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1.1: Thermodynamic Definitions

Chemists are interested in systems containing matter—that which has mass and occupies physical space. Classical thermodynamics
looks at macroscopic aspects of matter. It deals with the properties of aggregates of vast numbers of microscopic particles
(molecules, atoms, and ions). The macroscopic viewpoint, in fact, treats matter as a continuous material medium rather than as the
collection of discrete microscopic particles we know are actually present. Although this e-book is an exposition of classical
thermodynamics, at times it will point out connections between macroscopic properties and molecular structure and behavior.

A thermodynamic system is any three-dimensional region of physical space on which we wish to focus our attention. Usually we
consider only one system at a time and call it simply “the system.” The rest of the physical universe constitutes the surroundings
of the system.

The boundary is the closed three-dimensional surface that encloses the system and separates it from the surroundings. The
boundary may (and usually does) coincide with real physical surfaces: the interface between two phases, the inner or outer surface
of the wall of a flask or other vessel, and so on. Alternatively, part or all of the boundary may be an imagined intangible surface in
space, unrelated to any physical structure. The size and shape of the system, as defined by its boundary, may change in time. In
short, our choice of the three-dimensional region that constitutes the system is arbitrary—but it is essential that we know exactly
what this choice is.

We usually think of the system as a part of the physical universe that we are able to influence only indirectly through its interaction
with the surroundings, and the surroundings as the part of the universe that we are able to directly manipulate with various physical
devices under our control. That is, we (the experimenters) are part of the surroundings, not the system.

For some purposes we may wish to treat the system as being divided into subsystems, or to treat the combination of two or more
systems as a supersystem.

If over the course of time matter is transferred in either direction across the boundary, the system is open; otherwise it is closed. If
the system is open, matter may pass through a stationary boundary, or the boundary may move through matter that is fixed in space.

If the boundary allows heat transfer between the system and surroundings, the boundary is diathermal. An adiabatic (Greek:
impassable) boundary, on the other hand, is a boundary that does not allow heat transfer. We can, in principle, ensure that the
boundary is adiabatic by surrounding the system with an adiabatic wall—one with perfect thermal insulation and a perfect radiation
shield.

An isolated system is one that exchanges no matter, heat, or work with the surroundings, so that the mass and total energy of the
system remain constant over time. (The energy in this definition of an isolated system is measured in a local reference frame, as
will be explained in Sec. 2.6.2.) A closed system with an adiabatic boundary, constrained to do no work and to have no work done
on it, is an isolated system.

The constraints required to prevent work usually involve forces between the system and surroundings. In that sense
a system may interact with the surroundings even though it is isolated. For instance, a gas contained within rigid,
thermally-insulated walls is an isolated system; the gas exerts a force on each wall, and the wall exerts an equal and
opposite force on the gas. An isolated system may also experience a constant external field, such as a gravitational
field.

The term body usually implies a system, or part of a system, whose mass and chemical composition are constant over time.

2.1.1 Extensive and intensive properties

A quantitative property of a system describes some macroscopic feature that, although it may vary with time, has a particular value
at any given instant of time.

Table 2.1 lists the symbols of some of the properties discussed in this chapter and the SI units in which they may be expressed. A
much more complete table is found in Appendix C.

Most of the properties studied by thermodynamics may be classified as either extensive or intensive. We can distinguish these two
types of properties by the following considerations.
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If we imagine the system to be divided by an imaginary surface into two parts, any property of the system that is the sum of the
property for the two parts is an extensive property. That is, an additive property is extensive. Examples are mass, volume, amount,
energy, and the surface area of a solid.

Sometimes a more restricted definition of an extensive property is used: The property must be not only additive, but
also proportional to the mass or the amount when intensive properties remain constant. According to this definition,
mass, volume, amount, and energy are extensive, but surface area is not.

If we imagine a homogeneous region of space to be divided into two or more parts of arbitrary size, any property that has the same
value in each part and the whole is an intensive property; for example density, concentration, pressure (in a fluid), and
temperature. The value of an intensive property is the same everywhere in a homogeneous region, but may vary from point to point
in a heterogeneous region—it is a local property.

Since classical thermodynamics treats matter as a continuous medium, whereas matter actually contains discrete microscopic
particles, the value of an intensive property at a point is a statistical average of the behavior of many particles. For instance, the
density of a gas at one point in space is the average mass of a small volume element at that point, large enough to contain many
molecules, divided by the volume of that element.

Some properties are defined as the ratio of two extensive quantities. If both extensive quantities refer to a homogeneous region of
the system or to a small volume element, the ratio is an intensive property. For example concentration, defined as the ratio
amount/volume, is intensive. A mathematical derivative of one such extensive quantity with respect to another is also intensive.

A special case is an extensive quantity divided by the mass, giving an intensive specific quantity; for example

Specific volume = % = (2.1.1)

1
p
If the symbol for the extensive quantity is a capital letter, it is customary to use the corresponding lower-case letter as the symbol
for the specific quantity. Thus the symbol for specific volume is v.

Another special case encountered frequently in this e-book is an extensive property for a pure, homogeneous substance divided by
the amount n. The resulting intensive property is called, in general, a molar quantity or molar property. To symbolize a molar
quantity, this e-book follows the recommendation of the TUPAC: The symbol of the extensive quantity is followed by subscript m,
and optionally the identity of the substance is indicated either by a subscript or a formula in parentheses. Examples are

Molar volume = % =Vm (2.1.2)
.V

Molar volume of substance i = — = Vp; (2.1.3)
i

Molar volume of HoO = Vi, (H20) (2.1.4)

In the past, especially in the United States, molar quantities were commonly denoted with an overbar (e.g., V).

This page titled 1.1: Thermodynamic Definitions is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Howard
DeVoe via source content that was edited to the style and standards of the LibreTexts platform.

e 2.1: The System, Surroundings, and Boundary by Howard DeVoe is licensed CC BY 4.0. Original source:
https://www?2.chem.umd.edu/thermobook.
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1.2: Ideal Gas Equation of State

In an ideal gas, there are no interactions between the particles, hence, the particles do not exert forces on each other. However,
particles do experience a force when they collide with the walls of the container. Let us assume that each collision with a wall is
elastic. Let us assume that the gas is in a cubic box of length a and that two of the walls are located at z = 0 and at = a. Thus, a
particle moving along the z direction will eventually collide with one of these walls and will exert a force on the wall when it
strikes it, which we will denote as F;. Since every action has an equal and opposite reaction, the wall exerts a force —F, on the
particle. According to Newton’s second law, the force —F; on the particle in this direction gives rise to an acceleration via

Av,
At

(1.2.1)

—F,=maz;=m

Here, ¢ represents the time interval between collisions with the same wall of the box. In an elastic collision, all that happens to the
velocity is that it changes sign. Thus, if v, is the velocity in the z direction before the collision, then —v, is the velocity after, and
Av, = —v; — v, = —2u,, so that

—Fy= —2m% (1.2.2)

In order to find At, we recall that the particles move at constant speed. Thus, a collision between a particle and, say, the wall at z
= 0 will not change the particle’s speed. Before it strikes this wall again, it will proceed to the wall at & = a first, bounce off that
wall, and then return to the wall at z = 0. The total distance in the z direction traversed is 2a, and since the speed in the z direction

. . 2 .
is always v, the interval At = v—a. Consequently, the force is

z

—Fy=— m:z (1.2.3)
Thus, the force that the particle exerts on the wall is
F,= mog (1.2.4)
a
The mechanical definition of pressure is
P= % (1.2.5)

where (F) is the average force exerted by all NV particles on a wall of the box of area A. Here A = a?. If we use the wall at z = 0 we
have been considering, then

N(Fs)
P=—5 (1.2.6)
because we have N particles hitting the wall. Hence,
Nm(v2)
P= o z (1.2.7)
from our study of the Maxwell-Boltzmann distribution, we found that
kgT
2\ _ B
(o2) = ~2= (1.2.8)
Hence, since a® =V,
_ NkgT _ nRT
P= =7 (1.2.9)

which is the ideal gas law.
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I

Py

Figure 2.3.1: (Left) Pressure vs. volume for different temperatures (isotherms of the ideal-gas equation of state. (Right) Pressure vs.

temperature for different densities p = N/V.
The ideal gas law is an example of an equation of state, which was introduced in Lecture 1. One way to visualize any equation of
state is to plot the so-called isotherms, which are graphs of P vs. V at fixed values of T . For the ideal-gas equation of state P
=nRT/V , some of the isotherms are shown in the figure below (left panel): If we plot P vs. T at fixed volume (called the
isochores), we obtain the plot in the right panel. What is important to note, here, is that an ideal gas can exist only as a gas. It is not
possible for an ideal gas to condense into some kind of “ideal liquid”. In other words, a phase transition from gas to liquid can be
modeled only if interparticle interactions are properly accounted for.

Note that the ideal-gas equation of state can be written in the form

PV PV P
nRT ~ RT  pRT ! (1210

where V = V/n is called the molar volume. Unlike V', which increases as the number of moles increases (an example of what is
called an extensive quantity in thermodynamics), \(\bar{V}\) does not exhibit this dependence and, therefore, is called intensive.
The quantity

PV PV P

Z- v _ T 1.2.11

nRT ~ RT ~ pRT ( )
is called the compressibility of the gas. In an ideal gas, if we “compress” the gas by increasing P , the density p must increase as
well so as to keep Z = 1. For a real gas, Z, therefore, gives us a measure of how much the gas deviates from ideal-gas behavior.

2.0

// CH,
= / H
gy 13 o Cme
= i
~ =
|{ B _::::”,é

1.0 — ldeal gas

T
0.5
[t} 200 404 GHY B 1000
P/ bar

Figure 2.3.2: Plot of the compressibility Z vs. P for several gases, together with the ideal gas, where Z = 1.

Figure 2.2 shows a plot of Z vs. P for several real gases and for an ideal gas. The plot shows that for sufficiently low pressures
(hence, low densities), each gas approaches ideal-gas behavior, as expected.
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1.3: Equations of State for Real Gases

According to Boyle's law, the product PV is a constant at any given temperature, so a plot of PV as a function of the pressure of an ideal gas yields a horizontal straight line. This implies that any
increase in the pressure of the gas is exactly counteracted by a decrease in the volume as the molecules are crowded closer together. But we know that the molecules themselves are finite objects
having volumes of their own, and this must place a lower limit on the volume into which they can be squeezed. So we must reformulate the ideal gas equation of state as a relation that is true only in
the limiting case of zero pressure:

lim PV = nRT (1.3.1)
P50
So what happens when a real gas is subjected to a very high pressure? The outcome varies with both the molar mass of the gas and its temperature, but in general we can see the the effects of both
repulsive and attractive intermolecular forces:

Repulsive forces: As a gas is compressed, the individual molecules begin to get in each other's way, giving rise to a very strong repulsive force acts to oppose any further volume decrease. We

would therefore expect the PV vs P line to curve upward at high pressures, a nd this is in fact what is observed for all gases at sufficiently high pressures.

Attractive forces: At very close distances, all molecules repel each other as their electron clouds come into contact. At greater distances, however, brief statistical fluctuations in the distribution
these electron clouds give rise to a universal attractive force between all molecules. The more electrons in the molecule (and thus the greater the molecular weight), the greater is this attractive
force. As long as the energy of thermal motion dominates this attractive force, the substance remains in the gaseous state, but at sufficiently low temperatures the attractions dominate and the

substance condenses to a liquid or solid.

The universal attractive force described above is known as the dispersion, or London force. There may also be additional (and usually stronger) attractive forces related to charge imbalance in the
molecule or to hydrogen bonding. These various attractive forces are often referred to collectively as van der Waals forces. A plot of PV/RT as a function of pressure is a very sensitive indicator of
deviations from ideal behavior, since such a plot is just a horizontal line for an ideal gas. The two illustrations below show how these plots vary with the nature of the gas, and with temperature.

1.0 b=
PVART

0.6

0.2

[ 200 400 600 BOD 100D 1200
Pressure, atm
Intermolecular attractions, which generally increase with molecular weight, cause the PV product to decrease as higher pressures bring the molecules closer together and thus within the range of these
attractive forces; the effect is to cause the volume to decrease more rapidly than it otherwise would. The repulsive forces always eventually win out. But as the molecules begin to intrude on each
others' territory, the stronger repulsive forces cause the curve to bend upward.

o
Pressure, atm
The temperature makes a big difference! At higher temperatures, increased thermal motions overcome the effects of intermolecular attractions which normally dominate at lower pressures. So all
gases behave more ideally at higher temperatures. For any gas, there is a special temperature (the Boyle temperature) at which attractive and repulsive forces exactly balance each other at zero
pressure. As you can see in this plot for methane, this some of this balance does remain as the pressure is increased.

The van der Waals Equation of State

How might we modify the ideal gas equation of state to take into account the effects of intermolecular interactions? The first and most well known answer to this question was offered by the Dutch
scientist J.D. van der Waals (1837-1923) in 1873. The ideal gas model assumes that the gas molecules are merely points that occupy no volume; the "V" term in the equation is the volume of the
container and is independent of the nature of the gas.

exeluded volume
af radiss equal ta
milecular
diameter

van der Waals recognized that the molecules themselves take up space that subtracts from the volume of the container, so that the “volume of the gas” V in the ideal gas equation should be replaced by
the term (V-b), in which b relates to the excluded volume, typically of the order of 20-100 cm® mol~’. The excluded volume surrounding any molecule defines the closest possible approach of any two
molecules during collision. Note that the excluded volume is greater then the volume of the molecule, its radius being half again as great as that of a spherical molecule.

The other effect that van der Waals needed to correct for are the intermolecular attractive forces. These are ignored in the ideal gas model, but in real gases they exert a small cohesive force between
the molecules, thus helping to hold the gas together and reducing the pressure it exerts on the walls of the container.

Because this pressure depends on both the frequency and the intensity of collisions with the walls, the reduction in pressure is proportional to the square of the number of molecules per volume of
space, and thus for a fixed number of molecules such as one mole, the reduction in pressure is inversely proportional to the square of the volume of the gas. The smaller the volume, the closer are the
molecules and the greater will be the effect. The van der Waals equation replaces the P term in the ideal gas equation with P+ (a/V'2) in which the magnitude of the constant a increases with the
strength of the intermolecular attractive forces.

The complete van der Waals equation of state can be written as

actual pressure actual volume

P+a[£] X (V—nb)y = nRT

ideal gas pressura  ideal gas valume
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Although most students are not required to memorize this equation, you are expected to understand it and to explain the significance of the terms it contains. You should also understand that the van
der Waals constants e and  must be determined empirically for every gas. This can be done by plotting the P-V behavior of the gas and adjusting the values of a and b until the van der Waals equation
results in an identical plot. The constant g is related in a simple way to the molecular radius; thus the determination of @ constitutes an indirect measurement of an important microscopic quantity.

Table 1.3.1 : van der Waals constants for some gases

Substance molar mass, g a (L%-atm mole?)
hydrogen H, 2 0.244
helium He 4 0.034
methane CHy 16 2.25
‘water H,O 18 5.46
nitrogen N, 28 1.39
carbon dioxide CO; 44 3.59
carbon tetrachloride CCly 154 20.4

The van der Waals equation is only one of many equations of state for real gases. More elaborate equations are required to describe the behavior of gases over wider pressure ranges. These generally
take account of higher-order nonlinear attractive forces, and require the use of more empirical constants. Although we will make no use of them in this course, they are widely employed in chemical
engineering work in which the behavior of gases at high pressures must be accurately predicted.
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1.E: Putting the First Law to Work (Exercises)
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2.1: Work and Heat

One of the pioneers in the field of modern thermodynamics was James P. Joule (1818 - 1889). Among the experiments Joule carried
out, was an attempt to measure the effect on the temperature of a sample of water that was caused by doing work on the water.
Using a clever apparatus to perform work on water by using a falling weight to turn paddles within an insulated canister filled with
water, Joule was able to measure a temperature increase in the water.

Figure 2.1.1: (left) James Prescott Joule (1818 - 1889) (right) Joule's apparatus for measuring the work equivalent of heat. (CC BY-
SA 3.0; Dr. Mirko Junge)

Thus, Joule was able to show that work and heat can have the same effect on matter — a change in temperature! It would then be
reasonable to conclude that heating, as well as doing work on a system will increase its energy content, and thus it’s ability to
perform work in the surroundings. This leads to an important construct of the First Law of Thermodynamics:

The capacity of a system to do work is increased by heating the system or doing work on
it.
The internal energy (U) of a system is a measure of its capacity to supply energy that can do work within the surroundings,
making U the ideal variable to keep track of the flow of heat and work energy into and out of a system. Changes in the internal
energy of a system (AU) can be calculated by
AU = U —U; (2.1.1)

where the subscripts ¢ and f indicate initial and final states of the system. U as it turns out, is a state variable. In other words, the
amount of energy available in a system to be supplied to the surroundings is independent on how that energy came to be available.
That’s important because the manner in which energy is transferred is path dependent.

There are two main methods energy can be transferred to or from a system. These are suggested in the previous statement of the
first law of thermodynamics. Mathematically, we can restate the first law as

AU=q+w
or
dU = dq+ dw
where q is defined as the amount of energy that flows into a system in the form of heat and w is the amount of energy lost due to

the system doing work on the surroundings.

Heat

Heat is the kind of energy that in the absence of other changes would have the effect of changing the temperature of the system. A
process in which heat flows into a system is endothermic from the standpoint of the system (gsystem > 0, gsurroundings < 0). Likewise,
a process in which heat flows out of the system (into the surroundings) is called exothermic (g,ystem < 0, @surroundings > 0)- In the
absence of any energy flow in the form or work, the flow of heat into or out of a system can be measured by a change in
temperature. In cases where it is difficult to measure temperature changes of the system directly, the amount of heat energy

@ 0 a @ @ https://chem.libretexts.org/@go/page/456141
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transferred in a process can be measured using a change in temperature of the soundings. (This concept will be used later in the
discussion of calorimetry).

An infinitesimal amount of heat flow into or out of a system can be related to a change in temperature by

dg=CdT
where C is the heat capacity and has the definition
- %
0= or

Heat capacities generally have units of (J mol™ K™') and magnitudes equal to the number of J needed to raise the temperature of 1
mol of substance by 1 K. Similar to a heat capacity is a specific heat which is defined per unit mass rather than per mol. The
specific heat of water, for example, has a value of 4.184 J g'! K (at constant pressure — a pathway distinction that will be
discussed later.)

v Example 2.1.1: Heat required to Raise Temperature

How much energy is needed to raise the temperature of 5.0 g of water from 21.0 °C to 25.0 °C?

Solution
qg=mCAT

J
= (5.0 g)(4.184 25.02¢" —21.02
(6.0 #)( /f/d)( € 2€)

o

=84J

X What is a partial derivative?

A partial derivative, like a total derivative, is a slope. It gives a magnitude as to how quickly a function changes value when
one of the dependent variables changes. Mathematically, a partial derivative is defined for a function f(z1, s, ... =) by

( of ) _ lim f(z1 + Ay, 25 + Az, ..., z; + Az, ... Ty + Azy) — (21, T2, ... Tiy ... Ty)
6.%5 T - Ai—0 Az,-

Because it measures how much a function changes for a change in a given dependent variable, infinitesimal changes in the in
the function can be described by

=3 (52,

So that each contribution to the total change in the function f can be considered separately.

For simplicity, consider an ideal gas. The pressure can be calculated for the gas using the ideal gas law. In this expression,
pressure is a function of temperature and molar volume.

RT
p(V,T) = A

The partial derivatives of p can be expressed in terms of T'and V as well.

and
(%)V -3 (2.13)

So that the change in pressure can be expressed

https://chem.libretexts.org/@go/page/456141
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o= (%)Tdv+ (%)VdT (2.1.4)

or by substituting Equations 2.1.2 and 2.1.3

PV, T) (atm)

V(L)

Macroscopic changes can be expressed by integrating the individual pieces of Equation 2.1.4 over appropriate intervals.

Vi dp )
A =/ (—) dV+/ (—) dT
=) \ov )y, n \oT )y
This can be thought of as two consecutive changes. The first is an isothermal (constant temperature) expansion from V; to V2

at Ty and the second is an isochoric (constant volume) temperature change from 73 to T3 at Va. For example, suppose one needs
to calculate the change in pressure for an ideal gas expanding from 1.0 L/mol at 200 K to 3.0 L/mol at 400 K. The set up might

look as follows.
V:/ RT R
Ap = —— = )dT
P /V( VZ)dVJr/TI (V)d

isothermal expansion isochoric heating

or

3.0 L/mol 400, K
/ ( R(400K))dV / ( R )dT
1.0 L/mol V 200K 10L/mol
200 K 3.0 L/mol RT 400 K
[ ] [3.0 L/mol]

200 K

—-R 200K 200K n 400K 200K
- 3.0L/mol 1.0 L/mol 3.0L/mol  3.0L/mol

= —5.47 atm

1.0 L/mol

Alternatively, one could calculate the change as an isochoric temperature change from T; to T; at V; followed by an isothermal

expansion from V; to V; at Ty:
T Vs
R 2 RT
= / (7) e+ /Vl (~yz)av

or

https://chem.libretexts.org/@go/page/456141
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Aoy /400, K ( R ) T+ /3.0L/mol (_ R(400K)) B
P 20k \1.0L/mol 1.0 L/mol v?

=[ RT ]400K [M]au/m

1.0 L/mol | 59 g 14 1.0 L/mol
_ 400K 200K 400K 400K
- 1.0L/mol 1.0 L/mol 3.0L/mol 1.0 L/mol

= —b5.47 atm

This results demonstrates an important property of pressure in that pressure is a state variable, and so the calculation of
changes in pressure do not depend on the pathway!

Work

Work can take several forms, such as expansion against a resisting pressure, extending length against a resisting tension (like
stretching a rubber band), stretching a surface against a surface tension (like stretching a balloon as it inflates) or pushing electrons
through a circuit against a resistance. The key to defining the work that flows in a process is to start with an infinitesimal amount of
work defined by what is changing in the system.

Table 3.1.1: Changes to the System

Type of work Displacement Resistance dw
Expansion dV (volume) -Pext (Pressure) PexdV
Electrical dQ (charge) W (resistence) -WdQ
Extension dL (length) -t (tension) tdL
Stretching dA -s (surf. tens.) sdA

The pattern followed is always an infinitesimal displacement multiplied by a resisting force. The total work can then be determined
by integrating along the pathway the change follows.

v/ Example 2.1.2: Work from a Gas Expansion

What is the work done by 1.00 mol an ideal gas expanding from a volume of 22.4 L to a volume of 44.8 L against a constant
external pressure of 0.500 atm?

Solution
dw = —perdV

since the pressure is constant, we can integrate easily to get total work

Va
W= —Pezp av

7
= _pe:l:p(V2 — Vl)
8.314J

=-1130J =—-1.14 kJ

Note: The ratio of gas law constants can be used to convert between atm-L and J quite conveniently!

This page titled 2.1: Work and Heat is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming,.

« 3.2: Work and Heat by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.2: Pressure-Volume Work

Work in general is defined as a product of a force F and a path element ds. Both are vectors and work is computed by integrating

= /F-ds

Moving an object against the force of friction as done in the above dissipation experiment is but one example of work:

over their inner product:

W friction = / Fiction-ds

We could also think of electrical work. In that case we would be moving a charge e (e.g. the negative charge of an electron) against
an electrical (vector) field E. The work would be:

Welectical = /eE-ds
Other examples are the stretching of a rubber band against the elastic force or moving a magnet in a magnetic field etc, etc.

Pressure-volume (PV) work

In the case of a cylinder with a piston, the pressure of gas molecules on the inside of the cylinder, P, and the gas molecules external
to the piston, P, both exert a force against each other. Pressure, (\P\), is the force, F, being exerted by the particles per area, A:

Figure 19.2.1 : A piston with internal pressure P and external pressure Pes.

We can assume that all the forces generated by the pressure of the particles operate parallel to the direction of motion of the piston.
That is, the force moves the piston up or down as the movement of the piston is constrained to one direction. The piston moves as
the molecules of the gas rapidly equilibrate to the applied pressure such that the internal and external pressures are the same. The
result of this motion is work:

Wootume = / (g) (Ads) = / Pav (2.2.1)

This particular form of work is called pressure-volume (PV) work and will play an important role in the development of our
theory. Notice however that volume work is only one form of work.

Sign Conventions

It is important to create a sign convention at this point: positive heat, positive work is always energy you put in into the system.
If the system decides to remove energy by giving off heat or work, that gets a minus sign.

In other words: you pay the bill.

To comply with this convention we need to rewrite volume work (Equation 2.2.1) as

wpv=—/( (Ads) = /PdV
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I Hence, to decrease the volume of the gas (AV is negative), we must put in (positive) work.

Thermodynamics would not have come very far without cylinders to hold gases, in particular steam. The following figure shows
when the external pressure, P., is greater than and less than the internal pressure, P, of the piston.

Pext > P Poxe =P Pext <P Poxe =P
...
Pexe " Pext ‘ TP
P lpex: P
IP
Initial Final Initial Final
(a) (b)

Figure 19.2.2 : Pistons showing a compression (left) and an expansion (right).
If the pressure, Pext, being exerted on the system is constant, then the integral becomes:

Vsinat
w=—Py dV = —Pog AV (2.2.2)

Vinitial
Since the system pressure (inside the piston) is not the same as the pressure exerted on the system, the system is not in a state of
equilibrium and cannot be shown directly on and PV diagram. This type of process is called an irreversible process. For a system
that undergoes irreversible work at constant external pressure, we can show the amount of work being done on a PV diagram

despite not being able to show the process itself.

‘.
\‘
\
\ 2 p
“““““““ S’ ext
\
\,
\.
(a1 \..
\n
S 1
.

"4

Figure 19.2.3 : A system is compressed under constant external pressure, Pe, from state 1 to state 2. The shaded area shows the
amount of work being done for the compression. The dash-dot line is an isotherm, a path of constant temperature, showing that the
initial and final temperature of the irreversible compression are the same.

Note that the external pressure, P, exerted on the system is constant. If the external pressure changes during the compression, we

must integrate over the whole range:

Viinat

Vinitial

2.2: Pressure-Volume Work is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Jerry LaRue.

o 19.2: Pressure-Volume Work by Jerry LaRue is licensed CC BY 4.0.
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2.2.1: Work and Heat are not State Functions

2.2.1.1: Heat and work are path functions

Heat (g) and work (w) are path functions, not state functions:

1. They are path dependent.
2. They are energy transfer — they are not intrinsic to the system.

# Path Functons

Functions that depend on the path taken, such as work (w) and heat (g), are referred to as path functions.

2.2.1.2: Reversible versus irreversible
Let's consider a piston that is being compressed at constant temperature (isothermal) to half of its initial volume:
1. Start with cylinder 1 liter, both external and internal pressure 1 bar.
2. Peg the piston in a fixed position.
3. Put cylinder in a pressure chamber with P,,; = 2 bar.
4. Suddenly pull the peg.

Vi P =1bar Ad

Figure 19.3.1 : A piston is being irreversibly and isothermally compressed under constant external pressure from state 1 to state 2.

The piston will shoot down till the internal and external pressures balance out again and the volume is 1/2 L. Notice that the
external pressure was maintained constant at 2 bar during the peg-pulling and that the internal and external pressures were not
balanced at all time. In a P — V diagram of an ideal gas, P is a hyperbolic function of v under constant temperature (isothermal),
but this refers to the internal pressure of the gas. It is the external one that counts when computing work and they are not
necessarily the same. As long as Pegierna 1S cOnstant, work is represented by a rectangle.

2

. Y PE‘Xf

4

Figure 19.3.1 : The system is being irreversibly and isothermally compressed from state 1 to 2. The amount of work being done on
the system is shown by the shaded area.

The amount of work being done is equal to the shaded region and in equation:
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Va2
w=— [ PdV=—P.(Va— V) =—PAV
14
This represents the maximum amount of work that can be done for an isothermal compression. Work is being done on the system,
so the overall work being done is positive. Let's repeat the experiment, but this time the piston will compress reversibly over
infinitesimally small steps where the P.;; = Pyystem:

4

Figure 19.3.1 : The system is being reversibly and isothermally compressed from state 1 to 2. The amount of work being done on
the system is shown by the shaded area. Note that for a compression, a reversible process does less work than an irreversible
process.

For an ideal gas, the amount of work being done along the reversible compression is:

w=— VanV=—nRT " 1 = —nRTIn (E)
vi wV Vi

The amount of work being done to the two systems are not the same in the two diagrams (see the gray areas). Work is not a state,
but a path function, as it depends on the path taken. You may say, what's the big difference. In both cases, the system is compressed
from state 1 to state 2. The key is the word suddenly. By pegging the position in place for the first compression, we have created a
situation where the external pressure is higher than the internal pressure (P, > P). Because work is done suddenly by pulling the
peg out, the internal pressure is struggling to catch up with the external one. During the second compression, we have P.;; = P at
all times. It's a bit like falling off a cliff versus gently sliding down a hill. Path one is called an irreversible path, the second a
reversible path.

X Reversible vs. Irreversible Processes

A reversible path is a path that follows a series of states at rest (i.e., the forces are allowed to balance at all times). In an
irreversible one the forces only balance at the very end of the process.

Notice that less work is being done on the reversible isothermal compression than the one-step irreversible isothermal compression.
In fact, the minimum amount of work that can be done during a compression always occurs along the reversible path.

2.2.1.2.1: Isothermal Expansion

Let's consider a piston that is being expanded at constant temperature (isothermal) to twice of its initial volume:

1. Start with cylinder 1 liter in a pressure chamber with both an external and internal pressure of 2 bar.
2. Peg the piston in a fixed position.

3. Take the cylinder out of the pressure chamber with Pey= 1 bar.

4. Suddenly pull the peg.
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I Poyt = 1 bar I

V,=2Vy| | P=2bar Ad

Figure 19.3.1 : A piston is being irreversibly and isothermally expanded under constant external pressure from state 1 to state 2.

The piston will shoot up till the internal and external pressures balance out again and the volume is 2 L. Notice that the external
pressure was maintained constant at 1 bar during the peg-pulling and that the internal and external pressures were not balanced at
all time.

4

Figure 19.3.1 : The system is being irreversibly and isothermally expanded from state 1 to 2. The amount of work being done by
the system is shown by the shaded area.

The amount of irreversible work being done is again equal to the shaded region and the equation:
w=—PAV = —Per(Vo — V1) = —PAV

This represents the minimum amount of work that can be done for an isothermal expansion. Work is being done on the system, so
the overall work being done is negative. Let's repeat the experiment, but this time the piston will compress reversibly over
infinitesimally small steps where the Py = Pyygtem:

v

Figure 19.3.1 : The system is being reversibly and isothermally expanded from state 1 to 2. The amount of work being done by the
system is shown by the shaded area. Note that for an expansion, a reversible process does more work than an irreversible process.
Notice that not only is more work is being done than the one-step irreversible isothermal expansion, but it is the same amount of
work being done as the reversible isothermal compression. This is the maximum amount of work that can be done during an
expansion.
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2.3: Internal Energy and Enthalpy

2.3.1: Work and heat are not state functions

& A Better Definition of the First law of thermodynamics

The change in internal energy of a system is the sum of w and ¢, which is a state function.

The realization that work and heat are both forms of energy transfer undergoes quite an extension by saying that internal energy is a
state function. It means that although heat and work can be produced and destroyed (and transformed into each other), energy is
conserved. This allows us to do some serious bookkeeping! We can write the law as:

AU=w+gq
But the (important!) bit about the state function is better represented if we talk about small changes of the energy:
dU = 6w + dq

We write a straight Latin d for U to indicate when the change in a state function, where as the changes in work and heat are path-
dependent. This is indicated by the 'crooked' §. We can represent changes as integrals, but only for U can we say that regardless of
path we get AU = U, — U; if we go from state one to state two. (L.e. it only depends on the end points, not the path).

Notice that when we write dU or dg, we always mean infinitesimally small changes, i.e. we are implicitly taking a limit for the
change approaching zero. To arrive at a macroscopic difference like AU or a macroscopic (finite) amount of heat g or work w
we need to integrate.

We will now invoke the first law of thermodynamics:

e dU =dq+ dw
o §dU=0
o Internal energy is conserved

These are all ways of saying that internal energy is a state function.

2.3: Internal Energy and Enthalpy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

« 19.4: Energy is a State Function is licensed CC BY-NC-SA 4.0.
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2.3.1: Enthalpy

2.3.1.1: Enthalpy

An important point is that pressure-volume work —PdV is only one kind of work. It is the important one for gases but for most
other systems we are interested in other kinds of work (e.g. electrical work in a battery).

A good way to measure AU's is to make sure there are no work terms at all. If so:
AUnowork =g+w=4q+0=¢

However, this means that the —PdV volume work term should also be zero and this implies we must keep volumes the same. That
can actually be hard. Therefore we define at new state function ENTHALPY

H=U+PV
( The = symbol is used to show that this equality is actually a definition.)
If we differentiate we get:
dH = dU + d(PV) = dU + PdV + VdP
We know that under reversible conditions we have
dU = 6w + g = —PdV + dq
(+ other work terms that we assume zero)
Thus,
dH = —PdV + éq + PdV + VdP
dH = éq+ VdP
That means that as long as there is no other work and we keep the pressure constant:
AH=gqp
instead of
AU =gy

Working at constant P is a lot easier to do than at constant V. This means that the enthalpy is a much easier state function to deal
with than the energy U.

For example when we melt ice volumes change whether we like or not, but at long as the weather does not change too much
pressure is constant. So if we measure how much heat we need to add to melt a mole of ice we get the molar heat of fusion:

| Tmage:CH431 Image71.gif

Such enthalpies are measured and tabulated.

In this case the volume change is actually quite small, as it usually is for condensed matter. Only if we are dealing with gases is the
difference between enthalpy and energy really important

So, U H for condensed matter, but U and H differ for gases.

A good example of this is the difference between the heat capacity at constant V and at constant P. For most materials there is not
much of a difference, but for an ideal gas we have

C,=C—V+nR

Needless to say that the heat capacity is a path function: it depends on what you keep constant.

2.3.1: Enthalpy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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2.4: ldeal Gas Processes

The most common example of work in the systems discussed in this book is the work of expansion. It is also convenient to use the
work of expansion to exemplify the difference between work that is done reversibly and that which is done irreversibly. The
example of expansion against a constant external pressure is an example of an irreversible pathway. It does not mean that the gas
cannot be re-compressed. It does, however, mean that there is a definite direction of spontaneous change at all points along the
expansion.

Imagine instead a case where the expansion has no spontaneous direction of change as there is no net force push the gas to seek a
larger or smaller volume. The only way this is possible is if the pressure of the expanding gas is the same as the external pressure
resisting the expansion at all points along the expansion. With no net force pushing the change in one direction or the other, the
change is said to be reversible or to occur reversibly. The work of a reversible expansion of an ideal gas is fairly easy to calculate.

= F

If the gas expands reversibly, the external pressure (p.e;:) can be replaced by a single value (p) which represents both the pressure of

the gas and the external pressure.

dw = —pdV

'w=—/pdV

But now that the external pressure is not constant, p cannot be extracted from the integral. Fortunately, however, there is a simple
relationship that tells us how p changes with changing v — the equation of state! If the gas is assumed to be an ideal gas

o ] (o

And if the temperature is held constant (so that the expansion follows an isothermal pathway) the nRT term can be extracted from

or

the integral.

5= ()
1

(2.4.1)

Equation 2.4.1 is derived for ideal gases only; a van der Waal gas would result in a different version.

v/ Example 2.4.1: Gas Expansion

What is the work done by 1.00 mol an ideal gas expanding reversibly from a volume of 22.4 L to a volume of 44.8 L at a
constant temperature of 273 K?

Solution
Using Equation 2.4.1 to calculate this

w = —(1.00 el ) (8314mf}()(273}()1 (3;22)
=—1570J = 1.57 kJ

Note: A reversible expansion will always require more work than an irreversible expansion (such as an expansion against a
constant external pressure) when the final states of the two expansions are the same!
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The work of expansion can be depicted graphically as the area under the p-V curve depicting the expansion. Comparing examples
2.4.1 and 3.1.2, for which the initial and final volumes were the same, and the constant external pressure of the irreversible
expansion was the same as the final pressure of the reversible expansion, such a graph looks as follows.

P13

Vi V2

The work is depicted as the shaded portion of the graph. It is clear to see that the reversible expansion (the work for which is
shaded in both light and dark gray) exceeds that of the irreversible expansion (shaded in dark gray only) due to the changing
pressure of the reversible expansion. In general, it will always be the case that the work generated by a reversible pathway
connecting initial and final states will be the maximum work possible for the expansion.

It should be noted (although it will be proven in a later chapter) that AU for an isothermal reversible process involving only p-V
work is 0 for an ideal gas. This is true because the internal energy, U, is a measure of a system’s capacity to convert energy into
work. In order to do this, the system must somehow store that energy. The only mode in which an ideal gas can store this energy is
in the translational kinetic energy of the molecules (otherwise, molecular collisions would not need to be elastic, which as you
recall, was a postulate of the kinetic molecular theory!) And since the average kinetic energy is a function only of the temperature,
it (and therefore ) can only change if there is a change in temperature. Hence, for any isothermal process for an ideal gas, AU = 0.
And, perhaps just as usefully, for an isothermal process involving an ideal gas, ¢ = —w, as any energy that is expended by doing
work must be replaced with heat, lest the system temperature drop.

Constant Volume Pathways

One common pathway which processes can follow is that of constant volume. This will happen if the volume of a sample is
constrained by a great enough force that it simply cannot change. It is not uncommon to encounter such conditions with gases
(since they are highly compressible anyhow) and also in geological formations, where the tremendous weight of a large mountain
may force any processes occurring under it to happen at constant volume.

If reversible changes in which the only work that can be done is that of expansion (so-called p-V work) are considered, the
following important result is obtained:

dU = dq+ dw = dg — pdV

However, dV = 0 since the volume is constant! As such, dU7 can be expressed only in terms of the heat that flows into or out of the
system at constant volume

dU = dq,
Recall that dg can be found by
_ %
dg = zdT = Cdt (2.4.2)

This suggests an important definition for the constant volume heat capacity (Cy) which is

_[oU
Ov= (ﬁ)v

When Equation 2.4.2 is integrated the
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iy
- / “nCydt (24.3)

T

v/ Example 2.4.2: Isochoric Pathway

Consider 1.00 mol of an ideal gas with Cy = 3/2R that undergoes a temperature change from 125 K to 255 K at a constant
volume of 10.0 L. Calculate AU, g, and w for this change.

Solution
Since this is a constant volume process

w=0
Equation 2.4.3 is applicable for an isochoric process,
T
q= / nCydt
T
Assuming Cv is independent of temperature:
T;
q=nCy dt
T

= TECV(T2 — Tl)

= (1.00 mol) (§8 314 L) (255 K — 125 K)

TV 2 7 moK

=1620J = 1.62kJ
Since this a constant volume pathway,

AU =q+ w
=1.62kJ

Constant Pressure Pathways

Most laboratory-based chemistry occurs at constant pressure. Specifically, it is exposed to the constant air pressure of the
laboratory, glove box, or other container in which reactions are taking place. For constant pressure changes, it is convenient to
define a new thermodynamic quantity called enthalpy.

H=U+pV
or

dH = dU + d(pV)
= dU + pdV + Vdp

For reversible changes at constant pressure (dp = 0) for which only p-V work is done

dH = dq+ dw+ pdV + Vdp (2.4.4)
=dg— pdV + pdV + Vf" (2.4.5)
— dg (2.4.6)

And just as in the case of constant volume changes, this implies an important definition for the constant pressure heat capacity

0H
Cp= (ﬁ)p
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v/ Example 2.4.3: Isobaric Gas Expansion

Consider 1.00 mol of an ideal gas with C, = 5/2R that changes temperature change from 125 K to 255 K at a constant pressure
of 10.0 atm. Calculate AU, AH, g, and w for this change.

Solution
T
q= / nCpdT
T
assuming C,, is independent of temperature:
Ty
qg=nCy daT
Ty
=] nCp(Tg —_ T1)
5 J
= (1.00mol) (58.314m) (255 K — 125 K) = 2700 J = 1.62kJ

So via Equation 2.4.6 (specifically the integrated version of it using differences instead of differentials)
AH =qg=162kJ

AU = AH — A(pV)
= AH — nRAT
J
= 2700 J — (1.00 mol) (8.314 m) (255 K — 125 K)
=1620J = 1.62kJ

Now that AU and ¢ are determined, then work can be calculated

w=AU—¢q
=1.62kJ —2.70kJ = —1.08 kJ

It makes sense that w is negative since this process is an gas expansion.

v Example 2.4.4: Isothermal Gas Expansion

Calculate g, w, AU, and AH for 1.00 mol of an ideal gas expanding reversibly and isothermally at 273 K from a volume of 22.4
L and a pressure of 1.00 atm to a volume of 44.8 L and a pressure of 0.500 atm.

Solution
Since this is an isothermal expansion, Equation2.4.1 is applicable
w=-—nRTh %
= (1.00mol) (8.314
=1572J =1.5TkJ

J 448L
molK) (e 1) o ( 22.4L)

AU=q+w
=q+ 157TKJ
=0

q=—157kJ

Since this is an isothermal expansion
AH=AU+A(@PV)=0+0

where A(pV) = 0 due to Boyle’s Law!
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Adiabatic Pathways

An adiabatic pathway is defined as one in which no heat is transferred (¢ = 0). Under these circumstances, if an ideal gas expands,
it is doing work (w < 0) against the surroundings (provided the external pressure is not zero!) and as such the internal energy must
drop (AU < 0). And since AU is negative, there must also be a decrease in the temperature (AT < 0). How big will the decrease in
temperature be and on what will it depend? The key to answering these questions comes in the solution to how we calculate the
work done.

If the adiabatic expansion is reversible and done on an ideal gas,

dw = —pdV
and
dw = nC,dT (2.4.7)
Equating these two terms yields
—pdV = nC,dT

Using the ideal gas law for an expression for p (p = nRT/V)

—ng = nC,dT

And rearranging to gather the temperature terms on the right and volume terms on the left yields

dav _ Oy dT

|4 R T

This expression can be integrated on the left between V; and V; and on the right between Ty and T,. Assuming that C,/nR is
independent of temperature over the range of integration, it can be pulled from the integrand in the term on the right.

[y
w V R Jr, T
The result is

()=~ (3
i/~ R T

or
(B)-(2)*
i) \n
or
Oy v
V1T1R =VQT2R
or
Vi\ %
7 (72) -7 (2.4.8)

Once AT is known, it is easy to calculate w, AU and AH.

v/ Example 2.4.5:

1.00 mol of an ideal gas (Cy = 3/2 R) initially occupies 22.4 L at 273 K. The gas expands adiabatically and reversibly to a final
volume of 44.8 L. Calculate AT, g, w, AU, and AH for the expansion.

Solution

Since the pathway is adiabatic:
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Using Equation 2.4.8

__R
Ty =T, (E) Cy

Va
224L\%3
= (BRI (44.8L)
=172K

So
AT =172K — 273K = —101 K
For calculating work, we integrate Equation 2.4.7 to get
w= AU = nC,AT
= (1.00mol) (%8.314 ﬁ) (—101 K)
=1.260 kJ

AH = AU + nRAT
= —1260J + (1.00mol) (28.314
=—2100J

e ) (—101K)

The following table shows recipes for calculating g, w, AU, and AH for an ideal gas undergoing a reversible change along the

specified pathway.
Table 3.2.1: Thermodynamics Properties for a Reversible Expansion or Compression
Pathway q w AU AH
Isothermal nRT In(Va/V1) —nRT In(Va/V1) 0 0
Isochoric CyAT 0 CyAT CyAT+VAp
Isobaric CpAT —pAV CoAT — pAV CpAT
adiabatic 0 CyAT CyvAT CpAT

This page titled 2.4: Ideal Gas Processes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

« 3.3: Reversible and Irreversible Pathways by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.5: Exact and Inexact Differentials

Many important thermochemical quantities can be expressed in terms of partial derivatives. Two important examples are the molar
heat capacities C, and Cy which can be expressed as

and

ouUu
Ov= (ﬁ)v

These are properties that can be measured experimentally and tabulated for many substances. These quantities can be used to
calculate changes in quantities since they represent the slope of a surface (H or U) in the direction of the specified path (constant p
or V). This allows us to use the following kinds of relationships:

and

AH= / (%{)pdT

Because thermodynamics is kind enough to deal in a number of state variables, the functions that define how those variable
change must behave according to some very well determined mathematics. This is the true power of thermodynamics!

This page titled 2.5: Exact and Inexact Differentials is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Patrick Fleming.

¢ 4.1: Prelude to Putting the First Law to Work by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.5.1: Total and Exact Differentials

The fact that we can define the constant volume heat capacity as

Cy = (%U)V (25.1.1)

suggests that the internal energy depends very intimately on two variables: volume and temperature. In fact, we will see that for a
single component system, state variables are always determined when two state variables are defined. In the case of internal energy,
we might write U = f(V,T) or U(V,T).

This suggests that the way to change U is to change either V' or T (or both!) And if there is a mathematical function that relates the
internal energy to these two variables, it should easy to see how it changes when either (or both!) are changed. This can be written
as a total differential:

U U
dU = (W)TdVJr (ﬁ)vdT (2.5.1.2)

Even without knowing the actually mathematical function relating the variables to the property, we can imagine how to calculate
changes in the property from this expression.

V19U B ou
AU = (—) dV+/ (—) dT
w \OV /r n \0T /v
In words, this implies that we can think of a change in U occurring due to an isothermal change followed by an isochoric change.
And all we need to know is the slope of the surface in each pathway direction. There are a couple of very important experiments

people have done to explore the measurement of those kinds of slopes. Understanding them, it turns out, depends on two very
important physical properties of substances.

Exact Differentials

We have seen that the total differential of U(V,T) can be expressed as Equation 2.5.1.2. In general, if a differential can be expressed
as

df(z,y) = Pdz + Qdy

the differential will be an exact differential if it follows the Euler relation

(%’)z _ (g_g)y (2.5.1.3)

In order to illustrate this concept, consider p(V, T) using the ideal gas law.

_RT
=y
The total differential of p can be written
RT R

v Example 2.5.1.1: Euler Relation

Does Equation 2.5.1.4 follow the Euler relation (Equation 2.5.1.3)?

Solution
Let’s confirm!

3~
mn
/5
~—
|<_|
1=
5
<
—
~— <|w
~—
=
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l dp is, in fact, an exact differential.

The differentials of all of the thermodynamic functions that are state functions will be exact. Heat and work are not exact
differential and dw and dgq are called inexact differentials instead.

This page titled 2.5.1: Total and Exact Differentials is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

« 4.2: Total and Exact Differentials by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.5.2: Compressibility and Expansivity

Isothermal Compressibility (k1)

A very important property of a substance is how compressible it is. Gases are very compressible, so when subjected to high
pressures, their volumes decrease significantly (think Boyle’s Law!) Solids and liquids however are not as compressible. However,
they are not entirely incompressible! High pressure will lead to a decrease in volume, even if it is only slight. And, of course,
different substances are more compressible than others.

To quantify just how compressible substances are, it is necessary to define the property. The isothermal compressibility is defined
by the fractional differential change in volume due to a change in pressure.

Kr = —%(%)T (2.5.2.1)

The negative sign is important in order to keep the value of sz positive, since an increase in pressure will lead to a decrease in
volume. The 1/V term is needed to make the property intensive so that it can be tabulated in a useful manner.

Isobaric Thermal Expansivity (c)

Another very important property of a substance is how its volume will respond to changes in temperature. Again, gases respond
profoundly to changes in temperature (think Charles’ Law!) whereas solids and liquid will have more modest (but not negligible)
responses to changes in temperature. (For example, If mercury or alcohol didn’t expand with increasing temperature, we wouldn’t
be able to use those substances in thermometers.)

The definition of the isobaric thermal expansivity (or sometimes called the expansion coefficient) is

a= % (?ﬁv)p (2.5.2.2)

As was the case with the compressibility factor, the 1/V term is needed to make the property intensive, and thus able to be tabulated
in a useful fashion. In the case of expansion, volume tends to increase with increasing temperature, so the partial derivative is
positive.

X Deriving an Expression for a Partial Derivative (Type 1): The reciprocal rule

Consider a system that is described by three variables, and for which one can write a mathematical constraint on the variables
F(z,y,2) =0

Under these circumstances, one can specify the state of the system varying only two parameters independently because the
third parameter will have a fixed value. As such one could define two functions: z(z,y) and y(=, 2).

This allows one to write the total differentials for dz and dy as follows

0z oz
de= (E)yd’” * (@)zdy (2.5.2.3)
and
_ (9% Sy
= (%),‘Mch (E)zdz (2.5.2.4)
Substituting the Equation 2.5.2.4 expression into Equation 2.5.2.3:
_ (9= 82\ [(% By ) ]
dz_(am),,dz+(3y)z [(6x)zdw+(az Idz (2.5.2.5)
(& 0z) (% 0z (%
_(8:c)ydm+(3y)z(6w)zdz+(6y)x(az)mdz (2.5.2.6)

If the system undergoes a change following a pathway where = is held constant (dz = 0), this expression simplifies to
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= (5). ().

And so for changes for which dz # 0,
(&).= 7oy
@
02/

This reciprocal rule is very convenient in the manipulation of partial derivatives. But it can also be derived in a straight-
forward, albeit less rigorous, manner. Begin by writing the total differential for z(z,y) (Equation 2.5.2.3):

0z oz
4= (), 8+ (5) 4

Now, divide both sides by dz and constrain to constant z.

dz

_ (02 dzx 0z dy
E . = (E)y E . + (E)z E . (2.5.2.7)

Noting that

dz

al, =t

dx

@l ="
and

dy

Equation 2.5.2.7 becomes

or
(%) !
@
0z /;
This “formal” method of partial derivative manipulation is convenient and useful, although it is not mathematically rigorous.

However, it does work for the kind of partial derivatives encountered in thermodynamics because the variables are state
variables and the differentials are exact.

X Deriving an Expression for a Partial Derivative (Type Il): The Cyclic Permutation Rule

This alternative derivation follow the initial steps in the derivation above to Equation 2.5.2.6:

dz = (%)ydm+ (%)z (%)de+ (%)z (%)zdz

If the system undergoes a change following a pathway where z is held constant (dz = 0), this expression simplifies to

0= (), %+ (5), (52).=

And so for and changes in which dz # 0

).~ (3).G).
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This cyclic permutation rule is very convenient in the manipulation of partial derivatives. But it can also be derived in a
straight-forward, albeit less rigorous, manner. As with the derivation above, we wegin by writing the total differential of 2(z,y)

0z 0z
dz = (g)yd:c TR (%)Idy

Now, divide both sides by dz and constrain to constant z.

dz| _(0z\ dx 0z dy
=~ (&), 2. (5), &, @529
Note that
dz
@, ="
dz
), =1t
and
dy

Equation 2.5.2.8 becomes

which is easily rearranged to

(3),-- (). (&)

oz y_ 5y T oz /),

This type of transformation is very convenient, and will be used often in the manipulation of partial derivatives in
thermodynamics.

v/ Example 2.5.2.1: Expanding Thermodynamic Functions

Derive an expression for

e (2.5.2.9)

in terms of derivatives of thermodynamic functions using the definitions in Equations 2.5.2.1 and 2.5.2.2.

Solution
Substituting Equations 2.5.2.1 and 2.5.2.2 into the Equation 2.5.2.9

l(a_V)
a v\er/,

w1 (Z)
|4 6p T
Simplifying (canceling the 1/V terms and using transformation Type I to invert the partial derivative in the denominator) yields
o _ (3_") (@)
P T ), \oV )r

Applying Transformation Type II give the final result:
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This page titled 2.5.2: Compressibility and Expansivity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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2.6: The Joule Experiment

Going back to the expression for changes in internal energy that stems from assuming that U is a function of V and T (or U(V,T)
for short)

oU oU
U = (W)Td” (ﬁ)v‘ﬂ’

one quickly recognizes one of the terms as the constant volume heat capacity, Cy. And so the expression can be re-written

ou
= (),

But what about the first term? The partial derivative is a coefficient called the “internal pressure”, and given the symbol 77.
— (3_U)
=\ov)s
James Prescott Joule (1818-1889) recognized that #+ should have units of pressure (Energy/volume = pressure) and designed an
experiment to measure it.

He immersed two copper spheres, A and B, connected by a stopcock. Sphere A is filled with a sample of gas while sphere B was
evacuated. The idea was that when the stopcock was opened, the gas in sphere A would expand (AV > 0) against the vacuum in
sphere B (doing no work since p.,; = 0. The change in the internal energy could be expressed

dU = npdV + CydT
But also, from the first law of thermodynamics
dU = dq + dw
Equating the two
wrdV + CydT = dq + dw
and since dw =0
wrdV + CydT = dg

Joule concluded that dg = 0 (and dT = 0 as well) since he did not observe a temperature change in the water bath which could only
have been caused by the metal spheres either absorbing or emitting heat. And because dV > 0 for the gas that underwent the
expansion into an open space, = must also be zero! In truth, the gas did undergo a temperature change, but it was too small to be
detected within his experimental precision. Later, we (once we develop the Maxwell Relations) will show that

(5, -(), -
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Application to an ldeal Gas

For an ideal gas p = RT/V, so it is easy to show that

R
( op )V -2 (2.6.2)
so combining Equations 2.6.1 and 2.6.2 together to get
ou RT

And since also becuase p = RT/V, then Equation 2.6.3 simplifies to

(50) e
v T—P p=

So while Joule’s observation was consistent with limiting ideal behavior, his result was really an artifact of his experimental
uncertainty masking what actually happened.

Appliation to a van der Waals Gas

For a van der Waals gas,

SO
opy R
and
au R
(W)T=T—V—b —p (2.6.6)

Substitution of the expression for p (Equation 2.6.4) into this Equation 2.6.6
(3_U) _a
wv)r V2
In general, it can be shown that
(@) -
oT v - Kt

And so the internal pressure can be expressed entirely in terms of measurable properties

and need not apply to only gases (real or ideal)!

This page titled 2.6: The Joule Experiment is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick

Fleming.

¢ 4.4: The Joule Experiment by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.6.1: The Joule-Thomson Effect

In 1852, working with William Thomson (who would later become Lord Kelvin), Joule conducted an experiment in which they
pumped gas at a steady rate through a lead pipe that was cinched to create a construction. On the upstream side of the constriction,
the gas was at a higher pressure than on the downstream side of the constriction. Also, the temperature of the gas was carefully
monitored on either side of the construction. The cooling that they observed as the gas expanded from a high pressure region to a
lower pressure region was extremely important and lead to a common design of modern refrigerators.

Not all gases undergo a cooling effect upon expansion. Some gases, such as hydrogen and helium, will experience a warming effect
upon expansion under conditions near room temperature and pressure. The direction of temperature change can be determined by
measuring the Joule-Thomson coefficient, xsr. This coefficient has the definition

HJT = (%)H

Schematically, the Joule-Thomson coefficient can be measured by measuring the temperature drop or increase a gas undergoes for
a given pressure drop (Figure 2.6.1.1). The apparatus is insulated so that no heat can be transferred in or out, making the expansion
isenthalpic.

p1, V1, T1 p2, V2, T2
Figure 2.6.1.1:

The typical behavior of the Joule-Thomson coefficient can be summarized in Figure 2.6.1.2. At the combinations of T and p for
which g7 > 0 (inside the shaded region), the sample will cool upon expansion. At those p and T' conditions outside of the shaded
region, where pyr < 0, the gas will undergo a temperature increase upon expansion. And along the boundary, a gas will undergo
neither a temperature increase not decrease upon expansion. For a given pressure, there are typically two temperatures at which g7
changes sign. These are the upper and lower inversion temperatures.

T

Y

Figure 2.6.1.2: The typical behavior of the Joule-Thomson coefficient at different temperatures and pressures.

Using the tools of mathematics, it is possible to express the Joule-Thomson coefficient in terms of measurable properties. Consider

enthalpy as a function of pressure and temperature: H(p, T)). This suggests that the total differential dH can be expressed

dH = (a—H)po+ (6—H)pdT (2.6.1.1)

p or
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It will be shown later (again, once we develop the Maxwell Relations) that

O0H ) ( o )
) dp=-T(2=) +V
( o )™ oT /) p
A simple substitution shows
(6_H) dp=—-TVa+V=V(1-Ta)
Op/r

So

dH = V(1 — Ta)dP + C,dT

0
dH=W +CpdT

which causes the first term to vanish. So for constant enthalpy expansion (dH = 0), there can be no change in temperature (dT = 0).
This will mean that gases will only show non-zero values for y s only because they deviate from ideal behavior!

v/ Example 2.6.1.1:

Derive an expression for pr in terms of «, Cp, V, and T.

For an ideal gas, o = 1/T;, so

Solution
Using the total differential for H(p, T) (Equation 2.6.1.1):

= (42) i+ (31)

Dividing by dp and constraining to constant H:

G| _(9H) dp) () dT)
dp |g Op /)7 dply or /p dp lg

Noting that
dH
== | =0
dp |y
dp|
2l =1
dply
and
d_T| - (ﬁ)
dp g Op /g
SO

We can then use the following substitutions:
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To get
0= V(l — TO:) + Cp/l,_]T

And solving for u ;7 gives

|4
BT = E(Ta —-1)

This page titled 2.6.1: The Joule-Thomson Effect is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Patrick Fleming.
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2.7: Calorimetry

As chemists, we are concerned with chemical changes and reactions. The thermodynamics of chemical reactions can be very
important in terms of controlling the production of desired products and preventing safety hazards such as explosions. As such,
measuring and understanding the thermochemistry of chemical reactions is not only useful, but essential!

Calorimetry

The techniques of calorimetry can be used to measure q for a chemical reaction directly. The enthalpy change for a chemical

reaction is of significant interest to chemists. An exothermic reaction will release heat (gresction < 05 Gsurroundings > 0) causing the
temperature of the surrounding to increase. Conversely, an endothermic reaction (gregetion > 0, @surroundings < 0) Will draw heat from
the surroundings, causing the temperature of the surrounding to drop. Measuring the temperature change in the surroundings allows
for the determination of how much heat was released or absorbed in the reaction.

Reaction

Surroundings

Bomb Calorimetry

Bomb calorimetry is used predominantly to measure the heat evolved in combustion reactions, but can be used for a wide variety of
reactions. A typical bomb calorimetry set up is shown here. The reaction is contained in a heavy metallic container (the bomb)
forcing the reaction to occur at constant volume. As such, the heat evolved (or absorbed) by the reaction is equal to the change in
internal energy (DU,x,). The bomb is then submerged in a reproducible quantity of water, the temperature of which is monitored
with a high-precision thermometer.

For combustion reactions, the bomb will be loaded with a small sample of the compound to be combusted, and then the bomb is
filled with a high pressure (typically about 10 atm) of O,. The reaction is initiated by supplying heat using a short piece of resistive
wire carrying an electrical current.
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Motorized  |gnition

stirrer wires
= . —— Thermometer
e
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container

Sample cup

Water

Figure 2.7.1: A Bomb Calorimeter. After the temperature of the water in the insulated container has reached a constant value, the
combustion reaction is initiated by passing an electric current through a wire embedded in the sample. Because this calorimeter
operates at constant volume, the heat released is not precisely the same as the enthalpy change for the reaction. (CC BY-SA-NC;
Anonymous by request).
The calorimeter must be calibrated by carrying out a reaction for which AUz, is well known, so that the resulting temperature
change can be related to the amount of heat released or absorbed. A commonly used reaction is the combustion of benzoic acid.
This makes a good choice since benzoic acid reacts reliably and reproducibly under normal bomb calorimetry conditions. The
“water equivalent” of the calorimeter can then be calculated from the temperature change using the following relationship:

nAU,; + eyrire + €other

W= AT

where n is the number of moles of benzoic acid used, AU, is the internal energy of combustion for benzoic acid (3225.7 kJ mol ! at
25 °C), eyire accounts for the energy released in the combustion of the fuse wire, ey, account for any other corrections (such as
heat released due to the combustion of residual nitrogen in the bomb), and DT is the measured temperature change in the
surrounding water bath.

Once the “water equivalent” is determined for a calorimeter, the temperature change can be used to find AU, for an unknown
compound from the temperature change created upon combustion of a known quantity of the substance.

_ WAT — €wire — €other
Nsample

AU,

The experiment above is known as “isothermal bomb calorimetry” as the entire assembly sits in a constant temperature laboratory.
Another approach is to employ “adiabatic bomb calorimetry” in which the assembly sits inside of a water jacket, the temperature of
which is controlled to match the temperature of the water inside the insulated container. By matching this temperature, there is no
thermal gradient, and thus no heat leaks into or out of the assembly during an experiment (and hence the experiment is effectively
“adiabatic”).

Finding AU,

The enthalpy of combustion can be calculated from the internal energy change if the balanced chemical reaction is known. Recall
from the definition of enthalpy

AH = AU + A(pV)

and if the gas-phase reactants and products can be treated as ideal gases (pV = nRT)
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at constant temperature. For the combustion of benzoic acid at 25 °C

AH = AU + RTAng,

CgH5COOH (s) + 4 0, (g) — 7CO02(g) + 3H20(1)

it can be seen that An g, is -0.5 mol of gas for every mole of benzoic acid reacted.

v/ Example 2.7.1: Combustion of Naphthalene

A student burned a 0.7842 g sample of benzoic acid (C;HgO2) in a bomb calorimeter initially at 25.0 °C and saw a temperature
increase of 2.02 °C. She then burned a 0.5348 g sample of naphthalene (CyoHjg) (again from an initial temperature of 25 °C) and
saw a temperature increase of 2.24 °C. From this data, calculate AH, for naphthalene (assuming e, and e,y are
unimportant.)

Solution
First, the water equivalent:
[(0.7841 g) (1572 )] (3225.7 kJ /mol)

W= T =10.254kJ/°C

Then AU, for the sample:

_ (10.254kJ/ °C)(2.24°C)

AU,
(0.5308 g) (1met-)

= 5546.4kJ/°C

AH, is then given by
AH, = AU.+ RTAngg,
The reaction for the combustion of naphthalene at 25 °C is:
C10Hs (5) + 1202 (g) — 10CO2 (g) + 4H20 (1)
with Ang,, = —2.
So

AH, = 5546.4kJ /mol + (%kﬂ/(mol K)) (298 L)(—2) = 5541 kJ /mol

The literature value (Balcan, Arzik, & Altunata, 1996) is 5150.09 kJ/mol. So that’s not too far off!

This page titled 2.7: Calorimetry is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.

« 3.4: Calorimetry by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.7.1: Temperature Dependence of Enthalpy

It is often required to know thermodynamic functions (such as enthalpy) at temperatures other than those available from tabulated
data. Fortunately, the conversion to other temperatures is not difficult.

At constant pressure

dH = CpdT
And so for a temperature change from T3 to T
T
AH= | C,dT (2.7.1.1)
T

Equation 2.7.1.1 is often referred to as Kirchhoff's Law. If C,, is independent of temperature, then
AH = C, AT (2.7.1.2)

If the temperature dependence of the heat capacity is known, it can be incorporated into the integral in Equation 2.7.1.1. A common
empirical model used to fit heat capacities over broad temperature ranges is

[+
ColT) =a+¥T+ = (2.7.1.3)

After combining Equations 2.7.1.3 and 2.7.1.1, the enthalpy change for the temperature change can be found obtained by a simple

integration
am=[" (a+bT+ 5 ) ar 2.7.1.4)
7 T?
Solving the definite integral yields
AH = [aT+3T2—£]T2 (2.7.1.5)
= 5 Tn 7.1
= o(T: —T)+3(T2—T2)—c(i—i) (2.7.1.6)
2oV e A T, T e

This expression can then be used with experimentally determined values of a, b, and ¢, some of which are shown in the following
table.

Table 2.7.1.1: Empirical Parameters for the temperature dependence of C,

Substance a(J mol ! K7) bQJ mol K?) ¢ (J mol' K)
C(gr) 16.86 4.77 x 1073 -8.54 x 10°
CO,(g) 44.22 8.79 x 103 -8.62x 10°
H,0() 75.29 0 0
Na(g) 28.58 3.77x 1073 -5.0x10*
Pb(s) 22.13 1.172 x 102 9.6 x 104

v/ Example 2.7.1.1: Heating Lead
What is the molar enthalpy change for a temperature increase from 273 K to 353 K for Pb(s)?

Solution
The enthalpy change is given by Equation 2.7.1.1 with a temperature dependence C, given by Equation 2.7.1.1 using the
parameters in Table 2.7.1.1. This results in the integral form (Equation 2.7.1.6):

@ 0 a @ 2.7.1.1 https://chem.libretexts.org/@go/page/456153


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456153?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/02%3A_The_First_Law_of_Thermodynamics/2.07%3A_Calorimetry/2.7.01%3A_Temperature_Dependence_of_Enthalpy

LibreTexts"

b 1 1
AH=a(Ty—T)) + —(TE —TY) — (———)
a(T> 1)+2(2 i)—c¢ o T

when substituted with the relevant parameters of Pb(s) from Table 2.7.1.1.

J
AH =(22.14 — = (353 K — 273 K)

1.172 x 1072 L
f"“’”‘z ((353 K)? — (273 K)?)
JK 1 1
—9.6 x 10*~— =
X el ( (353K)  (213K) )
J J J
AH =1770.4 —— +295.5 — +470.5 —
mol mol mol
—o534.4 -
mol

For chemical reactions, the reaction enthalpy at differing temperatures can be calculated from

T
AHyon(Ty) = AHpn(T) + / AC,AT
T

v/ Example 2.7.1.2: Enthalpy of Formation

The enthalpy of formation of NH;(g) is -46.11 kJ/mol at 25 °C. Calculate the enthalpy of formation at 100 °C.
Solution
N (g) +3Hz(g) = 2NH;(g)

with AH (298 K) = —46.11 kJ/mol

Compound Cp (@ mol™ K™
Na(g) 29.12
Hy(g) 28.82

NH3(g) 35.06

AH(373K) = AH(298 K) + AC,AT

= —46110 + I
mol

J J J
[2 (35.06m) = (29.12 m) -3 (28.82 molK)] (8373 K — 298 K)

=—49.5 k—J
mol

This page titled 2.7.1: Temperature Dependence of Enthalpy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming,.

o 3.5: Temperature Dependence of Enthalpy by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.7.2: Reaction Enthalpies

Reaction enthalpies are important, but difficult to tabulate. However, because enthalpy is a state function, it is possible to use Hess’
Law to simplify the tabulation of reaction enthalpies. Hess’ Law is based on the addition of reactions. By knowing the reaction
enthalpy for constituent reactions, the enthalpy of a reaction that can be expressed as the sum of the constituent reactions can be
calculated. The key lies in the canceling of reactants and products that °Ccur in the “data” reactions but not in the “target reaction.

v/ Example 2.7.2.1:

Find AH,,,, for the reaction
200(g) + O1(g) — 2C02(g)
Given
C(gr) + ¥%02(g) = CO(g)
with AH; = —110.53 kJ
C(gr) + O2(g) — CO:(g)

with AHp = —393.51 kJ

Solution
The target reaction can be generated from the data reactions.

