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1.1: The Lagrangian Formulation of Classical Mechanics

In order to begin to make a connection between the microscopic and macroscopic worlds, we need to better understand the
microscopic world and the laws that govern it. We will begin placing Newton's laws of motion in a formal framework which will be
heavily used in our study of classical statistical mechanics.

First, we begin by restricting our discussion to systems for which the forces are purely conservative. Such forces are derivable from
a potential energy function U(ry, -, ry) by differentiation:

U
6ri

F=

It is clear that such forces cannot contain dissipative or friction terms. An important property of systems whose forces are
conservative is that they conserve the total energy

1 N
E=K+U= 5;mi+$+U(rl,-.-,rN)

To see this, simply differentiate the energy with respect to time:

dt =1 =1 81"1‘
N N
= Ti F i Z F i T
i=1 i=1
=0
where, the second line, the facts that #; = % (Newton's law) and F; = — gﬁf (conservative force definition) have been used. This is

known as the law of conservation of energy.

For conservative systems, there is an elegant formulation of classical mechanics known as the Lagrangian formulation. The
Lagrangian function, L, for a system is defined to be the difference between the kinetic and potential energies expressed as a
function of positions and velocities. In order to make the nomenclature more compact, we shall introduce a shorthand for the
complete set of positions in an N-particle system: r = r1,---, 7y and for the velocities: 7 = 1, -, 7y. Then, the Lagrangian is defined
as follows:
Y1
L(r,i)=K—-U = Z Emzrzz —U(ry,-,7N)

i=1

In terms of the Lagrangian, the classical equations of motion are given by the so called Euler-Lagrange equation:

0

d (aL) oL
dt \ or; or;
The equations that result from application of the Euler-Lagrange equation to a particular Lagrangian are known as the equations of
motion. The solution of the equations of motion for a given initial condition is known as a trajectory of the system. The Euler-
Lagrange equation results from what is known as an action principle. We shall defer further discussion of the action principle until
we study the Feynman path integral formulation of quantum statistical mechanics in terms of which the action principle emerges
very naturally. For now, we accept the Euler-Lagrange equation as a definition.

The Euler-Lagrange formulation is completely equivalent to Newton's second law. In order to see this, note that

oL _ .
o !
oL ou

= — = Fi
87'1' 87"i

Therefore,
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d (0L oL
— (=) -==m#—-F=0

dt < 87‘",- ) OTZ‘ it ’

which is just Newton's equation of motion.

An important property of the Lagrangian formulation is that it can be used to obtain the equations of motion of a system in any set

of coordinates, not just the standard Cartesian coordinates, via the Euler-Lagrange equation (see problem set #1).

This page titled 1.1: The Lagrangian Formulation of Classical Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Mark Tuckerman.
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1.2: The Hamiltonian formulation of classical mechanics

The Lagrangian formulation of mechanics will be useful later when we study the Feynman path integral. For our purposes now, the
Lagrangian formulation is an important springboard from which to develop another useful formulation of classical mechanics
known as the Hamiltonian formulation. The Hamiltonian of a system is defined to be the sum of the kinetic and potential energies
expressed as a function of positions and their conjugate momenta. What are conjugate momenta?

Recall from elementary physics that momentum of a particle, P;, is defined in terms of its velocity +; by
Di = Myt
In fact, the more general definition of conjugate momentum, valid for any set of coordinates, is given in terms of the Lagrangian:

_ 0L
e

Pi

Note that these two definitions are equivalent for Cartesian variables. In terms of Cartesian momenta, the kinetic energy is given by

i=1
Then, the Hamiltonian, which is defined to be the sum, K + U, expressed as a function of positions and momenta, will be given by

N P_2
H(p,T) = Z 27;1/ + U(rh"'?rN) = H(pvr)
i=1 v

where p = py, -+, py. In terms of the Hamiltonian, the equations of motion of a system are given by Hamilton's equations:

qoo OH, _ OH
liapipli 67‘1‘

The solution of Hamilton's equations of motion will yield a trajectory in terms of positions and momenta as functions of time.
Again, Hamilton's equations can be easily shown to be equivalent to Newton's equations, and, like the Lagrangian formulation,
Hamilton's equations can be used to determine the equations of motion of a system in any set of coordinates.

The Hamiltonian and Lagrangian formulations possess an interesting connection. The Hamiltonian can be directly obtained from
the Lagrangian by a transformation known as a Legendre transform. We will say more about Legendre transforms in a later lecture.
For now, note that the connection is given by

H(p,r) = _pi-#i— L(r#)

which, when the fact that #; = £ is used, becomes

mi

N N 2
H(p,'r) = Zpl ° & _Z =m; (&> + U(Tla"'aTN)
=1 mi i3 m

N 2
P

= E - +U(T17"'7TN)
—~ 2m;

Because a system described by conservative forces conserves the total energy, it follows that Hamilton's equations of motion
conserve the total Hamiltonian. Hamilton's equations of motion conserve the Hamiltonian

H(p(t),r(t)) = H(p(0),r(0)) = E

& Proof

H=c0nst=>‘fi—lj=0
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QED. This, then, provides another expression of the law of conservation of energy.

This page titled 1.2: The Hamiltonian formulation of classical mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
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1.3: The Microscopic Laws of Motion

Consider a system of N classical particles. The particles a confined to a particular region of space by a "container" of volume V.
The particles have a finite kinetic energy and are therefore in constant motion, driven by the forces they exert on each other (and
any external forces which may be present). At a given instant in time ¢, the Cartesian positions of the particles are r(t),,rx(t)) ) .
The time evolution of the positions of the particles is then given by Newton's second law of motion:

mf; = Fi(ry, - ,7N)

where F,---, Fy are the forces on each of the N particles due to all the other particles in the system. The notation #; = [f:TZ

N Newton's equations of motion constitute a set of 3N coupled second order differential equations. In order to solve these, it is
necessary to specify a set of appropriate initial conditions on the coordinates and their first time derivatives,
{r1(0),--,rn(0),71(0),--,7n5(0)}. Then, the solution of Newton's equations gives the complete set of coordinates and velocities for
all time ¢.

This page titled 1.3: The Microscopic Laws of Motion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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1.4: Phase Space

We construct a Cartesian space in which each of the 6V coordinates and momenta is assigned to one of 6N mutually orthogonal
axes. Phase space is, therefore, a 6N dimensional space. A point in this space is specified by giving a particular set of values for the
6N coordinates and momenta. Denote such a point by

x = (p1,,PN,T1,,TN)

z is a 6N dimensional vector. Thus, the time evolution or trajectory of a system as specified by Hamilton's equations of motion, can
be expressed by giving the phase space vector, z as a function of time.

a,
£
=)
=
c
a
S
5]
£
position =
>
o
a
o
a
position =

Figure 1.4.1: Evolution of an ensemble of classical systems in phase space (top). The systems are a massive particle in a one-
dimensional potential well (red curve, lower figure). The initially compact ensemble becomes swirled up over time.

The law of conservation of energy, expressed as a condition on the phase space vector:
H(z(t)) = const = F

defines a 6V — 1 dimensional hypersurface in phase space on which the trajectory must remain.

This page titled 1.4: Phase Space is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark Tuckerman.

https://chem.libretexts.org/@go/page/5100


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5100?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/01%3A_Classical_mechanics/1.04%3A_Phase_Space
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/01%3A_Classical_mechanics/1.04%3A_Phase_Space
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

1.5: Classical microscopic states or microstates and ensembles

A microscopic state or microstate of a classical system is a specification of the complete set of positions and momenta of the
system at any given time. In the language of phase space vectors, it is a specification of the complete phase space vector of a
system at any instant in time. For a conservative system, any valid microstate must lie on the constant energy hypersurface, H(z)
= E. Hence, specifying a microstate of a classical system is equivalent to specifying a point on the constant energy hypersurface.

The concept of classical microstates now allows us to give a more formal definition of an ensemble. An ensemble is a collection of
systems sharing one or more macroscopic characteristics but each being in a unique microstate. The complete ensemble is specified
by giving all systems or microstates consistent with the common macroscopic characteristics of the ensemble.

The idea of ensemble averaging can also be expressed in terms of an average over all such microstates (which comprise the
ensemble). A given macroscopic property, A, and its microscopic function a = a(z), which is a function of the positions and
momenta of a system, i.e. the phase space vector, are related by

A= <a)ensembls = L Za(x/\)

N
N A=1

where z, is the microstate of the X th member of the ensemble.

This page titled 1.5: Classical microscopic states or microstates and ensembles is shared under a CC BY-NC-SA 4.0 license and was authored,
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1.6: Phase space distribution functions and Liouville's theorem

Given an ensemble with many members, each member having a different phase space vector z corresponding to a different
microstate, we need a way of describing how the phase space vectors of the members in the ensemble will be distributed in the
phase space. That is, if we choose to observe one particular member in the ensemble, what is the probability that its phase space
vector will be in a small volume dz around a point z in the phase space at time ¢. This probability will be denoted

f(z,t)dz
where f(z,t) is known as the phase space probability density or phase space distribution function. It's properties are as follows:
f(z,t) > (0

J dz f(z,t) = Number of members in the ensemble

& Liouville's Theorem

The total number of systems in the ensemble is a constant. What restrictions does this place on f(z,¢)? For a given volume (2 in
phase space, this condition requires that the rate of decrease of the number of systems from this region is equal to the flux of

systems into the volume.

Let 7 be the unit normal vector to the surface of this region.
n ds

S

Volume = Q
Figure 1.6.1: Divergence through a surface

The flux through the small surface area element, dS is just 7 - zf(z,t)dS. Then the total flux out of volume is obtained by

integrating this over the entire surface that encloses Q:
[ asi- @) = [ V.- (@fat)
Q

which follows from the divergence theorem. V, is the 6V dimensional gradient on the phase space

v _(i“. o 9 i)
T (9[)17 ’ 6])]\/‘7 67‘1, ’ 87’]\]

= (vpu"':mevrn"'vvw)

On the other hand, the rate of decrease in the number of systems out of the volume is

d 0
4 [ dote.y == [ dogfian

Equating these two quantities gives
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. 0
/Q dzV, - (2f(z,t)) = —/Q dmaf(a:,t)

But this result must hold for any arbitrary choice of the volume (2, which we may also allow to shrink to 0 so that the result holds
locally, and we obtain the local result:

0 .
E (.Z‘,t) +Vz ° (:L‘f(l‘,t)) =0

But
Vz . (xf(a:,t)) =x- sz(m7t) + f(xvt)vz -z

This equation resembles an equation for a "hydrodynamic" flow in the phase space, with f(z,¢) playing the role of a density. The
quantity V, - i, being the divergence of a velocity field, is known as the phase space compressibility, and it does not, for a general
dynamical system, vanish. Let us see what the phase space compressibility for a Hamiltonian system is:

Vi =

-

[
—

[Vp, - Di + Vo, - 73]

However, by Hamilton's equations:
pi=—V.H =V H
Thus, the compressibility is given by
N
Ve-i=Y [V, V,H+V, -V, H =0
i=1
Thus, Hamiltonian systems are incompressible in the phase space, and the equation for f(z,t) becomes

0 d
2 fwty+a Vo = L —o

which is Liouville's equation, and it implies that f(z,t) is a conserved quantity when z is identified as the phase space vector of a
particular Hamiltonian system. That is, f(x;,t) will be conserved along a particular trajectory of a Hamiltonian system. However, if
we view z is a fixed spatial label in the phase space, then the Liouville equation specifies how a phase space distribution function
f(z,t) evolves in time from an initial distribution f(z,0).

This page titled 1.6: Phase space distribution functions and Liouville's theorem is shared under a CC BY-NC-SA 4.0 license and was authored,
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2: Foundations of classical statistical mechanics
2.1: The Ensemble Concept (Heuristic Definition)

2.2: Liouville's Theorem for non-Hamiltonian systems
2.3: The Liouville Operator and the Poisson Bracket
2.4: Equilibrium ensembles
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2.1: The Ensemble Concept (Heuristic Definition)

For a typical macroscopic system, the total number of particles N ~ 10%. Since an essentially infinite amount of precision is needed
in order to specify the initial conditions (due to exponentially rapid growth of errors in this specification), the amount of
information required to specify a trajectory is essentially infinite. Even if we contented ourselves with quadrupole precision,
however, the amount of memory needed to hold just one phase space point would be about 128 bytes = 27 ~ 10? bytes for each
number or 10% x 6 x 102 ~ 10'7 Gbytes. The largest computers we have today have perhaps 103 Gbytes of memory, so we are off by
14 orders of magnitude just to specify 1 point in phase space.

v/ Example 2.1.1

Do we need all this detail?

Yes

There are plenty of chemically interesting phenomena for which we really would like to know how individual atoms are
moving as a process occurs. Experimental techniques such as ultrafast laser spectroscopy can resolve short time scale
phenomena and, thus, obtain important insights into such motions. From a theoretical point of view, although we cannot follow
10% particles, there is some hope that we could follow the motion of a system containing 10* or 10° particles, which might
capture most of the features of true macroscopic matter. Thus, by solving Newton's equations of motion numerically on a
computer, we have a kind of window into the microscopic world. This is the basis of what are known as molecular dynamics
calculations.

No

Intuitively, we would expect that if we were to follow the evolution of a large number of systems all described by the same set
of forces but having starting from different initial conditions, these systems would have essentially the same macroscopic
characteristics, e.g. the same temperature, pressure, etc. even if the microscopic detailed evolution of each system in time
would be very different. This idea suggests that the microscopic details are largely unimportant.

Since, from the point of view of macroscopic properties, precise microscopic details are largely unimportant, we might imagine
employing a construct known as the ensemble concept in which a large number of systems with different microscopic
characteristics but similar macroscopic characteristics is used to "wash out" the microscopic details via an averaging procedure.
This is an idea developed by individuals such as Gibbs, Maxwell, and Boltzmann.

Ensemble

Consider a large number of systems each described by the same set of microscopic forces and sharing some common macroscopic
property (e.g. the same total energy). Each system is assumed to evolve under the microscopic laws of motion from a different
initial condition so that the time evolution of each system will be different from all the others. Such a collection of systems is called
an ensemble. The ensemble concept then states that macroscopic observables can be calculated by performing averages over the
systems in the ensemble. For many properties, such as temperature and pressure, which are time-independent, the fact that the
systems are evolving in time will not affect their values, and we may perform averages at a particular instant in time. Thus, let A
denote a macroscopic property and let a denote a microscopic function that is used to compute A. An example of A would be the
temperature, and a would be the kinetic energy (a microscopic function of velocities). Then, A is obtained by calculating the value
of a in each system of the ensemble and performing an average over all systems in the ensemble:

1 N
A= N ; ay
where N is the total number of members in the ensemble and a is the value of « in the X th system.
The questions that naturally arise are:

1. How do we construct an ensemble?

2. How do we perform averages over an ensemble?
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3. How many systems will an ensemble contain?
4. How do we distinguish time-independent from time-dependent properties in the ensemble picture?

Answering these questions will be our main objective in Statistical Mechanics.

This page titled 2.1: The Ensemble Concept (Heuristic Definition) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by Mark Tuckerman.
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2.2: Liouville's Theorem for non-Hamiltonian systems
The equations of motion of a system can be cast in the generic form

& = &(x)
where, for a Hamiltonian system, the vector function ¢ would be

(o= (2. O O i)
7= ory’ 7 Ory’ Op.’  Opn

and the incompressibility condition would be a condition on ¢:
Ay -t=7A;-£=0

A non-Hamiltonian system, described by a general vector funciton ¢, will not, in general, satisfy the incompressibility condition.
That is:

Non-Hamiltonian dynamical systems are often used to describe open systems, i.e., systems in contact with heat reservoirs or
mechanical pistons or particle reservoirs. They are also often used to describe driven systems or systems in contact with external
fields.

The fact that the compressibility does not vanish has interesting consequences for the structure of the phase space. The Jacobian,
which satisfies

dJ
2 AL -
7 JA, - &

will no longer be 1 for all time. Defining k¥ = A, - #, the general solution for the Jacobian can be written as

t

J(zy;20) = J(x0; T0)exp /de(a:A)
0

J . .. .
Note that J(zo;z0) = 1 as before. Also, note that k = dIn e Thus, & can be expressed as the total time derivative of some function,
which we will denote W, i.e., k = W. Then, the Jacobian becomes

t

J(z;20) = exp dRW (z 4)
/
= exp(W(z:) — W(zp))

Thus, the volume element in phase space now transforms according to
dzy = exp (W (zy) — W(zo)) dzo
which can be arranged to read as a conservation law:
e ey, = e W) 4z,

{

Thus, we have a conservation law for a modified volume element, involving a "metric factor" exp(—W(z)). Introducing the
suggestive notation /g = exp(—W(z)), the conservation law reads ./g(z.dz; = +/g(zodz,. This is a generalized version of
Liouville's theorem. Furthermore, a generalized Liouville equation for non-Hamiltonian systems can be derived which incorporates

this metric factor. The derivation is beyond the scope of this course, however, the result is

AfV9) + Ve (2f\/g9) =0

We have called this equation, the generalized Liouville equation Finally, noting that ,/g satisfies the same equation as J, i.e.,
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dvg
o Ve
the presence of ,/g in the generalized Liouville equation can be eliminated, resulting in
of . _daf _

which is the ordinary Liouville equation from before. Thus, we have derived a modified version of Liouville's theorem and have
shown that it leads to a conservation law for f equivalent to the Hamiltonian case. This, then, supports the generality of the
Liouville equation for both Hamiltonian and non-Hamiltonian based ensembles, an important fact considering that this equation is
the foundation of statistical mechanics.

This page titled 2.2: Liouville's Theorem for non-Hamiltonian systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Mark Tuckerman.
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2.3: The Liouville Operator and the Poisson Bracket

From the last lecture, we saw that Liouville's equation could be cast in the form

af L
E'ﬁ‘vzﬂtf—o

The Liouville equation is the foundation on which statistical mechanics rests. It will now be cast in a form that will be suggestive
of a more general structure that has a definite quantum analog (to be revisited when we treat the quantum Liouville equation).

Define an operator
iL=g-V,

known as the Liouville operator ( ¢ = v/—1 - the i is there as a matter of convention and has the effect of making L a Hermitian
operator). Then Liouville's equation can be written

of ..
E‘F’LL}C—O

The Liouville operator also be expressed as

Thus, the Liouville equation can be written as

of
R H}=0

o+ .}

The Liouville equation is a partial differential equation for the phase space probability distribution function. Thus, it specifies a
general class of functions f(z,t) that satisfy it. In order to obtain a specific solution requires more input information, such as an

initial condition on f, a boundary condition on f, and other control variables that characterize the ensemble.

This page titled 2.3: The Liouville Operator and the Poisson Bracket is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Mark E. Tuckerman.
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2.4: Equilibrium ensembles

An equilibrium ensemble is one for which there is no explicit time-dependence in the phase space distribution function, % =0.In

this case, Liouville's equation reduces to

{va}ZO

which implies that f(x) must be a pure function of the Hamiltonian

The specific form that F(H(z)) has depends on the specific details of the ensemble.

The integral over the phase space distribution function plays a special role in statistical mechanics:

F= / doF(H(z)) (2.4.1)

It is known as the partition function and is equal to the number of members in the ensemble. That is, it is equal to the number of
microstates that all give rise to a given set of macroscopic observables. Thus, it is the quantity from which all thermodynamic
properties are derived.

If a measurement of a macroscopic observable A(z) is made, then the value obtained will be the ensemble average:

(A) = % / deA(z)F(H(z)) (2.4.2)

Equations 2.4.1 and 2.4.2 are the central results of ensemble theory, since they determine all thermodynamic and other observable
quantities.

This page titled 2.4: Equilibrium ensembles is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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3: The Microcanonical Ensemble
The microcanonical ensemble is built upon the so called postulate of equal a priori probabilities:

Postulate of equal a priori probabilities: For an isolated macroscopic system in equilibrium, all microscopic states corresponding
to the same set of macroscopic observables are equally probable.

3.1: Basic Thermodynamics
3.2: The Partition Function

3.3: The Classical Virial Theorem (Microcanonical Derivation)

This page titled 3: The Microcanonical Ensemble is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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3.1: Basic Thermodynamics

In the microcanonical ensemble, the entropy S is a natural function of N,V and E, i.e., S = S(N, V, E). This can be inverted to give
the energy as a function of N, V, and S, i.e., E = E(N,V, S). Consider using Legendre transformation to change from S to T using

the fact that
OFE
7= (55) v

The Legendre transform E of E(N,V, S) is

E(N,V,T) = E(N,V,S8(T)) — Sg—g
= E(N,V,S(T)) — TS

The quantity E(N,V,T) is called the Hemlholtz free energy and is given the symbol A(N,V,T) and is the fundamental energy in
the canonical ensemble. The differential of 4 is

1= (G7),, o+ (o) v+ (), 2
However, from A = E — T'S, we have
dA =dE —TdS — SdT
From the first law, dE is given by
dE = TdS — PdV + pdN
Thus,
dA = —PdV — SdT + pdN

Comparing the two expressions, we see that the thermodynamic relations are

0A
§=- (ﬁ)w

0A
- (5)
oV N,T
_ ( 0A )
h= ON Jvr
This page titled 3.1: Basic Thermodynamics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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3.2: The Partition Function

Consider two systems (1 and 2) in thermal contact such that

e Ny>N;

o Fy>»FE,

e N=N;+ N,

e E=F +E;

o dim(z) > dim(z)

and the total Hamiltonian is just
H(:L‘) = H1 ((L’l) + HQ(CE2)

Since system 2 is infinitely large compared to system 1, it acts as an infinite heat reservoir that keeps system 1 at a constant
temperature 7 without gaining or losing an appreciable amount of heat, itself. Thus, system 1 is maintained at canonical conditions,
N,V,T.

The full partition function Q(N, V, E) for the combined system is the microcanonical partition function
Q(N,V,E) = / dzé(H(z) — E) = / dzydzod(Hy (x1) + Ha(s) — E)
Now, we define the distribution function, f(x;) of the phase space variables of system 1 as
flz1) = /dzga(Hl(zl) + Hy(z2) — E)
Taking the natural log of both sides, we have
In f(z1) = ln/d$25(H1($1) + Hy(z9) — E)

Since E; > E, it follows that Ha(z2) > Hi(z1), and we may expand the above expression about H; = 0. To linear order, the
expression becomes

ln f(J?l) = ln/dx2§(H2(x2) — E) + Hl(l'l) h’l/dl‘z(s(Hl(l‘l) + HQ(IQ) — E)‘Hl(xl):(]

_92
8H1(131)

= ln/d$26(H2(x2) — E) — H1 (1‘1) a /dmg(s(Hz(Z'g) — E)

—1
oE
where, in the last line, the differentiation with respect to H; is replaced by differentiation with respect to E. Note that

In / dzy6(Hy(3) — E) = S2I(CE)

9 9 S(BE) 1
ﬁln/dl‘ga(Hg(.’L‘g) —FE= ﬁ % = ﬁ

where T is the common temperature of the two systems. Using these two facts, we obtain

_ SZ(E) - Hl(ml)

n f(z1) k kT

So(B)  —Hi(zq)
fla) = &

Thus, the distribution function of the canonical ensemble is

“H()
fz) oce™m

Sy(E)
k

The prefactor exp( ) is an irrelevant constant that can be disregarded as it will not affect any physical properties.

The normalization of the distribution function is the integral:
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—H@)
/dze T =Q(N,V,T)

where Q(N,V,T) is the canonical partition function. It is convenient to define an inverse temperature 8 = 7. Q(N,V,T) is the
canonical partition function. As in the microcanonical case, we add in the ad hoc quantum corrections to the classical result to give

1
— —BH(z)
Q(N,V,T) = e /dme

The thermodynamic relations are thus,

This page titled 3.2: The Partition Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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3.3: The Classical Virial Theorem (Microcanonical Derivation)

Consider a system with Hamiltonian H(z). Let z; and z; be specific components of the phase space vector.

& Theorem 3.3.1: Classical Virial Theorem

The classical virial theorem states that
OH

where the average is taken with respect to a microcanonical ensemble.

To prove the theorem, start with the definition of the average:

OH C OH
iz, = o) /

dwzi%(s(E — H(z))

where the fact that §(x) = §(—=) has been used. Also, the v and Vv dependence of the partition function have been suppressed. Note
that the above average can be written as

0H

¥|%
|o

0
i = aAn i —0(E—H
i 5%, = 0E) 9B /dm 7z, ¢ @)
= —C i/ dzrx OH
Q E) 6E H(z)<E ¢ 8%
c 9 / O(H — E)
= drz;
QUE) 0F Ju@)<r Oz;
However, writing
—F
R U )
(9(17]'

8:1,‘]'

allows the average to be expressed as

OH cC 0 0
<‘”Wj> " Q(E) 9E /H(z)<E e {0_% e (H = B} + 04 = H(x))}

E) OF
_¢ 9 [f zi(H — E)dS; + 5--/ da(E — H(m))}
QE) 0E |Ju-p"" R 705
The first integral in the brackets is obtained by integrating the total derivative with respect to z; over the phase space variable z;.

This leaves an integral that must be performed over all other variables at the boundary of phase space where H = E, as indicated by
the surface element dS;. But the integrand involves the factor H — E, so this integral will vanish. This leaves:

oH.  C6y a/
T —) = —_— dz(E— H(x
i gay) = B OF J e W EHED

QUE) J Hw)<E

5
- Q(z?) ()

where $(E) is the partition function of the uniform ensemble. Recalling that Q(E) = -3 =(E) we have
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OH S(E)
(mi%) = % 95
9E

PSS S
Y 9In%(E)
oF

which proves the theorem.

v/ Example 3.3.1

z; = p;: and ¢ = j The virial theorem says that

p? 1

= —kT

( 2

Thus, at equilibrium, the kinetic energy of each particle must be £-. By summing both sides over all the particles, we obtain a
well know result

SN2 3N , 3
iy =S (=mp?) = = NkT
D g =D (gmad) = N

i=1
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4.1: Classical Virial Theorem (Canonical Ensemble Derivation)

Again, let z; and z; be specific components of the phase space vector z = (py, -, psn, g1, , gsv). Consider the canonical average

OH
m%j)
given by
OH 1 OH
—) = — doz;—— —BH(z)
(z 39:]-> QCN/ rT (99:]-6
1 1 0
- = 29 ) oBH@)
QCN/dxmz( ﬁaz]’)e
But
0 1o} ox;
Y BH(@) — Y (. ~BH()\ _ ,—BH(z) i
i 8:c]- € 8:17]' (1‘,6 ) € 8:17]'
=5 (xiefﬂH(Z)) _ 5l.jefﬂH(x)
J
Thus,

O0H 1 1o} 1
oH, 1 9 (petHE@) 4 L 5 —pH(z)
(z; ij> 50 CN/da; 5 (zie )+ 50 51J0N/dxe

1 0
- ’ —— (g.ePHE) .
=50 CN/dx /dx] 7z, (:cle )+kT61]
= /d:tl IjeiﬂH(x)ro +kT(SZ]
zj=—00

Several cases exist for the surface term z;exp(—8H(z)):

1. z; = p;a momentum variable. Then, since H ~ p?, exp(—BH) evaluated at p; = +oo clearly vanishes.

2.z; = ¢and U — oo as g; — +oo, thus representing a bound system. Then, ezp(—8H) also vanishes at ¢; = +cc.

3.z; =¢and U — 0 as ¢; — o0, representing an unbound system. Then the exponential tends to 1 both at ¢; = 400, hence the
surface term vanishes.

4. z; = ¢;and the system is periodic, as in a solid. Then, the system will be represented by some supercell to which periodic
boundary conditions can be applied, and the coordinates will take on the same value at the boundaries. Thus, A and exp(—3H)
will take on the same value at the boundaries and the surface term will vanish.

5. z; = ¢; and the particles experience elastic collisions with the walls of the container. Then there is an infinite potential at the
walls so that U — oo at the boundary and exzp(—BH) — 0 at the boundary.

Thus, we have the result

OH
The above cases cover many but not all situations, in particular, the case of a system confined within a volume Vv with reflecting
boundaries. Then, surface contributions actually give rise to an observable pressure (to be discussed in more detail in the next

lecture).
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4.2: Legendre Transforms

The microcanonical ensemble involved the thermodynamic variables N, V and E as its variables. However, it is often convenient
and desirable to work with other thermodynamic variables as the control variables. Legendre transforms provide a means by which
one can determine how the energy functions for different sets of thermodynamic variables are related. The general theory is given
below for functions of a single variable.

Consider a function f(x) and its derivative

The equation y = g(x) defines a variable transformation from x to y. Is there a unique description of the function f(x) in terms of
the variable y? That is, does there exist a function ¢(y) that is equivalent to f(x)?

Given a point z(, can one determine the value of the function f(z,) given only f’(z,) ? No, for the reason that the function f(z) + ¢
for any constant ¢ will have the same value of f’(z,) as shown in Figure 4.2.1.

£(x) A

Figure 4.2.1: The Legendre transfer in action (Mark Tuckerman)

However, the value f(z;) can be determined uniquely if we specify the slope of the line tangent to f at =z, i.e., f'(zo) and the y-
intercept, b(zo) of this line. Then, using the equation for the line, we have

f(zo) = zof(z0) + b(zo)
This relation must hold for any general x:
f@) =zf'(z) + b(z)

Note that f’(z) is the variable y, and ¢ = g~*(y), where g ; is the functional inverse of g, i.e., g(¢7'(z)) = z. Solving for b(z)
=b(g"'(y)) gives

b(g (W) =flg ') —vg ' (¥) = 8(v)

where ¢(y) is known as the Legendre transform of f(z). In shorthand notation, one writes
b(y) = f(z) —zy

however, it must be kept in mind that z is a function of y.
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4.3: Relation between Canonical and Microcanonical Ensembles

We saw that the E(N,V, S) and A(N,V,T) could be related by a Legendre transformation. The partition functions Q(N,V, E) and
Q(N,V,T) can be related by a Laplace transform. Recall that the Laplace transform f()) of a function f(z) is given by

fo = [ dee 1)
Let us compute the Laplace transform of Q(N, V| E) with respect to E:
QN,V,\) =Cx /0 " i E / dzd(H(z) — E)
Using the §-function to do the integral over E:
QIN,V,\) =Cx / dze M @)

By identifying A = 3, we see that the Laplace transform of the microcanonical partition function gives the canonical partition
function Q(NV, V, T).
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4.4: Preservation of Phase Space Volume and Liouville's Theorem

Consider a phase space volume element dz, at t=0, containing a small collection of initial conditions on a set of trajectories. The
trajectories evolve in time according to Hamilton's equations of motion, and at a time t later will be located in a new volume
element dz; as shown in the figure below:

9

A

- p
Figure 4.4.1

How is dz, related to dz;dxdd ? To answer this, consider a trajectory starting from a phase space vector z, in dz, and having a
phase space vector = at time ¢ in dz;. Since the solution of Hamilton's equations depends on the choice of initial conditions, =
depends on =z :

= (p1(0), -+, pn(0),71(0), -+, 7n(0))
= (p1(t), -, pn (), ma(t), -, v (1))

)
xt .’L‘ ( (1] GN)

Thus, the phase space vector components can be viewed as a coordinate transformation on the phase space from ¢ = 0 to time ¢. The
phase space volume element then transforms according to

dz; = J(z4;20)dzo

where J(z; ) is the Jacobian of the transformation:
J(@1;20) =

where n = 6N. The precise form of the Jacobian can be determined as will be demonstrated below.
The Jacobian is the determinant of a matrix M,

J(z4;x0) = det(M) = eTrnM
whose matrix elements are

Ozl
Oz
Taking the time derivative of the Jacobian, we therefore have

d‘] =Tr (Mfld_M) 6TrlnM
dt

—J o
- i gt

The matrices M, and 4. can be seen to be given by
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g 6_9:6
v O]
dM;; o
dt 61‘6
Substituting into the expression for d.J/dt gives
4] s Ox)) 0il

FY

7 o

i=1 Oy Oz,
n i ) k
Oz} 0z} Ox}

J 8.k 9.
i1 0T} Ozy Oz

. . . . oz’ .
where the chain rule has been introduced for the derivative a—i' The sum over i can now be performed:
0

" dzl Oxf o n .
Do = 2 My My =) MM =0
= or] Oy H =1

Thus,
dJ - o]
—=J O
dt ];1 J 8;];8
n 6itj
R AV
=1 Oz
or
dJ .

