J;
term will cancel). The P branch lines occur at energies which lie more and more negative (i.e. to the left of the origin). So, you can
predict that if molecule I is CH, and molecule II is CH, then the R-branch has a band head and the P-branch does not. This is

observed therefore our assumption was correct:

molecule I is CH, and molecule II is CH,.

g. The band head occurs when d(iflz) =0.
d(AdifR) = % [(J; + 1){—J; +15.88}] =0
= % (=J2—J;+15.88J; + 15.88) =0
= —2J;+14.88 =0
J;=744,s0 J="Tor 8.
AtJ =7.44.
AEp=  (J+1){—J+15.88}
AER = (7.44 + 1){—7.44 + 15.88} = (8.44)(8.44) = 71.2cm ‘above the origin.
Q2
a.
Dsn | E 2Cg 2C3 G 3Cy 3C" i 283 28 on 304 3oy
Agg| 1 1 1 1 1 1 1 1 1 1 1 1 x2+y2 72
Agp | 1 1 1 1 -1 -1 1 1 1 1 -1 -1 R,
Big| 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
Bag [ 1 -1 1 -1 -1 1 1 -1 1 -1 -1 1
Eig| 2 1 -1 -2 0 0 2 1 -1 -2 0 0 | (Rx.Ry) | (xz,yz)
Epg|2 -1 -1 2 0 0 2 -1 -1 2 0 0 (x2-y 2 ,xy
Au] 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
Aayn| 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 zZ
Big| 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1
Bay | 1 -1 1 -1 -1 1 -1 1 -1 1 1 -1
Eiul 2 1 -1 -2 0 o -2 -1 1 2 0 0 (x,y)
Eaw| 2 -1 -1 2 0 0 -2 1 1 -2 0 0
Fenw| 6 0 0 0 0 2 0 0 0 6 2 0

b. The number of irreducible representations may be found by using the following formula:

@O0
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(22.4.4.40)

(22.4.4.41)
(22.4.4.42)

(22.4.4.43)
(22.4.4.44)
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@O0

Nirrep

where g

nAl_q =

T Ay,

nBly =

nBZy =

TLEI_{I =

ngzg =

nA

1u

N4y,

np

1u

By,

ng

ng

- Z §red § zrrep

the order of the point group (24 for Dgy).

4 ZFC H Alg )

=
-
=
=
2
=
=
-
=
—
>
=
=
=
=
—_
=
J’_
—
®
=
=
=
=
=
-
+
—
-
=
=
=
=
=
|
_
=
+

0
—{(1)(6)(1)

()( )(=1) +(
+(2)(0)(1) + (1)
0
1{(1)(6)(2)+(2)( 0)(1) + (2)(0)(=1) + (1)(0)(=2)+..
+(3)(0)(0)+( ) + (M(0)(2) + (2)(0)(1)+...
+(2)(0)(=1) +( —2) +(3)(2)(0) + (3)(0)(0)}

0

%{(1)(6)() +2)(0)(=1) + (2)(0)(=1) + (1)(0)(2)+..
(

(=
+(2)0)(=1)+-..

+(3)(0)(0) + (3)(2)(0) + (1)(0)(2) + (2)
+(2)(0)(=1) + (1)(6)(2) + (3)(2)(0) + (3)(0)(0)}
0
i{(l)( )(1) +(2)(0)(1) + (2)(0)(1) + (1)(0)(1)+-
+3)(0)(1) + (3)(2)(1) + (1)(0)(—1) + (2)(0)(— 1)
+(2)(0)(=1) + (DO + (3)2)(~1) + (3)(0)(~1)}
0
i{(l)(ﬁ)(l) +(2)(0)(1) + (2)(0)(1) + (1)(0) (1) +..
+3)(0)(=1) + (3)(2)(=1) + ()(0)(=1) + (2)(0) (=1)+
+(2)(0)(=1) + (1)(6)(=1) + (3)(2)(1) + (3)(0)(1)}

0

+3)(0)(1) + (3)(2)(=1) + (1)(0)(=1) + (2)(0) (1) +...
+(2)(0)(=1) + (1)(6)(1) + (3)(2)(=1) + (3)(0)(1)}
0

SO0
T

)+
( 1)+
+(2)(0)(=1) +

0)(—
0)(—
1

{(1)(6)(2)

+(3)(0)(0)

+(2)(0)(1)

1

: 57 {D(6)(2) + (2)(0)(=1) + (2)(0)(=1) + (1)(0)(2)+...
(0)(0) + (3)(2)(0) + (1)(0)(— ) 2)0)(1)+-..
(0)(1) 363(E2-2-413)(2)(0) + (3)(0)(0)}

)(0)(1) + (2)(0)(=1) + (1)(0)(=2)+-..

(2
(3)(2)(0) + (1)(0)(=2) + (2)(0)(=1)+-..
)(6)(2) + (3)(2)(0) + (3)(0)(0)}

+
+(1

—~ O

()
+(2)
0

(22.4.4.45)

(22.4.4.46)
(22.4.4.47)

(22.4.4.48)

(22.4.4.49)
(22.4.4.50)
(22.4.4.51)

(22.4.4.52)

(22.4.4.53)
(22.4.4.54)
(22.4.4.55)

(22.4.4.56)

(22.4.4.57)
(22.4.4.58)
(22.4.4.59)

(22.4.4.60)

(22.4.4.61)
(22.4.4.62)
(22.4.4.63)

(22.4.4.64)

(22.4.4.65)
(22.4.4.66)
(22.4.4.67)

(22.4.4.68)

(22.4.4.69)
(22.4.4.70)
(22.4.4.71)

(22.4.4.72)

(22.4.4.73)
(22.4.4.74)
(22.4.4.75)

(22.4.4.76)

(22.4.4.77)
(22.4.4.78)
(22.4.4.79)

(22.4.4.80)

(22.4.4.81)
(22.4.4.82)
(22.4.4.83)

(22.4.4.84)

(22.4.4.85)
(22.4.4.86)
(22.4.4.87)

(22.4.4.88)

(22.4.4.89)
(22.4.4.90)
(22.4.4.91)

(22.4.4.92)

(22.4.4.93)
(22.4.4.94)
(22.4.4.95)
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We see that I'c_py = A1y ® Esy @ Bay @ E1y

c.xandy = Ey,, z = Ay, SO, the ground state A,, level can be excited to the degenerate E}, level by coupling through the x or

y transition dipoles. Therefore E;, is infrared active and L polarized.

d. (22 + 9%, 22) = Ay, (w2,y2) = E1,, (22 — 2, my) = Esy, S0, the ground sate A, level can be excited to the degenerate E,, level by
coupling through the 22 — 42 or xy transitions or be excited to the degenerate Ay, level by coupling through the xz or yz transitions.

Therefore A, and E,, are Raman active.

Q3

a.
d(F)i F' F
dr \r ) r r2
d (F
r2—<—)= rF'— F
dr \r
d 2d F ’ ’ ”
Sl (=)= F—F 4rF
dr (T dr(r ) tr
So,

—h? d (Zd (F)) —h? F”
_ (22 ) =
2ur? dr dr \'r 2u T
Rewriting the radial Schrodinger equation with the substitution: R = — gives:
T

—h%? d [ ,d(Fr) JJ+1)h? (F 1 o (F F
zwa(’" ar )* oy () +gre—rr (5) = (5

Using the above derived identity gives:

—h2F”  JJ+1R* (F 1 o (F F
_ B S A (i Zk(r—r)(=)=E(=
2u T + 2ur? (r>+2k(T re) (7‘) ( )

Cancelling out an r~1:

—h? J(J 4+ 1)h? 1 )
F” F+ —k(r—r.)?F = EF
o B T gk
b.
1 1 1 1 (1 2Ar 3Ar2>
r2 (re + Ar)? 2 (1 n AT) r2 Te r2
So,

Te r2

J(J+1h%  J(J+1)h? 2Ar  3Ar?
=~ 1— +
2ur? 2ur?

c. Using this substitution we now have:
—h? o J(J +1)h? 1 2Ar . 3Ar?
2u 2pr?

1
) F+ 5k(r7 r.)’F = EF

Te 72

@IOIC]E) 363 (22.4.4.5)

(22.4.4.96)
(22.4.4.97)

(22.4.4.98)

(22.4.4.99)
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Now, regroup the terms which are linear and quadratic in Ar =r —r.:

1 J(J+1)h% 3 J(J +1)R?
ZEAr? + L_mﬂ _ LEAT
2 2ur:  r? 2ur? 1,

ST 2
+ 2ur? Te

1)h? 1)h?
_(1 J(J+1)h* 3 Ar? J(J+1)h* 2 Ar
2 2urz 2

Now, we must complete the square:

2 2
aAr? —bAT =a (Ar— i) b

2a)  4a’
So,
J(J+1)h? 1 ? J(J+1)h% 1\°
(lk—l— J(J +1)h? i) A 2ur? T, B 2ur?2 T
2 2ur? 12 Ly, J(J+1)h% 3 L, J(J+1)h% 3
2 ur? 2 2 ur? 7l

. . 1 . -
Now, redefine the first term as 5k' second term as (r - )2, and the third term as —A giving:

1-
5’6(7"—7"76)2—A

From:

+ +
2u 2ur? Te r2

—p? J(J +1)h2 J(J +1)h2 2
hF,,+ (J+1) F+((+) (72Ar+3Ar

2u 2ur, 2ur?

—h? J(J +1)h? 2A Ar? 1
Y (J+1) (1_ r 3 ’")F+5k(r—re)2F:EF,

) + %kmﬂ) F=EF

Te r2

and making the above substitution result in:

—h? J(J +1)h? _ )
F” —k(r—r) —A)F=EF
M + Spur? + ( k(r—re) ) ,
or,
—h? 1. J(J +1)A?
—F" 4+ Zk(r—ri)F= | E—- ——— .
o +5 (r—1r7e)*F (E o +A) F

(22.4.4.100)

(22.4.4.101)

d. Since the above is nothing but a harmonic oscillator differential equation in x with force constant k and equilibrium bond length

7., We know that:

—h*_, 1.
—F” + Zk(r — 7,)?FeF, has energy levels:
2u 2
5zh“£(v+l),v=0, 1,2, ..
7 2
So,
J(J 4+ 1)h?
Bea —JUEDM
2ur?

@IOIC]E) 364 (22.4.4.6)
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tell us that:

[ & 1\ J(J+1)R?
E=hn— - — —A. 22.4.4.105
] (v—l— 2) * 2ur? ( )

As J increases, 7, increases because of the centrifugal force pushing the two atoms apart. On the other hand & increases which
inicates that the molecule finds it more difficult to stretch against both the centrifugal and Hooke's Law (spring) Harmonic force
J(J +1)h?

2ur?

e

field. The total energy level (labeled by J and v) will equal a rigid rotor componenet plus a Harmonic oscillator part

k 1 . o .
Ay — (v + 5) (which has a force constant k& which increases with J).
7

This page titled 22.4.4: iv. Problem Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.5: TIME DEPENDENT PROCESSES
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22.,5.1: i. Exercises
22.5.2: ii. Problems
22.5.3: iii. Exercise Solutions
22.5.4: iv. Problem Solutions
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22.5.1: 1. Exercises

Q1

Time dependent perturbation theory provides an expression for the radiative lifetime of an excited electronic state, given by 7g:
3h4c3
TR = b
4(E; — Ep)3|pyil?

where i refers to the excited state, f refers to the lower state, and u; is the transition dipole.
a. Evaluate the z-component of the transition dipole for the 2p, — 1s transition in a hydrogenic atom of nuclear charge Z, given:
3 —Zr 5 —Zr

1 Z\ 9 1 Z\ 9
Pls = 7(7) 2e a0 and ¢y, = 75 (a—) 2 1Cosfe 2a0
™ 0 vV 2T 0

Express your answer in units of eag.
b. Use symmetry to demonstrate that the x- and y-components of p; are zero, i.e.

(2p.lex|1s) = (2p.|ey|ls) = 0.

2

c. Calculate the radiative lifetime 7 of a hydrogenlike atom in its 2p, state. Use the relation e? = to simplify our results.

Meao

Q2

Consider a case in which the complete set of states {¢;} for a Hamiltonian is known.

a. If the system is initially in the state m at time t=0 when a constant perturbation V is suddenly turned on, find the probability
amplitudes C,Sz) (t) and C,(,?(t), to second order in V, that describe the system being in a different state k or the same state m at
time t.

b. If the perturbation is turned on adiabatically, what are Cf) (t) and c¥ t)?

Here, consider that the initial time is ¢, — —oo, and the potential is V e*{\eta}t\), where the positive parameter 7 is allowed to
approach zero n — 0 in order to describe the adiabatically (i.e., slowly) turned on perturbation.

c. Compare the results of parts a. and b. and explain any differences.

. o . .. d
d. Ignore first order contributions (assume they vanish) and evaluate the transition rates E\C,EQ)(t)P for the results of part b. by

taking the limits n — 0™, to obtain the adiabatic results.

Q3

If a system is initially in a state m, conservation of probability requires that the total probability of transitions out of state m be
obtainable from the decrease in the probability of being in state m. Prove this to the lowest order by using the results of exercise
2,i.e.show that: |C,,|2 =1 — Y |Cy|2.

k#m

This page titled 22.5.1: i. Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.5.2: 1i. Problems

Q1

Consider an interaction or perturbation which is carried out suddenly (instantaneously, e.g., within an interval of time At which is
small compared to the natural period w;! corresponding to the transition from state m to state n), and after that is turned off

nm

adiabatically (i.e., extremely slowly as V e"t). The transition probability in this case is given as:
[(n|V|m)|?