2x [CO(g) = C(gr) + O2(9)]

plus
2x [C(gr) +20:(g) — 2C02(g)]
equals
2CO0(g) + O2(g) — 2C02(9)
S0

2xAH, = —787.02kJ
2xAHy =221.06 kJ

2xAH; + 2xAH,; = —565.96 kJ

Standard Enthalpy of Formation

One of the difficulties with many thermodynamic state variables (such as enthalpy) is that while it is possible to measure changes,
it is impossible to measure an absolute value of the variable itself. In these cases, it is necessary to define a zero to the scale
defining the variable. For enthalpy, the definition of a zero is that the standard enthalpy of formation of a pure element in its
standard state is zero. All other enthalpy changes are defined relative to this standard. Thus it is essential to very carefully define a
standard state.

# Definition: the Standard State

The standard state of a substance is the most stable form of that substance at 1 atmosphere pressure and the specified
temperature.

Using this definition, a convenient reaction for which enthalpies can be measured and tabulated is the standard formation
reaction. This is a reaction which forms one mole of the substance of interest in its standard state from elements in their standard
states. The enthalpy of a standard formation reaction is the standard enthalpy of formation (AH.). Some examples are

a AT~/ A\
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v IYWUNS).

Na(s) + %Cla(g) = NaCl(s)

with AHJ‘Z = —411.2 kJ/mol
. Cng(g)Z

3C(gr) + 4H,(g9) — C3Hs(g)
with AH? = —103.8 kJ/mol

It is important to note that the standard state of a substance is temperature dependent. For example, the standard state of water at
-10 °C is solid, whereas the standard state at room temperature is liquid. Once these values are tabulated, calculating reaction
enthalpies becomes a snap. Consider the heat combustion (AH,) of methane (at 25 °C) as an example.

CH4(g) + 202(g) — CO2(g) + 2H20(1)
The reaction can expressed as a sum of a combination of the following standard formation reactions.
C(gr) + 2Hz(g) — CHy(g)
with AH? = —74.6 kJ /mol
C(gr) + Oa(g9) = COx(g)
with AH} = —393.5 kJ /mol
H(g) + %02(g) — H20(1)
with AH? = —285.8 kJ/mol
The target reaction can be generated from the following combination of reactions
—1x[C(gr) + 2H,(g) — CHu(g)]
CHy(g) = C(gr) + 2H,(g)
with AH? = —1x [~74.6 kJ /mol] = 74.6 k.J /mol
C(gr) + O2(g) = COx(g)
with AH? = —393.5 kJ /mol
2x [Ha(g) + ¥%02(g) — H20(1))
2H,(g) + O2(g) — 2H,0(1)
with AH} = 2x [-285.8 kJ /mol] = —571.6 kJ /mol.
CHy(g) 4 202(g) = CO2(g) + 2H,0(l)
with AH? = —890.5 kJ/mol

Alternately, the reaction enthalpy could be calculated from the following relationship

AHun= Y v-AHj— Y v-AH}

products reactants

where v is the stoichiometric coefficient of a species in the balanced chemical reaction. For the combustion of methane, this
calculation is

Aran = (1mol) (AH}(CO,)) + (2mol) (AH§(H;0)) — (1mol) (AH(CHs)) (2.7.2.1)
= (1mol)(—393.5 kJ/mol) + (2mol) (—285.8 kJ/mol) (2.7.2.2)

— (1mol) (—74.6 kJ /mol)
= —890.5 kJ/mol (2.7.2.3)

A note about units is in order. Note that reaction enthalpies have units of kJ, whereas enthalpies of formation have units of kJ/mol.
The reason for the difference is that enthalpies of formation (or for that matter enthalpies of combustion, sublimation, vaporization,
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fusion, etc.) refer to specific substances and/or specific processes involving those substances. As such, the total enthalpy change is
scaled by the amount of substance used. General reactions, on the other hand, have to be interpreted in a very specific way. When
examining a reaction like the combustion of methane

CH4(g) + 202(_(]) — COQ(Q) + 2H20(l)
with AH,,, = —890.5 kJ. The correct interpretation is that the reaction of one mole of CHy(g) with two moles of O,(g) to form one

mole of CO,(g) and two moles of HyO(l) releases 890.5 kJ at 25 °C.

lonization Reactions

Tonized species appear throughout chemistry. The energy changes involved in the formation of ions can be measured and tabulated
for several substances. In the case of the formation of positive ions, the enthalpy change to remove a single electron at 0 K is
defined as the ionization potential.

M(g) = M*(g) +e”
with AH(0K) = 1% ionization potential (IP)
The removal of subsequent electrons requires energies called the 2" Ionization potential, 3" ionization potential, and so on.
M*(g) - M**(g) + e~
with AH(0K) = 2™IP
M**(g) > M**(g) + e~
with AH(0K) = 3mIP

An atom can have as many ionization potentials as it has electrons, although since very highly charged ions are rare, only the first
few are important for most atoms.

Similarly, the electron affinity can be defined for the formation of negative ions. In this case, the first electron affinity is defined
by

X(9)+e” = X" (9)
with —AH(0K) = 1% electron affinity (EA)

The minus sign is included in the definition in order to make electron affinities mostly positive. Some atoms (such as noble gases)
will have negative electron affinities since the formation of a negative ion is very unfavorable for these species. Just as in the case
of ionization potentials, an atom can have several electron affinities.

X~ (9)+e = X*(g)
with —AH(0K) = 2™EA.

X¥(g)+e = X3 (g
with —AH(0K) = 3" EA.

Average Bond Enthalpies

In the absence of standard formation enthalpies, reaction enthalpies can be estimated using average bond enthalpies. This method is
not perfect, but it can be used to get ball-park estimates when more detailed data is not available. A bond dissociation energy D is
defined by

XY(g) = X(9) +Y(9)
with AH=D(X -Y)
In this process, one adds energy to the reaction to break bonds, and extracts energy for the bonds that are formed.

AH,,, = E(bonds broken) — E(bonds formed)

https://chem.libretexts.org/@go/page/456154
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As an example, consider the combustion of ethanol:

AN 0=C=0
H-C-C-O-H + 0=0 —— + H-O-H
H 0=C=0

In this reaction, five C-H bonds, one C-C bond, and one C-O bond, and one O=0 bond must be broken. Also, four C=0 bonds, and
one O-H bond are formed.

Bond Average Bond Energy (kJ/mol)
C-H 413
C-C 348
C-0 358
0=0 495
Cc=0 799
O-H 463

The reaction enthalpy is then given by

AH, =5(413 kJ /mol) + 1(348 kJ /mol) + 1(358 kJ /mol)
+ 1(495 kJ /mol) — 4(799 kJ /mol)-2(463 kJ /mol)
— — 856 kJ/mol (2.7.2.4)

Because the bond energies are defined for gas-phase reactants and products, this method does not account for the enthalpy change
of condensation to form liquids or solids, and so the result may be off systematically due to these differences. Also, since the bond
enthalpies are averaged over a large number of molecules containing the particular type of bond, the results may deviate due to the
variance in the actual bond enthalpy in the specific molecule under consideration. Typically, reaction enthalpies derived by this
method are only reliable to within + 5-10%.

This page titled 2.7.2: Reaction Enthalpies is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick

Fleming.

« 3.6: Reaction Enthalpies by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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2.E: First Law of Thermodynamics Exercises

Q2.1

In the attempt to measure the heat equivalent of mechanical work (as Joule did in his famous experiment) a student uses an
apparatus similar to that shown below:

The 1.50 kg weight is lifted 30.0 cm against the force due to gravity (9.8 N). If the specific heat of water is 4.184 J/(g °C), what is
the expected temperature increase of the 1.5 kg of water in the canister?

Q2.2

1.00 mol of an ideal gas, initially occupying 12.2 L at 298 K, expands isothermally against a constant external pressure of 1.00 atm
until the pressure of the gas is equal to the external pressure. Calculate Ap, ¢, w, AU, and AH for the expansion.

Q2.3

Consider 1.00 mol of an ideal gas expanding isothermally at 298 K from an initial volume of 12.2 L to a final volume of 22.4 L.
Calculate Ap, g, w, AU, and AH for the expansion.

Q2.4

Consider 1.00 mol of an ideal gas (Cy = 3/2 R) Occupying 22.4 L that undergoes an isochoric (constant volume) temperature
increase from 298 K to 342 K. Calculate Ap, ¢, w, AU, and AH for the change.

Q25

Consider 1.00 mol of an ideal gas (C, = 5/2 R) initially at 1.00 atm that undergoes an isobaric expansion from 12.2 L to 22.4 L.
Calculate AT, g, w, AU, and AH for the change.

Q2.6

Consider 1.00 mol of an ideal gas (Cy = 3/2 R) initially at 12.2 L that undergoes an adiabatic expansion to 22.4 L. Calculate AT, g,
w, AU, and AH for the change.

Q2.7

Derive an expression for the work of an isothermal, reversible expansion of a gas that follows the equation of state (in which a is a
parameter of the gas)

2

pV =nRT — % (2.E.1)

from V; to Va.

Q2.8

Use the following data [Huff, Squitieri, and Snyder, J. Am. Chem. Soc., 70, 3380 (1948)] to calculate the standard enthalpy of
formation of tungsten carbide, WC(s).

@ 0 a @ https://chem.libretexts.org/@go/page/456155
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Reaction AH° (kJ)
C(gr) + O2(g) —+ CO4(9) -393.51
WC(s) + 5/204(g) = WOs(s) + COx(g) -1195.79
W(s)+3/204(g) - WOs(s) -837.42
Q2.9
The standard molar enthalpy of combustion (AH,) of propane gas is given by
C3Hg(g) + 502(g) = 3C04(g) + 4H,0(1) (2.E.2)

with AH, = —2220 kJ/mol
The standard molar enthalpy of vaporization (AH,p) for liquid propane

C3Hg(l) — CgHs(g) (2.E.3)

with AHygp = 15 kJ /mol

a. Calculate the standard enthalpy of combustion of liquid propane.
b. Calculate the standard internal energy change of vaporization (AU,,) for liquid propane.
c. Calculate the standard internal energy change of combustion (AH,) for liquid propane.

Q2.10
The enthalpy of combustion (AH.) of aluminum borohydride, Al(BH4)3(l), was measured to be -4138.4 kJ/mol [Rulon and Mason,
J. Am. Chem. Soc., 73, 5491 (1951)]. The combustion reaction for this compound is given by

Al(BH4)3(l) + 602(_(]) — %Algo;;(s) + 3/23203(3) + 6H20(l) (2.E.4)

Given the following additional data, calculate the enthalpy of formation of Al(BH,)3(g).

AlO4(s): AHy = —1669.8 kJ /mol

. 3203(8)2 AHf = —1267.8 kJ/mol

o HyO(l): AHy = —285.84 kJ /mol
Al(BH,)3(1): AHyep = 30.125 kJ /mol

0Q2.11
The standard enthalpy of formation (AH}) for water vapor is -241.82 kJ/mol at 25 °C. Use the data in the following table to
calculate the value at 100 °C.

Substance Cp(J mol! K1)
Ha(g) 28.84
0,(2) 29.37
H,0(g) 33.58
Q2.12
AC), = (1.00 4 2.00 x 1073T) J/K and AHjg = —5.00 kJ for a dimerization reaction
24 - A, (2.E.5)

Find the temperature at which \(\Delta H = 0\).
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Q2.13

From the following data, determine the lattice energy of BaBrs.

Ca(s) — Ca(yg) (2.E.6)
with AH . = 120 kJ /mol
Bry(l) = Bra(g) (2.E.7)
with AH,,, = 31 kJ/mol
Bry(g) — 2Br(g) (2.E.8)
with D(Br — Br) = 193 kJ /mol
Ca(g) = Ca™(g) + e~ (2.E.9)
with 1% IP(K) = 589.8 k.J /mol
Cat(g) - Ca* (g) + e~ (2.E.10)
with 24IP(K) = 1145.4 kJ /mol
Br(g) + e~ — Br—(g) (2.E.11)
with 1 EA(Br) = 194 kJ /mol
Ca(s) + Br; (I) = CaBrs(s) (2.E.12)

with AH; = —675 kJ/mol

Q2.14

Using average bond energies (Table T3) estimate the reaction enthalpy for the reaction

CyHy+ HBr — CyHsBr (2E13)
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1.E: Putting the First Law to Work (Exercises)

Q2.15
Given the relationship
U dp
— ) =T(-——=) — 1.E1
(-av).=7(ar), 7 0z
show that
oUu
(_W)T —0 (LE.2)

for an ideal gas.

Q2.16
Determine if the following differential is exact, and if so, find the function 2(x, y) that satisfies the expression.

dz = dzydz + 22%dy (1.E.3)
Q2.17
For a van der Waals gas,

(6_U) _(o? (1.E.4)

ov)r \Vv? o
Find an expression in terms of g, n, V, and R for
oT
(37), (LES)

if Cy = 3/2R. Use the expression to calculate the temperature change for 1.00 mol of Xe (a = 4.19 atm L2 mol -?) expanding
adiabatically against a vacuum from 10.0 L to 20.0 L.

Q2.18

Given the following data, calculate the change in volume for 50.0 cm? of

a. neon and
b. copper

due to an increase in pressure from 1.00 atm to 0.750 atm at 298 K.

Substance T (at 1.00 atm and 298 K)
Ne 1.00 atm™
Cu 0.735x 10 atm™
Q2.19
Consider a gas that follows the equation of state
nRT
P=— (1.E.6)

derive an expression for

a. the isobaric thermal expansivity,
b. the Joule-Thomson coefficient, p s
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por = C%(Ta —1) (LET)
Q2.20
Given
0H o
(50), - (57), 7
derive an expression for
U
(E)T (LE.9)

in terms of measurable properties. Use your result to calculate the change in the internal energy of 18.0 g of water when the
pressure is increased from 1.00 atm to 20.0 atm at 298 K.

Q2.21
Derive an expression for
ou
(ﬁ)p (1.E.10)
Begin with the definition of enthalpy, in order to determine
dH = dU + pdV + Vdp (LE.11)

Finish by dividing by dT and constraining to constant pressure. Make substitutions for the measurable quantities, and solve for

ou
(ﬁ)p' (LE.12)
Q2.22
Derive an expression for the difference between C, and Cy in terms of the internal pressure, @, p and V. Using the definition for &
as a starting point, show that
0H oU ov
(37),= (ar),+#(5r), (1E13)

Now, find an expression for by starting with U(V,T) and writing an expression for the total differential dU(V,T).

Divide this expression by dp and constrain to constant 7. Substitute this into the previous expressions and solve for

(?WG),,_ (%)V_ (1E.14)

Q4.9

Evaluate the expression you derived in problem 8 for an ideal, assuming that the internal pressure of an ideal gas is zero.
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3.1: Introduction to the Second Law

Rudolph Clausius is kind enough in his 1879 work “The Mechanical Theory of Heat” (Clausius, 1879) to indicate where we have
been in our discussion of thermodynamics, as well as where we are going.

“The fundamental laws of the universe which correspond to the two fundamental theorems of the mechanical
theory of heat:

1. The energy of the universe is constant.

2. The entropy of the universe tends to a maximum.”

— Rudolf Clausius, The Mechanical Theory Of Heat

The second law of thermodynamics, which introduces us to the topic of entropy, is amazing in how it constrains what we can
experience and what we can do in the universe. As Sean M. Carroll, a CalTech Theoretical physicist, suggests in a 2010 interview
with Wired Magazine (Biba, 2010),

I’m trying to understand how time works. And that’s a huge question that has lots of
different aspects to it. A lot of them go back to Einstein and spacetime and how we
measure time using clocks. But the particular aspect of time that I’m interested in is the
arrow of time: the fact that the past is different from the future. We remember the past but
we don’t remember the future. There are irreversible processes. There are things that
happen, like you turn an egg into an omelet, but you can’t turn an omelet into an egg.

We, as observers of nature, are time travelers. And the constraints on what we can observe as we move through time step from the
second law of thermodynamics. But more than just understanding what the second law says, we are interested in what sorts of
processes are possible. And even more to the point, what sorts of processes are spontaneous.

A spontaneous process is one that will occur without external forces pushing it. A process can be spontaneous even if it happens
very slowly. Unfortunately, Thermodynamics is silent on the topic of how fast processes will occur, but is provides us with a
powerful toolbox for predicting which processes will be spontaneous. But in order to make these predictions, a new thermodynamic
law and variable is needed since the first law (which defined AU and AH) is insufficient.

Consider the following processes:
NaOH(s) = Na*(ag) + OH (ag)
with AH < 0
NaHCOj3(s) — Na + (ag) + HCO3 (aq)
with AH >0

Both reactions will occur spontaneously, but one is exothermic and the other endothermic. So while it is intuitive to think that an
exothermic process will be spontaneous, there is clearly more to the picture than simply the release of energy as heat when it comes
to making a process spontaneous. The Carnot cycle because a useful thought experiment to explore to help to answer the question
of why a process is spontaneous.
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3.2: Heat Engines and the Carnot Cycle

Heat Engines

Sadi Carnot (1796 — 1832) (Mendoza, 2016), a French physicist and engineer was very interested in the improvement of steam
engines to perform the tasks needed by modern society.

Figure 3.2.1: Sadi Carnot (1796 - 1832)

To simplify his analysis of the inner workings of an engine, Carnot devised a useful construct for examining what affect engine
efficiency. His construct is the heat engine. The idea behind a heat engine is that it will take energy in the form of heat, and
transform it into an equivalent amount of work.

Heat Engine

Unfortunately, such a device is impractical. As it turns out, nature prevents the complete conversion of energy into work with
perfect efficiency. This leads to an important statement of the Second Law of Thermodynamics.

It is impossible to convert heat into an equivalent amount of work without some other
changes occurring in the universe.

As such, a more reasonable picture of the heat engine is one which will allow for losses of energy to the surroundings.

q —

| |
Heat Engine

The fraction of energy supplied to the engine that can be converted to work defines the efficiency of the engine.

The Carnot Cycle

The Carnot cycle is a theoretical cyclic heat engine that can used to examine what is possible for an engine for which the job is
convert heat into work. For simplicity, all energy provided to the engine occurs isothermally (and reversibly) at a temperature T},
and all of the energy lost to the surroundings also occurs isothermally and reversibly at temperature 7;. In order to insure this, the
system must change between the two temperatures adiabatically.
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Heat Engine

Thus, the cycle consists of four reversible legs, two of which are isothermal, and two of which are adiabatic.

I. Isothermal expansion from p; and V; to p, and V, at T,
II. Adiabatic expansion from p,, V,, T}, to ps, V3, T).
III. Isothermal compression from p; and V5 to p, and V4 at T.
IV. Adiabatic compression from p4, V4, T} to p1, V1, Th.

Plotted on a pressure-volume diagram, the Carnot cycle looks as follows:

6.00 -

A Carnot Cycle

5.00 -

pressure (atm)
!\.I [V5) =
o o o
[=] [=] (=]

=

=]

=]
I

0.00 T T T !
0 5 10 15 20
molar volume {L/mol)

Because this is a closed cycle (the ending state is identical initial state) any state function must have a net change of zero as the
system moves around the cycle. Furthermore, the efficiency of the engine can be expressed by the net amount of work the engine
produces per unit of heat supplied to power the engine.

Wnet
dh

€ =

In order to examine this expression, it is useful to write down expressions fo the heat and work flow in each of the four legs of the
engine cycle.
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Leg Heat Work
I gn = -nRT} In(Vo/Vy) nRT}, In(Vo/Vy)
1| 0 Cy(T,=Ty)
111 qi = -nRT; In(V4/V3) nRT] In(V4/V3)
v 0 Cv(Th - Th)

The total amount of work done is given by the sum of terms in the thirst column. Clearly the terms for the two adiabatic legs cancel
(as they have the same magnitude, but opposite signs.) So the total work done is given by

V; V.
Wit = NRTH In (Vj) +nRT;In (V:)
The efficiency of the engine can be defined as the total work produced per unit of energy provided by the high temperature
reservoir.

Wiot
dn

or

nRT, In (%) +nRT;In (%)
€= 1 3 (3.2.1)

nRT, In (%)

That expression has a lot of variables, but it turns out that it can be simplified dramatically. It turns out that by the choice of
pathways connecting the states places a very important restriction on the relative values of Vy, V,, V3 and V,. To understand this,
we must consider how the work of adiabatic expansion is related to the initial and final temperatures and volumes. In Chapter 3, it
was shown that the initial and final temperatures and volumes of an adiabatic expansion are related by

ViTliCV/R - V'foV/R
or

Vi _ (T
V_f_ T;

Using the adiabatic expansion and compression legs (II and I'V), this requires that

Va _ (Tw\9"
%‘(Tz)

and

Vi T, \ /R
w=(z)

Since the second terms are reciprocals of one another, the first terms must be as well!

a_h

Vo Vy
A simple rearrangement shows that

B_¥

Vi Vi

This is very convenient! It is what allows for the simplification of the efficiency expression (Equation 3.2.1) becomes
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Vs \Z
pR/Thln 7 +)z/R/Tgln 7
€=
Vs
PR Ty In 7

T,— T
Ty

Canceling terms in the numerator and denominator yields

(3.2.2)

€=

This expression gives the maximum efficiency and depends only on the high and low temperatures!

Also, it should be noted that the heat engine can be run backwards. By providing work to the engine, it can be forces to draw heat
from the low temperature reservoir and dissipate it into the high temperature reservoir. This is how a refrigerator or heat pump
works. The limiting efficiency of such a device can also be calculated using the temperatures of the hot can cold reservoirs.

v Example 3.2.1:

What is the maximum efficiency of a freezer set to keep ice cream at a cool -10 °C, which it is operating in a room that is
25°C? What is the minimum amount of energy needed to remove 1.0 J from the freezer and dissipate it into the room?

Solution
The efficiency is given by Equation 3.2.2 and converting the temperatures to an absolute scale, the efficiency can be calculated
as

_ 298K —263K

28K

This value can be used in the following manner
energyiransferred = €(WOTKrequired)
So
1.0J = 0.1174(w)
or

w=28.5J

It is interesting to note that any arbitrary closed cyclical process can be described as a sum of infinitesimally small Carnot cycles,
and so all of the conclusions reached for the Carnot cycle apply to any cyclical process.
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3.3: Entropy

In addition to learning that the efficiency of a Carnot engine depends only on the high and low temperatures, more interesting
things can be derived through the exploration of this system. For example, consider the total heat transferred in the cycle:

- V2 _ E)
(Itot—nRThln(Vl) nRTlln(V3

Making the substitution

B_b%
i Vi

the total heat flow can be seen to be given by

- Vay _ E)
Qtot—nRThln(Vg) nRTlln(V3

It is clear that the two terms do not have the same magnitude, unless Tj, = T;. This is sufficient to show that ¢ is not a state
function, since it’s net change around a closed cycle is not zero (as any value of a state function must be.) However, consider what
happens when the sum of ¢/T is considered:

nR/Th/ln (%) _ nR/’P;/ln (%)
# 7
=nRIn (%) —nRIn (%)

=0

>

1ES

This is the behavior expected for a state function! It leads to the definition of entropy in differential form,
_ dgrey
ds= T

In general, dgre, Will be larger than dg (since the reversible pathway defines the maximum heat flow.) So, it is easy to calculate
entropy changes, as one needs only to define a reversible pathway that connects the initial and final states, and then integrate dg/T
over that pathway. And since \(\Delta S\) is defined using ¢ for a reversible pathway, AS is independent of the actual path a system
follows to undergo a change.
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3.4: Calculating Entropy Changes

Entropy changes are fairly easy to calculate so long as one knows initial and final state. For example, if the initial and final volume
are the same, the entropy can be calculated by assuming a reversible, isochoric pathway and determining an expression for %. That

term can then be integrated from the initial condition to the final conditions to determine the entropy change.

Isothermal Changes

If the initial and final temperatures are the same, the most convenient reversible path to use to calculate the entropy is an isothermal
pathway. As an example, consider the isothermal expansion of an ideal gas from V; to V5. As was derived in Chapter 3,

av
dq-nRT7
So dg/T is given by
dq av
T~ "y
and so
AS—/ﬂ—nR Vzd—V—ann(&) (3.4.1)
)T w V. Vi -

v Example 3.4.1: Entropy Change for a Gas Expansion

Calculate the entropy change for 1.00 mol of an ideal gas expanding isothermally from a volume of 24.4 L to 48.8 L.

Solution
Recognizing that this is an isothermal process, we can use Equation 3.4.1

AS =nRln (%)
M8L
= (1.00 mol)(8.3147/(mol K)) In ( 29AL )
=5.76J/K

Isobaric Changes

For changes in which the initial and final pressures are the same, the most convenient pathway to use to calculate the entropy
change is an isobaric pathway. In this case, it is useful to remember that

dq =nCpdT

So
dg dT
T ="

Integration from the initial to final temperature is used to calculate the change in entropy. If the heat capacity is constant over the
temperature range

L g, L o4r T:
q 2

= —nC Z— —nC m(_)
n 1T ? n 1 P /i

If the temperature dependence of the heat capacity is known, it can be incorporated into the integral. For example, if C, can be
expressed as

Cc
Cp=a+bT+F

AS takes the form
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Cc
[ en [ T
n T T T
which simplifies to
Ty c
AS=n/T1 (3 +bT+ =5 )dT

or

T2 C 1 1
AS=n [aln (ﬁ) +b(T> —T1) — 5 (T—22 — T_12>

Isochoric Changes

Similarly to the cast of constant pressure, it is fairly simple to calculate AS. Since

dg = nCydt
% is given by
dq dr
T ="

And so for changes over which Cy is independent of the temperature AS is given by

T
AS =nC,In (%)

Adiabatic Changes

The easiest pathway for which to calculate entropy changes is an adiabatic pathway. Since dg = 0 for an adiabatic change, then dS
=0 as well.

Phase Changes
The entropy change for a phase change at constant pressure is given by

_ AH, phase

-9
AS = 7 (3.4.2)

v Example 3.4.2: Entropy Change for Melting Ice

The enthalpy of fusion for water is 6.01 kJ/mol. Calculate the entropy change for 1.0 mole of ice melting to form liquid at 273
K.

Solution
This is a phase transition at constant pressure (assumed) requiring Equation 3.4.2:

_ (1mol)(6010 J/mol)

213K
=2J/K

AS
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3.5: Comparing the System and the Surroundings

It is oftentimes important (for reasons that will be discussed in the next section) to calculate both the entropy change of the system
as well as that of the surroundings. Depending on the size of the surroundings, they can provide or absorb as much heat as is
needed for a process without changing temperature. As such, it is oftentimes a very good approximation to consider the changes to
the surroundings as happening isothermally, even though it may not be the case for the system (which is generally smaller.)

v/ Example 3.5.1

Consider 18.02 g (1.00 mol) of ice melting at 273 K in a room that is 298 K. Calculate DS for the ice, the surrounding room,
and of the universe. (DHg,s = 6.01 kJ/mol)

Solution
For the process under constant pressure: gsce = —groom

q=nAHj,, = (1.00mol) (6010 J/mol) = 6010 J

For the ice:
L Qice _ 6010 J _
ASiw = = = Goage = 220J/K
For the room:
—601
ASroom = Lz = 6010 J = —20.2J/K

Troom 298K
For the universe:

ASum'v = ASice alx ASroom
= 220J/K —20.2J/K = 18J/K

Note: ASynivy is positive, which is characteristic of a spontaneous change!

v/ Example 3.5.2

A 10.0 g piece of metal (C = 0.250 J/g °C) initially at 95 °C is placed in 25.0 g of water initially at 15 °C in an insulated
container. Calculate the final temperature of the metal and water once the system has reached thermal equilibrium. Also,
calculate the entropy change for the metal, the water, and the entire system.

Solution
Heat will be transferred from the hot metal to the cold water. Since it has nowhere else to go, the final temperature can be
calculated from the expression

qQw = —qm
where g, is the heat absorbed by the water, and gy, is the heat lost by the metal. And since
g =mCAT
it follows that
(25 9)(4.184J/g°C))(T; — 15°C) = —(10.0g)(0.250 J /g°C))(Ts — 95 J /g°C)
A bit of algebra determines the final temperature to be:
T; = 16.9°C.

To get the entropy changes, use the expression:
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4
AS =mCyln A

i
So, for the water:

A uner = (259)(4.1847/9°0) In (22

288K
=0.689J/K

And for the metal:

ASmeat = (10.06)(0.250 J/g°C)) In ( 289.9 K )

368 K
= —0.596 J/K

For the system:
Assys = AS’water + ASmetal
=0.689 J/K + —0.596 J/K = 0.093 J/K

Note: The total entropy change is positive, suggesting that this will be a spontaneous process. This should make some sense
since one expects heat to flow from the hot metal to the cool water rather than the other way around. Also, note that the sign of
the entropy change is positive for the part of the system that is absorbing the heat, and negative for the part losing the heat.

In summary, AS can be calculated for a number of pathways fairly conveniently.

Table 3.5.1: Summary of different ways to calculate AS depending on the pathway. * for an ideal gas.

_ erev _ Qsys
Pathway Assya = Tsys ASﬂm‘ = Tourr
Adiabatic 0
Isothermal % and nRIn (E)*
T |21
. Tf dsys
I b C 1 —_— Assurr= —
sobaric mCpIn ( T, ) Tour
T,
Isochoric mCyn (—f)
T;
Phase Change %

And
ASuniv = ASsys + ASgyrr.
This calculation is important as AS,.i, provides the criterion for spontaneity for which we were searching from the outset. This also
suggests a new way to state the second law:
I The entropy of the universe increases in any spontaneous change.

If we think of “the direction of spontaneous” to be the natural direction of chance, we can see that entropy and the second law are
tied inexorably with the natural direction of the flow of time. Basically, we can expect the entropy of the universe to continue to
increase as time flows into the future. We can overcome this natural tendency to greater entropy by doing work on a system. This is
why it requires such great effort, for example, to straighten a messy desk, but little effort for the desk to get messy over time.
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The Second Law can be summed up in a very simple mathematical expression called the Clausius Inequality.
ASuniverse > 0

which must be true for any spontaneous process. It is not the most convenient criterion for spontaneity, but it will do for now.
In the next chapter, we will derive a criterion which is more useful to us as chemists, who would rather focus on the system
itself rather than both the system and its surroundings. Another statement of the Clausius theorem is

dq
_ >
T 0

with the only condition of the left hand side equaling zero is if the system transfers all heat reversibly.
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3.6: Entropy and Disorder

A common interpretation of entropy is that it is somehow a measure of chaos or randomness. There is some utility in that concept.
Given that entropy is a measure of the dispersal of energy in a system, the more chaotic a system is, the greater the dispersal of
energy will be, and thus the greater the entropy will be. Ludwig Boltzmann (1844 — 1906) (O'Connor & Robertson, 1998)
understood this concept well, and used it to derive a statistical approach to calculating entropy. Boltzmann proposed a method for
calculating the entropy of a system based on the number of energetically equivalent ways a system can be constructed.

Boltzmann proposed an expression, which in its modern form is:
S = kp In(W) (3.6.1)

This rather famous equation is etched on Boltzmann’s grave marker in commemoration of his profound contributions to the science
of thermodynamics (Figure 3.6.1).

Figure 3.6.1: Ludwig Boltzmann (1844 - 1906)

v/ Example 3.6.1:

Calculate the entropy of a carbon monoxide crystal, containing 1.00 mol of CO, and assuming that the molecules are randomly
oriented in one of two equivalent orientations.

Solution
Using the Boltzmann formula (Equation 3.6.1):

S =nKIn(W)
And using W = 2, the calculation is straightforward.

6.022 x 10%

S = | 1.00 mol cot
1mol

=5.76J/K

) (1.38 x 1073J/K) In2
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3.7: The Third Law of Thermodynamics

One important consequence of Botlzmann’s proposal is that a perfectly ordered crystal (i.e. one that has only one energetic
arrangement in its lowest energy state) will have an entropy of 0. This makes entropy qualitatively different than other
thermodynamic functions. For example, in the case of enthalpy, it is impossible have a zero to the scale without setting an arbitrary
reference (which is that the enthalpy of formation of elements in their standard states is zero.) But entropy has a natural zero! It is
the state at which a system has perfect order. This also has another important consequence, in that it suggests that there must also
be a zero to the temperature scale. These consequences are summed up in the Third Law of Thermodynamics.

I The entropy of a perfectly ordered crystal at 0 K is zero.

This also suggests that absolute molar entropies can be calculated by

T
c
5= [ Car

where C is the heat capacity. An entropy value determined in this manner is called a Third Law Entropy.

Naturally, the heat capacity will have some temperature dependence. It will also change abruptly if the substance undergoes a phase
change. Unfortunately, it is exceedingly difficult to measure heat capacities very near zero K. Fortunately, many substances follow
the Debye Extrapolation in that at very low temperatures, their heat capacities are proportional to T°. Using this assumption, we
have a temperature dependence model that allows us to extrapolate absolute zero based on the heat capacity measured at as low a
temperature as can be found.

v/ Example 3.7.1

Si0; is found to have a molar heat capacity of 0.777 J mol™! K™ at 15 K (Yamashita, et al., 2001). Calculate the molar entropy
of SiO; at 15 K.

Solution

Using the Debye model, the heat capacity is given by
=

The value of a can be determined by

=

=

The entropy is then calculated by

Calculating a third Law Entropy

Start at 0 K, and go from there!
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3.8: Adiabatic Compressibility

In Chapter 4, we learned about the isothermal compressibility, 7, which is defined as

w35,

k7 is a very useful quantity, as it can be measured for many different substances and tabulated. Also, as we will see in the next
chapter, it can be used to evaluate several different partial derivatives involving thermodynamic variables.

In his seminal work, Philosophiae Naturalis Principia Mathematica (Newton, 1723), Isaac Newton (1643 - 1727) (Doc) calculated
the speed of sound through air, assuming that sound was carried by isothermal compression waves. His calculated value of 949 m/s
was about 15% smaller than experimental determinations. He accounted for the difference by pointing to “non-ideal effects”. But it
turns out that his error, albeit an understandable one (since sound waves do not appear to change bulk air temperatures) was that the
compression waves are adiabatic, rather than isothermal. As such, there are small temperature oscillations that occur due to the
adiabatic compression followed by expansion of the gas carrying the sound waves. The oversight was correct by Pierre-Simon
Laplace (1749 — 1827) (O'Connor & Robertson, Pierre-Simon Laplace, 1999).

LaPlace modeled the compression waves using the adiabatic compressibility, xg defined by

)

Since the entropy is defined by

_ dQTe’U
ds = T

it follows that any adiabatic pathway (dg = 0) is also isentropic (dS = 0), or proceeds at constant entropy.

I Adiabatic pathways are also isentropic.

A couple of interesting conclusions can be reached by following the derivation of an expression for the speed of sound where the
sound waves are modeled as adiabatic compression waves. We can begin by expanding the description of kg by using Partial
Derivative Transformation Type II. Applying this, the adiabatic compressibility can be expressed

ws= L (20) ()
$=v\es/),\ /)y
or by using transformation type I

 (5),

MtV (2)
),

Using a simple chain rule, the partial derivatives can be expanded to get something a little easier to evaluate:

kg = 1 (%)V(%)V (3.8.1)

@@,

The utility here is that

(?—;)V - % (3.8.2)
(?_azs"),, - % (3.8.3)

This means that Equation 3.8.1 simplifies to
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Simplifying what is in the parenthesis yields

As will be shown in the next chapter, C,, is always bigger than Cy, so kg is always smaller than «y.

But there is more! We can use this methodology to revisit how pressure affects volume along an adiabat. In order to do this, we
would like to evaluate the partial derivative
(%)
op /s

This can be expanded in the same way as above

And further expand

(or), (55),

1%
— | =¥ 3.84
@), (@ -
T )y \dS)v
And as before, noting that the relationships in Equations 3.8.2 and 3.8.3, Equation 3.8.4 can be simplified to
(2) —-Sv(2) ()
Op /s Cp \OT' /p\0p /vy
Cy ( ov )
= V(=L 3.8.5
¢, \op )y (3.8.5)

Or defining v = C,/Cy, Equation 3.8.5 can be easily rearranged to

(3_") - (3_V)
"o )s ™ \op/r
The right-hand derivative is easy to evaluate if we assume a specific equation of state. For an ideal gas,

(6_V) _ _nRT _ V
T

op P
Substitution yields
() ==Y
op/s p
which is now looking like a form that can be integrated. Separation of variables yields
av _ap
V p
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And integration (assuming that g is independent of volume) yields

/Vz av P gp
¥ — = —
i 14 p P

or

(1) n(2)
1% D1
which is easily manipulated to show that
p1V = paVy
or
pV7 = constant

which is what we previously determined for the behavior of an ideal gas along an adiabat.

Finally, it should be noted that the correct expression for the speed of sound is given by

1

pPES

Vsound =

where p is the density of the medium. For an ideal gas, this expression becomes

YRT
Vsound = 7

where M is the molar mass of the gas. Isaac Newton’s derivation, based on the idea that sound waves involved isothermal
compressions, would produce a result which is missing the factor of v, accounting for the systematic deviation from experiment
which he observed.
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3.9: Putting the Second Law to Work

Physical Chemistry: Thermodynamics
Patrick Fleming
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3.9.1: Free Energy Functions

In the previous chapter, we saw that for a spontaneous process, ASuniverse > 0. While this is a useful criterion for determining
whether or not a process is spontaneous, it is rather cuambersome, as it requires one to calculate not only the entropy change for the
system, but also that of the surroundings. It would be much more convenient if there was a single criterion that would do the job
and focus only on the system. As it turns out, there is.

Since we know that
ASyniv >0
for any natural process, and
ASuniv = ASsys + ASsurr

all we need to do is to find an expression for AS,,, that can be determined by the changes in the system itself. Fortunately, we have
already done that! Recalling that at constant temperature

QTEU
AS=——+
T
and at constant pressure
AH =g,
it follows that at constant temperature and pressure
AH,
Assurr = _%

Substitution into the above equations yields an expression for the criterion of spontaneity that depends only on variables describing
the changes in the system!

A-Hs Z]
Asum'u > Asaya - T ¢
SO
AHs Z]
ASgys — —=2 >0
Multiplying both sides by —T' yields
AH—-TAS<0 (3.9.1.1)

A similar derivation for constant volume processes results in the expression (at constant volume and temperature)

AU—-TAS <0 (3.9.1.2)

Equation 3.9.1.1 is of great use to chemists, as most of chemistry occurs at constant pressure. For geologists, however, who are
interested in processes that occur at very high pressures (say, under the weight of an entire mountain) and expansion is not a
possibility, the constant volume expression of Equation 3.9.1.1 may be of greater interest.

All of the above arguments can be made for systems in which the temperature is not constant by considering infinitesimal changes.
The resulting expressions are

dH—TdS <0 (3.9.1.3)

and

dU —TdS <0 (3.9.1.4)
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The Gibbs and Helmholtz Functions

Equation 3.9.1.3 suggests a very convenient thermodynamic function to help keep track of both the effects of entropy and enthalpy
changes. This function, the Gibbs function (or Gibbs Free Energy) is defined by

G=H-TS
A change in the Gibbs function can be expressed
AG = AH — A(TS)
Or at constant temperature
AG =AH —-TAS

And the criterion for a process to be spontaneous is the DG < 0. As such, it should be clear spontaneity is not merely a function the
enthalpy change (although exothermic processes tend to be spontaneous) but also a function of the entropy change, weighted by the
temperature. Going back to an earlier example,

NaOH(s) = Na*(aq) + OH (aq)
with AH < 0.
and
NaHCOs(s) =+ Na*(ag) + HCO; (ag)
with AH > 0.

It is easy to see why both processes are spontaneous. In the first case, the process is exothermic (favorable) and proceeds with an
increase in entropy (also favorable) due to the formation of fragments in the liquid phase (more chaotic) from a very ordered solid
(more ordered). The second reaction is endothermic (unfavorable) but proceeds with an increase in entropy (favorable). So, so long
as the temperature is high enough, the entropy term will overwhelm the enthalpy term and cause the process to be spontaneous. The
conditions for spontaneous processes at constant temperature and pressure can be summarized in Table 6.1.1.

Table 6.1.1: Spontaneity Conditions for a Process under Constant Temperature and Pressure

AH AS Spontaneous
>0 >0 Athigh T
>0 <0 AtnoT
<0 >0 Atall T
<0 <0 Atlow T

Similarly to the Gibbs function, the Helmholtz function is defined by
A=U-TS

and provides another important criterion for spontaneous processes at constant value and temperature. At constant temperature, the
Helmbholtz function can be expressed by

AA =AU —-TAS

Based on similar arguments used for the Gibbs function, the Helmholtz function also can be used to predict which processes will be
spontaneous at constant volume and temperature according to Table 6.1.2.

Table 6.1.2: Spontaneity Conditions for a Process under Constant Temperature and Volume
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AU AS Spontaneous?
>0 >0 Athigh T
>0 <0 AtnoT
<0 >0 Atall T
<0 <0 Atlow T

Calculating AG for Reactions

Much like in the case of enthalpy (and unlike entropy), free energy functions do not have an unambiguous zero to the energy scale.
So, just like in the case of enthalpies of formation, by convention, the standard free energy of formation (AG$%) for elements in their
standard states is defined as zero. This allows for two important things to happen. First, AG$ can be measured and tabulated for any
substance (in principle, at least.) AG% is determined to be AG?,,, for the reaction that forms one mole of a compound from elements
in their standard states (similarly to how AH? is defined.) Secondly, tabulated (AG}) can be used to calculate standard reaction free

energies (AGY,,,) in much the same way as AH? is used for reaction enthalpies.

v/ Example 3.9.1.1:

Given the following data at 298 K, calculate AG° at 298 K for the following reaction:

CoHy(g) + Hy(g) — CyHe(g)

Substance AG$ (kJ/mol)
C,Hy(8) 68.4
CyHe(g) -32.0

Solution
The AGS values can be used to calculate AG® for the reaction in exactly the same method as AH ¢ can be used to calculate a
reaction enthalpy.

AG° = (1 mol)(—32.0 kJ /mol) — (1 mol)(68.4 kJ /mol)

AG° =100.4kJ

Note: Hz(g) is not included in the calculation since AG‘} for Hs(g) is 0 since it is an element in its standard state.

This page titled 3.9.1: Free Energy Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

¢ 6.1: Free Energy Functions by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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3.9.2: Combining the First and Second Laws - Maxwell's Relations

Modeling the dependence of the Gibbs and Helmholtz functions behave with varying temperature, pressure, and volume is
fundamentally useful. But in order to do that, a little bit more development is necessary. To see the power and utility of these
functions, it is useful to combine the First and Second Laws into a single mathematical statement. In order to do that, one notes that

since
ds = %
for a reversible change, it follows that
dg=TdS
And since
dw="TdS — pdV

for a reversible expansion in which only p-V works is done, it also follows that (since dU = dg + dw):
dU =TdS — pdV (3.9.2.1)
This is an extraordinarily powerful result. This differential for dU can be used to simplify the differentials for H, A, and G. But

even more useful are the constraints it places on the variables 7, S, p, and v due to the mathematics of exact differentials!

Maxwell Relations

The above result suggests that the natural variables of internal energy are S and V' (or the function can be considered as U(S,V)).
So the total differential (¢U) in Equation 3.9.2.1 can be expressed:

U U
dU = (g)vds+ (W)de (3.9.2.2)

Also, by inspection (comparing the two expressions for 47 in Equations 3.9.2.1 and 3.9.2.2) it is apparent that:

(g—g) =T (3.9.2.3)
and
(g—g)s - p (3.9.2.0)

But the value does not stop there! Since dU is an exact differential, the Euler relation must hold that

[av(3s).).= [os (7).,

By substituting Equations 3.9.2.3 and 3.9.2.4, we see that

[or @], = [55¢2s],

(ov)a=-(39),

This is an example of a Maxwell Relation. These are very powerful relationship that allows one to substitute partial derivatives

or

when one is more convenient (perhaps it can be expressed entirely in terms of « and/or s for example.)
A similar result can be derived based on the definition of H.

H=U+pV
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Differentiating (and using the chain rule on d(pV)) yields
dH = dU + pdV + Vdp

Making the substitution using the combined first and second laws (dU = T'dS—pdV) for a reversible change involving on expansion
(p-V) work

dH = TdS-pdV + pdV + Vdp
This expression can be simplified by canceling the pdV terms.
dH =TdS + Vdp (3.9.2.5)

And much as in the case of internal energy, this suggests that the natural variables of H are § and p. Or

dH = (Z—Z)p ds + (%)de (3.9.2.6)
Comparing Equations 3.9.2.5 and 3.9.2.6 show that
(g—g)p -T (3.9.2.7)
and
(%I)S =V (3.9.2.8)
It is worth noting at this point that both Equation 3.9.2.3
(35)
8S /v
and Equation 3.9.2.7
(35)
8S /,

are equal to T'. So they are equation to each other

(35), -~ (55),

Moreover, the Euler Relation must also hold

v (35). ). =[5 (%)

SO

(E) = (3_V)
/s \05)/,
This is the Maxwell relation on H. Maxwell relations can also be developed based on A and G. The results of those derivations are

summarized in Table 3.9.2.1.

Table 3.9.2.1: Maxwell Relations
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Function Differential Natural Variables Maxwell Relation
_ T\ __(o»
g (), (%),
H dH = TdS + Vd, S (g) = (6—V)
- + D P ap g - 6 S 5
— pdV @) - (3_5)
A dA= —pdV — SdT vV, T (8T =av),
G dG =Vdp— S5dT T (B_V) =— (ﬁ)
=Vvap Db, oT » dp )

The Maxwell relations are extraordinarily useful in deriving the dependence of thermodynamic variables on the state variables of

p,T,and V.
v Example 3.9.2.1
Show that
ov o
(ﬁ), T 7P
Solution

Start with the combined first and second laws:
dU = TdS — pdV’
Divide both sides by dV and constraint to constant T":

| _ TdS| _ ﬂ|
Vi~ avie Pavie

Noting that

dv |lp ~ \av
av
— | =1
dv ¢

The result is
oUu a8
(7). =7 (5v),~*
Now, employ the Maxwell relation on A (Table 6.2.1)
to get

and since

It is apparent that
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ov a
(7), =T
Note: How cool is that? This result was given without proof in Chapter 4, but can now be proven analytically using the
Maxwell Relations!

This page titled 3.9.2: Combining the First and Second Laws - Maxwell's Relations is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Patrick Fleming.

¢ 6.2: Combining the First and Second Laws - Maxwell's Relations by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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3.9.3: AA, AG, and Maximum Work

The functions A and G are oftentimes referred to as free energy functions. The reason for this is that they are a measure of the
maximum work (in the case of AA) or non p-V work (in the case of AG) that is available from a process. To show this, consider the
total differentials.

First, consider the differential of A.
dA =dU —TdS — SdT
Substituting the combined first and second laws for dU, but expressing the work term as dw, yields
dA =TdS — dw—TdS — SdT
And cancelling the T'dS terms gives
dA = dw — SdT
or at constant temperature (dT" = 0)
dA = dw

Since the only assumption made here was that the change is reversible (allowing for the substitution of TdS for dg), and dw for a
reversible change is the maximum amount of work, it follows that dA gives the maximum work that can be produced from a
process at constant temperature.

Similarly, a simple expression can be derived for dG. Starting from the total differential of G.
dG = dU + pdV-pdV + Vdp-TdS-SdT

Using an expression for dU = dg + dw, where dg = T'dS and dw is split into two terms, one (dw,y) describing the work of expansion
and the other (dw,) describing any other type of work (electrical, stretching, etc.)

dU — TdS + dW,y + dW,

dG can be expressed as

dG = TdS — pdV + dw, + pdV + Vdp- TdS-SdT
Cancelling the T'dS and pdV terms leaves
dG = +dw, + Vdp-SdT
So at constant temperature (dI" = 0) and pressure (dp = 0),
dG = dw,
This implies that dG gives the maximum amount of non p-V work that can be extracted from a process.

This concept of d4 and dG giving the maximum work (under the specified conditions) is where the term “free energy” comes from,
as it is the energy that is free to do work in the surroundings. If a system is to be optimized to do work in the soundings (for
example a steam engine that may do work by moving a locomotive) the functions A and G will be important to understand. It will,
therefore, be useful to understand how these functions change with changing conditions, such as volume, temperature, and
pressure.

Contributors

e Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

This page titled 3.9.3: AA, AG, and Maximum Work is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.
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https://chem.libretexts.org/@go/page/456169



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456169?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/03%3A_The_Second_and_Third_Laws_of_Thermodynamics/3.09%3A_Putting_the_Second_Law_to_Work/3.9.03%3A_A_G_and_Maximum_Work
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/03%3A_The_Second_and_Third_Laws_of_Thermodynamics/3.09%3A_Putting_the_Second_Law_to_Work/3.9.03%3A_A_G_and_Maximum_Work
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84325
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

Li breTexts*

https://chem.libretexts.org/@go/page/456169


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456169?pdf

LibreTexts"

3.9.4: Volume Dependence of Helmholtz Energy

If one needs to know how the Helmholtz function changes with changing volume at constant temperature, the following expression
can be used:

Vs
AA— 2(6A

—) v (3.9.4.1)
T

w \av

But how does one derive an expression for the partial derivative in Equation 3.9.4.1? This is a fairly straight forward process that
begins with the definition of A:

A=U-TS
Differentiating (and using the chain rule to evaluate d(T'S) yields
dA =dU —TdS — SdT (3.94.2)
Now, it is convenient to use the combined first and second laws
dU =TdS — pdvV (3.9.4.3)
which assumes:

1. areversible change and
2. only pV work is being done.

Substituting Equation 3.9.4.3 into Equation 3.9.4.2 yields
dA = TdS —pdV — TdS — SdT (3.9.4.4)
Canceling the T'dS terms gives the important result
dA = —pdV — SdT (3.9.4.5)

The natural variables of A are therefore V and T'! So the total differential of A is conveniently expressed as

o4 24
dA = (W)Tdv+ (ﬁ)VdT (3.9.4.6)

and by simple comparison of Equations 3.9.4.5 and 3.9.4.6, it is clear that

(%) -
v ) P
0A
(57),=-%
And so, one can evaluate Equation 3.9.4.1 as
Va
AA=— / pdV
Vi

If the pressure is independent of the temperature, it can be pulled out of the integral.

Va
Ad=—p [ dV=—p(V—V)
1

Otherwise, the temperature dependence of the pressure must be included.
V2
AA=— / p(V)dv
i

Fortunately, this is easy if the substance is an ideal gas (or if some other equation of state can be used, such as the van der Waals
equation.)
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v/ Example 3.9.4.1: Ideal Gas Expansion

Calculate A A for the isothermal expansion of 1.00 mol of an ideal gas from 10.0 L to 25.0 L at 298 K.

Solution
For an ideal gas,

So

(%) -
v ) P

becomes

(2
ov)r 14

And so (Equation 3.9.4.1)

V2 1 9A
AA = (—) dv
w \OV /g
becomes
Va
AA = —nRT ﬂdT
w V
or
AA=-—nRTn (%)

Substituting the values from the problem

AA = —(1.00mol)(8.314 J/(mol K))(298 K) In ( 25.0 L)

10.0L

But further, it is easy to show that the Maxwell relation that arises from the simplified expression for the total differential of A is

(o). = (7).

This particular Maxwell relation is exceedingly useful since one of the terms depends only on p, V, and T. As such it can be

(&)=

This page titled 3.9.4: Volume Dependence of Helmholtz Energy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

expressed in terms of our old friends, a and &r!

curated by Patrick Fleming.
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3.9.5: Pressure Dependence of Gibbs Energy
The pressure and temperature dependence of G is also easy to describe. The best starting place is the definition of G.
G=U+pV-TS (3.9.5.1)
Taking the total differential of G yields
dG = dU + pdV—pdV + Vdp-TdS-SdT

The differential can be simplified by substituting the combined first and second law statement for dU (consider a reversible process
and pV work only).

dG = TdS pdy{ + pd{_+ Vdp- TdS-SdT

Canceling the T'dS and pdV terms leaves
dG =V dp-SdT (3.9.5.2)

This suggests that the natural variables of G are p and T So the total differential dG can also be expressed

G G
dG = (—) dp+ (—) dT 3.9.5.3
o ), Pt \ar), ( )
And by inspection of Equations 3.9.5.2 and 3.9.5.3, it is clear that
oG
el =V
(%),
and
oG
(ﬁ),, =5

It is also clear that the Maxwell relation on G is given by

(), (5).

which is an extraordinarily useful relationship, since one of the terms is expressible entirely in terms of measurable quantities!

oV
(ﬁ)f Ve

The pressure dependence of G is given by the pressure derivative at constant temperature

(%)T —v (3.9.5.4)

which is simply the molar volume. For a fairly incompressible substance (such as a liquid or a solid) the molar volume will be
essentially constant over a modest pressure range.

v/ Example 3.9.5.1: Gold under Pressure

The density of gold is 19.32 g/cm®. Calculate AG for a 1.00 g sample of gold when the pressure on it is increased from 1.00
atm to 2.00 atm.

Solution
The change in the Gibbs function due to an isothermal change in pressure can be expressed as
P2/ BG
AG = (—) d
»n 3[) T P

And since substituting Equation 3.9.5.4, results in
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D2
AG = / Vdp
b

1

Assuming that the molar volume is independent or pressure over the stated pressure range, AG becomes
AG = V(p2 - p1)

So, the molar change in the Gibbs function can be calculated by substituting the relevant values.

197.0g 1 1L
AG= ( mol 19.32¢g X 1000 em® ) (3.9.5.5)
8.315J
(2.00 atm — 1.00 atm) (m)
conversion unit
= 10337 (3.9.5.6)
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3.9.6: Temperature Dependence of Aand G
In differential form, the free energy functions can be expressed as

dA = —pdV — SdT
and

dG = —Vdp — SdT

So by inspection, it is easy to see that

0A
(5),=—
and
oG
(57),=-5
And so, it should be fairly straightforward to determine how each changes with changing temperature:
iy iy
AA=—/ ’ (%) ar=— [ sar
n \O0T )y T
and
Ty aG T
AG=—/ (—) dT = — SdrT
T1 or » T1

But the temperature dependence of the entropy needed to be known in order to evaluate the integral. A convenient work-around can
be obtained starting from the definitions of the free energy functions.

A=U-TS
and

G=H-TS
Dividing by T yields

4-2-s
and

G_H_

T T

Now differentiating each expression with respect to 7" at constant V' or p respectively yields

Or differentiating with respect to 1/T provides a simpler form that is mathematically equivalent:

(8.

and

and
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(8(%) ) _
oz)/,
Focusing on the second expression (since all of the arguments apply to the first as well), we see a system that can be integrated.

Multiplying both sides by d(1/T) yields:
G 1
1(7) - #(7)

Or for finite changes AG and AH:

() - 3)

and integration, assuming the enthalpy change is constant over the temperature interval yields

B (AG Bl
/Tl d(T) =AH d(f)

AGT2 AGTl =AH( 1 1 )

T T

T (3.9.6.1)

Equation ??? is the Gibbs-Helmholtz equation and can be used to determine how AG changes with changing temperature. The
equivalent equation for the Helmholtz function is

Az,  Adg
T Ty

1 1

v/ Example 3.9.6.1:

Given the following data at 298 K, calculate AG at 500 K for the following reaction:

CHy(g) +202(g) = COa(g) + H20(g)

Compound AG$ (kJ/mol) AH? (kJ.mol)
CH,(g) -50.5 -74.6
COy(g) -394.4 -393.5
H,0(g) -228.6 -241.8
Solution
AH and AGags x and can be calculated fairly easily. It will be assumed that AH is constant over the temperature range of 298 K
—500 K.

AH = (1mol)(—393.5 kJ /mol) + (2 mol)(—241.8 kJ /mol)—(1 mol)(—74.5 kJ /mol) = —820.6 kJ

AGags = (1mol)(—394.4 kJ /mol) + (2mol)(—228,6 kJ /mol)
—(1mol)(—50.5 kJ/mol) = —801.1kJ

So using Equation 3.9.6.1 with the data just calculated gives

AGspg  —801.1kJ 1 1
500 K 298 K = (el (500K 298K)

AGsp gk = —T787.9kJ

Note: AG became a little bit less negative at the higher temperature, which is to be expected for a reaction which is exothermic.
An increase in temperature should tend to make the reaction less favorable to the formation of products, which is exactly what
is seen in this case!
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3.9.7: When Two Variables Change at Once

So far, we have derived a number of expressions and developed methods for evaluating how thermodynamic variables change as
one variable changes while holding the rest constant. But real systems are seldom this accommodating. For example, a piece of
metal (such as a railroad rail) left in the sun will undergo both an increase in temperature and an expansion due to the absorption of
energy from sunlight. So both T' and V are changing at the same time! If the change in a thermodynamic variable (such as G) is
needed, contributions from both changes are required to be taken into account. We’ve already seen how to express this in terms of a
total differential.

dG = (%)po+ (%)pdT (3.9.7.1)

Fortunately, G (like the other thermodynamic functions U, H, S, and A) is kind enough to be a state variable. This means that we
can consider the changes independently and then simply add the results. Another way to think of this is that the system may follow
either of two pathways to get from the initial conditions to the final conditions:

e Pathway I:

1. An isothermal expansion from V; to V; at Ty followed by
2. An isochoric temperature increase from Tj to T at V3

e Pathway 2:

1. An isochoric temperature increase from T; to T; at V; followed by
2. And isothermal expansion from V; to Vz at T»

And since G has the good sense to be a state variable, the pathway connecting the initial and final states is unimportant. We are free
to choose any path that is convenient to calculate the change.

v/ Example 3.9.7.1: Non-Isothermal Gas Expansion

Calculate the entropy change for 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) expanding from 10.0 L at 273 K to 22.0 L at
297 K.

Solution
If one considers entropy to be a function of temperature and volume, one can write the total differential of entropy as

oS oS
ds = (ﬁ)v‘”* (W)T‘”’

and thus

T 98 V: 1 88
AS = (—) dT+/ (—) av
Ty 3T \74 2 BV T

The first term is the contribution due to an isochoric temperature change:

T 188

ASr, 1, = / (—) dT 3.9.7.2
T T, n \aT)y ( )

T
_ / ngv T (3.9.7.3)

T
— nCyin (E) (3.9.7.4)

T
3 J 297K
=13.57J/K (3.9.7.6)
The second term is the contribution due to an isothermal expansion:
17
2708

ASysy, = /Vl (W)TdV (3.9.7.7)
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From the Maxwell relation on A

So Equation 3.9.7.7 becomes

AS k- d
S /Vl (ﬁ) v (3.9.7.8)
V2 r'nR
- /Vl (7) v (3.9.7.9)
=nRln (E) (3.9.7.10)
|4
J 22.0L
= (1.00 mol) (8.314m) In ( 100 L) (3.9.7.11)
=6.56 J/K (3.9.7.12)
And the total entropy change is
ASit = ASvy,v, + ASyioy, (3.9.7.13)
=13.57J/K +6.56 J/K (3.9.7.14)
=20.13J/K (3.9.7.15)

X Deriving an expression for a partial derivative (Type Il)

Thermodynamics involves many variables. But for a single component sample of matter, only two state variables are needed to
describe the system and fix all of the thermodynamic properties of the system. As such, it is conceivable that two functions can
be specified as functions of the same two variables. In general terms: z(z,y) and w(z, ).

So an important question that can be answered is, “What happens to z if w is held constant, but z is changed?” To explore this,
consider the total differential of z:

0z 0z
but z can also be considered a function of z and w(z, y). This implies that the total differential can also be written as
0z 0z

and these two total differentials must be equal to one another!

0z 0z 0z 0z
= (a)yd“ (@)J’F (a)wd’” (%)J‘“’

If we constrain the system to a change in which w remains constant, the last term will vanish since dw = 0.

(%)ydﬁt-i— (%)zdy= (%)wdx (3.9.7.18)

but also, since w is a function « and y, the total differential for w can be written

e () 00+ ()

And it too must be zero for a process in which w is held constant.

0= (32) - (3).

From this expression, it can be seen that

a-(%),(2).+
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Substituting this into the Equation 3.9.7.18, yields

(%)ydm+ (%), [_ (%’)y (%)zdx] = (%)wdm (3.9.7.19)
which simplifies to
(&)= (@), (&),=- (&)@

So for dx # 0, implies that

(5),- (). (5),= ().

or

(%)y - (%)f (%)z (%)y (3.9.7.20)
As with partial derivative transformation types I and II, this result can be achieved in a formal, albeit less mathematically

rigorous method.

Consider z(z,w). This allows us to write the total differential for z:

oz 0z
dz = (a)wdw 1 (%)zdw

Now, divide by dz and constrain to constant y.

dz
do

_ (ﬁ) Kl " (ﬂ) L0}
y \0z/, dzl, 0w/, dx
noting that dz/dz = 1 and converting the other ratios to partial derivatives yields

(5),- (8. (£).(%),

which agrees with the previous result (Equation 3.9.7.20)! Again, the method is not mathematically rigorous, but it works so

Yy

long as w, z, y, and z are state functions and the total differentials dw, dz, dy, and dz are exact.
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3.9.8: The Difference between Cp and Cv

Constant volume and constant pressure heat capacities are very important in the calculation of many changes. The ratio C,/Cy = v
appears in many expressions as well (such as the relationship between pressure and volume along an adiabatic expansion.) It would
be useful to derive an expression for the difference C,—Cy as well. As it turns out, this difference is expressible in terms of
measureable physical properties of a substance, such as «, k1, p, V, and T.

In order to derive an expression, let’s start from the definitions.
and

The difference is thus

6=~ (o), (o7),
In order to evaluate this difference, consider the definition of enthalpy:
H=U+pV
Differentiating this yields
dH = dU + pdV + Vdp
Dividing this expression by ¢7" and constraining to constant p gives

dH
dT

&
»  dT

+p &
. PdrT

dp
,,+Vd_T

p

The last term is kind enough to vanish (since dp =0 at constant pressure). After converting the remaining terms to partial

(52),= (), (%),

This expression is starting to show some of the players. For example,

derivatives:

0H
(o), =0
and
oV
(ﬁ),, =Ve
So Equation 38.9.8.1 becomes
U
Cp = (ﬁ)p +pVa (3982)

In order to evaluate the partial derivative above, first consider U(V,T'). Then the total differential du can be expressed

ou oU
du= (), 4V - (ﬁ)vdT

Dividing by dT and constraining to constant p will generate the partial derivative we wish to evaluate:

W) () W) () o
» \OV/)pdT|, \8T /vy dT

dT

p
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The last term will become unity, so after converting to partial derivatives, we see that

oUu U oV ou
(o), = (av). (ar), + (oz), (3983)
(This, incidentally, is an example of partial derivative transformation type II1.) Now we are getting somewhere!
U
(57), -
and
1%
(ﬁ),, =ve

So the Equation 3.9.8.3 can be rewritten

If we can find an expression for

(o)
ov)r
we are almost home free! Fortunately, that is an easy expression to derive. Begin with the combined expression of the first and
second laws:
d="TdS —pdV
Now, divide both sides by dV and constrain to constant T'.

du ds dav

Wlr~ " Wl Pavie

The last term is unity, so after conversion to partial derivatives, we see

ou oS
(W)T =T(W)T_1" (3.9.8.4)
A Maxwell relation (specifically the Maxwell relation on A) can be used
(&), (o)
ov T B or v

(o7).=7 (o), 7

(&)=

Substituting this into Equation 3.9.8.4 yields
and since

then

ou
(_J 7% _,
8V T KT
Now, substituting this into the expression into Equation 3.9.8.3 to get

ou o

_ TVo?

—pVa+Cy
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This can now be substituted into the Equation 3.9.8.2 yields

2
C, = [TZ: —M+CV]+M

The pVa terms will cancel. And subtracting Cy from both sides gives the desired result:

_ TVa?

KT

C,—Cy (3.9.8.5)

And this is a completely general result since the only assumptions made were those that allowed us to use the combined first and
second laws in the form

dU = TdS—pdV.

That means that this expression can be applied to any substance whether gas, liquid, animal, vegetable, or mineral. But what is the
result for an ideal gas?

Since we know that for an ideal gas

1
“TT
and
1
KT = —
p
Substitution back into Equation 3.9.8.5 yields
2
v (1)
Cp—Cy = W
p
_
T
=R

So for an ideal gas, C,—Cy = R. That is good to know, no?

v/ Example 3.9.8.1

Derive the expression for the difference between C, and Cy by beginning with the definition of H, differentiating, dividing by
dV (to generate the partial derivative definition of Cy). In this approach, you will need to find expressions for

(%)
oT /v
and

(%)

Op /1
and also utilize the Maxwell-Relation on G.
Solution
Begin with the definition of enthalpy.
H=U+pV

Differentiate the expression.

dH = dU + pdV + Vdp
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Now, divide by dV and constrain to constant T' (as described in the instructions) to generate the partial derivative definition of

Cv
dH|  dU av dp
dr |y = dr V+pﬁ|v+"ﬁ y
(E)v_ (dT)V+V(dT)V (3.9.8.6)
Now what is needed is an expression for
(&)
dT )y’

This can be derived from the total differential for H(p, T)) by dividing by d7" and constraining to constant V.

de(d_H) dp+(d_H) dT
dp /r P

daT
dH dH dp dH
(ﬁ)v_ (E)T(E)‘ﬁ (E)p (3.9.8.7)
This again is an example of partial derivative transformation type III. To continue, we need an expression for
(%)
dp )’

This can be quickly generated by considering the total differential of H(p, ), its natural variables:
dH =TdS + Vdp

Dividing by dp and constraining to constant T yields

) _p i) Ly
dp I dp I dplr

dH) (dS)

—_— =T|— ) +V 3.9.8.8
(dp T dp/r ( )

Using the Maxwell Relation on G, we can substitute

(&)= (&),

So Equation 3.9.8.8 becomes

dH av
(%)T“T(d—T)ﬁV

Now, substitute this back into the expression for (Equation 3.9.8.7):
A _[_p (4 ) |, (4
(), = [ (&), +v] (&), + (),
) _ 2 (Z) () rv(®) . ()
(dT)v_ T(dT),,(dT)V+V(dT vy \ar),
This can now substituted for the right-hand side of the initial expression for (Z_;I) back into Equation 3.9.8.6:
v

dv dp d dH\  (dU d
‘T(ﬁ)p(ﬁ)ﬁ%Jr(ﬁ)f(dT)ﬁ Viar), (3989)

Several terms cancel one another. Equation 3.9.8.9 can then be rearranged to yield

(&), (&), - (&), (&),
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or

which might look familiar (Equation 3.9.8.5)!