The initial condition on this differential equation is J(0) = J(zo; o) = 1. Moreover, for a Hamiltonian system V, - & = 0. This says
that dJ/dt = 0 and J(0) = 1. Thus, J(z;; zo) = 1. If this is true, then the phase space volume element transforms according to

dzr, = dzx;

which is another conservation law. This conservation law states that the phase space volume occupied by a collection of systems
evolving according to Hamilton's equations of motion will be preserved in time. This is one statement of Liouville's theorem.

Combining this with the fact that df/dt = 0, we have a conservation law for the phase space probability:

f(zo,0)dz, = f(zy,t)dx,

which is an equivalent statement of Liouville's theorem.
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4.5: Energy Fluctuations in the Canonical Ensemble

In the canonical ensemble, the total energy is not conserved. ( H(z) # const ). What are the fluctuations in the energy? The energy
fluctuations are given by the root mean square deviation of the Hamiltonian from its average (H):

AB = \J(H — (1)) = /(87 — (1)’
(H) = —&WmQ(N,V,T)
(H?) = &Cn [ dzH?(z)e PH0) }}
= LC [ daZye o1
= 0
= @+ ()’
= ZmQ+ 55

- im0+ [

Therefore
62
(H2> - (H>2 = 8—,82an
But
62
a_ﬁzan = kT*Cy
Thus,

AE =\ kT2Cy

Therefore, the relative energy fluctuation 4Z is given by

AE  kT?Cy

E E

Now consider what happens when the system is taken to be very large. In fact, we will define a formal limit called the
thermodynamic limit, in which N — oo and V — oo such that 4 remains constant.
Since Cy and E are both extensive variables, Cyy ~ N and E ~ N,
AFE 1
— ~— —0 as N— o

E "R

But 4Z would be exactly 0 in the microcanonical ensemble. Thus, in the thermodynamic limit, the canonical and microcanonical
ensembles are equivalent, since the energy fluctuations become vanishingly small.
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5.1: Basic Thermodynamics

The Helmholtz free energy A(N,V,T) is a natural function of N,V and 7. The isothermal-isobaric ensemble is generated by
transforming the volume V in favor of the pressure P so that the natural variables are N, P, and T (which are conditions under
which many experiments are performed, e.g., “standard temperature and pressure'. Performing a Legendre transformation of the
Helmbholtz free energy

A(N,P,T) = A(N,V(P),T) — V(P)%

But

Thus,

A(N,P,T) = A(N,V(P),T) + PV = G(N, P, T)

where G(N, P, T) is the Gibbs free energy. The differential of G is

oG oG oG
dG = (a—p)N,T“”’* (a—T>N,PdT+ (a—N)P,TdN

But from G = A+ PV, we have
dG = dA + PdV + VdP
but dA = —SdT — PdV + pdN, thus
dG = —SdT + VdP + pdN

Equating the two expressions for dG, we see that

oG
V—(a—P)N,T

oG
S—*(a—T)N,P

_(E)
=N PT
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5.2: Pressure and Work Virial Theorems

As noted earlier, the quantity —9H/0V is a measure of the instantaneous value of the internal pressure P,:. Let us look at the
ensemble average of this quantity

1 o0 OH
N = —BPV 77 o BH(x%)
<Pmt> A CN/O dVe /dX 6% €

1 o0 0
— —BPV —BH(x)
—CN /0 dVe /kaT—aV e

1 [ )
= BEVET—Q(N,V,T
A/O ave VKT QIN, V. T)

Doing the volume integration by parts gives

1 1 [ 0
(Pu) = 5 [ HIQUVT) 7 = [ avi (e ) Qv v

_plL / dVe PPVQ(N,V,T)
A Sy
=P
Thus,
<Pint> =P

This result is known as the pressure virial theorem. It illustrates that the average of the quantity —0H/dV gives the fixed pressure P
that defines the ensemble. Another important result comes from considering the ensemble average —0H/0V

1 (™ d
) = Ve PPV TV —
(PutV) /O dve VKTV = Q(N,V,T)

Once again, integrating by parts with respect to the volume yields

(PntV) = % [e PPVETVQ(N,V,T)] & — % / ” dVkT (_a?/ ve—ﬁPV) Q(N,V,T)
0
— i _ 00 —BPV . —BPV
=< [ lcT/O Ve PV Q(V) +P/0 Ve VQ(V)]

= —kT + P(V)
or
(PuntV) + KT = P(V)

This result is known as the work virial theorem. It expresses the fact that equipartitioning of energy also applies to the volume
degrees of freedom, since the volume is now a fluctuating quantity.
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5.3: The partition function and relation to thermodynamics

In principle, we should derive the isothermal-isobaric partition function by coupling our system to an infinite thermal reservoir as
was done for the canonical ensemble and also subject the system to the action of a movable piston under the influence of an
external pressure P. In this case, both the temperature of the system and its pressure will be controlled, and the energy and volume

will fluctuate accordingly.

However, we saw that the transformation from E to T between the microcanonical and canonical ensembles turned into a Laplace
transform relation between the partition functions. The same result holds for the transformation from V to T. The relevant "energy"
quantity to transform is the work done by the system against the external pressure P in changing its volume from v = 0 to V, which
will be PV. Thus, the isothermal-isobaric partition function can be expressed in terms of the canonical partition function by the

Laplace transform:

1 [o¢)

A(N,P,T) = — / dve PPYQ(N,V,T)

Vo Jo
where V; is a constant that has units of volume. Thus,

L * —BH()+PV)

A(N,P,T):W/O dV/dxe
The Gibbs free energy is related to the partition function by
G(N,P,T) = —% InA(N, P,T)

This can be shown in a manner similar to that used to prove the A = —(1/8) In Q. The differential equation to start with is

oG
G—A+PV—A+P8—P

Other thermodynamic relations follow:
Volume:

Ve T (8lnA(N,P,T))
N, T

oP

Enthalpy:

H = (H(x) + PV) = _a% In A(N, P,T)

Heat capacity at constant pressure

o ,0?
=| = = — InA(N,P,T
CP (6T>NP kﬁ aﬁn ( s 4y )

Entropy:

S = _(%)N,P

= klnA(N,P,T)+ &

The fluctuations in the enthalpy AH are given, in analogy with the canonical ensemble, by

AH =+/kT2Cp

so that

AH _ \/KT?Cp

H H
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so that, since C'p and H are both extensive, AH/H ~ 1/v/N which vanish in the thermodynamic limit.
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5.4: Temperature and pressure estimators

From the classical virial theorem

o 21
1811,‘]'

N 2
D 3
<Z_1: 2mi> = S NkT

where p,,--,py are the N Cartesian momenta of the N particles in a system. This says that the microscopic function of the N
momenta that corresponds to the temperature, a macroscopic observable of the system, is given by

we arrived at the equipartition theorem:

2
P
K =
(ph ) pN) ; 2mz
The ensemble average of K can be related directly to the temperature
T = 2 (K ) = 5oz (K(D1, . pa))
- 3Nk P15 PN)) = 3nR P15 Ps3

K(py,-+,py) \) is known as an estimator (a term taken over from the Monte Carlo literature) for the temperature. An estimator is
some function of the phase space coordinates, i.e., a function of microscopic states, whose ensemble average gives rise to a
physical observable.

An estimator for the pressure can be derived as well, starting from the basic thermodynamic relation:

_ (0A B A Q(N,V,T)
P= (aV)N,T_kT( 1% NT

with
=CUpn T e =Cn re e
Q(N,V,T)=C / dz e PH@ = C / dVp / dNr e PHP)
v

The volume dependence of the partition function is contained in the limits of integration, since the range of integration for the
coordinates is determined by the size of the physical container. For example, if the system is confined within a cubic box of volume
V = L3, with L the length of a side, then the range of each ¢ integration will be from 0 to L. If a change of variables is made to s;
= 4, then the range of each s integration will be from 0 to 1. The coordinates s; s; are known as scaled coordinates. For containers
of a more general shape, a more general transformation is

S; = V71/3I‘i

To preserve the phase space volume element, however, we need to ensure that the transformation is a canonical one. Thus, the
corresponding momentum transformation is

™=V,
With this coordinate/momentum transformation, the phase space volume element transforms as
d¥p dVr = dVrd"s
Thus, the volume element remains the same as required. With this transformation, the Hamiltonian becomes

N p2 N y-2/3,2 )
H=D gy ¥ Unen) = 3 =5t U, V)

i =1 i

and the canonical partition function becomes
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N 2/32
Q(N, V,T):CN/ de/ dVs exp{ﬁ {ZV— +U(VY3sy, V1/3SN)]}

= 2

Thus, the pressure can now be calculated by explicit differentiation with respect to the volume, V:

P=kT5 5

=Zon [ dVn [ dVs [28V BTN, g - SV RN s s e

= %CNf dVp [ dr [ﬁv V. Z _ 3%25\;11'1' . g_g o—BH(D.Y)

g (2 ()

= (—5)
Thus, the pressure estimator is

1 N
(P, -, PNsT1y -y TN) = =3 ; le +r;- Z(r):|
and the pressure is given by
P = (Il(z))

For periodic systems, such as solids and currently used models of liquids, an absolute Cartesian coordinate ¢; is ill-defined. Thus,
the virial part of the pressure estimator ", ¢;F; must be rewritten in a form appropriate for periodic systems. This can be done by
recognizing that the force F; is obtained as a sum of contributions F;;, which is the force on particle ¢ due to particle j. Then, the
classical virial becomes

Zz v Fi= Zzl\il T 'Ej#.i Fy
= % [Zz ri Zj;&i -Fij + Zj Lj- Zz‘;&j Fﬂ]
=3 [21 DI DTED BN SED DI Fij]
=3 > jizi(ti —15) - Fij = 3 > g Tii - Fij
where r; is now a relative coordinate. r;; must be computed consistent with periodic boundary conditions, i.e., the relative

coordinate is defined with respect to the closest periodic image of particle j with respect to particle i. This gives rise to surface
contributions, which lead to a nonzero pressure, as expected.
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CHAPTER OVERVIEW

6: The Grand Canonical Ensemble

In the grand canonical ensemble, the control variables are the chemical potential y, the volume V and the temperature 7. The total
particle number N is therefore allowed to fluctuate. It is therefore related to the canonical ensemble by a Legendre transformation
with respect to the particle number N. Its utility lies in the fact that it closely represents the conditions under which experiments are
often performed and, as we shall see, it gives direct access to the equation of state.

6.1: Thermodynamics

6.2: Partition Functions

6.3: Ideal Gas

6.4: Particle Number Fluctuations

Template:HideTOC
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6.1: Thermodynamics

In the canonical ensemble, the Helmholtz free energy A(N,V,T) is a natural function of N,V and 7. As usual, we perform a

Legendre transformation to eliminate N in favor of = 24

Alw V1) = ANV, - N () (6.1.1)
— A(N(u),V,T) — uN (6.1.2)

It turns out that the free energy A(u,V,T) is the quantity —PV. We shall derive this result below in the context of the partition
function. Thus,

—PV = A(N(p),V,T) — uN

To motivate the fact that PV is the proper free energy of the grand canonical ensemble from thermodynamic considerations, we
need to introduce a mathematical theorem, known as Euler's theorem:

< Euler's Theorem

Let f(z1,...,zx) be a function such that

fAzy, .., dzy) = A" f(z1, ..., zN)

Then f is said to be a homogeneous function of degree n. For example, the function f(z) = 322 is a homogeneous function of
degree 2, f(z,y,2z) = zy* + 23 is a homogeneous function of degree 3, however, f(z,y) = e —zy is not a homogeneous
function. Euler's Theorem states that, for a homogeneous function f,

N
_N g, 0
nf(mlz ~~'7mN) - ;mz 61‘2

To prove Euler's theorem, simply differentiate the the homogeneity condition with respect to lambda:

d d .,
af()\.’l,‘l,...,)\.’IIN) = a)\ f(xl,...,xN)

N
in ai :n)‘nilf(zlw'wa)

Then, setting A = 1, we have

N
;zi gj@ = nf(xlz '“71“N)

which is exactly Euler's theorem.

Now, in thermodynamics, extensive thermodynamic functions are homogeneous functions of degree 1. Thus, to see how Euler's
theorem applies in thermodynamics, consider the familiar example of the Gibbs free energy:

G =G(N,P,T)
The extensive dependence of G is on N, so, being a homogeneous function of degree 1, it should satisfy
G(AN,P,T) = A\G(N, P,T)

Applying Euler's theorem, we thus have

o _
ON

G(N,P,T)=N uN
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or, for a multicomponent system,
G= Z 1N
J
But, since
G=E-TS+PV
it can be seen that G = N is consistent with the first law of thermodynamics.
Now, for the Legendre transformed free energy in the grand canonical ensemble, the thermodynamics are

dA =dA — pdN — Ndu
= —PdV — 8dT — Ndpu

But, since

the thermodynamics will be given by

Since, A is a homogeneous function of degree 1, and its extensive argument is V, it should satisfy

A(p, AV, T) = MA(u, V,T)
Thus, applying Euler's theorem,

- 8A
A TY=V— =-P
(V. T) = Vor = =PV

and since
A=A—uN=E—-TS—uN

the assignment A = —PV is consistent with the first law of thermodynamics. It is customary to work with PV, rather than —PV, so
PV is the natural free energy in the grand canonical ensemble, and, unlike the other ensembles, it is not given a special name or
symbol!
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6.2: Partition Functions

Consider two canonical systems, 1 and 2, with particle numbers N; and N,, volumes V; and V, and at temperature 7. The systems
are in chemical contact, meaning that they can exchange particles. Furthermore, we assume that N, > N; and V, > V; so that
system 2 is a particle reservoir. The total particle number and volume are

V=Vi+V,
N=Ni+N;
The total Hamiltonian H(z, N) is
H(z,N) = Hi(z1, N1) + Ha(z2, N2)

If the systems could not exchange particles, then the canonical partition function for the whole system would be

1
Q(N,V,T) = /dw e BH(@1,N1)+Hy(22,N2))
Np3N
_ INiINY!

N Ql(Nl,Vl’T)QZ(N%‘/%T)

where

1 - T
Ql(vavlaT) = W/dme BHy(z1,N1)

1 - T
Q?(N27V27T) = W/dme BHy(x2,N>)

However, N; and N are not fixed, therefore, in order to sum over all microstates, we need to sum over all values that N; can take
on subject to the constraint N = N; + N,. Thus, we can write the canonical partition function for the whole system as

- NN
QINV.T) = Y f(N1, N) == Qi (N1, Vi, T)Qa (N2, V2, T)
N1=0 ’

where f(N1, N2) is a function that weights each value of N, for a given V.
Thus,

e £(0, N) is the number of configurations with 0 particles in V; and N particles in V5.
e f(1,N) is the number of configurations with 1 particles in V; and N — 1 particles in V5.
e etcC.

Determining the values of f(N:, N) amounts to a problem of counting the number of ways we can put N identical objects into 2
baskets. Thus,

fO,N) =1
f,N) =N
N!
RETI
N(N -1
f(2,N) = %
N
T 2N -2)!
etc. or generally,
N N!
f(N1,N) = NN —Ny)!  NiIN!
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which is clearly a classical degeneracy factor. If we were doing a purely classical treatment of the grand canonical ensemble, then
this factor would appear in the sum for Q(N, V, T), however, we always include the ad hoc quantum correction - in the expression
for the canonical partition function, and we see that these quantum factors will exactly cancel the classical degeneracy factor,
leading to the following expression:

N
Q(N,V,T) = Z Q1(N1, V1, T)Q2(Na, V2, T)
Ni=0

which expresses the fact that, in reality, the various configurations are not distinguishable from each other, and so each one should
count with equal weighting. Now, the distribution function p(z) is given by
1 _—BH(z,N)

NI ©

p(z,N) = A

which is chosen so that

[ depta. ) =1

However, recognizing that N, ~ N, we can obtain the distribution for p, (z;, N;) immediately, by integrating over the phase space of
system 2:

1 1 1
N;) = —BH;(21,N1) —BHy(x3,N2)
pl(xly 1) = Q(N, V,T) Nllh3N1 e 1(z1,N, Nz!h3N2 /d.’l}'ze 2(z2,Ng

where the prefactor has been introduced so that

N
Z /dxlp(xlle) =1
Ni=0

and amounts to the usual ad hoc quantum correction factor that must be multiplied by the distribution function for each ensemble to

1
NIR

account for the identical nature of the particles. Thus, we see that the distribution function becomes

Q2(N27V27T) 1 —BH,(z1,N1)

pl(thl): Q(N,V,T) Nl!h3Nle

Recall that the Hemlholtz free energy is given by

1
A=—=In
3 Q
Thus,
Q(N,V,T) = e #ANVD)
Qs(No, Vo, T) = e PAN2T) — o= BAN=NLV-WA.T)
or
Qa(N2, Vo, T) _ gav-Nv—vi.1)-AWNV.T))
Q(N,V,T)
But since N >»> N; and V >»> Vi, we may expand:
0A 0A
AN =N,V -W,T) = A(N,V,T) - a_NNl - WV} + -

= A(N,V,T) — uNy, + PV; + -
Therefore the distribution function becomes

1 1

1
_ BuN1 ,—BPVy ,—BH (z1,N1) _ _
prl@n M) = Gpamre e e NyIh3NT eBPY:

eﬂuf\he*ﬁHl(thl) (6.2.1)

Dropping the "1" subscript, we have
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p(z, N) = eﬂ% lew N o —BH(z,N)
We require that p(z, N) be normalized:
N—o [ dzp(z,N) =1
eﬂ% [E?\TO:O WsﬁﬂNfdxe_ﬂH(”N)] =1
Now, we define the grand canonical partition function
Z(p, V,T) = Ni:% NN eﬂ”N/dze*/jH(z’N)

Then, the normalization condition clearly requires that
Z(p,V,T) ="

PV
2, V,T) = =

Therefore PV is the free energy of the grand canonical ensemble, and the entropy S(u, V, T) is given by

a(PV)
aT

stuv.7) =

wV

0
=kl Z(w,V,T) — kB =nZ(u,V,T
), =2 VT k(gm0 )

We now introduce the fugacity ¢ defined to be

— ePH

~

Then, the grand canonical partition function can be written as

2(¢,V,T) = LI / daePHEN)

N3N

e 1M

Q. V,T)

=
I
o

which allows us to view the grand canonical partition function as a function of the thermodynamic variables ¢,V and 7.

Other thermodynamic quantities follow straightforwardly:

0 ¢ 0

o o e

Thus,

0
(N) = Ca—can(C, V,T)
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6.3: Ideal Gas

Recall the canonical partition function expression for the ideal gas:

QN,V,T) = — | L (27”")3/2 '
A N TR
Define the thermal wavelength \(3) as
h2 1/2
30 = (4

which has a quantum mechanical meaning as the width of the free particle distribution function. Here it serves as a useful
parameter, since the canonical partition can be expressed as

QIN,V,T) = % (K)N

The grand canonical partition function follows directly from Q(N,V,T):

=1 (VY e
z(C7 VaT) = AT (_) =e€ o
2wl

Thus, the free energy is

PV V¢
ﬁ—an— G

In order to obtain the equation of state, we first compute the average particle number (V)

9 %48

Thus, eliminating ¢ in favor of (V) in the equation of state gives
PV = (N)kT
as expected. Similarly, the average energy is given by

E:_(a1nz> _ 3V¢ 0N
v

3
5 = g (NIkT

YT
where the fugacity has been eliminated in favor of the average particle number. Finally, the entropy

OnZ(u,V,T) _5 N V_)\3
et )ulv-2(N)k+<N)kl [m]

which is the Sackur-Tetrode equation derived in the context of the canonical and microcanonical ensembles.

S, V,T) = kln 2 (1, V,T) — (
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6.4: Particle Number Fluctuations
In the grand canonical ensemble, the particle number N is not constant. It is, therefore, instructive to calculate the fluctuation in this
quantity. As usual, this is defined to be

AN =4/(N?) —(N)?

Note that

2

Cagca—can(C,VT ZN2<NQ(NVT [ZN(NQNVT)

= (N?) —(N)*
Thus,

(AN = G 2V, T)

- (KT?)% In 2(s, V., T)

In order to calculate this derivative, it is useful to introduce the Helmholtz free energy per particle defined as follows:

a(v,T) = %A(N, V,T)

where v = § = % is the volume per particle. The chemical potential is defined by
oA
T ON
Oa Ov
=a(v,T)+ N 50 BN
=a(v,T) — v%
Similarly, the pressure is given by
p_ 94 _ N0adv D
v vV~ v
Also,
o 0%
A o?
Therefore,
op_opow
op ~ Ov Ou
_ o %]
o "o
1
o v
and

https://chem.libretexts.org/@go/page/5211


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5211?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/06%3A_The_Grand_Canonical_Ensemble/6.04%3A_Particle_Number_Fluctuations

LibreTexts*

o*p 0 OP Ov

ou? ~ Ov du Ou

B
T2 vavZ

But recall the definition of the isothermal compressibility:
1ev 1
KT = “VaP _W
Thus,
o’P 1
il
and
AN = o[ ART Ry

v

and the relative fluctuation is given by

AN 1 [(N)kTsr 1

N () v S

Therefore, in the thermodynamic limit, the particle number fluctuations vanish, and the grand canonical ensemble is equivalent to
the canonical ensemble.

— 0 as(N) - o
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7.1: General Formulation of Distribution Functions

Recall the expression for the configurational partition function:
ZnN = /drl-l-drj\/e*w(r1 """ )

Suppose that the potential U can be written as a sum of two contributions
U(ri,...,rn) = Uo(r1, ..., tn) + Ui (r1, ..., TN)

where U; is, in some sense, small compared to U,. An extra bonus can be had if the partition function for U, can be evaluated
analytically.

Let

mtd

Then, we may express Zy as

ZN(O) —BUo(r1,007N) ,—BUL (107N
Zsz/drr--drNe T

— ZN(0)<efﬁU1(n ..... rw)>0
where (---), means average with respect to U, only. If U; is small, then the average can be expanded in powers of U;:

B oy B

(U0 = Sr (U)o + -

The free energy is given by

A(N,V,T) = f%m (%) - 7%1n ( zZy ) C L ey,
Separating A into two contributions, we have

AN, V,T) = AN, V,T) + AD(N,V,T)
where A is independent of U; and is given by

mtd

and

We wish to develop an expansion for A of the general form
mtd

where w; are a set of expansion coefficients that are determined by the condition that such an expansion be consistent with
In(33%, (—5)k<U1k>0/k!-
Using the fact that

In(l+2z) = i (—1)k*1%k
k=1
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we have that

Equating this expansion to the proposed expansion for A), we obtain

o0 o l ) w

k=1 k=1

This must be solved for each of the undetermined parameters wy, which can be done by equating like powers of 3 on both sides of
the equation. Thus, from the 3! term, we find, from the right side:

Right Side : ﬂﬁl
and from the left side, the j = 1 and k£ = 1 term contributes:
Left Side: — 'B<?!1>O
from which it can be easily seen that
w1 = (U)o

Likewise, from the 82 term,
ﬁZ
Right Side : ?wz
and from the left side, we see thatthe = 1,k = 2 and | = 2, k = 1 terms contribute:
B 2 2
Left Side : 5 (U)o — (U1)5)
Thus,

wz = (U)o — (U1)3
For g3, the right sides gives:

3

Right Side : —%DJ3

the left side contributes the i =1,k =3,k =2,l=2and [ = 3,k = 1 terms:

3 2
Lm&@-£4m)( VH QM)—%(%WM+%WWQ

Thus,
wy = (U)o + 2(U1)§ — 3(U1)o (U)o

Now, the free energy, up to the third order term is given by

2
A= AO 4 — ﬁwQ + —ws
2 6
1 Zn0
—B" (N'—,\W

5 ) <U1)07E<U1)07(U1> )+— ((U?) = 3(U1)o (U)o +2(U1)3) +

In order to evaluate (U)o, suppose that U is given by a pair potential
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1
Ui(ry,....,tn) = 3 E ui(|r; —ry|)
7

Then,

1 1 — [s T
(U)o = m/drl ...drNE Zul(m —rjl)e BU(r1,---7w)
i#j

N(N-1

- 2(ZN(O) ) /drldr2U1(|T1 —Tz\)/dl‘3"'drNe_BU“(”"“"”)
NZ

= 2—W/dr1dr2u1(|r1 —r2|)g(()2)(r1,r2)

2 e}
= —p2V / 4rrPuy (1) go(r)dr
0

The free energy is therefore given by

) 70 . N
A(N,V,T) = —E In (W]\;]\f) + EPZV/O 4arr®uy () go (r)dr — g (<U12>0 — (U1>§)
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7.2: General Distribution Functions and Correlation Functions
We begin by considering a general N-particle system with Hamiltonian

N 2
H:Z — +U(ry,,TN)

= 2m

For simplicity, we consider the case that all the particles are of the same type. Having established the equivalence of the ensembles
in the thermodynamic limit, we are free to choose the ensemble that is the most convenient on in which to work. Thus, we choose
to work in the canonical ensemble, for which the partition function is

1

QIN.V.T) =

/ d3di3Nrefﬁ = 2’;:: e PU(LTN)
The 3N integrations over momentum variables can be done straightforwardly, giving

1 —BU(ry N
Q(N,V,T) = W/dm---dme BUr1-r)

_ v
NIN3N
where )\ = 2’2‘; is the thermal wavelength and the quantity Z is known as the configurational partition function
ZN = /dr1 wedp e PU(rrN)
The quantity

e—BU(r1 )

dry--dry = P(N)(’I‘l, ey TN)dTl edry
ZN

represents the probability that particle 1 will be found in a volume element dr; at the point r;, particle 2 will be found in a volume
element dr, at the point rs,..., particle N will be found in a volume element dry at the point ry. To obtain the probability associated
with some number n;SPMIt;N of the particles, irrespective of the locations of the remaining n+1,...,N particles, we simply integrate
this expression over the particles with indices n+1,...,N:

1
P (ry, - ry)dry e dry = Zn [/ dryy - drye VT dpy e dry,
N

The probability that any particle will be found in the volume element dr, at the point r; and any particle will be found in the

volume element dr; at the point rs,...,any particle will be found in the volume element dr,, at the point r, is defined to be

N!
PO (ry, e rp)dry - dry = 'p(m(rh o rp)dry e diry

(N —n)
which comes about since the first particle can be chosen in N ways, the second chosen in N-1 ways, etc.
Consider the special case of n = 1. Then, by the above formula,

1 N
PO(r) = Zy (N—1)! / dry -+ drye Vi)

N / dig - di e BUT1Y)
ZN

Thus, if we integrate over all 1, we find that

1 N
v / drip(r) = 37 =p

Thus, P actually counts the number of particles likely to be found, on average, in the volume element dr; at the point ;. Thus,

integrating over the available volume, one finds, not surprisingly, all the particles in the system.
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7.3: Structure and distribution functions in classical liquids and gases

So far, we have developed the classical theory of ensembles and applied it to the ideal gas, for which there was no potential of
interaction between the particles: U = 0. We were able to derive all the thermodynamics for this system using the various ensembles
available to us, and, in particular, we could compute the equation of state. Now, we wish to consider the general case that the
potential is not zero. Of course, all of the interesting physics and chemistry of real systems results from the specific interactions
between the particles. Real systems can exhibit spatial structure, undergo phase transitions, undergo chemical changes, exhibit
interesting dynamics, basically, a wide variety of rich behavior.

Consider the two snapshots below.

—— T Tg= e e
e T G e || se—u ¥ e 2t T
oe o ‘ e’ T. ® ll » " T e . [
..o a g. ."L / \ - hd . '. .. " f
@ o P oy | [ FE R )
T @ / R I X A A
Maw, hog oy Ty By
et w et
o ... ..-‘. _:zJ | /,_" R 'I—x"k'-“"'
L of Wl L et
\?‘m\\ o ;/ - J. p
— R // . f »
ﬂxH\J; e }/

On the left is shown a configuration of an ideal gas, and on the right is shown a configuration of liquid argon. Can you see any
inherent structure in the snapshot of liquid argon? While it may not be readily apparent, there is considerable structure in the liquid
argon system that is clearly not present in the ideal gas. One way of quantifying spatial structure is through the use of the radial
distribution function g(r), which will be discussed in great detail later. For now, it is sufficient to know that g(r) is a measure of the
probability that a particle will be located a distance r from a another particle in the system. The figure below shows the function
g(r) for the ideal gas and for the liquid argon systems.

6.0 T T T T

IDEAL GAS

g(r)

2.8 - R

L L ! ! ! L L
a8 1.8 28 3.8 4.8 5.8 6.8 7.8 8.8
r [A]

LIQUID ARGON

2.8 -

glr)

1.8

" L I I I L L
.A 1.A 28 3.0 4.8 5.8 6.8 7.4 B.B
r [Al

It can be seen that the radial distribution function for the ideal gas is completely featureless signifying that it is equally likely to

find a particle at any distance r from a given particle. (Since the probability is uniform, g(r) ~ % for small r. This is the particularly
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normalization condition on g(r) that gives rise to uniform probability. Hence its rapidly rising behavior for small r.) For the liquid
argon system, g(r) exhibits several peaks, indicating that at certain radial values, it is more likely to find particles than at others.
This is a result of the attractive nature of the interaction at such distances. The plot of g(r) also shows that there is essentially zero
probability of finding particles at distances less than about 2.5 A from each other. This is due to the presence of very strong
repulsive forces at short distances.

Sometimes, the structure can be readily seen in snapshots of configurations. Consider the following snapshot of a system of water
molecules:

The red spheres are oxygen atoms, the grey spheres are hydrogen atoms, the green lines are hydrogen bonds, and the reddish-grey
lines are covalent bonds. A good deal of structure can be seen in the form of a complex network of hydrogen bonds. This high
degree of structure is characteristic of water and gives rise to the ease which with water can form stable, organized structures
around other molecules. In water, one can ask several questions related to structure. For example, what is the probability that an
oxygen atom will be found at a distance r away from another oxygen atoms? What is the probability that a hydrogen atom will be
located at a distance r from an oxygen atom, etc. The plot below shows the radial distribution functions corresponding to these two
scenarios.