2,2
h Whm

2—‘717’71 ad

where V corresponds to the maximum value of the interaction when it is turned on. This formula allows one to calculate the
transition probabilities under the action of sudden perturbations which are small in absolute value whenever perturbation theory
is applicable. Let's use this "sudden approximation" to calculate the probability of excitation of an electron under a sudden change
of the charge of the nucleus. Consider the reaction:

SH =3 He™ + ¢,

and assume the tritium atom has its electron initially in a 1s orbital.

a. Calculate the transition probability for the transition 1s — 2s for this reaction using the above formula for the transition
probability.

b. Suppose that at time t = ® the system is in a state which corresponds to the wavefunction ¢,,, which is an eigenfunction of the
operator H. At t = 0, the sudden change og the Hamiltonian occurs (now denoted as H and remains unchanged). Calculate the
same 1s — 2s transition probability as in part a., only this time as the square of the magnitude of the coefficient, A;, 5, using the
expansion:

\P(rv 0) = Som(r) = Z Anmd]n(r)v where Anm = /SOTIL(T)wrb(T)dgr

Note, that the eigenfunctions of H are ,, with eigenvalues E,. Compare this "exact" value with that obtained by perturbation
theory in part a.

Q2

The methyl iodide molecule is studied using microwave (pure rotational) spectroscopy. The following integral governs the
rotational selection rules for transitions labeled J, M, K - J', M, K"

I= <D}]w,’K/|g : ﬂ\DJMK>

The dipole moment ji lies along the molecule's C5 symmetry axis. Let the electric field of the light £ define the lab-fixed Z-
direction.
a. Using the fact that Cosp = D[}, show that

J 1 J J 1 J
I = 8n2pe(—1)M+E) (M 0 M) (K 0 K>5M’M(5K’K

b. What restrictions does this result place on AJ = J’ — J? Explain physically why the K quantum number can not change.

Q3

Consider the molecule BO.

a. What are the total number of possible electronic states which can be formed by combination of ground state B and O atoms?
b. What electron configurations of the molecule are likely to be low in energy? Consider all reasonable orderings of the molecular
orbitals. What are the states corresponding to these configurations?
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c. What are the bond orders in each of these states?

d. The true ground state of BO is 2 5. Specify the +/- and u/g symmetries for this state.

e. Which of the excited states you derived above will radiate to the 2" ground state? Consider electric dipole, magnetic dipole,
and electric quadrupole radiation.

f. Does ionization of the molecule to form a cation lead to a stronger, weaker, or equivalent bond strength?

g. Assuming that the energies of the molecular orbitals do not change upon ionization, what are the ground state, the first excited
state, and the second excited state of the positive ion?

h. Considering only these states, predict the structure of the photoelectron spectrum you would obtain for ionization of BO.

Q4

71z em”!

(HCNY

"3

HEIN)

B0 cm B0 e -1 1300 er | 1500 em™! 2200em-1 3E00cm !

The above figure shows part of the infrared absorption spectrum of HCN gas. The molecule has a CH stretching vibration, a
bending vibration, and a CN stretching vibration.

a. Are any of the vibrations of linear HCN degenerate?

b. To which vibration does the group of peaks between 600 cm~! and 800 cm~! belong?

c. To which vibration does the group of peaks between 3200 cm ™! and 3400 cm ™! belong?

d. What are the symmetries (o, 7, §) of the CH stretch, CN stretch, and bending vibrational motions?

e. Starting with HCN in its 8,8,0 vibrational level, which fundamental transitions would be infrared active under parallel polarized
light (i.e., z-axis polarization):

i. 900 - 001?

ii. 900 - 100?

iii. 900 - 010?

f. Which transitions would be active when perpendicular polarized light is used?

g. Why does the 712 cm™! transition have a Q@-branch, whereas that near 3317 cm™! has only P- and R-branches?

This page titled 22.5.2: ii. Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.5.3: i11. Exercise Solutions

Q1
a. Evaluate the z-componenet of p;:
3 —Zr 5 —Zr
1 (Z\5 1 (Z\3
;= 2p,|lerCosf|1s), where = — (—) e @ | and 9y, = —— (—) rCosfe 200
i < D [1s) P1s AT hap, 4v2r \ag
5 3 —Zr —Zr
()P 7 (5) e
;= — — | — rCosfe <20 |erCosfle @0
o 4v2x \ ao v \ag < | | )
o] g 27 —Zr —Zr
€ Z\* 2 . 2,2 2
= (—) rédr | Sinddf | dp | r°e 420 e Q0 Cos“0
4mv/2 \ ao
0 0 0
00 —32r x
€ Z\* 4, 2 . 2
= 2T (—) rie <o dr | Sin6Cos“0d6
47r\/§ ao
0 0
Using integral equation 4 to integrate over r and equation 17 to integrate over 6 we obtain:
Z\* 4 -1 g
= ° _on (—) (—) 0s%0
4nV2 ao ( 37 )5 3 0
2(10
e Z\*2%a34 /-1
- o (=) S (5) (CDP- )
4rV2 as) 3525 \ 3
28 28
= LIZW_ = 0.7499220
5 357 Z /235 Z
b. Examine the symmetry of the integrands for (2p.|ez|1s) and (2p,|ey|1s).
Function Symmetry
2pz =9
X +1
1s +1
y +1

Under this operation the integrand of (2p,|ex|1s) is (-1)(1)(1) = -1 (it is antisymmetric) and hence (2p,|ez|1s) = 0.

Similarly, under this operation the integrand of (2p.|ey|1s) is (-1)(1)(1) = -1 (it is antisymmetric) and hence (2p,|ey|1s) = 0.

@O0
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. 3htc?
R = ;
NETEGAPAY (<) 2\’
8 ag Z \/535
_ 3htc3
(S o () 2"
8 \ a} Z? (2)310
_ htc338a,
B 82428
2
Inserting e? = we obtain :
meag
B h*c*3%agmial 38 Aadmi
= nSZizs | 28 pigzs
3a5m4
956,980 ( ) (2.998210"%m sec1)3(0.5291772108cm)?(9.109210% g)*
= 5 — I
z4 (1.05462107%" g cm? sec!)*
1
_ -9
= 1.5952107" sec x (ﬁ)
So, for example:
Atom TR
H 1.595 ns
He* 99.7 ps
Lit? 19.7 ps
Bet? 6.23 ps
Ne*? 159 fs

Q2

Ey
a.H:Ho-i—)\H/(t),H/(t):Ve(t),HogOk:Ek(pk,wk ,Zh?;f

let (r,t) = ih > c;(t)pje it and insert into the above express1on.

Hy

zhz —iwjc;] e i, —lhz j(t)e ™ (Ho + AH' (t))p;

Z likdotc; + Ejc; — ¢;Ej — ;] AH'] e “p; =0
Z [ihé;(m|j) — c;A(m|H'|j)] e ™" = 0

J
ihépe wnt = Z c;AH,, e "

So,

Zc])\H e~ iwm)

Going back a few equations and multiplying from the left by ¢, instead of ¢,, we obtain:
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Now, let:

and substituting into above we obtain:

@O0

> lihé(klg) — e\ K| H'|j)] e " = 0
J
ihépe it = Z cj)\H,;je_i“ft
J

. 1 ) it
Cp = ﬁ zj:C]‘)\ije i

em =)+ WA+ PN

cp = c,(co) + c,(cl))\ + 022))\24—...

1
R I C) S [c@) e+ @2y
ih . J J J
J
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first order:

c‘SS) =0 :> cg? =
G —i(wjm)t
d order: ¢, E j
second order: ¢ 7

(n 4+ 1)* order:
.(n) _ (n—1) 57 )t
Cm" = ’Lh E H —i(w;

Similarly:
first order:

0) _
0:>ck%m_0

.
el
I

second order:
c; H i(wsi)
k =k Z K€

(n + 1)* order:

hz anke wir)t
(3

So,
GO L op it — L

m = 37 Cm -
ih mm ip T mm

t
) 1 p Vit
(1) = = [ dt' Vi = —
®) ih / ih
0

and similarly,
1

ih

éx(cl) — iCES)HI;mefi(wmk)t _

7 —i(wmk)t
ih Hk:me "

t

1 b it Vim
e (t) = = Vi / dt’ e~ m)t = #k [t 1]

m h Z et —i(wjm)t

= S~ 1 Vim_ [efuwm,)z_l] HY\je omt 4 1 Vot )

jEm ih h""mj ih  ih
1 VinVs | Voo
Lam¥mi =it [ —i(wmi)t" _ VmmVmm 7 1

=> e /dt e [elom” 1] — —mmgme /t dt
j#m
V V , me 2 t2

Z 3 /dt [ 1(w_,m)t:| _ | h2| ?

J#Fm W Wmg p
VimVms <t efi(w"")t_1> [Vim? £2

= —— _ L

j#EmM ih? W, Wim h 2

V V (w V]me] ‘me‘ztz
:Z h2w? S )+Z B2, 252
J#m mj JEm
Similarly,
@ _ L~ g i
k ——hzcj Hije o)

J
]_ V'm 1 mmt , X
= Vi HY i)

[6_ (W)t _ 1] H’ —i(wjk)t + E =

¢ t
- va i i ! i 4 ‘/mmV m 7 1.7 : ’
c)(f)(t) = Z _J kj /dt’e*Z(wjk)t I:e*’b(wmj)t _ 1] _ Tk /t dt’ e~ i@mt

0 0
_ 2 V}kaj e i(Wmjtwim)t _ 1 _ e—Hwir)t _ 1 _ Vi Viem e*i(wmk)t'
o ihwn; — Wk —wik h2
— 2 Vt?‘ka] ( eii(wmk)t —1 . 67i(w/k)t -1 ) + meVkm [e*i(wmk)t/ (i
JEm h2wm] Wmk Wik h2wmk {
— - ‘/ijkj ( eii(w'"k)t —1 . 6ii(w/k)t + meVkm |:€7i(wmk)t <_
BIOIRIE) £ Em—E;j \ En— E; 373H22.534) h(En — Ej) i
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So, the overall amplitudes c,,, and c, to second order are:

Vit - ij ij - Vﬁn ij i |me | 22
- =1 mm l(wmk)t 1) - —
em(t) =14+ =5 ;@ By — E;) ]; W2 (B — E;)? (e TS
Vi y Vi Vi y ViVim  t ' Vi Vi [ e—i@mt 1
e Vim it q] . VenVin i) Ve Vin i, im Vij _
)= 15, gy | I Tyl L R w78 v D D oyl (-

i#m

b. The perturbation equations still hold:
1 _ . 1 _ )
J

So, 052) =1and c,(co) =0

(1 1 /
Csn) = E mm
t
m_ 1 ' i)t _ Vim (@)
=V dt =—"
Cm = g Vmm / ¢ (i + 1) [ ]
—00
_ Viem [e*i(wmﬁrﬂ)t]

E,, — Eyx+ ihn

7 t
.2 _ 1 Vim ity ity L Vmme€" oy
€m Z ih By — E; +ihn mj€ e YR iy e

j#m

t t .

0(2) = z/: LM /eznt'dt’ — M /e%t/dt/ _ 2 VimVim; o2 _ |me|A
"™ £~ ih E, — E;+ihn 2h2n2 £~ ip2n(E, — Ej + ihn) 2h2n2

JEm s % j#m

/7
@ N~ L Vim it i
C ]; ih By — E; + iy ki

c. In part a. the ¢ (t) grow linearly with time ( for V,,,, = ®) while in part b. they remain finite for 5(0. The result in par a. is due to
the sudden turning on of the field.
d.