This page titled 3.9.8: The Difference between Cp and Cv is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.
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3.E: The Second Law (Exercises)

Q5.1

What is the minimum amount of work needed to remove 10.0 J of energy from a freezer at -10.0 °C, depositing the energy into a
room that is 22.4 °C?

Q5.2

Consider the isothermal, reversible expansion of 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) from 10.0 L to 25.0 L at 298 K.
Calculate ¢, w, AU, AH, and AS for the expansion.

Q5.3

Consider the isobaric, reversible expansion of 1.00 mol of a monatomic ideal gas (C, = 5/2 R) from 10.0 L to 25.0 L at 1.00 atm.
Calculate ¢, w, AU, AH, and AS for the expansion.

Q5.4

Consider the isochoric, reversible temperature increase of 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) °Ccupying 25.0 L from
298 K to 345 K. Calculate ¢, w, AU, AH, and AS for this process.

Q5.5

Consider the adiabatic expansion of 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) from 10.0 L at 273 K to a final volume of 45.0
L. Calculate AT, ¢, w, AU, AH, and AS for the expansion.

Q5.6

15.0 g of ice (AH,s = 6.009 kJ/mol) at 0 °C sits in a room that is at 21 °C. The ice melts to form liquid at 0 °C. Calculate the
entropy change for the ice, the room, and the universe. Which has the largest magnitude?

Q5.7

15.0 g of liquid water (C, = 75.38 J mol! °C-1) at 0 °C sits in a room that is at 21 °C. The liquid warms from 0 °C to 21 °C.
Calculate the entropy change for the liquid, the room, and the universe. Which has the largest magnitude?

Q5.8

Calculate the entropy change for taking 12.0 g of H>O from the solid phase (Cp =36.9J mol™! K1) at -12.0 °C to liquid (Cp=75.2
Jmol ™ K'!) at 13.0 °C. The enthalpy of fusion for water is AH,, = 6.009 kJ/mol.

Q5.9
Using Table T1, calculate the standard reaction entropies (AS°) for the following reactions at 298 K.
b. 012H22011(8) + 1209 — 12002(9) + 11H20(l)
C. 2POCI3(l) — 2PCl3(l) + 02(_(])
d. 2KBr(s) + Cl2(g) — 2KCl(s) + Bra(l)
e. SiH(g) + 2C1(g) — SiCly(l) + 2H,(g)

Q5.10

1.00 mole of an ideal gas is taken through a cyclic process involving three steps:

I. Isothermal expansion from V; to V, at T;
I1. Isochoric heating from, T; to T, at V,
II1. Adiabatic compression from V, to V;

a. Graph the process on a V-T diagram.
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b. Find ¢, w, AU, and AS for each leg. (If you want, you can find AH too!)
c. Use the fact that AS for the entire cycle must be zero (entropy being a state function and all ...), determine the relationship
between V1 and V;, in terms of C,, T; and T>.

Q5.11

2.00 moles of a monatomic ideal gas (Cy = 3/2 R) initially exert a pressure of 1.00 atm at 300.0 K. The gas undergoes the
following three steps, all of which are reversible:

I. isothermal compression to a final pressure of 2.00 atm,
I1. Isobaric temperature increase to a final temperature of 400.0 K, and
III. A return to the initial state along a pathway in which

p=a+bT (3.E.1)

where a and b are constants. Sketch the cycle on a pressure-temperature plot, and calculate \(\Delta U\) and \(\Delta S\) for each of
the legs. Are AU and AS zero for the sum of the three legs?

Q5.12

A 10.0 g piece of iron (C = 0.443 J/g °C) initially at 97.6 °C is placed in 50.0 g of water (C = 4.184 J/g °C) initially at 22.3 °C in an
insulated container. The system is then allowed to come to thermal equilibrium. Assuming no heat flow to or from the
surroundings, calculate

a. the final temperature of the metal and water
b. the change in entropy for the metal

c. the change in entropy for the water

d. the change in entropy for the universe

Q5.13

Considers a crystal of CHFCIBr as having four energetically equivalent orientations for each molecule. What is the expected
residual entropy at 0 K for 2.50 mol of the substance?

Q5.14

A sample of a certain solid is measured to have a constant pressure heat capacity of 0.436 J mol* K'! at 10.0 K. Assuming the
Debeye extrapolation model

Cp(T) = aT? (3.E.2)

holds at low temperatures, calculate the molar entropy of the substance at 12.0 K.

This page titled 3.E: The Second Law (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.
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1.1: Putting the Second Law to Work (Exercises)

Q6.1
Using Table T1, calculate the standard reaction Gibbs functions (\(\Delta G"o\)) for the following reactions at 298 K.

a. CH3CH,0H(l) + 304(g) — 2C04(g) + 3H>0(l)
b. CeH1206(s) + 605 — 6CO2(g) + 6H,O(l)

c. 2POCI4(1) = 2PCly(1) + Os(g)

d. 2K Br(s) + Cla(g) — 2KCl(s) + Bra(l)

e. SiHy(g) + 2Cl(g) — SiCly(l) + 2H,(g)

Q6.2
Estimate \(\Delta G\) at 1000 K from its value at 298 K for the reaction
C(s) +2H2(g) — CHa(g) (1.1.1)

with AG = —50.75 kJ at 298 K/

Q6.3

The standard Gibbs function for formation (AG}) of PbOs(s) is -217.4 kJ/mol at 298 K. Assuming O is an ideal gas, find the
standard Helmholtz function for formation (AA$ for PbO; at 298K.

Q6.4

Calculate the entropy change for 1.00 mol of an ideal monatomic gas (Cy = 3/2 R) undergoing an expansion and simultaneous
temperature increase from 10.0 L at 298 K to 205.0 L at 455 K.

Q6.5
Consider a gas that obeys the equation of state
nRT
P=g— (1.1.2)
a. Find expressions for e and «r for this gas.
b. Evaluate the difference between C, and Cy for the gas.
Q6.6
Show that
ac, )
=0 1.1.3
(%), (-19)
for an ideal gas.
Q6.7
Derive the thermodynamic equation of state
6H )
— ) =VQ-T 1.14
(%), =va-Ta) (1.14)
Q6.8
Derive the thermodynamic equation of state
ou a
(37), =T (119
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Q6.9
The “Joule Coefficient” is defined by

py = (%) . (1.1.6)

Show that

Wy = ~ (P— E) (1.1.7)

and evaluate the expression for an ideal gas.

Q6.10

Derive expressions for the pressure derivatives

(%)T (1.1.8)

whereX is U, H, A, G, and S at constant temperature in terms of measurable properties. (The derivation of (%I) was done in
T
problem Q6.7).

Evaluate the expressions for

for a van der Waals gas.

Q6.11

Derive expressions for the volume derivatives

(g—)‘f)T (1.1.9)

where X is U, H, A, G, and § at constant temperature in terms of measurable properties. (The derivation of (Z—Z)T was done in
problem Q8.8.)
Evaluate the expressions for
(5r)
g_}g T
vV /r

for a van der Waals gas.

Q6.12
Evaluate the difference between C, and Cy for a gas that obeys the equation of state
nRT
Q6.13
The adiabatic compressibility (kg) is defined by
16V
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Show that for an ideal gas,

Ky = — (1.1.12)

This page titled 1.1: Putting the Second Law to Work (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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4.1: Prelude to Chemical Equilibria

The small is great, the great is small; all is in equilibrium in necessity... - Victor Hugo in
“Les Miserables”

As was discussed in Chapter 6, the natural tendency of chemical systems is to seek a state of minimum Gibbs function. Once the
minimum is achieved, movement in any chemical direction will not be spontaneous. It is at this point that the system achieves a
state of equilibrium.

AGrn >0

AGrn >0

Aern =0

Reaction coordinate &

From the diagram above, it should be clear that the direction of spontaneous change is determined by minimizing

(%)
aE »,T '
If the slope of the curve is negative, the reaction will favor a shift toward products. And if it is positive, the reaction will favor a

shift toward reactants. This is a non-trivial point, as it underscores the importance of the composition of the reaction mixture in the
determination of the direction of the reaction.

This page titled 4.1: Prelude to Chemical Equilibria is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.
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4.2: Chemical Potential

Equilibrium can be understood as accruing at the composition of a reaction mixture at which the aggregate chemical potential of
the products is equal to that of the reactants. Consider the simple reaction

A(g) = Blg)
The criterion for equilibrium will be
HA = UB

If the gases behave ideally, the chemical potentials can be described in terms of the mole fractions of A and B

4% + RTn (p—A) =u%+RTIn (p—") (4.2.1)
Dtot Diot

where Dalton’s Law has been used to express the mole fractions.

Di
Diot

Xi=
Equation 4.2.1 can be simplified by collecting all chemical potentials terms on the left

pS — pu% = RTn (p—B) —RThh (p—“‘) (4.2.2)
Dot Dot

Combining the logarithms terms and recognizing that
Ho — Hy-AG?
for the reaction, one obtains

~AG° = RTIn (p—B)
P4

And since ps/pp = K, for this reaction (assuming perfectly ideal behavior), one can write
AG° = RTIK,

Another way to achieve this result is to consider the Gibbs function change for a reaction mixture in terms of the reaction
quotient. The reaction quotient can be expressed as

_ I1;
ij;j

where »; are the stoichiometric coefficients for the products, and v; are those for the reactants. Or if the stoichiometric coefficients

Q»

are defined by expressing the reaction as a sum
0= Z V,'X.,'
i

where X; refers to one of the species in the reaction, and y; is then the stoichiometric coefficient for that species, it is clear that v;
will be negative for a reactant (since its concentration or partial pressure will reduce as the reaction moves forward) and positive
for a product (since the concentration or partial pressure will be increasing.) If the stoichiometric coefficients are expressed in this
way, the expression for the reaction quotient becomes

Q= HP?

Using this expression, the Gibbs function change for the system can be calculated from
AG=AG’+RThQ,

And since at equilibrium
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AG=0
and
Qr=K,
It is evident that
AGS,, =—RThK, (4.2.3)

It is in this simple way that K, and AG? are related.

It is also of value to note that the criterion for a spontaneous chemical process is that AGy., < 0, rather than AGZ,,, as is
stated in many texts! Recall that AGy,, is a function of all of the reactants and products being in their standard states of unit
fugacity or activity. However, the direction of spontaneous change for a chemical reaction is dependent on the composition of
the reaction mixture. Similarly, the magnitude of the equilibrium constant is insufficient to determine whether a reaction will
spontaneously form reactants or products, as the direction the reaction will shift is also a function of not just the equilibrium

constant, but also the composition of the reaction mixture!

v/ Example 4.2.1:

Based on the data below at 298 K, calculate the value of the equilibrium constant (K,) for the reaction

2NO(g) + O2(g) = 2NOx(g)

NO(9) NO:(g)

G% (kJ/mol) 86.55 51.53

Solution
First calculate the value of AG?

T™Trn

from the AG$ data.
AG?,, =2 x (51.53kJ/mol) — 2 x (86.55 kJ/mol) = —70.04 kJ /mol
And now use the value to calculate K, using Equation 4.2.3.
—70040 J /mol = —(8.314J/(mol K)(298 K) In K,,

K, =1.89 x 10"

Note: as expected for a reaction with a very large negative AGY,,, the equilibrium constant is very large, favoring the
formation of the products.
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4.3: Activities and Fugacities

To this point, we have mostly ignored deviations from ideal behavior. But it should be noted that thermodynamic equilibrium
constants are not expressed in terms of concentrations or pressures, but rather in terms of activities and fugacities (both being
discussed in Chapter 7). Based on these quantities,

K,= H i (4.3.1)

and
K, = H a}
i

And since activities and fugacities are unitless, thermodynamic equilibrium constants are unitless as well. Further, it can be noted
that the activities of solids and pure liquids are unity (assuming ideal behavior) since they are in their standard states at the given
temperature. As such, these species never change the magnitude of the equilibrium constant and are generally omitted from the
equilibrium constant expression.

I Thermodynamic equilibrium constants are unitless.

Kp and K¢

Oftentimes it is desirable to express the equilibrium constant in terms of concentrations (or activities for systems that deviate from
ideal behavior.) To make this conversion, the relationship between pressure and concentration from the ideal gas law can be used.

n
p=RT(3)
And noting that the concentration is given by (n/V), the expression for the equilibrium constant (Equation 4.3.1) becomes

K, = [ [ (RTIX))™ (4.3.2)

And since for a given temperature, RT is a constant and can be factored out of the expression, leaving

Ky = (H (RT)"") (H [Xi]”") (4.3.3)
= (RD)Z* [ 1x" (4.3.4)

= (RT)Z"K, (4.3.5)

This conversion works for reactions in which all reactants and products are in the gas phase. Care must be used when applying this
relationship to heterogeneous equilibria.
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4.4: Pressure Dependence of Kp - Le Chatelier's Principle

Since the equilibrium constant K, is a function of AG?,,, which is defined for a specific composition (all reactants in their standard
states and at unit pressure (or fugacity), changes in pressure have no effect on equilibrium constants for a fixed temperature.
However, changes in pressure can have profound effects on the compositions of equilibrium mixtures.

To demonstrate the relationship, one must recall Dalton’s law of partial pressures. According to this relationship, the partial
pressure of a component of a gas-phase mixture can be expressed

Pi = XitPtot
It is the combination of mole fractions that describes the composition of the equilibrium mixture.

Substituting the above expression into the expression for K, yields
K, = H (xiptot)”
%

This expression can be factored into two pieces — one containing the mole fractions and thus describing the composition, and one

o= (1) (T

The second factor is a constant for a given total pressure. If the first term is given the symbol K, the expression becomes

containing the total pressure.

I{‘7 = Kz(pm)E.-V-'

In this expression, K, has the same form as an equilibrium constant

K, =[x

but is not itself a constant. The value of K, will vary with varying composition, and will need to vary with varying total pressure (in
most cases) in order to maintain a constant value of K.

v/ Example 4.4.1:

Consider the following reaction at equilibrium.
A(g) +2B(g) = C(g) + D(g)
In which direction will the equilibrium shift if the volume of the reaction vessel is decreased?
Solution
A decrease in the volume will lead to an increase in total pressure. Since the equilibrium constant can be expressed as

_ DcPD _ XpXD
paph  xaxi

Ky (o) "
An increase in pressure will lead to an increase in K, to maintain a constant value of Kj. So the reaction will shift to form
more of the products C and D.

Note: This should make some sense, since a shift to the side of the reaction with fewer moles of gas will lower the total
pressure of the reaction mixture, and thus relieving the stress introduced by increasing the pressure. This is exactly what is
expected according to Le Chatelier's principle.

It should be noted that there are several ways one can affect the total pressure of a gas-phase equilibrium. These include the
introduction or removal of reactants or products (perhaps through condensation or some other physical process), a change in
volume of the reaction vessel, or the introduction of an inert gas that does not participate in the reaction itself. (Changes in the
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temperature will be discussed in a later section.) The principle of Le Chatelier's can be used as a guide to predict how the
equilibrium composition will respond to a change in pressure.

Le Chatelier's principle: When a stress is introduced to a system at equilibrium, the
system will adjust so as to reduce the stress.

Le Chatlier’s principle is fairly clear on how to think about the addition or removal of reactants or products. For example, the
addition of a reactant will cause the system to shift to reduce the partial pressure of the reactant. It can do this by forming more
products.

An important exception to the rule that increasing the total pressure will cause a shift in the reaction favoring the side with fewer
moles of gas occurs when the total pressure is increased by introducing an inert gas to the mixture. The reason is that the
introduction of an inert gas will affect the total pressures and the partial pressures of each individual species.

v/ Example 4.4.2:

A 1.0 L vessel is charged with 1.00 atm of A, and the following reaction is allowed to come to equilibrium at 298 K.
A(g) = 2B(g)
with K, = 3.10.

a. What are the equilibrium partial pressures and mole fractions of A and B?

b. If the volume of the container is doubled, what are the equilibrium partial pressures and mole fractions of A and B?

c. If 1.000 atm of Ar (an inert gas) is introduced into the system described in b), what are the equilibrium partial pressures and
mole fractions of A and B once equilibrium is reestablished?

Solution
Part a:

First, we can use an ICE[1] table to solve part a).

A 2B
Initial 1.00 atm 0
Change -X +2x
Equilibrium 1.00 atm - x 2x
So (for convenience, consider &, to have units of atm)
3.10atm = ﬂ
1.00atm — z

Solving for z yields values of
z; = —1.349atm
z, = 0.574atm

Clearly, z;, while a solution to the mathematical problem, is not physically meaningful since the equilibrium pressure of B
cannot be negative. So the equilibrium partial pressures are given by

pa = 1.00 atm — 0.574 atm = 0.426 atm
pB = 2(0.574atm) = 1.148 atm
So the mole fractions are given by

0.426 atm
i — —0.271
A= 5 26 aim + 1.148atm ~ 02"
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x=1—xa=1-0.271=0.729

Part b:
The volume is doubled. Again, an ICE table is useful. The initial pressures will be half of the equilibrium pressures found in
part a).
A 2B
Initial 0.213 atm 0.574 atm
Change -X +2x
Equilibrium 0.213 atm - x 0.574 atm + 2x
So the new equilibrium pressures can be found from
_ (0.574atm + 2z)*
3-10atm = 0.213 atm —

And the values of z that solve the problem are
z1 = —1.4077 atm
1 = 0.05875 atm

We reject the negative root (since it would cause both of the partial pressures to become negative. So the new equilibrium
partial pressures are

pa = 0.154 atm
pB = 0.0692 atm
And the mole fractions are
xa = 0.182
xB = 0.818

We can see that the mole fraction of A decreased and the mole fraction B increased. This is the result expected by Le Chatlier’s
principle since the lower total pressure favors the side of the reaction with more moles of gas.

Part c:

We introduce 1.000 atm of an inert gas. The new partial pressures are
pa = 0.154atm
pp = 0.692 atm
par = 1.000 atm

And because the partial pressures of A and B are unaffected, the equilibrium does not shift! What is affected is the
composition, and so the mole fractions will change.

0.154 atm

- =0.08341
X4 = 3 T5datm + 0.692atm + 1.000atm 0083
0.692 atm
XB = { 154atm + 0.6902 atm + 1.000atm _ 000341
1.
et O alm = 0.08341

~ 0.154atm + 0.692 atm + 1.000 atm

And since

Kp = Kz(ptot)
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(0.3749)?

Within round-off error, the value obtained is the equilibrium constant. So the conclusion is that the introduction of an inert gas,
even though it increases the total pressure, does not induce a change in the partial pressures of the reactants and products, so it
does not cause the equilibrium to shift.

[1] ICE is an acronym for “Initial, Change, Equilibrium”. An ICE table is a tool that is used to solve equilibrium problems in terms
of an unknown number of moles (or something proportional to moles, such as pressure or concentration) will shift for a system to
establish equilibrium. See (Tro, 2014) or a similar General Chemistry text for more background and information.

This page titled 4.4: Pressure Dependence of Kp - Le Chatelier's Principle is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Patrick Fleming.

e 9.4: Pressure Dependence of Kp - Le Chatelier's Principle by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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4.5: Degree of Dissociation

Reactions such as the one in the previous example involve the dissociation of a molecule. Such reactions can be easily described in
terms of the fraction of reactant molecules that actually dissociate to achieve equilibrium in a sample. This fraction is called the
degree of dissociation. For the reaction in the previous example

A(g) = 2B(g)

the degree of dissociation can be used to fill out an ICE table. If the reaction is started with » moles of A, and a is the fraction of A
molecules that dissociate, the ICE table will look as follows.

A 2B
Initial n 0
Change —an +2na
Equilibrium n(l—ca) 2no,
The mole fractions of A and B can then be expressed by
_ n(l-a)
Xa= n(l — a) + 2na
_1-a
T 1l+4a
_ 2a
XB = 1+a
Based on these mole fractions
(i)
_ \1l+a
K, = p— (4.5.1)
1+a
40?2
=T (4.5.2)
And so K, which can be expressed as
Ky = Ky(piot) =" (4.5.3)
is given by
402
K= ———-
T (Prot)

v/ Example 4.5.1

Based on the values given below, find the equilibrium constant at 25 °C and degree of dissociation for a system that is at a total
pressure of 1.00 atm for the reaction

N204(g) = 2NO>(9)

N204(9) NO:(g)

AGS (ki/mol) 99.8 51.3

Solution
First, the value of K, can be determined from AG#,, via an application of Hess' Law.
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AGY,

oen = 2 (51.3kJ/mol) — 99.8 kJ /mol = 2.8kJ /mol
So, using the relationship between thermodynamics and equilibria
AG% = —RTh K,
2800 kJ/mol = —(8.314J /(mol K)(298 K) m K,
K, = 0.323 atm

The degree of dissociation can then be calculated from the ICE tables at the top of the page for the dissociation of N20O4(g):
402
K= 1)
402
.32 = —7(1.
0.323 atm 1_012( 00 atm)

Solving for «,
a=0.273

Note: since a represents the fraction of N»O4 molecules dissociated, it must be a positive number between 0 and 1.

v/ Example 4.5.2

Consider the gas-phase reaction
A+2B=2C

A reaction vessel is initially filled with 1.00 mol of A and 2.00 mol of B. At equilibrium, the vessel contains 0.60 mol C and a
total pressure of 0.890 atm at 1350 K.

1. How many mol of A and B are present at equilibrium?
2. What is the mole fraction of A, B, and C at equilibrium?
3. Find values for K, K,, and AG?,

rn

Solution
Let’s build an ICE table!
A 2B 2C
Initial 1.00 mol 2.00 mol 0
Change -X -2X +2x
Equilibrium 1.00 mol - x 2.00 mol — 2x 2x = 0.60 mol

From the equilibrium measurement of the number of moles of C, x = 0.30 mol. So at equilibrium,

A 2B 2C

Equilibrium 0.70 mol 1.40 mol 0.60 mol

The total number of moles at equilibrium is 2.70 mol. From these data, the mole fractions can be determined.

0.70 mol

X4= 3 70mol — 029
1.40 mol

XB= 5 t0mol — 0010
0.60 mol

XC= o t0mol 0.222
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So K, is given by

(0.222)2
Ke=——"2 ___ —0.7064
(0.259)(0.519)2

And K, is given by Equation 4.5.3, so
K, = 0.7604(0.890 atm) ™" = 0.792 atm™

The thermodynamic equilibrium constant is unitless, of course, since the pressures are all divided by 1 atm. So the actual value of
K, is 0.794. This value can be used to calculate AG?,,, using

ren

AGS,, = —RThK,

rzn —
SO
AG?,, = —(8.314 J/(mol K))(1350 K) In(0.792)
= 2590 J/mol

This page titled 4.5: Degree of Dissociation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

¢ 9.5: Degree of Dissociation by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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4.6: Temperature Dependence of Equilibrium Constants - the van 't Hoff Equation

The value of K, is independent of pressure, although the composition of a system at equilibrium may be very much dependent on
pressure. Temperature dependence is another matter. Because the value of AG?,,, is dependent on temperature, the value of K, is as

well. The form of the temperature dependence can be taken from the definition of the Gibbs function. At constant temperature and
pressure

AG%, B AGH, —AHo(i_i)
Ty T - T T
Substituting
AG°=—-RThK

For the two values of AG° and using the appropriate temperatures, yields

—RT21an —RTlanl _ o( 1 1 )
T T =AH T, T

And simplifying the expression so that only terms involving K are on the left and all other terms are on the right results in the van
’t Hoff equation, which describes the temperature dependence of the equilibrium constant.

K\  AH° (1 1
m() =% (%) (4.6.1)

Because of the assumptions made in the derivation of the Gibbs-Helmholtz equation, this relationship only holds if AH? is
independent of temperature over the range being considered. This expression also suggests that a plot of In(K) as a function of 1/T
should produce a straight line with a slope equal to —~AH°/R. Such a plot is known as a van ’t Hoff plot, and can be used to
determine the reaction enthalpy.

v/ Example 4.6.1

A certain reaction has a value of K, = 0.0260 at 25 °C and AH,,, = 32.4 kJ/mol. Calculate the value of K, at 37 °C.

Solution
This is a job for the van ’t Hoff equation!

e T;=298K
e T,=310K
o AH?, =324kJ/mol

« K, =0.0260
o K2 = ?

So Equation 4.6.1 becomes

ln( K, )_ 32400 J /mol ( 1 1 )
0.0260 /)  8.314K/(molK) \ 810K 298K
K> =0.0431

Note: the value of K- increased with increasing temperature, which is what is expected for an endothermic reaction. An
increase in temperature should result in an increase of product formation in the equilibrium mixture. But unlike a change in
pressure, a change in temperature actually leads to a change in the value of the equilibrium constant!

v/ Example 4.6.2

Given the following average bond enthalpies for P—Cl and Cl—Cl bonds, predict whether or not an increase in temperature will
lead to a larger or smaller degree of dissociation for the reaction

PCl; = PCl; + Cl,
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X-Y D(X-Y) (kJ/mol)
P-Cl 326
cl-Cl 240

Solution

The estimated reaction enthalpy is given by the total energy expended breaking bonds minus the energy recovered by the
formation of bonds. Since this reaction involves breaking two P-Cl bonds (costing 652 kJ/mol) and the formation of one CI-Cl
bond (recovering 240 kJ/mol), it is clear that the reaction is endothermic (by approximately 412 kJ/mol). As such, an increase
in temperature should increase the value of the equilibrium constant, causing the degree of dissociation to be increased at the

higher temperature.

This page titled 4.6: Temperature Dependence of Equilibrium Constants - the van 't Hoff Equation is shared under a CC BY-NC-SA 4.0 license
and was authored, remixed, and/or curated by Patrick Fleming.

¢ 9.6: Temperature Dependence of Equilibrium Constants - the van ’t Hoff Equation by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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4.E: Chemical Equilibria (Exercises)

This page titled 4.E: Chemical Equilibria (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Patrick Fleming.
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5.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance

A good map will take you to your destination with ease, provided you know how to read it. A map is an example of a diagram, a
pictorial representation of a body of knowledge. In science they play a considerable role. Next to plots and tables diagrams are an
important means of making information and/or theoretical knowledge accessible.

Constructing them takes quite a bit of thought. You want to represent as much of what you know and give as accurate a picture of it
without conveying anything incorrect. If the drawing can be made to scale that makes it quite a bit more powerful, but this is not
strictly necessary. A remark like not to scale or schematically does need to be given if applicable. A good caption or description is
essential.

5.1.1: Thermodynamic Stability and Fluctuations

There are different kinds of equilibrium, besides the stable equilibrium that represents an absolute minimum in the @ function. Of
course G is potentially a function of a great number of variables, but let us look at a diagram in which G is shown as a function of
only one unspecified variable. You could think of the density, the mole fraction of one of the components of a mixture or an applied
electrical field or whatever, but the argument is general.

A

4’, -
some vanable X

Figure 23.1.1 : A schematic G curve showing various Points of stability. Due to statistical fluctuations the value of G is not quite

constant over time, because less likely realizations of the ensemble (having a slightly less favorable value of @) do occur from time

to time. After all, the Boltzmann distribution is simply the most likely one, not the only one possible. The fluctuations have

drastically different consequences depending on whether the system is in an unstable (E), labile (D) , indifferent (C), metastable (

B) or stable (A) state. Notice that A and B just wobble around a bit. C fluctuates wildly in the value of X, while both E and D

eventually vanish because the system transits to a more favorable state. For E this starts immediately, for D it starts once

fluctuation has caused it to move from its peak sufficiently.
Figure 23.1.1 is helpful to point out that besides a stable equilibrium (A) there can also be an metastable equilibrium (B) or an
indifferent equilibrium (C). The local derivatives of G (versus all variables of which we only show one) are zero in all three cases,
which means that changes in the variables are not spontaneous. For a labile equilibrium (D) the opposite is true. Any small
deviation will make the system role down hill. (Note that the second derivative has the opposite sign compared to cas A) and B)) A
labile equilibrium is seldom or never observed except in a circus where artists delight in balancing objects on their heads (because
you pay for it).. This usually requires continuous small corrections to maintain the precarious balance. All other points in our
diagram represent state of instability because locally dG is not zero and a spontaneous process can take place.

The fact that d@ = 0 in the equilibrium points does not mean small deviations from the minimum cannot happen at times. We have
seen e.g. that the Boltzmann distribution was simply the most likely distribution. The most likely one is the one that has the highest
number of realizations W. Another way of saying that is that it is the one with the highest entropy S. A slightly less likely
distribution may occur from time to time by chance. It will have a little less entropy, but the same (E). That means it will have a
slightly higher G (G = H —T8). From time to time therefore G will fluctuate a bit. Such fluctuations are very small for large
systems, but they are of greater relative importance for small systems (like a nanoparticle). (Statistical averaging works best on
large ensembles.)

The fluctuations in G mean that small fluctuations in its variables like density etc. can also occur. They are usually kept in check,
because dG is no longer zero when moving away from the equilibrium state. This drives the system back to the minimum
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spontaneously. You could picture the system wobbling a bit around in its G-well. This holds for stable and metastable equilibria
alike.

In the indifferent case (C) however the derivative is zero (or very close to zero) for a range of neighboring values of some variable.
In contrast to A and B also the second derivative is zero. This means that there is little penalty to much larger deviations in the
variable. If this variable is the density the system becomes milky and shows opalescence a strong scattering of light because the
refractive index depends on the strongly fluctuating density. This is observed near critical points and is called critical opalescence.

5.1.2: Unary Phase Diagrams

A unary phase diagram summarizes the equilibrium states of a single pure substance. We will see that we can also look at mixtures
of two components (binary diagrams) or more (ternary, quaternary, quinary, senary etc.). Usually a phase diagram only maps out
stable equilibria, but occasionally metastable ones may be given too (e.g., with a dashed line).

5.1.2.0.1: Liquid-Vapor Equilibrium Curve

We have seen that the Gibbs function @ depends strongly (logarithmically) on pressure for a gas, but only slightly (and linearly) for
a liquid. The two curves intersect in a point representing the equilibrium vapor pressure of the liquid. At lower pressures the vapor
is more stable, at higher ones the liquid. (For a solid the same holds as for the liquid). This means that except at the intersection
point we only will observe one phase.

no air

liquid liquid+vapor vapor

Figure 23.1.2 : A cylinder with one substance

It is important to stress that this holds in the absence of other matter, e.g., when we put only water into an evacuated cylinder
(Figure 23.1.2 ). We may get three cases:

» we compress the cylinder until it only contains the liquid under hydrostatic pressure (P > P,,)

« we expand the cylinder until all water has vaporized (P < p.,)>

o we let part of the water evaporate, just enough so that the space above the liquid is filled with an equilibrium vapor pressure (P
= eq)

At room temperature P,, for water is only about 15 Torr. If we apply 1 bar -or let the atmosphere do the job- we will only have

liquid water. If other gases are present, e.g., air, we must distinguish between the total pressure (e.g., 1 bar) and the equilibrium

vapor pressure which will now be the partial pressure. In a cylinder with water and one bar of air just enough water will evaporate

to establish equilibrium. The evaporation will be limited to the gas-liquid interface unless the partial pressure equals the total

pressure. Then the liquid will boil.

(Do allow the volume to expand, though., why? If the volume is constant the pressure
builds up and boiling will stop.

If we consider the set of equilibrium pressures as a function of temperature and plot that in a P vs. T diagram we have one
component of our phase diagram.

5.1.2.0.1: Gas-solid Equilibrium Curve

For solids the situation is similar as the G(P) curve is once again an almost flat straight line. The intersection with the logarithmic
curve for the gas will define an equilibrium pressure for gas-solid co-existence. Generally vapor pressures above solids are quite
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small, but not negligible. As for liquids we can construct a line representing the equilibrium pressures for sublimation as function
of temperature and add it to the phase diagram.

5.1.2.0.1: Liquid-solid Equilibrium Curve

The solid = liquid equilibrium is known as melting or freezing is not very dependent on pressure. Usually melting points increase a
little bit with pressure, although water is a peculiar exception. It expands upon freezing and the melting point goes down (a bit)
with pressure. In our diagram this will represent an almost vertical line leaning a little forwards for most substances, but backwards
for water and a few others.

5.1.2.1: Putting the Curve Together

The three lines come together in the triple point, the only point where all three phases are at equilibrium with each other. For water,
its temperature is only 0.01 K different from the normal melting point (273.16 K) and its pressure is only 4.58 Torr. The
intersection points with a line representing atmospheric pressure give the melting and boiling points at that pressure.

solid et

\/
/1

——— triple .
” Pmml\.lars
/ vapor
subl.p
T=>
A typical unary diagram

If the triple point lies above the line that represents atmospheric pressure this implies that a liquid is never observed. On earth CO,
is such a substance. The intersection of the solid-vapor equilibrium line with the 1 bar line represents a state where the solid will
'boil' (evaporate from inside out). This is known as the sublimation point. The melting points at P=1 bar are known as the standard
melting point, the only slightly different one at 760 Torr = 1 atm is called normal melting point. The same goes for boiling and
sublimation points.

There is nothing magical about P =1 bar. It just happens to be the pressure of our home planet. On a planet with higher
atmospheric pressures COs may well be a liquid and on such a planet, all boiling points will be quite different (higher than on
earth). The melting points will also differ, but only slightly so. On Mars where atmospheric pressure is much lower water can not
occur in liquid form, much like carbon dioxide on earth - it sublimes.

We should also realize that in a closed container (glass ampoule, hermetically sealed DSC pan), we can observe melting points
at only very slightly different temperature values, but we will not see a boiling effect. Why?

To see a boiling point the container must be open to the (constant!) 1 bar pressure of the earths atmosphere that defines it and
causes the boiling phenomenon. If the ampoule is sealed it will generate its own (autogenous) pressure, depending on what you
put in, how much of it in relation to the volume, how volatile it is and the temperature. The autogenous pressure does not
interfere with the melting point much (the melting line is almost vertical), but as P changes with temperature you may never
reach boiling conditions.

In DSC experiments it is possible to observe boiling points only if the pan has been carefully perforated with a hole of known
size. It must be big enough that the pressure inside the pan does not build up above atmospheric, but small enough that it does
not cause premature loss of mass during the run. The latter spoils the calculation of the intensive value (per mole, per gram) of
the heat of vaporization.

The liquid evaporation line ends in a point that we have encountered before: the critical point T¢. As temperature increases the
liquid and vapor phases in equilibrium with each other start to resemble each other more and more and at T, they coalesce. At
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this point the liquid-gas equilibrium becomes indifferent with respect to density and large fluctuations occur leading to critical
opalescence.

Notice that there is a relationship of dimensionality between the objects in the diagram and the number of phases present:

e 2 D planes: one phase
e 1D curves: two phases
e 0 D point: three phases

As you see the sum is always three.

5.1.3: Number of moles

So far we have typically considered one substance at the time, but for chemists it is imperative to deal with more than one because
we are typically changing one into the other in our reactions. This means that the number of moles =, that we often simply set equal
to one now becomes an important variable in its own right. Besides we will actually have two (or more) of them: the number of
moles of component one and the one for the other component. This makes n a much less trivial variable.

This is already the case at a simple melting point, say when ice melts, because we are dealing with changing quantities of ice and
water:

Nice T Nuater = Ttotal
If all we do is turn water into ice or vice versa, we have dnggq = 0, so that:
dNiee = —dNygter
To deal with changing n's, we need to expand our mathematical notation a bit.

5.1.3.1: Partial variables

So far we have simply divided our thermodynamic functions if they were extensive by the number of moles and arrived at intensive

molar values:

Gmolar = g
n

<

Vinotar =

We have written such intensive molar values by writing a bar over the symbol G or V. We should note that scaling the function this
way departs from the assumption that the function G depends on the variable n as a straight line that passes through the origin.

If we have the same pure compound in two phases, like ice and water we can still apply this principle and write:

ice —_ G
molar — nice
e _ Vice
molar — njice
water
Gwate’r — G
molar npwater
Vwater _ Vwater
molar — nwater

If we have a mixture of two substances present as n; and ns moles the dependency need not be linear on either if the two
substances interact with each other. This is also true for function like the volume of a liquid mixture. In the presence of interactions
volumes do not have to be linearly additive. We can define a partial molar value of e.g. for the volume:

o
Vpartialmolar,l = Wl
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at my = constant

ov
Vpartialmolar,2 = %

at ny = constant

The notation of putting a bar over the V symbol is used for these partial quantities as well. Partial molar volumes have been
measured for many binary systems. They are functions of the composition (mole fraction) as well as the temperature and to a lesser
extent the pressure.

X The partial molar Gibbs free energy

a9G
Bn,-

The partial molar Gibbs free energy (( ) , all other n's) is denoted with x and is called the thermodynamic potential.
PT

When numbers of moles can change we can write the corresponding change in G as:

X ([ 8G
dG = —-8dT +VdP+y (6n dn;

_1) P,Tynjsi
N
dG = —SdT +VdP+ ) pidn;
i
over N phases in the system. As you can see we are adding a set of conjugate variables u;n; for each phase i. If we are considering

a pure component (but in different modifications, like ice and steam), we can still write:

_ (ﬁ) _Gi
Ha Oni)prmy M

As soon as we are dealing with mixtures we really do have derivatives.

5.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by LibreTexts.

¢ 23.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance is licensed CC BY-NC-SA 4.0.
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5.2: Gibbs Energies and Phase Diagrams

5.2.1: First Order Transitions
The following plot shows the Gibbs energy as a function of temperature, including phase changes from solid to liquid (melting) and

liquid to gas (boiling).

Solid

G {klfmol)

Melting Point

Bailing Point

T (K)

Gibbs energy (G) as a function of temperature (T).

Although the G curve is continuous, its first order derivatives (—S) is discontinuous at the phase changes. This is why this transition

it called a first order transition. We could say that:

e @G is continuous but has a kink
o The first order derivatives (H,S,..) are discontinuous (have a jump)
o The second order derivatives (Cbp, ..) have a singularity (go to o)

5.2.2: Second Order Transitions
More subtle transitions where G is continuous, H and S are also continuous but have a kink and the discontinuity is only found in
the second order derivatives (such as Cp) also exist. They are called second order transitions. In such a case:

e @G is continuous and has no kink
o The first order derivatives (H,S,..) are continuous (but have a kink)
e The second order derivatives (Cp, ..) are discontinuous (have a jump)

Table 23.2.1: Properties of Phase Transitions

Transition Order Function 1% Order 2" Order
0 G,A kink smooth
1 H,S,V,.. jump kink
2 CP,CV,a,k sing. oo jump

This classification goes back to Ehrenfest. Obviously it based on the question: what order derivative is the first to go
discontinuous? Of course we could extend this principle and define third order transitions but there are reasons to be doubtful that
such things exist. Another problem is that it is assumed that the order must be integer: 1,2, etc. Is it possible to have a transition of
intermediate non-integer order, say 1.3? Although derivatives of fractional order are beyond the scope of the chemistry curriculum

the mathematics does exist (Liouville).
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First order transition Second order transition
: order@%
liq& dis %ﬁd
T= T=
solid L ordered
g )
[ _—____/
lighid disprdered
T= T = I
solid e solid "
Cp Cp
I
liquid liquid
T= T=

Schematic comparison of G, S and Cp for 1st and 2nd order transitions

The Gibbs free energy is a particularly important function in the study of phases and phase transitions. The behavior of G(N, P, T),
particularly as a function of P and 7, can signify a phase transition and can tell us some of the thermodynamic properties of

different phases.

30

P! kbar

10

0
100 o . 100 200

Figure 13.4: Some of the ice polymorphs.

Consider, first, the behavior of G vs. T between the solid and liquid phases of benzene: We immediately notice several things. First,
although the free energy is continuous across the phase transition, its first derivative, 8G/8T is not: The slope of G(T') in the solid
region is different from the slope in the liquid region. When the first derivative of the free energy with respect to one of its
dependent thermodynamic variables is discontinuous across a phase transition, this is an example of what is called a first order
phase transition. The solid-liquid-gas phase transition of most substances is first order. When the free energy exhibits continuous
first derivatives but discontinuous second derivatives, the phase transition is called second order. Examples of this type of phase

transition are the order-disorder transition in paramagnetic materials.
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Figure 13.5: Behavior of the Gibbs free energy across the solid-liquid phase (left) and liquid-gas (right) transitions for benzene.

Now, recall that

S=—%r (5.2.1)

Consider the slopes in the solid and liquid parts of the graph:

lid| liquid
@ (eolid) _ gl Q@G liauid) — _ giquid) (5.2.2)

However, since

6G(liquid) 6G(solid)
ar < T

(5.2.3)

(note that the slopes are all negative, and the slope of the liquid line is more negative than that of the solid line), it follows that
—gliquid) « _g(wlid) op gliquid) 5, g(olid) This is what we might expect considering that the liquid phase is higher in entropy than the
solid phase. The same argument can be made with regards to the gaseous phase.

Similarly, if we consider the dependence of G on pressure, we obtain a curve like that shown in the figure below:

e

~f Ligquid [ Solid
G /’ G /
/‘ Gas /Gns

P P

(a) (b)

Figure 13.6: Dependence of the Gibbs free energy as a function of pressure for benzene (left) and water (right). For benzene, the
temperature is above the triple point, whereas for water, it is set below triple point.

As noted previously, here again, we see that the first derivative of G(P) is discontinuous, signifying a first-order phase transition.
Recalling that the average molar volume is

V="1o (5.2.4)
From the graph, we see that the slopes obey

V(Eas) > V(liquid) > V(solid) (525)

as one might expect for a normal substance like benzene at a temperature above its triple point. Because the temperature is above
the triple point, the free energy follows a continuous path (even though it is not everywhere differentiable) from gas to liquid to
solid.

On the other hand, for water, we see something a bit different, namely, that
V(gas) > V(so].id) > V(].iquid) (526)

at a temperature below the triple point. This, again, indicates, the unusual property of water that its solid phase is less dense than its
liquid phase in the coexistence region.
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Interestingly, if we look at how the plot of G(P) changes with T', we obtain a plot like that shown below: Below the triple point, it is
easy to see from the benzene phase diagram that the system proceeds directly from solid to gas. There is a liquid curve on this plot
that is completely disconnected from the gas-solid curve, suggesting that, below the triple point, the liquid state can exist
metastably if at all. AT the triple point, the solid can transition into the liquid or gas phases depending on the value of the free
energy. Near the critical temperature, we see the liquid-gas transition line, while the solid line is disconnected. Above the critical
temperature, the system exists as a supercritical fluid, which is shown on the lower line, and this line now shows derivative
discontinuity.

Ligquid

G /_ Salid G "/";smm
Gas / Gas
/

Liguid

P P
(a) (b}
Solid
e Solid
G o Liquid G BT

o Fluid
Gas

P P

(e) (d)

Figure 13.7: Behavior of the Gibbs free energy as a function of P across different phases at different temperatures for benzene. (a):
Temperature is less than the triple point; (b): Temperature is equal to the triple point; (c): Temperature is just below the critical
temperature; (d): Temperature is greater than the critical temperature.

5.2.3: Conjugate Variables
As discussed before there are many other forms of work possible, such as electrical work, magnetic work or elastic work. These
they are commonly incorporated in the formalism of thermodynamics by adding other terms, e.g:

dG =—SdT + VdP + &de + MdH + FdL + vdA

1. &de stands for the electromotoric force £ and de the amount of charge transported against it.
2. MdH stand for magnetization and (change in) magnetic field.

3. F stands for the elastic force of e.g. a rubber band dL for the length it is stretched

4.y stands for the surface tension (e.g. of a soap bubble), A for its surafce area.

The terms always appear in a pair of what is known as conjugate variables. That is even clearer if we write out the state function
rather than its differential form:

G=U+PV—TS+%e+MH+FL + yA+...

The PV term can also be generalized -and needs to be so- for a viscous fluid to a stress-strain conjugate pair. It then involves a
stress tensor. We will soon encounter another conjugate pair: pdn that deals with changes in composition (n) and the
thermodynamic potential p.

5.2: Gibbs Energies and Phase Diagrams is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 23.2: Gibbs Energies and Phase Diagrams is licensed CC BY-NC-SA 4.0.
¢ 1.12: Introduction to the Thermodynamics of Phase Transitions by Mark E. Tuckerman is licensed CC BY-NC-SA 4.0.
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5.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium

5.3.1: Chemical Potential of Two Phases in Equilibrium

Equilibrium between two phases, e.g. water ice (ice) and liquid water (water), is at constant T' and P. Therefore:

dG = —SAT+VAP + picsMice + uater Muater
There is a relationship between the amount of ice and water:
dnice = —dNyater
From this, we get:
0 = [Hice — Puater)@Nuater = A dnuater

As dnyaer is Not zero, this means that Ag must be zero! This must hold true for any set of points where ice and water are in
equilibrium. The statement is not just for liquid and solid water, but for any two phases in equilibrium. That is, any two phases in
equilbrium will always have the same chemical potential.

5.3.2: The Clapeyron Equation

That is the almost vertical line in the diagram. Its points are not at the same P and T, but we can find out where they should be by
considering the thermodynamic potential  as a function of T and P:

— (- L/
oy = (3P)TdT+ (5T)PdP

Because p = (92),. , = G, it is not hard to identify the partial derivatives:
op\ (08G)
(ap) - (a_P) =V
) (O0G) &
(or) - (B_T) =°

This is true for both water and ice, or any two phases in equilibrium. As the Ay =0, we can equate the du expressions for both
water and ice:

au/ice auice ) _ (8uwater) (auwater)
(55 )+ (G5r) r = (F5p=) o+ (F57=) o7

Rearranging and identifying the partials gives:

VieedP — gicedT = VwaterdP - SwaterdT

Solving for dP/dT we get:

aP _ A3
dT AV
As AG = AH—TAS =0, we have:
_  AH
AS = ﬁ
So:
ap _ am
' TAV

This expression should be valid for all points along a phase boundary, such as the melt line. In fact, it tells use that the phase
boundary is defined by AH/TAV. For water and ice, we immediately see why the melt line runs a little to the left: exceptionally
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AV is negative for ice, because water is actually a little denser that ice.
The above expression(s) are named after Clapeyron. The values of AH and AV do not change much with pressure and can often be

considered constants for the melting line. When gases are involved that is not really true.

5.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by LibreTexts.

o 23.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium is licensed CC BY-NC-SA 4.0.
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5.4: The Clausius-Clapeyron Equation

5.4.1: Evaporation

In Section 23.3, the Clapeyron Equation was derived for melting points.

E _ A-lymolar
dT ~ TAVielar

However, our argument is actually quite general and should hold for vapor equilibria as well. The only problem is that the molar
volume of gases are by no means so nicely constant as they are for condensed phases. (i. e., for condenses phases, both « and & are
pretty small).

We can write:

E — AHmolar — A-H-mola'r [Vgas _Vliqm'd
dT T AVmolar T molar molar

as

1% gas > Vl\'quid

molar molar
we can approximate

Vgas _ Vh'quid

molar molar

by just taking V.92 . Further more if the vapor is considered an ideal gas, then

molar*

RT
Vinolar = =

We get

1 dP _dlP _AHME.

PdT =~ dT' = RT?

(5.4.1)

Equation 5.4.1 is known as the Clausius-Clapeyron equation. We can further work our the integration and find the how the
equilibrium vapor pressure changes with temperature:

w(B) - Al (& - =]

"\ R |, T
Thus if we know the molar enthalpy of vaporization we can predict the vapor lines in the diagram. Of course the approximations
made are likely to lead to deviations if the vapor is not ideal or very dense (e.g., approaching the critical point).
5.4.2: The Clapeyron Equation

The Clapeyron attempts to answer the question of what the shape of a two-phase coexistence line is. In the P — T plane, we see the
a function P(T’), which gives us the dependence of P on T along a coexistence curve.

Consider two phases, denoted « and f, in equilibrium with each other. These could be solid and liquid, liquid and gas, solid and
gas, two solid phases, et. Let po(P,T) and pg(P, T) be the chemical potentials of the two phases. We have just seen that

4a(P,T) = us(P, T) (5.4.2)

Next, suppose that the pressure and temperature are changed by dP and dT. The changes in the chemical potentials of each phase

are
dpia(P,T) = dug(P,T) (5.4.3)
Oba e ar= Ok Oup
(aP )TdP+ ( 5T PdT— ( 5P TdP+ 5T PdT (5.4.4)
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However, since G(n, P,T) = nu(P,T), the molar free energy G(P,T), which is G(n,P,T)/n, is also just equal to the chemical

potential
_ P,T
G(P,T) = % = u(P,T) (5.4.5)
Moreover, the derivatives of G are
oG = oG _
(a_P) —7, (ﬁ) =_3 (5.4.6)
T P
Applying these results to the chemical potential condition in Equation 5.4.4, we obtain
0G, 0G, _ [ 9Gg 8Gg
(61,) dP+(aT) dT = (6—1, P+ | | dT (5.4.7)
T P T P
VadP — 5,dT = V3dP — SpdT (5.4.8)
Dividing through by d7', we obtain
_ OP _ 0P
Vaﬁ — 8= Vﬂﬁ —Sp (5.4.9)
_ _ _OP _ _
(Vo — Vﬂ)ﬁ =8,—58s (5.4.10)
dP 5’(1 - Sﬂ
—_— — 5.4.11
s (5:411)

The importance of the quantity dP/dT is that is represents the slope of the coexistence curve on the phase diagram between the two
phases. Now, in equilibrium dG =0, and since G = H — TS, it follows that dH = T dS at fixed T. In the narrow temperature range
in which the two phases are in equilibrium, we can assume that H is independent of T, hence, we can write S = H/T.
Consequently, we can write the molar entropy difference as

Sy—8p="2_"F (5.4.12)
and the pressure derivative dP/dT becomes

E _ Ha—gﬂ _ Aag.g
ar  T(V,— Vg)  TAusV

(5.4.13)

a result known as the Clapeyron equation, which tells us that the slope of the coexistence curve is related to the ratio of the molar
enthalpy between the phases to the change in the molar volume between the phases. If the phase equilibrium is between the solid
and liquid phases, then AygH and A,V are AHgs and AV, respectively. If the phase equilibrium is between the liquid and gas
phases, then A,zH and A,V are AH,,, and AV, respectively.

For the liquid-gas equilibrium, some interesting approximations can be made in the use of the Clapeyron equation. For this
equilibrium, Equation 5.4.13 becomes

dP _ AHyyp (5.4.14)
dr T(V,— V)
In this case, V, > V;, and we can approximate Equation 5.4.14 as
4P Ay (5.4.15)
dar TV,

Suppose that we can treat the vapor phase as an ideal gas. Certainly, this is not a good approximation so close to the vaporization
point, but it leads to an example we can integrate. Since PV, = nRT, PV, = RT, Equation 5.4.15 becomes
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dP _ AH,P
dT ~ ~ RT?
1dP _ AHw
PdT = RT?
dinP AH,,
dT ~ RT?

(5.4.16)

(5.4.17)

(5.4.18)

which is called the Clausius-Clapeyron equation. We now integrate both sides, which yields

AH,qp

InP=—
- RT

+C
where C is a constant of integration. Exponentiating both sides, we find

P(T) = e~/ BT

which actually has the wrong curvature for large 7', but since the liquid-vapor coexistence line terminates in a critical point, as long
as T is not too large, the approximation leading to the above expression is not that bad.

If we, instead, integrate both sides, the left from P; to P,, and the right from T} to T3, we find

/ PZdlnP: / B AH”;‘P dr (5.4.19)
P, T RT
P\ AHyp (1 1
- (3) 2% ()
AFIvap Tl - Tl
= 4.21
R ( T ) 6 )

assuming that AH,,, is independent of T. Here P, is the pressure of the liquid phase, and P, is the pressure of the vapor phase.
Suppose we know P; at a temperature Ty, and we want to know Py at another temperature T3. The above result can be written as

P, AHpp (1 1
In (Pl ) - R (Ts T ) (6422)
Subtracting the two results, we obtain
P\ AHyp (1 1
n (P3 ) - R (T2 B Ts) (5.423)

so that we can determine the vapor pressure at any temperature if it is known as one temperature.

In order to illustrate the use of this result, consider the following example:

v/ Example 23.4.1

At 1 bar, the boiling point of water is 373 K. At what pressure does water boil at 473 K? Take the heat of vaporization of water
to be 40.65 kJ/mol.

Solution
Let P, = 1 bar and T; = 373 K. Take T> = 473 K, and we need to calculate P,. Substituting in the numbers, we find

(4065 kJ /mol) (1000 J/kJ) ( 1 1 ) _
In Py(baz) = 8.3145 J/mol - K 3K ar) -2 (5.4.24)
Py(bar) = (1 bar) e2" = 16 bar (5.4.25)
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4} Learning Objectives

o Apply the Clausius-Clapeyron equation to estimate the vapor pressure at any temperature.
o Estimate the heat of phase transition from the vapor pressures measured at two temperatures.

The vaporization curves of most liquids have similar shapes with the vapor pressure steadily increasing as the temperature
increases (Figure 5.4.1).

1000 —
900 — i
— — Diethyl ether
S 800 WS 10 S T BTNl ETTTet WSS NSCTAN. | T (CH3CH,0CH,CH3)
o [ Normal boeiling point -
o
= 700 (1 atm) Bromine (Br,)
IS —— Ethanol
= 600 (CH3CH,0H)
§ 500 —— Water (H,0)
v
[ n-Octane
5 400 [CH3(CH,)¢CH3l
8_ 300 —— Ethylene glycol
© {HOCH,CH,0H)
> 200 —
—— Mercury (Hg)
100 —
0- [= [ | I |

—100 =50 0 50 100 150 200 250 300 350 400
Temperature (°C)
Figure 5.4.1: The Vapor Pressures of Several Liquids as a Function of Temperature. The point at which the vapor pressure curve
crosses the P = 1 atm line (dashed) is the normal boiling point of the liquid. (CC BY-SA-NC 3.0; Anonymous)
A good approach is to find a mathematical model for the pressure increase as a function of temperature. Experiments showed that
the vapor pressure P and temperature T are related,

AH,q
P x exp (— BT ) (5.4.26)
where AH,,, is the Enthalpy (heat) of Vaporization and R is the gas constant (8.3145 J mol™* K™1).
A simple relationship can be found by integrating Equation 5.4.26 between two pressure-temperature endpoints:
P\ AHup (1 1
n ()= "7 (- z) (420

where P; and P are the vapor pressures at two temperatures 71 and T2. Equation 5.4.27 is known as the Clausius-Clapeyron
Equation and allows us to estimate the vapor pressure at another temperature, if the vapor pressure is known at some temperature,
and if the enthalpy of vaporization is known.

X Alternative Formulation

The order of the temperatures in Equation 5.4.27 matters as the Clausius-Clapeyron Equation is sometimes written with a
negative sign (and switched order of temperatures):

P1 _ AHq)ap 1 1
n(3)--2= (1)

v/ Example 5.4.1: Vapor Pressure of Water

The vapor pressure of water is 1.0 atm at 373 K, and the enthalpy of vaporization is 40.7 kJ mol-!. Estimate the vapor pressure

at temperature 363 and 383 K respectively.

Solution
Using the Clausius-Clapeyron equation (Equation 5.4.28), we have:
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40,700 1 1
Pags = 1. (2 _
33 = 1.0exp [ ( 8.3145 ) ( 363K 313K )]

= 0.697 atm

40,700 1 1
Pags = 1.0exp [_ ( 8.3145 ) (383 K 373 K)]

= 1.409 atm

Note that the increase in vapor pressure from 363 K to 373 K is 0.303 atm, but the increase from 373 to 383 K is 0.409 atm.
The increase in vapor pressure is not a linear process.

Discussion
We can use the Clausius-Clapeyron equation to construct the entire vaporization curve. There is a deviation from experimental
value, that is because the enthalpy of vaporization varies slightly with temperature.

The Clausius-Clapeyron equation can be also applied to sublimation; the following example shows its application in estimating the

heat of sublimation.

v/ Example 5.4.2: Sublimation of Ice

The vapor pressures of ice at 268 K and 273 K are 2.965 and 4.560 torr respectively. Estimate the heat of sublimation of ice.

Solution
The enthalpy of sublimation is AH,,;. Use a piece of paper and derive the Clausius-Clapeyron equation so that you can get the

form:

Pyrs
Rln ( —)
Pogg

1 1
268 K 273K

4.560

4 L
268K 273K
= 52,370 J mol ™!

AH sub =

Note that the heat of sublimation is the sum of heat of melting (6,006 J/mol at 0°C and 101 kPa) and the heat of vaporization
(45,051 J/mol at 0 °C).

? Exercise 5.4.2

Show that the vapor pressure of ice at 274 K is higher than that of water at the same temperature. Note the curve of
vaporization is also called the curve of vaporization.

v/ Example 5.4.3: Vaporization of Ethanol

Calculate AH,,, for ethanol, given vapor pressure at 40 °C = 150 torr. The normal boiling point for ethanol is 78 °C.
Solution
Recognize that we have TWO sets of (P, T) data:

e Set 1: (150 torr at 40+273K)
e Set 2: (760 torr at 78+273K)

We then directly use these data in Equation 5.4.28
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ln(@)_ﬂ[L_L]
760 ) ~ 8314 [313 351

_AH'Ua
1n150—1n760=—"[ ! ! ]

8314 |313 351
—AHyqp
~1.623 = — - [0.0032 — 0.0028]

Then solving for AH

AH,,, = 3.90 x 10* J/mol
= 39.0 kJ/mol

X Advanced Note

It is important to not use the Clausius-Clapeyron equation for the solid to liquid transition. That requires the use of the more
general Clapeyron equation

dP AH

dT ~— TAV

where AH and AV is the molar change in enthalpy (the enthalpy of fusion in this case) and volume respectively between the
two phases in the transition.

5.4: The Clausius-Clapeyron Equation is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by LibreTexts.

23.4: The Clausius-Clapeyron Equation is licensed CC BY 4.0.
Clausius-Clapeyron Equation by Albert Censullo, Chung (Peter) Chieh is licensed CC BY-NC-SA 4.0.
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5.E: Phase Equilibria (Exercises)

5.E: Phase Equilibria (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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6.1: Ideal Solutions

Liquids tend to be volatile, and as such will enter the vapor phase when the temperature is increased to a high enough value,
provided they do not decompose first. A volatile liquid is one that has an appreciable vapor pressure at the specified temperature.
An ideal mixture containing at least one volatile liquid can be described using Raoult’s Law:

Pj = ﬂ:ij‘

Raoult’s law can be used to predict the total vapor pressure above a mixture of two volatile liquids. As it turns out, the composition
of the vapor will be different than that of the two liquids, with the more volatile compound having a larger mole fraction in the
vapor phase than in the liquid phase. This is summarized in the following diagram for an ideal mixture of two compounds, water
and ethanol at 75 °C. At this temperature, water a pure vapor pressure of 384 Torr and ethanol has a pure vapor pressure of 945
Torr. In Figure 24.4.1, the composition of the liquid phase is represented by the solid line and the composition of the vapor phase is
represented by the dashed line.

X0

Figure 24.4.1: The composition of the liquid phase (solid line) and the vapor phase (dashed lined) as a function of mole fraction
according to Raoult's law. The solution is a mixture of water and ethanol. P, is the vapor pressure of pure water and Pp is the vapor
pressure of pure ethanol at 75 °C

Often, it is desirable to depict the phase diagram at a single pressure so that temperature and composition are the variables included
in the graphical representation. In such a diagram, the vapor, which exists at higher temperatures) is indicated at the top of the
diagram, while the liquid is at the bottom. A typical temperature vs. composition diagram is depicted in Figure 24.4.2 for an ideal
mixture of two volatile liquids.

3 b x5 d
0* X xg 2 X 1

Figure 24.4.2: A typical temperature vs. composition diagram.
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In this diagram, T4 and T represent the boiling points of pure compounds A and B. If a system having the composition indicated
by x% has its temperature increased to that indicated by point ¢, The system will consist of two phases, a liquid phase, with a
composition indicated by x4 and a vapor phase indicated with a composition indicated by x%. The relative amounts of material in
each phase can be described by the lever rule, as described previously.

Further, if the vapor with composition x% is condensed (the temperature is lowered to that indicated by point b') and re-vaporized,
the new vapor will have the composition consistent with x%. This demonstrates how the more volatile liquid (the one with the
lower boiling temperature, which is A in the case of the above diagram) can be purified from the mixture by collecting and re-
evaporating fractions of the vapor. If the liquid was the desired product, one would collect fractions of the residual liquid to achieve
the desired result. This process is known as distillation.

6.1.1: The Gibbs energy of mixing is always negative

When we add n4 moles of component A and np moles of component B to form an ideal liquid solution, this is generally a
spontaneous process. Let us consider the Gibbs free energy change of that process:

sln

AmiaG = nipf™ + nops™ — (mipi +naps)
Using:
ud = pt + nRTz;Inz;
his expression simplifies to:
AnizG=nRTzslnzs +nRTzglnzpg

where r is the total moles. Mole fraction, z;, is always less than one, so the Gibbs energy of mixing is always negative; mixing is
always spontaneous. We can generalize this to mixtures with more than two components:

AnizG = nRT Z z; Inx;

This expression looks suspiciously familiar. Apart from a factor of —T, it is just like the entropy of mixing:

AnizS = —nR Z z;lnz;

Recalling the relationship between Gibbs energy and entropy:
AnizG = ApigH — TApizS
This leaves no room at all for an enthalpy effect:
ApmizH=0

Even though there are strong interactions between neighboring particles in liquids, there is no enthalpy change. This implies that it
does not matter what the neighboring molecules are. If we represent the average interaction energy between molecule ; and j by
U;;, we are assuming that U;; is always the same. In practice, this is seldom the case. It usually does matter and then the enthalpy
term is not zero. As this affects the thermodynamics of the liquid solution, it should also affect the vapor pressures that are in
equilibrium with it.

6.1.2: In the ideal case, volumes are additive

From the change of @G in its natural variables, we know that:

0G
(59),=v
This means that if we take
OAG
(F7 ), = Ve
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In the ideal case we get:

) AGideal ) .
— AV’,:geal
(%5),

= Avideal =0

miz

6RT(TL1]II£I71+’I’L21H:I}2)
oP .

In the ideal case, volumes are additive and we need not worry about how the partial molar volumes change with composition.

6.1: Ideal Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jerry LaRue.

o 24.4: Ideal Solutions obey Raoult's Law by Jerry LaRue is licensed CC BY-NC-SA 4.0.
¢ 24.9: Gibbs Energy of Mixing of Binary Solutions in Terms of the Activity Coefficient is licensed CC BY-NC-SA 4.0.
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6.2: Real Solutions

If we plot the partial pressure of one component, Py, above a mixture with a mole fraction z;, we should get a straight line with a
slope of P} (Raoult's law). Above non-ideal solutions the graph will no longer be a straight line but a curve. However towards z;
= 1 the curve typically approaches the Raoult line. On the other extreme, there often is a more or less linear region as well, but with
a different slope (Figure 24.5.1 ). This means that we can identify two limiting laws:

o Forz — 0: Henry's law:

Py = Kgxq
e For z — 1: Raoult's law:

P, =P{z,

This implies that the straight line that indicates the Henry expression will intersect the y-axis at z =1 (pure compound) at a
different point than P*. For z — 0 (low concentrations) we can speak of component 1 being the solute (the minority component).
At the other end z — 1 it plays the role of the solvent (majority component).

f
‘f HENRY'S LAW

!

P1 I NONIDEAL SOLUTION

RAQULT'S LAW

L Pure component

Figure 24.5.1 : Vapor pressure above an ideal and a non-ideal solution

Another thing to note is that P* is a property of one pure component, the value of Ky by contrast is a property of the
combination of two components, so it needs to be measured for each solute-solvent combination.

As you can see we have a description for both the high and the low end, but not in the middle. In general, the more modest the
deviations from ideality the larger the range of validity of the two limiting laws. The way to determine Kr would be to actually
determine vapor pressures. How about the other component? Do we need to measure them too? Fortunately we can use
thermodynamics to answer this question with no. There is a handy expression that saves us the trouble.

6.2: Real Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Jerry LaRue.

e 24.5: Most Solutions are Not Ideal by Jerry LaRue is licensed CC BY-NC-SA 4.0.
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6.2.1: Vapor Pressures of Volatile Binary Solutions

The behaviors of ideal solutions of volatile compounds follow Raoult’s Law. Henry’s Law can be used to describe the deviations
from ideality. Henry's law states:

Pp = kyP}

For which the Henry’s Law constant (kg) is determined for the specific compound. Henry’s Law is often used to describe the
solubilities of gases in liquids. The relationship to Raoult’s Law is summarized in Figure 6.2.1.1.

kn

Henry's Law (p = Xa kuy)

pressure

ps°®

Raoult's Law (p = xa ps°)

0 XB 1
Figure 6.2.1.1: The relationship between Raoult's Law and Henry's Law for a binary mixture.

Henry’s Law is depicted by the upper straight line and Raoult’s Law by the lower.

Example 6.2.1.1: Solubility of Carbon Dioxide in Water

The solubility of CO,(g) in water at 25 °C is 3.32 x 10> M with a partial pressure of CO, over the solution of 1 bar. Assuming
the density of a saturated solution to be 1 kg/L, calculate the Henry’s Law constant for CO;.

Solution:
In one L of solution, there is 1000 g of water (assuming the mass of CO, dissolved is negligible.)