Ionln)
T

]

r [angstrom]

The peak in the O-O radial distribution function occurs at roughly 2.8A which is the well known average hydrogen bond length in
water. Of course, one could also ask about structure from the point of view of a hydrogen atom and obtain two other representations
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of structure in water.
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7.4: General Correlation Functions

A general correlation function can be defined in terms of the probability distribution function p™(ry,---, r,) according to

1
o) = —op )

VN! _BU(ry
= ey e dwe 00

Another useful way to write the correlation function is

O (py, e 1) = S L [P W e PUTLrw)§(py — 1)) o 8(ry — 1)
g 1, Tn ZyN"(N —n)! 1 N 1 1 n n
VNI " ,
= ZNNn(N—’I’L)' <Hi:16(7‘i_7‘i>r;,m,r5\,

i.e., the general n-particle correlation function can be expressed as an ensemble average of the product of § -functions, with the
integration being taken over the variables 71, -+, 7.

This page titled 7.4: General Correlation Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Mark Tuckerman.

https://chem.libretexts.org/@go/page/5243



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5243?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/07%3A_Distribution_Functions_and_Liquid_Structure/7.04%3A_General_Correlation_Functions
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/07%3A_Distribution_Functions_and_Liquid_Structure/7.04%3A_General_Correlation_Functions
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

7.5: Thermodynamic quantities in terms of g(r)

In the canonical ensemble, the average energy is given by

0
E= _6_ﬂan(N$V7IB)

InQ(N,V,B) =1InZy —3NInA(8) — In N!

Therefore,
_BNOA 1 97y
T XN 98 Zy 08
Since
2 11/2
=[]
2mm
o2\ 1
96 =~ 25"
Thus,
3 1 BU(r1,+,rN)
E = —NkT + — drq "’dTNU(T'l,"' ,T'N)e 1,5
2 Zn
3

In order to compute the average energy, therefore, one needs to be able to compute the average of the potential (U). In general, this
is a nontrivial task, however, let us work out the average for the case of a pairwise-additive potential of the form

1
Ulry, =, rv) = 5 > ulr; = r51) = Upain(r1, -+, 7)
iji#j
i.e., U is a sum of terms that depend only the distance between two particles at a time. This form turns out to be an excellent
approximation in many cases. U therefore contains N(N-1) total terms, and (U) becomes

1 _ .
(U) = 7 Z /drl"'dTNU(lri—Tj|)€ BUpair(r1,-+7)
N i

_N(N-1)

_ —BUpair(T1,7N)
37y /dm dryu(|ry —ral)e

The second line follows from the fact that all terms in the first line are the exact same integral, just with the labels changed. Thus,

1 N(N -1
U) = _/drldrzU(\ﬁ—rzl) REEL /d’"3~--drNe_ﬂU““"("""’”')
2 ZN

1
=3 /drldrzu(h"l — T2|)p(2)(r1,r2)

N2
e

//drldrzu(\rl — r2|)p(2) (r1,72)

Once again, we change variables to r = r; —r, and R = M Thus, we find that

2

)= zN_w / drdRu(r)§® (r, R)

= N—Z/dru(r)/dR~(2)(r R)
- 2V2 g )
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2
= %/dru(r)g(r)

N2 oo y
= 2—‘/,2/0 drdnr-u(r)g(r)

Therefore, the average energy becomes

3 N o
E= ENkT—i- ?47rp/ drr’u(r)g(r)
0

Thus, we have an expression for E in terms of a simple integral over the pair potential form and the radial distribution function. It
also makes explicit the deviation from "ideal gas" behavior, where E=3NKT/2.
By a similar procedure, we can develop an equation for the pressure P in terms of g(r). Recall that the pressure is given by

_10mQ
)%

1 0Zy

~ BZy 9P
The volume dependence can be made explicit by changing variables of integration in Zy to
8 = v 37"1‘

Using these variables, Z becomes
Zy = VN/d51 - ds ye PV )

Carrying out the volume derivative gives

N

aZN _ N N 1 ou 7,3U(V11/R,~~,V1/R)
ETa VZN 1% /d51 dsN3V;m 8me N

N 1
= — _— E L FLeBU(rrN)
= % N+ ﬁ/d?"l dry 37 2 r; - Fie !

1 & 1 & 1 &
=d51-~-dsNWizzlri~dsl~--dsNWi:21ri~dsl-~~dsNW;ri\cdo

Thus,

1 8Zy N B /&
— = 4 = .
Zv OV V 3V ; e
Let us consider, once again, a pair potential. We showed in an earlier lecture that
N N
IR B IR
i=1 i=1 j=1,j#i
where F}; is the force on particle i due to particle j. By interchaning the i and j summations in the above expression, we obtain
N 1
i=1 i.J,i#] i,J,i#]

However, by Newton's third law, the force on particle i due to particle j is equal and opposite to the force on particle j due to
particle i:

Fij = —Fj

Thus,
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=5 > (ri—ry)- ijfgzru ij

i,j,i#] i,4,i%]

i=1 i,4,i#] i.4,i#]

The ensemble average of this quantity is

8/ 8 )
v A2 B ) =gp { 2 riFy) =gy J e 32 ri et

i) i,5,i#]

As before, all integrals are exactly the same, so that

8 /& BN(N BUpain(r1,7x)
v ;mﬂ —T/dl TNT12 - Fioe”

R /drg cov dr e PUmir(r10)

- b dridraryz - Fia [ 7

6V

(2)
=%V dridryris - Fiap¥(r1,72)

_ BN?
T o6V

/dﬁd?“zﬁz - Fiag®(r1,ms)

Then, for a pair potential, we have

OU i
Flg = —— 2 — 3/ (lr; —
12 p u’(Jr1 —r2)

(r1—r2)

[r1 — 7ol N 12

where u'(r) = du/dr, and ry, = |r2|. Substituting this into the ensemble average gives

N 2
N 7
% <ZX—1:”F1> - _ﬁvf‘ /drldr?u (r12)r12g"® (r1,72)

As in the case of the average energy, we change variables at this point to r = r; — ro and R = M This gives

N N2
% <; T Fl> = _ﬁV3 /drdRut(r)r§(2)(r, R)

N2 ~
=_ ,gVQ /drut(r)rg(T)
=_ BN? /Oodr47rr3ut(r)g(r)
6v2 J,
Therefore, the pressure becomes
P
= 6kT / dranr3ut(r)g(r)

which again gives a simple expression for the pressure in terms only of the derivative of the pair potential form and the radial
distribution function. It also shows explicitly how the equation of state differs from the that of the ideal gas £ = p.

From the definition of g(r) it can be seen that it depends on the density p and temperature T: g(r) = g(r; p, T). Note, however, that

the equation of state, derived above, has the general form

P
= Bp?
T =p+Dp

which looks like the first few terms in an expansion about ideal gas behavior. This suggests that it may be possible to develop a
general expansion in all powers of the density p about ideal gas behavior. Consider representing g(r; p, T') as such a power series:

g(r;p, T ZPQ;TT
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Substituting this into the equation of state derived above, we obtain

P ad .
T Pt Z Bja(T)p"?
=0

This is known as the virial equation of state, and the coefficients B;,,(T) are given by

1

Bja(T) = “ kT

o0
/ drdmrdu’ (r)g;(r; T)
0

are known as the virial coefficients. The coefficient By(T') is of particular interest, as it gives the leading order deviation from ideal
gas behavior. It is known as the second virial coefficient. In the low density limit, g(r; p, T') ~ go(r; T) and By(T) is directly related
to the radial distribution function.

This page titled 7.5: Thermodynamic quantities in terms of g(r) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by Mark Tuckerman.
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7.6: The Pair Correlation Function

Of particular importance is the case n=2, or the correlation function g (r;,r,) known as the pair correlation function. The explicit
expression for g® (ry, ) is

V2N , ,
9 rm) = gy (O i)l =)
V(N —1)
_Vvv-1) —BU (1)
NZn /d’l‘3 drye
N(N—1)

= T(&(Tl —r1)0(ry — 15)) rjrs,
In general, for homogeneous systems in equilibrium, there are no special points in space, so that ¢ should depend only on the
relative position of the particles or the difference »; — r,. In this case, it proves useful to introduce the change of variables

1

r=r —roR = 5(7"14-1"2)

1 1
rr=R+ Er,rng—gr

Then, we obtain a new function §®, a function of r and R:

V(N —-1)
NZy

N(N—1) 1 , 1 ,
= —p2 <6 (R + 57" — 7"1) 1 (R — ET‘ — T2)>r;,mw

N

g~(2) (r,R) = /d’l‘g ,..drNe—ﬂU(R+%T,R—%r,m---,m)

In general, we are only interested in the dependence on r. Thus, we integrate this expression over R and obtain a new correlation
function §(r) defined by

i) =5 [ arg¥ e R

1 1
V(N—-1 —BU(R+—r,R——r,rR,- N
- (JVTN)/deT3"'dTN€ PR )
(N—=1) BU(R L R L R,;rN)
- - +—rR——rrR;r
= /der3~--drNe 2 2
PZN

For an isotropic system such as a liquid or gas, where there is no preferred direction in space, only the maginitude or r, |r| = r is of
relevance. Thus, we seek a choice of coordinates that involves r explicitly. The spherical-polar coordinates of the vector r is the
most natural choice. If » = (z,y, z) then the spherical polar coordinates are

x = rsinfcos ¢
y=rsinfsiné
x =rcosf
dr = r%sin 0 dr df d¢
where 6 and ¢ are the polar and azimuthal angles, respectively. Also, note that
r=rmrn
where

n = (sin @ cos ¢, sin §sin ¢, cos 6)

Thus, the function ¢(r) that depends only on the distance r between two particles is defined to be
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o) = 4

/ sin 0dOdpg(r)

1 1
N-—1 —BU(R+—r,R——r,rR,-TN
= u/sin@d@dqﬁd}?d?gwchwe "3 g
LYy YAS
_(N—-1) <5(r—r/)>
47rp rr’ T’,G’,W,Rtﬂ“%x”'lt

N

Integrating ¢(r) over the radial dependence, one finds that
o0
47rp/ drr’g(r)=N—-1~N
0

The g¢(r) function is important for many reasons. It tells us about the structure of complex, isotropic systems, as we will see below,
it determines the thermodynamic quantities at the level of the pair potential approximation, and it can be measured in neutron and
X-ray diffraction experiments. In such experiments, one observes the scattering of neutrons or X-rays from a particular sample. If a
detector is placed at an angle 6 from the wave-vector direction of an incident beam of particles, then the intensity I(6) that one

observes is proportional to the structure factor
1(6) ~ x < 2> _ L <Z eik-(m—rn)>
N TN \%&
= S(k)

where £ is the vector difference in the wave vector between the incident and scattered neutrons or X-rays (since neutrons and X-
rays are quantum mechanical particles, they must be represented by plane waves of the form ezp(ik -r)). By computing the
ensemble average (see problem 4 of problem set #5), one finds that S(k) = S(k) and S(k) is given by

§ eik-r,,,

m

Sk)=1+ 4% drrsin(kr)g(r)
0

Thus, if one can measure S(k), g(r) can be determined by Fourier transformation.

This page titled 7.6: The Pair Correlation Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Mark E. Tuckerman.
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7.7: Derivation of the Van der Waals equation

As a specific example of the application of perturbation theory, we consider the Van der Waals equation of state. Let U, be given by

a pair potential:
1
Uo(r1, oy xn) = 5 ;u(]ﬂri —1j])

0 r>0

with
uo(r) = { [es) r<o

This potential is known as the hard sphere potential. In the low-density limit, the radial distribution function can be shown to be

given correctly by go(r) ~ exp(—Bu(r)) or
go(r) =0(r — o)

=uy(r)

u(r) = ug(r) +uy(r) is taken to be some arbitrary attractive potential, whose specific form is not particularly important. Then, the
(7.7.1)

full potential might look like:
AN u(r) = uo(r) + ui(r)

o0

1 o0 1
—pZV/ 4rrtuy (1) go(r) = —pZV/
2 0 2 0
o0
= 27rp2V/ r2ui(r)dr = —aNp
o

o]
=a= —271/ drr?uy(r) > 0

Now, the first term in A®) is
4rruy (r)0(r — o)

where ¢ is a number that depends on u(r) and the specific form of u(r) = ug(r) + uy(r).
Since the potential Zy(0) is a hard sphere potential, u, can be determined analytically. If w,(r) were 0, then Z 1(\?) = V¥ would

describe an ideal gas and
mtd

However, because two particles may not approach each other closer than a distance uq(r) between their centers, there is some

_______

excluded volume:

- -
LT

‘h

If we consider two hard spheres at closest contact and draw the smallest imaginary sphere that contains both particles, then we find
(7.7.2)

this latter sphere has a radius u(r):
4
—Tno 3

Hence the excluded volume for these two particles is
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—To =

and hence the excluded volume per particle is just half of this:
Nb
Therefore Zy© = (V — Nb)Y is the total excluded volume, and we find that, in the low density limit, the partition function is given

approximately by

AN V.T) ~ —5 I | =y =

[ ]

Thus, the free energy is

0A
P=- (W)M

If we now use this free energy to compute the pressure from

P
kT
we find that
N _ aN? __p ap?
V—Nb kTV2 1—pb kT

=pb>1

This is the well know Van der Waals equation of state. In the very low density limit, we may assume that

~1 b
1= b + pb,
hence
P 9 a
et (b 57)
Thus,
2 2 o0
By(T)~b— % = §7r03 + % ] drruy (1)
from which we can approximate the second virial coefficient:
2 2 o0
By(T) ~b— % = 371'03 + % drrus (r) (7.7.3)
o

A plot of the isotherms of the Van der Waals equation of state is shown below:

oP

= 0 (7.7.4)
2
% ‘f’ —0 (7.7.5)

The red and blue isotherms appear similar to those of an ideal gas, i.e., there is a monotonic decrease of pressure with increasing
volume. The black isotherm exhibits an unusual feature not present in any of the ideal-gas isotherms - a small region where the
curve is essentially horizontal (flat) with no curvature. At this point, there is no change in pressure as the volume changes. Below
this isotherm, the Van der Waals starts to exhibit unphysical behavior. The green isotherm has a region where the pressure decreases
with decreasing volume, behavior that is not expected on physical grounds. What is observed experimentally, in fact, is that at a
certain pressure, there is a dramatic, discontinuous change in the volume. This dramatic jump in volume signifies that a phase
transition has occurred, in this case, a change from a gaseous to a liquid state. The dotted line shows this jump in the volume. Thus,

the small flat neighborhood along the black isotherm becomes larger on isotherms below this one. The black isotherm just
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represents a boundary between those isotherms along which no such phase transition occurs and those that exhibit phase transitions
in the form of discontinuous changes in the volume. For this reason, the black isotherm is called the critical isotherm, and the point
at which the isotherm is flat and has zero curvature is called a critical point.

A critical point is a point at which
Ve
Using these two conditions, we can solve for the critical volume (V,) and critical temperature ((7.):

V., =3Nb
8a

chzﬁ

_ a
Y2

c

and the critical pressure is therefore

_Ltov
~Vop

KT

Using these values for the critical pressure, temperature and volume, we can show that the isothermal compressibility, given by

Wiy =~ 2N T TN T ANDE T 2TNB | AND

2
oP NkT  2aN kT 2a 1 (28_;) - kT) ~(T-T.)

diverges as the critical point is approached. To see this, note that
ky ~ (T —T,) ™
Thus,
KT

It is observed that at a critical point, |T — T.|™ diverges, generally, as Q(N,V,T) = ¢ PANVT) — %eﬂ‘“" */V._ To determine the
heat capacity, note that

E
so that
—ZWmQ(N,V,T) =% [Nln(V—Nb) “luN'—3NInA+ /’ayz]
-y
R

- 2z 4
=Cr= (?WE)V
Then, since
Cy = %Nk ~|T-T.°
it follows that
T —T| ™"
The heat capacity is observed to diverge as .. Exponents such as ~ and § are known as critial exponents.

Finally, one other exponent we can easily determine is related to how the pressure depends on density near the critical point. The
exponent is called 2= ~ const + C(p — p.)°, and it is observed that

P, 1 0P 1 9%°P 1 9P

— — — —_— 2 — —_— 3 “es
it T o, lo=oc(p = pe) + 51 77 lo=rho. (P = pe)™ + G g oo (P = pe)™ +
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What does our theory predict for

£~ const + C(p— p.)°? To determine - ~ const + C(p — p.)° we expand the equation of state about the critical density and
temperature:

Unknown environment ‘algin*'

The second and third terms vanish by the conditions of the critical point. The third derivative term can be worked out
straightforwardly and does not vanish. Rather

=103
Thus, we see that, by the above expansion, a = 0y = 1§ = 3.

The behavior of these quantities near the critical temperature determine three critical exponents. To summarize the results, the Van
der Waals theory predicts that

a=0.1v=145

The determination of critical exponents such as these is an active area in statistical mechanical research. The reason for this is that
such exponents can be grouped into universality classes - groups of systems with exactly the same sets of critical exponents. The
existence of universality classes means that very different kinds of systems exhibit essentially the same behavior at a critical point,
a fact that makes the characterization of phase transitions via critical exponents quite general. The values obtained above for v, §
and £ ~ const + C(p — rho.)’ are known as the mean-field exponents and shows that the Van der Waals theory is really a mean
field theory.

These exponents do not agree terribly well with experimental values ( § = 4.2, 2% >0 ). However, the simplicity of mean-field
theory and its ability to give, at least, qualitative results, makes it, nevertheless, useful. To illustrate universality classes, it can be
shown that, within mean field theory, the Van der Waals gas/liquid and a magnetic system composed of spins at particular lattice
sites, which composes the so called Ising model, have exactly the same mean field theory exponents, despite the completely

different nature of these two systems.

Another problem with the Van der Waals theory that is readily apparent is the fact that it predicts p for certain values of the density
go(r). Such behavior is unstable. Possible ways of improving the approximations used are the following:

1. Improve the approximation to Uy(ry, -, 7n).
2. Choose a better zeroth order potential .
3. Go to a higher order in perturbation theory.

Barker and Henderson have shown that going to second order in perturbation theory (see discussion in McQuarrie's book, chapter
14), yields well converged results for a square well fluid, compared to "exact" results from a molecular dynamics simulation.

This page titled 7.7: Derivation of the Van der Waals equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Mark Tuckerman.
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8: Rare-event sampling and free energy calculations

Our treatment of the classical ensembles makes clear that the free energy is a quantity of particular importance in statistical
mechanics. Being related to the logarithm of the partition function, the free energy is the generator through which other
thermodynamic quantities are obtained, via differentiation. In many cases, the free energy difference between two thermodynamic
states is sought. Such differences tell, for example, whether or not a chemical reaction can occur spontaneously or requires input of
work and is directly related to the equilibrium constant for the reaction. Thus, for example, from free energy differences, one can
compute solvation free energies, acid ionization constants K, and associated pK, values, or drug inhibition constants k;, that
quantify the ability of a compound to bind to the active site of an enzyme. Another type of free energy often sought is the free
energy as a function of one or more generalized coordinates in a system. An example might be the free energy surface as a function
of a pair of Ramachandran angles ¢ and v in an oligopeptide. Such a surface would provide a map of the stable conformations of
the molecule, the relative stability of such conformations and the heights of barriers that need to be crossed in a conformational
change.

8.2: Free-energy Perturbation Theory

8.3: Adiabatic Switching and Thermodynamic Integration
8.4: Reaction Coordinates

8.5: Jarzynski's Equality and Nonequilibrium Methods
8.6: The "blue moon" Ensemble Approach

8: Rare-event sampling and free energy calculations is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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8.2: Free-energy Perturbation Theory

We begin our treatment of free energy differences by examining the problem of transforming a system from one thermodynamic
state to another. Let these states be denoted generically as .4 and B. At the microscopic level, these two states are characterized by
potential energy functions U,(ry,...,ry) and Usg(ry, ...,ry). For example, in a drug-binding study, the state .4 might correspond to
the unbound ligand and enzyme, while 8 would correspond to the bound complex. In this case, the potential U, would exclude all
interactions between the enzyme and the ligand and the enzyme, whereas they would be included in the potential Us.

The Helmholtz free energy difference between the states A4 and 3B is simply A 45 = A — A 4. The two free energies A, and A are

given in terms of their respective canonical partition functions @ 4 and Qs, respectively by A, = —kTInQ, and Az = —kTInQs,
where
"N i
QA(N,V,T):CN/ de dVr e:rp{ﬁ ; 277; + Uy(ry, ..., TN) } (8.2.1)
=27y (N7 V7 T)
W (8.2.2)
Fy e :
N, V,T)=C d¥p dVr exp{ — L+ Ug(ry,...,r 8.2.3
Qu(N.v.7)=Cy [ ¥ p{ |3 g + Ualrrsem] (823)
ZB(N7 V7 T)

The free energy difference is, therefore,

Agp = Ap— Ay = —kTIn (ﬂ) — kT (ﬁ) (8.2.5)
Qu Z 4

where Z 4 and Zgz are the configurational partition functions for states .4 and 3B, respectively,

Z4 :/ ANy e7BUArLrN) (8.2.6)

ZB:/ dNr e AUsEtn) (8.2.7)

The ratio of full partition functions Qz/Q, reduces to the ratio of configurational partition functions Zz/Z, because the
momentum integrations in the former cancel out of the ratio.

Equation 8.2.5 is difficult to implement in practice because in any numerical calculation via either molecular dynamics or Monte
Carlo, we do not have direct access to the partition function only averages of phase-space functions corresponding to physical
observables. However, if we are willing to extend the class of phase-space functions whose averages we seek to functions that do
not necessarily correspond to direct observables, then the ratio of configurational partition functions can be manipulated to be in the
form of such an average. Consider inserting unity into the expression for Zz as follows:

Zy = / dVr o~ BUB(EL ) (8.2.8)
_ / AV p @ BUB(LtN) g —BUA(1 ) BUA(E1 o E ) (8.2.9)
_ / dNr e BUA(s . xrn) o =BUs(r1,..tN)=Ua(r1 e rn)) (8.2.10)
If we now take the ratio %, we find
Z3 1 N\ BUA(1tn) o —BUs(E1s ) —Ua(Frrr))
Z_A:Z_A d're e o (8.2.11)

— <e*ﬁ(Uzs(rl,..-,rzv)*UA(rl,»wrN))> (8.2.12)

A

where the notation (--) , indicates an average taken with respect to the canonical configurational distribution of the state .A.

Substituting Equation 8.2.12 into Equation 8.2.5, we find
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Ayp = —kTlhn <e—ﬁ(UB—UA)> (8.2.13)

A

Equation 8.2.13 is known as the free-energy perturbation formula; it should be reminiscent of the thermodynamic perturbation
formula used to derive the van der Waals equation. Equation 8.2.13 can be interpreted as follows: We start with microstates
{ri,...,rn} selected from the canonical ensemble of state A and use these to compute Z3 by placing them in the state B by simply
changing the potential energy from U, to Us. In so doing, we need to "unbias" our choice to sample the configurations from the
canonical distribution of state .4 A by removing the weight factor exp(—gU,) from which the microstates are sample and
reweighting the states by the factor exp(—gUz) corresponding to state 3. This leads to Equation 8.2.12. The difficulty with this
approach is that the microstates corresponding to the canonical distribution of state .4 may not be states of high probability in the
canonical distribution of state 3. If this is the case, then the potential enegy difference U5 — U4 will be large, he exponential factor
exp [-B(Us — U,)] will be negligibly small, and the free energy difference will be very slow to converge in an actual simulation.
For this reason, it is clear that the free-energy perturbation formula is only useful for cases in which the two states .4 and 3 are not
that different from each other.

If U5 is not a small perturbation to U ,, then the free-energy perturbation formula can still be salvaged by introducing a set of M — 2
intermediate states with potentials U, (ry,--,rx), where a = 1,---, M, a = 1 corresponds to the state 4 and o = M corresponds to the
state B. Let AU, 011 = Uay1 — U,. We can now imagine transforming the system from state .4 to state B by passing through these
intermediate states and computing the average of AU, .1 in the state a. Applying the free-energy perturbation formula to this
protocol yields the free-energy difference as

M—1
Auz =—kT Y In (e #Alun) (8.2.14)
a=1 @
where (), means an average taken over the distribution exp(—pU,). The key to applying Equation 8.2.14 is choosing the
intermediate states so as to achieve sufficient overlap between the intermediate states without requiring a large number of them, i.e.
choosing the thermodynamic path between states .4 and B effectively.
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8.3: Adiabatic Switching and Thermodynamic Integration

The free-energy perturbation approach evokes a physical picture in which configurations sampled from the canonical distribution
of state 4 are immediately "switched" to the state B by simply changing the potential from U4 to Ug. Such "instantaneous"
switching clearly represents an unphysical path from one state to the other, but we need not concern ourselves with this because the
free energy is a state function and, therefore, independent of the path connecting the states. Nevertheless, we showed that the free-
energy perturbation theory formula, Equation (6), is only useful if the states .4 and B do not differ vastly from one another, thus
naturally raising the question of what can be done if the states are very different.

The use of a series of intermediate states, by which Equation (7) is derived, exploits the fact that any path between the states can be
employed to obtain the free energy difference. In this section, we will discuss an alternative approach in which the system is
switched slowly or adiabatically from one state to the other, allowing the system to fully relax at each point along a chosen path
from state A to state B, rather than instantaneously switching the system between intermediate states, as occurs in Equation (7). In
order to effect the switching from one state to the other, we will employ a common trick in the form of an "external" switching
parameter, A. This parameter is introduced by defining a new potential energy function

U(ryy.oyry, A) = f(NU4(r1, ., ) + 9N Us(rq, .y TN) (8.3.1)

The functions f(\) and g(\) are referred to as switching functions, and they required to satisfy the conditions f(0) =1, f(1) =0,
corresponding to the state .4, and g(0) = 0,g(1) = 1, corresponding to the state B. Apart from these conditions, f(\) and g(\) are
completely arbitrary. The mechanism embodied in Equation 8.3.1 is one in which some imaginary external controlling influence
("hand of God"), represented by the A\ parameter, starts the system off in state .4(A = 0) and slowly switches off the potential U 4
while simultaneously switching on the potential Uz. The process is complete when A = 1, when the system is in state B. A simple
choice for the functions f()) and g()) is, for example, f(A\) =1 — X and g(\) = \.

In order to see how Equation 8.3.1 can be used to compute the free energy difference A 45, consider the canonical partition function
of a system described by the potential of Equation 8.3.1 for a particular choice of A:

N p?2
Q(N,V,T,\) = CN/ d¥p dr exp {—5 [2 2m +U(ry, ..., TN, ,\)} } (8.3.2)
This partition function leads to a free energy A(N,V, T, \) via
A(N,V,T,\) = kTl Q(N,V,T, ) (8.3.3)

Recall, however, that the derivatives of the free energy with repsect to N, and V and T lead to the chemical potential, pressure and
entropy, respectively. What does the derivative of the free energy A(N,V, T, \) with respect to A represent? According to Equation
8.3.3

0A KT 0Q _ KT 9Z
QN 7o (8.3.4)

The reader should check that the expressions involving @ and Z are equivalent. Computing the derivative of Z with respect to A, we

find
kT 0Z _ kT 9 N UG rnd)
Z o Z 6>\/d re (8:3:5)
T
= _kZ d r (%—ZZ) e AUGLrNA) (8.3.6)
U
-~ (%) (8:3.7)

Now, the free energy difference A 45 can be obtained trivially from the relation

oA
AAB = 0 ﬁd)\ (838)

Substituting eqns. 8.3.4 and 8.3.7 into Equation 8.3.8, we obtain the free energy difference as
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where (---), denotes an average over the canonical ensemble described by the distribution exp[—AU(r1, ...,rx, A)] with X fixed at a
particular value. The special choice of f(A) =1 —X and g(A) =X has a simple interpretation. For this choice, Equation
8.3.9 becomes

1
Aus = / (Us — Uy), dX (8.3.10)
0

The content of Equation (15) can be understood by recalling the relationship between work and free energy from the second law of
thermodynamics. If, in transforming the system from state .4 to state 3, an amount of work W is performed on the system, then

W > Aus (8.3.11)

where equality holds only if the transformation is carried out along a reversible path. Since reversible work is related to a change in
potential energy, Equation 8.3.10 is actually a statistical version of Equation 8.3.11 for the special case of equality. Equation (15)
tells us that the free energy difference is the ensemble average of the microscopic reversible work needed to change the potential
energy of each configuration from U, to Uz along the chosen A-path. Note, however, that Equation (14), which is known as the
thermodynamic integration formula, is true independent of the choice of f(\) and g(}), which means that Equation (14) always
yields the reversible work via the free energy difference. The flexibility in the choice of the A-path, however, can be exploited to
design adiabatic switching algorithms of greater efficiency that can be achieved with the simple choice f(A) =1 — X, g(A) = A.

In practice, the thermodynamic integration formula is implemented as follows: A set of M values of A is chosen from the interval
[0,1], and at each chosen value ), a full molecular dynamics or Monte Carlo calculation is carried out in order to generate the
average <g—§’k>%. The resulting values of <g—§’k>%, k=1,--, M are then substituted into Equation (14), and the resulted is integrated
numerically to produce the free energy difference A,5. Thus, we see that the selected values {\;} can be evenly spaced, for
example, or they could be a set of Gaussian quadrature nodes, depending on how A(N,V, T, )) is expected to vary with X for the

chosen f(\) and g()).

As with free-energy perturbation theory, the thermodynamic integration approach can be implemented very easily. An immediately
obvious disadvantage of the method, however, is the same one that applies to Equation (7): In order to perform the numerical
integration, it is necessary to perform many simulations of a system at physically uninteresting intermediate values of A where the
potential U(r1,...,ry, M) is, itself, unphysical. Only A = 0,1 correspond to actual physical states and ultimately, we can only attach
physical meaning to the free energy difference 4 43 = A(N,V,T,1) — A(N,V,T,0). Nevertheless, the intermediate averages must be
accurately calculated in order for the integration to yield a correct result. The approach to be presented in the next section attempts
to reduce the time spent in such unphysical intermediate states and focuses the sampling in the important regions A = 0, 1.
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8.4: Reaction Coordinates

It is frequently the case that the progress of some chemical, mechanical, or thermodynamics process can be followed by following
the evolution of a small subset of generalized coordinates in a system. When generalized coordinates are used in this manner, they
are typically referred to as reaction coordinates, collective variables, or order parameters, often depending on the context and type
of system. Whenever referring to these coordinates, we will refer to them as reaction coordinates, although the reader should be
aware that the other two designations are also used in the literature.

As an example of a useful reaction coordinate, consider a simple gas-phase diatomic dissociation process
AB — A+ B.

If r4 and rp denote the Cartesian coordinates of atom A and B, then a useful generalized coordinate for following the progress of
the dissociation is simply the distance r = |rp —r4|. A complete set of generalized coordinates that containsr as one of the
coordinates is the set that contains the center of mass

_ myrq+mprp

)

ma+mp

the magnitude of the relative coordinate
T = ‘I‘ B—T A|
and the two angles ¢ = tan~!(y/z) and = tan~!(y/z2 + y2/z), where z, y and » are the components of the relative coordinate

r=rp—ry.
Of course, in the gas-phase, where the potential between A and B likely only depends on the distance between A and B, r is really
the only interesting coordinate. However, if the reaction were to take place in solution, then other coordinate such as 6 and ¢
become more relevant as specific orientations might change the mechanism or thermodynamic picture of the process, depending on

the complexity of the solvent, and averaging over these degrees of freedom to produce a free energy profile A(r) in r alone will
wash out some of this information.