Vi Vije~Hm+20t 2

zj: (Em — E;+ ihn)(E,, — Ey + 2ihn)

len(®)]* =

Z ijij"/jm‘/tj/mezhlt
~ [(Em — Ej)(Em — Ej) + iln(E; — Ej) + h*n*] (Em — E,

Vi
Now, look at the limit as  — 07 :
d
E‘Ck(t”? # 0 when E,, = E},
4n
((Em — Er)* + 4h%0?)

aé(Em — Ek)

limnﬁ(ﬁ

So, the final result is the 2" order golden rule expression:
VimVii 2

d 9 2m
e P S(By — Ep)limy | —m
PO olimy o (E; — By, — ihn)

Q3

For the sudden perturbation case:
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vam]

lem ()2 =1+ Z > [e7 et — 1 4 eimt — 1] 4 O(V9) (22.5.3.79)
- VJWV"U —i(Wimt) i(wjm)t 3

lem ()] = 1+Z R [e7lemt) 4 gilem)t — 2] 4 O(V?) (22.5.3.80)

Vkamk i

2 __ _ VkmVYmk [ —i(wmr)t 1(wm )t
lex(t)]? = TR [—eitom Ity 2] + OV (22.5.3.81)
’ / Vm -

1= fe(t))? = 172 R [t — giwndt 4 9] 4 O(V?) (22.5.3.82)

k#m o (Bn— E)
- 1+Z VienV, gk)z [eitemt 1 ilamdt 9] 4 O(V?) (22.5.3.83)

% - Lk

/
~toorder V2, |c,(t)|? = 1 — 3 |ex(t)|?, with no assumptions made regarding V.
k

For the adiabatic perturbation case:

’ Vi Vinje2 Vi Vinje2t
()2 =1 AU AL ow? 22.5.3.84
fem(®) +#m [ihzn(Em —E, v " —iman(En—E vy | OV ( )
=1+ -1 ! — ! Vim Vinje®™ + O(V?) (22.5.3.85)
= ih2n | (B — Bj+ihn)  (Ey— Ej—ihy) | "™ o
‘L1 —2ihn o 5
=1 VimVimje™™ + O(V 22.5.3.86
+#mih2n[(Em_Ej)2+h2n2} Ve £ O(V) ( )
/ V'ijmJ_GZnt
=1- +0o(v? 22.5.3.87
> | o (a5
V?’ILVTI’L
lex(t)]? = kom Zmk "+ O(V?) (22.5.3.88)

(Em — Ek)2 + h2772

/
+ to order V2, |c,(t)|? =1 — 3" |ex(t)|% with no assumptions made regarding V,,,,, for this case as well.
%

This page titled 22.5.3: iii. Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.5.4: iv. Problem Solutions

Q1

[(n|V|m)[*

2,2
R Wom

a. Ty ~

evaluating (1s|V|2s) (using only the radial portions of the 1s and 2s wavefunctions since the spherical harmonics will integrate to

unity) where V = (e2,r) :

3 —Zr 3 —Zr
Z\ 9 11 /Z\9 Z,
(1s|V|2s) = /2 (—) 2 ¢ ag __<_> 2 (1 — _) e 200 124y
ao r /2 \ag 2a,
—3Zr —3Zr

2 (Z\? Zr?
(1s|V]2s) = —(—) /re 2ag dr—/—re 2a0 dr
V2 \ag 2a,

Using integral equation 4 for two integration we obtain:

) [y

2(10

9 Z\3 [ 9242 2342
wslvizs = —( =) | rps — 3
\/5 ao 32Z2 33Z2
(15]V]2s) = —= (E)S ()2aj —2%a5 | 82
V2 \ag 3372 V227a,
Now,
Z2%e? Z2%e? Z2e? 3722
En:_2—7 1S:_—7 26‘:_—7E25_E18:
n*2ag 2a 8ag 8ag
So,
2
( 82
V227a 26722602 g1l
mn — (322 ) = (2)38a%Z4 = 3872 = 0312( for Z = 1)
8(10
3 —Zr

Z\=
b. Qom(r):<pls:2(a_o>2 e %0 Yg

(22.5.4.1)

(22.5.4.2)

(22.5.4.3)

(22.5.4.4)

(22.5.4.5)

(22.5.4.6)
(22.5.4.7)
(22.5.4.8)

(22.5.4.9)

The orthogonality of the spherical harmonics results in only s-states having non-zero values for A,,,. We can then drop the Yy

(integrating this term will only result in unity) in determining the value of Ay ..
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3 —Zr
1 Z\ 9 Zr
) == = (2)7 (1 2)
2\ ap 2ay
Remember for ¢1,Z =1 and or ¢9;Z = 2
3 —Zr 3 —(Z+1)r
Anm:/2(£>2e ag L<Z+1>2< _(Z+1)r>e 2a9 r2dr
ayp 2\ ao 2a9
3 3 —(BZ+1)r
2 Z\9 (Z4+1\ 9 5. Z+1
Anm=—<—>2( + )2/e 2ag (1—( +)>r2dr
2 \ag ag 2ag
3 3 —8Z2+1) s —(3Z+1)r
Anm:i<£)2 (Z+1)2 /r2e 2a, dr,/we 2aq dr
2 \ap ag 2a
Evaluating these integrals using integral equation 4 we obtain:
3
2 Z\ 9 2 Z+1 3)(2
A, = _(_) 2 _ ( + ) (3)@) (22.5.4.15)
2\ ag (BZ+1>3 2a9 (32+1)4
2&0 2aO
3 3 4.3 4.3
2 Z\N9 (Z4+1\9 2 3)2
A, = —(—) 2 ( + ) 2 % (g BFa (22.5.4.16)
V2 \ag ag (3Z+1)3 (3Z 4+ 1)4
3 3 -
2 (Z\9 (Z+1\9 -2
Amn, = —= (_) 2 ( + ) 2 aU (225417)
V2 \ao ag 32+ 1)*
3
237(Z 4 1)] 2
Ay = —pZ2ZT V2 (22.5.4.18)
(3Z +1)*
The transition probability is the square of this amplitude:
3 2
BZ(Z+1))2 211 73(Z 4 1)3
Tom = L 2Z(Z+1)] = (Z+1) =0.25 (for Z = 1).
(3Z+1)4 (3Z2+1)8

The difference in these two results (parts a. and b.) will become negligible at large values of Z when the perturbation becomes
less significant as in the case of Z = 1.

Q2

¢ is along Z (lab fixed), and j is along z (the C-I module fixed bond). The angle between Z and z is 3

2fi = epCosfB = euDE (afy)

So,
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I'= <Dﬁ'1(/ EﬁlDJJv[K> = /Dﬁ/}(,gﬁDleSin,Bdﬁdvda (22.5.4.19)
=ep / D3y i D DY SinfdBdyda. (22.5.4.20)
Now use: (22.5.4.21)
Dyt Dy =Y (J'M’10|jm)* Dir, (jn|J K '10)*, (22.5.4.22)
jmn
to obtain: (22.5.4.23)
I= auZ(J’M’IOUm) * (jn|J K 10) * /Dfm*ijIKsmﬁdﬂdyda. (22.5.4.24)
jmn
Now use: (22.5.4.25)
i . 872
/ Dj, Dy SinfdBdyda = Tl 0750 MmOrcn, (22.5.4.26)
to obtain: (22.5.4.27)
871’2 ’ ’ . . ’ ’
I=epsrmg ]Zu M'10|jm) * (jn|J K'10) % 8 1;6 srmOcn (22.5.4.28)
82
= 'M’10|JM){JK|J'K’10). 22.5.4.2
ety ¢ MI0LIM)(JK|J K 10) (22.5.4.29)
We use: (22.5.4.30)
, J1 g
(JK|J'K'10) = V2J + 1(—i)” 71+5) (K, 0 K) (22.5.4.31)
and, (22.5.4.32)
, Jo1J
(J'M'10|JM) = V2T + 1(—i)V 7+ © (22.5.4.33)
M 0 M
to give: (22.5.4.34)
82 . J1 g . Jo1 T
I=ep—"n2J+1(—i)/ 1M V27 + 1(—i)V 7 22.5.4.35
o1V LD M 0 M +1=9) K o k) )
, , J1 g\ (J 1 J
—_ 8 2 N =1+M+J'—1+K) 22.5.4.36
ep8m(—i) w oo M\ o0 K ( )
J1 JN[(J 1 J
_ 20\ (M+K) 22.5.4.
st (0 (0w (225.437)

The 3-J symbols vanish unless: K'+ @ =Kand M' + 8 = M.

So,
J 1 J J 1 J
I = ey (i) (MHEK) S
eu8m?(—i) 0 K 0 K oM MOk K

b. S and S vanishunless J'=J +1,J,J-1. AJ = +1,0
M 0 M K 0 K

The K quantum number can not change because the dipole moment lies along the molecule's C; axis and the light's electric field
thus can exert no torque that twists the molecule about this axis. As a result, the light can not induce transitions that excite the
molecule's spinning motion about this axis.

Q3

1 .
a. B atom: as?2s22p', 2P ground state L=1,S = 5 gives degeneracy ((2L + 1)(2S + 1)) of 6.

O atom: 1522s%2p*, 2P ground state L = 1, S = 1, gives a degeneracy ((2L + 1)(2S + 1)) of 9.
The total number of states formed is then (6)(0) = 54.
b. We need only consider the p orbitals to find the low lying molecular states:
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Which, in reality look like this:
B

2n

I
et

This is the correct ordering to give a 23" ground state. The only low-lying electron configurations are 172502 or 17*50!. These
lead to 2II and ?\Sum™ states, respectively.

c. The bond orders in both states are 2%.

d. The 23" is + and g/u cannot be specified since this is a heteronuclear molecule.

e. Only one excited state, the TI, is spin-allowed to radiate to the 23"*. Consider symmetries of transitio moment operators that
arise in the E1, E2 and M1 contributions to the transition rate

Electric dipole allowed: z — %, 2,y — II, .. the 2IT —»2 3" is electric dipole allowed via a perpendicular band.

Magnetic dipole allowed: R, — Y, Ry, — II, ~ the Z/Tightarrow2 $* is magnetic dipole allowed.

Electric quadrupole allowed: 22 + 32, 2% = 3.7, xy, yz — I, 2% — y?, zy — A - the 2I1 -2 3" is electric quadrupole allowed as well.
f. Since ionization will remove a bonding electron, the BO* bond is weaker than the BO bond.

g. The ground state BO+ is 1 3" corresponding to a 'n* electron configuration. An electron configuration of 17°50' leads to a *II
and a 'II state. The ®Pi will be lower in energy. A 172502 confirmation will lead to higher lying states of 3.7 ,' A, and ' _7.

h. There should be 3 bands corresponding to formation of BO* in the ! 3.7 31I, and ! states. Since each of these involves
removing a bonding electron, the Franck-Conden integrals will be appreciable for several vibrational levels, and thus a vibrational
progression should be observed.

Q4

a. The bending (7) vibration is degenerate.

b.
H———-C=N (22.5.4.38)
1 (22.5.4.39)
bending fundamental (22.5.4.40)

C.
H———C=N (22.5.4.41)
fr (22.5.4.42)
stretching fundamental (22.5.4.43)

d. CH stretch (v5 in figure) is o CN stretch is o and HCN (v, in figure) bend is .

e. Under z (o)light the CN stretch and the CH stretch can be exited, since ¥y = 0,11 = o and z = o provides coupling.

f. Under x,y (n) light the HCN bend can be excited, since ¥y = o,%; = m and x,y = w provides coupling.

g. The bending vibration is active under (x,y) perpendicular polarized light. AJ = 0, +1 are the selection rules for | transitions.
The CH stretching vibration is active under (z) || polarized light. AJ = 41 are the selection rules for | transitions.
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22.6.1: 1. Review Execises

Q1

Contrast Slater type orbitals (STOs) with Gaussian type orbitals (GTOs).

This page titled 22.6.1: i. Review Execises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.6.2: i. Review Exercises-
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22.6.3: 11. Exercises

Q1

By expanding the molecular orbitals {¢«} as linear combinations of atomic orbitals {x,},
¢k = Z CukXp
m

show how the canonical Hartree-Fock (HF) equations:

Fo; —€;9;

reduce to the matrix eigenvalue-type equation of the form given in the text:
Z F;wcui =€ Z Sp,ucm'

where:

Fuw = (xulllxo) + D [ran(xuxslglxexs) — voe (xuxslglxsx)]
Ok
S}W = <XM|XV>77§H = Z C&icnh

i=occ

and v§r = Z CsiCli-
occ and
same spin
Note that the sum over i in 75, and ~;. is @ sum over spin orbitals. In addition, show

that this Fock matrix can be further reduced for the closed shell case to:

1
Fuy = (Xulhlxv) + ) Pax |:<XMX6‘9‘XVX»<) = 5 Xuxalglxxo) |
ok
where the charge bond order matrix, P, is defined to be:
Py, =Y 2C5Cy,

i=occ

where the sum over i here is a sum over orbitals not spin orbitals.

Q2

(22.6.3.1)
(22.6.3.2)

(22.6.3.3)

Show that the HF total energy for a closed-shell system may be written in terms of integrals over the orthonormal HF orbitals as:

E(SCF) =2 f}(m\hm) + Z [2(k1|gk1) — (k1|g|1k)] + ZuZy
k kl

u>v

Q3

Show that the HF total energy may alternatively be expressed as:
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occ

E(SCF) = > (e + (¢k|hler)) +Z o

k n>v

where the ¢, refer to the HF orbital energies.

This page titled 22.6.3: ii. Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons and
Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 385 (22.6.3.2)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/22%3A_Problems/22.06%3A_More_Quantitative_Aspects_of_Electronic_Structure_Calculations/22.6.03%3A_ii._Exercises
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

22.6.4: i1i. Problems

Q1

This problem will be concerned with carrying out an SCF calculation for the HeH* molecule in the ! 23(102) ground state. The
one- and two-electron integrals (in atomic units) needed to carry out this SCF calculation at R = 1.4 a.u. using Slater type orbitals
with orbital exponents of 1.6875 and 1.0 for the He and H, respectively are:

S = 1.0, Sys = 1.0, Sy = 0.5784 (22.6.4.1)
h11 = —2.6442, hoy = —1.7201, his = —1.5113, (22.6.4.2)
g1111 = 1.0547, g1121 = 0.4744, g1212 = 0.5664, (22.6.4.3)
g2211 = 0.2469, g2901 = 0.3504, g2222 = 0.6250, (22.6.4.4)

where 1 refers to 1sg. and 2 to 1sy. Note that the two-electrons integrals are given in Dirac notation. Parts a. - d. should be done
by hand. Any subsequent parts can make use of the QMIC software provided.

a. Using ¢, ~ 1sg, for the initial guess of the occupied molecular orbital, form a 2x2 Fock matrix. Use the equation derived above
in question 1for F,,.

b. SOlve the Fock matrix eigenvalue equations given above to obtain the orbital energies and an improved occupied molecular
orbital. In so doing, note that (¢1]¢1) =1= ClTS(Jl gives the needed normalization condition for the expansion coefficients of the
¢1 in the atomic orbital basis.

c. Determine the total SCF energy using the result of exercise 3 above at this step of the iterative procedure. When will this energy
agree with that obtained by using the alternative expression for E(SCF) given in exercise 2?

d. Obtain the new molecular orbital, ¢;, from the solution of the matrix eigenvalue problem (part b).

e. A new Fock matrix and related total energy can be obtained with this improved choice of molecular orbital, ¢1. This process
can be continued until a convergence criterion has been satisfied. Typical convergence criteria include: no significant change in
the molecular orbitals or the total energy (or both) from one iteration to the next. Perform this iterative procedure for the HeH™
system until the difference in total energy between two successive iterations is less than 107° a.u.

f. Show, by comparing the difference between the SCF total energy at one iteration and the converged SCF total energy, that the
convergence of the above SCF approach is primarily linear (or first order).

g. Is the SCF total energy calculated at each iteration of the above SCF procedure (via exercise 3) an upper bound to the exact
ground-state total energy?

h. Using the converged self-consistent set of molecular orbitals, ¢1 and ¢2, calculate the one- and two-electron integrals in the
molecular orbital basis. Using the equations for E(SCF) in exercises 2 and 3 calculate the converged values of the orbital energies
making use of these integrals in the mo basis.

i. Does this SCF wavefunction give rise (at R — oo) to proper dissociation products?