1mol
18.02¢

(1000 g) ( ) = 55mol H,O

The solubility of CO, can be used to find the number of moles of CO, dissolved in 1 L of solution also:

—2
382x 107 mol 1 _ 339 x 10~2mol CO,

L
and so the mol fraction of CO; is
Xo = 73'325; 51::;”01 =5.98x10~%
And so
10° Pa = 5.98 x 10~*kg
or

kny =1.67 x 10° Pa

6.2.1.1: Azeotropes

An azeotrope is defined as the common composition of vapor and liquid when they have the same composition.
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vapor

liquid

o
>
W

=

o
vapor Ts

liquid

0 XB 1

Figure 6.2.1.2: Phase diagrams for (left) a maximum boiling point azeotrope and (right) Ta maximum boiling point azeotrope.

Azeotropes can be either maximum boiling or minimum boiling, as show in Figure 6.2.1.2;. Regardless, distillation cannot purify
past the azeotrope point, since the vapor and the liquid phases have the same composition. If a system forms a minimum boiling
azeotrope and has a range of compositions and temperatures at which two liquid phases exist, the phase diagram might look like
Figure 6.2.1.2;:

vapor

Temperature

one phase liquid

two phase liquid

0 Xp 1

Figure 6.2.1.3: Phase diagram for a binary solution with the boiling point of a minimum boiling azeotrope that is higher that when
components are miscible (single phase).

Another possibility that is common is for two substances to form a two-phase liquid, form a minimum boiling azeotrope, but for the

azeotrope to boil at a temperature below which the two liquid phases become miscible. In this case, the phase diagram will look
like Figure 6.2.1.3.
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Example 6.2.1.1:

In the diagram, make up of a system in each region is summarized below the diagram. The point e indicates the azeotrope
composition and boiling temperature.

Temperature

two phase liquid

0 Xg 1

1. Single phase liquid (mostly compound A)
II. Single phase liquid (mostly compound B)
II1. Single phase liquid (mostly A) and vapor
IV. Single phase liquid (mostly B) and vapor
V. Vapor (miscible at all mole fractions since it is a gas)

Solution

Within each two-phase region (III, IV, and the two-phase liquid region, the lever rule will apply to describe the composition of
each phase present. So, for example, the system with the composition and temperature represented by point b (a single-phase
liquid which is mostly compound A, designated by the composition at point a, and vapor with a composition designated by that
at point c), will be described by the lever rule using the lengths of tie lines I4 and Ip.

6.2.1.1.1: Gibbs-Duhem and Henry's law

What happens when Raoult does not hold over the whole range? Recall that in a gas:

0 P;
or
pi=up;+RTInP;

after dropping P° =1 bar out of the notation. Note that numerically this does not matter, since P; is now assumed to be
dimensionless.

Let's consider dy4 at constant temperature:

Oln P1
d[,tl = RT( 61:1 ) dzl
likewise:
Oln P2
d[,tg = RT( 61:2 ) dzg

If we substitute into the Gibbs-Duhem expression we get:
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1 (alnpl)dml+:cg (BlnP2)dm2 -0
oz, 0z2

Because dz; = —dz,:

! Bml et 89:2
(This is an alternative way of writing Gibbs-Duhem).

If in the limit for z; — 1 Raoult Law holds then

P, — 1131131*r
Thus:
81nP1 _ i
8.’51 - 1
and
ﬂ _ BlnPg
Ty - 3902
=gz Oln P2
-T2 amg
1 8111P2
— 6.2.1.2
9 6:172 ( )

We can integrate Equation 6.2.1.2 to form a logarithmic impression, but it will have an integration constant:
In P, = Inxzs + constant
This constant of integration can be folded into the logarithm as a multiplicative constant, K
In P, = 1In (Kz3)
So for z; — 1 (i.e., zo — 0), we get that
Py, =Kz

where K is some constant, but not necessarily P*. What this shows is that when one component follows Raoult the other must
follow Henry and vice versa. (Note that the ideal case is a subset of this case, in that the value of K then becomes P* and the
linearity must hold over the whole range.)

6.2.1.2: Margules Functions

Of course a big drawback of the Henry law is that it only describes what happens at the two extremes of the phase diagram and not
in the middle. In cases of moderate non-ideality, it is possible to describe the whole range (at least in good approximation) using a
Margules function:

P = ($1P1*)fMar

The function fas,, has the shape:
fMar = exp [0z} + Bz + 6z3+....]

Notice that the Margules function involves the mole fraction of the opposite component. It is an exponential with a series
expansion. with the constant and linear term missing. As you can see the function has a number of parameters ¢, 8, § etc. that need
to be determined by experiment. In general, the more the system diverges from ideality, the more parameters you need. Using
Gibbs-Duhem is is possible to translate the expression for P; into the corresponding one for P,.

6.2.1: Vapor Pressures of Volatile Binary Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
LibreTexts.
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6.3: Colligative Properties

Colligative properties are important properties of solutions as they describe how the properties of the solvent will change as solute
(or solutes) is (are) added. Before discussing these important properties, let us first review some definitions.

¢ Solution — a homogeneous mixture.
¢ Solvent — The component of a solution with the largest mole fraction
o Solute — Any component of a solution that is not the solvent.

Solutions can exist in solid (alloys of metals are an example of solid-phase solutions), liquid, or gaseous forms. For the most part,
this discussion will focus on liquid-phase solutions.
Freezing Point Depression
In general (and as will be discussed in Chapter 8 in more detail) a liquid will freeze when
Wsolid < Pliquid

As such, the freezing point of the solvent in a solution will be affected by anything that changes the chemical potential of the
solvent. As it turns out, the chemical potential of the solvent is reduced by the presence of a solute.

In a mixture, the chemical potential of component A can be calculated by
pa=p4+RTInyxy (6.3.1)
And because x 4 is always less than (or equal to) 1, the chemical potential is always reduced by the addition of another component.
The condition under which the solvent will freeze is
K A,solid = KA liquid

where the chemical potential of the liquid is given by Equation 6.3.1, which rearrangement to

HAR_TNA —Inxa
To evaluate the temperature dependence of the chemical potential, it is useful to consider the temperature derivative at constant
pressure.
[or ()], - (%)
6T\ RT » aT J,
— 6 o
Sl S (3MA) (94 _ (3111XA) (6:3.2)
RT? RT aT J, or J, aT J,
Recalling that
u=H=TS
and
OuY\ _
(or),=-*
Equation 6.3.2 becomes
(Ha—TSa—H+TS3) 1 o1 (Olnxa
_ - + g -84+ 53 = ( o ),, (6.3.3)

And noting that in the case of the solvent freezing, H§ is the enthalpy of the pure solvent in solid form, and H is the enthalpy of
the solvent in the liquid solution. So

HS—H, = AHj,
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Equation 6.3.3 then becomes

AHpy  —Sat 87  —Sat 87 _ (61nXA)
p

RT? RT RT or

or

AH gy, _ (6lnXA)
RT: ~\ or /,

Separating the variables puts the equation into an integrable form.

T AHp,
ro RT?

dT = / dlnya (6.3.4)

where 7° is the freezing point of the pure solvent and T is the temperature at which the solvent will begin to solidify in the
solution. After integration of Equation 6.3.4:

_A.Hfu_g (1 1

R T —_ F) = ].D.XA (635)

This can be simplified further by noting that

1 1 _T°-T AT

T Te TT° _ TT°

where AT is the difference between the freezing temperature of the pure solvent and that of the solvent in the solution. Also, for
small deviations from the pure freezing point, 77° can be replaced by the approximate value (7°°)2. So the Equation 6.3.5 becomes

_ AHp,
R(To)2

AT =1Inx4 (6.3.6)

Further, for dilute solutions, for which y 4, the mole fraction of the solvent is very nearly 1, then

Inxa=~—(1—x4)=—xn
where xp is the mole fraction of the solute. After a small bit of rearrangement, this results in an expression for freezing point
depression of

R(T°)2)
AT = L
(AHfus X5

The first factor can be replaced by k:

R(T0)2
AHp, &1

which is the cryoscopic constant for the solvent.

AT gives the magnitude of the reduction of freezing point for the solution. Since AHy,, and T are properties of the solvent, the
freezing point depression property is independent of the solute and is a property based solely on the nature of the solvent. Further,
since xp was introduced as (1 — x4), it represents the sum of the mole fractions of all solutes present in the solution.

It is important to keep in mind that for a real solution, freezing of the solvent changes the composition of the solution by decreasing
the mole fraction of the solvent and increasing that of the solute. As such, the magnitude of AT will change as the freezing process
continually removes solvent from the liquid phase of the solution.

Boiling Point Elevation

The derivation of an expression describing boiling point elevation is similar to that for freezing point depression. In short, the
introduction of a solute into a liquid solvent lowers the chemical potential of the solvent, cause it to favor the liquid phase over the
vapor phase. As sch, the temperature must be increased to increase the chemical potential of the solvent in the liquid solution until
it is equal to that of the vapor-phase solvent. The increase in the boiling point can be expressed as
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AT = KbXB
where

R(To)2

AH,y Ky

is called the ebullioscopic constant and, like the cryoscopic constant, is a property of the solvent that is independent of the solute
or solutes. A very elegant derivation of the form of the models for freezing point depression and boiling point elevation has been
shared by F. E. Schubert (Schubert, 1983).

Cryoscopic and ebullioscopic constants are generally tabulated using molality as the unit of solute concentration rather than mole
fraction. In this form, the equation for calculating the magnitude of the freezing point decrease or the boiling point increase is

AT =Kim
or
AT =Kym

where m is the concentration of the solute in moles per kg of solvent. Some values of Ky and K} are shown in the table below.

Substance K; (°C kg mol-1) Ty (°C) K (°C kg mol-1) TY (°C)
Water 1.86 0.0 0.51 100.0
Benzene 5.12 5.5 2.53 80.1
Ethanol 1.99 -114.6 1.22 78.4
CCly 29.8 -22.3 5.02 76.8

v/ Example 6.3.1:

The boiling point of a solution of 3.00 g of an unknown compound in 25.0 g of CCl, raises the boiling point to 81.5 °C. What
is the molar mass of the compound?

Solution
The approach here is to find the number of moles of solute in the solution. First, find the concentration of the solution:

(85.5°C — 76.8°C) = (5.02°C Kg/mol) m
m = 0.936 mol/kg

Using the number of kg of solvent, one finds the number for moles of solute:

(0.936 mol/ kg ) (0.02 ) = 0.0234 mol

The ratio of mass to moles yields the final answer:

3.00g
0.0234

= 128g/mol

Vapor Pressure Lowering

For much the same reason as the lowering of freezing points and the elevation of boiling points for solvents into which a solute has
been introduced, the vapor pressure of a volatile solvent will be decreased due to the introduction of a solute. The magnitude of this
decrease can be quantified by examining the effect the solute has on the chemical potential of the solvent.

In order to establish equilibrium between the solvent in the solution and the solvent in the vapor phase above the solution, the
chemical potentials of the two phases must be equal.

Hvapor = M solvent
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If the solute is not volatile, the vapor will be pure, so (assuming ideal behavior)
pl
Kogp + RT'In i uy + RTInx 4 (6.3.7)
Where p’ is the vapor pressure of the solvent over the solution. Similarly, for the pure solvent in equilibrium with its vapor
pa
B9 = Hogp + RTIn pry (6.3.8)

where p° is the standard pressure of 1 atm, and p4 is the vapor pressure of the pure solvent. Substituting Equation 6.3.8 into
Equation 6.3.7 yields

’
%+RT]:11;—0=( o +RT1n’;—‘j) +RTInxa

The terms for ug,, cancel, leaving
4
RTnZ — RTm®4 | RTInx,
p p
Subtracting RT In(P4/P°) from both side produces
4
RTZ _RTW P4 — RTInx,
p p
which rearranges to
/7

RTm 2 — RTInya
Pa

Dividing both sides by RT and then exponentiating yields

2 _ XA
pa
or
p’ = x4pa (6.3.9)

This last result is Raoult’s Law. A more formal derivation would use the fugacities of the vapor phases, but would look essentially
the same. Also, as in the case of freezing point depression and boiling point elevations, this derivation did not rely on the nature of
the solute! However, unlike freezing point depression and boiling point elevation, this derivation did not rely on the solute being
dilute, so the result should apply the entire range of concentrations of the solution.

v/ Example 6.3.2:

Consider a mixture of two volatile liquids A and B. The vapor pressure of pure A is 150 Torr at some temperature, and that of
pure B is 300 Torr at the same temperature. What is the total vapor pressure above a mixture of these compounds with the mole
fraction of B of 0.600. What is the mole fraction of B in the vapor that is in equilibrium with the liquid mixture?

Solution
Using Raoult’s Law (Equation 6.3.9)
p4 = (0.400)(150 T'oor) = 60.0 Torr
pp = (0.600)(300 Toor) = 180.0 Torr
Diot = P4 +pp=240Torr
To get the mole fractions in the gas phase, one can use Dalton’s Law of partial pressures.

_P_A=w=0_250

WA = Diot 240 Torr
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_ bB _ 180.0 Torr

= = = 0.750
B Diot 240 Torr
And, of course, it is also useful to note that the sum of the mole fractions is 1 (as it must be!)

xa+xs=1

Osmotic Pressure

Osmosis is a process by which solvent can pass through a semi-permeable membrane (a membrane through which solvent can
pass, but not solute) from an area of low solute concentration to a region of high solute concentration. The osmotic pressure is the
pressure that when exerted on the region of high solute concentration will halt the process of osmosis.

p
(e

[ S
& =

na®(p) pA(P+7)

The nature of osmosis and the magnitude of the osmotic pressure can be understood by examining the chemical potential of a pure
solvent and that of the solvent in a solution. The chemical potential of the solvent in the solution (before any extra pressure is
applied) is given by

ba=py+RTInx,

And since x4 < 1, the chemical potential is of the solvent in a solution is always lower than that of the pure solvent. So, to prevent
osmosis from occurring, something needs to be done to raise the chemical potential of the solvent in the solution. This can be
accomplished by applying pressure to the solution. Specifically, the process of osmosis will stop when the chemical potential
solvent in the solution is increased to the point of being equal to that of the pure solvent. The criterion, therefore, for osmosis to
cease is

15 (p) = palxs, +m)

To solve the problem to determine the magnitude of p, the pressure dependence of the chemical potential is needed in addition to
understanding the effect the solute has on lowering the chemical potential of the solvent in the solution. The magnitude, therefore,
of the increase in chemical potential due to the application of excess pressure p must be equal to the magnitude of the reduction of
chemical potential by the reduced mole fraction of the solvent in the solution. We already know that the chemical potential of the
solvent in the solution is reduced by an amount given by

py —pa=RTlnxa

And the increase in chemical potential due to the application of excess pressure is given by
LAVeF) m
po+m) =po)+ [ (o) dp
P ap T
The integrals on the right can be evaluated by recognizing
ou )
nd =V
(%)

where V is the molar volume of the substance. Combining these expressions results in
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P+
—RTInxas = / Vdp
»

If the molar volume of the solvent is independent of pressure (has a very small value of xz — which is the case for most liquids) the
term on the right becomes.

/ VdP=Vplt" =Vn
p

Also, for values of x4 very close to 1
Inxa~—(1—x4) =—xB
So, for dilute solutions
xBRT =V«
Or after rearrangement

X BRT
—V

™

again, where V is the molar volume of the solvent. And finally, since xp/V is the concentration of the solute B for cases where ng
<« ny4. This allows one to write a simplified version of the expression which can be used in the case of very dilute solutions

m = [B|RT

When a pressure exceeding the osmotic pressure = is applied to the solution, the chemical potential of the solvent in the solution
can be made to exceed that of the pure solvent on the other side of the membrane, causing reverse osmosis to occur. This is a very
effective method, for example, for recovering pure water from a mixture such as a salt/water solution.

This page titled 6.3: Colligative Properties is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick

Fleming.

« 7.6: Colligative Properties by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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6.4: Solutions Exercises
TBA

6.4: Solutions Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

¢ 24.E: Solutions I- Liquid-Liquid Solutions (Exercises) is licensed CC BY-NC-SA 4.0.
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6.4.E: Mixtures and Solutions (Exercises)

Q7.1
The compression factor (Z) for O, at 200 K is measured to have the following values:
p (atm) Z
1.000 0.9970
4.000 0.9880
7.000 0.9788
10.000 0.9700

Using numerical integration, calculate the fugacity constant for O; at 200 K from these data.

Q7.2

The normal boiling point of ethanol is 78.4 °C. Its enthalpy of vaporization is 38.6 kJ/mol. Estimate the vapor pressure of ethanol at
24.4°C.

Q7.3

When 20.0 grams of an unknown nonelectrolyte compound are dissolved in 500.0 grams of benzene, the freezing point of the
resulting solution is 3.77 °C. The freezing point of pure benzene is 5.444 °C and the cryoscopic constant (K;) for benzene is 5.12
°C/m. What is the molar mass of the unknown compound?

Q7.4
Consider a mixture of two volatile liquids, A and B. The vapor pressure of pure liquid A is 324.3 Torr and that of pure liquid B is
502.3 Torr. What is the total vapor pressure over a mixture of the two liquids for which xg = 0.675?
Q7.5
Consider the following expression for osmotic pressure
7V = xBRT (6.4E.1)

where 7 is the osmotic pressure, V is the molar volume of the solvent, xg is the mole fraction of the solute, R is the gas law
constant, and T is the temperature (in Kelvin).

The molar volume of a particular solvent is 0.0180 L/mol. 0.200 g of a solute (B) is dissolved in 1.00 mol of the solvent. The
osmotic pressure of the solvent is then measured to be 0.640 atm at 298 K. Calculate the molar mass of the solute.

Q7.6

At 300 K, the vapor pressure of HCI(g) over a solution of HC! in GeCl, are summarized in the following table. Calculate the
Henry’s Law constant for HCI based on these data.

XHCl Py (kPa)
0.005 32.0
0.012 76.9
0.019 121.8
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Q7.7

Consider the mixing of 1.00 mol of hexane (CgH;,) with 1.00 mole of benzene (CgHg). Calculate \(\Delta H\), \(\Delta S\), and \
(\Delta G\) of mixing, of the mixing occurs ideally at 298 K.

Contributors and Attributions
e Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

This page titled 6.4.E: Mixtures and Solutions (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.
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7.1: Blackbody Radiation

4b Learning Objectives

One experimental phenomenon that could not be adequately explained by classical physics was blackbody radiation.
Objectives for this section include

o Be familiar with black-body radiators
e Understand the Rayleigh-Jeans Law and how it fails to properly model black-body radiation

All normal matter at temperatures above absolute zero emits electromagnetic radiation, which represents a conversion of a body's
internal thermal energy into electromagnetic energy, and is therefore called thermal radiation. Conversely, all normal matter
absorbs electromagnetic radiation to some degree. An object that absorbs ALL radiation falling on it, at all wavelengths, is called a
blackbody. When a blackbody is at a uniform temperature, its emission has a characteristic frequency distribution that depends on
the temperature. This emission is called blackbody radiation.

A room temperature blackbody appears black, as most of the energy it radiates is infra-red and cannot be perceived by the human
eye. Because the human eye cannot perceive light waves at lower frequencies, a black body, viewed in the dark at the lowest just
faintly visible temperature, subjectively appears grey, even though its objective physical spectrum peaks in the infrared range.
When it becomes a little hotter, it appears dull red. As its temperature increases further it becomes yellow, white, and ultimately
blue-white.

Figure 7.1.1 : Blackbody Radiation. When heated, all objects emit electromagnetic radiation whose wavelength (and color) depends
on the temperature of the object. A relatively low-temperature object, such as a horseshoe forged by a blacksmith, appears red,
whereas a higher-temperature object, such as the surface of the sun, appears yellow or white. Images used with permission from
Wikipedia.
Blackbody radiation has a characteristic, continuous frequency spectrum that experimentally depends only on the body's
temperature. In fact, we can be much more precise:

A body emits radiation at a given temperature and frequency exactly as well as it absorbs
the same radiation.

This statement was proved by Gustav Kirchhoff: the essential point is that if we instead suppose a particular body can absorb better
than it emits, then in a room full of objects all at the same temperature, it will absorb radiation from the other bodies better than it
radiates energy back to them. This means it will get hotter, and the rest of the room will grow colder, contradicting the second law
of thermodynamics. Thus, a body must emit radiation exactly as well as it absorbs the same radiation at a given temperature and
frequency in order to not violate the second law of thermodynamics.

Any body at any temperature above absolute zero will radiate to some extent, the intensity and frequency distribution of the
radiation depending on the detailed structure of the body. To begin analyzing heat radiation, we need to be specific about the body
doing the radiating: the simplest possible case is an idealized body which is a perfect absorber, and therefore also (from the above
argument) a perfect emitter. So how do we construct a perfect absorber in the laboratory? In 1859 Kirchhoff had a good idea: a
small hole in the side of a large box is an excellent absorber, since any radiation that goes through the hole bounces around inside, a
lot getting absorbed on each bounce, and has little chance of ever getting out again. So, we can do this in reverse: have an oven
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with a tiny hole in the side, and presumably the radiation coming out the hole is as good a representation of a perfect emitter as
we’re going to find (Figure 7.1.2 ).

Blackbody Radiator

Emitted radiation is only a function of

All incident radiation is absorbed radiator’s temperature (T)

Figure 7.1.2 : Blackbody radiator is any object that is a perfect emitter and a perfect absorber of radiation. (CC BY-NC; Umit Kaya

via LibreTexts)
By the 1890’s, experimental techniques had improved sufficiently that it was possible to make fairly precise measurements of the
energy distribution of blackbody radiation. In 1895, at the University of Berlin, Wien and Lummer punched a small hole in the side
of an otherwise completely closed oven, and began to measure the radiation coming out. The beam coming out of the hole was
passed through a diffraction grating, which sent the different wavelengths/frequencies in different directions, all towards a screen.
A detector was moved up and down along the screen to find how much radiant energy was being emitted in each frequency range.
They found a radiation intensity/frequency curve close to the distributions in Figure 7.1.3 .

Ultravialet 1
-_—

Visible Infrared

® A maximum

Radiation intensity

Wavelength A (wm)

Figure 7.1.3 : Graphic representation of spectral distribution of blackbody radiation at different temperatures. The Stefan-
Boltzmann’s Law is observed as the increase in the emission amplitude with increasing temperature and the Wien’s Displacement
Law is observed as the shift to smaller wavelength with increasing temperature. (CC-BY 4.0; OpenStax)

X Not all radiators are blackbody radiators

The radiation of a blackbody radiator is produced by the thermal activity of the material, not the nature of the material, nor how
it got thermally excited. Some examples of blackbodies include incandescent light bulbs, stars, and hot stove tops. The
emission appears as a continuous spectrum (Figure 7.1.3 ) with multiple coexisting colors. However, not every radiator is a
blackbody radiator. For example, the emission of a fluorescence bulb is not one. The following spectrum show the distribution
of light from a fluoresce light tube and is a mixture of discrete bands at different wavelengths of light in contrast to the
continuous spectra in Figure 7.1.3 for blackbody radiators.
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Fluorescent lighting spectrum with emission peaks. Graph of Intensity (counts) vs. Wavelength (nm) in the visible spectrum.
(CC BY-NC; Umit Kaya via LibreTexts).

Fluorescent light bulbs contain a mixture of inert gases (usually argon and neon) together with a drop of mercury at low
pressure. A different mix of visible colors blend to produce a light that appears to us white with different shadings.

7.1.1: The Rayleigh-Jeans Law

Lord Rayleigh and J. H. Jeans developed an equation which explained blackbody radiation at low frequencies. The equation which
seemed to express blackbody radiation was built upon all the known assumptions of physics at the time. The big assumption which
Rayleigh and Jean implied was that infinitesimal amounts of energy were continuously added to the system when the frequency was
increased. Classical physics assumed that energy emitted by atomic oscillations could have any continuous value. This was true for
anything that had been studied up until that point, including things like acceleration, position, or energy. Their resulting Rayleigh-
Jeans Law was

dp (v,T) = p, (T) dv (7.1.1)
87!'ka Vde

: (7.1.2)

Experimental data performed on the black box showed slightly different results than what was expected by the Rayleigh-Jeans law
(Figure 7.1.5 ). The law had been studied and widely accepted by many physicists of the day, but the experimental results did not
lie, something was different between what was theorized and what actually happens. The experimental results showed a bell type of
curve, but according to the Rayleigh-Jeans law the frequency diverged as it neared the ultraviolet region (Equation 7.1.2). Ehrenfest
later dubbed this the "ultraviolet catastrophe". It is important to emphasizing that Equation 7.1.2 is a classical result: the only inputs
are classical dynamics and Maxwell’s electromagnetic theory.
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Figure 7.1.5 : Relationship between the temperature of an object and the spectrum of blackbody radiation it emits. At relatively low
temperatures, most radiation is emitted at wavelengths longer than 700 nm, which is in the infrared portion of the spectrum. The
dull red glow of the hot metalwork in Figure 7.1.5 is due to the small amount of radiation emitted at wavelengths less than 700 nm,
which the eye can detect. As the temperature of the object increases, the maximum intensity shifts to shorter wavelengths,
successively resulting in orange, yellow, and finally white light. At high temperatures, all wavelengths of visible light are emitted
with approximately equal intensities. (CC BY-SA-NC; anonymous)

K Differential vs. Integral Representation of the Distribution

Radiation is understood as a continuous distribution of amplitude vs. wavelength or, equivalently, amplitude vs. frequency
(Figure 7.1.5 ). According to Rayleigh-Jeans law, the intensity at a specific frequency v and temperature is

8nkyTv?

p,T) = —3

However, in practice, we are more interested in frequency intervals. An exact frequency is the limit of a sequence of smaller
and smaller intervals. If we make the assumption that, for a sufficiently small interval, p(v,T) does not vary, we get your
definition for the differential dp(v, T) in Equation 7.1.2:

The assumption is fair due to the continuity of p(v, T). This is the approximation of an integral on a very small interval dv by
the height of a point inside this interval (222" times its length (dv). So, if we sum an infinite amount of small intervals like
the one above we get an integral. The total radiation between »; and v, will be:

/:2 dp(v, T) = /.V2 o(v,T)dv

v

/ V2 8k Tv?

= —sdll
v, C

1

3_ .3
Vo — 1)

3c?

= 8m ka

Observe that p(v, T) is quadratic in v.

v/ Example 7.1.4 : The Ultraviolet Catastrophe

What is the total spectral radiance of a radiator that follows the Rayleigh-Jeans law for its emission spectrum?

Solution
The total spectral radiance py(T) is the combined emission over all possible wavelengths (or equivalently, frequencies), which
is an integral over the relevant distribution (Equation 7.1.2 for the Rayleigh-Jeans Law).
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peot(T) = /0°° dp (v, T)

(o]
— / 87I'kBT Vzdll
0 c3

but the integral
(o]
/ zidx
0

k
lim z?dz = 00
k=00 J o

does not converge. Worse, it is infinite,

Hence, the classically derived Rayleigh-Jeans law predicts that the radiance of a blackbody is infinite. Since radiance is power
per angle and unit area, this also implies that the total power and hence the energy a blackbody emitter gives off is infinite,
which is patently absurd. This is called the ultraviolet catastrophe because the absurd prediction is caused by the classical law
not predicting the behavior at high frequencies/small wavelengths correctly (Figure 7.1.5).
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7.1.1: Quantum Hypothesis Used for Blackbody Radiation Law

4b Learning Objectives

o To understand how energy is quantized in blackbody radiation

By the late 19th century, many physicists thought their discipline was well on the way to explaining most natural phenomena. They
could calculate the motions of material objects using Newton’s laws of classical mechanics, and they could describe the properties
of radiant energy using mathematical relationships known as Maxwell’s equations, developed in 1873 by James Clerk Maxwell, a
Scottish physicist. The universe appeared to be a simple and orderly place, containing matter, which consisted of particles that had
mass and whose location and motion could be accurately described, and electromagnetic radiation, which was viewed as having no
mass and whose exact position in space could not be fixed. Thus matter and energy were considered distinct and unrelated
phenomena. Soon, however, scientists began to look more closely at a few inconvenient phenomena that could not be explained by
the theories available at the time.

One experimental phenomenon that could not be adequately explained by classical physics was blackbody radiation (Figure 1.2.1).
Attempts to explain or calculate this spectral distribution from classical theory were complete failures. A theory developed by
Rayleigh and Jeans predicted that the intensity should go to infinity at short wavelengths. Since the intensity actually drops to zero
at short wavelengths, the Rayleigh-Jeans result was called the ultraviolet catastrophe (Figure 1.2.1 dashed line). There was no
agreement between theory and experiment in the ultraviolet region of the blackbody spectrum.
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Figure 1.2.1 : Relationship between the temperature of an object and the spectrum of blackbody radiation it emits. At relatively low
temperatures, most radiation is emitted at wavelengths longer than 700 nm, which is in the infrared portion of the spectrum. As the
temperature of the object increases, the maximum intensity shifts to shorter wavelengths, successively resulting in orange, yellow,
and finally white light. At high temperatures, all wavelengths of visible light are emitted with approximately equal intensities. The
white light spectrum shown for an object at 6000 K closely approximates the spectrum of light emitted by the sun. Note the sharp
decrease in the intensity of radiation emitted at wavelengths below 400 nm, which constituted the ultraviolet catastrophe. The
classical prediction fails to fit the experimental curves entirely and does not have a maximum intensity. (CC BY-SA-NC;
anonymous).

7.1.1.1: Quantizing Electrons in the Radiator

In 1900, the German physicist Max Planck (1858-1947) explained the ultraviolet catastrophe by proposing that the energy of
electromagnetic waves is quantized rather than continuous. This means that for each temperature, there is a maximum intensity of
radiation that is emitted in a blackbody object, corresponding to the peaks in Figure 1.2.1 , so the intensity does not follow a

smooth curve as the temperature increases, as predicted by classical physics. Thus energy could be gained or lost only in integral
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multiples of some smallest unit of energy, a quantum (the smallest possible unit of energy). Energy can be gained or lost only in
integral multiples of a quantum.

X Quantization

Although quantization may seem to be an unfamiliar concept, we encounter it frequently in quantum mechanics (hence the
name). For example, US money is integral multiples of pennies. Similarly, musical instruments like a piano or a trumpet can
produce only certain musical notes, such as C or F sharp. Because these instruments cannot produce a continuous range of
frequencies, their frequencies are quantized. It is also similar to going up and down a hill using discrete stair steps rather than
being able to move up and down a continuous slope. Your potential energy takes on discrete values as you move from step to
step. Even electrical charge is quantized: an ion may have a charge of —1 or -2, but not —1.33 electron charges.

A continuous vs. a quantized (gravitationaly) potential energy system. In the continuous case (left) a system can have any
potential energy, but in the quantized case (right), a system can only have certain values (other values are not allowed). (CC
BY-NC; Umit Kaya via LibreTexts)

Planck's quantization of energy is described by the his famous equation:
E=hv (7.1.1.1)

where the proportionality constant k is called Planck’s constant, one of the most accurately known fundamental constants in
science

h = 6.626070040(81) x 1074 J - 5
However, for our purposes, its value to four significant figures is sufficient:
h=6.626x10"*J-s

As the frequency of electromagnetic radiation increases, the magnitude of the associated quantum of radiant energy increases. By
assuming that energy can be emitted by an object only in integral multiples of hy, Planck devised an equation that fit the
experimental data shown in Figure 1.2.1 . We can understand Planck’s explanation of the ultraviolet catastrophe qualitatively as
follows: At low temperatures, radiation with only relatively low frequencies is emitted, corresponding to low-energy quanta. As the
temperature of an object increases, there is an increased probability of emitting radiation with higher frequencies, corresponding to
higher-energy quanta. At any temperature, however, it is simply more probable for an object to lose energy by emitting a large
number of lower-energy quanta than a single very high-energy quantum that corresponds to ultraviolet radiation. The result is a
maximum in the plot of intensity of emitted radiation versus wavelength, as shown in Figure 1.2.1, and a shift in the position of the
maximum to lower wavelength (higher frequency) with increasing temperature.

At the time he proposed his radical hypothesis, Planck could not explain why energies should be quantized. Initially, his hypothesis
explained only one set of experimental data—blackbody radiation. If quantization were observed for a large number of different
phenomena, then quantization would become a law. In time, a theory might be developed to explain that law. As things turned out,
Planck’s hypothesis was the seed from which modern physics grew.
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Max Planck explain the spectral distribution of blackbody radiation as result from oscillations of electrons. Similarly, oscillations
of electrons in an antenna produce radio waves. Max Planck concentrated on modeling the oscillating charges that must exist in the
oven walls, radiating heat inwards and—in thermodynamic equilibrium—themselves being driven by the radiation field. He found
he could account for the observed curve if he required these oscillators not to radiate energy continuously, as the classical theory
would demand, but they could only lose or gain energy in chunks, called quanta, of size kv, for an oscillator of frequency »
(Equation 7.1.1.1).

With that assumption, Planck calculated the following formula for the radiation energy density inside the oven:

do(v,T) = p,(T)dv (7.1.1.2)
8mhy3 1
3 dv (7.1.1.3)

e (_hu ) -1
P\ kel

with

o 7 =3.14159

e h=6.626 x 1077 s

e ¢=3.00x 108m/s

e v=1/s

e kp=138x1073J/K

e T is absolute temperature (in Kelvin)

Planck'’s radiation energy density (Equation 7.1.1.3) can also be expressed in terms of wavelength A.

8whc 1
pAT) = =5 ( P ) (7.1.1.4)
With a wavelength of maximum energy density at:
hc
Amaz = 4.965kT

This can be used to calculate the radiance emitted from surface per unit frequency

dB,(v,T) = p,(T)dv
_ 2wt 1 W (7.1.1.5)
2 v
¢ e () -1

or

2hc? 1
Planck's equation (Equation 7.1.1.4) gave an excellent agreement with the experimental observations for all temperatures (Figure

1.2.2).
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Figure 1.2.2 : The Sun is an excellent approximation of a blackbody. Its effective temperature is ~5777 K. (CC-SA-BY 3.0; Sch).

X Max Planck (1858-1947)

Planck made many substantial contributions to theoretical physics, but his fame as a physicist rests primarily on his role as the
originator of quantum theory. In addition to being a physicist, Planck was a gifted pianist, who at one time considered music as
a career. During the 1930s, Planck felt it was his duty to remain in Germany, despite his open opposition to the policies of the
Nazi government.

MAX-PLANCK-GESELLSCHAFT

(left) The German physicist Max Planck had a major influence on the early development of quantum mechanics, being the first

to recognize that energy is sometimes quantized. Planck also made important contributions to special relativity and classical

physics. (Public Domain; Library of Congress via Wikimedia) (left) The society's logo features Minerva, the Roman goddess

of wisdom. (Fair use)
One of his sons was executed in 1944 for his part in an unsuccessful attempt to assassinate Hitler and bombing during the last
weeks of World War II destroyed Planck’s home. After WWII, the major German scientific research organization was renamed
the Max Planck Society.

Use Equation 7.1.1.4 to show that the units of p(A, T) dX are J/m? as expected for an energy density.

The near perfect agreement of this formula with precise experiments (e.g., Figure 1.2.3 ), and the consequent necessity of energy
quantization, was the most important advance in physics in the century. His blackbody curve was completely accepted as the
correct one: more and more accurate experiments confirmed it time and again, yet the radical nature of the quantum assumption did

not sink in. Planck was not too upset—he didn’t believe it either, he saw it as a technical fix that (he hoped) would eventually prove
unnecessary.

Part of the problem was that Planck’s route to the formula was long, difficult and
implausible—he even made contradictory assumptions at different stages, as Einstein
pointed out later. However, the result was correct anyway!
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The mathematics implied that the energy given off by a blackbody was not continuous, but given off at certain specific
wavelengths, in regular increments. If Planck assumed that the energy of blackbody radiation was in the form

E =nhv

where n is an integer, then he could explain what the mathematics represented. This was indeed difficult for Planck to accept,
because at the time, there was no reason to presume that the energy should only be radiated at specific frequencies. Nothing in
Maxwell’s laws suggested such a thing. It was as if the vibrations of a mass on the end of a spring could only occur at specific
energies. Imagine the mass slowly coming to rest due to friction, but not in a continuous manner. Instead, the mass jumps from one
fixed quantity of energy to another without passing through the intermediate energies.

To use a different analogy, it is as if what we had always imagined as smooth inclined

planes were, in fact, a series of closely spaced steps that only presented the illusion of
continuity.

7.1.1.2: Summary

The agreement between Planck’s theory and the experimental observation provided strong evidence that the energy of electron
motion in matter is quantized. In the next two sections, we will see that the energy carried by light also is quantized in units of av.
These packets of energy are called “photons.”
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7.2: The Photoelectric Effect

4b Learning Objectives

e To be familiar with the photoelectron effect for bulk materials

o Understand how the photoelectron kinetic energy and intensity vary as a function of incident light wavelength
o Understand how the photoelectron kinetic energy and intensity vary as a function of incident light intensity

e Describe what a workfunction is and relate it to ionization energy

e Describe the photoelectric effect with Einstein's quantized photon model of light

Nature, it seemed, was quantized (non-continuous, or discrete). If this was so, how could Maxwell’s equations correctly predict the
result of the blackbody radiator? Planck spent a good deal of time attempting to reconcile the behavior of electromagnetic waves
with the discrete nature of the blackbody radiation, to no avail. It was not until 1905, with yet another paper published by Albert
Einstein, that the wave nature of light was expanded to include the particle interpretation of light which adequately explained
Planck’s equation.

The photoelectric effect was first documented in 1887 by the German physicist Heinrich Hertz and is therefore sometimes referred
to as the Hertz effect. While working with a spark-gap transmitter (a primitive radio-broadcasting device), Hertz discovered that
upon absorption of certain frequencies of light, substances would give off a visible spark. In 1899, this spark was identified as
light-excited electrons (called photoelectrons) leaving the metal's surface by J.J. Thomson (Figure 1.3.1).

Emitted electron
s

Sodium metal in a vacuum

Figure 1.3.1 : The photoelectric effect involves irradiating a metal surface with photons of sufficiently high energy to cause the
electrons to be ejected from the metal. (CC BY-SA-NC; anonymous)
The classical picture underlying the photoelectron effect was that the atoms in the metal contained electrons, that were shaken and
caused to vibrate by the oscillating electric field of the incident radiation. Eventually some of them would be shaken loose, and
would be ejected from the cathode. It is worthwhile considering carefully how the number and speed of electrons emitted would be
expected to vary with the intensity and color of the incident radiation along with the time needed to observe the photoelectrons.

¢ Increasing the intensity of radiation would shake the electrons more violently, so one would expect more to be emitted, and they
would shoot out at greater speed, on average.

o Increasing the frequency of the radiation would shake the electrons faster, so it might cause the electrons to come out faster. For
very dim light, it would take some time for an electron to work up to a sufficient amplitude of vibration to shake loose.

7.2.1: Lenard's Experimental Results (Intensity Dependence)

In 1902, Hertz's student, Philipp Lenard, studied how the energy of the emitted photoelectrons varied with the intensity of the light.
He used a carbon arc light and could increase the intensity a thousand-fold. The ejected electrons hit another metal plate, the
collector, which was connected to the cathode by a wire with a sensitive ammeter, to measure the current produced by the
illumination (Figure 1.3.2 ). To measure the energy of the ejected electrons, Lenard charged the collector plate negatively, to repel
the electrons coming towards it. Thus, only electrons ejected with enough kinetic energy to get up this potential hill would
contribute to the current.
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Figure 7.2.2: Lenard's photoelectric experiment. (left) High light intensity increase photocurrent (number of collected
photoelectrons). (right) Low light intensity has reduced photocurrent. However, the kinetic energy of the ejected electrons is
independent of incident light intensity. (CC BY-NC; Umit Kaya via LibreTexts)

Lenard discovered that there was a well defined minimum voltage that stopped any electrons getting through (V,;,,). To Lenard's
surprise, he found that V,,, did not depend at all on the intensity of the light! Doubling the light intensity doubled the number of
electrons emitted, but did not affect the kinetic energies of the emitted electrons. The more powerful oscillating field ejected more
electrons, but the maximum individual energy of the ejected electrons was the same as for the weaker field (Figure 1.3.2).

7.2.2: Millikan's Experimental Results (Wavelength Dependence)

The American experimental physicist Robert Millikan followed up on Lenard's experiments and using a powerful arc lamp, he was
able to generate sufficient light intensity to separate out the colors and check the photoelectric effect using light of different colors.
He found that the maximum energy of the ejected electrons did depend on the color - the shorter wavelength, higher frequency light
eject photoelectrons with greater kinetic energy (Figures 1.3.3).
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Figure 1.3.3 : Millikan's photoelectric experiment. (left) Incident high-energy blue light. The battery represents the potential Lenard
used to charge the collector plate negatively, which would actually be a variable voltage source. Since the electrons ejected by the
blue light are getting to the collector plate, the potential supplied by the battery is less than Vi, for blue light. (right) Indicent low-
energy red light. Since the electrons ejected by the red light are not getting to the collector plate, the potential supplied by the
battery exceeds Vg, for red light. (CC BY-NC; Umit Kaya via LibreTexts)

As shown in Figure 1.3.4 , just the opposite behavior from classical is observed from Lenard's and Millikan's experiments. The
intensity affects the number of electrons, and the frequency affects the kinetic energy of the emitted electrons. From these sketches,
we see that

o the kinetic energy of the electrons is linearly proportional to the frequency of the incident radiation above a threshold value of
vp (no current is observed below 1), and the kinetic energy is independent of the intensity of the radiation, and
o the number of electrons (i.e. the electric current) is proportional to the intensity and independent of the frequency of the incident

radiation above the threshold value of vy (i.e., no current is observed below vy).
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Figure 1.3.4 : Schematic drawings showing the characteristics of the photoelectric effect from Lenard's and Millikan's experiments.
(A) The kinetic energy of any single emitted electron increases linearly with frequency above some threshold value (B) The
electron kinetic energy is independent of the light intensity above the threshold frequency and zero below. (C) The number of
electrons emitted per second (i.e. the electric current) is independent of light frequency above the threshhold frequency and zero
below. (D) The number of electrons increases linearly with the light intensity. (CC BY-NC; Umit Kaya via LibreTexts)

X Classical Theory does not Describe Experiment

Classical theory predicts that energy carried by light is proportional to its amplitude independent of its frequency, and this fails
to correctly explain the observed wavelength dependence in Lenard's and Millikan's observations.

As with most of the experimental results we discuss in this text, the behavior described above is a simplification of the true
experimental results observed in the laboratory. A more complex description involves a greater introduction of more complex
physics and instrumentation, which will be ignored for now.

7.2.3: Einstein's Quantum Picture

In 1905 Einstein gave a very simple interpretation of Lenard's results and borrowed Planck's hypothesis about the quantized energy
from his blackbody research and assumed that the incoming radiation should be thought of as quanta of energy kv, with v the
frequency. In photoemission, one such quantum is absorbed by one electron. If the electron is some distance into the material of the
cathode, some energy will be lost as it moves towards the surface. There will always be some electrostatic cost as the electron
leaves the surface, which is the workfunction, ®. The most energetic electrons emitted will be those very close to the surface, and

they will leave the cathode with kinetic energy
KE=h/—% (7.2.1)

On cranking up the negative voltage on the collector plate until the current just stops, that is, to Vi, the highest kinetic energy
electrons (KE.) must have had energy eV, upon leaving the cathode. Thus,

eVitop = hv — @ (7.2.2)

Thus, Einstein's theory makes a very definite quantitative prediction: if the frequency of the incident light is varied, and Vi
plotted as a function of frequency, the slope of the line should be £ (Figure 7.2.44). It is also clear that there is a minimum light
frequency for a given metal v,, that for which the quantum of energy is equal to & (Equation 7.2.1). Light below that frequency, no
matter how bright, will not eject electrons.

According to both Planck and Einstein, the energy of light is proportional to its frequency

rather than its amplitude, there will be a minimum frequency vy needed to eject an

electron with no residual energy.
Since every photon of sufficient energy excites only one electron, increasing the light's intensity (i.e. the number of photons/sec)
only increases the number of released electrons and not their kinetic energy. In addition, no time is necessary for the atom to be

heated to a critical temperature and therefore the release of the electron is nearly instantaneous upon absorption of the light. Finally,
because the photons must be above a certain energy to satisfy the workfunction, a threshold frequency exists below which no
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photoelectrons are observed. This frequency is measured in units of Hertz (1/second) in honor of the discoverer of the photoelectric
effect.

Einstein's Equation 7.2.1 explains the properties of the photoelectric effect quantitatively. A strange implication of this experiment
is that light can behave as a kind of massless "particle" now known as a photon whose energy E = hv can be transferred to an
actual particle (an electron), imparting kinetic energy to it, just as in an elastic collision between to massive particles such as
billiard balls.

Robert Millikan initially did not accept Einstein's theory, which he saw as an attack on the wave theory of light, and worked
for ten years until 1916, on the photoelectric effect. He even devised techniques for scraping clean the metal surfaces inside
the vacuum tube. For all his efforts he found disappointing results: he confirmed Einstein's theory after ten years. In what he
writes in his paper, Millikan is still desperately struggling to avoid this conclusion. However, by the time of his Nobel Prize
acceptance speech, he has changed his mind rather drastically!

Einstein's simple explanation (Equation 7.2.1) completely accounted for the observed phenomena in Lenard's and Millikan's
experiments (Figure 1.3.4 ) and began an investigation into the field we now call quantum mechanics. This new field seeks to
provide a quantum explanation for classical mechanics and create a more unified theory of physics and thermodynamics. The study
of the photoelectric effect has also lead to the creation of new field of photoelectron spectroscopy. Einstein's theory of the
photoelectron presented a completely different way to measure Planck's constant than from black-body radiation.

7.2.4: The Workfunction (®)

The workfunction is an intrinsic property of the metal. While the workfunctions and ionization energies appear as similar
concepts, they are independent. The workfunction of a metal is the minimum amount of energy (E) necessary to remove an electron
from the surface of the bulk (solid) metal (sometimes referred to as binding energy).

M(s) + @ — M (s) + e (free with no kinetic energy)

The workfunction is qualitatively similar to ionization energy (IE), which is the amount of energy required to remove an electron
from an atom or molecule in the gaseous state.

M(g) +IE — M7 (g) + e (free with no kinetic energy)

However, these two energies differ in magnitude (Table 1.3.1 ). For instance, copper has a workfunction of about 4.7 eV, but has a
higher ionization energy of 7.7 eV. Generally, the ionization energies for metals are greater than the corresponding workfunctions
(i.e., the electrons are less tightly bound in bulk metal).

Table 1.3.1 : Workfunctions and Ionization Energies of Select Elements
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Element Workfunction @ (eV) Ionization Energy (eV)
Lithium (Li) 2.93 5.39
Beryllium (Be) 4.98 9.32
Boron (B) 4.45 8.298
Carbon (C) 5.0 11.26
Sodium (Na) 2.36 5.13
Aluminum (Al) 4.20 5.98
Silicon (Si) 4.85 8.15
Potassium (K) 2.3 4.34
Iron (Fe) 4.67 7.87
Cobalt (Co) 4.89 7.88
Copper (Cu) 4.7 7.7
Gallium (Ga) 4.32 5.99
Germanium (Ge) 5.0 7.89
Arsenic (As) 3.75 9.81
Selenium (Se) 5.9 9.75
Silver (Ag) 4.72 7.57
Tin (Sn) 4.42 7.34
Cesium (Cs) 1.95 3.89
Gold (Au) 5.17 9.22
Mercury (Hg)iquid 4.47 10.43
Bismuth (Bi) 4.34 7.29

v/ Example 1.3.1 : Calcium

a. What is the energy in joules and electron volts of a photon of 420-nm violet light?
b. What is the maximum kinetic energy of electrons ejected from calcium by 420-nm violet light, given that the workfunction
for calcium metal is 2.71 eV?

Strategy
To solve part (a), note that the energy of a photon is given by E = hv. For part (b), once the energy of the photon is calculated,
it is a straightforward application of Equation 7.2.1 to find the ejected electron’s maximum kinetic energy, since ® is given.

Solution for (a)
Photon energy is given by
E =hv

Since we are given the wavelength rather than the frequency, we solve the familiar relationship ¢ = »A for the frequency,
yielding
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Combining these two equations gives the useful relationship

E=T

Now substituting known values yields

e (6.63 x 10734 J - 5)(3.00 x 108m/s)
420 x 10~ m
=474x1071°J

Converting to eV, the energy of the photon is

E= (474 x 107 J) ( 1eV )

1.6x 1079 g
=2.96 V.

Solution for (b)

Finding the kinetic energy of the ejected electron is now a simple application of Equation 7.2.1. Substituting the photon energy
and binding energy yields

KE, = -3
=296 eV-2.71 eV
=0.246 €V.

Discussion

The energy of this 420-nm photon of violet light is a tiny fraction of a joule, and so it is no wonder that a single photon would
be difficult for us to sense directly—humans are more attuned to energies on the order of joules. But looking at the energy in
electron volts, we can see that this photon has enough energy to affect atoms and molecules. A DNA molecule can be broken
with about 1 eV of energy, for example, and typical atomic and molecular energies are on the order of eV, so that the UV
photon in this example could have biological effects.

The ejected electron (called a photoelectron) has a rather low energy, and it would not travel far, except in a vacuum. The
electron would be stopped by a retarding potential of 0.26 eV. In fact, if the photon wavelength were longer and its energy less
than 2.71 eV, then the formula would give a negative kinetic energy, an impossibility. This simply means that the 420-nm
photons with their 2.96-eV energy are not much above the frequency threshold. You can show for yourself that the threshold
wavelength is 459 nm (blue light). This means that if calcium metal is used in a light meter, the meter will be insensitive to
wavelengths longer than those of blue light. Such a light meter would be insensitive to red light, for example.

? Exercise 1.3.1 : Silver

What is the longest-wavelength electromagnetic radiation that can eject a photoelectron from silver? Is this in the visible
range?

Answer

Given that the workfunction is 4.72 eV from Table 1.3.1 , then only photons with wavelengths lower than 263 nm will
induce photoelectrons (calculated via E = hv). This is ultraviolet and not in the visible range.

? Exercise 1.3.2

Why is the workfunction of an element generally lower than the ionization energy of that element?

Answer

The workfunction of a metal refers to the minimum energy required to extract an electron from the surface of a (bulk)
metal by the absorption a photon of light. The workfunction will vary from metal to metal. In contrast, ionization energy is
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the energy needed to detach electrons from atems and also varies with each particular atom, with the valence electrons
require less energy to extract than core electrons (i.e., from lower shells) that are more closely bound to the nuclei. The
electrons in the metal lattice there less bound (i.e., free to move within the metal) and removing one of these electrons is
much easier than removing an electron from an atom because the metallic bonds of the bulk metal reduces their binding
energy. As we will show in subsequent chapters, the more delocalized a particle is, the lower its energy.

7.2.5: Summary

Although Hertz discovered the photoelectron in 1887, it was not until 1905 that a theory was proposed that explained the effect
completely. The theory was proposed by Einstein and it made the claim that electromagnetic radiation had to be thought of as a
series of particles, called photons, which collide with the electrons on the surface and emit them. This theory ran contrary to the
belief that electromagnetic radiation was a wave and thus it was not recognized as correct until 1916 when Robert Millikan
experimentally confirmed the theory

The photoelectric effect is the process in which electromagnetic radiation ejects electrons from a material. Einstein proposed
photons to be quanta of electromagnetic radiation having energy E = hv is the frequency of the radiation. All electromagnetic
radiation is composed of photons. As Einstein explained, all characteristics of the photoelectric effect are due to the interaction of
individual photons with individual electrons. The maximum kinetic energy KE, of ejected electrons (photoelectrons) is given by
KE, = hv—®, where hv is the photon energy and & is the workfunction (or binding energy) of the electron to the particular material.

7.2.6: Conceptual Questions

1. Is visible light the only type of electromagnetic radiation that can cause the photoelectric effect?

2. Which aspects of the photoelectric effect cannot be explained without photons? Which can be explained without photons? Are
the latter inconsistent with the existence of photons?

3. Is the photoelectric effect a direct consequence of the wave character of electromagnetic radiation or of the particle character of
electromagnetic radiation? Explain briefly.

4. Insulators (nonmetals) have a higher ® than metals, and it is more difficult for photons to eject electrons from insulators.
Discuss how this relates to the free charges in metals that make them good conductors.

5. If you pick up and shake a piece of metal that has electrons in it free to move as a current, no electrons fall out. Yet if you heat
the metal, electrons can be boiled off. Explain both of these facts as they relate to the amount and distribution of energy
involved with shaking the object as compared with heating it.
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7.3: Atomic Emission Spectra

o To introduce the concept of absorption and emission line spectra and describe the Balmer equation to describe the visible
lines of atomic hydrogen.

The first person to realize that white light was made up of the colors of the rainbow was Isaac Newton, who in 1666 passed
sunlight through a narrow slit, then a prism, to project the colored spectrum on to a wall. This effect had been noticed previously, of
course, not least in the sky, but previous attempts to explain it, by Descartes and others, had suggested that the white light became
colored when it was refracted, the color depending on the angle of refraction. Newton clarified the situation by using a second
prism to reconstitute the white light, making much more plausible the idea that the white light was composed of the separate colors.
He then took a monochromatic component from the spectrum generated by one prism and passed it through a second prism,
establishing that no further colors were generated. That is, light of a single color did not change color on refraction. He concluded
that white light was made up of all the colors of the rainbow, and that on passing through a prism, these different colors were
refracted through slightly different angles, thus separating them into the observed spectrum.

7.3.1: Atomic Line Spectra

The spectrum of hydrogen atoms, which turned out to be crucial in providing the first insight into atomic structure over half a
century later, was first observed by Anders Angstrém in Uppsala, Sweden, in 1853. His communication was translated into English
in 1855. Angstrém, the son of a country minister, was a reserved person, not interested in the social life that centered around the
court. Consequently, it was many years before his achievements were recognized, at home or abroad (most of his results were

published in Swedish).
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Figure 1.4.1 : Three Kinds of Spectra. When we see a lightbulb or other source of continuous radiation, all the colors are present.
When the continuous spectrum is seen through a thinner gas cloud, the cloud’s atoms produce absorption lines in the continuous
spectrum. When the excited cloud is seen without the continuous source behind it, its atoms produce emission lines. We can learn
which types of atoms are in the gas cloud from the pattern of absorption or emission lines. (CC BY-NC; Umit Kaya via
LibreTexts).
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Most of what is known about atomic (and molecular) structure and mechanics has been deduced from spectroscopy. Figure 1.4.1
shows two different types of spectra. A continuous spectrum can be produced by an incandescent solid or gas at high pressure (e.g.,
blackbody radiation is a continuum). An emission spectrum can be produced by a gas at low pressure excited by heat or by
collisions with electrons. An absorption spectrum results when light from a continuous source passes through a cooler gas,
consisting of a series of dark lines characteristic of the composition of the gas.

X Fraunhofer Lines

In 1802, William Wollaston in England had discovered that the solar spectrum had tiny gaps - there were many thin dark lines
in the rainbow of colors. These were investigated much more systematically by Joseph von Fraunhofer, beginning in 1814. He
increased the dispersion by using more than one prism. He found an "almost countless number" of lines. He labeled the
strongest dark lines A, B, C, D, etc. Frauenhofer between 1814 and 1823 discovered nearly 600 dark lines in the solar spectrum
viewed at high resolution and designated the principal features with the letters A through K, and weaker lines with other letters
(Table 1.4.1 ). Modern observations of sunlight can detect many thousands of lines. It is now understood that these lines are
caused by absorption by the outer layers of the Sun.

Table 1.4.1 : Major Fraunhofer lines and the elements they are associated with.

Designation Element Wavelength (nm)

y (0} 898.765

Z 0, 822.696

A 0, 759.370

B (0} 686.719

C H 656.281

a (0)) 627.661

Dy Na 589.592

D, Na 588.995
Dsord He 587.5618

The Fraunhofer lines are typical spectral absorption lines. These dark lines are produced whenever a cold gas is between a
broad spectrum photon source and the detector. In this case, a decrease in the intensity of light in the frequency of the incident
photon is seen as the photons are absorbed, then re-emitted in random directions, which are mostly in directions different from
the original one. This results in an absorption line, since the narrow frequency band of light initially traveling toward the
detector, has been turned into heat or re-emitted in other directions.
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Figure 1.4.2 : Spectrum of blue sky. Dips are present at the Fraunhofer line wavelengths. (CC BY-SA 4.0; via

Wikipedia).
By contrast, if the detector sees photons emitted directly from a glowing gas, then the detector often sees photons emitted in a
narrow frequency range by quantum emission processes in atoms in the hot gas, resulting in an emission line. In the Sun,
Fraunhofer lines are seen from gas in the outer regions of the Sun, which are too cold to directly produce emission lines of the
elements they represent.

Gases heated to incandescence were found by Bunsen, Kirkhoff and others to emit light with a series of sharp wavelengths. The
emitted light analyzed by a spectrometer (or even a simple prism) appears as a multitude of narrow bands of color. These so called
line spectra are characteristic of the atomic composition of the gas. The line spectra of several elements are shown in Figure 1.4.3 .

H emission spectrum Ne emission spectrum Hg emission spectrum

| ] |
400 500 600 700 400 500 600 700 400 500 600 700
Wavelength (nm) Wavelength (nm) Wavelength (nm)

(a) (b) (c)

Figure 1.4.3 : The Emission Spectra of Elements Compared with Hydrogen. These images show (a) hydrogen gas, which is
atomized to hydrogen atoms in the discharge tube; (b) neon; and (c) mercury. The strongest lines in the hydrogen spectrum are in
the far UV Lyman series starting at 124 nm and below. The strongest lines in the mercury spectrum are at 181 and 254 nm, also in
the UV; these are not shown. (CC BY-SA-NC; Anonymous by request).

7.3.2: The Balmer Series of Hydrogen

Obviously, if any pattern could be discerned in the spectral lines for a specific atom (in contract to the mixture that Fraunhofer lines
represent), that might be a clue as to the internal structure of the atom. One might be able to build a model. A great deal of effort
went into analyzing the spectral data from the 1860's on. The big breakthrough was made by Johann Balmer, a math and Latin
teacher at a girls' school in Basel, Switzerland. Balmer had done no physics before and made his great discovery when he was
almost sixty.
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Figure 1.4.4 : A schematic of the hydrogen spectrum shows several series named for those who contributed most to their
determination. Part of the Balmer series is in the visible spectrum, while the Lyman series is entirely in the UV, and the Paschen
series and others are in the IR. Values of n; and n; are shown for some of the lines (CC BY-SA; OpenStax).
Balmer decided that the most likely atom to show simple spectral patterns was the lightest atom, hydrogen. Angstrom had
measured the four visible spectral lines to have wavelengths 656.21, 486.07, 434.01 and 410.12 nm (Figure 1.4.4 ). Balmer

concentrated on just these four numbers, and found they were represented by the phenomenological formula:

2
A=b ( e ) (7.3.1)
ny; —4

where b = 364.56 nm and ns = 3,4,5,6.

The first four wavelengths of Equation 7.3.1 (with n, = 3, 4, 5, 6) were in excellent agreement with the experimental lines from
Angstrém (Table 1.4.2 ). Balmer predicted that other lines exist in the ultraviolet that correspond to n; > 7 and in fact some of them
had already been observed, unbeknown to Balmer.

Table 1.4.2 : The Balmer Series of Hydrogen Emission Lines

7y 3 4 5 6 7 8 9 10
A 656 486 434 410 397 389 383 380
color red teal blue indigo violet not visible not visible not visible

The n. integer in the Balmer series extends theoretically to infinity and the series represents a monotonically increasing energy
(and frequency) of the absorption lines with increasing n. values. Moreover, the energy difference between successive lines
decreased as n increases (1.4.4 ). This behavior converges to a highest possible energy as Example 1.4.1 demonstrates. If the lines
are plot according to their A on a linear scale, you will get the appearance of the spectrum in Figure 1.4.4 ; these lines are called the

Balmer series.

Balmer's general formula (Equation 7.3.1) can be rewritten in terms of the inverse wavelength typically called the wavenumber (v).

o1
7= (7.3.2)
— Ry (% _ nig) (7.3.3)

where n, = 3,4,5,6 and Ry is the Rydberg constant (discussed in the next section) equal to 109,737 cm™.

He further conjectured that the 4 could be replaced by 9, 16, 25, ... and this also turned out to be true - but these lines, further into
the infrared, were not detected until the early twentieth century, along with the ultraviolet lines.

X The Wavenumber as a Unit of Frequency

The relation between wavelength and frequency for electromagnetic radiation is
Av=c

In the SI system of units the wavelength, (\) is measured in meters (m) and since wavelengths are usually very small one often
uses the nanometer (nm) which is 10~° m. The frequency (v) in the SI system is measured in reciprocal seconds 1/s — which is
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called a Hertz (after the discover of the photoelectron effect) and is represented by Hz.

It is common to use the reciprocal of the wavelength in centimeters as a measure of the frequency of radiation. This unit is
called a wavenumber and is represented by (#) and is defined by

U=

QR >~

Wavenumbers is a convenient unit in spectroscopy because it is directly proportional to energy.

hc

E=—"2"
A

Il Il
= =
N

R
<

v/ Example 1.4.1 : Balmer Series

Calculate the longest and shortest wavelengths (in nm) emitted in the Balmer series of the hydrogen atom emission spectrum.

Solution
From the behavior of the Balmer equation (Equation 7.3.1 and Table 1.4.2 ), the value of n, that gives the longest (i.e., greatest)
wavelength () is the smallest value possible of n,, which is (n,=3) for this series. This results in

9
Almgegt = (364-56 nm) (m)

= (364.56 nm) (1.8)
= 656.2 nm

This is also known as the H, line of atomic hydrogen and is bright red (Figure 7.3.3a).

For the shortest wavelength, it should be recognized that the shortest wavelength (greatest energy) is obtained at the limit of
greatest (ng):

n2
Aehortest = lim (364.56 nm) ( — 2 n )
2_

This can be solved via [.'Hopital's Rule, or alternatively the limit can be expressed via the equally useful energy expression
(Equation 7.3.3) and simply solved:

- ) 1 1
Dgreatest = "];_I)Hm Ry (Z = F)
2

. 1
=AE;RH(1)
=27,434 cm™!

. 1 . . . . .
Since = = X in units of cm, this converts to 364 nm as the shortest wavelength possible for the Balmer series.
v

The Balmer series is particularly useful in astronomy because the Balmer lines appear in numerous stellar objects due to the
abundance of hydrogen in the universe, and therefore are commonly seen and relatively strong compared to lines from other
elements.

7.3: Atomic Emission Spectra is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

¢ 1.4: The Hydrogen Atomic Spectrum by Michael Fowler is licensed CC BY-NC-SA 4.0.
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7.3.1: The Rydberg Formula and the Hydrogen Atomic Spectrum

4b Learning Objectives

e Describe Rydberg's theory for the hydrogen spectra.
o Interpret the hydrogen spectrum in terms of the energy states of electrons.

In an amazing demonstration of mathematical insight, in 1885 Balmer came up with a simple formula for predicting the wavelength
of any of the lines in atomic hydrogen in what we now know as the Balmer series. Three years later, Rydberg generalized this so
that it was possible to determine the wavelengths of any of the lines in the hydrogen emission spectrum. Rydberg suggested that all
atomic spectra formed families with this pattern (he was unaware of Balmer's work). It turns out that there are families of spectra
following Rydberg's pattern, notably in the alkali metals, sodium, potassium, etc., but not with the precision the hydrogen atom
lines fit the Balmer formula, and low values of n, predicted wavelengths that deviate considerably.

Rydberg's phenomenological equation is as follows:

(7.3.1.1)

v

1

)

Ry (% _ iz) (7.3.1.2)
ny "y

where Ry is the Rydberg constant and is equal to 109,737 cm™ (2.18 x 1078 J) and n; and n, are integers (whole numbers) with

ng > ny.

For the Balmer lines, n; = 2 and n, can be any whole number between 3 and infinity. The various combinations of numbers that
can be substituted into this formula allow the calculation the wavelength of any of the lines in the hydrogen emission spectrum;
there is close agreement between the wavelengths generated by this formula and those observed in a real spectrum.

7.3.1.1: Other Series
The results given by Balmer and Rydberg for the spectrum in the visible region of the electromagnetic radiation start with n, = 3,

and n; = 2. Is there a different series with the following formula (e.g., n; = 1)?

1 1 1

T =Fa (F _ ﬁ) (7.3.1.3)

The values for n, and wavenumber ¥ for this series would be:

Table 1.5.1 : The Lyman Series of Hydrogen Emission Lines (n; = 1)

ny 2 3 4 5
A (nm) 121 102 97 94
v (Cm‘l) 82,2291 97,530 102,864 105,332

Do you know in what region of the electromagnetic radiation these lines are? Of course, these lines are in the UV region, and they
are not visible, but they are detected by instruments; these lines form a Lyman series. The existences of the Lyman series and
Balmer's series suggest the existence of more series. For example, the series with ny =3 and n, =4,5,6,7, ... is called Paschen
series.

X Other Series

The spectral lines are grouped into series according to n; values. Lines are named sequentially starting from the longest
wavelength/lowest frequency of the series, using Greek letters within each series. For example, the (n; = 1/n; = 2) line is
called "Lyman-alpha" (Ly-), while the (n; = 3/ny = 7) line is called "Paschen-delta" (Pa-§). The first six series have specific
names:

- Texrmmnn cnrine vrith s — 1
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11cdll DTLICD WILLL 7Te] — L
B‘%ﬂmer series w1tll!1 ny =2

o Paschen series (or Bohr series) withn; =3

e Brackett series with ny =4
o Pfund series withn; =5
e Humphreys series with n; = 6

v/ Example 1.5.1 : The Lyman Series

The so-called Lyman series of lines in the emission spectrum of hydrogen corresponds to transitions from various excited states
to the n = 1 orbit. Calculate the wavelength of the lowest-energy line in the Lyman series to three significant figures. In what
region of the electromagnetic spectrum does it occur?

Given: lowest-energy orbit in the Lyman series

Asked for: wavelength of the lowest-energy Lyman line and corresponding region of the spectrum

Strategy
A. Substitute the appropriate values into Equation 7.3.1.2 (the Rydberg equation) and solve for A.