As another example, consider a gas-phase proton transfer reaction
A-H .. B— A .. H-B.

Here, although the distance |ry — r4| can be used to monitor the progress of the proton away from A and the distance |r; —rp| can
be used to monitor the progress of the proton toward B, neither distance alone is sufficient for following the progress of the
reaction. However, the difference

d=|rg—rp|—|rg —r4|

can be used to follow the progress of the proton transfer from A to B and, therefore, is a potentially useful reaction coordinate. A
complete set of generalized coordinates involving § can be constructed as follows. If r 4, r5 and r y denote the Cartesian coordinates
of the three atoms, then first introduce the center-of-mass

MAYA + MBrp+ Myryg
ma+mp+mpyg

R=

the relative coordinate between A and B, r = rgz — r,, and a third relative coordinate s between H and the center-of-mass of A and
B’

MATA + MBrB
ma+mp

Finally, r is transformed into spherical polar coordinates, (r, 9, ¢), and from r and s, three more coordinates are formed:

mp
s+ ——r| —
ma +ms

mp ma
oc=|s+——r +‘s—7r 6=
ma +mg ma +mp

ma
——r
ma +ms

and the angle o, which measures the "tilt" of the plane containing the three atoms from the vertical. The coordinates (o, d, «) are
known as confocal elliptic coordinates. These coordinates could also be used if the reaction takes place in solution. As expected,
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the generalized coordinates are functions of the original Cartesian coordinates. The alanine-dipeptide example above also employs
the Ramachandran angles ¢ and + as reaction coordinates, and these can also be expressed as part of a set of generalized
coordinates that are functions of the original Cartesian coordinates of a system.

While reaction coordinates or collective variables are potentially very useful constructs, they must be used with care, particularly
when enhanced sampling methods are applied to them. Enhanced sampling of a poorly chosen reaction coordinate can bias the
system in unnatural ways, leading to erroneous predictions of free energy barriers and associated mechanisms. A dramatic example
of this is the autodissociation of liquid water following the classic reaction

2H,0 (1) — H30" (aq) + OH ™ (aq)

the ostensibly only requires transferring a proton from one water molecule to another. If this notion of the reaction is pursued, then
a seemingly sensible reaction coordinate would simply be the distance between the oxygen and the transferring proton or the
number of hydrogens covalently bonded to the oxygen. These reaction coordinates, as it turns out, are inadequate for describing the
true nature of the reaction and, therefore, fail to yield reasonable free energies (and hence, values of the autoionization constant
K,,). Chandler and coworkers showed that the dissociation reaction can only be considered to have occurred when the H;O" and
OH™ ions are sufficiently far apart that no contiguous or direct path of hydrogen-bonding in the liquid can allow the proton to
transfer back to the water or its origin. In order to describe such a process correctly, a very different type of reaction coordinate
would clearly be needed.

Keeping in mind such caveats about the use of reaction coordinates, we now proceed to describe a number of popular methods
designed to enhance sampling along pre-selected reaction coordinates. All of these methods are designed to generate, either directly
or indirectly, the probability distribution function P(qy,--,¢,) of a subset of n reaction coordinates of interest in a system. If these
reaction coordinates are obtained from a transformation of the Cartesian coordinates g, = fu(ri,...,rn), a =1,--,n, then the
probability density that these n coordinates will have values g, = s, in the canonical ensemble is

Cn

P(s1,..,80) = QN.V.T)

/ dVp dNre NG §(f(x1, .o vN) — 50)

where the §-functions are introduced to fix the reaction coordinates at values g¢i, -, g, at si,-,s,. Once P(sy,--,s,) is known, the
free energy hypersurface in these coordinates is given by

A(S1,...,8n) = —kT'In P(s1, ..., s5)
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8.5: Jarzynski's Equality and Nonequilibrium Methods

In this section, the relationship between work and free energy will be explored in greater detail. We have already introduced the
inequality in Equation ???, which states that if an amount of work W,z is performed on a system, taking from state 4 to state B,
then W5 > A ,45. Here, equality holds only if the work is performed reversibly. The work referred to here is thermodynamic
quantity and, as such, must be regarded as an ensemble average. In statistical mechanics, we can also introduce the mechanical or
microscopic work W 43(x) performed on one member of the ensemble to drive it from state .4 to state B. Then, W 3 is simply an
ensemble average of W 5. However, we need to be somewhat careful about how we define this ensemble average because the
work is defined along a particular path or trajectory which takes the system from state .4 to state 3, and equilibrium averages do
not refer not to paths but to microstates. This distinction is emphasized by the fact that the work could be carried out irreversibly,
such that the system is driven out of equilibrium. Thus, the proper definition of the ensemble average follows along the lines
already discussed in the context of the free-energy perturbation approach, namely, averaging over the canonical distribution for the
state 4. In this case, since we will be discussing actual paths x;, we let the initial condition x, be the phase space vector for the
system in the (initial) state 4. Recall that z, = z;(z,) is a unique function of the initial conditions. Then

Was = (W as(x0)) 4 (8.5.1)
_ Cn —BH.4(x0)
= NV /dxoe W 43(x0) (8.5.2)

and the Clausius inequality can be stated as (W 45(x0)) 4 > A43.

From such an inequality, it would seem that using the work as a method for calculating the free energy is of limited utility, since the
work necessarily must be performed reversibly, otherwise one obtains only upper bound on the free energy. It turns out, however,
that irreversible work can be used to calculate free energy differences by virtue of a connection between the two quantities first
discovered in 1997 by C. Jarzynski that as come to be known as the Jarzynski equality. This equality states that if, instead of
averaging W 4z(x,) over the initial canonical distribution (that of state .4), an average of exp[—W 45(xo)] is performed over the
same distribution, the result is exp[—3A4 43, i.e.

efﬁAAB — <€*ﬁW‘AB(X0)>A (853)
Cy

_ dxneBHA(x0) g—BW az(x0) 8.5.4

QA(N7 V7 T) / Xp€ e ( )

This remarkable result not only provides a foundation for the development of nonequilibrium free-energy methods but also has
profound implications for thermodynamics, in general.

The Jarzynski equality be proved using different strategies. Here, however, we will present a proof that is most relevant for the
finite-sized systems and techniques employed in molecular dynamics calculations. Consider a time-dependent Hamiltonian of the
form

N 2
b;

H(p,r,t) = g o +U(rq,..., TN, t) (8.5.5)
=1 M

For time-dependent Hamiltonian's, the usual conservation law dH /dt = 0 no longer holds, which can be seen by computing

dH . OH
T = VXLHXt + W (856)

where the phase space vector x = (p1, ..., Pn,r1, ...,rn) = (p,r) has been introduced. Integrating both sides over time from ¢t =0 to a
final time ¢t = 7, we find

T dH T i O0H

Equation 8.5.7 can be regarded as a microscopic version of the first law of thermodynamics, in which the first and second terms
represent the heat absorbed by the system and the work done on the system over the trajectory, respectively. Note that the work is

actually a function of the initial phase-space vector x,, which can be seen by writing this term explicitly as
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W, (xo) = /0 "t %H(xt(xo), t) (8.5.8)

where the fact that the work depends explicitly on 7 in Equation 8.5.8 is indicated by the subscript. In the present discussion, we
will consider that each initial condition, selected from a canonical distribution in x,, evolves according to Hamilton's equations in
isolation. In this case, the heat term V,, H - x; = 0, and we have the usual addition to Hamilton's equations dH/dt = 0H /dt.

With the above condition, we can write the microscopic work as

W = /OT %H(Xt(X0)7 t)dt = H(x,(x0), 7) — H(x0,0) (8.5.9)

The last term H(xo, 0) is also H 4(x¢). Thus, the ensemble average of the exponential of the work becomes

(e7747) 4 = Q (J(\/;NV T) / dxq e PHax0) g=BlH (xr(xo),7) —Haa(xo)] (8.5.10)
A s Vo
%/ dxq e—ﬂH(x,(xo),T) (8511)
A s Vs

The numerator in this expression becomes much more interesting if we perform a change of variables from x, to x,. Since the
solution of Hamilton's equations for the time-dependent Hamiltonian uniquely map the initial condition x, onto x;, when ¢ = , we
have a new set of phase-space variables, and by Liouville's theorem, the phase-space volume element is preserved

dx,; = dxg (8.5.12)

When the Hamiltonian is transformed, we find H(x,,7) = Hz(x,). Consequently,

(=PWany , = Q(NCI‘V/ oy / dx, e—PHax) (8.5.13)
_ Qﬂ(N’ v, T)
= NV T (8.5.14)
= ¢ PAus (8.5.15)

thus proving the equality. The implication of the Jarzynski equality is that the work can be carried out along a reversible or
irreversible path, and the correct free energy will still be obtained.

Note that due to Jensen's inequality:

<e—ﬂWAza>A > e FWazs)a (8.5.16)
Using Jarzynski's equality, this becomes
ePAas > o=BWas)a (8.5.17)
which implies, as expected, that
Aup < Waus)a (8.5.18)
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8.6: The "blue moon" Ensemble Approach

The term "blue moon" in the present context describes rare events, i.e. events that happen once in a blue moon. The blue moon
ensemble approach was introduced by Ciccotti and coworkers as a technique for computing the free energy profile along a reaction
coordinate direction characterized by one or more barriers high enough that they would not likely be crossed in a normal
thermostatted molecular dynamics calculation.

Suppose a process of interest can be monitored by a single reaction coordinate \( q_1=f_1({\bf r}_1,...,{\bf r}_N) \) so that eqns.
(29) and (30) reduce to

\[ \begin{align} P(s) &= { {C_N \over Q(N,V,T)hint\;dAN{\bf p}\;dAN{\bf r}er{-\beta H({\bf p},{\bf r})Ndelta(f_1({\bf r}_1,...,
{\bf r}_N)-s) } \4pt] &= { {1 \over N\lambdar{3N} Q(N,V,T)Nint\;dA\N{\bf r}er{-\beta U({\bf r})N\delta(f_1({\bf r}_1,...,{\bf
r}_N)-s) }\[4pt] A (s) &=-kT\In P(s) \label{31} \end{align}\]

The "1" subscript on the value \(s\) of \( {q_1} \) is superfluous and will be dropped throughout this discussion. In the second line,
the integration over the momenta has been performed giving the thermal prefactor factor \(\lambda A{3N} \). In the blue moon
ensemble approach, a holonomic constraint \( \sigma({\bf r}_1,...,{\bf r}_N) =f_1({\bf r}_1,...,{\bf r}_N)-s \) is introduced in a
molecular dynamics calculation as a means of "driving" the reaction coordinate from an initial value \( {s_i} \) to a final value \(
{s_f} \) via a set of intermediate points \( {s_1,...,s_n } \) between \( {s_i} \) and \( {s_f} \). Unfortunately, the introduction of a
holonomic, constraint does not yield the single \(\delta \)-function condition \( \delta(\sigma({\bf r}) =\delta(f_1({\bf r})-s) \),
where \( {{\bf r}\equiv {\bf r}_1,...,{\bf r}_N }\) required by Equation \ref{31} but rather the product of \(\delta \)-functions \
(\delta(\sigma({\bf r}))\delta(\dot{\sigma}({\bf r},{\bf p})) \), since both the constraint and its first time derivative are imposed in a
constrained dynamics calculation. We will return to this point a bit later in this section. In addition to this, the blue moon ensemble
approach does not yield \(A(s) \) directly but rather the derivative

\[ {dA\over ds} = -{kT \over P(s)}{dP \over ds} \label{32}\]

from which the free energy profile \(A (q) \) along the reaction coordinate and the free energy difference \( \Delta A = A(s_f)-A(s_i)
\) are given by the integrals

\[ A(q) = A(s_i) +\int_{s_i} q ds {dA \over ds}\;\;\;\;\,\,\\\;\;\Delta A =\int_{s_i}"{s_f} ds {dA \over ds} \label{33}\]

In the free-energy profile expression \(A (s_i)\) is just an additive constant that can be left off. The values \( {s_1,...,s_n }\) at which
the reaction coordinate is constrained can be chosen at equally-spaced intervals between \( {s_i} \) and \( {s_f} \), in which a
standard numerical quadrature can \(q=f_1({\bf r}) \) be applied for evaluating the integrals in Equation \ref{33}, or they can be
chosen according to a more sophisticated quadrature scheme.

We next turn to the evaluation of the derivative in Equation \ref{32}. Noting that \( P(s) = \langle \delta(f_1({\bf r})-s)\rangle \), the
derivative can be written as

\[ {1 \over P(s)}{dP \over ds} ={C_N \over Q(N,V,T)}{\int\;d "N {\bf p} dAN {\bf r} er{-\beta H_{(p,r)}} {\partial \over \partial
sHdelta(f_1({\bf r})-s)\over \langle \delta(f_1({\bf r})-s)\rangle} \label{34}\]

In order to avoid evaluating the derivative of the \(\delta \)-function, an integration by parts can be used. First, we introduce a
complete set of \(3N \) generalized coordinates:

\[ g_{\alpha} = f_{\alpha}({\bf r}_1,...,{\bf r}_N) \label{35}\]

and their conjugate momenta \( {p_{\alpha} } \). Such a transformation has a unit Jacobian so that \( dAN{\bf p}\;dAN{\bf r}=
dM3N}p\;dM{3N}q\). Denoting the transformed Hamiltonian as \( {\tilde{H}(p,q) }\), Equation \ref{34} becomes

\[ {1 \over P(s)}{dP \over ds} ={C_N ‘\over Q(N,V,T)}{\int\;d {3N} P d\{3N} q er{-\beta \tilde {H} (p, q)}{\partial \over \partial
sH\delta(q_1-s)\over \langle \delta(q_1-s)\rangle} \label{36}\]

Changing the derivative in front of the \(\delta \)-function from \(\partial/\partial s \) to \(\partial/\partial q_1\), which introduces an
overall minus sign, and then integrating by parts yields

\[\begin{align} {1 \over P(s)}{dP ‘over ds} &= {C_N ‘over Q(N,V,T)}{\int\;dA{3N}p\;d {3N}q\\left[{\partial \over \partial
q_l}er{-\beta \tilde{H}(p,q)}\right]\delta(q_1-s)\over \langle \delta(q_1-s)\rangle} \\[4pt] &= -{\beta C_N ‘over Q(N,V,T)}
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{\int\;dA{3N}p\;d {3N}q\;{\partial\tilde {H} \over \partial q_1}eA{-\beta \tilde{H}(p,q)}\delta(q_1-s)\over \langle \delta(q_1-
s)\rangle} \\[4pt] & = -\beta {\left<\left({\partial \tilde{H} \over \partial q_1}\right)\delta(q_1-s)\right>\over \langle \delta(q_1-
s)\rangle} \label{37} \end{align}\]

The last line defines a new ensemble average, specifically an average subject to the condition (not constraint) that the coordinate \(
{q_1}\) have the particular value \(s\). This average will be denoted \(\langle\cdots\rangleA {\rm cond}_{s} \). Thus, the derivative
becomes

\[ {1 \over P(s)}{dP \over ds} =-\beta\left<{\partial \tilde{H} \over \partial q_1}\right>A{\rm cond}_s \label{38}\]
Substituting Equation \ref{38} yields a free energy profile of the form
\[ A(q) = A(s_i) +\int_{s_i} q\;ds\;\left<{\partial \tilde{H} \over \partial q_1 }\right>A{\rm cond}_s \label{39}\]

from which \(\Delta A \) can be computed by letting \( {q = s_f} \). Given that - \( {\langle \partial \tilde{H}/\partial
gq_1\rangler{\rm cond}_s } \) is the expression for the average of the generalized force on \( {q_1} \) when \( {q_1 = s}\), the
integral represents the work done on the system, i.e. the negative of the work done by the system, in moving from \( {s_i}\) to an
arbitrary final point \( {q} \). Since the conditional average implies a full simulation at each fixed value of \( {q_1})), the
thermodynamic transformation is certainly carried out reversibly, so that Equation \ref{39} is consistent with the Clausius
inequality.

Although Equation \ref{39} provides a very useful insight into the underlying statistical mechanical expression for the free energy,
technically, the need for a full canonical transformation of both coordinates and momenta is inconvenient since, from the chain rule

\[ {\partial \tilde{H} \over \partial q_1} =\sum_{i=1}AN\left [ {\partial H \over \partial {\bf p} _i } \cdot {\partial {\bf p}_i \over
\partial q_1} + {\partial H \over \partial {\bf r}_i }\cdot{\partial {\bf r}_i \over \partial q_1}\right] \label{40}\]

A more useful expression results if the momenta integrations are performed before introducing the transformation to generalized
coordinates. Starting again with Equation \ref{34}, we carry out the momentum integrations, yielding

\[ {1 \over P(s)}{dP \over ds} ={1 \over N\lambdaM {3N}Q(N,V,T )} {\int dAN {\bf r} eAr{-\beta U (r)} {\partial \over \partial s}
\delta(f_1({\bf r})-s)\over \langle \delta(f_1({\bf r})-s)\rangle} \label{41}\]

Now, we introduce only the transformation of the coordinates to generalized coordinates \( q_{\alpha} = f_{\alpha}({\bf r}_1,...,
{\bf r}_N) \). However, because there is no corresponding momentum transformation, the Jacobian of the transformation is not
unity. Let \( J(q)\equiv J(q_1,...,q_{3N}) =\partial ({\bf r}_1,...,{\bf r}_N)Apartial (q_1,...,q_{3N}) \) denote the Jacobian of the
transformation. Then, Equation \ref{41} becomes

\[\begin{align} {1 \over P(s)}{dP \over ds} &= { {1 \over N\lambdar{3N}Q(N,V,T)}{\int\;d {3N}q\;J(q)er{-\beta {\tilde U}
(q)}{\partial \over \partial s}\delta(q_1-s)\over \langle \delta(q_1-s)\rangle}} \[4pt] &= {1 ‘over NN\lambda’{3N}Q(N,V,T)}
{\int\;dA{3N}q\;er{-\beta \left(U(q) - kT J(q) \right )}{\partial \over \partial s}\delta(q_1-s)\over \langle \delta(q_1-s)\rangle}
\label{42} \end{align}\]

where, in the last line, the Jacobian has been exponentiated. Changing the derivative \(\partial/\partial s \) to \( \partial/\partial q_1\)
and performing the integration by parts as was done in Equation \ref{37}, we obtain

\[\begin{align} {1 \over P(s)}{dP ‘\over ds} &= {1 ‘over NN\ambdar{3N}Q(N,V,T)}{\int\;dA{3N}q\;{\partial \over \partial
q_l}er{-\beta \left (\tilde{U}(q)-kT\In J(q)\right)}\delta(q_1-s)\over \langle \delta(q_1-s)\rangle} \\[4pt] &= -{\beta \over
NNambdaM3N}Q(N,V,T) H\int\;d {3N }q\;\left[ {\partial \tilde {U} \over partial q_1} -KT{\partial \over \partial q_1} \In J (q)
\right]er{-\beta \left (\tilde{U}(q)-kT\In  J(q)\right)}\delta(q_1-s)\over \langle \delta(q_1-s)\rangle} \\[4pt] &= {-
\beta\left<\left[ {\partial\tilde{ U} \over \partial q_1}-kT{\partial \over \partial q_1}\In J(q)\right]\right>A{\rm cond}_s } \label{43}
\end{align}\]

Therefore, the free energy profile becomes

\[ A(q) = A(s_i) Hint_{s_i} q\;ds\\\left<\left[{\partial\tilde {U} \over \partial q_1} - KT {\partial \over \partial q_1}\In
J(g@)\right\right>A{\rm cond}_s \label{44}\]

Again, the derivative of \( {\tilde U} \), the transformed potential, can be computed form the untransformed potential via the chain

rule
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\[ {\partial \tilde{U} \over \partial q_1} =\sum_{i=1}AN {\partial U \over \partial {\bf r}_i}\cdot {\partial {\bf r}_i \over \partial
q_1} \label{45}\]

Equation \ref{44} is useful for simple reaction coordinates in which the full transformation to generalized coordinates is known.
We will see shortly how the expression for \(A (q) \) can be further simplified in a way that does not require knowledge of the
transformation at all. First, however, we must tackle the problem alluded to earlier of computing the conditional ensemble averages
from the constrained dynamics employed by the blue moon ensemble method.

This page titled 8.6: The "blue moon" Ensemble Approach is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Mark Tuckerman.
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9.1: Measurement

The result of a measurement of the observable 4 must yield one of the eigenvalues of A. Thus, we see why A is required to be a
hermitian operator: Hermitian operators have real eigenvalues. If we denote the set of eigenvalues of A by {a;}, then each of the
eigenvalues q; satisfies an eigenvalue equation

Ala;) = aia)

where |q;) is the corresponding eigenvector. Since the operator A is hermitian and a, is therefore real, we have also the left
eigenvalue equation

(aiA = (ai|a;

The probability amplitude that a measurement of A will yield the eigenvalue a; is obtained by taking the inner product of the
corresponding eigenvector |a;) with the state vector |¥(t)), (a;|¥(t)). Thus, the probability that the value a; is obtained is given by

Py, = [(a|¥(t)[?

Another useful and important property of hermitian operators is that their eigenvectors form a complete orthonormal basis of the
Hilbert space, when the eigenvalue spectrum is non-degenerate. That is, they are linearly independent, span the space, satisfy the
orthonormality condition

(ailaj) = 6y

and thus any arbitrary vector |¢) can be expanded as a linear combination of these vectors:

[¢) = Zci a;)
By multiplying both sides of this equation by (a;| and using the orthonormality condition, it can be seen that the expansion
coefficients are
ci = (ai|)
The eigenvectors also satisfy a closure relation:

I= Z|ai>(ai|

where I is the identity operator.

Averaging over many individual measurements of A gives rise to an average value or expectation value for the observable A4, which
we denote (A) and is given by

(4) = (1) |A] T (2))

That this is true can be seen by expanding the state vector |¥(¢)) in the eigenvectors of A:

|¥(t) = Zai(t) a;)

where 4, are the amplitudes for obtaining the eigenvalue «, upon measuring 4, i.e., a; = (a;|¥(¢)). Introducing this expansion into
the expectation value expression gives

(A)t) = Zaf(t)aj(txai |A] as)
v

= Z aj(t)ajai(t)d;
.
=Y ailai(t)
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The interpretation of the above result is that the expectation value of A is the sum over possible outcomes of a measurement of A
weighted by the probability that each result is obtained. Since |a;|* = |(a;|¥(¢))|? is this probability, the equivalence of the
expressions can be seen.

Two observables are said to be compatible if AB = BA. If this is true, then the observables can be diagonalized simultaneously to
yield the same set of eigenvectors. To see this, consider the action of BA on an eigenvector |a;) of A. BA|a;) = a;B| a;). But if this
must equal ABla;), then the only way this can be true is if B|a;) yields a vector proportional to |a;) which means it must also be an
eigenvector of B. The condition AB = BA can be expressed as

AB—BA=0
that is

[A4,B] =0

where, in the second line, the quantity [A, B] = AB — BA is know as the commutator between A and B. If [A, B] = 0, then 4 and B
are said to commute with each other. That they can be simultaneously diagonalized implies that one can simultaneously predict the
observables A and B with the same measurement.

As we have seen, classical observables are functions of position z and momentum P (for a one-particle system). Quantum analogs
of classical observables are, therefore, functions of the operators X and P corresponding to position and momentum. Like other
observables X and P are linear hermitian operators. The corresponding eigenvalues z and P and eigenvectors |z) and |P) satisfy the
equations

X|z) = z|z)
P|p) = p|p)

which, in general, could constitute a continuous spectrum of eigenvalues and eigenvectors. The operators X and P are not
compatible. In accordance with the Heisenberg uncertainty principle (to be discussed below), the commutator between X and P is
given by

[X,P] =ikl
and that the inner product between eigenvectors of X and P is

1 .
(alp) = —==c"/"
27h

Since, in general, the eigenvalues and eigenvectors of X and P form a continuous spectrum, we write the orthonormality and
closure relations for the eigenvectors as:

|@=/mmwm
|@=/@mmw
I= /dw|x)(m|

I=/@mw

The probability that a measurement of the operator X will yield an eigenvalue z in a region dz about some point is

P(z,t)dz = |(z]|¥(t))|*dz
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The object (z|¥(t)) is best represented by a continuous function ¥(z, ¢) often referred to as the wave function. It is a representation
of the inner product between eigenvectors of X with the state vector. To determine the action of the operator X on the state vector
in the basis set of the operator X, we compute

(| X[W(t)) = ¥ (x,1)
The action of P on the state vector in the basis of the X operator is consequential of the incompatibility of z and P and is given by

(@ IPle) =+ 2 wian

Thus, in general, for any observable A(X, P), its action on the state vector represented in the basis of X is

(@ |A(X, P)| () = A (z %a%) U(z, 1)

This page titled 9.1: Measurement is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark Tuckerman.
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9.2: Physical Observables

Physical observables are represented by linear, hermitian operators that act on the vectors of the Hilbert space. If A is such an
operator, and |¢) is an arbitrary vector in the Hilbert space, then 4 might act on |¢) to produce a vector |¢’), which we express as

Alg)=1¢')
Since |¢) is representable as a column vector, A is representable as a matrix with components

All A12 A13
A= A21 A22 A23

The condition that A must be hermitian means that

At

I
S

or

Ay = A

This page titled 9.2: Physical Observables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark

Tuckerman.
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9.3: The Fundamental Postulates of Quantum Mechanics
The fundamental postulates of quantum mechanics concern the following questions:

1. How is the physical state of a system described?

2. How are physical observables represented?

3. What are the results of measurements on quantum mechanical systems?
4. How does the physical state of a system evolve in time?

5. The uncertainty principle.

This page titled 9.3: The Fundamental Postulates of Quantum Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Mark Tuckerman.
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9.4: The Heisenberg Picture

In all of the above, notice that we have formulated the postulates of quantum mechanics such that the state vector |¥(¢)) evolves in
time, but the operators corresponding to observables are taken to be stationary. This formulation of quantum mechanics is known as
the Schrédinger picture. However, there is another, completely equivalent, picture in which the state vector remains stationary and
the operators evolve in time. This picture is known as the Heisenberg picture. This particular picture will prove particularly useful
to us when we consider quantum time correlation functions.

The Heisenberg picture specifies an evolution equation for any operator A, known as the Heisenberg equation. It states that the time
evolution of 4 is given by

dA 1

% - E[ ’ ]
While this evolution equation must be regarded as a postulate, it has a very immediate connection to classical mechanics. Recall
that any function of the phase space variables A(x, p) evolves according to

dA
=2 —{AH
— = {A,H)
where {...,...} is the Poisson bracket. The suggestion is that in the classical limit ( # small), the commutator goes over to the Poisson

bracket. The Heisenberg equation can be solved in principle giving
A(t) = piHL/h g p—iHt/h
=UT(t)AU(t)
where A is the corresponding operator in the Schrédinger picture. Thus, the expectation value of A4 at any time ¢ is computed from
(A@®)) = (T [A®)| )
where |U) is the stationary state vector.
Let's look at the Heisenberg equations for the operators X and P. If H is given by

P2
H=—+U(X)
2m

then Heisenberg's equations for X and P are

dx 1
— =_[X,H
dt z‘h[’ ]

dP
dt

Thus, Heisenberg's equations for the operators X and P are just Hamilton's equations cast in operator form. Despite their innocent
appearance, the solution of such equations, even for a one-particle system, is highly nontrivial and has been the subject of a
considerable amount of research in physics and mathematics.

Note that any operator that satisfies [A(t), H] = 0 will not evolve in time. Such operators are known as constants of the motion. The
Heisenberg picture shows explicitly that such operators do not evolve in time. However, there is an analog with the Schrédinger
picture: Operators that commute with the Hamiltonian will have associated probabilities for obtaining different eigenvalues that do
not evolve in time. For example, consider the Hamiltonian, itself, which it trivially a constant of the motion. According to the
evolution equation of the state vector in the Schrédinger picture,

2 (t)) =D e BN Ei) (B ¥ (0))
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the amplitude for obtaining an energy eigenvalue E; at time ¢ upon measuring H will be
(Ej|¥(t)) = Ze’iE’t/h<Ej\Ei>(Ei|‘I/(0))
=2 e (B (0)
= e BN W (0))
Thus, the squared modulus of both sides yields the probability for obtaining E;, which is
(B W @) = (B %(0))?

Thus, the probabilities do not evolve in time. Since any operator that commutes with A can be diagonalized simultaneously with &
and will have the same set of eigenvectors, the above arguments will hold for any such operator.

This page titled 9.4: The Heisenberg Picture is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark

Tuckerman.

https://chem.libretexts.org/@go/page/5215


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5215?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/09%3A_Review_of_the_basic_postulates_of_quantum_mechanics/9.04%3A_The_Heisenberg_Picture
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

9.5: The Heisenberg Uncertainty Principle

Because the operators = and p are not compatible, [X, P] # 0, there is no measurement that can precisely determine both = and p
simultaneously. Hence, there must be an uncertainty relation between them that specifies how uncertain we are about one quantity
given a definite precision in the measurement of the other. Presumably, if one can be determined with infinite precision, then there
will be an infinite uncertainty in the other. Recall that we had defined the uncertainty in a quantity by

AA = /(A% —(4) (1)

Thus, for  and p, we have
Az =/(z?) — (z)? (2a)
Ap=1/(p2) — (p)? (2b)

These quantities can be expressed explicitly in terms of the wave function ¥(z, ) using the fact that

(@) = (W(0) la 9(2)) = [ da(@ (o)) (x| X9(0) = [ oW (2, D00z, )
and
(@) = (W) 22| 9(e) = [ (o0, (4)
Similarly,
) = (0(0) 5 9(0) = [ do(@Ola)(p] 9(0) = [ a0’ (@) 5 ¥, )
and
0% = O | w0) = [ dov(at) (472 ) Wit 0

Then, the Heisenberg uncertainty principle states that
AzAp R h (7)

which essentially states that the greater certainty with which a measurement of = or p can be made, the greater will be the
uncertainty in the other.
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9.6: The Physical State of a Quantum System

The physical state of a quantum system is represented by a vector denoted |¥(¢)) which is a column vector, whose components are
probability amplitudes for different states in which the system might be found if a measurement were made on it.