Q2

This problem will continue to address the same HeH™ molecular system as above, extending the analysis to include "correlation
effects."” We will use the one- and two-electron integrals (same geometry) in the converged (to 18~° au) SCF molecular orbital
basis which we would have obtained after 7 iterations above. The converged mos you would have obtained in problem 1 are:
b1 = —0.89997792 _ —0.83233180
YT —0.15843012) TP T | 1.21558030

a. Carry out a two configuration CI calculation using the 162 and 202 configurations first by obtaining an expression for the CI
matrix elements H;;(i,j = 102,20?) in terms of one- and two-electron integrals, and secondly by showing that the resultant CI
matrix is (ignoring the nuclear repulsion term):

—4.2720 0.1261
0.1261 —2.0149

b. Obtain the two CI energies and eigenvectors for the matrix found in a part a.
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c. Show that the lowest energy CI wavefunction is equivalent to the following two-determinant (single configuration) wavefunction:
1 1 1 1 1 1 1 1

1 = = = = == ==
3 |l|a2¢14+b2¢; |a|a2¢;—b2 Bl+|la2¢1—b2¢; |a|a2¢1+b2¢ | 4]

1 1
involving the polarized orbitals: a 2 ¢; + b 2 ¢,, where a = 0.9984 and b = 0.0556.
d. Expanding the CI list to 3 configurations by adding the 1020 to the original 162 and 20 configurations of part a above.
First, express the proper singlet spin-coupled 1620 configuration as a combination of Slater determinants and then computer all
elements of this 3x3 matrix.
e. Obtain all eigenenergies and corresponding normalized eigenvectors for this CI problem.
f. Determine the excitation energies and transition moments for HeH™ using the full CI result of part e above. The nonvanishing
matrix elements of the dipole operator r(x,y,z) in the atomic basis are:

<1SH‘Z|]-SH5> = 0.2854 and <1SH|Z|1SH> =14

First determine the matrix elements of r in the SCF orbital basis then determine the excitation energies and transition moments
from the ground state to the two excited singlet states of HeH™.

g. Now turning to perturbation theory, carry out a RSPT calculation of the first-order wavefunction |15%)(!) for the case in which
the zeroth-order wavefunction is taken to be the 1% Slater determinant. Show that the first-order wavefunction is given by:

10N = —0.0442|202).

h. Why does the |1020) configuration not enter into the first-order wavefuncion?

i. Normalize the resultant wavefunction that contains zeroth- plus first-order parts and compare it to the wavefunction obtained
in the two-configuration CI study of part b.

j. Show that the second-order RSPT correlation energy, E®, of HeH" is -8.8856 a.u. How does this compare with the correlation
energy obtained from the two- configuration CI study of part b?

Q3

Using the QMIC programs, calculate the SCF energy of HeH ™ using the same geometry as in problem 1 and the STO3G basis set
provided in the QMIC basis set library. How does this energy compare to that found in problem 1? Run the calculation again with
the 3- 21G basis basis provided. How does this energy compare to the STO3G and the energy found using STOs in problem 1?

Q4

Generate SCF potential energy surfaces for HeH™* and H, using the QMIC software provided. Use the 3-21G basis set and
generate points for geometries of R = 1.9, 1.2, 1.4, 1.6, 1.8, 2.8, 2.5, and 10.08. Plot the energies vs. geometry for each system. Which
system dissociates properly?

Q5

Generate CI potential energy surfaces for the 4 states of H, resulting from a CAS calculation with 2 electrons in the lowest 2 SCF
orbitals (1o, and 1o,). Use the same geometries and basis set as in problem 4. Plot the energies vs. geometry for each system.
Properly label and characterize each of the states (e.g., repulsive, dissociate properly, etc.).

This page titled 22.6.4: iii. Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack Simons
and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.6.5: iv. Review Exercise Solutions

Q1

Slater type orbitals (STOs) are "hydrogen-like" in that they have a normalized form of:
1 1 —r
25 n+§ 1 5 —1 ao

- a1 " Y m 07 b

()2 () 2 n (4, 9)

where as gaussian type orbitals GTOs have the form:

]\/'/xaybzce(fowj)7
where a, b, and ¢ are quantum numbers each ranging from zero upward in unit steps. So, STOs give "better" overall energies
and properties that depend on the shape of the wavefunction near the nuclei (e.g., Fermi contact ESR hyperfine constants) but
they are more difficult to use (two-electron integrals are more difficult to evaluate; especially the 4- center variety which have
to be integrated numerically). GTOs on the other hand are easier to use (more easily integrable) but improperly describe the

wavefunction near the nuclear centers because of the so-called cusp condition (they have zero slope at R = 0, whereas 1s STOs
have non-zero slopes there).

This page titled 22.6.5: iv. Review Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Jack Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.

@IOIC]E) 388 (22.6.5.1)


https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Quantum_Mechanics__in_Chemistry_(Simons_and_Nichols)/22%3A_Problems/22.06%3A_More_Quantitative_Aspects_of_Electronic_Structure_Calculations/22.6.05%3A_iv._Review_Exercise_Solutions
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://simons.hec.utah.edu/TheoryPage/BookPDF/

LibreTexts"

22.6.6: v. Exercise Solutions

Q1

Foi =cip; = hoi+ > _[J;— Kj] ¢
J

Let the closed shell Fock potential bewritten as:

Vij = Z (2(ik|jk) — (ik|kj)) , and the le” component as:

k

hij = (¢i — —V2 Z | |¢J and the delta as:
r—

“ = < |j> so that: hl] + ‘/z] = (51351
using. ¢z = Zcuixuv ¢] = ZCVJXV’ and ¢k = ZC’Y}CX’Y
u v K

, and transforming from the mo to ao basis we obtain:

Vij= Y CuiCCuiCri (2(ur|vr) — (uy|kv))
kuyvk

= D (CouCur) (CuiCrj) (2Aprlv) — (y|s)

kpyvk

= Z (CiCyj) Vyu where,

ZPW (2(urlv) — (prlwv)) , and P = 37 (CoxCr)
k

hij = Z (CiCyj) hy , where

pv

1 Z4
hyw = (xul — V2 =Y —=2—|x,) , and
w =l =5 2 |T_RA|\X> an

= (ll]) = Z (CuiSHVCVj) .

jn%

SO, hi; + Vij = é;j¢; becomes:

Z (Cm'cuj) h;w + Z (Cm'Cuj) VHV = Z (C;tiSuVCI/j) €jy

pv % %

> (CuiSwCuj) e > (CuiCuj) hyw — Y (CpiCyj) Vi = 0 for all i,
pv pv

pnv

Z Cﬂi [ng}LV - h;u/ - Vuy] C]/] = O fOI’ all l,_]

Therefore,
D [+ Viw = €8] Cuj = 0

Tis is FC = SCE.

Q2

The Slater Condon rule for zero (spin orbital) difference with N electrons in N spin orbitals is:
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N N
E=(H+G|) = (ilhl:) + D ((did;laldid;) — (@islaldsei)) (22.6.6.17)
; =)
= Z hii + Z (94515 — 9ijji) (22.6.6.18)
7 >y
1
= Z hii + 3 Z (9ijij — 9ijji) (22.6.6.19)
; 7

If all orbitals are doubly occupied and we carry out the spin integration we obtain:

occ occ

E=2 E hii + g (29i5ij — 9ijji) »
i ij
where i and j now refer to orbitals (not spin-orbitals).

Q3

If the occupied orbitals obey F¢, = erdx, then the expression for E in problem 2 above can be rewritten as.

oce oce oce
E= Z (hii + Z (2945i5 — gim)) + Z hi;
g J i

We recognize the closed shell Fock operator expression and rewrite this as

occ occ occ

E:ZFii+Zhii:Z(5i+hii)

1

This page titled 22.6.6: v. Exercise Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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22.6.7: vi. Problem Solutions

1. We will use the QMIC software to do this problem. Lets just start from the beginning. Get the starting "guess" mo coefficients
on disk. Using the program MOCOEFS it asks us for the first and second mo vectors. We input 1, ® for the first mo (this means
that the first mo is 1.0 times the He 1s orbital plus 8.0 times the H 1s orbital; this bonding mo is more likely to be heavily
weighted on the atom having the higher nuclear charge) and 0, 1 for the second. Our beginning mo-ao array looks like:

1.0 0.0
22.6.7.1
{o.o 1.0} (2267.1)

and is placed on disk in a file we choose to call "mocoefs.dat". We also put the ao integrals on disk using the program
RW_INTS. It asks for the unique one- and two- electron integrals and places a canonical list of these on disk in a file we
choose to call "ao_integrals.dat". At this point it is useful for us to step back and look at the set of equations which we wish
to solve: FC = SCE. The QMIC software does not provide us with a so-called generalized eigenvalue solver (one that contains
an overlap matrix; or metric), so in order to use the diagonalization program that is provided we must transform this equation

(FC = SCE) to one that looks like (F'C' = C'E). We do that in the following manner:
1 1 1 1 1

- = L= = =
Since S is symmetric and positive definite we canfindan S 2 suchthat S 2S5 2 =1, 25=S 2 etc. rewrite FC = SCE
1

by inserting unity between FC and multiplying the whole equation on the left by S 2.This gives:
1 1 1 1 1
-5 T ot -= +=
S 2FS 28 2C=8 2SCE=S8 2CFE

Letting:
1 1
F'=S 2FS 2 (22.6.7.2)
1
il
C’ =8 2(, and inserting expressions above give: (22.6.7.3)
F'C'=C'E (22.6.7.4)

Note, that to get the next iterations mo coefficients we must calculate C from C"
1 1

C'= S+5 C, so, multiplying through on the left by s 2 gives:

1.1
c'—5 2572

S

| =

c=C

This will be the method we will use to solve our fock equations.
1
Find § 2 by using the program FUNCT_MAT (this program generates a function of a matrix). This program will ask for the
1

elements of the S array and write to disk a file (name of your choice ... a good name might be "shalf") containing the S 2
array. Now we are ready to begin the iterative Fock procedure.

a. Calculate the Fock matrix, F, using program FOCK which reads in the mo coefficients from "mocoefs.dat" and the integrals
from "ao_integrals.dat" and writes the resulting Fock matrix to a user specified file (a good filename to use might be

something like "fock1").
1 1 1

b. Calculate F'= § 2 FS 2 using the program UTMATU which reads in F and S 2 from files on the disk and writes F' to
a user specified file (a good filename to use might be something like "fock1p"). Diagonalize F' using the program DIAG. This
program reads in the matrix to be diagonalized from a user specified filename and writes the resulting eigenvectors to disk
using a user specified filename (a good filename to use might be something like "coefip"). You may wish to choose the option
to write the eigenvalues (Fock orbit?l energies) to disk in order to use them at a later time in program FENERGY. Calculate

C by back transforming e.g. C = S 2 C.Thisis accomplished by using the program MATXMAT which reads in two matrices

to be multiplied from user specified files and writes the product to disk using a user specified filename (a good filename to
use might be something like "mocoefs.dat").
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c. The QMIC program FENERGY calculates the total energy, using the result of exercises 2 and 3;

Z,7Z Z,7
2(k|h|k) + 2(k1|1k) — (k1|1k L and k|h|k —
D 2(HAE) + 20116 — (RULK) + 3 =%, and 3 e+ (AR + 3 =

u>v

This is the conclusion of one iteration of the Fock procedure ... you may continue by going back to part a. and proceeding
onward.

d. and e. Results for the successful convergence of this system using the supplied QMIC software is as follows (this is alot
of bloody detail but will give the user assurance that they are on the right track; alternatively one could switch to the QMIC
program SCF and allow that program to iteratively converge the Fock equations):

The one-electron AO integrals:

—2.644200 —1.511300
—1.511300 —1.720100

The two-electron AO integrals:

1 1 1 1 1.054700 (22.6.7.5)
2 1 1 1  0.4744000 (22.6.7.6)
2 1 2 1 05664000 (22.6.7.7)
2 2 1 1  0.2469000 (22.6.7.8)
2 2 2 1  0.3504000 (22.6.7.9)
2 2 2 2 0.6250000 (22.6.7.10)

The "initial" MO-AO coeffficients:

[1.000000 0.000000]
10.000000 1.000000]

AO overlap matrix (S):

[1.000000 0.578400]
10.578400 1.000000 ]