B. Locate the region of the electromagnetic spectrum corresponding to the calculated wavelength.

Solution
We can use the Rydberg equation (Equation 7.3.1.2) to calculate the wavelength:

Solution A
For the Lyman series, n; = 1.

1 1 1
—=Ry| =-—=
- ()
1

1
=1 107 —1(———)
097 x 10'm 11

=8.228 x 10 m™!

Spectroscopists often talk about energy and frequency as equivalent. The cm™ unit (wavenumbers) is particularly convenient.
We can convert the answer in part A to cm™L.

gL
=
- 6 il
=8.228 x 10 }n’(((loocm)
=82,280 cm™!

and
A=1215%10"" m =122 nm

This emission line is called Lyman alpha and is the strongest atomic emission line from the sun and drives the chemistry of the
upper atmosphere of all the planets producing ions by stripping electrons from atoms and molecules. It is completely absorbed
by oxygen in the upper stratosphere, dissociating O, molecules to O atoms which react with other O, molecules to form
stratospheric ozone

Solution B
his wavelength is in the ultraviolet region of the spectrum.
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? Exercise 1.5.1 : The Pfund Series

The Pfund series of lines in the emission spectrum of hydrogen corresponds to transitions from higher excited states to the n;
= 5. Calculate the wavelength of the second line in the Pfund series to three significant figures. In which region of the
spectrum does it lie?

Answer

4.65 x 10% nm; infrared

The above discussion presents only a phenomenological description of hydrogen emission lines and fails to provide a probe of the
nature of the atom itself. Clearly a continuum model based on classical mechanics is not applicable, and as the next Section
demonstrates, a simple connection between spectra and atomic structure can be formulated.

7.3.1: The Rydberg Formula and the Hydrogen Atomic Spectrum is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by LibreTexts.

¢ 1.5: The Rydberg Formula and the Hydrogen Atomic Spectrum by Michael Fowler is licensed CC BY-NC-SA 4.0.
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7.3.2: The Bohr Theory of the Hydrogen Atom

4b Learning Objectives

o Introduce the fundamentals behind the Bohr Atom and demonstrate it can predict the Rydberg's equation for the atomic
spectrum of hydrogen

7.3.2.1: Rutherford's Failed Planetary Atom

Ernest Rutherford had proposed a model of atoms based on the a-particle scattering experiments of Hans Geiger and Ernest
Marsden. In these experiments helium nuclei (a-particles) were shot at thin gold metal foils. Most of the particles were not
scattered; they passed unchanged through the thin metal foil. Some of the few that were scattered were scattered in the backward
direction; i.e. they recoiled. This backward scattering requires that the foil contain heavy particles. When an e-particle hits one of
these heavy particles it simply recoils backward, just like a ball thrown at a brick wall. Since most of the a-particles don’t get
scattered, the heavy particles (the nuclei of the atoms) must occupy only a very small region of the total space of the atom. Most of
the space must be empty or occupied by very low-mass particles. These low-mass particles are the electrons that surround the
nucleus.

There are some basic problems with the Rutherford model. The Coulomb force that exists between oppositely charge particles
means that a positive nucleus and negative electrons should attract each other, and the atom should collapse. To prevent the
collapse, the electron was postulated to be orbiting the positive nucleus. The Coulomb force (discussed below) is used to change
the direction of the velocity, just as a string pulls a ball in a circular orbit around your head or the gravitational force holds the
moon in orbit around the Earth. The origin for this hypothesis that suggests this perspective is plausible is the similarity of gravity
and Coulombic interactions. The expression for the force of gravity between two masses (Newton's Law of gravity) is

mim
Fgmm'ty X % (7321)

with m, and m, representing the mass of object 1 and 2, respectively and r representing the distance between the objects centers

The expression for the Coulomb force between two charged species is

Q1Q:
2

7

FC’oulomb X (7322)

with Q, and Q, representing the charge of object 1 and 2, respectively and r representing the distance between the objects centers.

However, this analogy has a problem too. An electron going around in a circle is constantly being accelerated because its velocity
vector is changing. A charged particle that is being accelerated emits radiation. This property is essentially how a radio transmitter
works. A power supply drives electrons up and down a wire and thus transmits energy (electromagnetic radiation) that your radio
receiver picks up. The radio then plays the music for you that is encoded in the waveform of the radiated energy.

~ \

electron

»
\
« |
\ \_// / O
\ /
!

/
\
~

Figure 7.3.2.1 : The classical death spiral of an electron around a nucleus. (CC BY-NC; Umit Kaya via LibreTexts)

If the orbiting electron is generating radiation, it is losing energy. If an orbiting particle loses energy, the radius of the orbit
decreases. To conserve angular momentum, the frequency of the orbiting electron increases. The frequency increases continuously
as the electron collapses toward the nucleus. Since the frequency of the rotating electron and the frequency of the radiation that is
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emitted are the same, both change continuously to produce a continuous spectrum and not the observed discrete lines. Furthermore,
if one calculates how long it takes for this collapse to occur, one finds that it takes about 101 seconds. This means that nothing in
the world based on the structure of atoms could exist for longer than about 10! seconds. Clearly something is terribly wrong with
this classical picture, which means that something was missing at that time from the known laws of physics.

X Conservative Forces can be explained with Potentials

A conservative force is dependent only on the position of the object. If a force is conservative, it is possible to assign a
numerical value for the potential at any point. When an object moves from one location to another, the force changes the
potential energy of the object by an amount that does not depend on the path taken. The potential can be constructed as simple
derivatives for 1-D forces:

av
F=—

or as gradients in 3-D forces
F=-VV

where V is the vector of partial derivatives

0 0 0
V—(a’@’a)

The most familiar conservative forces are gravity and Coloumbic forces.

The Coulomb force law (Equation 7.3.2.2) comes from the corresponding Coulomb potential (sometimes call electrostatic potential)

V(r) = kQ;QZ (7.3.2.3)
and it can be easily verified that the Coulombic force from this interaction (F(r)) is
av
Fr)=—— (7.3.2.4)

As ris varied, the energy will change, so that we have an example of a potential energy curve V(r) (Figure 7.3.2.2;). If Q1 and Q-
are the same sign, then the curve which is a purely repulsive potential, i.e., the energy increases monotonically as the charges are
brought together and decreases monotonically as they are separated. From this, it is easy to see that like charges (charges of the
same sign) repel each other.

V() v

Repulsive Coulomb Potential Attractive Coulomb Potential

Figure 7.3.2.2 : Potential energy curve for the Coulomb interactions between two charges of same sign (left) and opposite signs
(right). (CC BY-NC; Umit Kaya via LibreTexts)
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If the charges are of opposite sign, then the curve appears roughly Figure 7.3.2.2; and this is a purely attractive potential. Thus, the
energy decreases as the charges are brought together, implying that opposite charges attract

7.3.2.2: The Bohr Model

It is observed that line spectra discussed in the previous sections show that hydrogen atoms absorb and emit light at only discrete
wavelengths. This observation is connected to the discrete nature of the allowed energies of a quantum mechanical system.
Quantum mechanics postulates that, in contrast to classical mechanics, the energy of a system can only take on certain discrete
values. This leaves us with the question: How do we determine what these allowed discrete energy values are? After all, it seems
that Planck's formula for the allowed energies came out of nowhere.

The model we will describe here, due to Niels Bohr in 1913, is an early attempt to predict the allowed energies for single-electron
atoms such as H, Het, Li?*, Be?!, etc. Although Bohr's reasoning relies on classical concepts and hence, is not a correct
explanation, the reasoning is interesting, and so we examine this model for its historical significance.

4
,/ Circular path
,/ of electron

Wdius =r) .
/I r Force due to

! attraction by “
,’ proton |
! |
| 1
\ [
\ ]

proton

Figure 7.3.2.3 : Bohr atom with an electron revolving around a fixed nucleus. (CC BY-NC; Umit Kaya via LibreTexts)

Consider a nucleus with charge +Ze and one electron orbiting the nucleus. In this analysis, we will use another representation of

the constant & in Coulomb's law (Equation 7.3.2.3), which is more commonly represented in the form:
1

= .3.2.
b= e (7.3.2.5)

where ¢; is known as the permittivity of free space with the numerical value ¢, = 8.8541878 x 1072 C2J 11

The total energy of the electron (the nucleus is assumed to be fixed in space at the origin) is the sum of kinetic and potential

energies:
B _ p2 Ze?
total 2m, 4megr
kinetic energy  potential energy
The force on the electron is
L, Ze?
F=— 37
47eqr
and its magnitude is
o Ze? Ze?
F= ‘ F‘ - Ir| = -
4meors 4Ameor

since F' = m,d, the magnitude, it follows that |13'"| = m,|d|. If we assume that the orbit is circular, then the acceleration is purely

centripetal, so
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V2
la| = -

where v is the velocity of the electron. Equating force |F| to m.|a|, we obtain

Ze? v?
20 e
4megr? T

or
zet _ mevr
dreg
or
Ze*mer 2
4o = (mevr) (7.3.2.6)

The reason for writing the equation this way is that the quantity mevr is the classical orbital angular momentum of the electron.
Bohr was familiar with Maxwell's theory of classical electromagnetism and knew that in a classical theory, the orbiting electron
should radiate energy away and eventually collapse into the nucleus (Figure 7.3.2.1 ). He circumvented this problem by following
Planck's idea underlying blackbody radiation and positing that the orbital angular momentum m.vr of the electron could only take
on specific values

mevr = nh (7.3.2.7)
withn=1,2,3, ...
I Note that the electron must be in motion, so n = 0 is not allowed.
Substituting Equation 7.3.2.7 into the Equation 7.3.2.6, we find

Ze*m,r

2 2
e L) (7.3.2.8)

Equation 7.3.2.8 implies that orbits could only have certain allowed radii

= ZZ‘;Zj n? (7.3.2.9)
= “_Zon2 (7.3.2.10)
withn =1,2,3,.... The collection of constants has been defined to be ag
ap = 4’r2€°h2 (7.3.2.11)
e‘me
a quantity that is known as the Bohr radius.
We can also calculate the allowed momenta since mvr = nh, and p = m.v. Thus,
PnTn = nh (7.3.2.12)
P = :—:‘ (7.3.2.13)
_ (Z—i (7.3.2.14)
= 3:;;; (7.3.2.15)
From p,, and r,, we can calculate the allowed energies from
Lo a2 (7.3.2.16)

~ 2m. Amegry,
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Substituting in the expressions for p,, and r,, and simplifying gives

Z%*m, 1 e‘m, Z2
E =—="" - __ il 7.3.2.17
" 32m2e2h2 n? 8¢2h? n? ( )

We can redefine a new energy scale by defining the Rydberg as

e*m,

=218 x 10718 J.
86%h2

1 Ry=

and this simplifies the allowed energies predicted by the Bohr model (Equation 7.3.2.17) as

—18 Z2 Z2
By=—(218x107%) 5 J=—"2 R, (7.3.2.18)

Hence, the energy of the electron in an atom also is quantized. Equation 7.3.2.18 gives the energies of the electronic states of the
hydrogen atom. It is very useful in analyzing spectra to represent these energies graphically in an energy-level diagram. An energy-
level diagram has energy plotted on the vertical axis with a horizontal line drawn to locate each energy level (Figure 7.3.2.4).

continuum

n=3_8
n==6

¢ y y Pfund series
n=>5

Brackett series
n=4

¥ Paschen series
n=3
¥ y Balmer series
n=2
y Lyman series

n=1

Figure 7.3.2.4 : Energy levels predicted by the Bohr model of hydrogen (Z = 1). (CC BY-NC; Umit Kaya via LibreTexts)

These turn out to be the correct energy levels, apart from small corrections that cannot be accounted for in this pseudo-classical
treatment. Despite the fact that the energies are essentially correct, the Bohr model masks the true quantum nature of the electron,
which only emerges from a fully quantum mechanical analysis.

? Exercise 7.3.2.1

Calculate a value for the Bohr radius using Equation 7.3.2.8 to check that this equation is consistent with the value 52.9 pm.
What would the radius be for n = 1 in the Li?* ion?

Answer

Starting from Equation 7.3.2.8 and solving for r:

Ze*mer
e — n2h2
4meq
4An2h’me
Ze2me

with
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e e is the fundamental charge: e = 1.60217662 x 10~°C?

e m, is the mass of an electron: m, = 9.10938356 x 10~3'kg

e ¢, is the permittivity of free space: €, = 8.854 x 10712C2N 12
e is the reduced planks constant: = 1.0546 x 10~3*m2kg/s

For the ground-state of the hydrogen atom: Z=1and n =1.

_ 4h%meg

e2m,
_ 4(1.0546 x 1073*m?kg/s)? x m x 8.854 x 1072C2N~1m 2

(160217662 x 1019C)2(9.10938356 x 10~*'kg)
=5.29 x 107 %m = 52.9pm

For the ground-state of the lithium +2 ion: Z=3 andn =1

_ 4h?meq

3e?m,

_ 4(1.0546 x 10"3*m?kg/s)® x m x 8.854 x 10?C2N~'m 2

3(1.60217662 x 1079C)2(9.10938356 x 10~ kg)
=1.76 x 10 'm = 17.6 pm

As expected, the Li?* has a smaller radius than the H atoms because of the increased nuclear charge.

? Exercise 7.3.2.2 : Rydberg states

How do the radii of the hydrogen orbits vary with n? Prepare a graph showing r as a function of n. States of hydrogen atoms
with n = 200 have been prepared (called Rydberg states). What is the diameter of the atoms in these states?

Answer

This is a straightforward application of Equation of 7.3.2.10. The hydrogen atom has only certain allowable radii and these

radii can be predicted from the equation that relates them with each n. Note that the electron must be in motion so n =0 is
not allowed.

-8
25 =10

o
o

Radius (m)

LN

0.5 Z/R/

20
Increasing n

This plot shows the relationship of radius as a function of n. Note that at n = 1 the radius is not zero. (CC BY-NC; Umit
Kaya via LibreTexts)

4mep = 1.113 x 10719C2J'm~' and /4 = 1.054 x 10~3*Js, also knowing

e =1.602 x 107°C with
me = 9.109 x 10 3kg

and Z is the nuclear charge, we use this equation directly. A simplification can be made by taking advantage of the fact that
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4reghi?
ag = 2
e’m,
resulting in
ap o
=7

where g = 5.292 x 10""'m which is the Bohr Radius.

Suppose we want to find the radius where n = 200.n? = 40000 so plugging in directly we have

(5.292 x 1071)
(1)
=2.117 x 10~°m

(40000)

Tp =

for the radius of a hydrogen atom with an electron excited to the n = 200 state. The diameter is then 4.234 x 10~%m.

7.3.2.3: Derivation of the Rydberg Equation from Bohr Model

Given a prediction of the allowed energies of a system, how could we go about verifying them? The general experimental
technique known as spectroscopy permits us to probe the various differences between the allowed energies. Thus, if the prediction
of the actual energies, themselves, is correct, we should also be able to predict these differences. Let us assume that we are able to
place the electron in Bohr's hydrogen atom into an energy state E, for n > 1, i.e. one of its so-called excited states. The electron
will rapidly return to its lowest energy state, known as the ground state and, in doing so, emit light. The energy carried away by the
light is determined by the condition that the total energy is conserved (Figure 7.3.2.6 ).

*

Figure 7.3.2.6 : A simple illustration of Bohr's model of the atom, with an electron making quantum leaps. (CC BY-SA 3.0
unported; Kurzon via Wikipedia)

Thus, if n; is the integer that characterizes the initial (excited) state of the electron, and n; is the final state (here we imagine that ny
= 1, but is applicable in cases that n¢ < n;, i.e., emission)

Enj= Eni— v (7.3.2.19)
or
Eni — Lnf Z284me 1 1
= = - - = 7.3.2.20
v h 8egh® \ n} nf ( )

We can now identify the Rydberg constant Ry with the ratio of constants on the right hand side of Equation 7.3.2.20

4
mee
Ryp=—

= 7.3.2.21
8¢2h3 ( )

Evaluating Ry from the fundamental constants in this formula gives a value within 0.5% of that obtained experimentally from the
hydrogen atom spectrum.

Thus, by observing the emitted light, we can determine the energy difference between the initial and final energy levels, which
results in the emission spectra discussed in Sections 1.4 and 1.5. Different values of n; determine which emission spectrum is
observed, and the examples shown in the figure are named after the individuals who first observed them. The figure below shows

some of the transitions possible for different ny and n; values discussed previously.
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Lyman
series

Balmer -
series

n'=9

n=2 % Paschen
series 7

n=3 \

n=4 Brackett
\ series .,

Pfund series
Figure 7.3.2.7 : Electron Transitions Responsible for the Various Series of Lines Observed in the Emission Spectrum of Hydrogen.
The Lyman series of lines is due to transitions from higher-energy orbits to the lowest-energy orbit (n = 1); these transitions release
a great deal of energy, corresponding to radiation in the ultraviolet portion of the electromagnetic spectrum. The Paschen, Brackett,
and Pfund series of lines are due to transitions from higher-energy orbits to orbits with n = 3, 4, and 5, respectively; these
transitions release substantially less energy, corresponding to infrared radiation. Orbits are not drawn to scale. (CC BY-NC-SA 3.0;
anonymous)

If the atom absorbs light it ends up in an excited state as a result of the absorption. The absorption is only possible for light of
certain frequencies, and again, conservation of energy determines what these frequencies are. If light is absorbed, then the final
energy F,; will be related to the initial energy En; with ny > n; by

E,;=E;+hv (7.3.2.22)
or
_ By —En _Z%'m. (1 1 (7.3.2.23)
h 8egh® \ nf n} o

Exercise 7.3.2.3

a. Calculate the energy of a photon that is produced when an electron in a hydrogen atom goes from an orbit with n = 4 to an
orbit with n =1.
b. What happens to the energy of the photon as the initial value of n approaches infinity?
Answer
a:
Ey= Ep —hv
Ephoton =hv= Enf —Ey;
_ Z2%e4m, i B i
T 8e2h? n% n?
_ g (L _ L)
T 8e2h2 \ 12 42
1
— —18(;_ L
=2.18x 10 (1 1 6)
=2.04 x 1078J
b:
As n; — 0o
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e*m, 1
Ephoton = —863h2 ?% —

e
N————

—0

4

e*me 1
Eohoton = —— | —
s 8e2h? (n%)

e

Bohr’s proposal explained the hydrogen atom spectrum, the origin of the Rydberg formula, and the value of the Rydberg constant.
Specifically it demonstrated that the integers in the Rydberg formula are a manifestation of quantization. The energy, the angular
momentum, and the radius of the orbiting electron all are quantized. This quantization also parallels the concept of stable orbits in
the Bohr model. Only certain values of E, M, and r are possible, and therefore the electron cannot collapse onto the nucleus by
continuously radiating energy because it can only have certain energies, and it cannot be in certain regions of space. The electron
can only jump from one orbit (quantum state) to another. The quantization means that the orbits are stable, and the electron cannot
spiral into the nucleus in spite of the attractive Coulomb force.

Although Bohr’s ideas successfully explained the hydrogen spectrum, they failed when applied to the spectra of other atoms. In
addition a profound question remained. Why is angular momentum quantized in units of A? As we shall see, de Broglie had an
answer to this question, and this answer led Schrodinger to a general postulate that produces the quantization of angular momentum
as a consequence. This quantization is not quite as simple as proposed by Bohr, and we will see that it is not possible to determine
the distance of the electron from the nucleus as precisely as Bohr thought. In fact, since the position of the electron in the hydrogen
atom is not at all as well defined as a classical orbit (such as the moon orbiting the earth) it is called an orbital. An electron orbital
represents or describes the position of the electron around the nucleus in terms of a mathematical function called a wavefunction
that yields the probability of positions of the electron.
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7.4: Matter Has Wavelike Properties

Learning Objectives

e To introduce the wave-particle duality of light extends to matter

o To describe how matter (e.g., electrons and protons) can exhibit wavelike properties, e.g., interference and diffraction
patterns

e To use algebra to find the de Broglie wavelength or momentum of a particle when either one of these quantities is given

The next real advance in understanding the atom came from an unlikely quarter - a student prince in Paris. Prince Louis de Broglie
was a member of an illustrious family, prominent in politics and the military since the 1600's. Louis began his university studies
with history, but his elder brother Maurice studied x-rays in his own laboratory, and Louis became interested in physics. After
World War 1, de Broglie focused his attention on Einstein's two major achievements, the theory of special relativity and the
quantization of light waves. He wondered if there could be some connection between them. Perhaps the quantum of radiation really
should be thought of as a particle. De Broglie suggested that if waves (photons) could behave as particles, as demonstrated by the
photoelectric effect, then the converse, namely that particles could behave as waves, should be true. He associated a wavelength A
to a particle with momentum p using Planck's constant as the constant of proportionality:

A= (7.4.1)

which is called the de Broglie wavelength. The fact that particles can behave as waves but also as particles, depending on which
experiment you perform on them, is known as the wave-particle duality.

X Deriving the de Broglie Wavelength

From the discussion of the photoelectric effect, we have the first part of the particle-wave duality, namely, that electromagnetic
waves can behave like particles. These particles are known as photons, and they move at the speed of light. Any particle that
moves at or near the speed of light has kinetic energy given by Einstein's special theory of relatively. In general, a particle of
mass m and momentum p has an energy

E = +/p%c? + m?c* (74.2)

Note that if p =0, this reduces to the famous rest-energy expression E =mc?. However, photons are massless particles
(technically rest-massless) that always have a finite momentum p. In this case, Equation 7.4.2 becomes

E =pc.

From Planck's hypothesis, one quantum of electromagnetic radiation has energy E = hv. Thus, equating these two expressions
for the kinetic energy of a photon, we have

hv = he _ pe (7.4.3)
A
Solving for the wavelength ) gives Equation 7.4.1:
azlh_h
p mu

where v is the velocity of the particle. Hence, de Broglie argued that if particles can behave as waves, then a relationship like
this, which pertains particularly to waves, should also apply to particles.

Equation 7.4.1 allows us to associate a wavelength X to a particle with momentum p. As the momentum increases, the wavelength
decreases. In both cases, this means the energy becomes larger. i.e., short wavelengths and high momenta correspond to high
energies.
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It is a common feature of quantum mechanics that particles and waves with short
wavelengths correspond to high energies and vice versa.

Having decided that the photon might well be a particle with a rest mass, even if very small, it dawned on de Broglie that in other
respects it might not be too different from other particles, especially the very light electron. In particular, maybe the electron also
had an associated wave. The obvious objection was that if the electron was wavelike, why had no diffraction or interference effects
been observed? But there was an answer. If de Broglie's relation between momentum and wavelength also held for electrons, the
wavelength was sufficiently short that these effects would be easy to miss. As de Broglie himself pointed out, the wave nature of
light is not very evident in everyday life. As the next section will demonstrate, the validity of de Broglie’s proposal was confirmed
by electron diffraction experiments of G.P. Thomson in 1926 and of C. Davisson and L. H. Germer in 1927. In these experiments it
was found that electrons were scattered from atoms in a crystal and that these scattered electrons produced an interference pattern.
These diffraction patterns are characteristic of wave-like behavior and are exhibited by both electrons (i.e., matter) and
electromagnetic radiation (i.e., light).

v/ Example 1.6.1 : Electron Waves

Calculate the de Broglie wavelength for an electron with a kinetic energy of 1000 eV.

Solution

To calculate the de Broglie wavelength (Equation 7.4.1), the momentum of the particle must be established and requires
knowledge of both the mass and velocity of the particle. The mass of an electron is 9.109383 x 10~2 g and the velocity is
obtained from the given kinetic energy of 1000 eV:

KE = %
= % = 1000 eV
Solve for momentum
p=V2mKE

convert to SI units

p= \J (1000 £¥") (%) (2)(9.109383 x 103! kg)

expanding definition of joule into base SI units and cancel

p=1/(3:1 x 1071 kg m?/5?)(9.109383 x 10~ kg)

— /2.9 x 107 kg? m?/s?
=17x10"2kg-m/s

Now substitute the momentum into the equation for de Broglie's wavelength (Equation 7.4.1) with Planck's constant (h
= 6.626069 x 10~3* J . 5). After expanding units in Plank's constant

A==
14

6.626069 x 1073 kg.m?/s
1.7 x 10 2kg . m/s

3.87x 107 m

= 38.9 pm
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? Exercise 1.6.1 : Baseball Waves

Calculate the de Broglie wavelength for a fast ball thrown at 100 miles per hour and weighing 4 ounces. Comment on whether
the wave properties of baseballs could be experimentally observed.

Answer

Following the unit conversions below, a 4 oz baseball has a mass of 0.11 kg. The velocity of a fast ball thrown at 100 miles
per hour in m/s is 44.7 m/s.

0.0283 kg
1 o7

100 g7 \ [ 1609.34m 1 hf
v=( W )( o )(36008)=44.7m/s

The de Broglie wavelength of this fast ball is:

m=(4 of) ( ) =0.11kg

h _ 6.626069 x 10~* kg - m?/s

— = =13x10"*
my (0.11 kg)(44.7 m/s) 3% 107"m

A=

? Exercise 1.6.2 : Electrons vs. Protons

If an electron and a proton have the same velocity, which would have the longer de Broglie wavelength?

a. The electron
b. The proton
c. They would have the same wavelength

Answer

Equation 7.4.1 shows that the de Broglie wavelength of a particle's matter wave is inversely proportional to its momentum
(mass times velocity). Therefore the smaller mass particle will have a smaller momentum and longer wavelength. The
electron is the lightest and will have the longest wavelength.

This was the prince's Ph.D. thesis, presented in 1924. His thesis advisor was somewhat taken aback, and was not sure if this was
sound work. He asked de Broglie for an extra copy of the thesis, which he sent to Einstein. Einstein wrote shortly afterwards: "I
believe it is a first feeble ray of light on this worst of our physics enigmas" and the prince got his Ph.D.

7.4: Matter Has Wavelike Properties is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

o 1.6: Matter Has Wavelike Properties by Michael Fowler is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/456205


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456205?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/07%3A_The_Development_of_Quantum_Mechanics/7.04%3A_Matter_Has_Wavelike_Properties
https://creativecommons.org/licenses/by-nc-sa/4.0
https://chem.libretexts.org/@go/page/13386
http://galileo.phys.virginia.edu/~mf1i/
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

7.5: The Heisenberg Uncertainty Principle

&b Learning Objectives

e To understand that sometime you cannot know everything about a quantum system as demonstrated by the Heisenberg

uncertainly principle.

In classical physics, studying the behavior of a physical system is often a simple task due to the fact that several physical qualities
can be measured simultaneously. However, this possibility is absent in the quantum world. In 1927 the German physicist Werner
Heisenberg described such limitations as the Heisenberg Uncertainty Principle, or simply the Uncertainty Principle, stating that it is
not possible to measure both the momentum and position of a particle simultaneously.

The Heisenberg Uncertainty Principle is a fundamental theory in quantum mechanics that defines why a scientist cannot measure
multiple quantum variables simultaneously. Until the dawn of quantum mechanics, it was held as a fact that all variables of an
object could be known to exact precision simultaneously for a given moment. Newtonian physics placed no limits on how better
procedures and techniques could reduce measurement uncertainty so that it was conceivable that with proper care and accuracy all
information could be defined. Heisenberg made the bold proposition that there is a lower limit to this precision making our
knowledge of a particle inherently uncertain.

7.5.1: Probability

Matter and photons are waves, implying they are spread out over some distance. What is the position of a particle, such as an
electron? Is it at the center of the wave? The answer lies in how you measure the position of an electron. Experiments show that
you will find the electron at some definite location, unlike a wave. But if you set up exactly the same situation and measure it
again, you will find the electron in a different location, often far outside any experimental uncertainty in your measurement.
Repeated measurements will display a statistical distribution of locations that appears wavelike (Figure 1.9.1 ).

40 * . : & 5 . . .
electrons " L " . .

200
electrons

2000
electrons

Intensity
——-

Figure 1.9.1 : The building up of the diffraction pattern of electrons scattered from a crystal surface. Each electron arrives at a

definite location, which cannot be precisely predicted. The overall distribution shown at the bottom can be predicted as the

diffraction of waves having the de Broglie wavelength of the electrons (CC BY 4.0; OpenStax).
After de Broglie proposed the wave nature of matter, many physicists, including Schrédinger and Heisenberg, explored the
consequences. The idea quickly emerged that, because of its wave character, a particle’s trajectory and destination cannot be
precisely predicted for each particle individually. However, each particle goes to a definite place (Figure 1.9.1 ). After compiling
enough data, you get a distribution related to the particle’s wavelength and diffraction pattern. There is a certain probability of
finding the particle at a given location, and the overall pattern is called a probability distribution. Those who developed quantum
mechanics devised equations that predicted the probability distribution in various circumstances.
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It is somewhat disquieting to think that you cannot predict exactly where an individual particle will go, or even follow it to its
destination. Let us explore what happens if we try to follow a particle. Consider the double-slit patterns obtained for electrons and
photons in Figure 1.9.2 . The interferrence patterns build up statistically as individual particles fall on the detector. This can be
observed for photons or electrons—for now, let us concentrate on electrons. You might imagine that the electrons are interfering
with one another as any waves do. To test this, you can lower the intensity until there is never more than one electron between the
slits and the screen. The same interference pattern builds up!

This implies that a particle’s probability distribution spans both slits, and the particles actually interfere with themselves. Does this
also mean that the electron goes through both slits? An electron is a basic unit of matter that is not divisible. But it is a fair
question, and so we should look to see if the electron traverses one slit or the other, or both. One possibility is to have coils around
the slits that detect charges moving through them. What is observed is that an electron always goes through one slit or the other; it
does not split to go through both.

But there is a catch. If you determine that the electron went through one of the slits, you no longer get a double slit pattern—
instead, you get single slit interference. There is no escape by using another method of determining which slit the electron went
through. Knowing the particle went through one slit forces a single-slit pattern. If you do not observe which slit the electron goes
through, you obtain a double-slit pattern. How does knowing which slit the electron passed through change the pattern? The answer
is fundamentally important—measurement affects the system being observed. Information can be lost, and in some cases it is
impossible to measure two physical quantities simultaneously to exact precision. For example, you can measure the position of a
moving electron by scattering light or other electrons from it. Those probes have momentum themselves, and by scattering from the
electron, they change its momentum in a manner that loses information. There is a limit to absolute knowledge, even in principle.

7.5.2: Heisenberg’s Uncertainty Principle

It is mathematically possible to express the uncertainty that, Heisenberg concluded, always exists if one attempts to measure the
momentum and position of particles. First, we must define the variable “x” as the position of the particle, and define “p” as the
momentum of the particle. The momentum of a photon of light is known to simply be its frequency, expressed by the ratio A/,
where h represents Planck’s constant and A represents the wavelength of the photon. The position of a photon of light is simply its
wavelength (). To represent finite change in quantities, the Greek uppercase letter delta, or A, is placed in front of the quantity.

Therefore,
h
Ap=3 (7.5.1)
Az =)\ (7.5.2)
By substituting Az for A into Equation 7.5.1, we derive
h
Ap= - (7.5.3)
or,
ApAz =h (7.5.4)

early form of uncertainty principle

X A Common Trend in Quantum Systems

Equation 7.5.4 can be derived by assuming the particle of interest is behaving as a particle, and not as a wave. Simply let Ap
= mw, and Az = h/(mv) (from De Broglie’s expression for the wavelength of a particle). Substituting in Ap for mv in the
second equation leads to Equation 7.5.4.

Equation 7.5.4 was further refined by Heisenberg and his colleague Niels Bohr, and was eventually rewritten as

Ap; Az > % = g (7.5.5)

with & = % =1.0545718 x 1073 m2 . kg/s.
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Equation 7.5.5 reveals that the more accurately a particle’s position is known (the smaller Az is), the less accurately the momentum
of the particle in the x direction (Ap,) is known. Mathematically, this occurs because the smaller Az becomes, the larger Ap, must
become in order to satisfy the inequality. However, the more accurately momentum is known the less accurately position is known
(Figure 1.9.2).

Momentum {-» wavelength = colour)

A A A

Pasition

Figure 1.9.2 : The animation shows the relevant spreads in the uncertainty for position and momentum of light/photons (light
wave's corresponding photon particle). From the result of de Broglie, we know that for a particle with known momentum, p will
have a precise value for its de Broglie wavelength can be determined (and hence a specific color of the light).

X What is the Proper Definition of Uncertainty?

Equation 7.5.5 relates the uncertainty of momentum and position. An immediate questions that arise is if Az represents the full
range of possible z values or if it is half (e.g., (z) + Az). Az is the standard deviation and is a statistic measure of the spread of
x values. The use of half the possible range is more accurate estimate of Az. As we will demonstrated later, once we construct
a wavefunction to describe the system, then both z and Az can be explicitly derived. However for now, Equation 7.5.5 will
work.

For example: If a problem argues a particle is trapped in a box of length, L, then the uncertainly of it position is +L/2. So the
value of Az used in Equation 7.5.5 should be L/2, not L.

v/ Example 1.9.1

An electron is confined to the size of a magnesium atom with a 150 pm radius. What is the minimum uncertainty in its
velocity?

Solution
The uncertainty principle (Equation 7.5.5):

can be written

and substituting Ap = mAw since the mass is not uncertain.

> —
= 2m Az

the relevant parameters are

o mass of electron m = m, = 9.109383 x 1073! kg
e uncertainty in position: Az = 150 x 1072m

A 1.0545718 x 10~* kg'm? /s
v >
(2) (9-109383 x 107%! kf) (150 x 1072 )

=3.9x10%m/s
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? Exercise 1.9.1

What is the maximum uncertainty of velocity the electron described in Example 1.9.1 ?

Answer

Infinity. There is no limit in the maximum uncertainty, just the minimum uncertainty.

7.5.3: Understanding the Uncertainty Principle through Wave Packets and the Slit Experiment

It is hard for most people to accept the uncertainty principle, because in classical physics the velocity and position of an object can
be calculated with certainty and accuracy. However, in quantum mechanics, the wave-particle duality of electrons does not allow us
to accurately calculate both the momentum and position because the wave is not in one exact location but is spread out over space.
A "wave packet" can be used to demonstrate how either the momentum or position of a particle can be precisely calculated, but not
both of them simultaneously. An accumulation of waves of varying wavelengths can be combined to create an average wavelength
through an interference pattern: this average wavelength is called the "wave packet". The more waves that are combined in the
"wave packet", the more precise the position of the particle becomes and the more uncertain the momentum becomes because more
wavelengths of varying momenta are added. Conversely, if we want a more precise momentum, we would add less wavelengths to
the "wave packet" and then the position would become more uncertain. Therefore, there is no way to find both the position and
momentum of a particle simultaneously.

Several scientists have debated the Uncertainty Principle, including Einstein. Einstein created a slit experiment to try and disprove
the Uncertainty Principle. He had light passing through a slit, which causes an uncertainty of momentum because the light behaves
like a particle and a wave as it passes through the slit. Therefore, the momentum is unknown, but the initial position of the particle
is known. Here is a video that demonstrates particles of light passing through a slit and as the slit becomes smaller, the final
possible array of directions of the particles becomes wider. As the position of the particle becomes more precise when the slit is
narrowed, the direction, or therefore the momentum, of the particle becomes less known as seen by a wider horizontal distribution
of the light.

v/ Example 1.9.2

The speed of a 1.0 g projectile is known to within 1075 m/s.

a. Calculate the minimum uncertainty in its position.
b. What is the maximum uncertainty of its position?

Solution a
From Equation 7.5.5, the Ap, = mAuv, with m = 1.0 g. Solving for Az to get
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_h
T 2mAv

_ 10545718 x 10~** m? - kg/s
(2)(0.001 kg) (1076 m/s)
53 x 107%m

Az

This negligible for all intents and purpose as expected for any macroscopic object.

Solution b
Unlimited (or the size of the universe). The Heisenberg uncertainty principles does not quantify the maximum uncertainty.

? Exercise 1.9.2

Estimate the minimum uncertainty in the speed of an electron confined to a hydrogen atom within a diameter of 1 x 1070m?

Answer

We need to quantify the uncertainty of the electron in position. We can estimate that as +5 x 10~1%n. Hence, substituting the
relavant numbers into Equation 7.5.5 and solving for Av we get

Av=1.15x 10% km/s

Notice that the uncertainty is significantly greater for the electron in a hydrogen atom than in the magnesium atom
(Example 1.9.1) as expected since the magnesium atom is appreciably bigger.

Heisenberg’s Uncertainty Principle not only helped shape the new school of thought known today as quantum mechanics, but it
also helped discredit older theories. Most importantly, the Heisenberg Uncertainty Principle made it obvious that there was a
fundamental error in the Bohr model of the atom. Since the position and momentum of a particle cannot be known simultaneously,
Bohr’s theory that the electron traveled in a circular path of a fixed radius orbiting the nucleus was obsolete. Furthermore,
Heisenberg’s uncertainty principle, when combined with other revolutionary theories in quantum mechanics, helped shape wave
mechanics and the current scientific understanding of the atom.

& Humor: Heisenberg and the Police

o Heisenberg get pulled over for speeding by the police. The officer asks him "Do you know how fast you were going?"
o Heisenberg replies, "No, but we know exactly where we are!"

o The officer looks at him confused and says "you were going 108 miles per hour!"

o Heisenberg throws his arms up and cries, "Great! Now we're lost!"

7.5: The Heisenberg Uncertainty Principle is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by Sarah Woods &
Kris Baumgartner.

e 1.9: The Heisenberg Uncertainty Principle by Kris Baumgartner, Sarah Woods is licensed CC BY 4.0.
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8.1: The Classical Wave Equation

4b Learning Objectives

¢ To introduce the wave equation including time and position dependence

In the most general sense, waves are particles or other media with wavelike properties and structure (presence of crests and
troughs).

Figure 2.1.1 : A simple translational (transverse) wave. (CC BY-SA 4.0 International; And1mu via Wikimedia Commons)

The simplest wave is the (spatially) one-dimensional sine wave (Figure 2.1.1 ) with an varing amplitude A described by the
equation:

A(z,t) = A, sin(kz — wt + ¢)
where

e A, is the maximum amplitude of the wave, maximum distance from the highest point of the disturbance in the medium (the
crest) to the equilibrium point during one wave cycle. In Figure 2.1.1 , this is the maximum vertical distance between the
baseline and the wave.

e zis the space coordinate

o t is the time coordinate

o kis the wavenumber

e w is the angular frequency

e ¢ is the phase constant.

One can categorize “waves” into two different groups: traveling waves and stationary waves.

8.1.1: Traveling Waves

Traveling waves, such as ocean waves or electromagnetic radiation, are waves that “move,” meaning that they have a frequency
and are propagated through time and space. Another way of describing this property of “wave movement” is in terms of energy
transmission — a wave travels, or transmits energy, over a set distance. The most important kinds of traveling waves in everyday life
are electromagnetic waves, sound waves, and perhaps water waves, depending on where you live. It is difficult to analyze waves
spreading out in three dimensions, reflecting off objects, etc., so we begin with the simplest interesting examples of waves, those
restricted to move along a line. Let’s start with a rope, like a clothesline, stretched between two hooks. You take one end off the
hook, holding the rope, and, keeping it stretched fairly tight, wave your hand up and back once. If you do it fast enough, you’ll see
a single bump travel along the rope:
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Figure 2.1.2 : A one-dimensional traveling wave at one instance of time ¢.

This is the simplest example of a traveling wave. You can make waves of different shapes by moving your hand up and down in
different patterns, for example an upward bump followed by a dip, or two bumps. You’ll find that the traveling wave keeps the
same shape as it moves down the rope. Taking the rope to be stretched tightly enough that we can take it to be horizontal, we’ll use
its rest position as our x-axis (Figure 2.1.1 ). The y-axis is taken vertically upwards, and we only wave the rope in an up-and-down
way, so actually y(z, t) will be how far the rope is from its rest position at z at time ¢: that is, Figure 2.1.2 shows where the rope is at
a single time ¢.

We can now express the observation that the wave “keeps the same shape” more precisely. Taking for convenience time ¢ = 0 to be
the moment when the peak of the wave passes 2 = 0, we graph here the rope’s position at t = 0 and some later times ¢ as a movie
(Figure 2.1.3 ). Denoting the first function by y(z,0) = f(z), then the second y(z,t) = f(z — vt): it is the same function with the
“same shape,” but just moved over by vt, where v is the velocity of the wave.

®2002, Dan Russell

Figure 2.1.3 : A one-dimensional traveling wave at as a function of time. Traveling waves propagate energy from one spot to
another with a fixed velocity v. (CC BY-NC-ND; Daniel A. Russell).
To summarize: on sending a traveling wave down a rope by jerking the end up and down, from observation the wave travels at
constant speed and keeps its shape, so the displacement y of the rope at any horizontal position at z at time ¢ has the form

y(, 1) = f(z — vt) (8.1.1)

We are neglecting frictional effects—in a real rope, the bump gradually gets smaller as it moves along.

8.1.2: Standing Waves

In contrast to traveling waves, standing waves, or stationary waves, remain in a constant position with crests and troughs in fixed
intervals. One way of producing a variety of standing waves is by plucking a melody on a set of guitar or violin strings. When
placing one’s finger on a part of the string and then plucking it with another, one has created a standing wave. The solutions to this
problem involve the string oscillating in a sine-wave pattern (Figure 2.1.4 ) with no vibration at the ends. There is also no vibration
at a series of equally-spaced points between the ends; these "quiet" places are nodes. The places of maximum oscillation are
antinodes.

Figure 2.1.4 : Animation of standing wave in the stationary medium with marked wave nodes (red circles). (public domain;
LucasVB).

X Bound vs. Free particles and Traveling vs. Stationary Waves

Traveling waves exhibit movement and propagate through time and space and stationary wave have crests and troughs at fixed
intervals separated by nodes. "Free" particles like the photoelectron discussed in the photoelectron effect, exhibit traveling
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wave like properties. In contrast, electrons that are "bound" waves will exhibit stationary wave like properties. The latter was
invoked for the Bohr atom for quantizing angular moment of an electron bound within a hydrogen atom.

8.1.3: The Wave Equation

The mathematical description of the one-dimensional waves (both traveling and standing) can be expressed as

0%u(z, t) 1 0%u(z,t)
T (8.1.2)
with u is the amplitude of the wave at position z and time ¢, and v is the velocity of the wave (Figure 2.1.2 ).

Equation 8.1.2 is called the classical wave equation in one dimension and is a linear partial differential equation. It tells us how the
displacement » can change as a function of position and time and the function. The solutions to the wave equation (u(z,t)) are
obtained by appropriate integration techniques. It may not be surprising that not all possible waves will satisfy Equation 8.1.2 and
the waves that do must satisfy both the initial conditions and the boundary conditions, i.e. on how the wave is produced and
what is happening on the ends of the string.

For example, for a standing wave of string with length L held taut at two ends (Figure 2.1.3 ), the boundary conditions are

u(0,8) =0 (8.1.3)
and

u(L,t) =0 (8.1.4)

for all values of t. As expected, different system will have different boundary conditions and hence different solutions.

X Mathematical Origin of Quantization

The initial conditions and the boundary conditions used to solve the wave equation will result in restrictions of "allowed"
waves to exist in a similar fashion that only certain solutions exist for the electrons in the Bohr atom.

The first six wave solutions u(z,t) to Equation 8.1.2 subject to the boundary conditions in Equations 8.1.3 and 8.1.4 (discussed in
detail later) results in the wave in Figure 2.1.5 . These are standing waves that exist with frequencies based on the number of nodes
(0, 1, 2, 3,...) they exhibit (more discussed in the following Section).

Figure 2.1.5 : Standing waves in a string (both spatially and temporally). The first six solutions (u(z, t). from Wikipedia.

X Curvature of Wave Solutions

2
Since the acceleration of the wave amplitude (right side of Equation 8.1.2) is proportional to %, the greater curvature in the
T

material produces a greater acceleration, i.e., greater changing velocity of the wave (Figure 2.1.4 ) and greater frequency of
oscillation. As discussed later, the higher frequency waves (i..e, more nodes) are higher energy solutions; this as expected from
the experiments discussed in Chapter 1 including Plank's equation E = hv.
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8.1.4: Summary

Waves which exhibit movement and are propagated through time and space. The two basic types of waves are traveling and
stationary. Both exhibit wavelike properties and structure (presence of crests and troughs) which can be mathematically described
by a wavefunction or amplitude function. Both wave types display movement (up and down displacement), but in different
ways.Traveling waves have crests and troughs which are constantly moving from one point to another as they travel over a length
or distance. In this way, energy is transmitted along the length of a traveling wave. In contrast, standing waves have nodes at fixed
positions; this means that the wave’s crests and troughs are also located at fixed intervals. Therefore, standing waves only
experience vibrational movement (up and down displacement) on these set intervals - no movement or energy travels along the
length of a standing wave.

8.1: The Classical Wave Equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 2.1: The One-Dimensional Wave Equation by Michael Fowler is licensed CC BY-NC-SA 4.0.
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8.2: The Schrodinger Equation
3.01: The Schrédinger Equation

8.2: The Schrodinger Equation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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8.3: Operators in Quantum Mechanics

3.02: Linear Operators in Quantum Mechanics

8.3: Operators in Quantum Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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8.4: Quantum Math

3.03: The Schrodinger Equation is an Eigenvalue Problem
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8.4.1: Wavefunctions Have a Probabilistic Interpretation

3.04: Wavefunctions Have a Probabilistic Interpretation
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8.5: Postulate 1 of Quantum Mechanics

4b Learning Objectives

e Introduce the first postulate of quantum mechanics
o Recognize invalid wavefunction categories

In classical mechanics, the configuration or state of a system is given by a point (z,p) in the space of coordinates and momenta.
This specifies everything else in the system in a fully deterministic way, in that any observable @ that can be expressed as Q(z,p)
can be found, and any that cannot is irrelevant. Yet, as we have seen with the diffraction of electrons, it is impessible to know both
the position and momentum of the electron exactly at every point along the trajectory. This is mathematically expressed as the
famous position-momentum uncertainty principle. Hence, specifying a state by (z, p) in classical mechanics clearly will not work in
quantum mechanics. So what specifies the state of a quantum system? This is where the first Postulate of quantum mechanics

comes in.

X Ppostulate |

The state of the system is completely specified by . All possible information about the system can be found in the
wavefunction ).

The properties of a quantum mechanical system are determined by a wavefunction 4(r, t) that depends upon the spatial coordinates
of the system and time, r and ¢. For a single particle system, r is the set of coordinates of that particle r = (z1,y1, 21). For more than
one particle, r is used to represent the complete set of coordinates r = (zy,y1, 21, T2, Y2, 22, .- Tn, Yn, 2)- Since the state of a system is
defined by its properties, 4 specifies or identifies the state and sometimes is called the state function rather than the wavefunction.

What does ¢ mean? This is best answered in terms of the probability density P(z) that determines the probability (density) that an
object in the state (x) will be found at position « (the Born interpretation).

P() = ¢*(2)¥() (8.5.1)
= [9(=) (8.5.2)

Hence, for valid (e.g., well-behaved) wavefunctions, the normalized probability in Equation 8.5.2 holds true, such that the integral
over all space is equal to 1.

/_oo P*(z)Y(z) dz =1 (8.5.3)

Equation 8.5.3 means that the chance to find a particle is 100% somewhere within all space (e.g. somewhere between —oo and +o0).
A wavefunction is said to be square-integrable if Equation 8.5.3 can be satisfied (so that the Born Interpretation to be applicable).

# Definition: Square-Integrable Functions

A complex-valued function, f(z), is a square-integrable function if the integral of the square of the absolute value is finite.

/_oo f*(z)f(z) dz < 00

For this to be true, the integrals of the positive and negative portions of the real and imaginary parts of f(z) must both be finite.

Let us examine this set of examples in further detail in Figure 4.1.1 . The first wavefunction %; is sharply peaked at a particular
value of z, and the probability density, being its square, is likewise peaked there as well. This is the wavefunction for a particle well
localized at a position given by the center of the peak, as the probability density is high there, and the width of the peak is small, so
the uncertainty in the position is very small.
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Figure 4.1.1 : Examples of good wavefunctions, ¥(z), (red, top) and corresponding probability densities, P(z), (blue, bottom).

The second wavefunction 4, has the same peak profile, but shifted to a different position center. All of the properties of the first
wavefunction hold here too, so this simply describes a particle that is well-localized at that different position. The third and fourth
wavefunctions 3 and 4 respectively look like sinusoids of different spatial periods. The wavefunctions are actually complex of
the form

P(z) = Ne'*®

so only the real part is being plotted in Figure 4.1.1 . Note that even though the periods, &, of the oscillating wavefunctions are
different,

P(z) = ¢4*(z)¢(z)
= |eikz|2

— N2 (e—ik:c) (eikz)

= N?

for all &, so the corresponding probability densities, P(z), are the same except for the normalization constant (Equation 8.5.2). We
saw before that it does not make a whole lot of sense to think of a sinusoidal wave as being localized in some place. Indeed, the
positions for these two wavefunctions are ill-defined, so they are not well-localized, and the uncertainty in the position is large in
each case. This is Heisenberg Uncertainty Principle in action.

8.5.1: lll-behaved (invalid) Wavefunctions

The Born interpretation in Equation 8.5.2 means that many wavefunctions which would be acceptable mathematical solutions of the
Schrodinger equation are not acceptable because of their implications for the physical properties of the system. To satisfy this
interpretation, wavefunctions must be:

¢ single valued,
e continuous, and
o finite.

These aspects mean that the valid wavefunction must be one-to-one, it cannot have an undefined slope, and cannot go to —cc or
+oo. For example, the wavefunction must not be infinite over any finite region. If it is, then the integral in Equation 8.5.3 is equal to
infinity. This implies that the particle described by such a wavefunction has a zero probability of being anywhere where the
wavefunction is not infinite, but is certain to be found at all points where the wavefunction is infinite.
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A Wavefunction ¥

» X

Figure 4.1.2 : This f“unction is an invalid wavefunction since the amplitude is going to infinity over a region (the middle in this

case). (CC BY-NC; Umit Kaya via LibreTexts)
The Born interpretation also renders unacceptable solutions of the Schrodinger equation for which |¢(z)|? has more than one value
at any point. This would suggest that there were multiple different probabilities of finding the particle at that point, which is clearly
absurd. The requirement that the square modulus of the wavefunction must be single-valued usually implies that the wavefunction
itself must be single valued. The function in Figure 4.1.3 violates this requirement. The grey lines indicate the region where the
wavefunction is multivalued.

A Wavefunction ¥

» X

Figure 4.1.3 : This function is an invalid wavefunction since it is not a proper function (i. e., not one-to-one). (CC BY-NC; Umit

Kaya via LibreTexts)
Further restrictions arise because the wavefunction must satisfy the Schrodinger equation, which is a second-order differential
equation. This implies that the second derivative of the function must exist, which implies that the first derivative of the
wavefunction to exist (otherwise the second derivative is also undefined and the wavefunction cannot be a solution of the
Schrodinger equation). The functions in Figure 4.1.4 are also not acceptable for these reasons.

AWavefunction ¥ A Wavefunction ¥

> x ‘ > X

Figure 4.1.4 : These functions are invalid wavefunctions. (left) The first derivative of a function gives its gradient at a given point,
and it thus exists as long as the function is continuous - only if there is a break in the function is there a point at which its first
derivative does not exist. (right) The second derivative of this wavefunction is discontinuous at the point indicated, where the
gradient of the line changes by more than 180°. In practice, this requirement may be somewhat flexible, particularly if the potential
energy of the system shows rapid changes with distance. (CC BY-NC; Umit Kaya via LibreTexts)
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Determine if each of the following functions is acceptable as a wavefunction over the indicated regions:

a. cos z over (0, 0o)
b. e* over (—oo, 00)
c. e~® over [0, 00)

d. tan g over [0, 26]

Solution a
This is not an acceptable wavefunction. It is single-valued across the entire range. There is a single value for each value of
z. It is continuous over the defined limits of integration, as we can see from a plot given below. However, it is not square-

integrable.
/oo|cos(a:)|2d:1: X oo
0
Solution b

This is not an acceptable wavefunction. Over the limits of integration from —oo to oo, this function is not square-integrable.
Note in the plot below, how the function is indefinite approaching the limits of cc.

-co ! )

Solution ¢
This is an acceptable wavefunction over the given limits. It is finite over the given limits. It is continuous within given

limits. It is single-valued. It is square-integrable with / |¥(z)|*dz = %
0

Solution d
This is not an acceptable wavefunction. It is discontinuous over the limits of integration.
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8.6: Postulate 2 of Quantum Mechanics

4b Learning Objectives

e Understand how the correspondence principle argues that a unique quantum operator exist for every classical observable.
o Recognize several of the commonly used quantum operators

An observable is a dynamic variable of a system that can be experimentally measured (e.g., position, momentum and kinetic
energy). In systems governed by classical mechanics, it is a real-valued function (never complex), however, in quantum physics,
every observable in quantum mechanics is represented by an independent operator that is used to obtain physical information about
the observable from the wavefunction. It is a general principle of quantum mechanics that there is an operator for every physical
observable. For an observable that is represented in classical physics by a function Q(z, p), the corresponding operator is Q(%, ).

# Postulate Il: The Correspondence Principle

For every observable property of a system there is a corresponding quantum mechanical operator. This is often referred to as
the Correspondence Principle.

Classical dynamical variables, such as z and p, are represented in quantum mechanics by linear operators which act on the
wavefunction. The operator for position of a particle in three dimensions is just the set of coordinates z, y, and z, which is written as

a vector, r:
7= (z,y,2) (8.6.1)
=i +yj + 2k (8.6.2)
The operator for a component of linear momentum is
fu = —ih% (86.3)
and the operator for kinetic energy in one dimension is
2 2
Tp= (—;—m) % (8.6.4)
and in three dimensions
p=—ihV (8.6.5)
and
T= (—h—2) v? (8.6.6)
2m
The total energy operator is called the Hamiltonian operator, A and consists of the kinetic energy operator plus the potential energy
operator.
=My +V(z,v,2) (8.6.7)
2m

X The Hamiltonian Operator

The Hamiltonian operator is named after the Irish mathematician William Hamilton and comes from the his formulation of
Classical Mechanics that is based on the total energy:

H=T+V

rather than Newton's second law,
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= -
F=ma

In many cases only the kinetic energy of the particles and the electrostatic or Coulomb potential energy due to their charges are
considered, but in general all terms that contribute to the energy appear in the Hamiltonian. These additional terms account for such
things as external electric and magnetic fields and magnetic interactions due to magnetic moments of the particles and their motion.

Table 4.2.1 : Some common Operators in Quantum Mechanics

Name Observable Symbol Operator Symbol Operation
Position (in 1D) z X Multiply by =
Position (in 3D) 7 R Multiply by 7
Momentum (in 1D) Dz P, -zh%
Momentum (in 3D 5 P -zh[ii+?i+fci]
omentum (in 3D) P iz j ay P
. . . ~ _h2 d2
Kinetic Energy (in 1D) T: T: - =2
2m dz?
—h? [ d? d? d?
) om [W T F]
Kinetic Energy (in 3D) T T Which can be simplified to
—h2_,
2m v
Potential Energy (in 1D) V(z) V() Multiply by V(z)
Potential Energy (in 3D) V(z,y,2) V(z,y,2) Multiply by V(z,y, 2)
. _p2
Total Energy E E %V2 +V(x,y,2)
Angular Momentum (x axis N d d
Ly Ly -1h [y— = z—]
component) dz dy
Angular Momentum (y axis . d d
L, L, -tk [z z—]
component) d: dz
Angular Momentum (z axis N d d
L, L, -h [zd—y = ya]

component)

8.6: Postulate 2 of Quantum Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.
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8.6.1: Hermitian Operators

4b Learning Objectives

e Understand the properties of a Hermitian operator and their associated eigenstates
o Recognize that all experimental obervables are obtained by Hermitian operators

Consideration of the quantum mechanical description of the particle-in-a-box exposed two important properties of quantum
mechanical systems. We saw that the eigenfunctions of the Hamiltonian operator are orthogonal, and we also saw that the position
and momentum of the particle could not be determined exactly. We now examine the generality of these insights by stating and
proving some fundamental theorems. These theorems use the Hermitian property of quantum mechanical operators that correspond
to observables, which is discuss first.

8.6.1.1: Hermitian Operators

Since the eigenvalues of a quantum mechanical operator correspond to measurable quantities, the eigenvalues must be real, and
consequently a quantum mechanical operator must be Hermitian. To prove this, we start with the premises that ¥ and ¢ are
functions, [ dr represents integration over all coordinates, and the operator A is Hermitian by definition if

/ Y Aypdr = / (A*p*)pdr (8.6.1.1)

This equation means that the complex conjugate of A can operate on %* to produce the same result after integration as A operating
on ¢, followed by integration. To prove that a quantum mechanical operator A is Hermitian, consider the eigenvalue equation and
its complex conjugate.

Ay = ap (8.6.1.2)
Ayt = a*y* = ay* (8.6.1.3)

Note that a* = a because the eigenvalue is real. Multiply Equation 8.6.1.2 and 8.6.1.3 from the left by ¢* and 4, respectively, and
integrate over the full range of all the coordinates. Note that ¢ is normalized. The results are

[ dvir—a [ypar=a (8.6.1.4)

/ YA*Wrdr=a / wWrdr=a (8.6.1.5)
Since both integrals equal g, they must be equivalent.
/ v Apdr = / YA dr (8.6.1.6)
The operator acting on the function,
A / ¢* Ay dr = / YA*Y* dr.
produces a new function. Since functions commute, Equation 8.6.1.6 can be rewritten as
[ dvar = [ (Arrypar (86.07)

This equality means that A is Hermitian.

'-
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8.6.2: Commuting Operators Allow Infinite Precision

4b Learning Objectives

o To connect the Heisenberg Uncertainty principle to the commutation relations.
o Develop proficiency in calculating the commutator of two operators.

If two operators commute then both quantities can be measured at the same time with infinite precision, if not then there is a
tradeoff in the accuracy in the measurement for one quantity vs. the other. This is the mathematical representation of the
Heisenberg Uncertainty principle.
8.6.2.1: Commuting Operators
One important property of operators is that the order of operation matters. Thus in general
AEf(z) # EAf(z)
unless the two operators commute. Two operators commute if the following equation is true:
[A,E] =AE—-EA=0
To determine whether two operators commute first operate AE on a function f(z). Then operateEA the same function f(z). If the
same answer is obtained subtracting the two functions will equal zero and the two operators will commute.on
If two operators commute, then they can have the same set of eigenfunctions. By definition, two operators A and B commute if the
effect of applying A then B is the same as applying B then 4, i.e.
AB=BA.
For example, the operations brushing-your-teeth and combing-your-hair commute, while the operations getting-dressed and taking-
a-shower do not. This theorem is very important. If two operators commute and consequently have the same set of eigenfunctions,

then the corresponding physical quantities can be evaluated or measured exactly simultaneously with no limit on the uncertainty.
As mentioned previously, the eigenvalues of the operators correspond to the measured values.

If A and B commute and ¢ is an eigenfunction of A with eigenvalue b, then

BAy = ABy = Abp = bAy (8.6.2.1)
Equation 8.6.2.1 says that Ay is an eigenfunction of B with eigenvalue b, which means that when A operates on 4, it cannot change
7). At most, A operating on ¢ can produce a constant times 4.

Ay = ay (8.6.2.2)

B(Ay) = B(ay) = aBy = abp = b(ay)) (8.6.2.3)

Equation 8.6.2.3 shows that Equation 8.6.2.2 is consistent with Equation 8.6.2.1. Consequently ¢ also is an eigenfunction of 4 with
eigenvalue q.

v/ Example 4.6.1

Do the following pairs of operators commute?

iandEA’=zr:2

.B - and C{f(z)} = f(z) +3
c.J=3zand O =z

A

o o

Solution a
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This requires evaluating [A, E], which requires solving for A{Ef(z)} and E{Af(z)} for arbitrary wavefunction f(z) and
asking if they are equal.

A{Bf(@)} = Ale*f(a)} = —{z*f(@)} = 20f(a) +5"F'(a)
From the product rule of differentiation.
E{Af(@)} = B{f'(2)} =2’ f(z)
Now ask if they are equal
[A, E] = 22f(z) + 22f'(z) — 22f' (z) = 2zf(z) # O
Therefore the two operators do not commute.

Solution b
This requires evaluating [3, C’] like in Example 4.6.1 .

B{Cf(:ﬂ)} B{f(:z:) +3} = —(f( )+3) = h.f(al) =
C{Bf(x)} = O R b)) = hf(w)
Now ask if they are equal
[B,é’] =%(w)+%_ hfi:c) —340

The two operators do not commute.

Solution ¢
This requires evaluating [j ) é]
J{0f(@)} = J{f(2)3z} = f(2)3z/z = 3f(x)

Oufa) =072y = JD% _ g5
[j, é] =3f(z) —3f(z) =0

Because the difference is zero, the two operators commute.

8.6.2.2: General Heisenberg Uncertainty Principle
Although it will not be proven here, there is a general statement of the uncertainty principle in terms of the commutation property
of operators. If two operators A and B do not commute, then the uncertainties (standard deviations ¢) in the physical quantities

associated with these operators must satisfy

oaop > | / Vv [AB— BAlydr (8.6.2.4)

where the integral inside the square brackets is called the commutator, and | | signifies the modulus or absolute value. If 4 and B
commute, then the right-hand-side of Equation 8.6.2.4 is zero, so either or both ¢4 and o could be zero, and there is no restriction
on the uncertainties in the measurements of the eigenvalues @ and b. If A and B do not commute, then the right-hand-side of
Equation 8.6.2.4 will not be zero, and neither o4 nor o can be zero unless the other is infinite. Consequently, both a and b cannot
be eigenvalues of the same wavefunctions and cannot be measured simultaneously to arbitrary precision.

? Exercise4.6.1
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Show that the commutator for position and momentum in one dimension equals —i# and that the right-hand-side of Equation
8.6.2.4 therefore equals //2 giving 0,05 > 2.

8.6.2.3: Applications

Operators are very common with a variety of purposes. They are used to figure out the energy of a wavefunction using the
Schrodinger Equation.

Hy = Eyp

They also help to explain observations made in the experimentally. An example of this is the relationship between the magnitude of
the angular momentum and the components.

[£2,i2] = [£2,22] = [£%,£2] =0

However the components do not commute themselves. An additional property of commuters that commute is that both quantities
can be measured simultaneously. Thus, the magnitude of the angular momentum and ONE of the components (usually z) can be
known at the same time however, NOTHING is known about the other components.

The physical quantities corresponding to operators that commute can be measured
simultaneously to any precision.

8.6.2.2Av Example

Determine whether the following two operators commute:
R=a / [1]*ld[z]
and
H=d/dz

Solution

Evaluate

—
N)
>
—

8.6.223« Example

Determine whether the following two operators commute:

and

|

Solution

The identity operator, I is a real number and commutes with everything. Thus, these two operators commute. We can also
directly evaluate the commutator:

[1.2] f@) =5 [ f@)de) - [ 5f(@ta) =0

8.6.2.3 https://chem.libretexts.org/@go/page/456216
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Show that the components of the angular momentum do not commute.
1o o o) oo o5
z — —1 sin 50 COf COs 5

¢
L,=—in [COS (¢5%) — c0t(8) cos (¢%)]

£,=—ind
1h50

Solution
This requires evaluating the following commucators:

[i,, iz] =ik,
[iz, i,,] =ihl,

a

[i,,, iz] = ihl,

8.6.2.4: References
1. Gohberg, I. Basic Operator Theory; Birkhduser: Boston, 2001
2. McQuarrie, D.A. Quantum Chemistry, 2nd Edition; University Science Books:Sausalito, 2008
3. Schechter, M. Operator Methods in Quantum Mechanics; Dover Publications, 2003
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8.7: Postulates 3 and 4 of Quantum Mechanics

4b Learning Objectives

e To be introduced to the role of eigenvalue equations in obtaining observables from a system
o Understand how expectation values are calculated if the wavefunctions is not an eigenstate of the operator for the
observable.

Recall, that we can identify the total energy operator, which is called the Hamiltonian operator, H, as consisting of the kinetic
energy operator plus the potential energy operator.

N A2 _,

Using this notation, we write the Schrédinger Equation as

ﬁ'hb(z, Y, z)) = El "/’(mr% z)) (8'7'2)

Equation 8.7.2 says that the Hamiltonian operator operates on the wavefunction to produce the energy, which is a number, (a
quantity of Joules), times the wavefunction. Such an equation, where the operator, operating on a function, produces a constant
times the function, is called an eigenvalue equation. The function is called an eigenfunction, and the resulting numerical value is
called the eigenvalue. Eigen here is the German word meaning self or own.

It is a general principle of Quantum Mechanics that there is an operator for every physical observable. A physical observable is
anything that can be measured. If the wavefunction that describes a system is an eigenfunction of an operator, then the value of the
associated observable is extracted from the eigenfunction by operating on the eigenfunction with the appropriate operator. The
value of the observable for the system is the eigenvalue, and the system is said to be in an eigenstate. Equation 8.7.2 states this
principle mathematically for the case of energy as the observable.

# Postulate Ill: Obtaining Observables Requires Solving Eigenvalue Problems

If a system is described by the eigenfunction ¥ of an operator A then the value measured for the observable property
corresponding to A will always be the eigenvalue a, which can be calculated from the eigenvalue equation.

A|T) = a| T) (8.7.3)

Consider a general real-space operator A(z). When this operator acts on a general wavefunction ¥(z) the result is usually a
wavefunction with a completely different shape. However, there are certain special wavefunctions which are such that when 4 acts
on them the result is just a multiple of the original wavefunction. These special wavefunctions are called eigenstates, and the
multiples are called eigenvalues. Thus, if

Altha(2)) = a| a(2)) (8.7.4)
where a is a complex number, then %, is called an eigenstate of A corresponding to the eigenvalue a.

Suppose that A is an operator corresponding to some physical dynamical variable. Consider a particle whose wavefunction is t,.
The expectation of value A in this state is simply

)= [~ viveds

=a / Yathedz
=a.

where use has been made of Equation 8.7.4 and the normalization condition. Moreover,
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) = [ wivda
=a > Y Apadz

—00

=a [ it
—00
= 042.

So the variance of A is

o = (4%) — (4)? = a® -’
0.