A probability amplitude « is a complex number, the square modulus of which gives the corresponding probability P,
Py = ‘0‘|2

The number of components of |¥(¢)) is equal to the number of possible states in which the system might observed. The space that
contains |¥(t)) is called a Hilbert space . The dimension of # is also equal |¥(¢)) to the number of states in which the system
might be observed. It could be finite or infinite (countable or not). |¥(¢)) must be a unit vector. This means that the inner product:

(()e() =1
In the above, if the vector [¥(¢)), known as a Dirac "ket" vector, is given by the column

Y1
V2
W (t) =

then the vector (¥(¢)|, known as a Dirac "bra" vector, is given by

(W)= (¥1 3 )

so that the inner product becomes
(EO@) = pil* =1

We can understand the meaning of this by noting that ¢);, the components of the state vector, are probability amplitudes, and |+, |2
are the corresponding probabilities. The above condition then implies that the sum of all the probabilities of being in the various
possible states is 1, which we know must be true for probabilities.
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9.7: Time Evolution of the State Vector

The time evolution of the state vector is prescribed by the Schrodinger equation
in-Lw () = H W (b))
ot
where H is the Hamiltonian operator. This equation can be solved, in principle, yielding
¥ (1)) = e M w(0))
where |¥(0)) is the initial state vector. The operator
U(t) = et

is the time evolution operator or quantum propagator. Let us introduce the eigenvalues and eigenvectors of the Hamiltonian H
that satisfy

H|E;) = Ei| Ey)
The eigenvectors for an orthonormal basis on the Hilbert space and therefore, the state vector can be expanded in them according to
W) =D ailt)|Ei)

where, of course, c;(t) = (F;|¥(¢)), which is the amplitude for obtaining the value E; at time ¢ if a measurement of H is performed.
Using this expansion, it is straightforward to show that the time evolution of the state vector can be written as an expansion:

‘\IJ(t)) _ e_thh|\I/(0)>
— o—iHt/h Z |E:)(E|¥(0))

_ Z e Bt B (B;[9(0))

Thus, we need to compute all the initial amplitudes for obtaining the different eigenvalues E; of H, apply to each the factor
exp(—iE;t/h)|E;) and then sum over all the eigenstates to obtain the state vector at time ¢.

If the Hamiltonian is obtained from a classical Hamiltonian H(z,p), then, using the formula from the previous section for the action
of an arbitrary operator A(X, P) on the state vector in the coordinate basis, we can recast the Schrédiner equation as a partial
differential equation. By multiplying both sides of the Schrédinger equation by (x|, we obtain

(z[H(X, P)| (1)) = ih%@\q’(t))

h o 0
H (% 7@) U(z,t) = zhE\Il(x,t)

If the classical Hamiltonian takes the form

2

then the Schrédinger equation becomes

h? 0?

*%w + U(:L‘) \I/($,t) = Zhﬂ\l’(.’t,t)

ot

which is known as the Schrodinger wave equation or the time-dependent Schrodinger equation. In a similar manner, the eigenvalue

equation for H can be expressed as a differential equation by projecting it into the X basis:
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(z |H|E;) = Ei(z|E;)
H (x, ?(%) Yi(z) = Eii(x)
[ B 92

" 2m 92

+U@)] i) = Eabia)
where ¢;(z) = (z|E;) is an eigenfunction of the Hamiltonian.
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10.1: Principles of quantum statistical mechanics

The problem of quantum statistical mechanics is the quantum mechanical treatment of an N-particle system. Suppose the
corresponding N-particle classical system has Cartesian coordinates

qi; - 43N
and momenta
P15 P3N
and Hamiltonian
H:% i +Ul(q1, - q3n)
2m; T

i=1

Then, as we have seen, the quantum mechanical problem consists of determining the state vector |¥(t)) from the Schrédinger

equation
H‘\I/(t)) - 'rﬁ’ (1))
"

Denoting the corresponding operators, Q1, -+, Qsx and Py, -+, Psy, we note that these operators satisfy the commutation relations:
[Qi, Q] = [P, P =0
@i, P;] = ihIy;

and the many-particle coordinate eigenstate |g;...g3) is a tensor product of the individual eigenstate |g;), ..., |gan):

\Q1~~~Q3N> = |¢I1> |Q3N>

The Schrodinger equation can be cast as a partial differential equation by multiplying both sides by (g;...g3x|:

(q1---qan [H| T(2)) 2 {q1-.qsnT(2))

3N h2 82
= 2mi aqiz
ih-2-U(qy, ..., g3n, 1)

+Ulq1, ---,Q3N):|

U(q1, .-, q3n, t)

where the many-particle wave function is ¥(qu, ..., gsn,t) = (g1.-.gsn|¥(¢)). Similarly, the expectation value of an operator A
= A(Q1, ..., Qsn, P, ..., P3y) is given by

7] h 0

h
A= [ dagi - dganT* A - 2
< ) / q1 q3v ¥ (q1, J]3N) (fhy » 3N, o0 7 Oqan

; )‘I’(Q1,~--,¢I3N)
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10.2: The Density Matrix and Density Operator

In general, the many-body wave function ¥(qy, ..., qsn,t) is far too large to calculate for a macroscopic system. If we wish to
represent it on a grid with just 10 points along each coordinate direction, then for N = 10%, we would need 10'* total points, which
is clearly enormous.

We wish, therefore, to use the concept of ensembles in order to express expectation values of observables (A) without requiring
direct computation of the wavefunction. Let us, therefore, introduce an ensemble of systems, with a total of Z members, and each
having a state vector |¥(®), o = 1,---, Z. Furthermore, introduce an orthonormal set of vectors (¢;|#;) = d;; ) and expand the state
vector for each member of the ensemble in this orthonormal set:

) =326 9w
k

The expectation value of an observable, averaged over the ensemble of systems is given by the average of the expectation value of
the observable computed with respect to each member of the ensemble:

z

F R )

a=1

Substituting in the expansion for |¥(*)), we obtain

0 (e | Al 1)
Tl

Z
( S o “')) (@ 4] 1)
a=1

NIH

N[+

1
g

Let us define a matrix
- ( )
o=y CCf
a=1
and a similar matrix
5= Ly o
Pik = ? ; 1

Thus, py, is a sum over the ensemble members of a product of expansion coefficients, while p;; is an average over the ensemble of
this product. Also, let A;; = (¢, |A| ¢;). Then, the expectation value can be written as follows:

1 1 1 .
4= ;ﬂlkAkl = ; (pA)r = —Tr(pA) = Tr(pA)

where p and A represent the matrices with elements py, and Ay, in the basis of vectors {|¢;)}. The matrix py, is known as the density
matrix. There is an abstract operator corresponding to this matrix that is basis-independent. It can be seen that the operator

z
Z W (@)

and similarly

< ()
s LR gy

have matrix elements p;, when evaluated in the basis set of vectors {|¢x)}.
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Note that p is a hermitian operator

so that its eigenvectors form a complete orthonormal set of vectors that span the Hilbert space. If wy and |w;) represent the
eigenvalues and eigenvectors of the operator p, respectively, then several important properties they must satisfy can be deduced.

Firstly, let A be the identity operator I. Then, since (I) = 1, it follows that

1= 2 Tr(p) = Tr(7) = S

Thus, the eigenvalues of 5 must sum to 1. Next, let 4 be a projector onto an eigenstate of 5, A = |wy)(wy| = P;. Then

(Pr) = Tr(plwg) (wgl)

But, since p can be expressed as
p=" wilwy)(wl
k

and the trace, being basis set independent, can be therefore be evaluated in the basis of eigenvectors of p, the expectation value

becomes
(Pr) = (w; | > wi| wi) (w;|wy) (wilw;)
J i
= Z W00k 0k;
irj
= Wy,
However,
1
(Pr) = — (T ) (| T

N[+

>0

M~ 1M

|(\Il(0‘) lw) ‘2

Il
-

o2

Thus, wj, > 0. Combining these two results, we see that, since }~, wy =1 and w; > 0, 0 < wy, < 1, so that wy satisfy the properties of
probabilities.

With this in mind, we can develop a physical meaning for the density matrix. Let us now consider the expectation value of a
projector |a;){a;| = P,, onto one of the eigenstates of the operator A. The expectation value of this operator is given by

1 Z
<?ai> = ? Z(‘Ij(a) ‘Pail ‘1,(01)>

1 Z
= 72(‘I’(Q)\ai)<ai|‘1’(a)>

1 Z
=7 > [@lw)p
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But [{a;|¥(®) |2 = Pa(f’) is just probability that a measurement of the operator A in the « th member of the ensemble will yield the
result a;. Thus,

P
(Po) = Z

or the expectation value of P,, is just the ensemble averaged probability of obtaining the value a; in each member of the ensemble.
However, note that the expectation value of P,, can also be written as

<?ﬂi> = Tr(ﬁ?ﬂi)
= TI‘(Z wi|wg) (wila;){ail)
= (wi [wi wilwe) (wilai) (ailw)
k,l

= wibp(wiai)(awr)
ol

= _wel(ailwa)’
%

Equating the two expressions gives

N

1

Z Z; Pa(f') Zwk| a2|wk
The interpretation of this equation is that the ensemble averaged probability of obtaining the value a; if A is measured is equal to
the probability of obtaining the value a; in a measurement of A if the state of the system under consideration were the state |wy),
weighted by the average probability wy, that the system in the ensemble is in that state. Therefore, the density operator p (or p)
plays the same role in quantum systems that the phase space distribution function f(I') plays in classical systems.
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10.3: Time evolution of the density operator
The time evolution of the operator p can be predicted directly from the Schrédinger equation. Since p(t) is given by
Z
p(t) =Y [T() (w1

a=1

the time derivative is given by

% =5 [(grwean) e+ (2w

= o S [(EN0)) (@) | - [ o (0 ol
= %(Hp — pH)
= —1H,)

where the second line follows from the fact that the Schridinger equation for the bra state vector (¥(®)(¢)] is

5}

—ih— (W ()] = (¥ () H

Note that the equation of motion for p(t) differs from the usual Heisenberg equation by a minus sign! Since p(t) is constructed from
state vectors, it is not an observable like other hermitian operators, so there is no reason to expect that its time evolution will be the
same. The general solution to its equation of motion is

p(t) — efth/hp(O)eth/h
=Ut)pO)U (1)

The equation of motion for p(t) can be cast into a quantum Liouville equation by introducing an operator

1
L=—[.,H
L= o ]
In term of 4L, it can be seen that p(t) satisfies
Op
L
o~ "

p(t) = e *p(0)

What kind of operator is iL ? It acts on an operator and returns another operator. Thus, it is not an operator in the ordinary sense,
but is known as a superoperator or tetradic operator (see S. Mukamel, Principles of Nonlinear Optical Spectroscopy, Oxford
University Press, New York (1995)).

Defining the evolution equation for p this way, we have a perfect analogy between the density matrix and the state vector. The two
equations of motion are

0 )
E\‘I’(t)) = —EH\‘I’(W

3}

2Pt = —iLp(t)

We also have an analogy with the evolution of the classical phase space distribution f(T',t), which satisfies

Uy

with iLZ = {..., H} being the classical Liouville operator. Again, we see that the limit of a commutator is the classical Poisson
bracket.
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10.4: A simple example - the quantum harmonic oscillator

As a simple example of the trace procedure, let us consider the quantum harmonic oscillator. The Hamiltonian is given by

p? 1 292
H = % + Emw X
and the eigenvalues of H are
1
En—(n+§>hw, n=0,1,2,...

Thus, the canonical partition function is

> o0
Q(B) =Y e Hntl/2he — oo/ N7 ()™
This is a geometric series, which can be summed analytically, giving

e /2 1 1
QB = T = T o = g seh(Bh/2)

The thermodynamics derived from it as as follows:

1.

Free energy:

The free energy is

A= —%an(B) = % + %m(l — e )

2.

Average energy:

The average energy E = (H) is

Jo _a% nQ(8) = % + hwe M — (% + (n)) B

3.

Entropy

The entropy is given by

E hw e P
— = _ _ o Phw mw
S=klnQ(B) + > kln (1 —e ™) + e

Now consider the classical expressions. Recall that the partition function is given by

1 p(Latme?) L (2om )\ 2r 1
Q<ﬁ>—z/d1’dze( )_E(T) = Buh ~ B

Thus, the classical free energy is
Au = L 1n(Bhw)
cl ,8
In the classical limit, we may take 4 to be small. Thus, the quantum expression for 4 becomes, approximately, in this limit:
hw 1

and we see that
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hw
AQ*AC1—>T

The residual % (which truly vanishes when % — 0) is known as the quantum zero point energy. It is a pure quantum effect and is

i : e
present because the lowest energy quantum mechanically is not £ = 0 but the ground state energy £ = 2.
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10.5: The quantum equilibrium ensembles

At equilibrium, the density operator does not evolve in time; thus, % = 0. Thus, from the equation of motion, if this holds, then
[H,p] =0, and p(t) is a constant of the motion. This means that it can be simultaneously diagonalized with the Hamiltonian and can

be expressed as a pure function of the Hamiltonian
p=f(H)

Therefore, the eigenstates of p, the vectors, we called |wy) are the eigenvectors |E;) of the Hamiltonian, and we can write H and p as
H= ZEi|Ei)(Ei|
p="> f(E)E)E]
i
The choice of the function f determines the ensemble.
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10.5.1: The microcanonical ensemble

Although we will have practically no occasion to use the quantum microcanonical ensemble (we relied on it more heavily in
classical statistical mechanics), for completeness, we define it here. The function f, for this ensemble, is

f(E;)0E =6(E; — (E+E)) —6(E; — E)

where 6(z) is the Heaviside step function. This says that f(E;)dE is 1 if E < E; < (E + 6E) and 0 otherwise. The partition function
for the ensemble is Tr(p), since the trace of p is the number of members in the ensemble:

Q(N,V,E) =Tr(p)
=Y _10(E; — (E+6E)) — 0(E; — E)]

The thermodynamics that are derived from this partition function are exactly the same as they are in the classical case:

S(N,V,E) = —kInQ(N,V,E)
L, ( Ban)
T~ 0E )ny
etc.
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10.5.2: The canonical ensemble
In analogy to the classical canonical ensemble, the quantum canonical ensemble is defined by
p=e
f(E) =e "
Thus, the quantum canonical partition function is given by
Q(N,V,T) = Tr(e PH)

— —BE;
Ei: e

and the thermodynamics derived from it are the same as in the classical case:
A(N,V,T) = —% nQ(N,V,T)

E(N7V7T) = _%IHQ(N7V7T)

P(N,V,T) = %% InQ(N,V,T)

etc. Note that the expectation value of an observable A is
1
A) = =Tr(Ae
(4) 2 ( )
Evaluating the trace in the basis of eigenvectors of & (and of p ), we obtain
1
A) = — Ez Aeiﬁ H El
)= g 20 47| )

1 -
ok Ze BE(E; |A| E;)
The quantum canonical ensemble will be particularly useful to us in many things to come.
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10.5.3: Isothermal-isobaric and grand canonical ensembles
Also useful are the isothermal-isobaric and grand canonical ensembles, which are defined just as they are for the classical cases:

o isothermal-isobaric:

MMRﬂ:/

oo [o¢]
dve PPYQ(N,V,T) = / dVTr(e PHFPV))
0

0

o grand canonical ensembles

Z(p,V,T) =D NQ(N,V,T) = Tr(e ")
N=0 N=0
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11.1.1: Derivation of the Discretized Path Integral

We begin our discussion of the Feynman path integral with the canonical ensemble. The expressions for the partition function and
expectation value of an observable A are, respectively

Q(N,V,T) = Tr(e °H)
(A) = %Tr(AeiﬁH)

It is clear that we need to be able to evaluate traces of the type appearing in these expressions. We have already derived expressions
for these in the basis of eigenvectors of H. However, since the trace is basis independent, let us explore carrying out these traces in
the coordinate basis. We will begin with the partition function and treat expectation values later.

Consider the ensemble of a one-particle system. The partition function evaluated as a trace in the coordinate basis is

Q(B) = [ dafa|e ")
We see that the trace involves the diagonal density matrix element (z|e ##|z). Let us solve the more general problem of any
density matrix element (z |e#7| 2”).
If the Hamiltonian takes the form

2

o
H= —+UX)=K+U

then we cannot evaluate the operator exp(—B8H) explicitly because the operators for kinetic (7') and potential energies (U) do not
commute with each other, being, respectively, functions of momentum and position, i.e.,

K,U]#0

In this instance, we will make use of the Trotter theorem, which states that given two operators A and B, such that [4, B] # 0, then
for any number ),

P
HMA+B) _ i [e,\B/QPe,\A/Pe,\B/zp]
P—oo

Thus, for the Boltzmann operator,

e—BEFU) _ lim [efﬁU/ZPefﬁK/PefﬂU/ZP]P
P—oo

and the partition function becomes
Q(B) = lim /dx(x‘ [e’ﬂU/ZPe*ﬂK/PefﬁU/ZP]P ‘ x)
P—oo

Define the operator in brackets to be Q:

0= efﬂU/2PefﬂK/PefﬁU/2P
Then,

Q(B) = lim [ dz(z |Q"|z)

P—oo
In between each of the P factors of €, the coordinate space identity operator
I= / dz|z) (x|

is inserted. Since there are P factors, there will be P — 1 such insertions. the integration variables will be labeled z, ..., zp. Thus,
the expression for the matrix element becomes

https://chem.libretexts.org/@go/page/5267



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5267?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/11%3A_Introduction_to_path_integrals_in_quantum_mechanics_and_quantum_statistical_mechanics/11.01%3A_Discretized_and_Continuous_Path_Integrals/11.1.01%3A_Derivation_of_the_Discretized_Path_Integral

LibreTexts"

(z|Qz") = /diEz"'de<$|Q|£E2><CC2 | z3){z3]|...| zp){T P |Q|2")

P
/ day - dop || @ 19026y oy o
i=1

The next step clearly involves evaluating the matrix elementx

(i [Qzig1) = ‘6 PU(@)/2P =BP* [2mP ¢ ~0U(X /2P’$+1

Note that in the above expression, the operators involving the potential U(X) act on their eigenvectors and can thus be replaced by
the corresponding eigenvalues:

(219 @i41) = e AUV 2, | PP | gy

In order to evaluate the remaining matrix element, we introduce the momentum space identity operator

1= [ oo
Letting K = 2m , the matrix remaining matrix element becomes
(@i [e /P | 2i) = / dpailp)(p|e /P | 2i41)
- /dp@i\P) (plwisr)e #*/2mP
Using the fact that
(alp) = ="

it follows that
8K 1 _
(; ’6 8 /p‘ wist) = _— /dpe pei—zi)/hg Bp*/2mP

The remaining integral over P can be performed by completing the square, leading to the result

_ mpP \? mP
(x; |e ﬁK/P‘ Tiy1) = (Tﬁhz) exp <_W(xi+l —xi)2>

Collecting the pieces together, and introducing the P — oo limit, we have for the density matrix

1/2
BH _ mp
(z|e ™| z") FI’I—IEO(Zﬂ'BhQ) /dil’z

P
- dapeap [—;‘(%’Z(ml 2+ o5 (U <xi)+U(xi+1>>} S——

The partition function is obtained by setting = = «’, which is equivalent to setting z; = zp; and integrating over z, or equivalently
x1. Thus, the expression for Q () becomes

p \12 P
Q(B) Paoo (#ﬂhz) /dm1~~-dxpexp |: ﬁ;( m“‘)P Ti+1 — ) + %U(wz)>:| ‘ZP+1:II

where we have introduced a "frequency"

VP
Bh

When expressed in this way, the partition function, for a finite value of P, is isomorphic to a classical configuration integral for a P

wp =

-particle system, that is a cyclic chain of particles, with harmonic nearest neighbor interactions and interacting with an external

https://chem.libretexts.org/@go/page/5267
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potential @. That is, the partition function becomes

QB) ~ /dml ,,,dee*ﬁUeff(m,»»-,zP)

where

P

1 1
Uett(T1, ..., xp) = Z [Emwf—,(xiﬂ — a:i)2 + FU(xl)

i=1
Thus, for finite (if large) P the partition function in the discretized path integral representation can be treated as any ordinary
classical configuration integral. Consider the integrand of Q(3) in the limit that all P points on the cyclic chain are at the same
location z. Then the harmonic nearest neighbor coupling (which is due to the quantum kinetic energy) vanishes and
(1/P)°F  U(x;) = U(x), and the integrand becomes

o—FU()
which is just the true classical canonical position space distribution function. Therefore, the greater the spatial spread in the cyclic

chain, the more "quantum" the system is, since this indicates a greater contribution from the quantum kinetic energy. The spatially
localized it is, the more the system behaves like a classical system.

It remains formally to take the limit that P — co. There we will see an elegant formulation for the density matrix and partition
function emerges.

This page titled 11.1.1: Derivation of the Discretized Path Integral is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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11.1.2: Doing the Path Integral - the Free Particle

The density matrix for the free particle

P2
H=—
2m

will be calculated by doing the discrete path integral explicitly and taking the limit P — oo at the end.

The density matrix expression is

, mp mP & 9
pz,z’;6) = ;1_{20 (W) /dUC?'"deeﬂvp _WZZ:;(-THI — )" | |o1=eap=c’

Let us make a change of variables to
Uy = o
Uk =l‘k—.’i‘k (11.1.2.1)

(k—1)zp41 + 21
k

B =
The inverse of this transformation can be worked out explicitly, giving
Tr] = ujp

1 P—k+1

Tk = ; —1 u; + P U1
The Jacobian of the transformation is simply
1 -1/2 0 0
0 1 -2/3 0
J=det| 0 0 1 —3/4 - =1
0 0 0 1

Let us see what the effect of this transformation is for the case P = 3. For P = 3, one must evaluate
(z1 — 22)" + (x2 — 23)° + (23 — 24)” = (¢ — x2)” + (x2 — 23)" + (x5 —2')°

According to the inverse formula,

T = Uy (11.1.2.2)

1 1 2
@y = uz + Uz + gx’ + 3¢ (11.1.2.3)

2, 1
T3 =u3+ 3¢ + 37 (11.1.2.4)
Thus, the sum of squares becomes
5 (cc; z9)% + (z2 — :c23)2 + (z3 7330/)2 . (11.1.2.5)
= QUi+ Jui+ 2@ —2)? = Ui+ g ui + g (@ -2’

From this simple example, the general formula can be deduced:

3

P P k
(@in —2i)? = Yl + S (x—a')?
=1

Thus, substituting this transformation into the integral gives
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) 12 P P2
p(m’x;ﬂ):@;grﬂ) ,ll(fiém) J

P
miP 4 m 9
-~ dupexp [—; Wuk} exp [—W(x —z') ]
where
_k
my = ] Tm

and the overall prefactor has been written as

mP \ P2 m /2 P miP 1/2
(27rﬂh2) - (27rﬁh2> H(%ﬂh?)

k=2

Now each of the integrals over the y variables can be integrated over independently, yielding the final result

m 12 m
plz,a’; B) = (—%ﬁm) exp [*—wh? (w*x')Z}

In order to make connection with classical statistical mechanics, we note that the prefactor is just 4, where X

- 91 Bh? 1/2_ Bh? 1/2
o m — \ 2mm

is the kinetic prefactor that showed up also in the classical free particle case. In terms of A, the free particle density matrix can be

written as
p(z,5"; ) = le—n(zfx’)z/)\z
b bl )\

Thus, we see that ) represents the spatial width of a free particle at finite temperature, and is called the "thermal de Broglie
wavelength."

This page titled 11.1.2: Doing the Path Integral - the Free Particle is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Mark Tuckerman.
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11.1.3: Dominant Paths in the Propagator and Density Matrix
Let us first consider the real time quantum propagator. The quantity appearing in the exponential is an integral of

émx’z —U(z) = L(z, %)

which is known as the Lagrangian in classical mechanics. We can ask, which paths will contribute most to the integral

/Ot ds [%:&2(5) - U(x(s))] = /Ot dsL(x(s),3(s)) = S[z]

known as the action integral. Since we are integrating over a complex exponential exp(%), which is oscillatory, those paths away
from which small deviations cause no change in S (at least to first order) will give rise to the dominant contribution. Other paths
that cause exp(£2) to oscillate rapidly as we change from one path to another will give rise to phase decoherence and will ultimately
cancel when integrated over. Thus, we consider two paths z(s) and a nearby one constructed from it z(s) 4+ dz(s) and demand that
the change in S between these paths be 0

Sz + 6z] — S[z] =0

Note that, since z(0) = z and z(t) = z’, 6z(0) = éz(t) = 0, since all paths must begin at 7 and end at ’. The change in § is
t t
0S = Sz + éz] — S[z] = / dsL(zx + oz, % + 0%) — / dsL(z, )
0 0

Expanding the first term to first order in 4z, we obtain

¢ t
3S = / ds L(z, &) + —5 + —5 ] / L(x, ) :/ ds [a—Léz + 8—L5
0 0 19) ox

The term proportional to 6 can be handled by an integration by parts:
8L YOL d 8L tod 6
because dz vanishes at 0 and ¢, the surface term is 0, leaving us with
d OL oL
05 = / S|~ o) 7=

Since the variation itself is arbitrary, the only way the integral can vanish, in general, is if the term in brackets vanishes:

d 0L 0L

dt Oi or

This is known as the Euler-Lagrange equation in classical mechanics. For the case that L = mz /2 — U(z), they give

d ou

v
or

mg = —

which is just Newton's equation of motion, subject to the conditions that z(0), (t) = z’. Thus, the classical path and those near it
contribute the most to the path integral.

The classical path condition was derived by requiring that 6S = 0 to first order. This is known as an action stationarity principle.
However, it turns out that there is also a principle of least action, which states that the classical path minimizes the action as well.
This is an important consideration when deriving the dominant paths for the density matrix, which takes the form

e’ 9) = [ ((fh Da(Jeap H [ ar (et + U(x(ﬂ))]

The action appearing in this expression is
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Splz] = /0 " i (24 + Ua(r)] = /0 bt (e, )

which is known as the Euclidean action and is just the integral over a path of the total energy or Euclidean Lagrangian H(z,).
Here, we see that a minimum action principle is needed, since the smallest values of Sr will contribute most to the integral. Again,
we require that to first order Sg[z + dz] — Sg[z] = 0. Applying the same logic as before, we obtain the condition

@ oH oH _

dr 0z or
.0

mx—aU(a:)

which is just Newton's equation of motion on the inverted potential surface —U(z), subject to the conditions z(0) = z, z(8h) = z’.
For the partition function Q(f), the same equation of motion must be solved, but subject to the conditions that z(0) = z(8h), i.e.,
periodic paths.

This page titled 11.1.3: Dominant Paths in the Propagator and Density Matrix is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Mark E. Tuckerman.
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11.1.4: The Continuous Limit

In taking the limit P — oo, it will prove useful to define a parameter

_ Bh
=P

so that P — oo implies ¢ — 0. In terms of ¢, the partition function becomes

. m \P/2 e~ (m ZTipg — i\ 2
Q) —P_gg_)o(%sh) /dwll--dxpezp {_E 2 (7 (—E ) +U(zi)> |zp =21

We can think of the points 1, ..., zp as specific points of a continuous functions z(7), where

zp=z(r = (k—1)¢)

such that z(0) = z(r = Pe) = z(7 = Bh):

A

X P+1

1
1
1
1
=
1
[]
1
1
1
1
1
1
1
1
[]
L

Figure 1:
Note that

lim (M) = lim (w(kf) —z((k— 1)8)) _dz

-0 e € dr

and that the limit

P or 2
s 3 m [ Ti41 — T
Pﬁléor,%ao h ; | 2 ( € ) + U(mz)]

is just a Riemann sum representation of the continuous integral

1, (% [m (dz\?
Ak (E) +U(x(7’))}
Finally, the measure

m

li —_— i d d.
P—niorg—m ( 2meh? ) T1-Tp

https://chem.libretexts.org/@go/page/5268



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5268?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/11%3A_Introduction_to_path_integrals_in_quantum_mechanics_and_quantum_statistical_mechanics/11.01%3A_Discretized_and_Continuous_Path_Integrals/11.1.04%3A_The_Continuous_Limit

LibreTexts"

represents an integral overa all values that the function z(7) can take on between 7 = 0 and 7 = gh such that z(0) = z(8k). We write
this symbolically as Dz(-). Therefore, the P — oo limit of the partition function can be written as

Q(B) =/ dz /;:Zl:z Dz(-)exp l:% /Oﬂh dr (%zQ + U($(T))):|

= ?{Dm(-)exp [—% /055 dr <%m2 + U(m(r))):|

The above expression in known as a functional integral. It says that we must integrate over all functions (i.e., all values that an
arbitrary function z(7) may take on) between the values 7 = 0 and 7 = Bh. It must really be viewed as the limit of the discretized
integral introduced in the last lecture. The integral is also referred to as a path integral because it implies an integration over all
paths that a particle might take between 7 = 0 and 7 = gh such that z(0) = z(8h, where the paths are parameterized by the variable 7
(which is not time!). The second line in the above expression, which is equivalent to the first, indicates that the integration is taken
over all paths that begin and end at the same point, plus a final integration over that point.

The above expression makes it clear how to represent a general density matrix element (z | exp(—GH)|z’):
z(Bh)=z’

@l ey = [ o Dl H / i (o U(m(r)))]

which indicates that we must integrate over all functions z(7) that begin at = at 7 = 0 and end at z” at 7 = Sh:

0 Bty

Similarly, diagonal elements of the density matrix, used to compute the partition function, are calculated by integrating over all
periodic paths that satisfy =(0) = z(8h) = =:

A
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Note that if we let 3 = £, then the density matrix becomes
p(z,x’;it/h) = (z ’e_th/h’ z'y = U(z,z';t)

which are the coordinate space matrix elements of the quantum time evolution operator. If we make a change of variables 7 = is in
the path integral expression for the density matrix, we find that the quantum propagator can also be expressed as a path integral:

z(t)=a"

Uls,o'5t) = (@ e~ 2') = / Da()eap {% /Ot s (2a(s) - U(x(s)))}

z(0)=z
Such a variable transformation is known as a Wick rotation. This nomenclature comes about by viewing time as a complex
quantity. The propagator involves real time, while the density matrix involves a transformation ¢ = —f# to the imaginary time axis.
It is because of this that the density matrix is sometimes referred to as an imaginary time path integral.

This page titled 11.1.4: The Continuous Limit is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.
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11.2.1: Expectation values of observables

Recall the basic formula for the expectation value of an observable A:

(A) = Tr(Ae H)

1
Q)
Two important cases pertaining to the evaluation of the trace in the coordinate basis for expectation values will be considered

below:

Case 1: Functions only of position

If A= A(X),i.e., a function of the operator X only, then the trace can be easily evaluated in the coordinate basis:

—l x(x eiﬁHz
= 5 [ duta|AX)e | 2)

Since A(X) acts to the left on one of its eigenstates, we have

—i x :txefﬁHw
- 5 [ dwa@ e o)

which only involves a diagonal element of the density matrix. This can, therefore, be written as a path integral:

P2
(A) = %ggréo (%) /da:l -dzpA(z1)exp { BZ( mwh(zi —x)? + %U(%))

However, since all points z1, -, zp are equivalent, due to the fact that they are all integrated over, we can make P equivalent cyclic

renaming of the coordinates z; — z2, z2 — z3 etc. and generate P equivalent integrals. In each, the function A(z:) or A(z), etc.
will appear. If we sum these P equivalent integrals and divide by P, we get an expression:

P/2 P
(A) = %AI_I)IDIO (%) /dxl ~dzpA(xy)exp |:—,BZ (%mw%(miﬂ —z)t+ %U(ml))
=1

This allows us to define an estimator for the observable A. Recall that an estimator is a function of the P variables z, -, zp whose
average over the ensemble yields the expectation value of A:

1 P
ap(zi,...,xp) = P Z Az;)

i=1

Then

where the average on the right is taken over many configurations of the P variables z;,-,zp (we will discuss, in the nex lecture, a
way to generate these configurations).