[ 1.168032  —0.3720709
|—0.3720709  1.168031

nn
| =

dkkkkkkkkkkk

ITERATION 1

kkkkkkhkkkkhhk

The charge bond order matrix

1.000000 0.000000
0.000000 0.000000

The Fock matrix (F):

—1.589500 —1.036900
—1.036900 —0.8342001

—1.382781 —0.5048679
—0.5048678 —0.4568883
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The eigenvalues of this matrix (Fock orbital energies) are:

[—1.604825 — 0.2348450]

1
=
Their corresponding eigenvectors (C=S 2 xC) are:

—0.9153809 —0.4025888
—0.4025888  0.9153810
1
The "new" MO-AO coefficients (C= S 2*C))
—0.9194022 —0.8108231
—0.1296498 1.218985
The one-electron MO integrals:
—2.624352 —0.1644336
—0.1644336 —1.306845
The two-electron MO integrals:
1 1 1 1 0.9779331
2 1 1 1 0.1924623
2 1 2 1 0.5972075
2 2 1 1 0.1170838
2 2 2 1 —0.0007945194
2 2 2 2 0.6157323
The closed shell Fock energy from formula:
Z,7,
> 2(klhlk) + 2(k1[k1) — (k1[1K) + Y ==
kl u>v R/‘W
| F
from formula:
Z,7,
z}; e+ (klAlR) + > B " —2.80060530
u>v
the difference is:
—0.04159403
ITERATION 2
The change bond order matrix:
0.8453005 0.1192003
0.1192003 0.01680906
The Fock matrix:
—1.624673 —1.083623
—1.083623 —0.8772071
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1

L1
S 2FS 2

—1.396111 —0.5411037
—0.5411037 —0.4798213

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.646972 — 0.2289599)

1
Their corresponding eigenvectors (C' = S+5*C) are:
—0.9072427 —0.4206074
—0.4206074  0.9072427

1
The "new" MO-AO coefficients (C = s 2 *C'):
[—0.9031923 —0.8288413]
|—0.1537240 1.216184 |

The one-electron MO integrals:

[ —2.617336 —0.1903475]
|—0.1903475 —1.313861 |

The two-electron MO integrals:

1 1 1 1 0.9626070 (22.6.7.17)
2 1 1 1 0.1949828 (22.6.7.18)
2 1 2 1 0.6048143 (22.6.7.19)
2 2 1 1 0.1246907 (22.6.7.20)
2 2 2 1 0.003694540 (22.6.7.21)
2 2 2 2 0.6158437 (22.6.7.22)
The closed shell Fock energy from formula:
2,7,
> " 2(k|hlk) + 2(kl[kl) — (kI|Ik) + Y —2—" = —2.84349298
kl pu>v R/‘V
from formula:
2,7,
Zk: ex+ (khlk) + B " —2.83573675
w>v
the difference is:
—0.00775623

kkkkkkhkkkkkk

ITERATION 3

*kkkkkkkkkkk

The change bond order matrix:

—1.631153 —1.091825
—1.091825 —0.8853514
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1

S 2FS

1
2

—1.398951 —0.5470731
—0.5470730 —0.4847007

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.654745 — 0.2289078]

1
=
Their corresponding eigenvectors (C'=S 2 *C) are:
—0.9058709 —0.4235546
—0.4235545  0.9058706

1
The "new" MM-AO coefficients (C=575*C‘):
[—0.9004935 —0.8317733]
| —0.1576767  1.215678 |

The one-electron MO integrals:

[ —2.616086 —0.1945811]
|—0.1945811 —1.315112 |

The two-electron MO integrals:

1 1 1 1 0.9600707
2 1 1 1 0.1953255
2 1 2 1 0.6060572
2 2 1 1 0.1259332
2 2 2 1 0.004475587
2 2 2 2 0.6158972
The closed shell Fock energy from formula:
2,7,
> " 2(k|hlk) + 2(kl[kl) — (kI|Ik) + Y —2—" = —2.84353018
kl pu>v R/‘V
from formula:
2,7,
Zk: ex+ (khlk) + B " —2.84225941
w>v
the difference is:
—0.00127077

kkkkkkhkkkkkk

ITERATION 4

*kkkkkkkkkkk

The charge bond order matrix:

0.8108885 —1.093155
—1.093155 —0.8866909
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The Fock matrix:

—1.632213 —1.093155
—1.093155 —0.8866909

—1.399426 —0.5480287
—0.5480287 —0.4855191

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.656015 - 0.2289308]

1
=
Their corresponding eigenvectors (C'= S 2 *C) are:
—0.9056494 —0.4240271
—0.4240271  0.9056495

1
The "new" MO-AO coefficients (C = Sig*C‘):
[—0.9000589 —0.8322428// — 0.1583111 1.215595)

The one-electron MO integrals:

—2.615881 —0.1952594
—0.1952594 —1.315315

The two-electron MO integrals:

1 1 1 1 0.9596615 (22.6.7.29)
2 1 1 1 0.1953781 (22.6.7.30)
2 1 2 1 0.6062557 (22.6.7.31)
2 2 1 1 0.1261321 (22.6.7.32)
2 2 2 1 0.004601604 (22.6.7.33)
2 2 2 2 0.6159065 (22.6.7.34)
The closed shell Fock energy from formula:
Z,7Z,
> 2(k|hlk) + 2(kl|kl) — (kI|Ik) + Y  —-— = —2.84352922
kl p>v R/W
from formula:
Z,7,
}kjak + (klhlk) + B " —2.84332418
u>v
the difference is:
—0.00020504

kkkkkkkkkkhk

ITERATION 5

Kkkkkkkkkkkk
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The charge bond order matrix:

0.8101060 0.1424893
0.1424893 0.02506241

The Fock matrix:

—1.632385 —1.093368
—1.093368 —0.8869066

—1.399504 —0.5481812
—0.5481813 —0.4856516

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.656219 — 0.2289360]

1
=
Their corresponding eigenvectors (C'=S 2 *C) are:

—0.9056138 —0.4241026
—0.4241028  0.9056141

1
The "new" MO-AO coeficients (C = s 2 *C'):

[—0.8999892 —0.8323179]
|—0.1584127  1.215582 |

The one-electron MO integrals:

[ —2.615847 —0.1953674]
|—0.1953674 —1.315348 |

The two-electron MO integrals:

1 1 1 1 0.9595956 (22.6.7.35)
2 1 1 1 0.1953862 (22.6.7.36)
2 1 2 1  0.6062872 (22.6.7.37)
2 2 1 1 01261639 (22.6.7.38)
2 2 2 1 0.004621811 (22.6.7.39)
2 2 2 2 0.6159078 (22.6.7.40)
The closed shell Fock energy from formula:
Z,7Z,
> 2(k|hlk) + 2(kl[kl) — (kI|Ik) + Y —-— = —2.84352779
kl u>v Rl”‘
from formula:
Z,7,
ex + (k|h|E) + B — 284349489
Doet (KAlk) + 30 G

the difference is:
-0.00003290

kkkkkkhkkkkkk
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ITERATION 6

kkkkkkkkkkkk

The charge bond order matrix:

0.8099805 0.1425698
0.1425698 0.02509460

The Fock matrix:

—1.632412 —1.093402
—1.093402 —0.8869413

—1.399517 —0.5482056
—0.5482056 —0.4856730

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.656253 — 0.2289375]

1
=
Their corresponding eigenvectors (C'= S 2 *C) are:
—0.9056085 —0.4241144
—0.4241144  0.9056086

1
The "new" MO-AO coefficients (C = Sig*C‘):

0.8999786 —0.8323296
—0.15842831.215580

The one-electron MO integrals:
—2.615843 —0.1953846
—0.1953846 —1.315353

The two-electron MO integrals:

1 1 1 1 0.9595859 (22.6.7.41)

2 1 1 1 0.1953878 (22.6.7.42)

2 1 2 1 0.6062925 (22.6.7.43)

2 2 2 1 0.004625196 (22.6.7.44)

2 2 2 2 0.6159083 (22.6.7.45)
The closed shell Fock energy from formula:

Z

Zy
> " 2(k|h|k)y2(kl| kL) — (KI|lk) + ) R" = —2.84352827
kl HY

pu>v

from formula:
Z

A
BTV — 284352398
R,

> er+ (klhlk) + >
k

u>v

the difference is:
-0.00000429
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ITERATION 7

kkkkkkhkkkhhk

The charge bond order matrix:

0.8099616 0.1425821
0.1425821 0.02509952

The Fock matrix:

—1.632416 —1.093407
—1.093407 —0.8869464

—1.399519  —0.5482093
—0.5482092 —0.4856761

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.656257 — 0.2289374]

1
. . . +5
Their corresponding eigenvectors (C'= S 2 *C) are:

—0.9056076 —0.4241164
—0.4241164  0.9056077

1
The "new" MO-AO coefficients (C=S_5 *C'):

[—0.8999770 —0.8323317]
|—0.1584310  1.215580 |

The one-electron MO integrals:

[ —2.615843 —0.1953876]
|—0.1953876 —1.315354 |

The two-electron MO integrals:

1 1 1 1 0.9595849 (22.6.7.46)
2 1 1 1 0.1953881 (22.6.7.47)
2 1 2 1 0.6062936 (22.6.7.48)
2 2 1 1 0.1261697 (22.6.7.49)
2 2 2 1 0.004625696 (22.6.7.50)
2 2 2 2 0.6159083 (22.6.7.51)

The closed shell Fock energy from formula:

Z,7,
> 2(k|hlk) + 2(kl|kl) — (kI|Ik) + Y | —-— = —2.84352922
kl pu>v Rl“‘

from formula:

7,7,
er + (k|h|k) + BTV = _2.84352827
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the difference is:
—0.00000095

kkkkkkhkkkkkk

ITERATION 8

kkkkkkkkkkhk

The charge bond order matrix:

0.8099686  0.1425842
0.1425842 0.02510037

The Fock matrix:

—1.632416 —1.093408
—1.093408 —0.8869470

—1.399518 —0.5482103
—0.5482102 —0.4856761

The eigenvalues of this matrix (Fock orbital energies) are:
[—1.656258 — 0.2289368]

1
Their corresponding eigenvectors (C'=S+5 *C) are:
—0.9056074 —0.4241168
—0.4241168  0.9056075

1
The "new" MO-AO coefficients (C=Si§ *C'):
{—0.8999765 —0.8323320}
—0.1584315  1.215579
The one-electron MO integrals:
{ —2.615842 —0.1953882}
—0.1953882 —1.315354

The two-electron MO integrals:

1 1 1 1 09595841 (22.6.7.52)
2 1 1 1 01953881 (22.6.7.53)
2 1 2 1  0.6062934 (22.6.7.54)
2 2 1 1  0.1261700 (22.6.7.55)
2 2 2 1  0.004625901 (22.6.7.56)
2 2 2 2 0.6159081 (22.6.7.57)

The closed shell Fock energy from formula:

\[ \sum\limits_{kl} 2\langle k|h|k\rangle + 2 \langle kllkl\rangle - \langle kl|lk\rangle + \sum\limits_{\mu > \nu} \dfrac{Z_\mu
Z_\nuH{R_{\mu\nu}} = -2.84352827 \nonumber \]

from formula:
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7,2,
; e + (k|h|k) + ; B —2.84352827
the difference is:
0.00000000

f. In looking at the energy convergence we see the following:
Iteration Formula 1 Formula 2
1 -2.84219933 -2.80060530
2 -2.84349298 -2.83573675
3 -2.84353018 -2.84225941
4 -2.84352922 -2.84332418
5 -2.84352779 -2.84349489
6 -2.84352827 -2.84352827
7 -2.84352922 -2.84352827
8 -2.84352827 -2.84352827

f. If you look at the energy difference (SCF at iteration n - SCF converged) and plot this data versus iteration number, and do
a 5th order polynomial fit, we see the following:

y =0.144 - 0.153x + 0.063xA2 - 0.013xA3 + 0.001xA4 R=1.00

0.05
0.04
o~
5  0.03-
(8]
prag
(@)
w
©0.02 4
o
=l
S 0.01 A
w
0.00
0

Iteration

In looking at the polynomial fit we see that the convergence is primarily linear since the coefficient of the linear term is much
larger than those of the cubic and higher terms.

g. The converged SCF total energy calculated using the result of exercise 3 is an upper bound to the ground state energy,
but, during the iterative procedure it is not. At convergence, the expectation value of the Hamiltonian for the Hartree Fock
determinant is given by the equation in exercise 3.

h. The one- and two- electron integrals in the MO basis are given above (see part e iteration 8). The orbital energies are
found using the result of exercise 2 and 3 to be:

@O0
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2,2,
E(SCF) = Zek + (k|h|k) + Z (22.6.7.58)
pu>v l“’
2,2,
E(SCF) =" 2(k|h|k) + 2(kl|kl) — (Kl|lk) + > = (22.6.7.59)
kl u>v iz
s0, e = (k|h|k) + > (2(kl|kl) — (kI|Ik)) (22.6.7.60)
1
e1 = hiy +2(1111) — (11]11) (22.6.7.61)
= —2.615842 + 0.9595841 (22.6.7.62)
= —1.656258 (22.6.7.63)
€2 = hgg + 2(21]21) — (21]12) (22.6.7.64)
= —1.315354 + 2 * 0.6062934 — 0.1261700 (22.6.7.65)
= —0.2289372 (22.6.7.66)

i. Yes, the 162 configuration does dissociate properly because at R — oo the lowest energy state is He + H*, which also has
a 1o? orbital occupancy (i.e., 1s? on He and 1s” on H*).