The fact that the variance is zero implies that every measurement of A is bound to yield the same result: namely, a. Thus, the
eigenstate 4), is a state which is associated with a unique value of the dynamical variable corresponding to A. This unique value is
simply the associated eigenvalue determined by Equation 8.7.4.

8.7.1: Expectation Values

We have seen that [y(z,t)|? is the probability density of a measurement of a particle's displacement yielding the value z at time ¢.
Suppose that we made a large number of independent measurements of the displacement on an equally large number of identical
quantum systems. In general, measurements made on different systems will yield different results. However, from the definition of
probability, the mean of all these results is simply

(z) = / " syds (8.7.5)

—00

Here, (z) is called the expectation value of z. Similarly the expectation value of any function of z is

mw=[:ﬂmwm. (8.7.6)

& Postulate IV

The average value of an observable measurement of a state in (normalized) wavefunction ¢ with operator A is given by the
expectation value (a):

(a) = (¥|al ¥) (8.7.7)
= / " g Ay (8.7.8)

If an unnormalized wavefunction where used, then Equation 8.7.8 changes to

(@) = (’a"‘x) (8.7.9)
/ > o* Apdz

== (8.7.10)
[ wvda

The denominator is just the normalization requirement discussed earlier. In general, the results of the various different
measurements of z will be scattered around the expectation value (z). The degree of scatter is parameterized by the quantity

o= [~ @) Wi (87.11)

= (z%) — (2)?, (8.7.12)
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which is known as the variance of z. The square-root of this quantity, o, is called the standard deviation of z. We generally expect
the results of measurements of z to lie within a few standard deviations of the expectation value (Figure 4.3.1 ).

03 04

0.2

0o 01

Figure 4.3.1 : A plot of a normal distribution (or bell-shaped curve) where each band has a width of 1 standard deviation. image usd
with permission from Wikipedia.

v/ Example 4.3.1

For a particle in a box in its ground state, calculate the expectation value of the

a. position,

b. the linear momentum,
c. the kinetic energy, and
d. the total energy

Solution
First the wavefunction needs to be defined. From the particle in the box solutions, the ground state wavefunction (n = 1) is

T

v= %Si“(f)

We can confirm that the wavefunction is normalized.

/¢t¢dT:/°L\/%sin (%) \/%sin (’;—’”) dz =1

Hence, the Equation 8.7.8 is the relevant equation to use.

Solution a
The expectation value of the position is:

(z) =/¢*x¢d'r= /OL \/%a:sin (%) \/%sin (TL—Z) dz
= %/Lzsin2 (%) dz

0
_ 2

2

Solution b
The expectation value of the momentum is:

Jrman= [ () (0 ) V3o (F) =
- (F)e(F) @

=0

()

Solution ¢
The expectation value of the kinetic energy is:

https://chem.libretexts.org/@go/page/456217
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(T) = /1/)*I2"¢d‘r= %/{)Lsin (12—1) (—%:—;) sin (%) dz
= ;;—;Z%[)Lsiﬁ (%) dz

h2r?
= omL?

A position "on average" is in the middle of the box (L/2). It has equal probability of traveling towards the left or right, so the
average momentum and velocity must be zero.

Solution d
The average kinetic energy must be equal to the total energy of the ground state of the particle in the box, as there is no other
energy component (i.e, V = 0).

8.7.2: Expanding the Wavefunction

It is also possible to demonstrate that the eigenstates of an operator attributed to a observable form a complete set (i.e., that any
general wavefunction can be written as a linear combination of these eigenstates). However, the proof is quite difficult, and we
shall not attempt it here.

In summary, given an operator A, any general wavefunction, ¥(z), can be written
b= cidi
where the ¢; are complex weights, and the ¢(x) are the properly normalized (and mutually orthogonal) eigenstates of A: i.e.,
Adi = a;;
where g; is the eigenvalue corresponding to the eigenstate ¢;, and
o)
/ ¢:¢]d.’17 = 6” (8713)
—00

Here, §;; is called the Kronecker delta-function, and takes the value unity when its two indices are equal, and zero otherwise. It
follows from Equations 8.7.10 and 8.7.13 that

o = / " ptde. (8.7.14)

Thus, the expansion coefficients in Equation 8.7.14 are easily determined, given the wavefunction ¢ and the eigenstates ¢;.
Moreover, if ¢ is a properly normalized wavefunction then Equations 8.7.10 and 8.7.13 yield

Z|Ci|2 =1.
i

X Collapsing the Wavefunction

Wavefunction collapse is said to occur when a wavefunction—initially in a superposition of several eigenstates—appears to
reduce to a single eigenstate (by "observation"). A particle (or a system in general) can be found in a given state ¥(z,t).
Suppose now a measurement is performed on the wavefuction to characterize a specific property of the system.
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Wavefunction ()

before measurement

L

Q} ! Collapsed

Wavefunction

after measurement 1

after measurement 2

after measurement 3

The measurement of position (with the position operator) effectively collapses this wavefunction that is a superposition of

position eigenstates, which are delta-functions and are continuous - i.e. not quantized. Using a different measurement operation

may in quantized values (CC BY-NC 4.0; Umit Kaya via LibreTexts)
Mathematically, an operator 4 is associated with this measurement process, which you suppose has a complete orthonormal set
of eigenvalues: {¢;} that is typically an infinite set of functionals that depend on quantum number n. The wavefunction ¥ can
be expand and a set of basis functions can be selected to specifies the wavefunction is the coefficients {c,} of the expansion.
Therefore, if the system is perturbed, then your wavefunction will have another set of coefficients {c,}.
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X y
— [ after measurement 1
7
z
Wavefunction (\,)
X y
before measurement —— after measurement 2
7
X y
L = after measurement 3

The measurement of position (with the position operator) does not collapse this wavefunction since it is in a position eigenstate
in contrast to the wavefunction above. Using a different measurement operation (e.g., kinetic energy) may "collapse" the
wavefunction into a different eigenstate (CC BY-NC 4.0; Umit Kaya via LibreTexts)

If you wavefunction is in the eigenstate of the operator, then each measurement via that operator will give the same result.
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8.7.1: Eigenfunctions of Operators are Orthogonal

4b Learning Objectives

e Understand the properties of a Hermitian operator and their associated eigenstates

Eigenfunctions of a Hermitian operator are orthogonal if they have different eigenvalues.

Because of this theorem, we can identify orthogonal functions easily without having to integrate or conduct an analysis based on
symmetry or other considerations.

4 and ¢ are two eigenfunctions of the operator A with real eigenvalues a; and ag, respectively. Since the eigenvalues are real,

a‘{ = a1 and a; = as.
A = aryp
A*¢t = a2¢$
Multiply the first equation by * and the second by 4 and integrate.

/ YAy dr = a; / Y*pdr
/ YA Y dr = a, / Pt dr (8.7.1.1)
Subtract the two equations in Equation 8.7.1.1 to obtain
/ vt Apdr — / YA Y dr = (a; — ap) / Prpdr (8.7.1.2)
The left-hand side of Equation 8.7.1.2 is zero because A is Hermitian yielding
0= (a1 — ag) /1/)*1/) dr (8.7.1.3)

If a; and a; in Equation 8.7.1.3 are not equal, then the integral must be zero. This result proves that nondegenerate
eigenfunctions of the same operator are orthogonal.

m}
Two wavefunctions, 41 (z) and 2(z), are said to be orthogonal if
/ Yipadz = 0. (8.7.1.4)
Consider two eigenstates of A, 1,(z) and 1, (z), which correspond to the two different eigenvalues g and o/, respectively. Thus,
Aa = atha (8.7.1.5)
Ay = a'y, (8.7.1.6)
Multiplying the complex conjugate of the first equation by 4,/ (z), and the second equation by %, (z), and then integrating over all
x, we obtain
oo [ )
/ (Atpe) bordz = a / Wiibeda, (8.7.17)
—o0 —00
oo o0
Pi(Atpy)dz = a’ Papydz. (8.7.1.8)
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However, from Equation 8.7.1.2, the left-hand sides of the above two equations are equal. Hence, we can write
(a— a’)/ Yipgrdr = 0.
By assumption, a # a’, yielding
o0}
Wrepodz = 0.

—00

In other words, eigenstates of an Hermitian operator corresponding to different eigenvalues are automatically orthogonal.

The eigenvalues of operators associated with experimental measurements are all real.

v/ Example8.7.1.1

Draw graphs and use them to show that the particle-in-a-box wavefunctions for (n = 2) and 4(n = 3) are orthogonal to each
other.

Solution
The two PIB wavefunctions are qualitatively similar when plotted

15

¥, \ N\ / ]
o5t/ \ \ / \
5

D5+ \

These wavefunctions are orthogonal when
/ PY(n=2)Y(n =3)dz =0

and when the PIB wavefunctions are substituted this integral becomes
/L 2 sin (2—nx) 2 sin (2—nx) dx =7
o VI L)V L =
2 /Lsin (zx) sin (ix) =7
LJ, L L")

We can expand the integrand using trigonometric identities to help solve the integral, but it is easier to take advantage of the
symmetry of the integrand, specifically, the ¢(n = 2) wavefunction is even (blue curves in above figure) and the y(n = 3) is
odd (purple curve). Their product (even times odd) is an odd function and the integral over an odd function is zero. Therefore
¥(n = 2) and ¢(n = 3) wavefunctions are orthogonal.

This can be repeated an infinite number of times to confirm the entire set of PIB wavefunctions are mutually orthogonal as the
Orthogonality Theorem guarantees.
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8.7.1.1: Orthogonality of Degenerate Eigenstates

Consider two eigenstates of A, v, and +/, which correspond to the same eigenvalue, a. Such eigenstates are termed degenerate.
The above proof of the orthogonality of different eigenstates fails for degenerate eigenstates. Note, however, that any linear
combination of 9, and ¥/ is also an eigenstate of A corresponding to the eigenvalue a. Thus, even if 9, and ¥/, are not orthogonal,
we can always choose two linear combinations of these eigenstates which are orthogonal. For instance, if 1, and ¢/, are properly
normalized, we can define the overlap integral

S= [ ylde, (8.7.1.9)

It is easily demonstrated (but not here) that

|S | -1,/
W= —2 (g, — Sl (8.7.1.10)
¢ 1—-1S2 (¥ ")
is a properly normalized eigenstate of A, corresponding to the eigenvalue @, which is orthogonal to ¢,. It is straightforward to
generalize the above argument to three or more degenerate eigenstates. Hence, we conclude that the eigenstates of a Hermitian
operator are, or can be chosen to be, mutually orthogonal.

& Theorem: Gram-Schmidt Orthogonalization

Degenerate eigenfunctions are not automatically orthogonal, but can be made so mathematically via the Gram-Schmidt

Orthogonalization.

The above theorem argues that if the eigenvalues of two eigenfunctions are the same then the functions are said to be degenerate
and linear combinations of the degenerate functions can be formed that will be orthogonal to each other. Since the two
eigenfunctions have the same eigenvalues, the linear combination also will be an eigenfunction with the same eigenvalue. The
proof of this theorem shows us one way to produce orthogonal degenerate functions.

If 4, and v, are degenerate, but not orthogonal, we can define a new composite wavefunction ¢” = v’ — Sy, where S is the
a g 24 p B

a

overlap integral:
S = (¢a|¢;>
then ¢, and ¢” will be orthogonal.
(¢a|¢:) = (¢a|¢; — Sva)

=WS—SW1

=5-8=0

Oct 19, 2019, 9:08 AM
Double exponent: use braces to clarify

then 4, and @ will be orthogonal.
[vnvar= [ v, ~ svaar

— [wiviar—s [wrwaar
=5—-S=0
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Find N that normalizes ¢ if ¥ = N(p1 — Sip2) where ¢, and ¢ are normalized wavefunctions and S is their overlap integral.
S = (p1lp2)

Answer

Remember that to normalize an arbitrary wavefunction, we find a constant N such that (9|¢) = 1. This equates to the
following procedure:

(W) = (N (01 — Se2) |N (01 — Sep2)) =11
N2 ((p1—Sp2) | (p1 — Sip2)) = 1
N [ Sk 5 goute” — 5 Lot + 5 oo =1
N*(1-5? >87 + §%)=1
N)(1-8%)=1
therefore

1
V1-— 52

We conclude that the eigenstates of operators are, or can be chosen to be, mutually orthogonal.
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8.8: Postulate 5 of Quantum Mechanics
4.04: The Time-Dependent Schrodinger Equation
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8.9: Postulates and Principles of Quantum Mechanics (Exercises)

Solutions to select questions can be found online.

4.3

The function 9* has to be real, nonnegative, finite, and of definite value everywhere. Why?

Solution

If we follow the Born interpretation of wavefuntions, then ¢*4 is a probability density and hence must follow standard probability properties
including being non-negative, finite and of a definite value at any relevant point in the space of the wavefunction. Moreover, the integral of
¥*¢ over all this space must be equal to 1.

4.5
Why are the following functions not acceptable wave functions for a 1D particle in a box with length a ? N is a normalization constant.
a. ¥ = Ncos bz
N L
b. Y=
sin ——
b
c. p = Ntan —
a
Solution

The boundary conditions that need to be met are 9 (0) = ¢ (@) = 0. This does not meet them. The proposed wavefunction blows up to infinity at
z =0 and z = a Tan is not defined for z = %

412
Show that the sets of functions: ‘/ % sin (%) where n = 1,2,3... is orthonormal.
Solution

Let

Y= 3sin (m)

Because 9* = ¢ and is real, then
L L2 nTT 2 mnT
Y pdx = / —sin|—— )4/ =sin(—— | dz
/ Nz ()
Lettingn=m
L. 2 (X /nmzy ., (nmz
/0 wzpd:t—fA s1n(T)sm(T)d:1:
2 L . o (AT
=z /0 sin? (77 ) d
_/ mra: do=1

Letting n # m
[wrvae= [ o (" o (T e
i), [ws((" ) e (S|
[ o= (%) o (57| - e [ (B == (22 -0

2 . /nmz _
and thus \/ I sin (T) (n=1, 2, 3, ...) are orthonormal.

L
=2
L
1
L

D06
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4.13

Show thata-b-c =Y, a;bicrer

Zaiei . Z bj&j . chek = Zaibickek
7 7 % W
Z Z aibj(e; - €5) - Z crer = Z azbicrer
] ¥ i

e,--e,-=5.-,-=1

when ¢ = j
Za,-b,- . chek = Zaibickek
i % ik
Z aib;crer, = E a;b;crer
ik ik
4.14
Determine if the following operators commute
A d
B=—
dz
and
C=2"
Solution

We must solve []3, C‘] , by solving for B{Cf(z)} and &{Bf(x)} for a wavefunction f(z) and see if they are equal.
B{Cf(2)} = B{z*f(a)} = %{ZW(I)} =5z f(z) + 2°f'(z)

C{Bf(z)} = C{f' (x)} = 2°f ()
since
[8.€] = 52£(2) +5°F' () — 2*F (a) = 52f(x) #0

The two operators do not commute.
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4.15

Do the following combinations of angular momentum operators commute? Show work to the justify the answer (do not just write "yes" or no").

a.Lzand L,
b.L,and L,
c.L,and L,
with
[7] 8
Lz=—1h(ya—z%)
. 7] 7]
Ly——lh(zE—wa)
. 17] lo]
Lz——lh(za —ya)

Estimate the answer to Part C based on the pattern gathered from parts A and B; no work necessary for Part C.

Solution
d.
[Lz, Ly] = (yp: — 2py)(20e — 2p2) ¥ — (205 — 2p.) (yp2 — 2Py) T,
= (2Poyp: — 2°PuDy — TYP:Px — T2PyP:) ¥ — (YP22Ps — YTP:P: + 2°Pyps + 2TP.py) ¥
[Lg, Ly = AL,
Does not commute, i.e., is not zero.
b.
[Ly, L] = (2pz — zp.)(zpy — yP2z)¥ — (ZDy — YPz) (2Px — TP) ¥
= (TPy2ps — T*PyP: — Y2PoPz — YTP:Pz) ¥ — (2paTPy — 2YPPs + TPy + TYP2p:) ¥
[Ly, L,] = ihLy,
Does not commute, i.e., is not zero.

c. This part only requires that we notice the rotation of variables and consistency of format/equations. In doing so, we better understand the
relation between the parts of the angular momentum operator. The work below does not need to be shown for credit, but it may clarify things
or make the solution clearer if you are still having trouble assessing and using the pattern.

[Lz, La] = (zpy — yps) (= — 2py) ¥ — (yp= — 2py)(epy — Yp2) ¥
= (Yp:2Dy — Y'D:Ps — 22Dy — 2DsDy)Y — (2DYD; — T2DPy + Y’ PaD: + Y20y ¥
[L, Ls] = 4hLy,
Does not commute, i.e., is not zero.

These calculations show that you can have only one well-defined component of the angular momentum because of the uncertainty principle
says the others will not be known (since they do not commute).

4.17

For two operators to commute, what property must hold? Use the operators L2 and L, as an example to show that this property holds.

Solution
The commuters when applied to a wavefunction must equal the 0 eigenfunction.
L6 ap(z) — L,L2%(z) =0
L2, — L,L2%p(z) = Ou(z)

A

L, —L,02=0
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4.21

Show that the angular momentum and kinetic energy operators commute and therefore can be measured simultaneously to arbitrary precision.

Solution
Show that
[R,I] =0
where the operators can be broken up into 3 components
L, =—ih (y

. ]
Ly——lh(za—z )
. 17} 7]
Le=—it(s 5 v )
_h2 32

and K, = T Ba? The same can be written for K in the y and z directions.
m

A

(&, L] = [Ks, La] + [Ky, L] + [K:, L]

For the x-direction
PPN —h? 9% d d
[Kz, Ls] = [_2111 W7—1h(y£ —Zd—y))]

—p2 42 _B2 2
oo et (g =73,)) =t =73,)) ot

E( d_3_zd_3)_ﬁ( d_“‘_zd_3) _
om \Yae2d: ~ “datdy) T om \Yaz2dz ~ “dzldy

The process can be repeated for the y and z directions and following the same steps the commutations turn out to be 0. Therefore, kinetic
energy and angular momentum commute.

4.22

Show that the position and angular momentum operator commutes. Can the position and angular momentum be measured simultaneously to a
arbitrary precision?

Solution

First, we must prove that the position operator, R =i# + jj + k5, and the angular momentum operator L=il, + ij,, +XkL,, commute,

In order to prove the commutation,
R, 1] = [i2 + j§ + k2,il; + L, + kL]

= [8,Ls] + [5:Ly] + [5L]
where we have used the fact that

and
ij=j-k=k-i=0

Now that we have proved that the two operators commute, the relationship of commutation means that the position and total angular
momentum of any electrons can be measured simultaneously to arbitrary precision.
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4.25
If both |¥,) and |¥,,) satisfy the time-independent Schrodinger Equation (these are called stationary states)
[Wn(x,8)) = Un(a)e 4/
and
¥n(2,t)) = Cn(a)e™ 4/
show that any linear superposition of the two wavefunctions
[¥(2,t)) = ca|¥n(z, 1)) + Cm|¥m(z, t))
also satisfies the time-dependent Schrodinger Equation.
Solution
The time-dependent Schrodinger Equation is
\[\hat{H}¥(x,t) =ih 0¥(x,y)/dt\nonumber \]
Plug ¥(x,t) into the time-dependent equation.
\[\hat{H}c,Wy(x)e B/ I + ¢ W (x)elEnt/ D = ih 9/0tc, Wy (x)e B B + ¢ W (x)e Ent D \nopumber \]
\[\hat{H}cn‘Pn(x)e'iE"'j hy cm‘Pm(x)e'iEm'/ ho Encn‘Pn(x)e'iE"” hy Emcm‘l’m(x)e'iEm‘/ Mnonumber \]
\[0/0te, Py (x)e B B + ¢ W (x)e Bt B = [(iE e B¢ MW, (x))/h]-[(iEqcne Y By (x))hnonumber \]
combine all the constants (except for E) into ¢, and ¢y,
\[ih [-[(icme B ', (x))/h]-[(icne BV @, (x))h]1=Epcn®o(x)e Bt B + Eypepn®on(x)e Eat Mnonumber \]

\[Since \hat{H}¥(x,t) and ih 0¥(x,y)/0t are equal, they satisfy the time-dependent equation. \nonumber \]

4.26

Starting with
<@=/wwwwwﬁm

and the time-independent Schrodinger equation, demonstrate that

diz) AP N
s _/¢ +(Hz —zH)pds
Given that
~  —h? d2
il )
show that
A A W d
__Ripg ihg
T mAh T m®
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4.28
Derive the condition on operators that arises from forcing eigenvalues to be real with complex conjugates.
Solution

Starting with an eigenvalue problem with a & as our operator we recognize
G = 2p
Solving for our eigenvalue we must multiply by our complex conjugate wavefunction and integrate both sides to see
/ Yt Gepdr = / P hpdr = A / Yrpdr = A
We can repeat this calculation but with a complex conjugate of our initial eigenvalue problem
Gyt = Ay
Solving for our eigenvalue we multiply ¢ and integrate both sides to find that
/ YG*prdr = / YA = A / YT =\

Since we restricted A to be real both eigenvalue problems return the same eigenvalue. We can then relate the operator side of both equations to
know that

/ o Gpdr = / PGyt dr

4.31

Prove that the position operator is Hermitian.

Solution

We must see if the operator satisfies the following requirement to be in Hermitian:
[ wwda= [~ wdvas
Substitute X for A into the above equation:

[ wwaa= [~ v hvas

|- @vwas= [~ wivas

| Gwrvde= [~ wivas

/ P X*pde = / * Xypdz
Since X* = X:
/ v Xpde = / v Xopda

Therefore the Position Operator is Hermitian.
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4.31

Prove that the momentum operator is a Hermitian
Solution
Hermitian: [ ¢} Hyydz

Momentum Operator: P = —ih%
We will first start by showing you

*© d
/_m wj(—zhE)psz.-dw

i o
T do = dip

o . d 3 . o0 .
5 it o = %, o

Using integration by parts with u =\psi_{j}*\ and dv = d\psi_{i}

We can notice now that for a confined particle the product \psi_{j} {*}\psi_{i} will go to zero at each of the endpoints

— momentum operator

. L, d ., d
We get in the end _'hE = _’hE
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4.32
Which of the following operators are Hermitian:

a. z,
b. d/dz

c. hd?/dz?
d. id?/da?

Solution

A Hermitian Operator A satisfies

<T*|A|T >=< T |A*| T* >

/\II * xUdr = /‘Ilw\Il*dw

where g* = 7.
Operator z is Hermitian

d/dx

/\Il *x d/dr¥dz

= /\Il*d\Il

Here we can use Integration by Parts \int vdu = uv + \int udv with v=%* and dv = d¥
_ [W*W]—/de*

[P*W¥] evaluated at infinity and negative infinity is 0, because of the assumption that this wavefunction approaches 0 as one extends to infinity
in both directions

=— / Ud/dz¥ * dz
Here we inserted dx/dx into the integral
= /\II(—d/d:c)\Il*da:

d/dx* = d/dx, not -d/dx,so this operator is not Hermitian.

hd?/dx?
/ U % h(d?/da?)Wds
= h/\Il* (d?/dz)¥
Here we can use Integration by Parts \int vdu = uv + \int udv with u=%* and dv=d(d¥/dx)
— [T+ d¥/dz] — / (d¥ /dz)dux
— B[U + d/da] — / (A0 % /da)dT

[W*dW/dx] evaluated at infinity and negative infinity is 0, because of the assumption that this wavefunction approaches 0 as one extends to
infinity in both directions. This implies that that d¥/dx, for example, also approach 0.

——h / (4% * /dz)d¥

Here we can use Integration by Parts \int vdu = uv + \int udv with u=d¥*/dx and dv=d¥

https://chem.libretexts.org/@go/page/456220
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= h((¥dY » /ds] — / V& » do

[P*dWP/dx] evaluated at infinity and negative infinity is 0, because of the assumption that this wavefunction approaches 0 as one extends to
infinity in both directions. This implies that that d¥*/dx, for example, also approaches 0.

= h/\Il(d2\Il * [dx)
=h / O(d2 * /da?)dz
= / Vh(d?/da®) U+d
h(d?%/dx?)* = h(d%dx?), so this operator is Hermitian
id%/dx?
/ U xi(d?/dz®)dz
- i/\Il ¥ (d/da) U

Here we can use Integration by Parts

/vdu=uv+/udv

with u=%* and dv=d(d¥/dx)
— i[® % U /da] — / (4 de)dTx
— [0 * AU /da] — / (U * /dz)dv

[W*dW/dx] evaluated at infinity and negative infinity is 0, because of the assumption that this wavefunction approaches 0 as one extends to
infinity in both directions. This implies that that d¥/dx, for example, also approach 0.

- / (d¥ * /dz)d¥
Here we can use Integration by Parts \int vdu = uv + \int udv with u=d¥*/dx and dv=d¥
= —i([¥dT % /dz] — / Va0 % /dz

[P*dWP/dx] evaluated at infinity and negative infinity is 0, because of the assumption that this wavefunction approaches 0 as one extends to
infinity in both directions. This implies that that d¥*/dx, for example, also approach 0.

= i/\Il(dZ\Il * /dz)
=i / U(d*T * /dz?)dz
= / Ui(d?/dz?) Uxrdx

i(d?/da?)x = —i(d?/d=?)

so this operator is NOT Hermitian
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4.32

Determine whether the following operators are Hermitian and whether they commute:

~ _d

A=ig
and

N ,d2

B=tgm

Given that -co<x<oo and the operators functions are well behaved.

Solution

If the operator satisfies this condition it is Hermitian
[ rwit@w= [~ j@ir e

A)

(e e [
=_i/_:f‘:t':dz=/_if(_,-%)f*dz

[oi() re

This operator is Hermitian

B)

oo " ,d2 © *,d oo d * d
/_mf (ld_:c];) dz =[5, f ld_;:]_ _md—{védz

. df* . oo dzf*
— _g[®
= —i[®, o ]+z/_xf i dz

o 42t .
= [ g Fie

This operator is not Hermitian
If the operators commute they have to satisfy this condition
ABf = BAf

PN id [ d>f id3 f
ABf=E(m) =

L id® fdf\  id3f
BAfF=2 (%)=
f dx? (da:) dzx3

This pair of operators commutes.
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4.34

Consider two wavefunctions
P1(z) = Asin(kiz) + Bcos(kiz) (8.9.1)

and
Po(z) = C'sin(koz) + D cos(kox)

Given the boundary conditions are:

¥(0)=0
and

atr =0

dz
A+ B=C,ki(A— B)=kyC

d _ dfn
dr

and given a expression of

BZ
R=—5 (8.9.2)

Derive the simplest expression of R based on the terms from the boundary conditions provided above.

Solution

Since

A+ B=C,ki(A—B) = kC (8.9.3)

k1 (A — B) = kg(A + B) (8.9.4)

k1A — k1B = ks A+ ko B (895)
Thus,

B ki—k
A= hih (8.9.7)
B? B\? k1—k2\?
r=7=(2) = (i) (895
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4.34
A particle is moving in a field. Half-way through the field, there is a line that represents potential energy. To the left of the line, the potential
energy is
r<0
and to the right of the line the potential energy is
z>0

. If the particle's energy is less than the potential energy line will the particle reflect when the its energy is greater than the Potential energy barrier

height?
Solution
When
<0
the Schrodinger equation is as followed:

and the solution to this equation is:

Pi(z) = Ae™® 4 Be~ih®

where
2mE
kl = ( B2 )1/2
Region Two where z > 0:
h? &y
“om dr? + Voo = Epo

and the solution to the equation is:
‘(,bg(I) — Ceikgz + De—ikgz

and

Notice the difference between the two Schrodinger equations. Equation one does not have a potential energy component because it is before
the potential energy field hence have zero potential energy. After the potential energy field, the Schrodinger equation has a potential energy
component because the particle has potential energy at this moment.

When you solve the differential solutions to the Schrodinger equations you find that the amount that is reflected back of a particle by the line
is equal to the amount that is transmitted after the line. This is all we can find out for the information given. However, if we solve this solution
for when the Energy of the particle is greater than the potential energy line and compare the differential solutions to all four wave functions
then we find that all particles will be reflected by the barrier.

8.9: Postulates and Principles of Quantum Mechanics (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by LibreTexts.
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10.1.1: Things to review

This course requires that you are comfortable with same basic mathematical operations and basic calculus. It is imperative that you

go over this chapter carefully and identify the topics you may need to review before starting the semester. You will be too busy
learning new concepts soon, so this is the right time for you to seek help if you need it.

Notice: This chapter does not contain a review of topics you should already know. Instead, it gives you a list of topics that you
should be comfortable with so you can review them independently if needed. Also, remember that you can use the formula sheet at
all times, so locate the information you have and use it whenever needed!

1.1.1 The Equation of a straight line

e given two points calculate the slope, the x-intercept and the y-intercept of the straight line through the points.
o given a graph of a straight line write its corresponding equation.
o given the equation of a straight line sketch the corresponding graph.

1.1.2 Trigonometric Functions
o definition of sin, cos,tan of an angle.

o values of the above trigonometric functions evaluated at 0, n/2, mt, 3/2m, 2m.
o derivatives and primitives of sin and cos.

1.1.3 Logarithms

o the natural logarithm (In z) and its relationship with the exponential function.
o the decimal logarithm (log z) and its relationship with the function 10®.
o properties of logarithms (natural and decimal)

o In(1)=?

o In(ad) =?

o In(a/b) =7

o In(a®) =?

o In(1/a) =?

1.1.4 The exponential function
e properties

o e =?

o e?=1/..7
o e ®=?

o e%b =7

o e%/eb=?

o (e“)b =9

1.1.5 Derivatives

o concept of the derivative of a function in terms of the slope of the tangent line.
o derivative of a constant, e?, =", Inz, sinz and cos z.

o derivative of the sum of two functions.

o derivative of the product of two functions.

o the chain rule.

o higher derivatives (second, third, etc).

o locating maxima, minima and inflection points.
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1.1.6 Indefinite Integrals (Primitives)

« primitive of a constant, z*, 71, €%, sinz and cos z.

1.1.7 Definite Integrals
o using limits of integration.

o properties of definite integrals (see recommended exercises below).

X Test yourself!

Identify what you need to review by taking this non-graded quiz. http://tinyurl.com/lag5aza

This page titled 10.1.1: Things to review is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

1.1: Things to review by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.1.2: Odd and Even Functions

Many of you probably heard about odd and even functions in previous courses, but for those who did not, here is a brief
introduction.

¢ An odd function obeys the relation f(x) = —f(—z). For example, sin « is odd because sinz = —sin(—z).
o An even function obeys the relation f(z) = f(—=z). For example, cos z is even because cosz = cos(—=z).

Even functions are symmetric with respect to the y—axis. In other words, if you were to put a mirror perpendicular to the screen at «
= 0, the right side of the plot would produce a reflection that would overlap with the left side of the plot. Check Figure 10.1.2.1 to
be sure you understand what this means.

sin(x) ' cos(x)

¥ FAVERVAY wel
i [\ and L3 |
N s AR FARYY
awd— AL N e L[V

— —t 1Tt

-2r T 0 n 2n -2 T 0 Tt 2n

Figure 10.1.2.1: Odd and even functions. (CC BY-NC-SA; Marcia Levitus)

Odd functions are symmetric in a different way. Imagine that you have an axis perpendicular to the screen that contains the point
(0,0). Now rotate every point of your graph 180 degrees. If the plot you create after rotation overlaps with the plot before the
rotation, the function is odd. Check Figure 10.1.2.1 to be sure you understand what this means.

Note that functions do not necessarily need to be even or odd. The function e®, for instance, is clearly neither, as e* # e~
(condition for even) and e* # —e~* (condition for odd). You can also sketch the function e* and verify that it does not have the
symmetry of an odd or even function. For any function,

[ t@io= [ s@an+ [ syie

For an odd function, this integral equals zero:

/_a f(z)dz = /_0 f(:t:)d:n+/0a f(z)dz =0 (10.1.2.1)

This should be obvious just by looking at the plot of sinz. The area under the curve between 0 and a cancels out with the area under
the curve between —a and 0. This is great news because it means that we do not have to bother integrating odd functions as long as
the limits of integration span from —a to a, where a can be any number, including infinity. As it turns out this happens often in
quantum mechanics, so it is something worth keeping in mind!

For an even function,
f(z)dz = 2/ f(z)dz
—a 0

because the area under the curve between 0 and a equals the area under the curve between —a and 0. This not as helpful as Equation
10.1.2.1, but still might help in some cases. For example, let’s say that you need to evaluate [*° z2e~*'dz and the only material that
you have available is the formula sheet. You find an expression for

© 2
/ ze ™ dy
0

which you can use with n = 1 to obtain
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How do you get [® z2e~*dz? If the integrand is even, you just need to multiply by 2. This is in fact an even function, because z?
= (—z)2, and therefore it is clear that 22e~*" = (—z)2e~(-%)". Therefore,

o0
/ 22 de = g

—0C

(be sure you can get this result on your own).

It is useful to know that the product of two even functions or two odd functions is an even function, and the product of an odd
function and an even function is odd. For example,

e sin?z is the product of two odd functions, and is therefore even.
¢ cos?z is the product of two even functions, and is therefore even.
e sinzcosz is the product of an odd function and an even function, and is therefore odd.

—sin’(x) —— cos(x) —— cos(x) sin(x)
1.0

i 1.0 " 0.5
05 (\ i /\ /\ 0544 0.0

AL AT

— —— —r
25 T n In -2n = 0 = 2r -2 n 0 n

Figure 10.1.2.2: Products of odd and even functions. (CC BY-NC-SA; Marcia Levitus)

Need help understanding how to identify odd and even functions? External links:
http://www.youtube.com/watch?v=8VgmBe3ulb8

http://www.youtube.com/watch?v=68enNRhFORc

X 0dd, even or neither?

See if you can classify the functions shown in this short quiz.

http://tinyurl.com/l4pehb8

This page titled 10.1.2: Odd and Even Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 1.2: Odd and Even Functions by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.1.3: The Exponential Function

In Section 1.1 you were asked to review some properties of the exponential function. Here, we will learn (or review) how to sketch
exponential functions with negative exponents quickly. These types of functions appear very often in chemistry, so it is important
that you know how to visualize them without the help of a computer or calculator.

Suppose we want to sketch the function y = ae=**, where a and k are positive real numbers (e.g. y = 3¢=2*). We could consider
negative values of the variable z, but often = represents a time or another variable for which only positive values make sense, so we
will consider values of z > 0.

First, let’s find out the value of y(0), where the function crosses the y—axis. Because e® =1, y(0) = a. The number ¢ is often called
“the pre-exponential factor” (i.e. the factor before the exponential), or the “amplitude” of the function. This is the amplitude
because it will be the highest point in our plot.

Now, let’s see what happens as £ — co. From Section 1.1, it is expected that you know that e~ =0, and therefore, you should be
able to conclude that y(z) decreases from an initial value y(0) = a to zero. Whether the function will decay to zero slowly or rapidly
will depend on the value of k.

Let’s now consider two points in the curve y = ae™*

y1 = ae™F

y2 = ae”

and let’s further assume that y1/y2 = 2 (see Figure 10.1.3.1, left). What is the separation between x5 and z; (Az = 23 — 21)?

We know that y; /y; = 2, so

M=y

Ax="1
Figure 10.1.3.1: Sketching the function y = 3¢2* (CC BY-NC-SA; Marcia Levitus)
Using the properties of the exponential function:
2= e—k(ah—:tg) — e—k(—Az) — ek(Az)
and solving for Az:

In(2) = k(Az)
Az =1In(2)/k

This means that the function decays to 50% of its former value every time we move In2/k units to the right in the z—axis.

To sketch the function, we just need to remember that In(2) ~ 0.7. Therefore, to sketch y = 3e=2, we place the first point at y = 3
and z =0, and the second point at y = 3/2 and z ~ 0.7/2 = 0.35. We can continue adding points following the same logic: every
time we drop the value of y by half, we move In(2)/k units to the right in the z—axis (see Figure 10.1.3.1, right).

| Sketching an exponential function with negative exponent. http://tinyurl.com/n6pdvyh
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This page titled 10.1.3: The Exponential Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 1.3: The Exponential Function by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.1.4: The Period of a Periodic Function

A function f(z) is said to be periodic with period P if f(z) = f(z + P). In plain English, the function repeats itself in regular
intervals of length P. The period of the function of Figure 10.1.4.1 is 2.

AL AL AL I

f(x)

0.4

0.0

-4r =31 =2n =Ir Ox Im n 3n 4r 5m

Figure 10.1.4.4: A periodic function with period P = 27 (CC BY-NC-SA; Marcia Levitus)
We know that the period of sin(z) is 2, but what is the period of the function sin(nz)?
The period of sin(z) is 2, so:
sin(nz) = sin(nz + 2m)
By definition, for a periodic function of period P, the function repeats itself if we add P to =:
sin(nz) = sin(n(x + P)) = sin(nz + nP))
Comparing the two equations: 2r = nP, and therefore P = 2r/n.

For example, the period of sin(2z) is mr, and the period of sin(3z) is 27r/3 (see Figure 10.1.4.2).
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Figure 10.1.4.2: Some examples of the family of functions sin(nz). From left to right: sin(z), sin(2z), sin(3z) and sin(10z) (CC BY-
NC-SA; Marcia Levitus)

You can follow the same logic to prove that the period of cos(nz) is 2w/n. These are important results that we will use later in the

semester, so keep them in mind!

Test yourself with this short quiz! http://tinyurl.com/kdwop6!

This page titled 10.1.4: The Period of a Periodic Function is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 1.4: The Period of a Periodic Function by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.1.5: Exercises
To see if you are on track, solve the following exercises using only the formula sheet (no calculators, computers, books, etc!).

1. Draw the straight line that has a y-intercept of 3/2 and a slope of 1/2.
. Express £ — 2 41 as a single fraction.
. Simplify (a —4a3)/a"2.
. Express In8 — 51n 2 as the logarithm of a single number.
.GivenInP = —% +blnT + ¢, where q, b, ¢ and R are constants, obtain
. Obtain %
1. y = sinze™® (m is a constant).

1
V1—gz?
7. Obtain the first, second and third derivatives of

d(In P)
dT

DU A WN

2.y=

l.y=e?
2. y = cos(2x)
3.y=3+2z — 4z’
8. Evaluate [ cos 36d6.
9. Use the properties of integrals and your previous result to evaluate [ f cos 30df. What about 0"/ * cos 30d6 + I} :/4 cos 36d0?

0 fz<0
10. Given f(z) = { 3+ 2z if 0 <z < 1 Sketch f(z) and calculate [ f(z)dz
0 ifz>1

11. What is the value of this integral? [% ze *dz

12. Sketch sin(z/2). What is the period of the function?

13. The plots below (Figure 10.1.5.1) represent the following functions: y = 3¢~2/2, y = 3¢—=, y = 3¢~2* and y = 2¢~2%. Which one is
which?

Figure for problem 13. (CC BY-NC-SA; Marcia Levitus)

This page titled 10.1.5: Exercises is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.

o 1.5: Exercises by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source: https://www.public.asu.edu/~mlevitus/chm?240/book.pdf.
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SECTION OVERVIEW

10.2: Series

b Chapter Objectives

e Learn how to obtain Maclaurin and Taylor expansions of different functions.

o Learn how to express infinite sums using the summation operator (X)

e Understand how a series expansion can be used in the physical sciences to obtain an approximation that is valid in a
particular regime (e.g. low concentration of solute, low pressure of a gas, small oscillations of a pendulum, etc).

e Understand how a series expansion can be used to prove a mathematical relationship.

10.2.1: Maclaurin Series

10.2.2: Linear Approximations

10.2.3: Taylor Series

10.2.4: Other Applications of Mclaurin and Taylor series

10.2.5: Problems

This page titled 10.2: Series is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via source
content that was edited to the style and standards of the LibreTexts platform.
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10.2.1: Maclaurin Series

A function f(z) can be expressed as a series in powers of = as long as f(z) and all its derivatives are finite at z = 0. For example,

we will prove shortly that the function f(z) = can be expressed as the following infinite sum:

l1—z

ﬁ =1+zc+z?+2°+24+ ... (10.2.1.1)

We can write this statement in this more elegant way:

=) a" (10.2.1.2)

If you are not familiar with this notation, the right side of the equation reads “sum from n = 0 to n = oo of z*.” Whenn =0, 2" =1,
when n =1, 2" = ¢, when n = 2, ™ = 22, etc (compare with Equation 10.2.1.1). The term “series in powers of z” means a sum in
which each summand is a power of the variable z. Note that the number 1 is a power of z as well (z° = 1). Also, note that both
Equations 10.2.1.1 and 10.2.1.2 are exact, they are not approximations.

Similarly, we will see shortly that the function e® can be expressed as another infinite sum in powers of z (i.e. a Maclaurin series)

as:
U FIPSIR g Sy S S o (10.2.1.3)
5 5 n .2.1.
Or, more elegantly:
1
e = Z% " (10.2.1.4)
e

where n! is read “n factorial” and represents the product 1 x 2 x 3... x n. If you are not familiar with factorials, be sure you
understand why 4! = 24. Also, remember that by definition 0! = 1, not zero.

At this point you should have two questions: 1) how do I construct the Maclaurin series of a given function, and 2) why on earth

would I want to do this if and e® are fine-looking functions as they are. The answer to the first question is easy, and although

you should know this from your calculus classes we will review it again in a moment. The answer to the second question is trickier,
and it is what most students find confusing about this topic. We will discuss different examples that aim to show a variety of
situations in which expressing functions in this way is helpful.

How to obtain the Maclaurin Series of a Function

In general, a well-behaved function (f(z) and all its derivatives are finite at z = 0) will be expressed as an infinite sum of powers of
z like this:

[
flz)= Zanz" =ap+ a1z + agz? + ... + apz” (10.2.1.5)

n=0
Be sure you understand why the two expressions in Equation 10.2.1.5 are identical ways of expressing an infinite sum. The terms a,,
are called the coefficients, and are constants (that is, they are NOT functions of z). If you end up with the variable = in one of your
coefficients go back and check what you did wrong! For example, in the case of e® (Equation 10.2.1.3), ap = 1,a1 = 1,a2 = 1/2,a3
=1/6, etc. In the example of Equation 10.2.1.1, all the coefficients equal 1. We just saw that two very different functions can be

expressed using the same set of functions (the powers of ). What makes 1 different from e® are the coefficients a,,. As we will

see shortly, the coefficients can be negative, positive, or zero.

How do we calculate the coefficients? Each coefficient is calculated as:

4y = - ( d"f(z) )0 (10.2.1.6)

n! dzm
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That is, the n-th coefficient equals one over the factorial of » multiplied by the n-th derivative of the function f(x) evaluated at
zero. For example, if we want to calculate ay for the function f(z) = ﬁ, we need to get the second derivative of f(z), evaluate it
at z =0, and divide the result by 2!. Do it yourself and verify that ag = 1. In the case of a9y we need the zeroth-order derivative,
which equals the function itself (that is, ag = f(0), because é = 1). It is important to stress that although the derivatives are usually
functions of z, the coefficients are constants because they are expressed in terms of the derivatives evaluated at z = 0.

Note that in order to obtain a Maclaurin series we evaluate the function and its derivatives at z = 0. This procedure is also called the

expansion of the function around (or about) zero. We can expand functions around other numbers, and these series are called Taylor
series (see Section 3).

v Example 10.2.1.1

Obtain the Maclaurin series of sin(z).

Solution
We need to obtain all the coefficients (ag, a;...etc). Because there are infinitely many coefficients, we will calculate a few and
we will find a general pattern to express the rest. We will need several derivatives of sin(z), so let’s make a table:

n d" f(z) (L@))
da" ),
0 sin(x) 0
1 cos(z) 1
2 —sin(z) 0
3 —cos(z) -1
4 sin(z) 0
5 cos(z) !

Remember that each coefficient equals ( d"f() ) divided by n!, therefore:
0

dz™
n n! an
0 1 0
1 1 1
2 2 0
1
3 el
. 6
4 24 0
1
5 120 m

This is enough information to see the pattern (you can go to higher values of = if you don’t see it yet):

1. the coefficients for even values of n equal zero.
2. the coefficients for n = 1,5,9,183, ... equal 1/n!
3. the coefficients for n = 3,7,11,15, ... equal —1/n!.

Recall that the general expression for a Maclaurin series is ag + a1z + asz?...a,z", and replace ay...a,, by the coefficients we just
found:
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. 1 1 1
sin(z) =z — ym + am"’ - Faﬂ

This is a correct way of writing the series, but in the next example we will see how to write it more elegantly as a sum.

v/ Example 10.2.1.2

Express the Maclaurin series of sin(z) as a sum.

Solution

In the previous example we found that:

1 1 1
sin(z) = — —z° + —a° — —x...

T 5' = (10.2.1.7)

We want to express this as a sum:

E a,z"

The key here is to express the coefficients a, in terms of n. We just concluded that 1) the coefficients for even values of n equal
zero, 2) the coefficients for n = 1, 5,9, 13, ... equal 1/n! and 3) the coefficients for n = 3,7, 11, ... equal —1/xn!. How do we put all
this information together in a unique expression? Here are three possible (and equally good) answers:

e sin(z) = ;( (2 ~ 1)' 2t

o sin(z) = _1)(+D) 4m2"_1
(z) Z( 1) ( 5

o sin(z) = ﬂZ;cos(mr) @n +1)' 2+l

This may look impossibly hard to figure out, but let me share a few tricks with you. First, we notice that the sign in Equation
10.2.1.7 alternates, starting with a “+”. A mathematical way of doing this is with a term (—1) if your sum starts with n = 0, or
(=1)®+Y if you sum starts with n = 1. Note that cos(nx) does the same trick.

n (=1 (=1)n* cos(n)
0 1 -1 1
1 -1 1 41
2 1 -1 1
3 -1 1 -1
We have the correct sign for each term, but we need to generate the numbers 1, %, %, %, ... Notice that the number “1” can be

1 . . . . .
expressed as Nk To do this, we introduce the second trick of the day: we will use the expression 2rn +1 to generate odd

numbers (if you start your sum with n =0) or 2n —1 (if you start at n =1). Therefore, the expression

1 1 1 L. . . .
1, T which is what we need in the first and third examples (when the sum starts at zero).

Lastly, we need to use only odd powers of z. The expression z(27+1) generates the terms z, 3, z°... when you start at n = 0, and

1 .
@n+r BV

2@ achieves the same when you start your series at n = 1.

Confused about writing sums using the sum operator (>_)? This video will help: http://tinyurl.com/lvwd36q
Need help? The links below contain solved examples.

External links:
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Finding the maclaurin series of a function I: http://patrickjmt.com/taylor-and-maclaurin-series-example-1/
Finding the maclaurin series of a function II: http://www.youtube.com/watch?v= dp2ovDuWhro

Finding the maclaurin series of a function III: http://www.youtube.com/watch?v=" WWe7pZjc4s8

Graphical Representation

From Equation 10.2.1.5 and the examples we discussed above, it should be clear at this point that any function whose derivatives
are finite at = 0 can be expressed by using the same set of functions: the powers of z. We will call these functions the basis set. A
basis set is a collection of linearly independent functions that can represent other functions when used in a linear combination.

\ f"{ a'lll Il'L Iu'll

. v y=x / yEx| y=x

T i ; ) 5 : " | | I ;
-3 =] 5t o : 2 W -3 -2 B i i} 2 A ] -1 a 3 E -3 ] ) i 3 el 3

Figure 10.2.1.1: Some of the functions of the basis set for a Maclaurin expansion (CC BY-NC-SA; Marcia Levitus)

Figure 10.2.1.1 is a graphic representation of the first four functions of this basis set. To be fair, the first function of the set is ° = 1,
so these would be the second, third, fourth and fifth. The full basis set is of course infinite in length. If we mix all the functions of
the set with equal weights (we put the same amount of 22 than we put £2 or z%), we obtain (1 — z)~! (Equation 10.2.1.1. If we use
only the odd terms, alternate the sign starting with a ‘+’, and weigh each term less and less using the expression 1/(2n — 1)! for the
n — th term, we obtain sinz (Equation 10.2.1.7). This is illustrated in Figure 10.2.1.2, where we multiply the even powers of z by
zero, and use different weights for the rest. Note that the ‘etcetera’ is crucial, as we would need to include an infinite number of
functions to obtain the function sin z exactly.

T 71 f | [

+1 0 -1/6

eteetera 56 7 8
ﬂ\ - ¥ X, X X

Figure 10.2.1.2: Construction of sin z using the powers of = as the basis set. (CC BY-NC-SA; Marcia Levitus)
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Although we need an infinite number of terms to express a function exactly (unless the function is a polynomial, of course), in
many cases we will observe that the weight (the coefficient) of each power of = gets smaller and smaller as we increase the power.
For example, in the case of sinz, the contribution of 23 is 1/6th of the contribution of « (in absolute terms), and the contribution of
x® is 1/120th. This tells you that the first terms are much more important than the rest, although all are needed if we want the sum
to represent sin z exactly. What if we are happy with a ‘pretty good’ approximation of sinz? Let’s see what happens if we use up to
2% and drop the higher terms. The result is plotted in blue in Figure 10.2.1.3 together with sinz in red. We can see that the function =
—1/6z3 is a very good approximation of sinz as long as we stay close to z = 0. As we move further away from the origin the
approximation gets worse and worse, and we would need to include higher powers of z to get it better. This should be clear from
eq. [series:sin], since the terms z™ get smaller and smaller with increasing n if  is a small number. Therefore, if z is small, we

. 1 .
could write sin(z) ~ = — 513, where the symbol ~ means approximately equal.

| Al [ | f

'\ b .I'

5678
XX X, X...

Figure 10.2.1.3: Approximation of gin z up to the third power of z. The curve in blue is the function = — 1/62%, and the curve in red

is sinz (CC BY-NC-SA; Marcia Levitus)
But why stopping at n = 3 and not n = 1 or 5? The above argument suggests that the function z might be a good approximation of
sinz around z = 0, when the term 2 is much smaller than the term z. This is in fact this is the case, as shown in Figure 10.2.1.4.

We have seen that we can get good approximations of a function by truncating the series (i.e. not using the infinite terms).
Students usually get frustrated and want to know how many terms are ‘correct’. It takes a little bit of practice to realize there is no
universal answer to this question. We would need some context to analyze how good of an approximation we are happy with. For
example, are we satisfied with the small error we see at z = 0.5 in Figure 10.2.1.4? It all depends on the context. Maybe we are
performing experiments where we have other sources of error that are much worse than this, so using an extra term will not
improve the overall situation anyway. Maybe we are performing very precise experiments where this difference is significant. As
you see, discussing how many terms are needed in an approximation out of context is not very useful. We will discuss this
particular approximation when we learn about second order differential equations and analyze the problem of the pendulum, so

hopefully things will make more sense then.
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Figure 10.2.1.4: Approximation of sinz up to the first power of z. The curve in blue is the function z, and the curve in red is sinz
(CC BY-NC-SA; Marcia Levitus)
This page titled 10.2.1: Maclaurin Series is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 3.1: Maclaurin Series by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.2.2: Linear Approximations

If you take a look at Equation 3.1.5 you will see that we can always approximate a function as ag 4+ a;z as long as z is small. When
we say ‘any function” we of course imply that the function and all its derivatives need to be finite at z = 0. Looking at the
definitions of the coefficients, we can write:

f(z) ~ £(0) + £'(0)z (10.2.2.1)

We call this a linear approximation because Equation 10.2.2.1 is the equation of a straight line. The slope of this line is f/(0) and the
y-intercept is £(0).

A fair question at this point is ‘why are we even talking about approximations?” What is so complicated about the functions sin z, e*
or In (z + 1) that we need to look for an approximation? Are we getting too lazy? To illustrate this issue, let’s consider the problem
of the pendulum, which we will solve in detail in the chapter devoted to differential equations. The problem is illustrated in Figure
10.2.2.1, and those of you who took a physics course will recognize the equation below, which represents the law of motion of a
simple pendulum. The second derivative refers to the acceleration, and the sin @ term is due to the component of the net force along
the direction of motion. We will discuss this in more detail later in this semester, so for now just accept the fact that, for this
system, Newton’s law can be written as:

o) g
a T

sinf(t) =0

?H = ’mgsme
e
_,{..

: mgcosd

Figure 10.2.2.1: A rigid pendulum with massless and inextensible cord of length . The motion is assumed to occur in two

dimensions, and the friction is assumed to be negligible. The mass of the object is m, and g is the acceleration due to gravity. (CC

BY-NC-SA; Marcia Levitus)
This equation should be easy to solve, right? It has only a few terms, nothing too fancy other than an innocent sine function...How
difficult can it be to obtain 6(t)? Unfortunately, this differential equation does not have an analytical solution! An analytical solution
means that the solution can be expressed in terms of a finite number of elementary functions (such as sine, cosine, exponentials,
etc). Differential equations are sometimes deceiving in this way: they look simple, but they might be incredibly hard to solve, or
even impossible! The fact that we cannot write down an analytical solution does not mean there is no solution to the problem. You
can swing a pendulum and measure 6(t) and create a table of numbers, and in principle you can be as precise as you want to be. Yet,
you will not be able to create a function that reflects your numeric results. We will see that we can solve equations like this
numerically, but not analytically. Disappointing, isn’t it? Well... don’t be. A lot of what we know about molecules and chemical
reactions came from the work of physical chemists, who know how to solve problems using numerical methods. The fact that we
cannot obtain an analytical expression that describes a particular physical or chemical system does not mean we cannot solve the
problem numerically and learn a lot anyway!

But what if we are interested in small displacements only (that is, the pendulum swings close to the vertical axis at all times)? In
this case, 8 << 1, and as we saw sin 8 ~ 6 (see Figure 3.1.4). If this is the case, we have now:

d?6(t)
dt?

+ %0@) =0
As it turns out, and as we will see in Chapter 2, in this case it is very easy to obtain the solution we are looking for:
8(t) = 0(t = 0) cos ((%)1/21:)

This solution is the familiar ‘back and forth’ oscillatory motion of the pendulum you are familiar with. What you might have not
known until today is that this solution assumes sin @ ~ 6 and is therefore valid only if § << 1!
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There are lots of ‘hidden’ linear approximations in the equations you have learned in your physics and chemistry courses. You may
recall your teachers telling you that a give equation is valid only at low concentrations, or low pressures, or low... you hopefully get
the point. A pendulum is of course not particularly interesting when it comes to chemistry, but as we will see through many
examples during the semester, oscillations, generally speaking, are. The example below illustrates the use of series to a problem
involving diatomic molecules, but before discussing it we need to provide some background.

The vibrations of a diatomic molecule are often modeled in terms of the so-called Morse potential. This equation does not provide
an exact description of the vibrations of the molecule under any condition, but it does a pretty good job for many purposes.

V(R) = D. (1_e—k(R—Re))2 (10.2.2.2)

Here, R is the distance between the nuclei of the two atoms, R, is the distance at equilibrium (i.e. the equilibrium bond length), D,
is the dissociation energy of the molecule, k is a constant that measures the strength of the bond, and V is the potential energy. Note
that R, is the distance at which the potential energy is a minimum, and that is why we call this the equilibrium distance. We would
need to apply energy to separate the atoms even more, or to push them closer (Figure 10.2.2.2).

At room temperature, there is enough thermal energy to induce small vibrations that displace the atoms from their equilibrium
positions, but for stable molecules, the displacement is very small: R — R, — 0. In the next example we will prove that under these
conditions, the potential looks like a parabola, or in mathematical terms, V(R) is proportional to the square of the displacement.
This type of potential is called a ~harmonic potential’. A vibration is said to be simple harmonic if the potential is proportional to
the square of the displacement (as in the simple spring problems you may have studied in physics).

V(R)4

@ w@

"R
Figure 10.2.2.2: The Morse potential (CC BY-NC-SA; Marcia Levitus)

v/ Example 10.2.2.1

Expand the Morse potential as a power series and prove that the vibrations of the molecule are approximately simple harmonic
if the displacement R — R, is small.

Solution
The relevant variable in this problem is the displacement R — R,, not the actual distance R. Let’s call the displacement R — R,
= z, and let’s rewrite Equation 10.2.2.2 as

2

V(R) = D, (1-e7*) (10.2.2.3)

The goal is to prove that V(R) = cz? (i.e. the potential is proportional to the square of the displacement) when ¢ — 0. The
constant ¢ is the proportionality constant. We can approach this in two different ways. One option is to expand the function
shown in Equation 10.2.2.3 around zero. This would be correct, but it but involve some unnecessary work. The variable x
appears only in the exponential term, so a simpler option is to expand the exponential function, and plug the result of this
expansion back in Equation 10.2.2.3. Let’s see how this works:

We want to expand e~** as ag + a1z + agz?...a,z", and we know that the coefficients are a,, = # (%(,,’)) 0"
The coefficient ag is f(0) = 1. The first three derivatives of f(z) = e~* are

. f@)=—ke
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° f”(z) — kZG—kz
. f”’(:v) — _k3e—ka:

When evaluated at z = 0 we obtain, —k, k2, —k3...
and therefore a, = % forn =0,1,2....
Therefore,
e =1 — kz + K2z?/2! — K33 /3! + Ktz /4.
and
1—e™ = 4o — K22%/2! + K323 /3! — k'a/4)...

From the last result, when z << 1, we know that the terms in z2,z3... will be increasingly smaller, so 1 —e™ ~ kz and
(1—e )2 ~ k222
Plugging this result in Equation 10.2.2.3 we obtain V(R) ~ D.k*z?, so we demonstrated that the potential is proportional to the

square of the displacement when the displacement is small (the proportionality constant is D.k?). Therefore, stable diatomic
molecules at room temperatures behave pretty much like a spring! (Don’t take this too literally. As we will discuss later,

microscopic springs do not behave like macroscopic springs at all).

This page titled 10.2.2: Linear Approximations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 3.2: Linear Approximations by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.

@ 0 a @ 10.2.2.3 https://chem.libretexts.org/@go/page/456237


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456237?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.02%3A_Series/10.2.02%3A_Linear_Approximations
https://creativecommons.org/licenses/by-nc-sa/4.0
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.02%3A_Series/School%20of%20Molecular%20Sciences
https://www.public.asu.edu/~mlevitus/chm240/book.pdf
https://chem.libretexts.org/@go/page/106814
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.02%3A_Series/School%20of%20Molecular%20Sciences
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://www.public.asu.edu/~mlevitus/chm240/book.pdf

LibreTexts"

10.2.3: Taylor Series

Before discussing more applications of Maclaurin series, let’s expand our discussion to the more general case where we expand a
function around values different from zero. Let’s say that we want to expand a function around the number k. If A = 0, we call the
series a Maclaurin series, and if A # 0 we call the series a Taylor series. Because Maclaurin series are a special case of the more
general case, we can call all the series Taylor series and omit the distinction. The following is true for a function f(z) as long as the
function and all its derivatives are finite at A:

f(@) = ap + ay(z — h) + az(z — h)+... + an(z — h)" = f: an(z — h)" (10.2.3.1)

n=0

The coefficients are calculated as

1 af
= ( d:v")h (10.2.3.2)

Notice that instead of evaluating the function and its derivatives at # = 0 we now evaluate them at & = h, and that the basis set is

now 1, (z — h), (z — h)?, ..., (x — h)" instead of 1,z,x2,...,z™. A Taylor series will be a good approximation of the function at values
of z close to h, in the same way Maclaurin series provide good approximations close to zero.

To see how this works let’s go back to the exponential function. Recall that the Maclaurin expansion of ¢® is shown in Equation
3.1.3. We know what happens if we expand around zero, so to practice, let’s expand around k = 1. The coefficient ag is f(1) = &*
= e. All the derivatives are e®, 50 f’(1) = f”(1) = f”(1)... = e. Therefore, a, = % and the series is therefore
1 2, 1 3 _\~ € n
e [1 +@—1)+FE—1+5@—1) +] =) S@-1) (10.2.3.3)

n=0 """

We can use the same arguments we used before to conclude that e* mez if z ~1. If z =1, (z —1) =0, and the terms
(z —1)2, (x — 1)% will be smaller and smaller and will contribute less and less to the sum. Therefore,

e ~e[l+ (z—1)] =ez.

This is the equation of a straight line with slope e and y-intercept 0. In fact, from Equation 3.1.7 we can see that all functions will
look linear at values close to k. This is illustrated in Figure 10.2.3.1, which shows the exponential function (red) together with the
functions 1 + z (magenta) and ez (blue). Not surprisingly, the function 1 + x provides a good approximation of e® at values close to
zero (see Equation 3.1.3) and the function ez provides a good approximation around z = 1 (Equation 10.2.3.3).

a /
7
=
—

=

X

Figure 10.2.3.1: Two linear approximations of the exponential function. The function e is plotted in red together with the function y
=14z (magenta) and y = ez (blue). (CC BY-NC-SA; Marcia Levitus)
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Expand f(z) =Ilnz aboutz =1

Solution

f(z) = ap + ay(x — h) + as(x — h)*+... + an(z — B)", a,, = % ( Z:{ ) .

ao= f(1)=In(1) =0

The derivatives of Inz are:

f' (@) =1/z, " (z) = —1/2%, £ (z) = 2/2°, O (z) = —6/2*, £ O (z) = 24/2°...

and therefore,

FO)=1,f1)=-1f"(1) =291 = -6, fO(1) = 24....
To calculate the coefficients, we need to divide by n!:
e a1 =f'(1)/11=1
o ay=fr(1)/2=—1/2
e az=f"(1)/3!=2/3!=1/3
o ay=fW(1)/4 = —6/41=—1/4
o a,= (_1)n+1/n

The series is therefore:

00 (_173n+1 (m - 1)71

f@) =0+1(z—1)—1/2(z—1)? +1/3(z—1)*..= )

n=1

Note that we start the sum at » = 1 because aq = 0, so the term for = = 0 does not have any contribution.

Need help? The links below contain solved examples.

External links:

Finding the Taylor series of a function I: http://patrickjmt.com/taylor-and-maclaurin-series-example-2/

This page titled 10.2.3: Taylor Series is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus
via source content that was edited to the style and standards of the LibreTexts platform.

o 3.3: Taylor Series by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.2.4: Other Applications of Mclaurin and Taylor series

So far we have discussed how we can use power series to approximate more complex functions around a particular value. This is
very common in physical chemistry, and you will apply it frequently in future courses. There are other useful applications of Taylor
series in the physical sciences. Sometimes, we may use relationships to derive equations or prove relationships. Example 10.2.4.1

illustrates this last point.

v/ Example 10.2.4.1

Calculate the following sum (X is a positive constant)

o) Ake_)‘
2w
Solution
Let’s ‘spell out’ the sum:
T PR
— K ITRERPTRERE TR

The sum within the brackets is exactly e*. This is exact, and not an approximation, because we have all infinite terms.

Therefore,

k=0

This would require that you recognize the term within brackets as the Maclaurin series of the exponential function. One
simpler version of the problem would be to ask you to prove that the sum equals 1.

There are more ways we can use Taylor series in the physical sciences. We will see another type of application when we study
differential equations. In fact, power series are extremely important in finding the solutions of a large number of equations that
arise in quantum mechanics. The description of atomic orbitals, for example, require that we solve differential equations that

involve expressing functions as power series.
This page titled 10.2.4: Other Applications of Mclaurin and Taylor series is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

¢ 3.4: Other Applications of Mclaurin and Taylor series by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.2.5: Problems

? Problem10.2.5.1

Expand the following functions around the value of z indicated in each case.
In each case, write down at least four terms of the series, and write down the result as an infinite sum.

e sin(az), =0, a is a constant

cos (az), ¢ =0, ¢ is a constant

e % g =0, g is areal constant

e €% g =0, a is areal constant

e In(az), z =1, ais areal constant

? Problem 10.2.5.2

Use the results of the previous problem to prove Euler’s relationship:

e® =cosz +isinz

? Problem 10.2.5.3

The osmotic pressure () of a solution is given by
—RTInzyg =7V,
where V,, is the molar volume of the pure solvent, and z, is the mole fraction of the solvent.
Show that in the case of a dilute solution
RTzg ~ 7wV
where zp is the mole fraction of the solute. Remember that the mole fractions of the solute and the solvent need to add up to 1.

Note: you may use any of the results you obtained in Problem 10.2.5.1.

? Problem 10.2.5.4

The following expression is known as the Butler-Volmer equation, and it is used in electrochemistry to describe the kinetics of
an electrochemical reaction controlled solely by the rate of the electrochemical charge transfer process.

ji= jo(e(l_a)f" —eM), 0<a<land f>0,7>0
Show that j ~ jofn when fn << 1.

Note: you may use any of the results you obtained in Problem 10.2.5.1.

? Problem 10.2.5.5

The energy density of black-body radiation (p) at temperature T is given by Plank’s formula:

8mhe ;. —
pN) = 2R [T 1]

where X is the wavelength, & is Plank’s constant, and c is the speed of light. Show that the formula reduces to the classical
Rayleigh-Jeans law p = 87kT /A% for long wavelengths (A — o).

Hint: Define a variable » = A~! and solve the problem for » — 0.

Note: you may use any of the results you obtained in Problem 10.2.5.1.
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? Problem 10.2.5.6

=1, X is a positive real constant.

0
. Abe—A
Use series to prove that EO &

? Problem 10.2.5.7

Write down the equation of a straight line that provides a good approximation of the function e® at values close to z = 2.

? Problem 10.2.5.8

. (-1 n+1
Use a Taylor expansion around a to prove thatlnz =Ina + Z i
n

prs (z—a)"

n=1

This page titled 10.2.5: Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
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SECTION OVERVIEW

10.3: Calculus in More than One Variable

b Chapter Objectives

e Review the concept of partial derivative.

o Review the properties of partial derivatives.

o Be able to use the properties of partial derivatives in the context of physical chemistry problems.

e Review the concept of double and triple integrals.

o Learn the concept of equation of state. Understand the concept of a van der Waals gas from the molecular point of view.
o Learn about phase transitions and critical phenomena.