The limit P — oo can be taken in the same way that we did in the previous lecture, yielding a functional integral expression for the

- é}{@w(q-) [% /OﬂthA(m(T))} exp I:—%/O dT( mi +U(m(7')))]

Case 2: Functions only of momentum

expectation value:

Suppose that A = A(P), i.e., a function of the momentum operator. Then, the trace can still be evaluated in the coordinate basis:

—i x (T e P x
) = 5 [ dota|aip)e )
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However, A(P) acting to the left does not act on an eigenvector. Let us insert a coordinate space identity 7 = [ dz|z)(z| between A
and exp(—pH):

—i zdx’ (x ='Wz |le P |z
() = [ dod' (o | AP)| ") o e | )

Now, we see that the expectation value can be obtained by evaluating all the coordinate space matrix elements of the operator and
all the coordinate space matrix elements of the density matrix.

A particularly useful form for the expectation value can be obtained if a momentum space identity is inserted:
(4) = & [ deda'dple | AP p)pla') o e )
Now, we see that A(P) acts on an eigenstate (at the price of introducing another integral). Thus, we have
) = 5 [ dodt) [ dods’ @l pla') o' e )
Using the fact that (z|p) = (1/27h) exp(ipz/k), we find that
(A) = ﬁ / dpA(p) / dzda’ e/ (g |e | )
In the above expression, we introduce the change of variables

z+z ,
s=z—=x
2

r=

Then

(A) = ﬁ /dpA(p) /drdsei”s/h(r — % |eiﬁH| r+ %)
Define a distribution function
_ 1 ips/h S| _gH s
pw(r,p)—%/dsep (7"75|e |T+§>
Then, the expectation value can be written as

(4) = % / drdpA(p)pw(r,p)

which looks just like a classical phase space average using the "phase space" distribution function pw(r,p). The distribution
function pw(r, p) is known as the Wigner density matrix and it has many interesting features. For one thing, its classical limit is

pw(r,p) = exp [*ﬁ (i + U(T))]

2m

which is the true classical phase space distribution function. There are various examples, in which the exact Wigner distribution
function is the classical phase space distribution function, in particularly for quadratic Hamiltonians. Despite its compelling
appearance, the evaluation of expectation values of functions of momentum are considerably more difficult than functions of
position, due to the fact that the entire density matrix is required. However, there are a few quantities of interest, that are functions
of momentum, that can be evaluated without resorting to the entire density matrix. These are thermodynamic quantities which will
be discussed in the next section.

This page titled 11.2.1: Expectation values of observables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Mark Tuckerman.
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11.2.2: Path integrals for N-particle systems

If particle spin statistics must be treated in a given problem, the formulation of the path integral is more complicated, and we will
not treat this subject here. The extension of path integrals to N-particle systems in which spin statistics can safely be ignored,
however, is straightforward, and we will give the expressions below.

The partition function for an ~N-particle system in the canonical ensemble without spin statistics can be formulated essentially by
analogy to the one-particle case. The partition function that one obtains is

) N miP PP <1> (P)
Q(N,V,T)=Flglgo H(W) /drl wedry | ex

I=1

P N
1 41 ; 1. ;
p[55 (S gt s Bl
i=1 I=1

Thus, it can be seen that the N-particle potential must be evaluated for each imaginary time discretization, however, there is no
coupling between separate imaginary time slices due arising from the potential. Thus, interactions occur only between particles in
the same time slice. From a computational point of view, this is advantageous, as it allows for easily parallelization over imaginary
time slices.

The corresponding energy and pressure estimators for the N-particle path integral are given by

3NP
26
. . 2
ep({r, ., x ) = — 2L T dmad (v - Y)

++ 20 uey,ry)

NP
BV

() (P) = . ) 2 )
pp(xr,..,r
: : B DS [ () 2 4 )90

This page titled 11.2.2: Path integrals for N-particle systems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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11.2.3: Path integral molecular dynamics (optional reading)

Consider once again the path integral expression for the one-dimensional canonical partition function (for a finite but large value of
P):

P

PJ2
QB = (2:;1;2 ) /dxl - dzpexp [5; (%mw%(xm —z)?+ %U(xi))

(the condition zp,; = z; is understood). Recall that, according to the classical isomorphism, the path integral expression for the
canonical partition function is isomorphic to the classical configuration integral for a certain P-particle system. We can carry this
analogy one step further by introducing into the above expression a set of P momentum integrations:

PP 1 1 ¢

Q(B) = /dpl - dpp dzy - drpexp [5 E (2—172/ + Emwfo(xiﬂ — i)+ FU(L))] 2
iz1

)

Note that these momentum integrations are completely uncoupled from the position integrations, and if we were to carry out these
momentum integrations, we would reproduce Eq. (1) apart from trivial constants. Written in the form Eq. (2), however, the path
integral looks exactly like a phase space integral for a P-particle system. We know from our work in classical statistical mechanics
that dynamical equations of motion can be constructed that will generate this partition function. In principle, one would start with
the classical Hamiltonian

P

H=
2m’

i

- 1, , 1
+ =mwp(Tip1 — 35)” + S U(zs)

— 2 P

derive the corresponding classical equations of motion and then couple in thermostats. Such an approach has certainly been
attempted with only limited success. The difficulty with this straightforward approach is that the more "quantum" a system is, the
large the paramester P must be chosen in order to converge the path integral. However, if P is large, the above Hamiltonian
describes a system with extremely stiff nearest-neighbor harmonic bonds interacting with a very weak potential U/P. It is,
therefore, almost impossible for the system to deviate far harmonic oscillator solutions and explore the entire available phase space.
The use of thermostats can help this problem, however, it is also exacerbated by the fact that all the harmonic interactions are
coupled, leading to a wide variety of time scales associated with the motion of each variable in the Hamiltonian. In order to
separate out all these time scales, one must somehow diagonalize this harmonic interaction. One way to do this is to use normal
mode variables, and this is a perfectly valid approach. However, we will explore another, simpler approach here. It involves the use
of a variable transformation of the formed used in previous lectures to do the path integral for the free-particle density matrix.

Consider a change of variables:

U1 = [
U = Ty — k=2, ,P
where

(k—1)xp1 + 1
k

@ =
The inverse of this transformation can be worked out in closed form:
T = Ul

Tk = ur + ZlP:k %“l
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and can also be expressed as a recursive inverse:
T = Uy

Tk = u1+Zl k (l 1))u1

The term k = P here can be used to start the recursion. We have already seen that this transformation diagonalized the harmonic
interaction. Thus, substituting the transformation into the path integral gives:

Q(,B):/dp1~--dpp du1~--duPemp[ ,82( -+ mwpu + U(ml(ul,... p)))]

The parameters m; are given by

mi = 0

m; = “m
Note also that the momentum integrations have been changed slightly to involve a set of parameters m/. Introducing these
parameters, again, only changes the partition function by trivial constant factors. How these should be chosen will become clear

later in the discussion. The notation z;(u;,-,up) indicates that each variable z; is a generally a function of all the new variables

UL, ==+, UPp.

A dynamics scheme can now be derived using as an effective Hamiltonian:

H = Z

which, when coupled to thermostats, yields a set of equations of motion

(ul, cony P))

m;ti - —MiWpli =~ B 5, — Nilli

Qrji = miif = %

Q

These equations have a conserved energy (which is not a Hamiltonian):

P
1= Y [l + pmashald + UGG, ur)) + 5 Qi+ o0

Notice that each variable is given its own thermostat. This is done to produce maximum ergodicity in the trajectories. In fact, in
practice, the chain thermostats you have used in the computer labs are employed. Notice also that the time scale of each variable is
now clear. It is just determined by the parameters {m,}. Since the object of using such dynamical equations is not to produce real
dynamics but to sample the phase space, we would really like each variable to move on the same time scale, so that there are no
slow beads trailing behind the fast ones. This effect can be produced by choosing each parameter m; to be proportional to m; : m/]

= cm; Finally, the forces on the u variables can be determined easily from the chain rule and the recursive inverse given above. The

result is
1 9U — 1 P U
P ur = B it By
1 o0 = 1 [(IH) au U ]
P Ou; (k—1) Oup— Oy,

where the first (i = 1) of these expressions starts the recursion in the second equation.

Later on, when we discuss applications of path integrals, we will see why a formulation such as this for evaluating path integrals is
advantageous.
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11.2.4: Thermodynamics from path integrals

Although general functions of momentum are difficult (though not intractable) to evaluate by path integration, certain functions of
momentum (and position) can be evaluated straightforwardly. These are thermodynamic quantities such as the energy and pressure,

given respectively by
~Z QA V)
P=12 1mQ(8,V)

We shall derive estimators for these two quantities directly from the path integral expression for the partition function. However, let
us work with the partition function for an ensemble of 1-particle systems in three dimensions, which is given by

mP 3P/2

- drpexp |: ﬁz ( mwsrig — 1) + %U(m))]

Using the above thermodynamic relation, the energy becomes

__10
F="q s
1 p o\ 3P P 1
= 6;1_1}010 (#) /drl - drpexp [ ﬂ; <—mWP(1"z+1 ri)® + ?U(rz)>

i=1

.
I

—
.

P
X [Z—ﬂ—z ;mwp(rzﬂ ! ZU
(

where
3P & , 1<
ep(ry,...,rp - Z AT — 1) + —ZU(T)
'B i=1 P i=1

is the thermodynamic estimator for the total energy. Similarly, an estimator for the internal pressure can be derived using P
=kT9InQ/0V. As we have done in the past for classical systems, the volume dependence can be made explicitly by introducing

the change of variables:

l\>|

r, = V'3 (11.2.4.2)

In terms of the scaled variables sy, the partition function expression reads:

3P/2
QB V) = lim (#ﬁphz) VP/d81 (11.2.4.3)

---dspexp |: ﬂz ( meV (Sit1 — si)z + %U(V1/3si)):|

Evaluating the derivative with respect to volume gives the internal pressure:
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P= %3_3
- %AE& (2:;];2>3P/2 VP/d.51 - dspexp [_,31213 (%moﬂpvm(sm N %U(V1/3si)):|
- %Illl}olo (%)3”2/“1 - drpexp |:_ﬂ :1 (émw?’(riﬂ —r;)’+ %U(I‘z))]

P 1 & , 1 &ou
X IB_V_meP;(rZ*—l_rZ) ——SVP;a—rZSl

= lim (pp(rl, wery I'p)>
P—oo

where

P 1 & 1 U
pP(rh ...,I'P) = ﬁ_V - W Z [mw%(riﬂ — I‘i)2 + —=r;, - —
i=1

BT T (11.2.4.4)

is the thermodynamic estimator for the pressure. Clearly, both the energy and pressure will be functions of the particle momenta,
however, because they are related to the partition function by thermodynamic differentiation, estimators can be derived for them
that do not require the off-diagonal elements of the density matrix.

This page titled 11.2.4: Thermodynamics from path integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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11.3.1: The harmonic Oscillator - Expansion about the Classical Path

It will be shown how to compute the density matrix for the harmonic oscillator:

P2 1
H="—+ —muw’X?
om T 2™

using the functional integral representation. The density matrix is given by
z(Bh)=z’

, I Lo 1 99
plz,z';8) = Dzx(r)exp | —— dr (—mx + —mwx )
z(0)=z h 0 2 2

As we saw in the last lecture, paths in the vicinity of the classical path on the inverted potential give rise to the dominant
contribution to the functional integral. Thus, it proves useful to expand the path z(7) about the classical path. We introduce a
change of path variables from z(7) to y(r), where

z(7) = za(r) + y(7)
where z(7) satisfies

miq = mwzxcl
subject to the conditions
za(0) = =, za(Bh) = o’
so that y(0) = y(8h) = 0.

Substituting this change of variables into the action integral yields
L ! 1
S = / dr [—mx'Z —+ —mw2x2}
0 2 2
o 1 2 1 2 2
= / dr [—m(a’ccl +9)° + —mw (za + ) }
0 2 2
AT 1 By 1 Bh
= / dr [meﬁl + gmw%gl] +/ dr [Emy2 + amoﬂyz] +/ dr [m&ay + mwzmcly]
0 0 0
An integration by parts makes the cross terms vanish:
Bh Bh
/ dr [ma’cdy + mwlzy = ma'cdy] = ma'c,gly|gh + / dtau [—mi‘d + mw2xcl] y=20
0 0

where the surface term vanishes because y(0) = y(8h) = 0 and the second term vanishes because \(xcl\) satisfies the classical
equation of motion.
The first term in the expression for S is the classical action, which we have seen is given by
Bh 1 1 mw ,
dar [ Lmaz 4+ L 22]2— 2 4 &"%)cosh(Bhw) — 2z’
/0 T {2 miq + 5w Ty 5 sinh (257 [(z + z “)cosh(Bhw) — 2zx ]
Therefore, the density matrix for the harmonic oscillator becomes

mw

p(z,2; B) = Iyl exp [—m (

2% + 2% + %) cosh(Bhw) — 2mm’)}
where I(y) is the path integral

Y(BR)=0 1 rm s mw?
Iy = / Dy(r)exp I:—E/ (7?/2 + Ty2>
(0)=0 0

Note that I[y] does not depend on the points = and =’ and therefore can only contribute an overall (temperature dependent) constant
to the density matrix. This will affect the thermodynamics but not any averages of physical observables. Nevertheless, it is
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important to see how such a path integral is done.

To compute I[y], we note that it is a functional integral over functions y(r) that vanish at + = 0 and 7 = ga. Thus, they are a special
class of periodic functions and can be expanded in a Fourier sine series:

00
= Z ¢y sin(w,T)
n=1

where

nm

UJ”—E

Thus, we wish to change from an integral over the functions y(7) to an integral over the Fourier expansion coefficients c,. The two
integrations should be equivalent, as the coefficients uniquely determine the functions y(7). Note that

o0
y(r) = Z Wnen, €08(wnT)
n=1

Thus, terms in the action are:

o0
cncn/wnwn«/.gthcos(wnT) cos(wyT)

‘=1

Bh 00
/0 dT— =%;

Since the cosines are orthogonal between ~ = 0 and 7 = 3#, the integral becomes

pr o q m &
dr—i’ = — dr cos®(wn
/0 Tmy Zc / T cos” (wnT)

n=1

2
_mwzzﬂhdl 1 5 - mph N 5
—72%‘% . T[5+5COS( wnr)] —Tchwn

n=1

similarly,
Bh mpPh 5
22,2 2 2
/0 gy’ = Tt el
o
The measure becomes

Dylt) > H \/47T/mﬁw2

which, is not an equivalent measure (since it is not derived from a determination of the Jacobian), but is chosen to give the correct
free-particle ( w = 0) limit, which can ultimately be corrected by attaching an overall factor of \/m/273h2.

With this change of variables, 7[y] becomes

n;

i-11[ e e b - ﬁl[mw]m

The infinite product can be written as

lo_o[ 7r2n2/ﬁ2h2 B lo_o[ 52h2w2 -
14 [ w? + 7202/ 202 - Ax\ w2n?
the product in the square brackets is just the infinite product formula for sinh(8hw)/(8hw), so that I[y] is just

Bhw

Tl = sinh(Bhw)

Finally, attaching the free-particle factor /m /27312, the harmonic oscillator density matrix becomes:
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p(z,z’; 8) = 4 /#&ﬁh@em} [—#&M ((z® + 2*) cosh(Bhw) — Qxx')}

Notice that in the free-particle limit (w — 0), sinh(8w) ~ Shw and cosh(Sw) ~ 1, so that

’, m _ m o 2
p(z,z’; 8) — bR exp{ 2ﬁh2($ z’) ]
which is the expected free-particle density matrix.

This page titled 11.3.1: The harmonic Oscillator - Expansion about the Classical Path is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Mark Tuckerman.
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11.3.2: The Stationary Phase Approximation

Consider the simple integral:

o0
I = lim dx e M@

A—=00 )

Assume f(x) has a global minimum at z = z, such that f’(z¢) = 0. If this minimum is well separated from other minima of f(z)
and the value of f(z) at the global minimum is significantly lower than it is at other minima, then the dominant contributions to the
above integral, as A — oo will come from the integration region around z,. Thus, we may expand f(x) about this point:

7(&) = f(ao) + F/(w0) (& — 20) + 31" (@) @ — 20)? + -

Since f’(z() = 0, this becomes:

1(@) ~ (o) + 55" @)z — 20)?

Inserting the expansion into the expression for 7 gives

I = lim e M) /00 dr e*%f”(zu)(zﬂﬂo)z

A—00 —0

271_ 1/2
= li —Af(@o)
Ao [/\f”(xo)] ‘

Corrections can be obtained by further expansion of higher order terms. For example, consider the expansion of f(x) up to fourth
order:

(@) % f(w0) + 5 5" (@) — 20)* + 51" o) (@ — 20)* + 5 f ) o) (@ — w0)

Substituting this into the integrand and further expanding the exponential would give, as the lowest order nonvanishing correction:

2 0@ — o)’

A—00

I=lim e_Af(”O)/ dze™ [ (zo)(z — m0)? |1 —
—00

This approximation is known as the stationary phase or saddle point approximation. The former may seem a little out-of-place,

since there is no phase in the problem, but that is because we formulated it in such a way as to anticipate its application to the path

integral. But this is only if X is taken to be a real instead of an imaginary quantity.

The application to the path integral follows via a similar argument. Consider the path integral expression for the density matrix:
z(Bh)=

plaa’if)= [ Dlale S
z(0)=z

We showed that the classical path satisfying

ou
mig = e . =z(0)==z (11.3.2.1)
z(Bh) =z’ (11.3.2.2)

is a stationary point of the Euclidean action Sg[z], i.e., Sg[za] = 0. Thus, we can develop a stationary phase or saddle point
approximation for the density matrix by introducing an expansion about the classical path according to

a(7) = za(7) + y(7) = za(r) + Y cadn(T) (11.3.2.3)

where the correction y(7), satisfying y(0) = y(8h) = 0 has been expanded in a complete set of orthonormal functions {¢,(7)}, which
are orthonormal on the interval [0, 8] and satisfy ¢,(0) = ¢,(8h) = 0 as well as the orthogonality condition:

Bh
/0 At Gn(T)Pm(T) = Sinn (11.3.2.4)
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Setting all the expansion coefficients to 0 recovers the classical path. Thus, we may expand the action S[z] (the "E" subscript will
henceforth be dropped from this discussion) with respect to the expansion coefficients:

Ambiguous use of \over

Since
Bh 1
S[a] = /0 dr[5m¢2+U(z(7))] (11.3.2.5)

the expansion can be worked out straightforwardly by substitution and subsequent differentiation:

ph 1 _ )2
S[:t]=/0 dr 3m xcl+ch¢>n +U(:vd+2cn¢n) (11.3.2.6)

as oh _ L ,

6_cj = /0 dr |:m(xc1 + ; Cn¢‘n)¢j +U (xcl + ; Cn¢n> ¢]:| (11327)
as o L
365 |0 =/O dr [miad; + U’ (va),] (11.3.2.8)

Bh
= micl¢j|gh + / dr[-m&q + U’(mcl)} ¢;=0
0

89S el . ,

dc00r /0 me ;¢ +U zd+;cn¢n] ¢k (11.3.2.9)
929 B o ,
deder |y /0 dr [médi +U" (za)$i¢] (11.3.2.10)

Bh i}
- /0 dr [~m;dr + U” (za(r))$ix]

-/ " ros) [fmj— + 07 @alr)] outr)

where the fourth and eighth lines are obtained from an integration by parts. Let us write the integral in the last line in the suggestive
form:

Missing or unrecognized delimiter for \right

which emphasizes the fact that we have matrix elements of the operator —md?/dr? + U” (za(7)) with respect to the basis functions.
Thus, the expansion for S can be written as

1
S[z] = Slzal + = D ¢jA jrex + - (11.3.2.11)
2 T

and the density matrix becomes
\[ \rho(x,x";\beta) = {\cal N}\int \prod_j {dc_j \over \sqrt{2\... ... x,x";\beta)} eN{-{1 \over 2}\sum_{j,k}c_j\Delta_{jk}c_k/Ahbar} \]

where Sq(z,z’;8) = S[za]. NV is an overall normalization constant. The integral over the coefficients becomes a generalized
Gaussian integral, which brings down a factor of 1/v/detA:

\[ \rho(x,x";\beta) = {\cal N}eA{-S_{\rm cl}(x,x';\beta)} {1 \over \sqrt

D ParseError: invalid DekiScript (click for details)

\)  =\({\cal N}er{-S_{\rm cl}(x,x;\beta)} {1 \over \sqrt
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‘ D ParseError: invalid DekiScript (click for details)

\]
where the last line is the abstract representation of the determinant. The determinant is called the Van Vleck-Pauli-Morette
determinant.

If we choose the basis functions ¢,,(7) to be eigenfunctions of the operator appearing in the above expression, so that they satisfy

d2
—m——g + U (@a(n)| $u(7) = Xudn(T) (11.3.2.12)
Then,
Aji = Aibje = Aj(z, 2”5 B)dji (11.3.2.13)

and the determinant can be expressed as a product of the eigenvalues. Thus,

/ 1
o(z,z';8) = Ne Sa@aif) T ———— (11.3.2.14)
1;[ Aj(@, 2’3 B)
The product must exclude any 0-eigenvalues.
Incidentally, by performing a Wick rotation back to real time according to 8 = —it/h, the saddle point or stationary phase

approximation to the real-time propagator can be derived. The derivation is somewhat tedious and will not be given in detail here,
but the result is

Missing \left or extra \right
where z(t) satisfies
\] m\ddot{x}_{\rm cl} = -\left.{\partial U \over \partial x\right\vert _{x=x_{\rm cl}}\) \( x_{\rm cl}(0) = x\]
za(t) =’ (11.3.2.15)

and v is an integer that increases by 1 each time the determinant vanishes along the classical path. v is called the Maslov index. It
is important to note that because the classical paths satisfy an endpoint problem, rather than an initial value problem, there can be
more than one solution. In this case, one must sum the result over classical paths:

\( U(x,x';t) = \sum_{\rm classical\ paths} e"

D ParseError: EOF expected (click for details)

Y
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12.1: Perturbative solution of the Liouville equation

As in the classical case, we assume a solution of the form

p(t) = po(Ho) + Ap(t)

where
_ 9o _
[Ho,pg] =0 = ot =0
and we will assume
H e BHo
polH) = SN v T)

Substituting into the Liouville equation and working to first order in small quantities, we find

0Ap 1 1
50 = 77 Ho Aol = —[B, pol Fe(t)
which is a first order inhomogeneous equation that can be solved by using an integrating factor:

1 t ) )
Ap(t) — _E ds e—zHg(t—s)/h[B7 po}elH“(t_sthe(s)
—00

(Note that we have chosen the origin in time to be ¢t = —oo, which is an arbitrary choice.)
For an observable A, the expectation value is
(A(t)) = Tr(pA) = (A)o + Tr(Ap(t)A)

when the solution for Ap is substituted in, this becomes

(A)g - Lt ds
(A(1) = ; N

Tr [Ae—zHo(t—s)/hbar[B’ po]ezHo(t—s)/h] Fe(S)

(4o —%J ds

Tr [eng(tfs)/hAefiHo(tfs)/hbaT[B, pO” FE(S)

= {A)g — &rds Tr[A(t — 5)[B, pol] Fu(s)

where the cyclic property of the trace has been used and the Heisenberg evolution for A has been substituted in. Expanding the
commutator gives

A Lt ds
(A(t)) - (4o 7l

Tr [A(t — s)Bpo — A(t — s)poB] Fe(s)

(4)o - &/ ds

Tr[po (A(t — s)B — BA(t — 5))] Fe(s)

= (A)o— 7 J o ds Fo(s){[A(t — 5), B(0)]o)

where the cyclic property of the trace has been used again. Define a function

®.15(0) = 1 (1A(0), BO))g

called the after effect function. Tt is essentially the antisymmetric quantum time correlation function, which involves the
commutator between A(¢) and B(0). Then the linear response result can be written as

t

(Ae) = (Ao + [ dsFUaslt )
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which is the starting point for the theory of quantum transport coefficients. If we choose to measure the operator B, then we find

t

(B(t)) = (B)o + / ds F.(s)®ps(t — s)

This page titled 12.1: Perturbative solution of the Liouville equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
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12.2: Kubo Transform Expression for the Time Correlation Function

We shall derive the following expression for the quantum time correlation function
p .
D4p(t) =/ dX (B(—ihA)A(t))o
0
known as a Kubo transform relation. Since B is given by the Heisenberg equation:
1
= —|B, H,
ih [ ) U]
it follows that

LeiHot/h[H(], B(o)]e—ngt/h

Blt) =~

Evaluating the expression at t = —ii\ gives
B(—ih)) = e’\H“%[B(O), Hole M
Thus,
“ 1
®4n(t) = / AN (S 1B(0), Hol ) e A(b)g
0

By performing the trace in the basis of eigenvectors of Hy,, we obtain

D ap(t Q/ dAZ
:%/O dAZ(n

-/ 332 el [BLO), Holl ) m D) e

1 () 1BO), Hole ()| nje 75

M (ih) [B(0), Hol e | m) (m | A(t)| mye "

1 AE—Em) 1 1
) §€7ﬁE"ﬁE<n |[B(0), Ho]| m)(m |A(t)| n)e *F»

But
(n[[B(0), Ho)|m) = (n|B(0)Hy — HoB(0)| m) = (Ep — En)(n|B(0)| m)
Therefore,
D ap(t) = —% > (e — e PP (n|B(0)| m) (m |A(t)| )
-5 2 e m (n1B(O)|m) =3 e (n | B(O) m)m ()| m)

=+ ([A(8), BO)])o
which proves the relation. The classical limit can be deduced easily from the Kubo transform relation:

@45(t) — B(B0)A(t))o

Note further, by using the cylic properties of the trace, that

(B(=im\)B(t))o = e (B(~ih\)Blt))g
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12.3: Generalized Equations of Motion

The most general way a system can be driven away from equilibrium by a forcing function F,(t) is according to the equations of

motion:
OH
i = 5+ CiF()
O0H
Pl = —8—pl + D,‘(X)Fe(t)

where the 3N functions C; and D; are required to satisfy the incompressibility condition

N roc; oD,
Slez ]
0g; Op;

i=1

in order to insure that the Liouville equation for f(z,t) is still valid. These equations of motion will give rise to a distribution
function f(z,t) satisfying

of ..
E'ﬁ‘ZLf—O

with 8f/6t + 0. (We assume that f is normalized so that [ dxf(x,t) = 1.)

What does the Liouville equation say about the nature of f(z,t) in the limit that C; and D; are small, so that the displacement away
from equilibrium is, itself, small? To examine this question, we propose to solve the Liouville equation perturbatively. Thus, let us
assume a solution of the form

fxt) = fo(H(x)) + Af(x,1)
Note, also, that the equations of motion & take a perturbative form
X(t) = %o + Ax(t)
and as a result, the Liouville operator contains two pieces:
iL=% Vy=1%)Vy+Ak-Vy=1iLo+iAL
where iLy = {..., H} and fy(H) is assumed to satisfy
iLofo(H(x)) =0

%o means the Hamiltonian part of the equations of motion

. OH
q; = p;
. OH
P =—

0q;

For an observable A(z), the ensemble average of A is a time-dependent quantity:
() = [ dxae s,
which, when the assumed form for f(z, ) is substituted in, gives
(A(t)) = / dxA(x) fo(x) + / deA(@)Af(z,1) = (Ao + / dxAK)Af(x, 1)
where (-); means average with respect to f;(z).

This page titled 12.3: Generalized Equations of Motion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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12.4: General Properties of Time Correlation Functions
Define a time correlation function between two quantities A(z) and B(z) by
Cap(t) = (A(0)B(t))
= / dxf(x)A(x)e' B(x)

The following properties follow immediately from the above definition:

Property 1
(A(0)B(t)) = (A(—t)B(0))

Property 2

Cap(0) = (A(x) B(x))
Thus, if A = B, then

Caa(t) = (A(0)A(t))

known as the autocorrelation function of A, and

If we define 64 = A — (A), then
Cs254(0) = ((64)%) = (A — (4))*) = (A%) — (4)*

which just measures the fluctuations in the quantity A.

Property 3
A time correlation function may be evaluated as a time average, assuming the system is ergodic. In this case, the phase space
average may be equated to a time average, and we have

T—t

Can(t) = Jim 7 [ dsA(x(s) Bt +)

which is valid for t << T In molecular dynamics simulations, where the phase space trajectory is determined at discrete time steps,
the integral is expressed as a sum

1

N—k
Can(kAl) = — > A(xx) B(xk4j) k=0,1,2,..,N,
j=1

N
where N is the total number of time steps, At is the time step and N. << N.

Property 4: Onsager regression hypothesis

In the long time limit, A and B eventually become uncorrelated from each other so that the time correlation function becomes
Cap(t) = (A(0)B(t)) — (A)(B)
For the autocorrelation function of A, this becomes
Caa(t) = (A)?
Thus, Ca4(t) decays from (A%) att = 0 to (A?) as t — oo.

An example of a signal and its time correlation function appears in Figure 12.4.1. In this case, the signal is the magnitude of the
velocity along the bond of a diatomic molecule interacting with a Lennard-Jones bath. Its time correlation function is shown
beneath the signal:

https://chem.libretexts.org/@go/page/5288



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5288?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/12%3A_Time-dependent_Processes_-_Classical_case/12.04%3A_General_Properties_of_Time_Correlation_Functions

LibreTexts"

Figure 12.4.1

SIGNAL

TCF

Over time, it can be seen that the property being autocorrelated eventually becomes uncorrelated with itself.
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12.5: Perturbative solution of the Liouville equation
Substituting the perturbative form for f(z,t) into the Liouville equation, one obtains
D ol + A, + (3L + AL o) + AfGx. ) = 0

Recall 9fy/0t = 0. Thus, working to linear order in small quantities, one obtains the following equation for A f(x,t):
( gt +zL0> Af(x,t) = —iALfo(x)

which is just a first-order inhomogeneous differential equation. This can easily be solved using an integrating factor, and one
obtains the result

Af(x,1) / dse” M IAL(s) folx)

Note that
1AL fo(x) = iLfo(x) —iLofo(x) = iLfo(x) = % - Vi fo(x)
But, using the chain rule, we have

9fo 0H
* 5H ox

_ %0 3N[ OH ZaH}

OH ' Op; 0gi
3N
_ 9% {3_H (_3_H +Dl-Fe(t)> A (6—H +CiFe(t))]

X - foO(X) =

OH & L 0pi \ Og; 9g; \ 9p
_0fy X OH OH
= S > [P + g R

i=1

Define

3N
i ==Y [P G+ iG]

i=1

which is known as the dissipative flux. Thus, for a Cartesian Hamiltonian

where F;(ry,...,rny) = —V,U is the force on the 7 th particle, the dissipative flux becomes:

N
(9= [Cilx) B~ Dif) - 2

i=1

+Ur17 ) N)

1/

In general,

o]
Vo) = — o0 )y 1
Now, suppose fy(x) is a canonical distribution function
1
fo(H(x)) = LA e e
then
ofo _
27 = —Bfo(H)

https://chem.libretexts.org/@go/page/5287
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so that
% Vi fo(x) = Bfo(x)j(x) Fe(t)

Thus, the solution for A f(z,t) is

Af(xt) = —B / dse 909 fo (x)j(x) Fi(s)

0

The ensemble average of the observable A(x) now becomes
t
(A(0) = (A0~ 5 [ dxd(e) [ dse B i F (o)
0
t
= (A)— B /0 ds / dxA(x)e P2 £ (%) j(x) Fe(s)

=(A)y—8 /0 ds / dx fo(x)A(x)e o) j(x) F.(s)

Recall that the classical propagator is exp(iLt). Thus the operator appearing in the above expression is a classical propagator of the
unperturbed system for propagating backwards in time to —(¢ — s). An observable A(z) evolves in time according to

dA
A _ira
ar "

A(t) = e A(0)
A(—t) = e L A(0)
Now, if we take the complex conjugate of both sides, we find
A*(t) = A*(0)e
where now the operator acts to the left on A*(0). However, since observables are real, we have
A(t) = A(0)e

which implies that forward evolution in time can be achieved by acting to the left on an observable with the time reversed classical
propagator. Thus, the ensemble average of A becomes

(A1) = () — B /0 dsF,(s) / dxo folx0) A(xs- (x0))j(x0)

= (A)y— B / dsF.(s)((0)A(t — 5))o

where the quantity on the last line is an object we have not encountered yet before. It is known as an equilibrium time correlation
function. An equilibrium time correlation function is an ensemble average over the unperturbed (canonical) ensemble of the
product of the dissipative flux at ¢t = 0 with an observable A evolved to a time ¢ — s. Several things are worth noting:

1. The nonequilibrium average (A(t)), in the linear response regime, can be expressed solely in terms of equilibrium averages.