1. At convergence the mo coefficients are:

b1 = —0.8999765 _ —0.8323320

Lo —0.1584315 B 1.215579

and the integrals in this MO basis are:
h11 = —2.615842 ho1 = —0.1953882 haa = —1.315354 (22.6.7.67)
gi111 = 0.9595841 g2111 = 0.1953881 g2121 = 0.6062934 (226768)
g2211 = 0.1261700 g2221 = 004625901 2222 = 0.6159081 (22.6.7.69)

a.
_ [(10—2|H|102> (102\H‘202>} _ th + g1n g1122 ] (22.6.7.70)
(202 H|16?) (202|H|20%) 91122 2has + g2222 o
_[2%—2.615842 + 0.9595841 0.1261700 (22.6.7.71)
B 0.126170 2% —1.315354 + 0.6159081 R
—4.272100  0.126170
= 22.6.7.72
[ 0.126170 —2.014800} (226.7.72)
b. The eigenvalues are E; = —4.279131 and E> = —2.007770. The corresponding eigenvectors are:
' "allowed only in math mode
c.
1
ol (\/am +VBo2) a (Vasr — Visa) |+ | (Vag — Vboa) a (Vaon + Visa) |
7 [(\/_dh +Vbss) (Vags — Vogs) + (Vags — Vogs) (Vag: + \/1_7¢2)] (af = Ba)
—(a¢1¢1 — bpaga) (B — Bar)
7
= a|prag1 8] — blp2agp]. (note from part 1

. . . 1
d. The third configuration |1620| = — [|1a208] — |182¢|],
V2

Adding this configuration to the previous 2x2 CI results in the following 3x3 'full' CI:
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[ (16?|H|10%)  {(10%|H|20%) (10* H|1020)

H= | (20%|H|10®) (20% H|20%) (20%|H|1020) (22.6.7.77)
| (1620|H|16%) (20%|H|1020) (l020|H|1020)
[ 1

2h11 + g1t g1122 NG [2h12 + 2g2111]

1
= 91122 2h92 + g2222 — [2h12 + 2g2021] (22.6.7.78)

V2

1 1
— [2h12 + 2g2111] ——= [2h12 + 2g2291]  h11 + hag + g2121 + goon1
V2 V2

Evaluating the new matrix elements:

Hyy = Hy = V2 % (—0.1953882 + 0.1953881) = 0.0 (22.6.7.79)
Hoys = Hsy = V/2 % (—0.1953882 + 0.004626) = —0.269778 (22.6.7.80)
Has = —2.615842 — 1.315354 + 0.606293 + 0.126170 (22.6.7.81)
= —3.198733 (22.6.7.82)
—4.272100  0.126170 0.0
= | 0126170 —2.014800 —0.269778 (22.6.7.83)
0.0 —0.269778 —3.198733

e. The eigenvalues are E; = —4.279345, E; = —3.256612 and E3 = —1.949678. The corresponding eigenvectors are:

—0.99825280 —0.05302767 —0.05302767
0.05732290 | , Cy = —0.20969283 | , Cs = —0.97608540
0.01431085 —0.9774200 0.21082004

f.

We need the non-vanishing matrix elements of the dipole operator in the mo basis. These can be obtained by calculating
them by hand. They are more easily obtained by using the TRANS program. Put the le~ ao integrals on disk by
running the program RW_INTS. In this case you are inserting z;; = 0.0, z9; = 0.2854, and 292 = 1.4 (insert 0.0 for all
the 2e~ integrals) ... call the output file "ao_dipole.ints" for example. The converged MO-AO coefficients should be in
a file ("mocoefs.dat" is fine). The transformed integrals can be written to a file (name of your choice) for example
"mo_dipole.ints". These matrix elements are:

Zy1 = 0.11652690, 291 = —0.54420990, z92 = 1.49117320

The excitation energies are F, — F; = —3.256612 — —4.279345 = 1.022733, and E3 — E; = —1.949678. — —4.279345

= 2.329667.
Using the Slater-Conden rules to obtain the matrix elements between configurations we get:
[ (162|2]16%)  (102|2|20?) (102%|2|020)
H.=| (20%2]16%)  (20%|2|20%)  (20%|2]1020) (22.6.7.84)
| (1020]2]10%)  (20?%|2|1020) (l020]|2|1020)
I 1
2211 0 e 2212
7 (2210]
1
= 0 2292 — [2219] 22.6.7.85
7 ( )
o] = 2] mut
— [2z12] —=[22z12] 211+ 222
V2 V2
0.233054 0 —0.769629
0 2.982346  —0.769629 (22.6.7.86)

—0.769629 —0.769629 1.607700
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Now, (Uq|2|¥,) = ClTHZCQ, (this can be accomplished with the program UTMATU)

—0.998252807 7 [ 0.233054 0 —0.769629 —0.02605343

= 0.05732290 0 2.982346  —0.769629 —0.20969283 (22.6.7.87)
0.01431085 —0.769629 —0.769629  1.607700 —0.9774200

= —0.757494 (22.6.7.88)

and, (¥4]2|¥3) = CTH,C;

—0.998252807 T [ 0.233054 0 —0.769629 —0.05302767

= 0.05732290 0 2.982346  —0.769629 —0.97698540 (22.6.7.89)
0.01431085 —0.769629 —0.769629 1.607700 0.21082004

g.

Using the converged coefficients the orbital energies obtained from solving the Fock equations are ¢;
= —1.656258 and 5 = —0.228938. The resulting expression for the RSPT first-order wavefunction becomes:

1oy — 9211 192 22.6.7.90
‘ > 2(52 — 61) ’ > ( )
0.126170
162)1) = — 120%) (22.6.7.91)
2(—0.228038 + 1.656258)
|16%) = —0.0441982|202) (22.6.7.92)

h. As you can see from part c., the matrix element (1o?|H|1020) = 0 (this is also a result of the Brillouin theorem) and
hence this configuration does not enter into the first-order wavefunction.

|0) = |10”) — 0.0441982|20°).To normalize we divide by: (22.6.7.93)
[1 + (0.0441982)2] = 1.0009762 (22.6.7.94)
|0) = 0.999025|15%) — 0.044155|207) (22.6.7.95)
In the 2x2 CI we obtained:
|0) = 0.99845123|15%) — 0.05563439|25°) (22.6.7.96)

j. The expression for the 2% order RSPT is:

2 2
g ___lgznl” 0.126170 (22.6.7.97)
2(ey —e1) 2(—0.228938 + 1.656258)

= —0.005576 au (22.6.7.98)

Comparing the 2x2 CI energy obtained to the SCF result we have:

-4.279131 - (-4.272102) = -0.007029 au

STO total energy: —2.8435283 (22.6.7.99)
2. STO3G total energy —2.8340561 (22.6.7.100)
3-21G total energy —2.8864405 (22.6.7.101)

The STO3G orbitals were generated as a best fit of 3 primitive gaussians (giving 1 CGTO) to the STO. So, STO3G can
at best reproduce the STO result. The 3-21G orbitals are more flexible since there are 2 CGTOs per atom. This gives 4
orbitals (more parameters to optimize) and a lower total energy.

R HeH™ Energy H, Energy
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-2.812787056 -1.871953297
1.0
12 -2.870357513 -1.113775015
14 -2.886440516 -1122933507
1.6 -2.886063576 -1.115567684
18 -2.880080938 -1.099872589
2.0 -2.872805595 -1.080269098
25 -2.856760263 -1.8026927710
10.0 -2.835679293 -0.7361705303

Plotting total energy vs. geometry for HeH ™ :

Total Energy (au)
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Plotting total energy vs. geometry for H, :

Total Energy (au)
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For HeH* at R = 108.0 au, the eigenvalues of the converged Fock matrix and the corresponding converged MO-AO
coefficients are:

405 (22.6.7.15)

@O0



LibreTexts"

—0.1003571F + 01 — 0.4961988E + 00
0.4579189F + 00 — 0.8245406 E — 05
0.6572777E + 00 — 0.4580946 E — 05

—0.1415438E — 050.3734069E + 00

0.11127780.71732444F + 00

0.5864846 F + 000.1981702F + 01 (22.6.7.102)
0.1532163F — 040.1157140F + 01 (22.6.7.103)
—0.6822942F — 05 — 0.1056716 £ 4 01 (22.6.7.104)
0.1255539F + 01 — 0.1669342F — 04 (22.6.7.105)
—0.1096019E£010.2031348E — 04 (22.6.7.106)

Notice that this indicates that orbital 1is a combination of the s functions on He only (dissociating properly to He + H*

).

For H; at R =10.0 au, the eigenvalues of the converged Fock matrix and the corresponding converged MO-AO
coefficients are:

—0.2458041E + 00 — 0.1456223E + 00
0.1977649F + 00 — 0.1978204F + 00

0.56325666 F + 00 — 0.5628273F + 00
0.1976312F + 000.1979216 E + 00
0.5629326 E + 000.5631776E + 00

0.1137235E + 010.1137825E + 01 (22.6.;
0.1006458E + 01 — 0.7903225E + 00 (22.6.
—0.8179120E + 000.6424941E + 00 (22.6."
0.7902887E + 000.1006491F + 01 (22.6.;
(22.6.;

—0.6421731E + 00 — 0.6421731E + 00 —0.8181460E + 00

Notice that this indicates that the orbital 1is a combination of the s functions on both H atoms (dissociating improperly;
equal probabilities of H, dissociating to two neutral atoms or to a proton plus hydride ion).

1. The H, CI result"

i ‘X, 2 ' 'y

1.0 -1.874970 -0.5323429 -0.3997412 0.3841676
1.2 -1.118442 -0.6450778 -0.4898805 0.1763018
1.4 -1.129904 -0.7221781 -0.5440346 0.0151913
1.6 -1.125582 -0.7787328 -0.5784428 -0.1140074
1.8 -1.113702 -0.8221166 -0.6013855 -0.2190144
20 -1.898676 -0.8562555 -0.6172761 -0.3044956
2.5 -1.8060052 -0.9141968 -0.6384557 -0.4530645
5.0 -0.9835886 -0.9790545 -0.5879662 -0.5802447
7.5 -0.9806238 -0.9805795 -0.5247415 -0.5246646
10.0 -0.989598 -0.9805982 -0.4914058 -0.4913532

@O0
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For H, at R = 1.4 au, the eigenvalues of the Hamiltonian matrix and the corresponding determinant amplitudes are:

determinant -1.129904 -0.722178 -0.544035 0.015191
|1og4a10,8] 0.99695 0.00000 0.00000 0.07802
|loyBlo,ql 0.00000 0.70711 0.70711 0.00000
|loyalo,f| 0.00000 0.70711 -0.70711 0.00000
|owalo,s| -0.07802 0.00000 0.00000 0.99695

This shows, as expected, the mixing of the first ' - +(102 and the 2nd ' 3> (102) determinants, the

+

"
and the ! = L lo,Bloya| — [lo,alo,B .
\/5 g g

"
Also notice that the IZ state is the bonding (8.99695 - 0.878082) combination (note specifically the + -
g

"
combination) and the second ! }_ state is the antibonding combination (note specifically the + + combination). The
g9

+ + combination always gives a higher energy than the + - combination. Also notice that the 1st and 2nd states

+ +
(*>2 and 3Y)) are dissociating to proton/anion combinations. The difference in these energies is the jonization
g u

pofential of H minus the electron affinity of H.