10.3.1: Functions of Two Independent Variables
10.3.2: The Equation of State

10.3.3: The Chain Rule

10.3.4: Double and Triple Integrals

10.3.5: Real Gases

10.3.6: Problems

This page titled 10.3: Calculus in More than One Variable is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.
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10.3.1: Functions of Two Independent Variables

A (real) function of one variable, y = f(z), defines a curve in the plane. The first derivative of a function of one variable can be
interpreted graphically as the slope of a tangent line, and dynamically as the rate of change of the function with respect to the
variable Figure 10.3.1.1.

y
slope=f'(a) y=f(x)

Figure 10.3.1.1: Geometric interpr(?ation of a derivative. (CC BY—NC)-(SA; Marcia Levitus)
A function of two independent variables, z = f(z,y), defines a surface in three-dimensional space. For a function of two or more
variables, there are as many independent first derivatives as there are independent variables. For example, we can differentiate the
function z = f(x,y) with respect to z keeping y constant. This derivative represents the slope of the tangent line shown in Figure
10.3.1.2A. We can also take the derivative with respect to y keeping « constant, as shown in Figure 10.3.1.2B.
A Z B =
A A

b i
Figure 10.3.1.2: Geometric interpretation of a partial derivative. (CC BY-NC-SA; Marcia Levitus)

For example, let’s consider the function z = 3z% — 2 + 2zy. We can take the derivative of this function with respect to z treating y
as a constant. The result is 6z + 2y. This is the partial derivative of the function with respect to z, and it is written:

0z

where the small subscripts indicate which variables are held constant. Analogously, the partial derivate of z with respect to y is:

(5) ==

We can extend these ideas to functions of more than two variables. For example, consider the function f(z,y,2) = z%y/2. We can

differentiate the function with respect to = keeping y and z constant to obtain:

https://chem.libretexts.org/@go/page/456242



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456242?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.03%3A_Calculus_in_More_than_One_Variable/10.3.01%3A_Functions_of_Two_Independent_Variables
https://sms.asu.edu/marcia_levitus
https://sms.asu.edu/marcia_levitus

LibreTexts"

of _ oY
(%)W =%

We can also differentiate the function with respect to z keeping z and y constant:

(55)., ===/

and differentiate the function with respect to y keeping = and z constant:

&y -2
ay z,2 z
Functions of two or more variables can be differentiated partially more than once with respect to either variable while holding the
other constant to yield second and higher derivatives. For example, the function z = 3z —y? + 2zy can be differentiated with

(&(&).),- (),

We can also differentiate with respect to ¢ first and 5 second:
2(81)) (21,
oy\oz),), \oydz )~

Check the videos below if you are learning this for the first time, or if you feel you need to refresh the concept of partial

respect to z two times to obtain:

derivatives.

o Partial derivatives: http://patrickjmt.com/derivatives-finding-partial-derivatives (don’t get confused by the different
notation!)

o Partial derivatives: http://www.youtube.com/watch?v=vxJR5graUfI

o Higher order partial derivatives: http://www.youtube.com/watch?v=3itjTS2Y90E

If a function of two or more variables and its derivatives are single-valued and continuous, a property normally attributed to
physical variables, then the mixed partial second derivatives are equal (Euler reciprocity):

(;:gy) N (aayzai) (10.3.L.1)

(3226];) N (%(%)y)m = (%(‘ﬁvﬂy))m =2

o*f o (of (7]
(o) = (2 (5).), = (mavem), =2
Another useful property of the partial derivatives is the so-called reciprocal identity, which holds when the same variables are held
constant in the two derivatives:

For example, for z = 322 — y? + 2zy:

( 9y ) _ 1 (10.3.1.2)

For example, for z = z%y:
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Finally, let’s mention the cycle rule. For a function z(z,y):

(%)z (%)y(%)z - (10.3.L.3)

We can construct other versions as follows:

(42 -
oz ox ),

(a% {z) -
ax ) Loy kez ),
Figure 10.3.1.3: The chain rule: Start with any partial derivative, and follow the pattern to construct the rest (CC BY-NC-SA;

Marcia Levitus)

For example, for z = z2y:

(2) (22) () -2y ra__(2)"1__(2y P
0r ), \0z/,\08y/, 232 - Y r y r
Before discussing partial derivatives any further, let’s introduce a few physicochemical concepts to put our discussion in context.

This page titled 10.3.1: Functions of Two Independent Variables is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 8.1: Functions of Two Independent Variables by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:

https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.3.2: The Equation of State

From the last section, the cycle rule is defined as follows:

(2).(5),3).-

The thermodynamic state of a system, such as a fluid, is defined by specifying a set of measurable properties sufficient so that all
remaining properties are determined. For example, if you have a container full of a gas, you may specify the pressure, temperature
and number of moles, and this should be sufficient for you to calculate other properties such as the density and the volume. In other
words, the temperature (7"), number of moles (rn), volume (V) and pressure (P) are not all independent variables.

Ideal Gas Equation of State

To make sense of this statement, let’s consider an ideal gas. You know from your introductory chemistry courses! that temperature,
number of moles, volume and pressure are related through a universal constant R:

nRT

pP=
7

(10.3.2.2)

If Pis expressed in atmospheres, V in liters, and T in Kelvin, then R = 0.082 %

This expression tells you that the four variables cannot be changed independently. If you know three of them, you also know the
fourth.

Equation 10.3.2.2 is one particular case of what is known as an equation of state. An equation of state is an expression relating the
density of a fluid with its temperature and pressure. Note that the density is related to the number of moles and the volume, so it
takes care of these two variables together. There is no single equation of state that predicts the behavior of all substances under all
conditions. Equation 10.3.2.2, for example, is a good approximation for non polar gases at low densities (low pressures and high
temperatures). Other more sophisticated equations are better suited to describe other systems in other conditions, but there is no
universal equation of state.

In general, for a simple fluid, an equation of state will be a relationship between P and the variables T, V and n:
P=P(T,V,n) = P(T,Vn),

where V,, is the molar volume, V /n. The molar volume is sometimes written as V. For example, Equation 10.3.2.2 can be rerwritten
as

P=".

v

Let’s ‘play’ with the equation of state for an ideal gas. The partial derivative (%) represents how the pressure changes as we
Vo

change the temperature of the container at constant volume and constant n:

(E)P) _nR
T )yn V
It is a relief that the derivative is positive, because we know that an increase in temperature causes an increase in pressure! This

also tells us that if we increase the temperature by a small amount, the increase in pressure will be larger in a small container than
in a large container.

v
temperature and constant n:

. A oP .
The partial derivative (—) represents how the pressure changes as we change the volume of the container at constant
Tm

(&) —_nnz
Tn_

ov
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Again, we are happy to see the derivative is negative. If we increase the volume we should see a decrease in pressure as long as the
temperature is held constant. This is not too different from squeezing a balloon (don’t try this at home!).

. . . . v .
We can also write an equation that represents how the volume changes with a change in pressure: (6_P) . From Equation

Tn
10.3.2.2,
nRT

V= T

and therefore:
( o ) _ _TnRT
OP/)rn - P2
Let’s compare these two derivatives:
(6_V) _ _nRT _ nRT _ V?> 1
O0P)r, P2 (nRT/V)?  nRT (6_P)
v Ty

Surprised? You shouldn’t be based on the inverse rule! (Equation ???). Note that this works because we hold the same variables
constant in both cases.

Now, you may argue that the inverse rule is not particularly useful because it doesn’t take a lot of work to solve for V and perform
ov

(a_P) T,n.

Dieterici’s Equation of State

Let’s consider a more complex equation of state known as Dieterici’s equation of state for a real gas:

p= BT _omvr)

V—b

Here, o and b are constants that depend on the particular gas (e.g. whether we are considering H, or CO3). Let’s say you are asked

to obtain (g—g) . What do you do? Do you find the inverse rule useful now?
Tn

Let’s go back to the ideal gas, and calculate other partial derivatives:

oP nRT
(W)T = V2 (10.3.2.3)
(%V) = % (10.3.2.4)
Pn
or |4

Let’s calculate the product:

(BP) (6_V) (6T) __nRT nRV __nRT_
T Pn va V2 P aR ™~ VP

8V )10 \ 0T ), \ 0P =1
In the last step, we used Equation 10.3.2.2. Surprised? You shouldn’t be based on the cycle rule! (Equation 10.3.2.1). Again, this is
not particularly useful for an ideal gas, but let’s think about Dieterici’s equation again and let’s assume that you are interested in

calculating (%) . What would you do?
P

This page titled 10.3.2: The Equation of State is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 8.2: The Equation of State by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.3.3: The Chain Rule

We all know that the position of a point in space can be specified with two coordinates, « and y, called the cartesian coordinates.
We also know that we can choose instead to specify the position of the point using the distance from the origin (r) and the angle
that the vector makes with the z axis (6). The latter are what we call plane polar coordinates, which we will cover in much more

detail in Chapter 10.

P(x.y),P(1,9)

=4
0)
/ 1
Y » X-(AXIS
Figure 10.3.3.1: Cartesian and polar coordinates. (CC BY-NC-SA; Marcia Levitus)

The two coordinate systems are related by:

z=rcosf; y=rsind (10.3.3.1)
r=+z2+y% 0=tan"'(y/x) (10.3.3.2)

Let’s assume that we are given a function in polar coordinates, for example f(r,8) = e~3" cos 6, and we are asked to find the partial
derivatives in cartesian coordinates, (8f/8z), and (8f/8y),. We can of course re-write the function in terms of z and y and find the
derivatives we need, but wouldn’t it be wonderful if we had a universal formula that converts the derivatives in polar coordinates (
(8f/0r)e and (8f/06).) to the derivatives in cartesian coordinates? This would allow us to take the derivatives in the system the
equation is expressed in (which is easy), and then translate the derivatives to the other system without thinking too much. The chain
rule will allow us to create these ‘universal ’ relationships between the derivatives of different coordinate systems.

Before using the chain rule, let’s obtain (0f/0z), and (8f/dy), by re-writing the function in terms of = and y. I want to show you
how much work this would involve, so you can appreciate how useful using the chain rule is. Using Equations 10.3.3.1 and 10.3.3.2,
we can rewrite f(r,0) = e 3" cos@ as

3@+,
flz,y) = (@ + y?)1/2

We can easily obtain (8f/0z), and (3f/dy),, but it is certainly quite a bit of work. What if I told you that (8f/dz), is simply

(5) oo (), (),

independently of the function f? We will derive this result shortly, but for now let me just mention that the procedure involves
using the chain rule. You are probably sighing in relief, because the derivatives (8f/8r), and (8f/86), are much easier to obtain:

6f — _q,—3r
(E)a_ 3e" cos

6f o3
(%)r— e~ sinf

and using Equation 10.3.3.3, we can obtain the derivative we are looking for:

sinf _,. .
e ginf

(ﬂ) =—cosO x 3¢ % cosh+
oz /,
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2 )
(af) =—cos?0x3e ¥+ ye_sr =¢73r (SH:” 4 — 3cos? 0)
y

oz
(ﬂ) =e—s(z2+y2)”ﬂ( v 5 2 )
o), @A @)

Hopefully this wasn’t too painful, or at least, less tedious that it would have been hadn’t we used the chain rule. What about
(8f/0y)? We can create an expression similar to Equation 10.3.3.3 and use it to relate (8f/dy), with (8f/0r)e and (8f/59),.

At this point you may be thinking that this all worked well because the function we had was easier to derive in polar coordinates
than in cartesian coordinates. True, but this is the whole point. Many physical systems are described in polar coordinates more
naturally than in cartesian coordinates (especially in three dimensions). This has to do with the symmetry of the system. For an
atom, for example, it is much more natural to use spherical coordinates than cartesian coordinates. We could use cartesian, but the
expressions would be much more complex and hard to work with. If we have equations that are more easily expressed in polar
coordinates, getting the derivatives in polar coordinates will always be easier. But why would we want the derivatives in cartesian
coordinates then? A great example is the Schrodinger equation, which is at the core of quantum mechanics. We will talk more about
this when we discuss operators, but for now, the Schrédinger equation is a partial differential equation (unless the particle moves in
one dimension) that can be written as:

BY(F) =~ VY(F) + VERE)

Because of the symmetry of the system, for atoms and molecules it is simpler to express the position of the particle (#) in spherical
coordinates. However, the operator V2 (known as the Laplacian) is defined in cartesian coordinates as:

R o AN € AN -4
V.f(z;y’z)_(axz)%z-i_(ay?)z’z-i_(622)3;,1/

In other words, the Laplacian instructs you to take the second derivatives of the function with respect to z, with respect to y and
with respect to z, and add the three together. We could express the functions V(#) and 4(7) in cartesian coordinates, but again, this
would lead to a terribly complex differential equation. Instead, we can express the Laplacian in spherical coordinates, and this is in
fact the best approach. To do this, we would need to relate the derivatives in spherical coordinates to the derivatives in cartesian
coordinates, and this is done using the chain rule.

Hopefully all this convinced you of the uses of the chain rule in the physical sciences, so now we just need to see how to use it for
our purposes. In two dimensions, the chain rule states that if we have a function in one coordinate system wu(z,y), and these
coordinates are functions of two other variables (e.g. z = =(8,r) and y = y(6,7)) then:

&) (3),6).+(5). 5,

(3).~ (2), (@), (5). ().

Some students find the following ’tree’ constructions useful:
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Figure 10.3.3.2: The chain rule (CC BY-NC-SA; Marcia Levitus)

&-

We can also consider u = u(r, §), and § = 6(z, y) and r = r(z, y), which gives

(5:),=(5), (%), (5). (),
(&)= (3).(5).+ (3).(5)

v/ Example 10.3.3.1

Derive Equation 10.3.3.3.

Solution
of\ Of\ _ sind (of . . .
We need to prove (%) = cosf ( o )0 . ( 20 )r. Using the chain rule:
()~ (%).(5),+ (&), (&)
oz /, a0 Oz Or/)o\0z/,

From Equation 10.3.3.1 and 10.3.3.2
1 2y-12
E(T )~%(2r cos ) = cos@

( 3T) - %(‘”2 +9°)7/%(22) =

oz
(B) - i o 11 1
8z ), 1+(y/z)? 22 1+ (y/z)2zx  1-+tan?6 rcosf
_ 1 sinf 1 _sint9
N sin2@ cosf rcos® T
cos2 0
Therefore,

ofy _ ﬁ) _s1n0(8f)
(az)l,_mso(ar o r \00

Need help? The videos below contain examples of how to use the chain rule for partial derivatives

o Example 1: http://www.youtube.com/watch?v=HOYAO-pOHsg
o Example 2: http://www.youtube.com/watch?v=kCr13iTRN7E (tree diagrams)

This page titled 10.3.3: The Chain Rule is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus

via source content that was edited to the style and standards of the LibreTexts platform
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10.3.4: Double and Triple Integrals

We can extend the idea of a definite integral to more dimensions. If f(z,y) is continuous over the rectangle R = [a, b] x [c, d] then,

//f(z,y)dA = '/: '/cd f(z,y) dydz = '/cd /ab f(z,y)dz dy (10.3.4.1)
R

If #(z,y) > 0, then the double integral represents the volume V of the solid that lies above the rectangle R and below the surface =
= f(z,y) (Figure 10.3.4.1).

Figure 10.3.4.1: Geometric interpretation of a double integral (CC BY-NC-SA; Marcia Levitus)

We can compute the double integral of Equation 10.3.4.1 as:

b d
é/ f@aa= [ [/ f(w,y)dy] dz

meaning that we will first compute

/c  fe) dy

holding z constant and integrating with respect to y. The result will be a function containing only x, which we will integrate
between a and b with respect to z.

For example, let’s solve f(f‘ J 12 z2y dy dz. We’ll start by solving |. 12 2%y dy holding = constant:

2 2 3
/ a:2ydy=:1:2/ ydy=Ea:2
1 1

Now we integrate this function from 0 to 3 with respect to z:

3 p2 3
/ / a:2ydyd:1:=/ E:1:2d:1:=Z
0 J1 0o 2 2

You can of course integrate from 0 to 3 first with respect to = holding y constant, and then integrate the result with respect to y from
1 to 2. Try it this way and verify you get the same result.

Triple integrals work in the same way. If f(z,y, ) is continuous on the rectangular box B = [a, b] X [¢,d] X [r, 5], then

// f(z,y,2)dV = /rs /cd/ab f(z,y) dz dydz (10.3.4.2)
B

https://chem.libretexts.org/@go/page/456245



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456245?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.03%3A_Calculus_in_More_than_One_Variable/10.3.04%3A_Double_and_Triple_Integrals
https://sms.asu.edu/marcia_levitus

LibreTexts"

This iterated integral means that we integrate first with respect to z (keeping y and z fixed), then we integrate with respect to y
(keeping z fixed), and finally we integrate with respect to z. There are five other possible orders in which we can integrate, all of
which give the same value.

Do you need a refresher on double and triple integrals? Check the videos below before moving on to the physical chemistry

examples.

o Example 1: http://www.youtube.com/watch?v=RqD89-afGS0
e Example 2: http://www.youtube.com/watch?v=CPROZDOTY VE (check the example that starts around 3:45 min. and ends

at 5:07 min)

Triple integrals are used very often in physical chemistry to normalize probability density functions. For example, in quantum
mechanics, the absolute square of the wave function, |¢(z,y,2)|%, is interpreted as a probability density, the probability that the
particle is inside the volume dz.dy.dz. Since the probability of finding the particle somewhere in space is 1, we require that:

/ / / [(z,9,2)|” dz dy dz = 1 (10.3.4.3)
We already mentioned wave functions in Section 2.3, where we showed that

[Y(z.y.2)* = ¥*(2,, 2)%(z, ¥, 2)

The normalization condition, therefore, can also be written as

/ _Z / _Z /_Z Vo dodydz=1 (10.3.4.4)

v/ Example 10.3.4.1

In quantum mechanics, the lowest energy state of a particle confined in a three-dimensional box is represented by

0<z<a

. T . WY . TZ .
'(ﬁ(w,y,z):Asststm?zf 0<y<b
0<z<e

and
¥(z,y, z) = 0 otherwise (outside the box).

Here, A is a normalization constant, and a,b and ¢ are the lengths of the sides of the box. Since the probability of finding the
particle somewhere in space is 1, we require that

/ / / [¥(z,y,2)|? dz dy dz =1

Find the normalization constant A in terms of a, b, ¢ and other constants.

Solution
Because ¥(z, y, 2) = 0 outside the box,

/_Z/_Z/_Z |¢(w,y,z)|2 dwdgdz:/oc/ob/an(-T,y,z)|2dwdydz

= [P(z,9,2)|° = ¢*(z, 9, 2)¥(z, 9, 2)

However, because in this case the function is real,

|1/)(9:,y,z) |2 = (1/1(90,?/,2))2

c pb ra c prb pra
2 _ 22 (TN . 2 TYY . 2 (72 -
/0/0/0 |(z,y,2)| da:dydz—/o /0 /0 A*sin (a )sm (b )sm (c)dwdydz 1
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Using the formula sheet, we get

a
.. 9 ‘II'_(I? _
/0 sin ( A )da:—a/2
And therefore,

c

c_Azabc
2 8

b
2

A? /Oasin2 (%)dﬂr:/obsin2 (%)dy/o

sin? (%)dz = Azg

Solving for A:

8 1/2
A= ()

This page titled 10.3.4: Double and Triple Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 8.4: Double and Triple Integrals by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.3.5: Real Gases

So far in this chapter, most of you have not learned anything that you have not learned in your calculus courses. The math in this
chapter is actually pretty easy, but yet, it is common that students find it very hard to apply these mathematical tools to actual
problems in the physical sciences. To get you comfortable using math in chemistry we will first learn a little bit about gases and
thermodynamics. Having some background will help us use the math in a context that we (chemists) can relate to.

We have already mentioned some thermodynamic variables, but in order to make more connections between chemistry and math
we need to introduce some concepts that we need to start discussing real gases. You will talk about these concepts in more depth in
CHM 346. An important thermodynamic variable that is used to characterize the state of a system is the internal energy (U). Let’s
think about a container containing a gas (e.g. Oz). The internal energy of the system is the sum of the following contributions:

¢ Kinetic energy: The kinetic energy is the energy that the molecules have due to their motions. It is related to their velocity, and
as expected, it increases with increasing temperature, as molecules move faster.

o Vibrational and rotational energy: Molecules store energy in their bonds. As we already discussed, atoms vibrate around their
equilibrium position, and there is an energy associated with these vibrations. The vibrational energy of a molecule also depends
on temperature, and on the number of bonds. Atomic gases (He, Ar, etc) do not have vibrational energy. Molecules also rotate,
and there is energy stored in these motions. As in the case of vibrations, atomic gases do not have contributions from rotations.
You will learn about vibrational and rotational energy in CHM 345.

¢ Potential energy: This is the energy due to the interactions between the molecules that make up the gas. Atoms (e.g. Ar) will
also interact if brought close enough. The energy of the interactions between the molecules depends obviously on the chemical
nature of the molecules. We know that polar molecules will interact more strongly than non-polar molecules, and atoms with
more electrons (e.g. Ar) will interact more strongly than atoms of low atomic number (e.g. He). For a given gas, these
interactions depend on the distance between the molecules.

For simplicity, we will concentrate on atomic gases, where the only contributions to U7 are the kinetic energy (which depends on
temperature only), and potential energy. You already learned about the simplest model used to describe the behavior of gases: the
ideal (or perfect) gas. You learned that there are two assumptions behind the model. First the particles do not have any size,
meaning that you can push them together as close as you want. In reality, atoms have a size, and if you try to push them together
too hard the electronic clouds will repel each other. The other assumption is that particles do not interact with each other at any
distance. In reality, this makes sense only at very low densities, when molecules are very far away from each other. However, as
molecules get closer together, they experience attractive forces that in many cases are so strong that result in the formation of a
liquid. Of course if we push them too close the forces become repulsive, but there is a range of distances in which attractive forces
dominate. This makes sense for polar molecules, but what about atoms (e.g. Ar), that do not have a permanent dipole moment? You
probably heard about London dispersive forces, without which we would never be able to liquefy a noble gas. London forces are
stronger for atoms containing more electrons, and that is why the boiling point of Xe is much higher than the boiling point of Ne.

With all this in mind, let’s think about what happens to an ideal gas in the three situations depicted in Figure 10.3.5.1. The densities
(molecules per unit volume) increase as we increase the pressure applied to the container. Let’s assume the three containers are
equilibrated at the same temperature, and let’s think about how the internal energy compares among the three cases. We do not have
any equations yet, so we need to think in terms of the concepts we just discussed. We have two contributions to think about. The
kinetic term should be the same in the three containers because the temperature is the same, and that is the only factor that
determines the velocity of the molecules. What about the potential energy? The particles do not have a size, so there are no
repulsive forces that arise if we try to push them together too close. They do not have any type of attractive interactions either, so
an ideal gas does not store any potential energy. We just concluded that the internal energy for an ideal gas equals the kinetic
energy, and it is therefore a function of the temperature of the gas, but not its density. Now, we know that ideal gases are simplified
representations of real gases, but they do not exist. In which of these three situations is a gas more likely to behave as an ideal gas?
Clearly, when the density is low, the molecules are further away, the interactions between them are weaker, and we do not need to
worry about potential energy much.
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Figure 10.3.5.1: The internal energy of gases (CC BY-NC-SA; Marcia Levitus)

The van der Waals Model

Let’s come back to the equation of state of an ideal gas 10.3.5.1:

nRT

P=V

(10.3.5.1)

In order to improve our description of gases we need to take into account the two factors that the ideal gas model neglects: the size
of the molecules, and the interactions between them. The size of the molecules can be taken into account by assuming that the
volume that the molecules have to move around is not really Vv, but instead V' — nb, where nb is a measure of the volume that the
molecules occupy themselves. In this context b is a measure of the volume of one molecule, so nb takes into account the volume of
all molecules present in the gas. This first correction gives:

nRT

P=
V —nb

(10.3.5.2)

which is known as the ‘hard spheres’ model. note that we have not introduced anything regarding interactions yet, so this model
tells us that we can increase the density as much as we want without changing the internal energy until we get to the point where
the spheres touch each other. Because they are ‘hard’, the force required to reduce the volume any further would be infinitely large
(not too different from pushing a billiard ball inside another one). Translated into potential energy, this means that the potential
energy will jump to infinity when the distance between the center of the particles equals two times their radius. This is better than
nothing, but not entirely realistic. In reality molecules are not completely hard, and can be pushed against each other a little bit
without an infinite force.

What about interactions? We discussed that at moderate densities, attractive interactions dominate over repulsive interactions. In
order to incorporate a correction due to attractive interactions we need to recognize that the pressure of the gas needs to be smaller
than the pressure of a gas without attractions (like the hard spheres model). The pressure of a gas is a measure of the collisions of
the molecules with the walls of the container. Attractive forces should decrease this frequency, so the resulting pressure should be
lower:

nRT
P= V—nb

where C will be a positive term, that takes into account the attractive interactions. What should this term depend on? Clearly on the
chemical nature of the molecules, and should be larger for atoms with more electrons (e.g. Xe) than for atoms with less electrons
(e.g. He). In addition, it should depend on the density of the gas (n/V), as attractive forces are stronger the closer the molecules are.
Van der Waals proposed the following equation that satisfies everything we just said:

P=

nRT ( i )2 (10.3.5.3)

Vem “\v

Check the following examples of van der Waals constants, and see if you understand how the values of a and 4 make sense in terms
of the sizes of the molecules, and what you know about chemical interactions from your general chemistry courses. Pay attention to
the units as well.

https://chem.libretexts.org/@go/page/456246


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456246?pdf
https://sms.asu.edu/marcia_levitus

LibreTexts"

gas a(L%bar/mol?) b(L/mol)
He 0.035 0.0237
Ar 1.35 0.0320
Kr 2.349 0.0398
H, 0.248 0.02661
0, 1.378 0.03183
H,0 5.536 0.03049
COq 3.64 0.0427

It is worth stressing that the van der Waals model is still a model, that is, it is not the exact representation of a real gas. It improves
many of the deficiencies of the real gas law, but it is still a model.

Coming back to Figure 10.3.5.1, imagine now that the containers are filled with a van der Waals gas. The three states have different
internal energy now, because the density of the molecules is different, and that changes the forces between them. The potential
energy is zero if the molecules are too far for any attractive or repulsive force to be significant, or when the attractive and repulsive
forces exactly cancel each other. When attractive forces dominate we would need to exert work to separate the molecules, and the
potential energy is negative. When repulsive forces dominate the potential energy is positive, and we would need to exert work to
push the molecules closer. With all this in mind, in which of the three situations is the potential energy lower? The answer is
container number 3. Molecules are closer (but not close enough to touch each other), so attractive forces are stronger than in
container number 1. Attractive forces lower that internal energy of the system. These arguments allow us to plot the potential
energy for a van der Waals gas as a function of the distance between the center of the molecules:

E E E E E

E'i dil /‘dﬂ/dﬂ/ dﬂ/d
@ @ & @ 6&=0 i L

Figure 10.3.5.2: The potential energy (E) of a van der Waals gas as two atoms or molecules are brought to close proximity (CC BY-
NC-SA; Marcia Levitus)

The potential energy is zero when the distance between molecules is much longer than their diameters. If we start decreasing the
density they get closer, and the attractive interactions become significant, lowering the internal energy. This continues until they
touch each other. Because they are ‘hard spheres’ they cannot penetrate each other at all, and the potential energy jumps to infinity.
This is equivalent to saying that the force required to push them closer together is infinitely large.

We discussed the difference between a real gas and a model of a real gas. How does this plot look like in reality, and how different
is it from the van der Waals model? Below are examples for different gases. Notice that ‘Ary’ does not refer to a gas made up of
molecules of Ary, but instead to the interactions between two Ar atoms. All the gases in this figure, as we know, are monoatomic.
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Figure 10.3.5.3: The potential energy of real gases. (CC BY-NC-SA; Marcia Levitus)

There are a few things worth noting. First, atoms with more electrons (look at a periodic table) show a deeper well. This makes
sense because more electrons result in stronger attractive London forces. Also, atoms with more electrons experience these
attractive forces at longer distances than atoms with less electrons. In all cases the potential energy increases very sharply when we
continue to decrease the distance between the atoms, but the potential energy does not jump to infinity suddenly, as in the case of
the van der Waals gas. This means the atoms are not exactly hard spheres. As expected, we can bring two atoms of He much closer
than two atoms of Rn before we see these repulsive interactions because atoms of He are much smaller than those of Rn.

Pressure-Volume Isotherms

Scientists started to study the behavior of gases back in the 1600s. As you can imagine, they had very rudimentary laboratory
supplies, and their observations were mostly qualitative. One of the earliest quantitative studies in chemistry was performed by
Robert Boyle, who noticed that the volume and the pressure of a fixed amount of gas at constant temperature change according to
the simple law P « 1/V, where the symbol “x” means “proportional to”. This is of course true for an ideal gas, whose equation of
state is P = nRT/V, but not for a real gas. Boyle’s law predicts that the volume of a gas decreases as the pressure is increased at
constant temperature. Mathematically, this curve is called an hyperbola (hyperbolas are graphs where the product zy is a constant),
and physically we call these plots isotherms, because they represent the behavior at constant temperature (iso means equal in
Latin). In other words, the isotherm for an ideal gas is an hyperbola, but the isotherm for a real gas will show deviations from the
hyperbolic shape.

We can of course go to the lab and measure the isotherms for any real gas in any range of temperatures we want. We know that
whenever the conditions are such that the density of the gas is low, we expect interactions to be negligible, and therefore isotherms
should be very close to the hyperbolas that Boyle described in the 1600s. What happens when interactions are significant? Some
experimental isotherms for CO, are shown in Figure 10.3.5.4. At higher temperatures (e.g. 50° C), the isotherm is close to the
prediction for an ideal gas: we can compress the volume to small volumes and the pressure will increase following Boyle’s law.
The isotherms at higher temperatures will be even closer to the hyperbolas predicted by Boyle’s law because interactions become
less and less noticeable.

What happens at lower temperatures? Let’s consider the isotherm at 20° C. Imagine you have a container with one mole of CO,,
and you start reducing its volume at constant temperature. The initial volume is somewhere between 0.5 and 0.6 L (point A in
Figure 10.3.5.4). As you start reducing the volume the pressure starts increasing in approximate agreement with Boyle’s law, but
notice that important deviations are observed as you approach point B. When the pressure reaches 60 atm (point C), the behavior of
the fluid deviates greatly from that predicted by the laws of ideal gases. You continue reducing the volume of the gas, but the
pressure not only does not go up as predicted by Boyle’s low, but it remains constant for a while (between points C and E)! What is
going on? How can we reduce the volume of a gas without increasing the pressure? The answer is that we are not dealing with a
pure gas anymore: we are liquefying part of it. As we move from C to E, we increase the amount of liquid and reduce the amount of
gas, and the pressure of the system remains constant as long as we have gas and liquid in equilibrium. Of course the more liquid we
have the less volume the CO2 occupies.
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As we mentioned before, ideal gases are not supposed to form liquids because in principle, the molecules that make up the gas do
not have any size and do not experience any interactions with the other molecules in the container. To form a liquid, molecules
need to experience strong attractive forces, or otherwise the motions they experience due to their thermal energy would not allow
them to stay close enough. Liquefying a gas, therefore, is a clear experimental evidence of non-ideal behavior and the existence of
attractive interactions among molecules.

« T=20°C >
vapor ‘ ‘ \ |
P! vapor vapor T T
iqui iqui
A B C D E F

35 atm 48 atm 60 atm 60 atm 60 atm 82 atm

0 0.2 0.4 0.6
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Figure 10.3.5.4: CO; isotherms. (CC BY-NC-SA; Marcia Levitus)

Coming back to Figure 10.3.5.4, any point in the horizontal line CDE represents a state where liquid and gas coexist. We call the gas
“vapor” in these circumstances, but the distinction is more semantic than physical. When we reach point E, all the CO, molecules
are part of the liquid. We can continue to reduce the volume, but the pressure of the container will go up much more dramatically
than before because we would need to exert a considerable amount of force to push the molecules of liquid closer together. In more
technical terms, liquids are much less compressible than gases (see the definition of compressibility in page ). The area highlighted
in light blue in Figure 10.3.5.4 represents the conditions under which CO, can exist in equilibrium between the liquid and vapor
phases. For example, if we perform the experiment at 0° C, we would start seeing the first drops of liquid when the pressure of the
container reaches ~ 35 atm. The pressure will remain constant as we continue to reduce the volume and we form more and more
liquid. When no CO, remains in the vapor phase, reducing the volume even further would require that we increase the pressure of
the container dramatically, as we would be compressing a liquid, not a gas.

Notice that the length of the horizontal line that represents the co-existence of liquid and gas decreases as we increase the
temperature. If we were to perform the experiment at 30° C (not shown), we would see that the volume at which we see the first
drop of liquid is not too different from the volume at which we stop seeing COs in the gas phase. Liquefying all the gas would
require a small change in volume, which means that at that particular temperature and pressure, the volume that the gas occupies is
not too different from the volume the liquid occupies. Pretty strange if you think about it...a mole of an ideal gas occupies 22.4L at
room temperature, and a mole of liquid water occupies only 18 mL, almost a thousand times less. If we think in terms of densities,
the density of water at room temperature is about 1 g/mL, or 0.056 mol/mL. The density of an ideal gas at room temperature is n/V’
= P/RT =~ 4 x 10~% mol/L, again, around a thousand times less. Yet, at 30° C, and around 80 atm, the density of COy in the liquid
state is almost the same as the density of CO; in the gas phase. If we put CO3 in a high pressure cell, and increase P to 80 atm, it
would be hard for us to say whether the CO, is liquid or gas. At much lower pressures, distinguishing between liquid and gas
becomes much more evident, as we are used to from our daily experience.

Critical Behavior

There is a particular isotherm where the CDE line of figure [c2v:fig:isotherms] reduces to a point. In the case of CO,, this isotherm
is the one we measure at 31.04°C, and it is so unique and important that it has a special name: the ‘critical isotherm’. At
temperatures below the critical isotherm, we see that the gas condenses to form liquid, and that the pressure of the system remains
constant as we convert more and more gas into liquid. The lower the temperature, the more different the densities of the vapor and
the liquid are. This is very intuitive for us, because it is what we are used to seeing with the liquid we know best: water. In the case
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of water, we would need to increase the pressure to 218 atm and work at 374 °C to lose our ability to distinguish between liquid
water and vapor. The conditions on earth are so far away from the critical point, that we can clearly distinguish liquid water from
vapor from their densities. Coming back to CO,, as we increase the temperature at high pressures (more than 60 atm), the liquid
and the vapor states of the fluid become more and more similar. Right below the critical temperature we can hardly distinguish
what is liquid and what is vapor, and at exactly the critical temperature, that distinction is lost. Above the critical temperature we
never see a separation of phases, we just see a fluid that becomes denser as we reduce the volume of the container. Notice that the
critical point is an inflection point in the critical isotherm. This happens at a particular molar volume (for CO, V, = 0.094 L/mol)
and at a particular pressure (for CO, P, = 72.9 atm), which we call the critical molar volume and critical pressure of the fluid. If we
want to liquefy CO,, we need to do it at temperatures below its critical temperature (31.04°C). At temperatures above this value the
fluid will always be a gas, although it could be a very dense gas! Chemists call this state ‘supercritical fluid’ just to differentiate it
from a low-density gas such as COg at 1 atm. Again, to give you an idea, one mole of COy occupies about 25L at 1 atm and 40°C,
and we call it a gas without thinking twice. From figure [c2v:fig:isotherms], at 80 atm and 40° C one mole of CO4 occupies about
0.15L, about 170 times less than the gas we are used to seeing at 1 atm. This is a very dense fluid, but technically it is not a liquid
because we are above the critical temperature. Instead, we use the term supercritical fluid. As it turns out, supercritical CO2 is much
more than a curiosity. It is used as a solvent for many industrial processes, including decaffeinating coffee and dry cleaning.

From our discussion above, it is clear that ideal gases do not display critical behavior. Again, ideal gases do not exist, so when we
say that ideal gases do not display critical behavior we are just saying that 1) gases show critical behavior at conditions of
temperature, pressure and molar volume that are very far from the conditions where the simple equation PV = nRT describes the
behavior of the gas and that 2) if we want to describe a gas close to the critical point we need an equation of state that is consistent
with critical behavior. If we plot the isotherms of an ideal gas (P = nRT/V) we will obtain hyperbolas a any temperature. Again,
this works well with gases at very low densities, but because the model does not include interactions, it cannot possibly describe
the isotherms at or around the critical point.

Is the hard spheres model of Equation 10.3.5.2 consistent with the existence of the critical point? To answer this question, we could
plot many isotherms according to this equation and see if the model gives one isotherm that has an inflection point as the one
shown in Figure 10.3.5.4. Once again, keep in mind that the figure contains the data we measure experimentally, which is what CO»
is actually doing in nature. Equations of state by definition are models that are meant to describe the system as close as possible,
but they are by definition simplifications of the real behavior. Coming back to the model of hard spheres, you can plot as many
isotherms as you want, but you will see that none of them show an inflection point. This is pretty obvious from the equation, as the
isotherms are basically the same we would get with the ideal gas equation, but just shifted in the z —axis by the quantity b.
Physically speaking, it is not surprising because the hard spheres model does not contain any parameter that accounts for the
attractive interactions between molecules, and that is what we need to describe critical behavior.

We know that the van der Waals equation is the simplest equation that introduces a term to account for attractive forces (Equation
10.3.5.3), so it is likely that his equation might be consistent with critical behavior. Let’s discuss what we mean by this in more
detail. Again, van der Waals gases do not exist in nature. They are a theoretical construction where we think about molecules as
hard spheres with kinetic energy that interact with each other so that the average interaction between two randomly oriented
molecules is inversely proportional to the inverse of the sixth power of the distance between them. If we could create a gas whose
molecules followed these exact physical laws, the gas would behave exactly as the van der Waals equation predicts. So, now we
wonder: would such a gas show an isotherm with an inflection point like the one shown for the case of real CO2? The answer is
yes, and the critical constants (P, T, and V) depend on the values of the van der Waals parameters, a and b.

Now, the fact that the van der Waals model predicts critical behavior does not mean at all that it describes the whole isotherm well.
If you plot the van der Waals equation at different temperatures you will see that this model does not predict the “flat ” P — V part
of the curve, where the liquid and the gas coexist. This is not surprising, as the treatment of the attractive interactions in the van der
Waals model is too simple to describe the liquid state. In fact, you will see that the van der Waals equation predicts that the
derivative (g_‘};)T,n is positive in certain regions of the isotherm, which of course does not make any physical sense. Compressing
the gas will never lower the pressure as the van der Waals gas predicts, so we can clearly see how the model fails when attractive
forces are important are complex. In any case, it is pretty impressive to see how such a simple equation predicts such complex

behavior as the critical point.
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10.3.6: Problems

? Problem 10.3.6.1

Given a generic equation of state P = P(V, T,n), explain how you can obtain the derivative

ov
oT Pn

using the properties of partial derivatives we learned in this chapter.

? Problem 10.3.6.2

The thermodynamic equation:

(59), (),

shows how the internal energy of a system varies with the volume at constant temperature.
Prove that

1. (4%), =0 for an ideal gas.

2. (g—g)T = +% for one mole of van der Waals gas (Equation 10.3.6.2)

? Problem 10.3.6.3

Consider one mole of a van der Waals gas (Equation 10.3.6.2) and show that

8%P \ _ ([ &P
aver ) ~ \ aTav

? Problem 10.3.6.4

Consider a van der Waals gas (Equation 10.3.6.2) and show that
CApE—
0T /pn (P-— %2 4 Zuab)

Hint: Calculate derivatives that are easier to obtain and use the properties of partial derivatives to get the one the problem asks
for. Do not use the answer in your derivation; obtain the derivative assuming you don’t know the answer and simplify your
expression until it looks like the equation above.

? Problem 10.3.6.5

From the definitions of expansion coefficient () and isothermal compressibility (k):

=17
T v\aT )pn

and

N__i(a_V)
T V\OP/r,

prove that
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independently of the equation of state used.

Note: A common mistake in this problem is to assume a particular equation of state. Use the cycle rule to find the required
relationship independently of any particular equation of state.

? Problem 10.3.6.6

Derive an equation similar to Equation 10.3.6.1, but that relates

().

with

and

? Problem 10.3.6.7

(Extra-credit level)

The expression:

o? o?
2 _ — N
V= 522 + o2
is known as the Laplacian operator in two dimensions.
When applied to a function f(z,y), we get:
o%f  0%f
2
Vif(zy) =55+ £

Express V2 in polar coordinates (2D) assuming the special case where r = a is a constant.

? Problem 10.3.6.8

Calculate |, 01 ) 12 J 02 (z? + y2) dzdydz. Try three different orders of integration an verify you always get the same result.

? Problem 10.3.6.9

Calculate [ [ [s° e~"r® sin 6 dr df d¢. Use only the formula sheet.

? Problem 10.3.6.10

How would Figure 8.5.2, reproduced below, look like for an ideal gas? Sketch the potential energy as a function of the distance
between the atoms.

E=0
o
E<0
=
E<t
o
E<0
o
E=0
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From everything we learned in this chapter, and without doing any math, we should be able to calculate the sign (>0, <0, or 0)
of the following derivatives:

For an ideal gas:

(57)
OV )rn

(5)s.

For a van der Vaals gas:

Ty
Be sure yOll can write a ShOI‘t sentence explall’lll’lg yOllI‘ answers.

? Problem 10.3.6.12

The critical point is the state at which the liquid and gas phases of a substance first become indistinguishable. A gas above the
critical temperature will never condense into a liquid, no matter how much pressure is applied. Mathematically, at the critical

point:
oP
(W)T,,,—"
and
(62P) .
ov? Ton

Obtain the critical constants of a van der Waals gas (Equation 10.3.6.2) in terms of the parameters a and b.

Hint: obtain the first and second derivatives of P with respect to V, make them equal to zero, and obtain T, and V, from these
equations. Finally, replace these expressions in Equation 10.3.6.2 to obtain P,.

As derived in Section 8.3,

ofy _ of ) _ sinf ( of )
(az )l, = cosf ( or)e” r \58), (10.3.6.1)
As defined in Section 8.5, the Van der Waals is defined as:

P nRT _a(n)2

V —nb

(10.3.6.2)

1. If you are not familiar with this you need to read about it before moving on

This page titled 10.3.6: Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.
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SECTION OVERVIEW

10.4: Exact and Inexact Differentials

b Chapter Objectives

e Understand the concept of the total differential

o Understand the concept of exact and inexact differentials.

o Be able to test whether a differential is exact or not.

e Understand how to integrate differentials along different paths.

o Understand the role of exact and inexact differentials in thermodynamics.

10.4.1: The Total Differential

10.4.2: Exact and Inexact Differentials

10.4.3: Differentials in Thermodynamics - State and Path Functions
10.4.4: A Mathematical Toolbox

10.4.5: Line Integrals

10.4.6: Exact and Inexact Differentials (Summary)

10.4.7: Problems

This page titled 10.4: Exact and Inexact Differentials is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

@ 0 e @ 10.4.1 https://chem.libretexts.org/@go/page/456248


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456248?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.01%3A_The_Total_Differential
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.02%3A_Exact_and_Inexact_Differentials
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.03%3A_Differentials_in_Thermodynamics_-_State_and_Path_Functions
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.04%3A_A_Mathematical_Toolbox
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.05%3A_Line_Integrals
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.06%3A_Exact_and_Inexact_Differentials_(Summary)
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials/10.4.07%3A_Problems
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.04%3A_Exact_and_Inexact_Differentials
https://creativecommons.org/licenses/by-nc-sa/4.0
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/School%20of%20Molecular%20Sciences
https://www.public.asu.edu/~mlevitus/chm240/book.pdf

LibreTexts"

10.4.1: The Total Differential

In Chapter 8 we learned that partial derivatives indicate how the dependent variable changes with one particular independent
variable keeping the others fixed. In the context of an equation of state P = P(T,V,n), the partial derivative of P with respect to V'

(&%)
o )rn

and physically represents how the pressure varies as we change the volume at constant temperature and constant n.

at constant T and n is:

The partial derivative of P with respect to T at constant V' and n is:

(&)s.

and physically represents how the pressure varies as we change the temperature at constant volume and constant n.

What happens with the dependent variable (in this case P) if we change two or more independent variables simultaneously? For an
infinitesimal change in volume and temperature, we can write the change in pressure as:

oP oP
dP = (W)T,n av + (ﬁ)m dT (10.4.1.1)

Equation 10.4.1.1 is called the total differential of P, and it simply states that the change in P is the sum of the individual
contributions due to the change in V at constant T and the change in T" at constant V. This equation is true for infinitesimal changes.
If the changes are not infinitesimal we will integrate this expression to calculate the change in P.[differentials_position1]

Let’s now consider the volume of a fluid, which is a function of pressure, temperature and the number of moles: V = V(n, T, P).
The total differential of v, by definition, is:

ov ov ov
av = (ﬁ)m dT+ (ﬁ)m dP + (%)T,V dn (104.1.2)

If we want to calculate the change in volume in a fluid upon small changes in P, T and n, we could use:

ov ov ov
AV~ (ﬁ)p,n AT+ (a—P)T,n AP+ (%)T,VA" (1041.3)

Of course, if we know the function V = V(n, T, P), we could also calculate AV as Vy — F;, where the final and initial volumes are
calculated using the final and initial values of P,T and n. This seems easy, so why do we need to bother with Equation 10.4.1.3?
The reason is that sometimes we can measure the partial derivatives experimentally, but we do not have an equation of the type V'
=V(n,T, P) to use. For example, the following quantities are accessible experimentally and tabulated for different fluids and
materials (Fig. [fig:diff_tables]):

o a= (%) p, (coefficient of thermal expansion)
o k=—%(%) v (isothermal compressibility)[differentials:compressibility]
o Vi = (4£) p, (molar volume)

Using these definitions, Equation 10.4.1.2 becomes:
dV = aVdT — kVdP + Vydn (10.4.1.4)

You can find tables with experimentally determined values of « and » under different conditions, which you can use to calculate the
changes in V. Again, as we will see later in this chapter, this equation will need to be integrated if the changes are not small. In any
case, the point is that you may have access to information about the derivatives of the function, but not to the function itself (in this
case V as a function of T', P, n).

In general, for a function u = u(x1, z2...z,), we define the total differential of u as:

ou ou ou
= (), 0o+ (5as) L ot (), o0 (104:15)
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v/ Example 10.4.1.1

Calculate the total differential of the function z = 323 + 3yz2 + zy2.

Solution
By definition, the total differential is:

For the function given in the problem,

and

and therefore,

dz = (922 + 6xy + %) dz + (322 + 2zy)dy

COMPRESSIBILITY AND EXPANSION COEFFICIENTS OF LIQUIDS

This table gives data on the variation of the density of some References
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VOLUMETRIC PROPERTIES OF AQUEOUS SODIUM CHLORIDE SOLUTIONS

This table gives the following properties of aqueous solutions of Al data refer to a pressure of 100 kPa (1 bar), The reference
NaCl a5 s Funiction of temperature and concentration: ghves properties over a wider range of temperature and pressure.

Specific volume v (reciprocal of density) in eon’fy
) Lsathermal compressibility x. = ~(1/ P in GPa! Reference
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Figure 10.4.1.1: Tables of isothermal compressibilities and expansion coefficients of different fluids (top) and sodium chloride
solutions (bottom). Source: CRC Handbook of Physics and Chemistry (CC BY-NC-SA; Marcia Levitus)

Want to see more examples?
e Example 1: http://www.youtube.com/watch?v=z0TxZ0EHzlg Notice that she calls it the differential’, but I prefer *the total
differential’.

This page titled 10.4.1: The Total Differential is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 9.1: The Total Differential by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.2: Exact and Inexact Differentials

So far, we discussed how to calculate the total differential of a function. If you are given a function of more than one variable, you

can calculate its total differential using the definition of a total differential of a function u: (du = (ﬂ) dz, + ( ) dza
0z1 ) g.. 0z ) 3y x3...2,

+...+ ( po ) dz,). You will have one term for each independent variable. What if we are given a differennal (e.g.
n /) T1eLpq

dz = (922 + 6zy + y?)dz + (322 + 2zy)dy
see Example 9.1) and we are asked to calculate the function whose total differential is dz? This is basically working Example 9.1
backwards: we know the differential, and we are looking for the function. Things are a little bit more complicated than this,
because not all differentials are the total differentials of a function. For example, from the example above we know that
dz = (922 + 6zy + y?)dz + (3x% 4 2zy)dy
is the total differential of
2(z,y) = 32° + 3yx? 4z

However, the differential dz = zydz + z2dy is not the total differential of any function z(z,y). You can write down every single
function z(z,y) in this planet, calculate their total differentials, and you will never see dz = zydz + z2dy in your list.

Therefore, the question we are addressing is the following: given a differential, 1) is it the total differential of any function? 2) if it
is, which function?
To illustrate the question, let’s say we are given the differential below (notice that I switched to P,V, and T, which are variables

you will encounter often in thermodynamics):

RT
dP = V_de+ [

RT _a
(V=52 1TV

] av (10.4.2.1)

The question is whether this is the total differential of a function P = P(T, V) (we are told that a and b are constants, and we already
know that R is a constant). By definition of total differential, if the function exists, its total differential will be:

oP oP
dP = (ﬁ) dT + ( av) av (10.4.2.2)

Comparing Equation 10.4.2.1 and 10.4.2.2, if the function exists, its derivatives will have to be:

(%’)V - % (10.4.2.3)
(g_‘lj)T - [(Vliin)Z _ TLVZ] (10.4.2.4)

If we find a function P = P(T, V) that satisfies these equations at the same time, we know that Equation 10.4.2.1 will be its total
differential.

From Equation 10.4.2.3, we can calculate P by integrating with respect to T at constant V:

/ P = / L ar P = %T— + (V) (10.4.2.5)

where we included an integration constant (f(V)) that can be any function of V' (we are integrating at constant V).

In order to get an expression for P(T,V), we need to find out f(V) so we can complete the right side of Equation 10.4.2.5. To do
that, we are going to take the derivative of P (Equation 10.4.2.5 with respect to V, and compare with Equation 10.4.2.4:

(ap) _ R’ af(vV)

W )r +

s g v (10.4.2.6)

Looking at Equation 10.4.2.4 and 10.4.2.6, we see that the two expressions do not match, regardless of which function we chose for
f(V). This means that Equation 10.4.2.1 does not represent the total differential of any function P(V,T). We call these differentials
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inexact differentials. If a differential is the total differential of a function, we will call the differential exact.

What we did so far is correct, but it is not the easiest way to test whether a differential is exact or inexact. There is, in fact, a very
easy way to test for exactness. We’ll derive the procedure below, but in the future we can use it without deriving it each time.

Given the differential dz = fi(z, y)dz + f2(z, y)dy, the differential is exact if

(%)x - (%) (10.4.2.7)

If Equation 10.4.2.7 does not hold, the differential is inexact. For instance, if dz = (922 + 6xy + y?)dz + (3z2 + 2zy)dy, the functions
fi1and f, are f; = 9z + 6zy + y? and fo = 3z% + 2zy. To test this differential, we perform the partial derivatives

(%)z=6w+2y

and

(M

The two derivatives are the same, and therefore the differential is said to be exact.

Let’s prove why the test of Equation 10.4.2.7 works. Let’s consider a differential of the form dz = fi(z,y)dz + fa(z,y)dy. If the
differential is exact, it is the total differential of a function z(z,y), and therefore:

dz = fi(z,y)dz + fa(z,y)dy = (%) dz + (%) dy (10.4.2.8)
Yy T

We know that the mixed partial derivatives of a function are independent of the order they are computed:

(e) = ()

o (8, (57~ (85)

ren=(5),+ (52), = (5

Because the mixed partial derivatives are the same, for an exact differential:

(M), (%)
y z ),

From Equation 10.4.2.8,

This equation is true only for an exact differential because we derived it by assuming that the function z = z(z,y) exists, so its
mixed partial derivatives are the same. We can use this relationship to test whether a differential is exact or inexact. If the equality
of Equation 10.4.2.7 holds, the differential is exact. If it does not hold, it is inexact.

v/ Example 10.4.2.1

Test whether the following differential is exact or inexact:

1 Yy

Solution

To test whether dz is exact or inexact, we compare the following derivatives

801/2%)\ 1 (2w/z%)
(Fa).2 (%),
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(54,

We conclude that dz is inexact, and therefore there is no function z(z, y) whose total differential is dz.

v/ Example 10.4.2.2

Determine whether the following differential is exact or inexact. If it is exact, determine » = 2(z, y).
dz = (2z + y)dz + (z + y)dy

Solution
To test whether dz is exact or inexact, we compare the following derivatives

(£52).: (%)

(52,

(#52) -

If this equality holds, the differential is exact.

Therefore, the differential is exact. Because it is exact, it is the total differential of a function z(z,y). The total differential of

2(z,y) is, by definition,
0z 0z
e (8) o (5)
Comparing this expression to the differential dz = (2¢ + y)dz + (z + y)dy:
0z

(%)I = (545 (10.4.2.9)

To find z(z, y), we can integrate the first expression partially with respect to z keeping y constant:

/dz: 2= /(2x+y)dm=m2+xy+f(y)
So far we have

2=z +zy+ f(y) (10.4.2.10)

so we need to find the function f(y) to complete the expression above and finish the problem. To do that, we’ll take the
derivative of z with respect to y, and compare with Equation 10.4.2.9. The derivative of Equation 10.4.2.10 is:

(3).==+ %
af(v)

comparing with Equation 10.4.2.9 we notice that “z* = y, and integrating, we obtain f(z) = ¥/2+c
Therefore, dz = (2z + y)dz + (z + y)dy is the total differential of z = z2 + zy+ y2/2 +c.

We can check our result by working the problem in the opposite direction. If we are given z = z* + zy + 3?/2 + ¢ and we are
asked to calculate its total differential, we would apply the definition:
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and because

0z
(%)y—y+2z
and
+(ﬁ) =yt+z
/). Y

we would write dz = (2x + y)dz + (x + y)dy, which is the differential we were given in the problem.
Check two extra solved examples in this video: http://tinyurl.com/kg4qecu

This page titled 10.4.2: Exact and Inexact Differentials is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 9.2: Exact and Inexact Differentials by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.3: Differentials in Thermodynamics - State and Path Functions

Distinguishing between exact and inexact differentials has very important consequences in thermodynamics. We already mentioned
thermodynamic variables such as the internal energy (U), volume, pressure, and temperature, and you probably heard about entropy
(S) and free energy (@). All these quantities can be used to specify the state of a system. They are properties of the current state of
the system, and they do not depend on the way the system got to that state. For example, if you have a system consisting of 1 mol
of He at 298 K and 1 atm, the system will have a given pressure, internal energy, entropy and free energy regardless of its history.
You may have compressed the system from 2 atm, or heated the gas from 273 K. All this is irrelevant to specify the pressure,
entropy, etc, because all these variables are what we call state functions. State functions depend only on the state of the system.

Other quantities such as work (w) and heat (g), on the other hand, are not state functions. There is no such a thing as an amount of
work or heat in a system. The amounts of heat and work that "flow" during a process connecting specified initial and final states
depend on how the process is carried out. Quantities that depend on the path followed between states are called path functions.

How is all this connected to differentials? Quantities whose values are independent of path are called state functions, and their
differentials are exact (dP, dV, dG,dT...). Quantities that depend on the path followed between states are called path functions, and
their differentials are inexact (dw, dq). As we will discuss in a moment, when we integrate an exact differential the result depends
only on the final and initial points, but not on the path chosen. However, when we integrate an inexact differential, the path will
have a huge influence in the result, even if we start and end at the same points. We’ll come back to this shortly.

Knowing that a differential is exact will help you derive equations and prove relationships when you study thermodynamics in your
advanced physical chemistry courses. For example, you will learn that all the state functions we mentioned above are related
through these equations:

dU =TdS — PdV
dH =TdS + VdP
dA =—-SdT — PdV
dG = —8dT + VdP

Here, we introduced two new state functions we haven’t talked about yet: the enthalpy (H), and the Helmholtz free energy (A). You
will learn about what they mean physically in CHM 346, but for now, just accept the fact that they are state functions, just as the
entropy and the free energy. Although we didn’t write it explicitly, T, P,V and S are not constants. When we talked about gases, we
learned that P,V and T are not independent functions. If you change two of these variables you change the third, or in other words,
you cannot independently vary the pressure, volume and temperature. The equation of state tells you how the three variables
depend on each other. For one mole of gas, you can write the equation of state as a function P = P(V,T), or as a function v
= V(T, P), or as a function T = T(P, V). In the same way, you cannot independently change the pressure, volume, temperature and
entropy of a system. If you modify the pressure and temperature, the volume and entropy will change as well. To make this clear,
we can re-write the equations above as:

dU = T(S,V)dS — P(S,V)dV (10.4.3.1)
dH = T(S, P)dS + V(S, P)dP (10.4.3.2)
dA = —S(T,V)dT — P(T, V)dV (10.4.3.3)
dG = —S(T, P)dT + V(T, P)dP (10.4.3.4)

Because U, H, A and G are all state functions, their differentials are exact. We can derive a few relationships just from this fact.
For example, we see that G = G(T, P), and because it’s total differential, by definition, is:

oG oG
dG = (ﬁ) T+ (8—P)T dP (10.4.3.5)

from Equations 10.4.3.4 and 10.4.8.5, we rapidly conclude that
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and

0G
(a—P)T—V

With minimal math, we concluded that if we change the pressure of a system at constant temperature, the rate of change of the free
energy equals the volume. At this point this does not mean a lot to you, but hopefully you can appreciate how knowing that G is a
state function is enough for you to derive a thermodynamic relationship! We can take this even further. Because G is a state
function, dG is exact, and therefore, from Equation 10.4.3.4:

_ (S_JSD)T _ (%V)P (10.4.3.6)

We just derived one of the four Maxwell relations. You can derive the other three from Equations 10.4.3.1-10.4.3.3. Notice that once
again, we derived this equation from the knowledge that @G is a state function. Why are these equations useful? Let’s see an
example using Equation 10.4.3.6. We can integrate this expression with T constant to get:

Py Py v
dS=AS= —/ (—) dP (constant T)
P p \OT /p
This equation tells you that the change in entropy in a system can be calculated by integrating (%), data. This is extremely
powerful, as we can easily measure temperature, pressure and volume in the lab, but we don’t have an instrument that directly
measures entropy!

This page titled 10.4.3: Differentials in Thermodynamics - State and Path Functions is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

« 9.3: Differentials in Thermodynamics - State and Path Functions by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.4: A Mathematical Toolbox

In Chapter 8 we learned some important properties of partial derivatives, and in this chapter we learned about exact and inexact
differentials. We saw many examples where these properties can be used to create relationships between thermodynamic variables.
Usually we will try to calculate what we want from information we have (which is usually the information we can access
experimentally). We just saw how we can calculate a change in entropy from quantities that are easy to measure in the lab: volume,
temperature and pressure. In Chapter 8 we saw how we can get an expression of a partial derivative from partial derivatives that are
much easier to calculate.

I will summarize some of these mathematical relationships, and call it our “toolbox”. The more comfortable you get using these
relationships, the easier it will be for you to derive the thermodynamic relationships you will come across in your advanced
physical chemistry courses.

1. The Euler reciprocity rule (Equation 8.1.1): ( 3z6y) = ( Byaz)
2. The inverse rule (Equation 8.1.2): ($£) = ?
3. The cycle rule (Equation 8.1.3) ($£) (%), (&), =-1
4. The chain rule (Equations 8.3.4 and 8.3.5):

(%)0 = (%)y (%)a"‘ (%), (%)9

(3),=(8), (%), + (%), (%),

5. The definition of the total differential (Equation 9.1.7): du = (%) . dzy + (%)

... L1,%3...Tn

) T1..Tn—1

6. The concept of exact differential (Section 9.2)

This page titled 10.4.4: A Mathematical Toolbox is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 9.4: A Mathematical Toolbox by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.5: Line Integrals

In Section 9.1, we discussed that in order to properly calculate the change in pressure we would need to integrate the differential
defined in Equation 10.4.5.1:

oP oP
dP = (W)m av + (ﬁ) va dT (10.4.5.1)

This raises the question of how to integrate differentials such as this one. Before we focus on this question, let’s discuss what we
expect for an exact differential. Let’s say that we know how to perform these integrals, and we integrate dP from initial pressure (
P;) to final pressure (Py) to calculate AP for a change that is not infinitesimal:

Ps

AP = dP
P,

Would it surprise you that the result equals the final pressure minus the initial pressure?
AP = P;— P,

Hopefully not; the change in pressure will obviously be the final pressure minus the initial pressure, regardless of whether we did
this slowly, fast, at constant volume, constant temperature, etc. In other words, you just need the information of the state of the
system at the beginning and the end of the process, but you do not need to know anything about what happened in between. All this
makes sense because P is a state function, and the same argument applies to other state functions, such as entropy, internal energy,
free energy, etc. We just reached an important conclusion: if we integrate an exact differential, the result will be independent of the
path, and it will equal the function at the end point minus the function at the initial point. If we integrate an inexact differential this
is not true, because we will be integrating the differential of a function that is not a state function. We’ll come back to this many
times, but it is important that before getting lost in the math we keep in mind what to expect.

We already mentioned the word “path”, but what do we mean by that? In the example of the gas, the path would be described by
the values of the temperature and volume at all times. For example, Figure 10.4.5.1 shows two possible paths that result in the same
change in pressure. We could imagine an infinite number of other options, and of course we are not restricted to keeping one
variable constant while changing the other.

F (atm)

Figure 10.4.5.1: Two different paths that produce the same change in pressure in one mole of an ideal gas. In the first case (red), the
volume is compressed from 30 L to 20 L at 250 K, and then the temperature is increased to 300 K at constant pressure. In the
second case (green) the temperature is first raised to 300 K at a constant volume of 30L, and then the system is compressed to 20L
at constant temperature The blue surface represents the function P = RT/V (CC BY-NC-SA; Marcia Levitus)
We can integrate dP along one path or the other, but we already know what we will get: f[dP = P, — P; regardless of the path.
Work and heat, on the other hand, are not state functions. There is no such a thing as an amount of work or heat in a system. The
amounts of heat and work that “flow” during a process connecting specified initial and final states depend on how the process is
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carried out. This means that if we want to calculate the work or the heat involved in the process, we would need to integrate the
inexact differentials dw and dq indicating the particular path used to take the system from the initial to the final states:

path
w= / dw
path
For one mole of an ideal gas (P = RT/V),
oP oP RT R
dP = (8V) dav + (8T)VndT —WdV+ VdT

From our previous discussion, we know the result of integrating the differential

RT . R
dP = —75dV + dT

along any path. The result should be the final pressure minus the initial pressure:
AP = R(T}/V; —Ti/ Vi) (10.4.5.2)
where the subscripts f and s refer to the final and initial states.

Even is we know the answer, let’s do it anyway so we learn how to integrate differentials. We will consider the two paths depicted
in Figure 10.4.5.1. In both cases the initial temperature is 250 K, the initial volume is 30 L, the final temperature is 300 K, and the
final volume is 20 L.

Let’s start with the ‘red” path. This path is the sum of two components, one where we change the volume at constant temperature,
and another one where we change the temperature at constant volume. Let’s call these individual steps path 1 and path 2, so the

total path is pathl + path 2:
/ dP = / dP + / dP

path pathl path2
RT R RT R RT . R
/ (—de+ VdT) / (—de+ VdT) / (—de+ VdT)
path pathl path2

In path 1, we keep the temperature constant, so dT = 0. Furthermore, the temperature equals T; during the whole process:

RT R _BL _ET;
/( JrdV+ ) = / av) / iy

pathl pathl

in path 2 we keep the volume constant, so dV' = 0. Furthermore, the volume equals V; during the whole process:
/ ( RT —dV+ — dT / —dT' = / —dT
& Vi
path2 path2

Putting the two results together:

RT ¥
/(—de+ 7T) / / —dT

path

RT R .\ _ RT; "
/ (~yrav+ 1) = 5 btV

RT|% 1 1 R
| =RT(— -+ —=(T;-T
T (Vf Vi)+Vf(f )

path
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The result is, as expected, identical to Equation 10.4.5.2.

Let’s now consider the two-step path depicted in green in Figure 10.4.5.1. We’ll follow the same ideas we used for the path shown
in red. In the first part of the path we change the temperature from T; to T} at constant volume, V' = V;. In the second part of the
path we change the volume from V; to V; at constant temperature, T = Ty. In the first part, dV = 0 and V = V; at all times. In the
second part, dT = 0, and T = T at all times:

RT R TR Vi ( RTy
/(—WdV+VdT) _/ﬂ (VidT) +/v.- (——W dV)

path
RT R RT |  RT;|"
path *
RT R R 1 1 T T,
/(—de+7d:r) = Vi(Tf—T,)+RTf (Vf_Vi) —R(Vf—ﬁ)

path
The result is, as expected, Py — P; (Equation 10.4.5.2).

Because dP is exact, it does not matter which path we choose to go from (V;, B;) to (Vy, Py), the result of the integral of dP will
T .

always the same R (Vf — %) Let’s try another path; this time one that does not keep any of the variables constant at any time.
¥ i

Consider the path that is the straight line that joins the points (V;, P;) to (Vy, Py). In order to integrate dP along a particular path, we

need the equation of the path indicating how the variables ¥ and T are connected at all times.

In this case, T = a + bV, where a is the y—intercept and b is the slope. You should be able to prove that the values of a and b for this

path are:
_p_ L-hy,
a=1; V'f—v; i
Ty —T;
Vi—Vi

Because T =a + bV, dT =bdV, V = (T —a)/b, and dV = dT'/b. These relationships tell us how T and V are connected throughout
the path, and we can therefore write these equivalent expressions:

RT R Vi( R(a+bV) i/ bR
/(—de+7d:r) _—/w (—7‘/2 dV) +/n (—T_adT)

path

RT R Vi( R(a+bV) Vi'R
/(—de+ VdT) _—/w (_—w dV) +/w (Vde)

path
M/h (—%dv+ ng) =_~/qu, (-ﬁ%dﬂ“) +/T,.Tf (bea) dr

In the first case we just wrote the first integrand in terms of V only and the second integrand in terms of T only. To achieve this, we
used the information from the path to see how V and T are related as we move from our initial to our final states. The same idea
applies to the second and third lines, where we wrote everything in terms of V' or in terms of T. The three equations will give the
same result regardless of whether the differential is exact on inexact. However, because we are integrating an exact differential, the
result will be identical to the result we got for the two other paths that share the same initial and final state, and also identical to Py

The three equations above are not too hard to solve, but they are more time consuming that the integrals we had to solve for the
paths involving sections of the path where one or the other variable remain constant. This is powerful, because it means that if you
are integrating an exact differential, you can get smart and solve the integral for a very easy path, as long as the initial and final
states are the same. You know the result will be the same because the differential is exact. If, on the other hand, the differential is
inexact, we are out of luck. The integral depends on the path, so we need to solve the path we are given.
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Because dP is exact, the line integral equals Py — P;. A consequence of this is that the integral along a closed path (one where P;

?gdP=0

where the circle inside the integration symbol means that the path is closed. This is true for any exact differential, but not

= Py) is zero. Mathematically:

necessarily true for a differential that is inexact. Coming back to thermodynamics, imagine one mole of a gas in a container whose
volume is first reduced from 30 L to 20 L at a constant temperature T= 250 K. You then heat the gas up to 300 K keeping the
volume constant, then increase the volume back to 30 L keeping the temperature constant, and finally cool it down to 250 K at
constant volume (see Figure 10.4.5.1. Because the initial and final states are the same, the line integral of any state function is zero:

AP=fdP=0
AG:?{dG=O
AS=¢dS=0

etc, etc

This closed path does not involve a change in pressure, free energy or entropy, because these functions are state functions, and the
final state is identical to the initial state.