2. The propagator used to evolve A(z) to A(z,t — s) is the operator exp(iLo(t — s)), which is the propagator for the unperturbed,
Hamiltonian dynamics with C; = D; = 0. That is, it is just the dynamics determined by H.

3. Since A(x,t—s) = A(x(t — s)) is a function of the phase space variables evolved to a time ¢ — s, we must now specify over
which set of phase space variables the integration | dz is taken. The choice is actually arbitrary, and for convenience, we choose
the initial conditions. Since z(¢) is a function of the initial conditions z(0), we can write the time correlation function as

GO)A(t — ) = 5 / dxpe” 100 j(x0) Ay (x0))
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12.6: The Onsager Fluctuation Regression Theorem
Suppose that F,(¢) is of the form
F.(t) = Foe®0(—t)

which adiabatically induces a fluctuation in the system for ¢ < 0 and the lets the system evolve in time according to the unperturbed
Hamiltonian for ¢+ > 0. How will the induced fluctuation evolve in time? Combining the Kubo transform relation with the linear
response result for (B(t)), we find that

0 B
(B(t)) = / ds e / dN(B(—ih\)B(t — s))o

—00 0

= —e /ﬂdx/m d *E"i<B(—'hA)B( )

= —e . . ue T ) u))o

where the change of variables u = ¢ — s has been made. Taking the limit ¢ — 0, and performing the integral over u, we find
B
(B(O) =~ [ ax (B(=imx)Bloc) — (BinA) B1))]

Since we assumed that (B), = 0, we have (B(—ih\)B(c0))o = (B(—ih\))o(B(c0))o = 0. Thus, dividing by (B(0)), we find

(BH) _ [y ABCNB®N | (BO)BB)o
(BO) ~ [FaxBitnBO), (B0

Thus at long times in the classical limit, the fluctuations decay to 0, indicting a complete regression or suppression of the induced
fluctuation:

This page titled 12.6: The Onsager Fluctuation Regression Theorem is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,

and/or curated by Mark Tuckerman.

@ 0 a @ 12.6.1 https://chem.libretexts.org/@go/page/5303


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/5303?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/12%3A_Time-dependent_Processes_-_Classical_case/12.06%3A_The_Onsager_Fluctuation_Regression_Theorem
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/12%3A_Time-dependent_Processes_-_Classical_case/12.02%3A_Kubo_Transform_Expression_for_the_Time_Correlation_Function
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Advanced_Statistical_Mechanics_(Tuckerman)/12%3A_Time-dependent_Processes_-_Classical_case/12.06%3A_The_Onsager_Fluctuation_Regression_Theorem
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

12.7: Relation to Spectra
Suppose that F(¢) is a monochromatic field
Fe(t) — Fweiwtest

where the parameter e insures that field goes to 0 at ¢t = —co. We will take ¢ — 0" at the end of the calculation. The expectation
value of B then becomes

(B(t)> = <B>O —+ /t ds @BB(t . S)Fweiwseés

—00

o0
— <B>0 4 Fwe(iw+e)t/ qu)BB(T)e—i(w—ie)T
0

where the change of integration variables r = ¢ — s has been made.

Define a frequency-dependent susceptibility by
xBB(w — i€) = /0oo dr® pp(r)e {@iOT
then
(B(t)) = (B)o + Fe“expp(w — ie)
If we let z = w— i¢, then we see immediately that
xBB(2) = /0 Y ®pp(T)e ™"

i.e., the susceptibility is just the Laplace transform of the after effect function or the time correlation function.

Recall that
%
®4p(t) = g([A(t),B(O)Do
— i}:l<[eil‘l'ot/flAe—ngth7 B])O
Under time reversal, we have
D 4p(—t) = %<[e—ngt/hAengt/h’B]>O
_ %((e—iHot/hAengt/hB _ BefiHot/hAeiHot/h»O
_ i((AeiHot/hBefiHut/h _ eiHot/hBe—iHot/hA)>O
h
7
= E((AB(t) —B(t)A))o
%
= ——([B(t), 4)
=—®pa(t)

Thus,

D ap(—t) = —Ppa(t)
and if A = B, then

@pp(—t) = —Ppp(t)

Therefore
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o]

xpB(w) = lim dt e NP pp(t)

=0 /o

o]
= liI[])fl dt e [®pp(t) coswt — i® pp(t) sin wi]
e=0% J o

= Re(xss(w)) — ilm(xpp(w))
From the properties of & pp(¢) it follows that
Re(xpp(w) = Re(xp5(—w)
Im(xpp(w) = —Im(x(—w)

so that Im(xgg(w)) is positive for w > 0 and negative for w < 0. It is a straightforward matter, now, to show that the energy
difference Q(w) derived in the lecture from the Fermi golden rule is related to the susceptibility by

Q(w) = 2w|F,|*Im(x p5(w))
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12.8.1: Shear Viscosity

The shear viscosity of a system measures is resistance to flow. A simple flow field can be established in a system by placing it
between two plates and then pulling the plates apart in opposite directions. Such a force is called a shear force, and the rate at
which the plates are pulled apart is the shear rate. A set of microscopic equations of motion for generating shear flow is

b= DLy
m;

p; =F; +p,X
where v is a parameter known as the shear rate. These equations have the conserved quantity

N
H = Z (pi + miyiX)’ + U(ry, ..,rn)
i—1

The physical picture of this dynamical system corresponds to the presence of a velocity flow field v(y) = yy% shown in the figure.

The flow field points in the % direction and increases with increasing y-value. Thus, layers of a fluid, for example, will slow past
each other, creating an anisotropy in the system. From the conserved quantity, one can see that the momentum of a particle is the
value of p; plus the contribution from the field evaluated at the position of the particle

p; = P; + miv(yi)

Figure 12.8.1.1
Such an applied external shearing force will create an asymmetry in the internal pressure. In order to describe this asymmetry, we
need an analog of the internal pressure that contains a dependence on specific spatial directions. Such a quantity is known as the
pressure tensor and can be defined analogously to the isotropic pressure P that we encountered earlier in the course. Recall that an
estimator for the pressure was

2
P;
m;

+ri'Fi:|

and P = (p) in equilibrium. Here, v is the volume of the system. By analogy, one can write down an estimator for the pressure

tensor pus:
1| (P €a) (P - 85) . .
Pas = 57 21 lT +(ri-&4)(F; - &p)
P
and
Pop = <paﬁ>

where &, is a unit vector in the « direction, o = z,y,2. This (nine-component) pressure tensor gives information about spatial
anisotropies in the system that give rise to off-diagonal pressure tensor components. The isotropic pressure can be recovered from
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which is just 1/3 of the trace of the pressure tensor. While most systems have diagonal pressure tensors due to spatial isotropy, the
application of a shear force according to the above scheme gives rise to a nonzero value for the zy component of the pressure tensor
P,,. In fact, P,, is related to the velocity flow field by a relation of the form

v,
Py =—n——=—-1my
zy ay

where the coefficient n is known as the shear viscosity and is an example of a transport coefficient. Solving for » we find

P (a(0)

n=
’y t—00 ’y

where (p,,(t)) is the nonequilibrium average of the pressure tensor estimator using the above dynamical equations of motion.

Let us apply the linear response formula to the calculation of the nonequilibrium average of the zy component of the pressure
tensor. We make the following identifications:

Thus, the dissipative flux j(x) becomes

According to the linear response formula,

(Pey() = (Pas)o — BV /0 05 (Pey (O)pay (t — 5)}o

so that the shear viscosity becomes

t—o0

0= lim [_@ 48V [ dslpy O 0

Recall that (--), means average of a canonical distribution with v =0. It is straightforward to show that (p.,,)o =0 for an
equilibrium canonical distribution function. Finally, taking the limit that ¢ — oo in the above expression gives the result

n= % /0Oo dt(sz(O)pzy(t»O

which is a relation between a transport coefficient, in this case, the shear viscosity coefficient, and the integral of an equilibrium
time correlation function. Relations of this type are known as Green-Kubo relations. Thus, we have expressed a new kind of
thermodynamic quantity to an equilibrium time correlation function, which, in this case, is an autocorrelation function of the zy
component of the pressure tensor.
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12.8.2: The Diffusion Constant

The diffusive flow of particles can be studied by applying a constant force f to a system using the microscopic equations of motion

= —
m;
pi = Fi(qlv ) qN) + fﬁ
which have the conserved energy

N 2 N

H =) 21:; +U(ay, - ay) = £ @

i=1 i i=1

Since the force is applied in the % direction, there will be a net flow of particles in this direction, i.e., a current J,. Since this current
is a thermodynamic quantity, there is an estimator for it:

and J, = (u,). The constant force can be considered as arising from a potential field

¢(z) = —af
The potential gradient 0¢/dz will give rise to a concentration gradient dc¢/dx which is opposite to the potential gradient and related
to it by
e _ 109
dxr kT Oz

However, Fick's law tells how to relate the particle current J, to the concentration gradient

dc
Jo = D5

__Do
T kT oz

D

:ﬁf

where D is the diffusion constant. Solving for D gives

Jo
D= kT
f

= kT lim

(ua(t))
t—00 f
Let us apply the linear response formula again to the above nonequilibrium average. Again, we make the identification:
F.(t)=1 D;=f& C;=0

Thus,
t N N
(ug(t)) = <ux>o+ﬁ/0 ds f{ (ZM@) (th(t—s))h
= (uz)o—l-ﬂf/o dsZ(@(o)@(t—s»O

In equilibrium, it can be shown that there are no cross correlations between different particles. Consider the initial value of the
correlation function. From the virial theorem, we have
(#idj)0 = 8i5(@F)o0

which vanishes for i # j. In general,
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Thus,

(£:(0)2;(t))o = d4j(2:(0)Zi(t — 8))o

t N
(ua(t)) = (Uz>0+,3f/0 dsZii(O)a'ci(t—s))o

In equilibrium, (u.)o = 0 being linear in the velocities (hence momenta). Thus, the diffusion constant is given by, when the limit ¢
— oo is taken,

o N
D= /0 ;@i(om(t»o

However, since no spatial direction is preferred, we could also choose to apply the external force in the y or z directions and
average the result over the these three. This would give a diffusion constant

1> X .
D:g/o dt;<ri(0)~ri(t))o

The quantity

7

N
(:(0) - i(t))o
=1
is known as the velocity autocorrelation function, a quantity we will encounter again in other contexts.
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13.1.1: The Hamiltonian

Consider a quantum system with a Hamiltonian H,. Suppose this system is subject to an external driving force F,(t) such that the
full Hamiltonian takes the form

H=Hy— BF.(t) = Hy+ H’

where B is an operator through which this coupling occurs. This is the situation, for example, when the infrared spectrum is
measured experimentally - the external force F,(¢) is identified with an electric field E(¢) and B is identified with the electric dipole
moment operator. If the field F,(¢) is inhomogeneous, then H takes the more general form

H=H,— /d% B(x)F,.(x,1)

= Ho— Y _ BiF.x(t)
k

where the sum is taken over Fourier modes. Often, B is an operator such that, if F.(¢) = 0, then

_ Tr (Be_ﬂH)
(B) = Tr (e #H)

Suppose we take F,(t) to be a monochromatic field of the form
F,(t) = Fe™

Generally, the external field can induce transitions between eigenstates of Hy in the system. Consider such a transition between an
initial state |i) and a final state |f), with energies E; and E}, respectively:

Holi) = Eili)
Holf) = Eylf)
(see figure below).
t
LN
|~
This transition can only occur if
Ef =F;+ hw
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13.1.2: The Transition Rate

In the next lecture, we will solve the quantum Liouville equation

_Op
Zha - [H7p]

perturbatively and derive quantum linear response theory. However, the transition rate can actually be determined directly within
perturbation theory using the Fermi Golden Rule approximation, which states that the probability of a transition's occurring per unit
time, R;_,;, is given by

Risslw) = 22 |(F1BI0) PS(Ey — By — hw)

The é-function expresses the fact that energy is conserved. This describes the rate of transitions between specific states |i) and |f).
The transition rate between any initial and final states can be obtained by summing over both i and f and weighting the sum by the
probability that the system is found in the initial state |¢):

Pw) =Y Rip(w)w;
if

where w; is an eigenvalue of the density matrix, which we will take to be the canonical density matrix:
e PEi

T

Using the expression for R;_, ;(w), we find
21 .
P(w) = = |Ful* Y_wil(i|Bl f)I*0(Ey — Ei — hw)
if
Note that

P(w) = 2L S wil(i Bl 1) P6(Ey — B+ hw)
if

This quantity corresponds to a time-reversed analog of the absorption process. Thus, it describes an emission event |i) — |f) with
E; = E; — hw, i.e., emission of a photon with energy Aw. If can also be expressed as a process |f) — |i) by recognizing that

e PEr BlE—hw)
Y=y (e—BH) T Tr (e—PH)
or
wy = Mo, = w = e_ﬂh“’wf
Therefore

27 _ .
P(—w) = S| Fule™™ 3 wil(i |B| )I*6(E; — B + hw)
i.f

If we now interchange the summation indices, we find

s

P(-w) = |

Fu e " wil(i |B| £)|*0(E: — By + hw)
if

2m . _
= WIFwI2 > wil(i|B| f)*e 6(E; — By — hw)
if

where the fact that () = §(—z) has been used. Comparing this expression for P(—w) to that for P(w), we find

P(—w) = e P P(w)
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which is the equation of detailed balance. We see from it that the probability of emission is less than that for absorption. The
reason for this is that it is less likely to find the system in an excited state |f) initially, when it is in contact with a heat bath and
hence thermally equilibrated. However, we must remember that the microscopic laws of motion (Newton's equations for classical
systems and the Schrodinger equation for quantum systems) are reversible. This means that

Rij(w) = Rpsi(—w)

The conclusion is that, since P(w) > P(—w), reversibility is lost when the system is placed in contact with a heat bath, i.e., the
system is being driven irreversibly in time.

Define
Cs(w) = ;wil(i Bl NI*6(Ef — E; — hw)
Cc(w) = Zf:wil(i |Bl N)I*6(Ef — E; + hw)
then

Oc(w) = e MCs (w)
Now using the fact that the é-function can be written as
= o [ e
21 )

C- (w) becomes

1 o)

Colw) =5 | dty wil(i| Bl f)[Pe Er Bt
e i
-2 / T et wil (i | B f)[2e B/
2rh J <
! ” it i \ —iBt/h_iEit/h
=5 “ i(1|B B iBst/hgiE;
o [, A 2w IBLD Bl e e
_ L[ it | iHot/h g, —iHot/h .
= omh /,m dt " ;wm\e’ o/ Be~ it/ f)(f| Bl i)

Recall that the evolution of an operator in the Heisenberg picture is given by
B(t) _ eiHot/hBe—ngt/h

if the evolution is determined solely by H,. Thus, the expression for C' > (w) becomes

Cole) = gy [t > wi 1B 471811

:ﬁ / Y eMZwi(HB(t)B(O)H)

= :, ¢ Tr [pB(t)B(0)]
S i ¢"“!(B(t)B(0))

which involves the quantum autocorrelation function (B(t) B(0)).
In general, a quantum time correlation function in the canonical ensemble is defined by

Tr [A(t)B(0)e PH]

Cas(t) = Tr[e—PH]

In a similar manner, we can show that
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Celw) =g [t BOBO) # C-(0)

since
[B(0), B(t)] # 0

in general. Also, the product B(0)B(t) is not Hermitian. However, a hermitian combination occurs if we consider the energy
difference between absorption and emission. The energy absorbed per unit of time by the system is P(w)hw, while the emitted into
the bath by the system per unit of time is P(—w)#w. The energy difference Q(w) is just

Qw) = [P(w) — P(—w)]hw
= P(w)[1 — e ™) hw
= 27rw|Fw|ZC> (w)[1 — 67[3%]

But since
Co(w) = e M0 (w)
it follows that
Cs(w) + Cc(w) = (1 + efﬂh“’) Cs (w)
or
C>(w) + Cc(w)
C>( ) 1 + e*ﬂh‘“’

Note, however, that

1 (o]

Cs(w) + Cc(w) pys dte™'{B(t)B(0) + B(0)B(t))
1 1

- L dpo), B0

where [...,...] is known as the anticommutator:
[A, B, = AB + BA. (13.1.2.1)

The anticommutator between two operators is, itself, hermitian. Therefore, the energy difference is

Q(w)=27w| R [T e o) B0l

|F |tanh(8hw/2) / dt e“([B(0), B(t)]+)

o)

The quantity ([B(0), B(t)],) is the symmetrized quantum autocorrelation function. The classical limit is now manifest ( tanh(BAw/2)
— Bhw/2):

)L [ e B0)B@)
The classically, the energy spectrum Q(w) is directly related to the Fourier transform of a time correlation function.

This page titled 13.1.2: The Transition Rate is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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13.1.3: Examples

Define

G(w) = %/fw dtei“’t<%[B(0),B(t)]+>

which is just the frequency spectrum corresponding to the autocorrelation function of B. For different choices of B, G(w)
corresponds to different experimental measurements. Consider the example of a molecule with a transition dipole moment vector y.
If an electric field E(t) is applied, then the Hamiltonian #’ becomes

H =—p-E(@)
If we take E(t) = E(t)z, then

H' = —p.E(t)
Identifying B = ., the spectrum becomes

Glw) = 5= [ e e (G l0) w0
or | o 2
or for a general electric field, the result becomes
Glw) = o [ dt G 00) u(6)+ ) (0))

These spectra are the infrared spectra.

As another example, consider a block of material placed in a magnetic field 7 (¢) in the z direction. The spin S, of each particle will
couple to the magnetic field giving a Hamiltonian H’

so that
H' = —Nm,%(t)

Identify B = m, (the extra factor of N just expresses the fact that H’ is extensive). Then the spectrum is

G) = o [ e G ma(0).m.(0))

=5 N

which is just the NMR spectrum. In general for each correlation function there is a corresponding experiment that measures its
frequency spectrum.

To see what some specific lineshapes look like, consider as an ansatz a pure exponential decay for the correlation function Cpp(t):
Cpp(t) = (B*)e Tl

The spectrum corresponding to this time correlation function is

Glw) = = / Y e Cpp(t)

=5 -

and doing the integral gives
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(B T
Glw) = T w42
which is shown in the figure below:
| o T T T T
Glw) 1
1 1 I
&

Figure 13.1.3.1: Copy and Paste Caption here. (Copyright; author via source)
We see that the lineshape is a Lorentzian with a width I. As a further example, suppose Cpp(t) is a decaying oscillatory function:
Cpa(t) = (B*)e M cos wyt
which describes well the behavior of a harmonic diatomic coupled to a bath. The spectrum can be shown to be

(BHT I? + w? + Wl

(T2 + (w—wp)?) (I'? + (w + wp)?)

Gw) =

which contains two peaks at w = +4/w2 — I'* as shown in the figure below:
| - ‘ I T T O]

o
Figure 13.1.3.2: Copy and Paste Caption here. (Copyright; author via source)

This page titled 13.1.3: Examples is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark Tuckerman.
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13.2: Iterative solution for the interaction-picture state vector

The solution to Equation ??? can be expressed in terms of a unitary propagator U;(t;t,), the interaction-picture propagator, which
evolves the initial state |®(¢,)) according to

[@(2)) = Ur(t;t0)|®(t0)) = Ur(t;to)[¥(t0)) (13.2.1)
Substitution of Equation 13.2.1 into Equation ??? yields an evolution equation for the propagator U;(t;¢,):
.0
Hy(0)Ui(t5to) = ih-Us(ts to) (13.2.2)
The initial condition on Equation 13.2.2 is U;(to;to) = I. In developing a solution to Equation 13.2.2, we assume that H,(t) is a small
perturbation, so that the solution can take the form of a sum of powers of H;(t).
A solution of this form can be generated by recognizing that Equation 13.2.2 can be solved formally in terms of an integral

equation:

. t . t
Ur(t; to) = Usltos to) — %/ dt’ Hy(tWUp(t'ste) = I — % dat’ Hy(t)Ur(t'sto) (13.2.3)

to to

It is straightforward to verify this form solution for U;(¢; ;). Computing the time derivative of both sides gives

ih%U](t;to) Zh—a—/ dt’ Hr(t")Ur(t'sto) = Hr(t)Ur(t; to) (13.2.4)

Thus, Equation 13.2.3 is a valid expression of the solution. The implicit nature of the integral equation means that an iterative
procedure based on the assumption that H;(¢) is a small perturbation can be easily developed. We start with a zeroth-order solution
by setting H;(t) = 0 in Equation 13.2.3, which gives the trivial result

U (t;t0) =T (13.2.5)

This solution is now fed back into the right side of Equation 13.2.3 to develop a first-order solution:

. et
UW(tte) =1 — % dt’ Hy (¢ U (t'; o) (13.2.6)

to

. t
=1 % dt’ Hy(t') (13.2.7)

to

The first order solution is fed back into the right side of Equation 13.2.3 to develop a second-order solution:

T
U (t;ty) = If% dt’ Hy(t)UP (t5 o) (13.2.8)

_I——/ dt’ HIt)+ /dt/ dt” Hi(t"YH;(t")
to to

and so forth, such that the % th-order solution is always generated from the (k¥ —1) st-order solution according to the recursion
formula:

.t
UB(t:80) =1 — % dt’ Hy(t U (' t) (13.2.9)
to

Thus, the third-order solution is given by

(2)(t;t0):1—% dt Hi(t /dt/ dt” Hi(t")Hi(t") (13.2.10)
to to

to

3 t
i) / dt’ / ar [ Hy(¢)H (¢ H (t")
h to to to

The exact solution is then just a sum of the solutions obtained at each order:
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) SNkt t tk=1)
Urt;to) = > (—1)" (%) /t dt’/t dt”n-/t dt® Hy(t")H(t") - H(tW) (13.2.11)
0 0 0

k=0

Having seen how to generate a solution for the propagator in the interaction picture to arbitrarily high orders in the perturbation, the
time evolution of the state vector |®(¢)) in the interaction picture can be determined from

[®(¢)) = Ur(t;t0)|2(to)) (13.2.12)
and from this expression, the time evolution of the original state vector |®(¢)) in the Schrédinger picture can be determined

(1)) = e /M| (1)) = e HITIY (1 1) | B(ty)) = e AU (15 t) | (13.2.13)
U(to)) = Ul(t; to)|¥(to))

where we have used the fact that |®(¢9)) = [¥(t0)) and, in the last line, the full propagator in the Schrodinger picture is identified as
U(t; tg) = e Holt=t)/hgr (3 4) (13.2.14)

From Equation 13.2.14, the structure of the full propagator for the time-dependent system reveals itself. Let us use Equation 13.2.14
to generate the first few lowest order terms in the propagator. Substituting Equation 13.2.5 into Equation 13.2.14 yields the lowest
order contribution to U(t; to):

UO(t;tg) = e Hl1/h = Uyt 1) (13.2.15)

Thus, at zeroth order, Equation 13.2.15 implies that the system is to be propagated using the unperturbed propagator Uy(;to) as if
the perturbation did not exist. At first order, we obtain

3 t
UM (t; ) = e~ Holt=to)/h _ %e—iHo@—to)/ﬁ/ dt’ Hy(t') (13.2.16)
to
. t
— o—iHo(t—to)/h _ %e—iHn(t—tg)/h/ dt’ e~ o) /KT, (¢ )~ 1Ho(t —t0)/h (13.2.17)
to
.ot
— o—iHolt-to)/h _ * dt’ e~ iHE—)/REL (7)o iHo(t'~to)/h (13.2.18)
hJi,
. t
= Us(t;to) — %/ dt’ Uo(t: ' VH () Up(t; t) (13.2.19)
to

where, in the second line, the definition of H;(¢) in terms of the original perturbation Hamiltonian H;(¢) has been used. What
Equation 13.2.19 says is that at first order, the propagator is composed of two terms. The first term is simply the unperturbed
propagation from ¢, to ¢. In the second term, the system undergoes unperturbed propagation from ¢, to ¢ and at ¢’, the perturbation
H,(t") is allowed to act. From ¢’ to t, the system undergoes unperturbed propagation. Finally, we need to integrate over all possible
intermediate times ¢’.

In a similar manner, it can be shown that up to second order, the full propagator is given by

oot
U@ (t;to) = Ug(t; to) — %/ d" Uy(t; " YHy(t")Up(t'; 2o) (13.2.20)
to

2\ 2 t t
# () [ a [ @ e @ U st
t t

Thus, at second order, the new term involves unperturbed propagation from ¢, to ¢”, action of H,(¢”) at ¢”, unperturbed propagation
from ¢” to ¢/, action of H,(¢’) at ¢’ and, finally, unperturbed propagation from ¢’ to ¢. Again, the intermediate times ¢’ and ¢+” must be
integrated over. The picture on the left side of the equation indicates that the perturbation causes the system to undergo some
undetermined dynamical process between ¢, and ¢ The terms on the right show how that process is broken down in terms of the
action of the perturbation H; at specific intermediate times. At the k th order, the perturbation Hamiltonian H; acts on the system at
k specific instances in time. Because of the limits of integration, these time instances are ordered chronologically.

The specific ordering of the instances in time when H; acts on the unperturbed system raises an important point. At each order the
expansion for Uy (¢;t), the order in which the operators H;(t"), H;(t”), etc. are multiplied is important. The reason for this is that
the operator H/(t) does not commute with itself at different instances in time
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Thus, in order to remove any possible ambiguity when specifying the order in which operators are to be applied in a time series, we

(Hi(t), Hi(t')] # 0 (13.2.21)

introduce the time-ordering operator, T. The purpose of T is to take a product string of time-dependent operators
A(t1)B(t2)C(t3) - D(t,) which act at different instances in time ¢1, ¢,, -, ¢, and order the operators in the product such that they act
chronologically in time from the earliest time to the latest time. For example, the action of 7' on two operators A(t;) and B(ts) is

T () B) = {500 2 (13.2.22)

Let us now apply the time-ordering operator to the second-order term. First write the double integral as a sum of two terms
generated simply interchanging the names of the dummy variables ¢' and ¢”:

13 t’
/ dt’ / dt” Hy(t"YH(t") (13.2.23)
to to

1 t t t t”
_ L / dt’/ dt”H,(t')H,(t”)+/ dt”/ dt’ H () H(t)
2 1 Jy to to to

The same region can be covered by choosing ¢’ € [to,¢] and t” € [t,, t]. With this choice, Equation 13.2.23 becomes

t t
/ dt’/ dt"Hr(t")Hr(t") (13.2.24)
to to

t t’ t t
_1 / dt’/ dt”HI(t’)HI(t”)-i-/ dt’/ dt” Hi(t")H(t")
2 to to to !

In the first term on the right side of Equation 13.2.24, t” < ¢’ and H;(t”) acts first, followed by H;(¢'). In the second term, ¢’ < ¢”
and H,(t') acts first followed by H;(¢”). The two terms can, thus, be combined with both ¢’ and ¢” lying in the interval [¢t,, ¢] if the
time-ordering operator is applied:

t t t t
/ dt’/ dt” Hy(t')H (t") = l/ dt’/ dt” T (Hy(t' ) Hy (")) (13.2.25)
to to 2 to to

The same analysis can be applied to each order in Equation 13.2.11, recognizing that the number of possible time orderings of a
product of k operators is k!. Thus, Equation 13.2.11 can be rewritten in terms of the time-ordering operator as
00

- k t t t
Utiste) =Y (0" (5) 5 [ dn [ ate [ dnT (i) Hite) - i) (13.2.26)
0 cJ to to

k

The sum in Equation 13.2.26 resembles the power-series expansion of an exponential, and, indeed, we can write the sum
symbolically as

Ur(tito) =T [exp (—% /: d H,(t’))] (13.2.27)

which is known as a time-ordered exponential. Equation 13.2.27 is really a symbolic representation of Equation 13.2.26, in which it
is understood that the time-ordering operator acts to order the operators in each term of the expansion of the exponential.

Given the formalism of time-dependent perturbation theory, we now seek to answer the following question: If the system is initially
in an eigenstate of H, with energy E;, what is the probability as a function of time ¢ that the system will undergo a transition to a
new eigenstate of Hy with energy E;? From the statement of the question, it is clear that the initial state vector |¥(t)) is simply the
eigenstate of H, with energy E;

[ (to)) = |E:) (13.2.28)

The amplitude as a function of time that the system will undergo a transition to the eigenstate |E,) is obtained by propagating this
initial state out to time ¢ with the propagator U(¢; ¢,) and then taking the overlap of the resultant state with the eigenstate |E):

Aji(t) = (Ef[U(t; to)| Ei) (13.2.29)

and the probability is just the square magnitude of this complex amplitude:
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Pyi(t) = [(E; Ut to)| Ea)l* (13.2.30)

Consider, first, the amplitude at zeroth order in perturbation theory. At this order, U(t; ty) = Uy(%; o), and the amplitude is simply

AR (t) = (By e~ Hhl=/Y| B, (13.2.31)
= H/NE R, (13.2.32)
which clearly vanishes if E; # E;. Thus, at zeroth order, the only possibility is the trivial one in which no transition occurs.