This page titled 22.6.7: vi. Problem Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jack
Simons and Jeff Nichols via source content that was edited to the style and standards of the LibreTexts platform.
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17.4: Atomic Units

energy ordered orbitals
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules

energy quantization
1.4: Free-Particle Motion in Two Dimensions
1.7: Harmonic Vibrational Motion
16.1: One Dimensional Scattering
energy separation
3.5: Separation of Vibration and Rotation
energy splitting
7: Further Characterization of Molecular
Orbitals
7.4: The Extended Hiickel Method

energy states

1.9: The Physical Relevance of Wavefunctions,

Operators and Eigenvalues
energy_levels

22.3.4: iv. Review Exercise Solutions
energyfunctional

19.4: Further Details on Implementing

Multiconfigurational Methods
EnergyProperties

22.6.5: iv. Review Exercise Solutions
equation

22.1.6: vi. Exercise Solutions
equilibrium geometry

3.5: Separation of Vibration and Rotation
essential CI

12.3: Various Types of Configuration Mixing
exchange operator

18.2: The Single-Determinant Wavefunction

18.5: The LCAO-MO Expansion
excitation probability

14.3: Application to Electromagnetic

Perturbations
excited state

11.1: Configuration State Functions can Express

the Full N-Electron Wavefunction

17.2: Electron Correlation Requires Moving

Beyond a Mean-Field Model

9.1: Electronic Configurations
excited state transitions

22.5.1: i. Exercises
excited states

8.4: Configuration Interaction (CI) Describes

the Correct Electronic States

expectation values

20: Response Theory
experimental data

7.2: Determining the Effective Potential
experimental peaks

15.2: Vibration-Rotation Transitions
extended Hiickel method

7: Further Characterization of Molecular

Orbitals
7.4: The Extended Hiickel Method

F

fermions
9: Symmetry of Electronic Wavefunctions
9.2: Antisymmetric Wavefunctions

finite potential well
16.7: One Dimensional Scattering
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Fock operator
18.2: The Single-Determinant Wavefunction
18.6: The Roothaan Matrix SCF Process
22.6.6: v. Exercise Solutions

forbidden transitions
15.3: Electronic-Vibration-Rotation Transitions

Force Fields
20.2: Ab Initio, Semi-Empirical, and Empirical
Force Field Methods

forces
17: Higher Order Corrections to Electronic
Structure

Fully Empirical Methods
20.2: Ab Initio, Semi-Empirical, and Empirical
Force Field Methods

G

Gaussian type orbitals
22.6.1: i. Review Execises

GaussianTypeOrbitals
22.6.5: iv. Review Exercise Solutions

generalized valence bond
12.3: Various Types of Configuration Mixing

geometries
22.6.4: iii. Problems
8: Electronic Configurations

geometry differences
15.3: Electronic-Vibration-Rotation Transitions

ground state
11.1: Configuration State Functions can Express
the Full N-Electron Wavefunction
17.2: Electron Correlation Requires Moving
Beyond a Mean-Field Model
8.4: Configuration Interaction (CI) Describes
the Correct Electronic States
9.1: Electronic Configurations

H

H2
22.6.4: iii. Problems

H20 molecule
1.2: Wavefunctions

Hamiltonian
1.3: The Schrédinger Equation
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
10.1: Angular Momentum Symmetry and
Strategies for Angular Momentum Coupling
10.7: Review of Atomic Cases
11.S: Evaluating the Matrix Elements of N-
electron Wavefunctions (Summary)
12: Quantum Mechanical Picture of Bond
Making and Breaking Reactions
12.1: Concepts of Configuration and State
Energies
13.1: Rotational Motions of Rigid Molecules
14: Time-dependent Quantum Dynamics
14.2: Time-Dependent Perturbation Theory
17.1: Orbitals, Configurations, and the Mean-
Field Potential
2: Approximation Methods
2.1: The Variational Method
2.2: Perturbation Theory
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
5.3: Linear Molecules
5.4: Atoms
8.5: Summary
9.2: Antisymmetric Wavefunctions

Hamiltonian invariance
4.3: Sizes and Energies

Hamiltonian matrix
22.2.6: vi. Problem Solutions
7.4: The Extended Hiickel Method

Hamiltonian mechanics

1.4: Free-Particle Motion in Two Dimensions
Hamiltonian modifications

14.1: Time-Dependent Vector Potentials
harmonic approximation

13: Molecular Rotation and Vibration
harmonic oscillator

1.7: Harmonic Vibrational Motion

13.3: Anharmonicity

3: Nuclear Motion

3.7: The Morse Oscillator

harmonic potential

3.6: The Rigid Rotor and Harmonic Oscillator
harmony

13.3: Anharmonicity
HCl

15.2: Vibration-Rotation Transitions
HCN bend

22.5.4: iv. Problem Solutions
HeH+

22.6.4: iii. Problems
Hermitian operator

2.1: The Variational Method

heterolytic bond cleavage
12.2: Mixing of Covalent and Ionic
Configurations
HF equations
18.5: The LCAO-MO Expansion
homolytic bond cleavage
12.2: Mixing of Covalent and Ionic
Configurations
Hiickel model
7.3: The Hiickel Parameterization

Hiickel parameterization
7: Further Characterization of Molecular
Orbitals

Hiickel theory

7.4: The Extended Hiickel Method
Huickel_model

22.2.3: iii. Problems
hybrid atomic orbitals

22.2.6: vi. Problem Solutions

hybrid orbitals
17.3: Moving from Qualitative to Quantitative
Models
5.2: Orbital Symmetry
5.3: Linear Molecules
hybridization
5.1: Orbital Interaction Topology
Hydrogen atom
1.6: One Electron Moving About a Nucleus
4.1: Shapes of Atomic Orbitals

hydrogenic atom
1: The Basic Tools of Quantum Mechanics
22.5.1: i. Exercises

hypergeometric functions
3.7: The Morse Oscillator

I

indistinguishable
9: Symmetry of Electronic Wavefunctions

infrared spectroscopy
15: Spectroscopy
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Integrability

22.6.5: iv. Review Exercise Solutions

integral equations
14.3: Application to Electromagnetic
Perturbations

integrals
11.3: The Slater-Condon Rules
11.S: Evaluating the Matrix Elements of N-
electron Wavefunctions (Summary)
22.2.5: v. Exercise Solution
interaction
6.1: Reduction in Symmetry Along Reaction
Paths
interactions
11.S: Evaluating the Matrix Elements of N-
electron Wavefunctions (Summary)

interactions with light
14: Time-dependent Quantum Dynamics
inversion symmetry
10: Angular Momentum and Group Symmetries
of Electronic Wavefunctions
10.6: Inversion Symmetry
ionization energies
1.5: Particles in Boxes

ionization energy
7.3: The Hiickel Parameterization
7.4: The Extended Hiickel Method

ionization potential
18.7: Observations on Orbitals and Orbital
Energies

ions
17.1: Orbitals, Configurations, and the Mean-
Field Potential

irreducible representations
22.2.6: vi. Problem Solutions

isotopes
15.2: Vibration-Rotation Transitions

K

kinetic energies
14.1: Time-Dependent Vector Potentials

kinetic energy
1.1: Operators
17.4: Atomic Units
18.1: Optimization of the Energy for a
Multiconfiguration Wavefunction
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
3.10: Rotation of Non-Linear Molecules
3.4: Rotation and Vibration of Diatomic
Molecules
3.8: Rotation of Polyatomic Molecules
8.3: Mean-Field Models

kinetic energy operator
18.5: The LCAO-MO Expansion
3: Nuclear Motion

L

LCAO
5.2: Orbital Symmetry
LCAOMO
7.1: The LCAO-MO Expansion and the Orbital-
Level Schrédinger Equation
light
14.4: The "Long-Wavelength" Approximation
linear algebra
22.6.6: v. Exercise Solutions
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linear combinations
7.1: The LCAO-MO Expansion and the Orbital-
Level Schrédinger Equation

linear molecules
5: Molecular Orbitals
5.3: Linear Molecules

linear transitions
14.3: Application to Electromagnetic
Perturbations

linear variational treatment
11: Evaluating the Matrix Elements of N-electron
Wavefunctions

lowest energy state
4.1: Shapes of Atomic Orbitals

magnetic dipole moment
14.4: The "Long-Wavelength" Approximation

magnetic field
14.1: Time-Dependent Vector Potentials

manifold
3.3: Vibration/Rotation States for Each
Electronic Surface

matrix
18.6: The Roothaan Matrix SCF Process

matrix eigenvalue
18.5: The LCAO-MO Expansion

matrix eigenvalue problem
22.2.5: v. Exercise Solution

matrix elements
11: Evaluating the Matrix Elements of N-electron
Wavefunctions
11.2: The Slater-Condon Rules Give Expressions
for the Operator Matrix Elements Among the
CSFs
11.S: Evaluating the Matrix Elements of N-
electron Wavefunctions (Summary)
12.1: Concepts of Configuration and State
Energies
14.3: Application to Electromagnetic
Perturbations
20: Response Theory
MCSCF
19.3: Strengths and Weaknesses of Various
Methods
mean field model
8.3: Mean-Field Models
mean field theory
8.2: Even N-Electron Configurations are Not
Mother Nature's True Energy States
measurable quantities
1.1: Operators
measurements
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
mechanics
16.4: Wavepackets
22.1.6: vi. Exercise Solutions
methods
17: Higher Order Corrections to Electronic
Structure
microwave spectroscopy
1.8: Rotational Motion for a Rigid Diatomic
Molecule
15: Spectroscopy

molecular
16.4: Wavepackets
17: Higher Order Corrections to Electronic
Structure
18: Multiconfiguration Wavefunctions

molecular dynamics
13: Molecular Rotation and Vibration
14: Time-dependent Quantum Dynamics
16: Collisions and Scattering
16.3: Classical Treatment of Nuclear Motion

molecular energy levels
14: Time-dependent Quantum Dynamics

molecular orbital
12: Quantum Mechanical Picture of Bond
Making and Breaking Reactions
12.2: Mixing of Covalent and Ionic
Configurations

molecular orbital energies
7.2: Determining the Effective Potential

molecular orbital methods
2: Approximation Methods
2.1: The Variational Method

molecular orbital models
7.1: The LCAO-MO Expansion and the Orbital-
Level Schrédinger Equation

molecular orbital theory
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules

molecular orbitals
1.5: Particles in Boxes
11: Evaluating the Matrix Elements of N-electron
Wavefunctions
11.2: The Slater-Condon Rules Give Expressions
for the Operator Matrix Elements Among the
CSFs
18.5: The LCAO-MO Expansion
19: Multi-Determinant Wavefunctions
19.2: Different Methods
20.2: Ab Initio, Semi-Empirical, and Empirical
Force Field Methods
22.2.4: iv. Review Exercises Solutions
22.2.6: vi. Problem Solutions
22.6.1: i. Review Execises
22.6.6: v. Exercise Solutions
3.11: Chapter Summary
4: Atomic Orbitals
4.3: Sizes and Energies
5: Molecular Orbitals
5.1: Orbital Interaction Topology
5.2: Orbital Symmetry
5.3: Linear Molecules
7: Further Characterization of Molecular
Orbitals
molecular physics
13.3: Anharmonicity
3.7: The Morse Oscillator
3.8: Rotation of Polyatomic Molecules
3.9: Rotation of Linear Molecules

molecular quantum chemistry

18.4: Atomic Orbital Basis Sets
molecular rotations

1.3: The Schrédinger Equation
molecular Rydberg states

3.2: Time Scale Separation
molecular species

14: Time-dependent Quantum Dynamics
molecular spectroscopy

3.11: Chapter Summary

molecular states
14.2: Time-Dependent Perturbation Theory
17.2: Electron Correlation Requires Moving
Beyond a Mean-Field Model
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molecular structure
13.3: Anharmonicity
3: Nuclear Motion
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
3.11: Chapter Summary
8.3: Mean-Field Models
8.5: Summary

molecular symmetry
10.3: Coupling of Angular Momenta
13.2: Vibrational Motion Within the Harmonic
Approximation
14.4: The "Long-Wavelength" Approximation
15: Spectroscopy
15.3: Electronic-Vibration-Rotation Transitions
22.4.3: iii. Exercise Solutions

molecular transitions

15.4: Time Correlation Function Expressions for
Transition Rates

molecular_orbital_energy_levels
22.2.3: iii. Problems

molecular_orbitals
22.2.3: iii. Problems
22.3.4: iv. Review Exercise Solutions
22.5.2: ii. Problems

molecular_spectroscopy
22.5.2: ii. Problems

molecularorbitals
19.4: Further Details on Implementing
Multiconfigurational Methods

molecule
10.1: Angular Momentum Symmetry and
Strategies for Angular Momentum Coupling
22.4.2: ii. Problems
6.1: Reduction in Symmetry Along Reaction
Paths

molecule orientation
14.4: The "Long-Wavelength" Approximation

molecules
17.1: Orbitals, Configurations, and the Mean-
Field Potential
17.3: Moving from Qualitative to Quantitative
Models
22.4.1:i. Exercises
8: Electronic Configurations
9: Symmetry of Electronic Wavefunctions
9.1: Electronic Configurations
moment of inertia
22.4.2: ii. Problems
3.10: Rotation of Non-Linear Molecules
3.8: Rotation of Polyatomic Molecules
3.9: Rotation of Linear Molecules
momentum
1.1: Operators
10.7: Review of Atomic Cases
16.4: Wavepackets
Morse oscillator
22.4.1: 1. Exercises
3.7: The Morse Oscillator

motional time scales

3.2: Time Scale Separation
multiconfiguration

18: Multiconfiguration Wavefunctions
multiconfigurational

12.3: Various Types of Configuration Mixing

19.1: Introduction to Multi-Determinant
Wavefunctions

multiconfigurational methods
19.2: Different Methods
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multiconfigurational wavefunction
18.7: Observations on Orbitals and Orbital
Energies

multireference
19.1: Introduction to Multi-Determinant
Wavefunctions

negative ion
4.1: Shapes of Atomic Orbitals
Newtonian equations
16.3: Classical Treatment of Nuclear Motion
nitrogen molecule
22.2.4: iv. Review Exercises Solutions
nonadiabatic couplings
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
nonbonding_orbitals
22.2.3: iii. Problems
normal mode displacements
13.2: Vibrational Motion Within the Harmonic
Approximation
normal mode vibrations
13.2: Vibrational Motion Within the Harmonic
Approximation
normalization
22.1.6: vi. Exercise Solutions
nuclear framework
6: Quantum Mechanics in Reactions
nuclear geometry
3.11: Chapter Summary
nuclear motion
14: Time-dependent Quantum Dynamics
16: Collisions and Scattering
16.2: Multichannel Problems
nuclear motions
3.2: Time Scale Separation
nuclear physics
1.5: Particles in Boxes
NuclearCenters
22.6.5: iv. Review Exercise Solutions
numbers
4.2: Directions of Atomic Orbitals