The lowest nontrivial order is first order, where the transition amplitude is given by

AR @) = (B |00 1:80)] B) = —+ tt dt' (B; |Un(t;t' VL (t)Uo(t ;o) | E2) (13.2.33)
0

:_% /t‘ dt (B e~ Mot )M )Mot 10/ ) (13.2.34)

_ _% t: dt’ e Bt /W /N g L H (¢)]| B (13.2.35)

- _%e*iEff/heiElto/h /t : dt’ ' Fr BN B [H ()| By) (13.2.36)

Define a transition frequency wy; by

E;—E;
wpi = ——— (13.2.37)
h
Then, taking the absolute square of the last line of Equation 13.2.36, we obtain the probability at first-order
1 B 2
PO =57 | [ e (B )| B (13.2.38)
to

At first order, the probability depends on the matrix element of the perturbation between the initial and final eigenstates. Thus far,
the formalism we have derived is valid for any perturbation Hamiltonian H; (¢). If we consider the use of an external perturbation to
probe the eigenvalue spectrum of Hy, then the specific type of probe determines the form of H;(¢), as we saw in the first section
and will explore in the next subsection.

This page titled 13.2: Iterative solution for the interaction-picture state vector is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Mark Tuckerman.
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13.3: The Interaction Picture
Consider a quantum system described by a time-dependent Hamiltonian of the form
H(t) = Hy + Hy(t)

In the language of perturbation theory, Hy is known as the unperturbed Hamiltonian and describes a system of interest such as a
molecule or a condensed-phase sample such as a pure liquid or solid or a solution. H,(¢) is known as the perturbation, and it often
describes an external system, such as a laser field, that will be used to probe the energy levels and other properties of Hy.

We now seek a solution to the time-dependent Schrédinger equation
.0
H(t) [2(1)) = (Ho + Hi(2)) | W (1)) = ik [2()) (13.3.1)
subject to an initial state vector |¥(to)). In order to solve the equation, we introduce a new state vector |®(t)) related to |¥(¢)) by
(1)) = e~ Molt=10)| @(2)) (13.3.2)

The new state vector |®(¢)) is an equally valid representation of the state of the system. In Chapter 10, we introduced the concept of
pictures in quantum mechanics and discussed the difference between the Schrodinger and Heisenberg pictures. Equation 13.3.2
represents yet another picture of quantum mechanics, namely the interaction picture. Like the Schrodinger and Heisenberg
pictures, the interaction picture is a perfectly valid way of representing a quantum mechanical system. The interaction picture can
be considered as "intermediate” between the Schrédinger picture, where the state evolves in time and the operators are static, and
the Heisenberg picture, where the state vector is static and the operators evolve.

However, as we will see shortly, in the interaction picture, both the state vector and the operators evolve in time, however, the time-
evolution is determined by the perturbation H;(¢). Equation 13.3.2 specifies how to transform between the Schrédinger and
interaction picture state vectors. The transformation of operators proceeds in an analogous fashion. If A denotes an operator in the
Schrodinger picture, its representation in the interaction picture is given by

Ag(t) = eolt=to)/h p o —iHo(i—t0)/h (13.3.3)
which is equivalent to an equation of motion of the form

dA()
dt

- %[Al(t),Ho] (13.3.4)

Substitution of Equation 13.3.2 into the time-dependent Schrédinger equation yields

0

(Ho + H, (t)) e Hol—10)/m @ (1)) = Hoe Molt—t0)/h | H (1)) + e’iHO(t’t“)/hiha (1)) (13.3.5)
H, (t)e Hot—10)/M $ (1)) = e_iH“(t_z“)/hih%@(t» (13.3.6)
e MU=/, () e (1) () = ih%\@(t)) (13.3.7)

According to Equation 13.3.3, the exp[iHo(t —to)/hHi(t)exp[—iHo(t —to)/h] is the interaction-picture representation of the
perturbation Hamiltonian, and we will denote this operator as H;(t). Thus, the time-evolution of the state vector in the interaction
picture is given a Schrédinger equation of the form

Hi(t) ‘Cb(t)) - m%‘ (1)) (13.3.8)

The initial condition to Equation 13.3.8, |®(t,)) is, according to Equation 13.3.2, also |®(¢y)). In the next section, we will develop an
iterative solution to Equation 13.3.8, which will reveal a rich structure of the propagator for time-dependent systems.

This page titled 13.3: The Interaction Picture is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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13.4: Fermi's Golden Rule

In the first section, we saw how to formulate the Hamiltonian of a material system coupled to an external electromagnetic field.
Moreover, we obtained solutions for the electromagnetic field in the absence of sources or physical boundaries, namely, solutions
of the free-field wave equations. In this chapter, we will focus primarily on weak fields. We will also focus on a class of
experiments in which the wavelength of electromagnetic radiation is taken to be long compared to the size of the sample under
investigation. In this case, the spatial dependence of the electromagnetic field can also be neglected, since

cos(k - r — wt + ¢g) = Re{exp(ik - r — iwt + @g) }
and
exp(ik-r)~ 1
in the long-wavelength limit. In this case, it is sufficient to consider H(t) to be of the general form
H,(t) = —VF(w)e ™ (13.4.1)

where 7V is a Hermitian operator.

Although we could use sin and cos to express the perturbation, the form in Equation 13.4.1 is a particularly convenient one, and
since we will be seeking probabilities of transitions, the results we obtain will be real in the end.

Again, the question we seek to answer is given this form for the perturbation, what is the probability that the material system will
be excited from an initial eigenstate |E;) with energy F; to a final state |E;) with energy E;? However, since the perturbation is
periodic in time, what we really seek to know is if the perturbation is applied over a long time interval, what is the probability per
unit time or rate at which transitions will occur. Thus, in order to make the calculation somewhat easier, let us consider a time
interval T and choose to = —T/2 and ¢t = T'/2. At first order, the transition rate RE,?(T) is just the total probability P(il)(T) divided by
the interval length T

W
i (T)
RY(T) = 7 (13.4.2)
1 S| (772 ’ : 2 ,
= —|F Hep=wtqrl (B |V| B 13.4.
mrlF@r| [ e (5 V| ) (13.43)
For finite T, the integral can be carried out explicitly yielding
/2 : -
/ ellwsi—wit p — M (13.4.4)
—-T/2 (wpi —w)/2
Thus, the transition rate can be expressed as
s 02
Oy = Lop 2EVE42M 13.4
RG(T) = g5 TR (B, V1 B = (1345)

In the limit of T very large, this expression becomes highly peaked only if wf; = w. Otherwise, as T' — oo, the expression vanishes.
The condition wy; = w is equivalent to the condition E; = E; + hw, which is a statement of energy conservation. Since hw is the
energy quantum of the electromagnetic field, the transition can only occur if the energy of the field is exactly "tuned" for the the
transition, and this "tuning" depends on the frequency of the field. In this way, the frequency of the field can be used as a probe of
the allowed transitions, which then serves to probe the eigenvalue structure of Hy.

Now, let us consider the T — co more carefully. We shall denote the rate in this limit simply as Ry;. In this limit, the integral
becomes
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T/2 ) 0o
lim e ity = / el gy (13.4.6)
T—oo ~T/2 -0
=2710(wg — w) (13.4.7)
= (27hé(E; — E; — hw) (13.4.8)

Therefore, the expression for the rate in this limit can be written as

T/2
/ ei(w/rw)tdt
~T/2

1 T/2 T/2
= lim —— / e iwr—w)t gy / elwr—wtgy
T—oo Th? ~T/2 —T/2

where we have dropped the "(1)" superscript (it is understood that the result is derived from first-order perturbation theory), and
indicate explicitly the dependence on the frequency w. When one the first integral is replaced by the é-function, the remaining
integral becomes simply T, which cancels the T in the denominator. Thus, the expression for the rate is finally

2

(1)
B, L |F(w)[* (B V] E:)? (13.4.9)

. fi
Rp(w) = Jim ——— = lim 75

|F(w)|*[(Ef V] Eq)|? (13.4.10)

Ryi(w) = 2%|F(W)|2|<Ef V| E))*6(E; — E; — hw) (13.4.11)

which is known as Fermi's Golden Rule. It states that, to first-order in perturbation theory, the transition rate depends only the
square of the matrix element of the operator 7 between initial and final states and includes, via the é-function, an energy-
conservation condition. We will make use of the Fermi Golden Rule expression to analyze the application of an external
monochromatic field to an ensemble of systems in order to derive expressions for the observed frequency spectra.
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SECTION OVERVIEW

13.5: Quantum Linear Response Theory

Consider again the Hamiltonian for a system coupled to a time-dependent field
H = Hy— BF,(t)
We wish to solve the quantum Liouville equation
dp
ih=t = [H
thoy = H, 0]
in the linear regime where F,(¢) is small.
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14.1: The Harmonic Bath Hamiltonian

In the theory of chemical reactions, it is often possible to isolate a small number or even a single degree of freedom in the system
that can be used to characterize the reaction. This degree of freedom is coupled to other degrees of freedom (for example, reactions
often take place in solution). Isomerization or dissociation of a diatomic molecule in solution is an excellent example of this type of
system. The degree of freedom of paramount interest is the distance between the two atoms of the molecule - this is the degree of
freedom whose detailed dynamics we would like to elucidate. The dynamics of the "bath" or environment to which is couples is
less interesting, but still must be accounted for in some manner. A model that has maintained a certain level of both popularity and
success is the so called "harmonic bath" model, in which the environment to which the special degree(s) of freedom couple is
replaced by an effective set of harmonic oscillators. We will examine this model for the case of a single degree of freedom of
interest, which we will designate ¢. For the case of the isomerizing or dissociating diatomic, ¢ could be the coordinate » — (r), where
r is the distance between the atoms. The particular definition of ¢ ensures that (q) = 0. The degree of freedom ¢ is assumed to couple
to the bath linearly, giving a Hamiltonian of the form

2
H:—+¢> Z Z(xa+mi(;iq)]

where the index « runs over all the bath degrees of freedom, w, are the harmonic bath frequencies, m, are the harmonic bath

masses, and g, are the coupling constants between the bath and the coordinate g. p is a momentum conjugate to g, and m is the mass
associated with this degree of freedom (e.g., the reduced mass p in the case of a diatomic). The coordinate ¢ is assumed to be
subject to a potential ¢(q) as well (e.g., an internal bond potential). The form of the coupling between the system ( ¢ ) and the bath (
z,) is known as bilinear.

Below, using a completely classical treatment of this Hamiltonian, we will derive an equation for the detailed dynamics of ¢ alone.

This equation is known as the generalized Langevin equation (GLE).
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14.2: The Random Force Term

Within the context of a harmonic bath, the term "random force" is something of a misnomer, since R(t) is completely deterministic
and not random at all!!! We will return to this point momentarily, however, let us examine particular features of R(t) from its
explicit expression from the harmonic bath dynamics. Note, first of all, that it does not depend on the dynamics of the system
coordinate g (except for the appearance of ¢(0)). In this sense, it is independent or "orthogonal" to ¢ within a phase space picture.
From the explicit form of R(t), it is straightforward to see that the correlation function

(4(0)R()) =0

i.e., the correlation function of the system velocity ¢ with the random force is 0. This can be seen by substituting in the expression
for R(t) and integrating over initial conditions with a canonical distribution weighting. For certain potentials ¢(q) that are even in g
(such as a harmonic oscillator), one can also show that

(q(0)R(t)) =0
Thus, R(t) is completely uncorrelated from both ¢ and ¢, which is a property we might expect from a truly random process. In fact,
R(t) is determined by the detailed dynamics of the bath. However, we are not particularly interested or able to follow these detailed
dynamics for a large number of bath degrees of freedom. Thus, we could just as well model R(¢) by a completely random process
(satisfying certain desirable features that are characteristic of a more general bath), and, in fact, this is often done. One could, for
example, postulate that R(¢t) act over a maximum time t,,, at discrete points in time kAt, giving N = t,,,/At values of R,
= R(kAt), and assume that R}, takes the form of a gaussian random process:

Ry = i\’: [a]_em]'k/zv + b]_e—27rijlc/N]
j=1

where the coefficients {a;} and {b;} are chosen at random from a gaussian distribution function. This might be expected to be
suitable for a bath of high density, where strong collisions between the system and a bath particle are essentially nonexistent, but
where the system only sees feels the relatively "soft" fluctuations of the less mobile bath. For a low density bath, one might try
modeling R(t) as a Poisson process of very strong collisions.

Whatever model is chosen for R(t), if it is a truly random process that can only act at discrete points in time, then the GLE takes the
form of a stochastic (based on random numbers) integro-differential equation. There is a whole body of mathematics devoted to the
properties of such equations, where heavy use of an calculus is made.
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14.3: The Dynamic Friction Kernel

The convolution integral term

/ dr 4(r)C(t—7)
0

is called the memory integral because it depends, in general, on the entire history of the evolution of ¢. Physically it expresses the
fact that the bath requires a finite time to respond to any fluctuation in the motion of the system (q). This, in turn, affects how the
bath acts back on the system. Thus, the force that the bath exerts on the system presently depends on what the system coordinate ¢
did in the past. However, we have seen previously the regression of fluctuations (their decay to 0) over time. Thus, we expect that
what the system did very far in the past will no longer the force it feels presently, i.e., that the lower limit of the memory integral
(which is rigorously 0) could be replaced by ¢ — tyem, Where t,,.,, is the maximum time over which memory of what the system
coordinate did in the past is important. This can be interpreted as a indicating a certain decay time for the friction kernel ¢(¢). In
fact, ¢(t) often does decay to O in a relatively short time. Often this decay takes the form of a rapid initial decay followed by a slow
final decay, as shown in the figure below:

Consider the extreme case that the bath is capable of responding infinitely quickly to changes in the system coordinate q. This
would be the case, for example, if there were a large mass disparity between the system and the bath ( m > m,). Then, the bath
retains no memory of what the system did in the past, and we could take {(¢) to be a §-function in time:

¢(t) = 2¢od(t)
Then

t t t
/O dr 4(r)((t—7) = / dri(t — 7)(r) = 26y / dr 6(r)i(t — ) = Coi(t)
and the GLE becomes

0
mi = —a—‘jj — God+ R(t)

This simpler equation of motion is known as the Langevin equation and it is clearly a special case of the more generalized
equation of motion. It is often invoked to describe Brownian motion where clearly such a mass disparity is present. The constant ¢,
is known as the static friction and is given by

<o=/0°° dt ¢(t)

In fact, this is a general relation for determining the static friction constant.

The other extreme is a very sluggish bath that responds slowly to changes in the system coordinate. In this case, we may take ((¢) to
be a constant ¢ = {(0), at least, for times short compared to the response time of the bath. Then, the memory integral becomes

/0 dr 4(r)C(t — ) ~ Cla(t) — 9(0))

and the GLE becomes

0

(6(0)+ 36la—a0?) + Rt

where the friction term now manifests itself as an extra harmonic term added to the potential. Such a term has the effect of trapping
the system in certain regions of configuration space, an effect known as dynamic caging. An example of this is a dilute mixture of
small, light particles in a bath of heavy, large particles. The light particles can get trapped in regions of space where many bath
particles are in a sort of spatial 'cage." Only the rare fluctuations in the bath that open up larger holes in configuration space allow
the light particles to escape the cage, occasionally, after which, they often get trapped again in a new cage for a similar time
interval.
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14.4: Relation between the Dynamic Friction Kernel and the Random Force
From the definitions of R(¢) and ¢(¢), it is straightforward to show that there is a relation between them of the form
(RO)R(t)) = KTC(t)

This relation is known as the second fluctuation dissipation theorem. The fact that it involves a simple autocorrelation function of
the random force is particular to the harmonic bath model. We will see later that a more general form of this relation exists, valid
for a general bath. This relation must be kept in mind when introducing models for R(t) and \zeta(t). In effect, it acts as a constraint
on the possible ways in which one can model the random force and friction kernel.
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14.5: Derivation of the GLE

The GLE can be derived from the harmonic bath Hamiltonian by simply solving Hamilton's equations of motion, which take the

form
. P
qg=—
m
. 09 9a
=Y _ o
P==%, za:ga DDy
. P,
To=—
My
Do = _mawiza — a9

This set of equations can also be written as second order differential equation:

90

.. — 99
mq - ¢ Za 9ala — Za maw? 4
@ — 2
Moo = —MaWyTa — Gaqd

In order to derive an equation for ¢, we solve explicitly for the dynamics of the bath variables and then substitute into the equation
for g. The equation for z,, is a second order inhomogeneous differential equation, which can be solved by Laplace transforms. We
simply take the Laplace transform of both sides. Denote the Laplace transforms of ¢ and z, as

q(s) = Jo© dt e~siq(t)

5. = Jo° dt ez, (t)

and recognizing that
/0 Yt e i o(t) = 525a(s) — 57a(0) — a(0)
we obtain the following equation for z,(s):
(5 + wR)a(s) = 57(0) +#a(0) — T (s)

or

Mo $2 + w?

~ S 1 . Ja Q(S)
Ta(s) = ——=x,(0) + 0
C!() Sg_i_wg C!() 82+w3 CV()
z4(t)can be obtained by inverse Laplace transformation, which is equivalent to a contour integral in the complex s-plane around a
contour that encloses all the poles of the integrand. This contour is known as the Bromwich contour. To see how this works,
consider the first term in the above expression. The inverse Laplace transform is

1 sest 1 sest
—_— ds 1 2 = — ds -_——
2mi s2+ w2  2mi (s + iwy) (s — iwq)

The integrand has two poles on the imaginary s-axis at +iw,. Integration over the contour that encloses these poles picks up both
residues from these poles. Since the poles are simple poles, then, from the residue theorem:

1 sest 1 A iwge™et  —jw,eet
— Ppds —————— = — |27 - + : = coswqt
2mi (s + iwa) (s — iwy) 2mi 2iwg, —2iw,,

By the same method, the second term will give (sinwat)/w,. The last term is the inverse Laplace transform of a product of ¢(5)g(s)
and 1/(s? 4+ w?). From the convolution theorem of Laplace transforms, the Laplace transform of a convolution gives the product of
Laplace transforms:
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=) t
| e [ =) = fe)ate
Thus, the last term will be the convolution of ¢(t) with (sin w,t)/w,. Putting these results together, gives, as the solution for z,(¢):

Za(0) sinw,t — o

a(t) = x24(0) cosw,t
a(t) = a(0) coswat + =2 o~

/ drq(7) sinw, (t — 7)
0

The convolution term can be expressed in terms of ¢ rather than ¢ by integrating it by parts:

¢ t
Ja / dr q(7)sinw,(t —7) = Ja 5 [a(t) — q(0) coswat] — g_a2 / dr §(7) coswa(t — 7)
maWa Jo maWwe, mawy Jo

The reasons for preferring this form will be made clear shortly. The bath variables can now be seen to evolve according to

z4(t)

20 sinwat + g—a/o dr §(1) coswy (t — 1) — B [q(t) — q(0) cos wyt]

= 24(0) coswyt + 5 5
Wa maewy MalphaWq

Substituting this into the equation of motion for ¢, we find

. 0 P,(0) .
m{ = —8—? — ; Ja [za(O) coswat + #(wi sinw,t + #‘:%q(O) COS Wyt

— Z Ia /0 drq(7) coswq (t — 7)

2 2
+ X0 iz a(t) — 3, Sz a(t)
We now introduce the following notation for the sums over bath modes appearing in this equation:

1.

Define a dynamic friction kernel

Yo
<) = Z p— CoS wyt

o o

Define a random force

Pu(0)

MaWq

R(t) = — ; 9a [(xa(o) + mga (0)) coswat + Sin wat

>4
aWy

Using these definitions, the equation of motion for ¢ reads

"—7%7 ' T q(T -7
mi= =52 = [ dr o+ R M

Eq. (1) is known as the generalized Langevin equation. Note that it takes the form of a one-dimensional particle subject to a
potential #(¢), driven by a forcing function R(t) and with a nonlocal (in time) damping term — |, g dr ¢(7)¢(t — ), which depends, in
general, on the entire history of the evolution of ¢q. The GLE is often taken as a phenomenological equation of motion for a
coordinate ¢ coupled to a general bath. In this spirit, it is worth taking a moment to discuss the physical meaning of the terms
appearing in the equation.

This page titled 14.5: Derivation of the GLE is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.
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14.6: Mori-Zwanzig Theory- A more general derivation of the GLE

A derivation of the GLE valid for a general bath can be worked out. The details of the derivation are given in the book by Berne
and Pecora called Dynamic Light Scattering. The system coordinate ¢ and its conjugate momentum p are introduced as a column

()

and, in addition, one introduces statistical projection operators P and @ that project onto subspaces in phase space parallel and
orthogonal to A. These operators take the form

vector:

P={.ATy(AAT)!
Q=I-P

These operators are Hermitian and satisfy the property of idempotency:

P?=pP

Q*=Q
Also, note that

PA =A

QA =0

The time evolution of A is given by application of the classical propagator:
A(t) = e'T'A(0)

Note that the evolution of A is unitary, i.e., it preserves the norm of A:

Differentiating both sides of the time evolution equation for A gives:

dA

it
= LA
praal i (0)

Then, an identity operator is inserted in the above expression in the form I = P+ Q:

dA

o = el (P+ Q)ILA(0) = e'L'PiLA(0) + e'L'QiLA(0)

The first term in this expression defines a frequency matrix acting on A:

e PiLA(0) = el GLAATY(AAT) 1A

= GLAATY(AAT) et A

= GLAATY(AAT)TA()

iQA(L)

where
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Q= (LAAT)(AAT)!
In order to evaluate the second term, another identity operator is inserted directly into the propagator:
it — Gi(P+Q)LE
Consider the difference between the two propagators:
eilt _ ,iQLt
If this difference is Laplace transformed, it becomes
(s—iL)™' — (s —iQL)™!

which can be simplified via the general operator identity:

Al -_Bl1=AYB-A)B!

Letting
A= (s—iL)
B=(s—iQL)
we have
(s —iL)™' — (s —iQL)™ - (s—iL)"Y(s —iQL — s +iL)(s — iQL) "
= (s —4L) Y%PL(s —iQL) !
or

(s —iL) ' = (s —iQL) ' 4 (s —iL) (s —iQL — s +4iL)(s —iQL) ™!

Now, inverse Laplace transforming both sides gives
it — giQLt 4 /t dr ilt=7); pLeiQL
0
Thus, multiplying fromthe right by Q:L A gives
eMQILA = ePMQILA + /0 t dr e PLeRTQiL A

Define a vector
F(t) = e 9MQiLA(0)

so that
eMQIiLA = F(t) + / t dr GLF (1) ATY(AATYTA(t — 1)
0

Because F(t) is completely orthogonal to A(t), it is straightforward to show that
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Then,
GLF(r)ATY(AAT) 1A = (iLQF(r)AT)(AAT) A
= —(QF(T)(iLA)T)(AAT)'A
= —(Q*F(1)(iLA)T)(AAT)'A
= —(QF(1)(QiLA)T)(AAT)'A
= —(F(r)FT(0))(AAT) A
Thus,

eQILA = F(t) — /t dr (F(r)FT(0))(AATY 1At — 1)
0

Finally, we define a memory kernel matrix:
K(t) = (F(n)F'(0))(AAT) ™!

Then, combining all results, we find, for %44:

dA . 4
@ . zﬂ(t)A—/O dr K(rA(t—7) + F(t)

which equivalent to a generalized Langevin equation for a particle subject to a harmonic potential, but coupled to a general bath.
For most systems, the quantities appearing in this form of the generalized Langevin equation are

12 = K(t)
F(t) = K(t)

0 mw?q?
(R(t)) - o0 ="

It is easy to derive these expressions for the case of the harmonic bath Hamiltonian when
(R(O)R(t)) = (R(0)e™R(0)) = KT((t)

For the case of a harmonic bath Hamiltonian, we had shown that the friction kernel was related to the random force by the
fluctuation dissipation theorem:

exp(iQLt)

For a general bath, the relation is not as simple, owing to the fact that F(¢) is evolved using a modified propagator (R(0)e’?* R(0))
= kT¢(t). Thus, the more general form of the fluctuation dissipation theorem is

(R(0)e™ ¥ R(0)) ~ (R(0)e'='R(0))

so that the dynamics of R(t) is prescribed by the propagator (R(0)e’@*R(0)) = kT¢(t). This more general relation illustrates the
difficulty of defining a friction kernel for a general bath. However, for the special case of a stiff harmonic diatomic molecule
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interacting with a bath for which all the modes are soft compared to the frequency of the diatomic, a very useful approximation
results. One can show that

iLcons

where C,,(t) = % is the Liouville operator for a system in which the diatomic is held rigidly fixed at some particular bond

length (i.e., a constrained dynamics). Since the friction kernel is not sensitive to the details of the internal potential of the diatomic,
this approximation can also be used for diatomics with stiff, anharmonic potentials. This approximation is referred to as the rigid
bond approximation (see Berne, et al, J. Chem. Phys. 93, 5084 (1990)).

This page titled 14.6: Mori-Zwanzig Theory- A more general derivation of the GLE is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Mark Tuckerman.
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14.7: Example- Vibrational dephasing and energy relaxation

Recall that the Fourier transform of a time correlation function can be related to some kind of frequency spectrum. For example,
the Fourier transform of the velocity autocorrelation function of a particular degree of freedom ¢ of interest

v={q

where I(w), gives the relevant frequencies contributing to the dynamics of ¢, but does not give amplitudes. This "frequency"
spectrum I(w) = [ dt e™!C\(t) is simply given by

Cu(t)

That is, we take the Laplace transform of s = —iw using T. Since s = —iw carries information about the relevant frequencies of the
system, the decay of s = —iw in time is a measure of how strongly coupled the motion of ¢ is to the rest of the bath, i.e., how much
of an overlap there is between the relevant frequencies of the bath and those of 4. The more of an overlap there is, the more mixing
there will be between the system and the bath, and hence, the more rapidly the motion of the system will become vibrationally "out
of phase" or decorrelated with itself. Thus, the decay time of s = —iw, which is denoted C.. = % is called the vibrational

dephasing time.

Another measure of the strength of the coupling between the system and the bath is the time required for the system to dissipate
energy into the bath when it is excited away from equilibrium. This time can be obtained by studying the decay of the energy
autocorrelation function:

e(t)
where ¢(t) = mg® + ¢(q) — kT is defined to be

T
The decay time of this correlation function is denoted ¢(q) = +mw?q?.

The question then becomes: what are these characteristic decay times and how are they related? To answer this, we will take a
phenomenological approach. We will assume the validity of the GLE for ¢:

"77%7 ' T q(T —T
mi=—ge — [ drace -+ R

and use it to calculate ¢(¢q) = +mw?q® and C.. = %

Suppose the potential ¢(g) is harmonic and takes the form

t
i= o= [ dritt—mne)+ 0
Substituting into the GLE and dividing through by m gives

Aty = S8 gy = B

m m
where
4(0)

An equation of motion for s = —iw can be obtained directly by multiplying both sides of the GLE by (§(0)i(t)) = —w?(§(0)q(t))
— [ dr((0)d(t — 7))y(r) + (4(0) £(¢)) and averaging over a canonical ensemble:

Recall that
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@%meﬂ@uy

and note that

/O dr (4(0)g(7)) = (a(0)q(t)) — (4(0)q(0)) = (d(0)q(?))

also
t
(w0a0) = [ arCotr)
Thus,
d
ECVV(t)
Combining these results gives an equation for s = —iw
ffot dr (w2+’y(t—7'))va(T) = ffot dr K(t—7)Cy (1)
— [y dr (W +(t — 7)) Cun(7) = K(t)

which is known as the memory function equation and the kernel sC,,(s) — Cyy(0) = —Cy(s)K(s) is known as the memory function
or memory kernel. This type of integro-differential equation is called a Volterra equation and it can be solved by Laplace
transforms.

Taking the Laplace transform of both sides gives

Cw(0)=1
However, it is clear that K(s) = ng +4(s) and also
sCu(s) — 1
Thus, it follows that
(4 +7(5)) Cunls) = Cn(s)
EE O = 8%+ 57(s) +w’ =0

In order to perform the inverse Laplace transform, we need the poles of the integrand, which will be determined by the solutions of
¥(s)
which we could solve directly if we knew the explicit form of w.

However, if 4(0) is sufficiently larger than s = sy +s; +so + -, then it is possible to develop a perturbation solution to this
equation. Let us assume the solutions for s can be written as (sg + s1 + sa ++-)2 + (so + 51 + s2 +--)F(s0 + 81 + 52+ ) +w? =0

Substituting in this ansatz gives
f'y'
Since we are assuming s2 + w? = 0 is small, then to lowest order, we have
S = Fiw

so that 2sys; + so7(sg) = 0. The first order equation then becomes

_Aso) . Altiw)
AT T T
or
F(+iw)
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Note, however, that
Jo° dt y(t)er! = Jo° dt [y(t) coswt + in(t) sin wi]
= 7 (W) iy (w)

= s~ i (w+7" (W) - L = xig - X2

Thus, stopping the first order result, the poles of the integrand occur at

S+
Define
i) — # = s—
—in— 2@ = CROLE = =
Then
1 set ds
CVV = 5
®) 2mi 74 (s —s4)(s—s-)
and s = —iw is then given by the contour integral
syt s_t
sye’r s_e
Cw(t) =
O TR
Taking the residue at each pole, we find
Coy(t) = e VW2 | cos Qt — 7(w) sin Q¢
2Q
which can be simplified to give
Q
Thus, we see that the GLE predicts s = —iw oscillates with a frequency T% = ”/éw) = % and decays exponentially. From the
exponential decay, we can directly read off the time C,, = Wg#:
2m

That is, the value of the real part of the Fourier (Laplace) transform of the friction kernel evaluated at the renormalized frequency
divided by Cyq(t) = (g(0)g(t)) gives the vibrational dephasing time! By a similar scheme, one can easily show that the position
autocorrelation function Cyy(t) = e~ @)t/ [cos Ot + 7;(5’) sin Qt] decays with the same dephasing time. It's explicit form is

Cee(t)

The energy autocorrelation function Cy,(t) can be expressed in terms of the more primitive correlation functions C..(t) = $CZ2(t)
+ $C2(t) + %qu(t) and s = —iw. It is a straightforward, although extremely tedious, matter to show that the relation, valid for the
harmonic potential of mean force, is

C.(t) = e 7@ x (oscillatory functions of t)

Substituting in the expressions for c..(t) = $C2 (t) + $C2(t) + 2 C2,(t) and s = —iw Oy (t) gives

1 _ o (W) = ¢'(w)
T1 m
so that the decay time ¢(¢) = 3mw*¢® can be seen to be
11
T, 2Ty
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((0)e(t))

and therefore, the relation between ¢(q) = +mw?q* and C.. = 7 can be seen immediately to be

w

The incredible fact is that this result is also true quantum mechanically. That is, by doing a simple, purely classical treatment of the
problem, we obtained a result that turns out to be the correct quantum mechanical result!

Just how big are these times? If w is very large compared to any typical frequency relevant to the bath, then the friction kernel
evaluated at this frequency will be extremely small, giving rise to a long decay time. This result is expect, since, if 4(0) is large
compared to the bath, there are very few ways in which the system can dissipate energy into the bath. The situation changes
dramatically, however, if a small amount of anharmonicity is added to the potential of mean force. The figure below illustrates the
point for a harmonic diatomic molecule interacting with a Lennard-Jones bath. The top figure shows the velocity autocorrelation
function for an oscillator whose frequency is approximately 3 times the characteristic frequency of the bath, while the bottom one
shows the velocity autocorrelation function for the case that the frequency disparity is a factor of 6.

Figure 1:

This page titled 14.7: Example- Vibrational dephasing and energy relaxation is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Mark Tuckerman.
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