(o]

occupied orbitals
18.6: The Roothaan Matrix SCF Process
18.7: Observations on Orbitals and Orbital
Energies

operator
3.4: Rotation and Vibration of Diatomic
Molecules

operators
1: The Basic Tools of Quantum Mechanics
1.1: Operators
1.2: Wavefunctions
1.3: The Schrédinger Equation
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
10.1: Angular Momentum Symmetry and
Strategies for Angular Momentum Coupling
11.3: The Slater-Condon Rules

optimization
19.4: Further Details on Implementing
Multiconfigurational Methods

orbital
10.6: Inversion Symmetry
11.3: The Slater-Condon Rules
17: Higher Order Corrections to Electronic
Structure
18: Multiconfiguration Wavefunctions
4.2: Directions of Atomic Orbitals
6.1: Reduction in Symmetry Along Reaction
Paths

orbital analysis

22.2.4: iv. Review Exercises Solutions
orbital angular momentum

10.3: Coupling of Angular Momenta
orbital correlation diagrams

6: Quantum Mechanics in Reactions

8: Electronic Configurations

orbital energies
1.5: Particles in Boxes
18.7: Observations on Orbitals and Orbital
Energies
orbital energy
22.2.6: vi. Problem Solutions
orbital interaction
5: Molecular Orbitals
5.2: Orbital Symmetry
orbital interactions
5.1: Orbital Interaction Topology
orbital model
7.3: The Hiickel Parameterization
orbital occupancy
8.1: Orbitals Do Not Provide the Complete
Picture; Their Occupancy By the N Electrons
Must Be Specified
orbital optimization
18.2: The Single-Determinant Wavefunction
orbital structure
7.2: Determining the Effective Potential
orbital symmetry
5: Molecular Orbitals

8.4: Configuration Interaction (CI) Describes
the Correct Electronic States

orbital_energies
22.2.3: iii. Problems
orbitals

10.7: Review of Atomic Cases

17.3: Moving from Qualitative to Quantitative
Models

8.1: Orbitals Do Not Provide the Complete
Picture; Their Occupancy By the N Electrons
Must Be Specified

9: Symmetry of Electronic Wavefunctions
9.1: Electronic Configurations

orientation
3.4: Rotation and Vibration of Diatomic
Molecules

orthonormal eigenfunctions

2.1: The Variational Method
orthonormalization

22.2.5: v. Exercise Solution
overlap

7.4: The Extended Hiickel Method
overlap integrals

22.2.5: v. Exercise Solution

overlap matrix
7.3: The Hiickel Parameterization
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P

Pauli exclusion principle
9.2: Antisymmetric Wavefunctions

Pauli principle
10.2: Electron Spin Angular Momentum
10.3: Coupling of Angular Momenta
10.4: Atomic Term Symbols and Wavefunctions

permutation operators
9.2: Antisymmetric Wavefunctions

permutational symmetry
18.1: Optimization of the Energy for a
Multiconfiguration Wavefunction

perturbation
19.4: Further Details on Implementing
Multiconfigurational Methods

perturbation strength
2.2: Perturbation Theory

perturbation theory
13: Molecular Rotation and Vibration
14.3: Application to Electromagnetic
Perturbations
14.4: The "Long-Wavelength" Approximation
16: Collisions and Scattering
16.2: Multichannel Problems
19.3: Strengths and Weaknesses of Various
Methods
2: Approximation Methods
2.2: Perturbation Theory
20.2: Ab Initio, Semi-Empirical, and Empirical
Force Field Methods
22.5.1: i. Exercises
3.5: Separation of Vibration and Rotation
8.2: Even N-Electron Configurations are Not
Mother Nature's True Energy States
8.3: Mean-Field Models

perturbation_theory
22.5.2: ii. Problems
perturbative solution
14.2: Time-Dependent Perturbation Theory
photochemical reaction
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules

photochemical reactivity
12.1: Concepts of Configuration and State
Energies

photon absorption
15.3: Electronic-Vibration-Rotation Transitions
4.1: Shapes of Atomic Orbitals

photon transition
15.4: Time Correlation Function Expressions for
Transition Rates
physical properties
1.1: Operators
20: Response Theory
physics
22.1.6: vi. Exercise Solutions
point group symmetries
20.1: Calculations of Properties Other Than the
Energy
point group symmetry
13.2: Vibrational Motion Within the Harmonic
Approximation
point groups
22.2.4: iv. Review Exercises Solutions
point_groups
22.3.4: iv. Review Exercise Solutions
polarizabilities
20.1: Calculations of Properties Other Than the
Energy
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polarization
14.4: The "Long-Wavelength" Approximation
polarization functions
18.4: Atomic Orbital Basis Sets
polarized light
22.5.4: iv. Problem Solutions
polyatomic molecule
3.9: Rotation of Linear Molecules
polyatomic molecules
13: Molecular Rotation and Vibration
3: Nuclear Motion
3.10: Rotation of Non-Linear Molecules
8.5: Summary
potential
1.4: Free-Particle Motion in Two Dimensions
7.2: Determining the Effective Potential
potential barrier
16.1: One Dimensional Scattering
potential energy
1.7: Harmonic Vibrational Motion
10.6: Inversion Symmetry
13.3: Anharmonicity
16.3: Classical Treatment of Nuclear Motion
3.7: The Morse Oscillator
potential energy surface
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
potential energy surfaces
16.2: Multichannel Problems
22.6.4: iii. Problems
3.3: Vibration/Rotation States for Each
Electronic Surface
preserved symmetry elements
6: Quantum Mechanics in Reactions
principal quantum number
4.3: Sizes and Energies
probability
22.1.6: vi. Exercise Solutions
probability amplitude
16.2: Multichannel Problems
probability amplitudes
22.5.1: i. Exercises
probability density
1.2: Wavefunctions
1.4: Free-Particle Motion in Two Dimensions
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
probability density function
1.2: Wavefunctions
product states
10.4: Atomic Term Symbols and Wavefunctions

products
6: Quantum Mechanics in Reactions
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules
properties
20.1: Calculations of Properties Other Than the
Energy
properties of molecules
20: Response Theory
pure rotational spectra
22.4.3: iii. Exercise Solutions

Q
QMIC

22.6.4: iii. Problems

quantized energy levels
1.4: Free-Particle Motion in Two Dimensions

quantum
10.7: Review of Atomic Cases
16.4: Wavepackets
17: Higher Order Corrections to Electronic
Structure
17.1: Orbitals, Configurations, and the Mean-
Field Potential
18: Multiconfiguration Wavefunctions
22.1.6: vi. Exercise Solutions
4.2: Directions of Atomic Orbitals
6.1: Reduction in Symmetry Along Reaction
Paths

quantum chemistry
11.1: Configuration State Functions can Express
the Full N-Electron Wavefunction
18.7: Observations on Orbitals and Orbital
Energies
19.3: Strengths and Weaknesses of Various
Methods
2: Approximation Methods
2.2: Perturbation Theory
22.2.4: iv. Review Exercises Solutions
22.2.5: v. Exercise Solution
22.2.6: vi. Problem Solutions
22.6.1: i. Review Execises
22.6.6: v. Exercise Solutions
8: Electronic Configurations
8.3: Mean-Field Models

quantum mechanics
1: The Basic Tools of Quantum Mechanics
1.1: Operators
1.2: Wavefunctions
1.3: The Schrédinger Equation
1.4: Free-Particle Motion in Two Dimensions
1.5: Particles in Boxes
1.6: One Electron Moving About a Nucleus
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
10.2: Electron Spin Angular Momentum
10.6: Inversion Symmetry
11.2: The Slater-Condon Rules Give Expressions
for the Operator Matrix Elements Among the
CSFs
13.3: Anharmonicity
14.4: The "Long-Wavelength" Approximation
16: Collisions and Scattering
16.1: One Dimensional Scattering
16.2: Multichannel Problems
17.3: Moving from Qualitative to Quantitative
Models
17.4: Atomic Units
18.2: The Single-Determinant Wavefunction
2: Approximation Methods
2.1: The Variational Method
20: Response Theory
22.5.1: i. Exercises
22.6.6: v. Exercise Solutions
3.11: Chapter Summary
3.4: Rotation and Vibration of Diatomic
Molecules
3.7: The Morse Oscillator
4.3: Sizes and Energies
8.1: Orbitals Do Not Provide the Complete
Picture; Their Occupancy By the N Electrons
Must Be Specified
8.2: Even N-Electron Configurations are Not
Mother Nature's True Energy States
9.1: Electronic Configurations
9.2: Antisymmetric Wavefunctions

quantum number
10.6: Inversion Symmetry
3.6: The Rigid Rotor and Harmonic Oscillator
3.9: Rotation of Linear Molecules
4: Atomic Orbitals
5.3: Linear Molecules
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quantum numbers
1.6: One Electron Moving About a Nucleus
10: Angular Momentum and Group Symmetries
of Electronic Wavefunctions
10.1: Angular Momentum Symmetry and
Strategies for Angular Momentum Coupling
15.2: Vibration-Rotation Transitions
18.4: Atomic Orbital Basis Sets
20.1: Calculations of Properties Other Than the
Energy
3.10: Rotation of Non-Linear Molecules
3.8: Rotation of Polyatomic Molecules
5: Molecular Orbitals
5.2: Orbital Symmetry
5.4: Atoms

quantum states

1.2: Wavefunctions
quantum_mechanics

22.3.4: iv. Review Exercise Solutions
quantumchemistry

19.4: Further Details on Implementing
Multiconfigurational Methods

QuantumMechanics
22.6.5: iv. Review Exercise Solutions

QuantumNumbers

22.6.5: iv. Review Exercise Solutions
quartet states

10.2: Electron Spin Angular Momentum

radial motion
1.7: Harmonic Vibrational Motion
radial wavefunctions
5.4: Atoms
radiative lifetime
22.5.1: i. Exercises
reactants
6: Quantum Mechanics in Reactions

6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules

reaction mechanism
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules

reaction path
6.2: Orbital Correlation Diagrams - Origins of
the Woodward-Hoffmann Rules
8: Electronic Configurations

reaction paths
6: Quantum Mechanics in Reactions
reactions
16.4: Wavepackets
6.1: Reduction in Symmetry Along Reaction
Paths
reactivities
8: Electronic Configurations
reducible representations
22.2.6: vi. Problem Solutions

representations
22.3.4: iv. Review Exercise Solutions

resonance condition
15.4: Time Correlation Function Expressions for
Transition Rates
resonance energies
16.1: One Dimensional Scattering
resonance values

7: Further Characterization of Molecular
Orbitals
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rigid molecules

13: Molecular Rotation and Vibration
rigid rotor

1.8: Rotational Motion for a Rigid Diatomic

Molecule

3.6: The Rigid Rotor and Harmonic Oscillator
rotation

10.1: Angular Momentum Symmetry and

Strategies for Angular Momentum Coupling

3.4: Rotation and Vibration of Diatomic

Molecules
rotational constant

3.6: The Rigid Rotor and Harmonic Oscillator
rotational coordinates

3.2: Time Scale Separation
rotational dynamics

13.1: Rotational Motions of Rigid Molecules

3.8: Rotation of Polyatomic Molecules
rotational eigenfunctions

3.10: Rotation of Non-Linear Molecules
rotational energies

15.2: Vibration-Rotation Transitions
rotational energy

1.8: Rotational Motion for a Rigid Diatomic

Molecule

3.8: Rotation of Polyatomic Molecules
rotational Hamiltonian

3.10: Rotation of Non-Linear Molecules

3.8: Rotation of Polyatomic Molecules
rotational level

1.7: Harmonic Vibrational Motion
rotational motion

13: Molecular Rotation and Vibration

3.10: Rotation of Non-Linear Molecules

3.3: Vibration/Rotation States for Each

Electronic Surface

3.9: Rotation of Linear Molecules
rotational spectra

13.1: Rotational Motions of Rigid Molecules

22.4.1:i. Exercises
rotational spectroscopy

3.5: Separation of Vibration and Rotation
rotational spectrum

22.4.3: iii. Exercise Solutions
rotational states

14.1: Time-Dependent Vector Potentials

15: Spectroscopy

3: Nuclear Motion
rotational transitions

15: Spectroscopy
rotational wavefunctions

3.9: Rotation of Linear Molecules
rotational_selection_rules

22.5.2: ii. Problems

S

scattering
16: Collisions and Scattering

scattering theory
16.1: One Dimensional Scattering

SCF
18.6: The Roothaan Matrix SCF Process
19.3: Strengths and Weaknesses of Various
Methods
22.6.4: iii. Problems

SCF energy
18.7: Observations on Orbitals and Orbital
Energies

SCF_calculations
22.2.3: iii. Problems

Schrédinger
1.6: One Electron Moving About a Nucleus
16.4: Wavepackets
17.1: Orbitals, Configurations, and the Mean-
Field Potential
22.1.6: vi. Exercise Solutions

Schrodinger equation
1: The Basic Tools of Quantum Mechanics
1.3: The Schrédinger Equation
1.7: Harmonic Vibrational Motion
1.8: Rotational Motion for a Rigid Diatomic
Molecule
1.9: The Physical Relevance of Wavefunctions,
Operators and Eigenvalues
13: Molecular Rotation and Vibration
13.1: Rotational Motions of Rigid Molecules
14.2: Time-Dependent Perturbation Theory
16: Collisions and Scattering
16.1: One Dimensional Scattering
16.2: Multichannel Problems
16.3: Classical Treatment of Nuclear Motion
2: Approximation Methods
2.2: Perturbation Theory
3: Nuclear Motion
3.1: The Born-Oppenheimer Separation of
Electronic and Nuclear Motions
3.11: Chapter Summary
4: Atomic Orbitals
4.3: Sizes and Energies
selection rules
22.4.2: ii. Problems
22.5.4: iv. Problem Solutions
separation of variables
1.6: One Electron Moving About a Nucleus
3.2: Time Scale Separation
shapes
4.2: Directions of Atomic Orbitals
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