On the other hand,
w= f dw#0

q=_7{dq#0

because we are integrating inexact differentials. Physically, you had to do work to expand the gas, heat it up, compress it, cool it
down, etc. It does not matter you end up exactly where you started, work and heat were involved in the process. It may be possible
for a particular closed path to yield w = 0 or ¢ =0, but in general this does not need to be the case.

v/ Example 10.4.5.1

Given the following differential dz = = dy+ 2y dz, and the closed path shown in the figure, calculate the line integral [ dz

Y
3
bC
2
a
1.
o ~ 1 2 X

Note: This problem is also available in video format: http://tinyurl.com/mszuwr7

Solution
The path is divided in three sections, so

/dz=/dz+/dz+/dz
oth a b c
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In section a: y = 2, dy = 0 (y is a constant), and z changes from an initial value of 2 to a final value of 1:

1
/dz:/ 4de =4z |} =4—8=—4
a 2

In section b: y = 1+ z, dy = dz, and z changes from an initial value of 1 to a final value of 2:

2 2
/dz=/a;dy+2yd:r,=/ a:da:—i—/ 2(1+z) dz
b b 1 1

2 |2 22
T (1+z) 3 13

2

In section ¢: £ = 2, dz = 0 (z is a constant), and y changes from an initial value of 3 to a final value of 2:

2
/dz:/ 2y =2y|2=4—6=—2
c 3

/dz=/dz+/dz+/dz=—4+13/2—2=1/2
a b c

path

Therefore,

Notice that the integral is not zero even if the path was closed. This is not surprising given that the differential was inexact.

v Example 10.4.5.2

Consider the differential

du = (2 — y*)dz + (2zy)dy
a. Is du exact or inexact?
b. Explain why each of the following is true or false:

o duis the total differential of some function u(z,y). Find u(z, y) if possible.
o [, du= [,du= [ du aslong as a,band ¢ are paths in the (z, y) space that share the same starting and ending points.

c. Calculate [ du if the path is the straight line joining the points (0,2) and (2,0).
path

Solution:

To test whether du is exact or inexact, we compare the following derivatives

(3(12;112)) 2 (3(211/))

Because the two partial derivatives are not the same, the differential is inexact.

Because the differential is inexact, it is not the total differential of a function u(z,y). We cannot find the function because it
does not exist.

The line integrals [, du, f, du and [, du will in principle be different because the integral of an inexact differential depends not
only on the initial and final states, but also on the path used to get from the initial to the final state. The statement would be true
for an exact differential.

To calculate the integral along the straight line joining the points (0,2) and (2,0), we first need to find the equation y(z) that
describes this path. Sketching the function is not a must, but it might help:
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- X

The equation of this straight line is y = 2 — . Therefore, along the path, y = 2 — 2 and dy = —dz. The variable z changes from

an initial value z = 0 to a final value z = 2:

Jau= [@—yas+ @y

path path

It is important to stress that z and y are not independent along the process, but instead, they are connected through the equation
of the path. We will write the equation in terms of z (we could do it in terms of y with identical results):

/du = /(.'Ar:2 —y?)dz + (2zy)dy

path path

= 2:1:2— —z)Vdx 2:1: —z))(—dz
—/0( @ ))d+/0(2(2 ))(—dz)

= 2:1,‘2— :1:2— T X — ’ T — .’1:2 X
_/0( (4 + 22 — 4z))d /0(4 25%)d

/02(41: —4)dz — /02(41: —222)dr = /02(2922 —4)dz

28 16 8
—(T“”)O 3 8="3
__8
-3

This page titled 10.4.5: Line Integrals is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus
via source content that was edited to the style and standards of the LibreTexts platform.

o 9.5: Line Integrals by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:

https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.6: Exact and Inexact Differentials (Summary)
To summarize, given a function f(z, y), its total differential df is, by definition:
_ (% of
df = (3x)yd$+ (6y)mdy
Given an arbitrary differential
df = M(z,y)dz + N(z,y)dy

where M and N are functions of £ and y, the differential is exact if it is the total differential of a function f(z,y). To test for
exactness we compare the partial derivative of M(z,y) with respect to g, and the partial derivative of N(z,y) with respect to z:

(#5).: (%)

If the derivatives are identical, we conclude that the differential df is exact, and therefore it is the total differential of a function
f(z,y). To find the function, we notice that for an exact differential:

M) = (5)
N = (5).

We can then find the function by partial integration:

flz,y) = /df = /M(:c, y)dz (at constant y)

flz,y) = /df = /N(x, y)dy (at constant z)
It is important to keep in mind that the integration constant in the first case will be an arbitrary function of y, and in the second case
an arbitrary function of z.

For an exact differential, the line integral does not depend on the path, but only on the initial and final points. Furthermore, because
the differential is exact, it is the total differential of a state function f(z,y). This means that the integral of df along any path is
simply the function f evaluated at the final state minus the function f evaluated at the initial state:

/ M(z,y)de + N(z, y)dy = / df = Af = F(@a,y5) — Flzn, 1)

where c represents the path that starts at the point (z;,y;) and ends at the point (z4, ys).

If the initial and the final states are identical, for an exact differential:

fdf=0

For an inexact differential, f,df will in general depend on the path c.

This page titled 10.4.6: Exact and Inexact Differentials (Summary) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 9.6: Exact and Inexact Differentials (Summary) by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.4.7: Problems

? Problem 10.4.7.1

Determine whether the following differentials are exact or inexact. If they are exact, determine u = u(z, y).

1. du = (2az + by)dz + (bz + 2cy)dy
2. du = (z2 — y?)dz + (2zy)dy

? Problem 10.4.7.2

Determine whether dz is exact or inexact. If it is exact, determine z = 2(P, T).

RT R

? Problem 10.4.7.3

From Equation 10.4.7.4, and using the fact that G is a state function, prove that the change in entropy (AS) of one mole of an
ideal gas whose pressure changes from an initial value P; to a final value P, at constant temperature is:

P,

? Problem 10.4.7.4

From Equations 10.4.7.1-10.4.7.3, and using the fact that U, H and A are state functions, derive the three corresponding Maxwell
relations.

Answer

Add texts here. Do not delete this text first.

? Problem 10.4.7.5

Given the following differential:
dz = zydz + 2ydy

a. Determine if it is exact or inexact. If it is, obtain z(z, y)
b. Calculate the line integrals [, dz for the paths enumerated below:

1. the line y = 2z fromz =0toz =2
2.the curve y=z2 fromz =0tox =2
3. any other path of your choice that joins the same initial and final points.

? Problem 10.4.7.6

For a mole of a perfect monoatomic gas, the internal energy can be expressed as a function of the pressure and volume as
3
U=_-PV
2

a. Write the total differential of U, dU.
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b. Calculate the line integrals f,dU for the paths shown below (ey, €3, ¢3):

G (o G
P P P,
3P1 - - 3P1 - - 3P : :
2 P1 ! 2P1 ! 2P1 {\
P1 / P1 —»T P1 -
0 Vi 2v1 ¥ 0 Vi 2 d 0 Vi 2v1 4

c. Calculate U(Vy, Py) — U(V;, P;) and compare with the results of b) (Note: f refers to the final state and ¢ to the initial state).
d. Considering your previous results, calculate [, dU for the path below:

P
3 P1 Ny
2 P1 /@

P1

0 V1 2V1

As defined in Section 9.3,

dU = T(8,V)dS — P(8,V)dV (10.4.7.1)
dH = T(S, P)dS + V (S, P)dP (10.4.7.2)
dA = —8(T,V)dT — P(T,V)dV (10.4.7.3)
dG = —S(T, P)dT + V(T, P)dP (10.4.7.4)

This page titled 10.4.7: Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.

¢ 9.7: Problems by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source: https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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SECTION OVERVIEW

10.5: First Order Ordinary Differential Equations

4b Objectives

o Be able to identify the dependent and independent variables in a differential equation.

o Be able to identify whether an ordinary differential equation (ODE) is linear or nonlinear.

e Be able to identify the order of an ODE

e Be able to identify whether a first order ODE is separable or not.

o Be able to find the general and particular solutions of linear first order ODEs.

o Be able to find the general and particular solutions of separable first order ODEs.

e Understand how to verify that the solution you got in a problem satisfies the differential equation and initial conditions.

e Understand how to solve differential equations in the context of chemical kinetics. Understand the concept of mass balance,
and half-life.

10.5.1: Definitions and General Concepts
10.5.2: 1st Order Ordinary Differential Equations
10.5.3: Chemical Kinetics

10.5.4: Problems

This page titled 10.5: First Order Ordinary Differential Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.
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10.5.1: Definitions and General Concepts
A differential equation is an equation that defines a relationship between a function and one or more derivatives of that function.

For example, this is a differential equation that relates the function y(¢) with its first and second derivatives:

d? 1d .
Wy(t) + i@ (t) + y(t) = sin(t)
The above example is an ordinary differential equation (ODE) because the unknown function, y(¢), is a function of a single
variable (in this case t). Because we are dealing with a function of a single variable, only ordinary derivatives appear in the
equation. If we were dealing with a function of two or more variables, the partial derivatives of the function would appear in the
equation, and we would call this differential equation a partial differential equation (PDE). An example of a PDE is shown
below. We will discuss PDEs towards the end of the semester.

Pu | Ou Pu_ 0%

0z Oy ' 822 o2
Note that in the example above we got ‘lazy’ and used u instead of u(z, y, z,t). The fact that « is a function of z,y, 2, and ¢ is obvious
from the derivatives, so you will see that often we will relax and not write the variables explicitly with the function.

Why do we need to study differential equations? The answer is simple: Differential equations arise in the mathematical models
that describe most physical processes. Figure 10.5.1.1 illustrates three examples.

Molecular transport Chemical Kinetics Oscillations
0 ks =
P s ; 3 A - B 1
ﬁ B & _pic, 2e ac K ol
. a & & o dr?
S 41 8]

gt

i 1AL+ ) x(t)=...
[Al(r) = ———="—
k +k
. -
©ODE: ordinary differential equation ODE: ordinary differential equation

PDE: partial differential equation

Figure 10.5.1.1: Examples of physical process that are described mathematically through differential equations (CC BY-NC-SA;

Marcia Levitus)
The first column illustrates the problem of molecular transport (diffusion). Suppose the red circles represent molecules of sucrose
(sugar) and the black circles molecules of water, and assume you are interested in modeling the concentration of sucrose as a
function of position and time after you dissolve some sucrose right in the middle of the container. The differential equation
describing the process is a partial differential equation because the concentration will be a function of two variables: r, the distance
from the origin, and ¢, the time elapsed from the moment you started the experiment. The solution shown in the figure was obtained
by assuming that all the molecules of sucrose are concentrated at the center at time zero. You could solve the differential equation
with other initial conditions.

The second column illustrates a chemical system where a compound A reacts to give B. The reaction is reversible, and it could, for
example, represent two different isomers of the same molecule. The differential equation models how the concentration of A, [A],
changes with time. We will in fact analyze this problem in detail and find the solution shown in the figure. As we will see, in this
case we are also assuming certain initial conditions.

Finally, the third column illustrates a mass attached to a spring. We will also analyze this equation, and the solution is not shown
because it will be your job to get it in your homework. You may think this is a physics problem, but because molecules have
chemical bonds, and atoms vibrate around their equilibrium positions, systems like these are of interest to chemists as well.

To solve the differential equation means to find the function (or family of functions) that satisfies the equation. In our first example
in Figure 10.5.1.1, we would need to find the function C(r,t) that satisfies the equation. In the second example we would need to
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find all the functions A(t) that satisfy the equation. As we will see shortly, whether the solution is one function or a family of
functions depends on whether we are restricted by initial conditions (e.g. at time zero [B] = 0) or not.

The order of a differential equation (partial or ordinary) is the highest derivative that appears in the equation. Below is an example
of a first order ordinary differential equation:
dy

o Tau=8¢" (10.5.1.1)

In this example, we are looking for all the functions y(z) that satisfy Equation 10.5.1.1. As usual, we will call = the independent
variable, and y the dependent variable. Again, y is of course y(z), but often we do not write this explicitly to save space and time.
This is an ordinary differential equation because y is a function of a single variable. It is a first order differential equation because
the highest derivative is of first order. It is also a linear differential equation because the dependent variable and all of its
derivatives appear in a linear fashion. The distinction between linear and non-linear ODEs is very important because there are
different methods to solve different types of differential equations. Mathematically, a first order linear ODE will have this general
form:

N+ h@y= i@

It is crucial to understand that the linearity refers to the terms that include the dependent variable (in this case y). The terms
involving x (f1(z) and f,(z)) can be non-linear, as in Equation 10.5.1.1. An example of a non-linear differential equation is shown
below. Note that the dependent variable appears in a transcendental function (in this case an exponential), and that makes this
equation non-linear:

d—: +3e¥ =8z

Analogously, a linear second order ODE will have the general form:

d? d;
o Hh@) S+ h@)y = fi(=) (10.5.0.2)
Again, we don’t care whether the functions f,(z), f2(z) and f3(x) are linear in  or not. The only thing that matters is that the terms

involving the dependent variable are.

Identifying the dependent and the independent variables: Test yourself with this short quiz. http:/tinyurl.com/l122wnv

Linear or non-linear? See if you can identify the linear ODE:s in this short quiz. http:/tinyurl.com/msldkp3

We are still defining concepts, but we haven’t said anything so far regarding how to solve differential equations! We still need to go
over a few more things, so be patient.

An nth-order differential equation together with n auxiliary conditions imposed at the same value of the independent variable is
called an initial value problem. For example, we may be interested in finding the function y(z) that satisfies the following
conditions:

Yy =e%,y(0)=1,9(0)=4 (10.5.1.3)

Notice that we are introducing different types of notations so you get used to seeing mathematical equations in different ‘flavors’.

d*y(z)
dz?

auxiliary conditions imposed at the same value of z (in this case z = 0). There are infinite functions y(z) that satisfy y” = e™2, but

Here, y” of course means

This is an initial value problem because we have a second-order differential equation with two

only one will also satisfy the two initial conditions we imposed. If we were dealing with a first order differential equation we would
need only one initial condition. We would need three for a third-order differential equation.

How do we use initial conditions to find a solution? In general, the solution of a second order ODE will contain two arbitrary
constants (in the example below ¢; and ¢2). This is what we will call the general solution of the differential equation. For example,
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y(z) = e™® + ¢1z + co is the general solution of y” = e™*. We can verify this is true by taking the second derivative of this function.
Again, we do not know yet how to get these solutions, but if we are given this solution, we know how to check if it is correct. It is
clear that ¢; and ¢; can be in principle anything, so the solution of the ODE is a whole family of functions. However, if we are
given initial conditions we are looking for a particular solution, one that not only satisfies the ODE, but also the initial conditions.
Which function is that?

The first initial condition states that y(0) = 1. Therefore,
yz)=e*t+eazr+eca=>y0)=1+c
y0)=1=>1=14cy=>c2=0
So far, we demonstrated that the functions y(z) = e™* + ¢;« satisfy not only the ODE, but also the initial condition y(0) = 1. We still
have another initial condition, which will allow us to determine the value of ¢;.
y(@)=—e4e=>y(0)=—-14+¢
yY0)=4=4=—-1+ci=c1=5

Therefore, the function y(z) = e* + 5z is the particular solution of the initial value problem described in Equation 10.5.1.3. We
can check our answer by verifying that this solution satisfies the three equations of the initial value problem:

d? . g . . .

l.y”=e¢"— ﬁ(e—” + 5z) = e~%, so we know that the solution we found satisfies the differential equation.
&L

2.9(0) =1 —e7%+5x 0 =1, so we know that the solution we found satisfies one of the initial conditions.

3.y(0) =4 —)d—(e_” +5z) = —e~* + 5 = 3/ (0) = 4, so we know that the solution we found satisfies the other initial condition as
z

well.
Therefore, we demonstrated that y(z) = e™* + 5z is indeed the solution of the problem.

An nth-order differential equation together with n auxiliary conditions imposed at more than one value of the independent variable
is called a boundary value problem. What is the difference between a boundary value problem and an initial value problem? In
the first case, the conditions are imposed at different values of the independent variable, while in the second case, as we just saw,
the conditions are imposed at the same value of the independent variable. For example, this would be a boundary value problem:

y" =e%,y0)=1,91)=0 (10.5.1.4)

Notice that we still have two conditions because we are dealing with a second order differential equation. However, one condition
deals with z = 1 and the other with & = 0. The conditions can refer to values of the first derivative, as in the previous example, or to
values of the function itself, as in the example of Equation 10.5.1.4.

Initial value problem Boundary value problem
d’y <20 d’ d -
—%+2@+y=ez" —{)+2—y+y=ej”
dx” dx dx” dx
»0)=1, y'0)=1/2 y(0)=1, »(2)=1/2
same value of the independent variable different value of the independent variable

Figure 10.5.1.2: Initial vs boundary value problems (CC BY-NC-SA; Marcia Levitus)

Why do we need to distinguish between initial value and boundary value problems? The reason lies in a theorem that states that, for
linear ODEs, the solution of a initial value problem exists and is unique, but a boundary value problem does not have the existence
and uniqueness guarantee. The theorem is not that simple (for example it requires that the functions in z (f1..s in Equation 10.5.1.2)
are continuous), but the bottom line is that we may find a solution whenever the conditions are imposed at the same value of z, but
we may not find a solution whenever the conditions are imposed at different values. We will see examples when we discuss second
order ODEs, and in particular we will discuss how boundary conditions give rise to interesting physical phenomena. For example,
we will see that boundary conditions are responsible for the fact that energies in atoms and molecules are quantized.
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Coming back to the boundary value problem of Equation 10.5.1.4, it is important to recognize that because the actual differential
equation is the same as in the example of Equation 10.5.1.3, the general solution is still the same: y(z) = e~ + ¢1z + c. However,
the particular solution will be different (different values of ¢; and ¢;), because we need to satisfy different conditions.

As in the first example, the first boundary condition states that y(0) = 1 so:

yr)=e"+caz+co=>y0)=1+cy
y0)=1=1=1+4co=>¢c3=0

as before. However, now

y(1) = el+e

where we have used the result ¢c; = 0 so
Y1) =0=20=el+ci=zc1=—¢

and the particular solution is therefore y(z) = e™® — e~1z. As we did before, it is important that we check our solution. If we are
right, this solution needs to satisfy all the relationships stated in Equation 10.5.1.4.
d? . - . . .
l.yy=e?— W(e_w —e~lz) = e2, so the solution satisfies the differential equation.
2.y9(0) =1 e % —e™! x 0 =1, 50 our solution satisfies one of the boundary conditions.
3.y(1) =0 se 1 —e7! x 1 =0, so our solution satisfies the other boundary condition as well.

Figure 10.5.1.3 illustrates the difference between the general solution and the particular solution. The general solution has two
arbitrary constants, so there are an infinite number of functions that satisfy the differential equation. Three examples are shown in
different colors. However, only one of these satisfies both boundary conditions (shown with the arrows).

¥(0)=1 y(1)=0

I~

Figure 10.5.1.3: General and particular solutions of boundary value problem [eq3] (CC BY-NC-SA; Marcia Levitus)

Using boundary conditions: see if you can obtain the particular solution of a second order ODE in this short quiz.
http://tinyurl.com/lovh4x3

So far we have discussed how to:

o Identify the dependent and independent variables

o Identify the order of the differential equation.

o Identify whether the equation is linear or not

¢ Use initial or boundary conditions to obtain particular solutions from general solutions

o Check your results to be sure you satisfy the differential equation and all the initial or boundary conditions

We are obviously missing the most important question: How do we solve the differential equation? Unfortunately, there is no
universal method, and in fact some differential equations cannot be solved analytically. We will see some examples of equations
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that cannot be solved analytically and we will discuss what can be done in those cases. In this class we will only discuss some
differential equations of interest in physical chemistry. It is not our intention to cover the topic in a comprehensive manner, and we
will not touch on other differential equations that might be of interest in other disciplines. Yet, the background you will get in this
class will allow you to teach yourself more advanced topics in differential equations if your future career demands that you have a
deeper knowledge of the subject.

This page titled 10.5.1: Definitions and General Concepts is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 4.1: Definitions and General Concepts by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.5.2: 1st Order Ordinary Differential Equations

We will discuss only two types of 1st order ODEs, which are the most common in the chemical sciences: linear 1st order ODEs,
and separable 1st order ODEs. These two categories are not mutually exclusive, meaning that some equations can be both linear
and separable, or neither linear nor separable.

Separable 1st order ODEs

An ODE is called separable if it can be written as

dy _ g(x)
— = —= 10.5.2.1
dz  h(y) (10:5.2.1)
A separable differential equation is the easiest to solve because it readily reduces to a problem of integration:
/ h(y)dy = / g(z)dz (10.5.2.2)
For example: Z—z = 4y%z can be written as y~2dy = 4zdz or %y—zdy = zdz. This equation is separable becuase the terms multiplying

dy do not contain any terms involving z, and the terms multiplying dz do not contain any terms involving y. This allows you to

integrate and solve for y(z):
/ Yy 2dy = / 4dzdzx

1
——+4e =21 +e
Yy
1

V=9 +c3
where c3 =C3—C1.

Let’s see how to separate other equations. If you wanted to finish these problems you would integrate both sides and solve for the
dependent variable, as shown in the solved examples below. For now, let’s concentrate on how to separate the terms involving the
independent variable from the terms involving the dependent variable:

Example 1:
y =e Y38 —1x)
Z_Z =e¥3—1x)
Separated ODE:
eYdy = (3 —z)dz
Example 2:
2
ot
a_#
dt 0
Separated ODE:
0d6 = t*dt
Example 3:
dAQ®) _ 2t
dt 1—A(2)
Separated ODE:

@ 0 a @ 10.5.2.1 https://chem.libretexts.org/@go/page/456258
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Solve the following differential equation: & = yz?

(1— A(t))dA = (2—t)dt

Solution
We first ‘separate’ the terms involving y from the terms involving «:

1
—dy = z2dx
Y
and then integrate both sides (it is crucial not to forget the integration constants):
1 2 1 3
—dy= [ z°dz > Iny+c1=—-z"+cy
Y 3
Remember that our goal is to find y(z), so our job now is to solve for ¢
1 3
Iny+e¢; = 3:1: + co

1
Iny= §m3+C2—c1

1
= §w3+03

1 1
Y = exp (Ea/‘a + 03) = exp (5:1;3) exp(cs) = Keo'l3

Notice that ¢; — ¢; is a constant, so we re-named it ¢3. In addition, ezp(c3) is also a constant, so we re-named it kK. The names of
the constants are not important.

Just to be on the safe side, let’s verify that Ke®'/3 is indeed the solution of this differential equation. We’ll do it by substitution.
On the left-hand side of the equation we have %, and on the right-hand side we have ya®. We’ll replace y by Ke®"/? on both
sides, and verify that the two sides are identical (the equality holds).

L = Ke*' /352
dz

yr? = Ke®' /32

We just verified that the function K /3 satisfies % = yz?%, so we know our solution is correct!

Example 10.5.2.1 illustrates why you need to be very comfortable with the properties of the logarithmic and exponential functions.
These functions appear everywhere in the physical sciences, so if you found this challenging you need to review your algebra!

v/ Example 10.5.2.2

Solve the following differential equation: % =z

This might look similar to example 10.5.2.1, but notice that in this case, z is the dependent variable.

Solution
We first ‘separate’ the terms involving z from the terms involving ¢:

1
T

and then integrate both sides (it is crucial not to forget the integration constants):

/izdm=/tdt—>—m_1+cl=t2/2+02
T
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Remember that our goal is to find z(t), so our job now is to solve for z:
—z 4= t2/2 +c
7l = —t%/2+ (c1 —¢3)
1 1

t)=— — )
2(®) 2 t2/2+¢
7+(02—01)

where ¢ = (cz — c1).

Just to be on the safe side, let’s verify that our solution satisfies the differential equation. We’ll do it by substitution. On the
1

2/2+c¢

left-hand side of the equation we have %, and on the right-hand side we have ¢tz2. We’ll replace z by — on both sides,

and verify that the two sides are identical (the equality holds).

g ___t
dt ~ (12/2+c)?

z%t = —t
 (82/2+¢)?

. . . 1 e d L
We just verified that the function ——— satisfies = tz?, so we know our solution is correct!

t2/2+c

This example is also available as a video: http://tinyurl.com/kxdfgxq

Watch an additional solved example. http:/tinyurl.com/kem?7e6h
External Links:

o Example 1: http:/patrickjmt.com/separable-differential-equation-example-2
o Example 2: http://www.youtube.com/watch?v=76 WdBIGpxVw
o Example 3: http://www.youtube.com/watch?v=3jpiW_oueaA

Linear 1st order ODEs

A general first-order linear ODE can be written

Z_g +p(z)y = q() (10.5.2.3)

Note that the linearity refers to the y and dy/dz terms, p(z) and ¢(z) do not need to be linear in z. You may need to reorganize terms
around to write your equation in the form shown in Equation 10.5.2.3. For example, dy = (8¢® — 3y)dz is linear, because it can be re-
organized as

dy

o Hoy=8¢ (10.5.2.4)

Comparing Equations 10.5.2.3 and 10.5.2.4, we see that in this case, p(x) = 3 and ¢(x) = 8¢®. In this example p(z) is a constant, but
this need not to be the case. The term p(z) can be any function of z.

First order linear ODEs can be solved by multiplying by the integrating factor e/?@)4=, This sounds very strange at first sight, but
we will see how it works with the example of Equation 10.5.2.4.

Our very first step is to write the equation so it looks like Equation 10.5.2.3. We then calculate the integrating factor, in this case
eJ 34z — 32 'We next multiply both sides of the equation by the integrating factor:

d
2 g3a g 3ye®® = 8e"e™ = 8e*”
dz

In the next step, we recognize that the left-hand side is the derivative of the dependent variable multiplied by the integrating factor:

https://chem.libretexts.org/@go/page/456258
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Y 3 w_ @ 3z
dz© +3ye _dm(ye)

This last step is the multiplication rule in reverse. If you start with i(ye‘") you can apply the multiplication rule to obtain Zy 3z

+ 3ye¥. The whole point of calculating the integrating factor is that 1t guarantees that the left-hand side of the equation will always
be the derivative of the dependent variable multiplied by the integrating factor. This will allow us to move dz to the right side, and
integrate:

d tz
iz —(ye3®) = 8e

d(ye®®) = 8e*%dx

/d(yesw) = /864‘Td:1;

The left-side of the above equation is [ d(ye®’) = ye%, in the same way that [ dy = y. The right side is [ 8e**dz = 2¢** + ¢. Note that
we included the integration constant only on one side. This is because we already saw that if we included integration constants in
both sides we could group them into a single constant.

So far we have
3z — 2e4¢ +c
Now we need to solve for the dependent variable, in this case y(z). Dividing both terms by e%:

—3z

y=2e"+ce
which is the general solution of Equation 10.5.2.4. Before moving on let’s verify that this function satisfies Equation 10.5.2.4 by
substituting y by y = 2% 4 ce~%:

ay
dx

= 2¢% — 3ce™™

3y = 6e” + 3ce™3*

% + 3y = 2 — 3ce 3% 4 6e” + 3ce ™3 = 8e®

which equals the right-hand side of Equation 10.5.2.4. This verifies that y = 2e® + ce=% is indeed the general solution of Equation
10.5.2.4. If we were given an initial condition we could calculate the value of ¢ and obtain the particular solution.
Let’s review and list the steps we used to find the solution of a linear 1st order ODE:

. Re-arrange the terms so the equation has the form % + p(z2)y = q(x)

. Multiply both sides of the equation by the integrating factor e/ ?(z)d
. Recognize that the left-hand side can be written as % (yef P(m)dm)

. Solve for the dependent variable
. If given, use the initial condition to calculate the value of the arbitrary constant.

1
2
3
4. Move dz to the right-hand side and integrate. Remember the integration constants!
5
6
7. Verify your solution is correct by substitution into the differential equation.

See another solved example to see this method in action: http://tinyurl.com/Izluktp

External Links: http://www.youtube.com/watch?v=HAb9JbBD2ig

This page titled 10.5.2: 1st Order Ordinary Differential Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

o 4.2: 1st Order Ordinary Differential Equations by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.5.3: Chemical Kinetics

The term chemical kinetics refers to the study of the rates of chemical reactions. As we will see, differential equations play a central
role in the mathematical treatment of chemical kinetics. We will start with the simplest examples, and then we will move to more
complex cases. As you will see, in this section we will focus on a couple of reaction mechanisms. The common theme will be to
find expressions that will allow us to calculate the concentration of the different species that take part of the reaction at different
reaction times.

Let’s start with the simplest case, in which a reactant A reacts to give the product B. We’ll assume the reaction proceeds in one step,
meaning there are no intermediates that can be detected.

iy (10.5.3.1)

We’ll use the following notation for the time-dependent concentrations of A and B: [A](¢), [BI(t), or simply [A] and [B]. We’ll use
[A]p and [B]p to denote the concentrations of A and B at time ¢ = 0. The constant k is the rate constant of the reaction, and is a
measure of how fast or slow the reaction is. It depends on the reaction itself (the chemical compounds A and B) and environmental
factors such as temperature. The rate constant does not depend on the concentrations of the species involved in the reaction. The
units of k¥ depend on the particular mechanism of the reaction, as we will see through the examples. For the case described above,
the units will be 1/time (e.g. s™!)

The rate of the reaction (r) will be defined as the number of moles of A that disappear or the number of moles of B that appear per
unit of time (e.g. per second) and volume (e.g. liter). This is true because of the stoichiometry of the reaction, as we will discuss in
a moment. However, because the rate is a positive quantity, we will use a negative sign if we look at the disappearance of A:

__dA _ dB]

dt dt

The rate of the reaction, therefore, is a positive quantity with units of M.s™, or in general, concentration per unit of time. As we
will see, the rate of the reaction depends on the actual concentration of reactant, and therefore will in general decrease as the
reaction progresses and the reactant is converted into product. Although all the molecules of A are identical, they do not need to
react at the same instant. Consider the simple mechanism of Equation 10.5.3.1, and imagine that every molecule of A has a
probability p = 0.001 of reacting in every one-second interval. Suppose you start with 1 mole of Ain a 1 L flask ([4]o = 1M), and
you measure the concentration of A one second later. How many moles of A do you expect to see? To answer this question, you can
imagine that you get everybody in China (about one billion people) to throw a die at the same time, and that everybody who gets a
six wins the game. How many winners do you expect to see? You know that the probability that each individual gets a six is p
= 1/6, and therefore one-sixth of the players will win in one round of the game. Therefore, you can predict that the number of
winers will be 10°/6, and the number of losers will be 5/6 x 10°. If we get the losers to play a second round, we expect that one-
sixth of them will get a six, which accounts for 5/6 x 10° x 1/6 people. After the second run, therefore, we’ll still have (5/6)% x 10°
losers.

Following the same logic, the probability that a molecule of A reacts to give B in each one-second interval is = 1/1000, and
therefore in the first second you expect that 6 x 10%/1000 molecules react and 999 x 6 x 102/1000 remain unreacted. In other
words, during the first second of your reaction 0.001 moles of A were converted into B, and therefore the rate of the reaction was
10~*Ms~1. During the second one-second interval of the reaction you expect that one-thousand of the remaining molecules will
react, and so on. Imagine that you come back one hour later (3,600 s). We expect that (999/1000)36% x 6 x 10 molecules will
remain unreacted, which is about 1.6 x 10?2 molecules. If you measure the reaction rate in the next second, you expect that one-
thousand of them (1.6 x 10'® molecules, or 2.7 x 10~° moles) will react to give B. The rate of the reaction, therefore, decreased from
103Ms 1 att = 1sto 2.7 x 107°Ms~! at ¢t = 1h. You should notice that the fraction of molecules of A that react in each one-second
is always the same (in this case one-thousand). Therefore, the number of molecules that react per time interval is proportional to the
number of molecules of A that remain unreacted at any given time. We just concluded that the rate of the reaction is proportional to
the concentration of A:

po A4l _ 4Bl _ K[A] (10.5.3.2)

dt dt
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The proportionality constant, k, is related to the probability that a molecule will react in a small time interval, as we discussed
above. In this class, we will concentrate on solving differential equations such as the one above. This is a very simple differential
equation that can be solved using different initial conditions. Let’s say that our goal is to find both [A](t) and [B](t). As chemists,
we need to keep in mind that the law of mass conservation requires that

[A](2) + [B](t) = [4]o + [Blo (10.5.3.3)

In plain English, the concentrations of A and B at any time need to add up to the sum of the initial concentrations, as one molecule
of A converts into B, and we cannot create or destroy matter. Again, keep in mind that this equation will need to be modified
according to the stoichiometry of the reaction. We will call an equation of this type a ‘mass balance’.

Before solving this equation, let’s look at other examples. What are the differential equations that describe this sequential
mechanism?

13 k:
A3 B3cC

In this mechanism, A is converted into C through an intermediate, B. Everything we discussed so far will apply to each of these two
elementary reactions (the two that make up the overall mechanism). From the point of view of A nothing changes. Because the rate
of the first reaction does not depend on B, it is irrelevant that B is converted into C (imagine you give 1 dollar per day to a friend. It
does not matter whether you friend saves the money or gives it to someone else, you still lose 1 dollar per day).

d4] _

o =—kil4] (10.5.3.4)

On the other hand, the rate of change of [B], d[B]/dt is the sum of the rate at which B is created (¥1[A]), minus the rate at which it
disappears by reacting into C (kz[B]):
d[B]

- = k1[A] — ks[B] (10.5.3.5)

This can be read: The rate of change of [B] equals the rate at which [B] appears from A into B, minus the rate at which [B]
disappears from B into C. In each term, the rate is proportional to the reactant of the corresponding step: A for the first reaction, and
B for the second step.

What about C? Again, it is irrelevant that B was created from A (if you get 1 dollar a day from your friend, you don’t care if she got
it from her parents, you still get 1 dollar per day). The rate at which C appears is proportional to the reactant in the second step: B.
Therefore:

d[C]

5 = FalB (10.5.3.6)

The last three equations form a system of differential equations that need to be solved considering the initial conditions of the
problem (e.g. initially we have A but not B or C). We’ll solve this problem in a moment, but we still need to discuss a few issues
related to how we write the differential equations that describe a particular mechanism. Imagine that we are interested in

24+B% 30

We know that the rate of a reaction is defined as the change in concentration with time...but which concentration? is it d[A]/dt? or
d[B]/dt? or d[C]/dt? These are all different because 3 molecules of C are created each time 1 of B and 2 of A disappear. Which one
should we use? Because 2 of A disappear every time 1 of B disappears: d[A]/dt = 2d[B]/dt. Now, considering that rates are positive
quantities, and that the derivatives for the reactants, d[A]/dt and d[B]/dt, are negative:

LdiA] __d[B] _ 1d]

2 dt dt 3 dt

This example shows how to deal with the stoichiometric coefficients of the reaction. Note that in all our examples we assume that
the reactions proceed as written, without any ‘hidden’ intermediate steps.
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First order reactions

We have covered enough background, so we can start solving the mechanisms we introduced. Let’s start with the easiest one
(Equations 10.5.3.1, 10.5.3.2 and 10.5.3.3):

A5B
d4) d[B|
r=—"g ~ @ "4

[4](t) + [B](#) = [Ao + [Blo

This mechanism is called a first order reaction because the rate is proportional to the first power of the concentration of reactant.
For a second-order reaction, the rate is proportional to the square of the concentration of reactant (see Problem 4.3). Let’s start by
finding [A4](¢) from —% = k[A]. We’ll then obtain[B](¢) from the mass balance. This is a very simple differential equation because

it is separable:

_d[4]

@ = HA
dAl _
4] = —kdt

We integrate both sides of the equation, and combine the two integration constants in one:
In[A]=—kt+c
We need to solve for [A]:
[A] = e~H+¢ = ¢fe~M = cyet

This is the general solution of the problem. Let’s assume we are giving the following initial conditions: [A](t = 0) = [A]o, [BI(t = 0)
= 0. We’ll use this information to find the arbitrary constant cs:

[A](t =0) = coe’ = ¢
Therefore, the particular solution is:
[4](t) = [A]oe™ (10.5.3.7)
What about [B]? From the mass balance, [B] = [A]p + [Blg - [A] = [Alq - [Alge™ =[4]o (1 — e7™)].
Figure 10.5.3.4 shows three examples of decays with different rate constants.

We can calculate the half-life of the reaction (¢/5), defined as the time required for half the initial concentration of A to react. From
Equation 10.5.3.7:

[A®) _
[4]o
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Figure 10.5.3.4: Time-dependent concentration of the reactant in the reaction A LB (CC BY-NC-SA; Marcia Levitus)

Whent = t1/2,
1

—ktl/g
=e
2

1n1/2 = —kt1/2 —In2= kt]_/2

In2
b=
Note that in this case, the half-life does not depend on the initial concentration of A. This will not be the case for other types of
mechanisms. Also, notice that we have already covered the concept of half-life in Chapter 1 (see Figure 1.3.1), so this might be a
good time to read that section again and refresh what we have already learned about sketching exponential decays.

In physical chemistry, scientists often talk about the ‘relaxation time’ instead of the half-life. The relaxation time 7 for a decay of
the shape a™ is 1/b, so in this case, the relaxation time is simply 1/k. Notice that the relaxation time has units of time, and it
represents the time at which the concentration has decayed to e~ of its original value:

[4] = [Alge™"" — A _ v by el ~0.37

(Ao T4

The half-life and relaxation time are compared in Figure 10.5.3.5 for a reaction with k = 0.5s~1.
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Figure 10.5.3.5: Half-life (black) and relaxation time (red) for the reaction A X Bwith k= 0.551 (CC BY-NC-SA; Marcia Levitus)

Consecutive First Order Processes

We will now analyze a more complex mechanism, which involves the formation of an intermediate species (B):
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13 k:
A3 B3cC

which is mathematically described by Equations 10.5.3.4, 10.5.3.5 and 10.5.3.6. Let’s assume that initially the concentration of A is
[Alp, and the concentrations of B and C are zero. In addition, we can write a mass balance, which for these initial conditions is
expressed as:

[A](®) + [B](2) + [C](2) = [Alo

Let’s summarize the equations we have:

% = kA (10.5.3.8)

% = k1[A] — k2[B] (10.5.3.9)
dlC] _

- = ks[B] (10.5.3.10)

(4] + [B] + [C] = [A]o (10.5.3.11)

[4](t =0) = [A]o (10.5.3.12)

[Bl(t=0)=[C](t=0)=0 (10.5.3.13)

Note that Equation 10.5.3.11 is not independent from Equations 10.5.3.8-10.5.3.10. If you take the derivative of 10.5.3.11 you get
d[A]/dt + d[B]/dt + d[C]/dt =0, which is the same you get if you add Equations 10.5.3.8-10.5.3.10. This means that Equations
10.5.3.8-10.5.3.11 are not all independent, and three of them are enough for us to solve the problem. As you will see, the mass
balance (10.5.3.11) will give us a very easy way of solving for [C] once we have [A] and [B], so we will use it instead of Equation
10.5.3.10.

We need to solve the system of Equations 10.5.3.8-10.5.3.13, and although there are methods to solve systems of differential
equations (e.g. using linear algebra), this one is easy enough that can be solved with what we learned so far. This is because not all
equations contain all variables. In particular, Equation 10.5.3.8 is a simple separable equation with dependent variable [A], which
can be solved independently of [B] and [C]. We in fact just solved this equation in the First Order Reactions section, so let’s write
down the result:

[A](t) = [Aloe™™* (10.5.3.14)

Equation 10.5.3.9 contains two dependent variables, but luckily we just obtained an expression for one of them. We can now re-
write 10.5.3.9 as:

dip)

= k1[Aloe ™ — ky[B] (10.5.3.15)

Equation 10.5.3.15 contains only one dependent variable, [B], one independent variable, ¢, and three constants: k;, k2 and [A]o. This
is therefore an ordinary differential equation, and if it is either separable or linear, we will be able to solve it with the techniques we
learned in this chapter. Recall eq. [sep], and verify that Equation 10.5.3.15 cannot be separated as

dB] _ g(B)

it )

Equation 10.5.3.15 is not separable. Is it linear? Recall Equation ??? and check if you can write this equation as % +p(t)[B] = q(¢).
We in fact can:

— ThalBl= k1[A]geFit (10.5.3.16)

Let’s use the list of steps delineated in Section 4.2. We need to calculate the integrating factor, ef#®4=  which in this case is ef k2d
= ef2t, We then multiply Equation 10.5.3.16 by the integrating factor:

B]
d([lt] ekgt + k2 [B]ekgt — kl [Aloe—htekzt — kl [A] Oe(kz—kl)t
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In the next step, we need to recognize that the left-hand side of the equation is the derivative of the product of the dependent
variable times the integrating factor:

d _
= (1BleM) = y[Aloe=+0t

We then take ‘d¢’ to the right side of the equation and integrate both sides:

[aB1) = [tdoettrae

1

kot _
[B]e kg _ kl

k1 [A]oe(kz—h)t +ec

1 et ¢
[B] = ko — ki k1[A]o ekat + ‘ekat

(Bl =% & o [Aloe™" + ce™
2 — Rl
We have an arbitrary constant because this is a first order differential equation. Let’s calculate ¢ using the initial condition [B](t = 0)
=0:
— kl —k10 —ka0 __ kl
0= p— [Aloe™Y + ce™" = k2_k1[A]g+c
k1
c=—k2_k1 [A]o
And therefore,
— kl —k1t kl —kot
[B] - k2 _ kl [14]0e k2 _ kl [‘A]Oe
[B]= = ks —[4lo (e7Frt — e7Feh) (10.5.3.17)
2 — ]

Before moving on, notice that we have assumed that k1 # k2. We were not explicit, but we performed the integration with this
assumption. If k; = k2 the exponential term becomes 1, which is not a function of ¢. In this case, the integral will obviously be
different, so our answer assumes k; # kp. This is good news, since otherwise we would need to worry about the denominator of
[eq:b(t)] being zero. You will solve the case k; = k, in Problem 4.4.

Now that we have [A] and [B], we can get the expression for [C]. We could use Equation 10.5.3.10:

kok1
ko — k1

[A]O (e—klt _ e—kzt)

This is not too difficult because the equation is separable. However, it is easier to get [C] from the mass balance, Equation 10.5.3.11:

[C] = [Alo — [A] — [B]
Plugging the answers we got for [A] and [B]:

(O] = lo — [Joe™* — £ [Alo (e — e74)

ky

[C] — [A]O [1 —_e kit _ m (e—klt — e—kﬂt):l (10.5.3.18)

Equations 10.5.3.14, 10.5.3.17, 10.5.3.18 are the solutions we were looking for. If we had the values of %, and k; we could plot
[A](¢)/[Alo, [BI(t)/[Alo and [C](¢)/[A]o and see how the three species evolve with time. If we had [A]o we could plot the actual

concentrations, but notice that this does not add too much, because it just re-scales the y—axis but does not change the shape of the
curves.
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Figure 10.5.3.6 shows the concentration profiles for a reaction with k; = 0.1s7! and k, = 0.5s~!. Notice that because B is an
intermediate, its concentration first increases, but then decreases as B is converted into C. The product C has a ‘lag phase’, because
we need to wait until enough B is formed before we can see the concentration of C increase (first couple of seconds in this
example). As you will see after solving your homework problems, the time at which the intermediate (B) achieves its maximum
concentration depends on both &; and k,.

1.0

0.8 -

2 —[CVIA,
— [BIIA],

o — [AVIA],

0.2+

0:0 b L] ¥ 1 b L) ¥

0 5 10 15 20

time (s)

Figure 10.5.3.6: Concentration profiles for the reaction A X C with k; =0.1s7 and k; =0.5s71 (CC BY-NC-SA; Marcia
Levitus)

Reversible first order reactions
So far we have discussed irreversible reactions. Yet, we know that many reactions are reversible, meaning that the reactant and

product exist in equilibrium:

R
A‘EB

The rate of change of [A], %, is the rate at which A appears (k,[B]) minus the rate at which A disappears (k;[A]):

dl4]
~ = klBl—kil4]

We cannot solve this equation as it is, because it has two dependent variables, [A] and [B]. However, we can write [B] in terms of
[A], or [A] in terms of [B], by using the mass balance:

[4](¢) + [BI(t) = [Alo + [Blo

% = ks ([Alo + [Blo — [4]) — k1[4]
% = k2 ([A]o + [Blo) — (k2 + k1) [4]

This is an ordinary, separable, first order differential equation, so it can be solved by direct integration. You will solve this problem
in your homework, so let’s skip the steps and jump to the answer:

k2 ([Alo+[Blo) | KilAlo —FalBlo s,k

Al =
4 k14 k2 k1+ k2

(10.5.3.19)

This is a reversible reaction, so if we wait long enough it will reach equilibrium The concentration of [A] in equilibrium, [A],,, is
the limit of the previous expression when ¢t — co. Because e~ — 0 when z — oo:

= F2 s+ 510

and we can re-write Equation 10.5.3.19 as
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[A] = [Aleq + ([A]o — [Alg) e~ C1¥R2)0 (10.5.3.20)
As you will do in your homework, we can calculate [B](¢) from the mass balance as [B](t) = [A]o + [B]o — [4](¢)-

Equation 10.5.3.20 is not too different from Equation 10.5.3.7. In the case of an irreversible reaction, (Equation 10.5.3.7), [A] decays
from an initial value [A], to a final value [A4];, =0 with a relaxation time 7 = 1/k. For the reversible reaction, [4] — [A4]., decays
from an initial value [A]p — [A]e, to a final value [A];0 — [A]eq = 0 With a relaxation time 7 = (k; + k) ~*. This last statement is not
trivial! It says that the rate at which a reaction approaches equilibrium depends on the sum of the forward and backward rate
constants.

A1
LA
2R
1AHAL,

& (AL AL

A,

012 1 45 8 7 B 9 10111213 14 15 16 0123 4 567 B 9 1011213 14 1516
ts) bs)

Figure 10.5.3.7: The kinetics of a reaction with [A], = 0.1M, k; = 0.1s~! and k, = 0.2s~! approaching equilibrium. Note that the
relaxation time is 3s = (k; + k2)~! (CC BY-NC-SA; Marcia Levitus)
In your homework you will be asked to prove that the ratio of the concentrations in equilibrium, [B].,/[A]., is equal to the ratio of
the forward and backwards rate constants. In addition, from your introductory chemistry courses you should know that the
equilibrium constant of a reaction (k,,) is the ratio of the equilibrium concentrations of product of reactant. Therefore:

[Bleg
[Aleg

_k
- &

— K., (10.5.3.21)

This means that we can calculate the ratio of k; and k, from the concentrations of A and B we observe once equilibrium has been
reached (i.e. once % = % = 0). At the same time, we can obtain the sum of &; and k, from the relaxation time of the process. If
we have the sum and the ratio, we can calculate both k; and &,. This all makes sense, but it requires that we can watch the reaction
from an initial state outside equilibrium. If the system is already in equilibrium, [A]q = [A]eq, and d[A]/dt = 0 at all times. A plot of
[A](t) will look flat, and we will not be able to extract the relaxation time of the reaction. If, however, we have an experimental
way of shifting the equilibrium so [4]e # [A]e, We can measure the relaxation time by observing how the reaction returns to its

equilibrium position.

Advanced topic: How can we shift the equilibrium? One way is to produce a very quick change in the temperature of the system.
The equilibrium constant of a reaction usually depends on temperature, so if a system is equilibrated at a given temperature (say
25°C), and we suddenly increase the temperature (e.g. to 26°C), the reaction will suddenly be away from its equilibrium condition at
the new temperature. We can watch the system relax to the equilibrium concentrations at 26°C, and measure the relaxation time.
This will allow us to calculate the rate constants at 26°C.

[Bleg
[Aleg

_k
- &

= K

v/ Example 10.5.3.1

Advanced topic The following figure illustrates the experimental procedure known as “T-jump”, in which a sudden change in
temperature is used to shift the position of a reversible reaction out of equilibrium. The experiment starts at a temperature T,
and the temperature is increased to T% instantaneously at time ¢ = 0. Because the equilibrium constant at T3 is different from the
equilibrium constant at T4, the system needs to relax to the new equilibrium state. From the graph below estimate to the best of
your abilities Key(T1), Keq(T2), and the rate constants k1, and k» at Ts.
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Solution
At Ty, [Aleg = 0.1M and [B]¢, = 0.2M. The equilibrium constant is [Bleg/[A]eq = 2.

At T, [Aleg = 0.225M and [B]., = 0.075M. The equilibrium constant is [Bey/[Aleq = 1/3.

Because K., = ’,:—;, at T =T, ’,:—; =1/3. To calculate the relaxation time let’s look at the expression for [A](¢) (Equation
10.5.3.20).

[A] = [Aeq + ([A]o — [Aleg) e~ (rtha)t
When the time equals the relaxation time (7 = (k1 + k2) ™),
[A](t = 7) = [Aleg + ([A]o — [Aleg) €™

[4](t = 7) ~ 0.225M + (0.1M — 0.225M) x 0.37 ~ 0.18

1

From the graph, [A] = 0.18 at ¢ = 2.5s, and therefore the relaxation time is r = (k; + k2) ™! = 2.5s.

We have (k; + kp) ™ =255 =5/2s and £+ =1/3:

(k14 k) = 2/5 = (k1 + 3k1) = 4k; = k3 = 1/10 =0.157, ky = 0.357!

This page titled 10.5.3: Chemical Kinetics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia
Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 4.3: Chemical Kinetics by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.

@ 0 a @ 10.5.3.9 https://chem.libretexts.org/@go/page/456259


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/456259?pdf
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.05%3A_First_Order_Ordinary_Differential_Equations/10.5.03%3A_Chemical_Kinetics
https://creativecommons.org/licenses/by-nc-sa/4.0
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.05%3A_First_Order_Ordinary_Differential_Equations/School%20of%20Molecular%20Sciences
https://www.public.asu.edu/~mlevitus/chm240/book.pdf
https://chem.libretexts.org/@go/page/106822
https://chem.libretexts.org/Courses/DePaul_University/Thermodynamics_and_Introduction_to_Quantum_Mechanics_(Southern)/10%3A_Appendix-_Mathematics_for_Physical_Chemistry/10.05%3A_First_Order_Ordinary_Differential_Equations/School%20of%20Molecular%20Sciences
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://www.public.asu.edu/~mlevitus/chm240/book.pdf

LibreTexts*
10.5.4: Problems

? Problem 10.5.4.1

In each case,

e Identify the dependent and independent variables.

o Determine if the differential equation is separable.

o Determine if the differential equation is linear.

o Find the general solution.

o Find the particular solution using the given initial condition.
o Verify that your solution satisfies the differential equation by substitution.
2 y(0)=1

= e z’(0) =2

—3y=2z%y(1) =1

VAL =% f(2)=14

.h'(t)+ 2h(t) =4,h(0) =1

? Problem 10.5.4.2

. . k . . . .
Consider the reaction A — B. The rate of disappearance of A is proportional to the concentration of A, so:

vR W N e
gle % gl
I

d[4)
e ~HA

1) Obtain [A](¢) and [B](2).
2) Using the definition of half-life (z,,), obtain an expression for (t,/,) for this mechanism. Your result will be a function of &.

3) Sketch [A](t) and [B](t) for the case k =0.1s7, [B]p =0 and [4]o = 10~®M. Remember that you are expected to do this
without the help of a calculator.

? Problem 10.5.4.3

Consider the reaction 24 — B. This mechanism is called a bi-molecular reaction, because the reaction involves the collision of

two molecules of reactant. In this case, the rate of disappearance of A is proportional to the square of the concentration of A,
so:

1d4]
~3a —HAP

Notice that the rate is proportional to the square of the concentration, so this is a second-order reaction.
Assume that the initial concentration of [A] is [Alo, and the initial concentration of [B] is zero.

1. Obtain an expression for [A](t).
2. Write down a mass balance (a relationship relating [A](t), [BI(t), [Alp and [Bly) and obtain [B]().

3. Using the definition of half-life (t,/5), obtain an expression for (t1/,) for this mechanism. Your result will be a function of &
and [Alo.

? Problem 10.5.4.4

Obtain [A](t), [B](t), and[C](¢) for the following mechanism:

aLkBhC

Assume [A4](0) = [A]o, and [B](0) = [C](0) =0
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Note that this problem is identical to the one solved in Section 4.2 but with k; = k,. Be sure you identify the step where the two
problems become different.

? Problem 10.5.4.5

Consider the reaction

A?‘B

modeled mathematically by the following ODE

YA kotB - k14

The constants, k1 and k; represent the kinetic constants in the forward and backward direction respectively, and [A] and [B]
represent the molar concentration of A and B. Assume you start with initial concentrations [A](t =0) = [A]o and [B](¢ = 0)
= [Blo.

Mass conservation requires that [A](t) + [B](t) = [A]o + [Blo

1. Obtain [A](t) and [B](t) in terms of ky, ks, [A]o and [B]o-
2. Obtain expressions for the concentrations of A and B in equilibrium: [A].; = [A](t = oo) and [B]¢; = [B](t = o0).

3. Prove that the equilibrium constant of the reaction, %ﬁ}eq = K.,q, can be expressed as
eq
Bla _ by
[Aleq ks

4. Assume that k) = 1min™, ky = tmin~, [4]o = 0 and [B]o = 0.1M, calculate [4],, and [B,,, and sketch [A](z) and [B](t) to
the best of your abilities.

This page titled 10.5.4: Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.

e 4.4: Problems by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source: https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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SECTION OVERVIEW

10.6: Second Order Ordinary Differential Equations

b Chapter Objectives

o Be able to obtain the general solution of any homogeneous second order ODE with constant coefficients.

o Be able to obtain particular solutions when initial conditions are given.

e Understand how to solve the equation of motion of a pendulum and a spring in non-viscous and viscous media.

e Understand how to solve the Schrodinger equation for the one dimensional particle in the box. Obtain the normalized
eigenfunctions and the eigenvalues.

10.6.1: Second Order Ordinary Differential Equations

10.6.2: Second Order Ordinary Differential Equations - Oscillations

10.6.3: Second Order Ordinary Differential Equations with Boundary Conditions
10.6.4: An example in Quantum Mechanics

10.6.5: Problems

This page titled 10.6: Second Order Ordinary Differential Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.
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10.6.1: Second Order Ordinary Differential Equations

Solving second order ordinary differential equations is much more complex than solving first order ODEs. We just saw that there is
a general method to solve any linear 1st order ODE. Unfortunately, this is not true for higher order ODEs. However, we can solve
higher order ODEs if the coefficients are constants:

Y (@) + k1y' () + kay(z) + k3 = 0
The equation above is said to be homogeneous if k3 = 0:
Y’ (@) + k1y' () + kay(z) = 0 (10.6.1.1)

It is possible to solve non-homogeneous ODEs, but in this course we will concentrate on the homogeneous cases. Second order
linear equations occur in many important applications. For example, the motion of a mass on a spring, and any other simple
oscillating system, is described by an equation of the form

d*u du

We’ll analyze what the different parts of this equation mean in the examples. The equation above is homogeneous if F(t) = 0.

Let’s analyze Equation 10.6.1.1, which is linear and homogeneous. The parameters m, v and k represent physical quantities that do
not depend on the value of z, and therefore the equation has constant coefficients.This equation will be satisfied by a function
whose derivatives are multiples of itself. This is the only way that we will get zero after adding a multiple of the function plus a
multiple of its first derivative plus a multiple of the second derivative. You may be tempted to say that sin(z) satisfies this
requirement, but its first derivative is cosz, so it will not cancel out with the sine term when added together. The only functions that
satisfy this requirement are the expnential functions e*?, with first and second derivatives ae®® and a?e®® respectively. So, let’s
assume that the answer we are looking for is an exponential function, y(z) = e*®, and let’s plug these expressions back into
Equation 10.6.1.1:

o2 + ke + ko™ =0
e*® (a2 + kia+ kg) =0

Thee above equation tells us that either e** or (oz2 + ki + k2) are zero. In the first case, this would mean that =z is plus or minus
infinity (depending on whether a is negative or positive). But this is too restrictive because we want to find a solution that is a
function of z, so we don’t want to impose restrictions on our independent variable. We therefore consider

(a2 + kia+ kz) =0
This is a quadratic equation in «, which we will call the auxiliary equation. The two roots are found from:

—k1 & /K2 — 4k,

a1 = 2

This gives two answers, a: and a2, which means there are at least two different exponential functions that are solutions of the
differential equation: e*® and e*®. We will see that any linear combination of these two functions is also a solution, but before
continuing, let’s look at a few examples. Notice that the argument of the square root can be positive, negative or zero, depending on
the relative values of %, and k,. This means that ;5 can be imaginary, and the solutions can therefore be complex exponentials.
Let’s look at the three situations individually through examples.

Case I: k2 —4ky > 0
In this case, 4/k2 — 4k, > 0, and therefore o, and o are both real and different.
For example: Find the solution of y”(z) — 5y’ (z) + 4y(z) = 0 subject to initial conditions y(0) = 1 and y’(0) = —1.

As we discussed above, we’ll assume the solution is y(z) =e**, and we’ll determine which values of « satisfy this particular
differential equation. Let’s replace y(z),y’(z) and y”(z) in the differential equation:
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a?e® — 5ae™ +4e** =0
e (a2 —5a+4) =0
and with the arguments we discussed above:

(a2—5a+4)=0

(=5 ++/(75) —4x4
- 2

Q1,2

¥

from which we obtain a; =1 and as = 4. Therefore, e* and e** are both solutions to the differential equation. Let’s prove this is
true. If y(z) = e**, then y'(z) = 4¢** and y”(z) = 16e**. Substituting these expressions in the differential equation we get

y"(z) — 5y (x) + 4y(z) = 16e® — 5 x 4e® + 4 x e* =0
s0 y(z) = e** clearly satisfies the differential equation. You can do the same with y(z) = e® and prove it is also a solution.

However, none of these solutions satisfy both initial conditions, so clearly we are not finished. We found two independent solutions
to the differential equation, and now we will claim that any linear combination of these two independent solutions (ciyi(zx)
+ coy2(x)) is also a solution. Mathematically, this means that if yi(z) and ya(z) are solutions, then ciyi(z) + caya(z) is also a
solution, where ¢; and ¢, are constants (i.e. not functions of g). Coming back to our example, the claim is that ¢;e** + cqe® is the
general solution of this differential equation. Let’s see if it’s true:

y(x) = c1e®® + coe”

¥ (x) = 4c1€™ + cze
y" (z) = 16¢c1e® + coe”

z

Substituting in the differential equation:
" (z) — 5y’ (z) + 4y(z) = 16c1€* + coe” — 5 X (4c1e™ + coe”) +4 X (c1e® + cpe”) =0

so we just proved that the linear combination is also a solution, independently of the values of ¢; and ¢,. It is important to notice
that our general solution has now two arbitrary constants, as expected for a second order differential equation. We will determine
these constants from the initial conditions to find the particular solution.

The general solution is y(z) = c1e** + cze®. Let’s apply the first initial condition: y(0) = 1.
y0)=c1+cx=1
This gives a relationship between ¢; and ¢;. The second initial condition is y’(0) = —1.
¥ (2) = 4c16™ + coe® — 4 (0) = 4eg +c2 = —1
We have two equations with two unknowns that we can solve to get ¢c; = —2/3 and ¢ = 5/3.
The particular solution is then:

o = ~2ev s B

Case Il: k2 —4ky < 0
In this case, k2 —4ks <0, so, \/ k2 — 4k = z\/ —k2 + 4k where /—k? + 4k, is a real number. Therefore, in this case,

—ky [k} —4ky  —ky iy k] + 4k,

M2= 2 = 2

and then the two roots a; and a, are complex conjugates. Let’s see how it works with an example.
Determine the solution of y”(z) — 3y’ (z) + Sy(z) = 0 subject to the initial conditions y(0) = 1 and y’(0) = —1.

Following the same methodology we discussed for the previous example, we assume y(z) = e, and use this expression in the
differential equation to obtain a quadratic equation in a:
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3+4/(—3)2—4x9/2 3+v—9
*L2= 2 =T 2

Therefore, a; = 3 + 24 and a; = 3 — 24, which are complex conjugates. The general solution is:

y(z) = cle(%"'%i)m + 023(%_%")"
35 3; 3y 8
y(z) = cre2%e2™ + cpe2®e 2

y(z) = e3® (cle%iz + cze_%i”)
This expression can be simplified using Euler’s formula: e**® = cos(z) + i sin  (Equation 2.2.1).
y(z) = e3® [cl (cos(gm) + isin(%x)) + e (cos(%m) —isin(gm))]
Grouping the sines and cosines together:
e 3 .. .3

y(z) =e2 cos(Ea:)(cl +eg) + zsm(aa:)(cl —¢3)

Renaming the constants ¢; + ¢, = a and i(e; —cp) = b
y(z) = e3® [a cos(%m) + bsin(g:p)]

Our general solution has two arbitrary constants, as expected from a second order ODE. As usual, we’ll use our initial conditions to
determine their values. The first initial condition is y(0) =1

y0)=a=1 (e°=1,cos(0)=1 and sin(0)=0)

So far, we have
y(z) = ei® [cos(%x) + bsin(gm)]
The second initial condition is ¢’ (0) = —1

@) = ot [sin 3] 2 4 2t o)+ i )]
Yy (z) = e2 [ sm(2:1:)+bcos(2m) 2+2e2 cos(zsc)+bsm(2m)

o= 3p 3 __5
y(O)—2b+2— 1=2b= 3

The particular solution is, therefore:

y(z) = ed” [cos(gz) — gsin(gz)

Notice that the function is real even when the roots were complex numbers.

Case lll: k2 — 4ky =0

The last case we will analyze is when k2 — 4k, = 0, which results in

—ky /K2 — 4k Lk

Q12 = f =012 =

Therefore, the two roots are real, and identical. This means that e—*12/2 is a solution, but this creates a problem because we need
another independent solution to create the general solution from a linear combination, and we have only one. The second solution
can be found using a method called reduction of order. We will not discuss the method in detail, although you can see how it is used
in this case at the end of the video http://tinyurl.com/mpl69ju. The application of the method of reduction of order to this
differential equation gives (a 4+ bx)e*%/2 as the general solution. The constants @ and b are arbitrary constants that we will
determine from the initial/boundary conditions. Notice that the exponential term is the one we found using the ’standard’ procedure.
Let’s see how it works with an example.
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Determine the solution of y”(z) — 8y’(x) + 16y(z) = 0 subject to initial conditions y(0) = 1 and y’(0) = —1.

We follow the procedure of the previous examples and calculate the two roots:

—kiE\[ki—4ky g4 BT_1x16

- - —4
1.2 2 2

Therefore, e** is a solution, but we don’t have another one to create the linear combination we need. The method of reduction of
order gives:

y(z) = (a+ bx)e®

Since we accepted the result of the method of reduction of order without seeing the derivation, let’s at least show that this is in fact
a solution. The first and second derivatives are:

Y (z) = be* + 4(a + bz)e®®
y” () = 4be*® + 4be®® + 16(a + bx)e’®
Substituting these expressions in y”(z) — 8y’ (z) + 16y(z) = 0:
[4be™® + 4be*™ + 16(a + bz)e’®] — 8 [be*® + 4(a + bz)e™®] + 16 [(a + bx)e*®] =0
Because all these terms cancel out to give zero, the function y(z) = (a + bz)e*® is indeed a solution of the differential equation.
Coming back to our problem, we need to determine @ and b from the initial conditions. Let’s start with y(0) = 1:
y(0)=a=1
So far, we have y(z) = (1+ bx)e*, and therefore y'(z) = be** + 4(1 + bz)e®. The other initial condition is ¥’ (0) = —1:
Y(0)=b+4=—-1-b=-5

The particular solution, therefore, is y(z) = (1 — 5z)e*®

This video contains an example of each of the three cases discussed above as well as the application of the method of
reduction of order to case III. Remember that you can pause, rewind and fast forward so you can watch the videos at your own
pace. http://tinyurl.com/mpl69ju

This page titled 10.6.1: Second Order Ordinary Differential Equations is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,
and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

¢ 5.1: Second Order Ordinary Differential Equations by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:

https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.6.2: Second Order Ordinary Differential Equations - Oscillations

This section is also available in video format: http:/tinyurl.com/kq7mrcq

The motion of a frictionless pendulum

We will now use what we learned so far to solve a problem of relevance in the physical sciences. We’ll start with the problem of the
pendulum, and as we already discussed in Section 3.2, even if the pendulum is not particularly interesting as an application in
chemistry, the topic of oscillations is of great interest due to the fact that atoms in molecules vibrate around their bonds.

The problem of the pendulum was introduced in Figure 3.5, which is reprinted again below:

3““ - ’ mgsind
L

mgv |
Gl mgcos

Figure 10.6.2.1: A rigid pendulum with massless and inextensible cord of length I. The motion is assumed to occur in two
dimensions, and the friction is assumed to be negligible. The mass of the object is m, and g is the acceleration due to gravity. (CC
BY-NC-SA; Marcia Levitus)

If you took a university physics course, you may recognize that Newton’s second law yields:

2

mleg + mgsind =0 (10.6.2.1)

This, unfortunately, is a non-linear differential equation (the dependent variable, 6, appears as the argument of a transcendental
function). As we discussed in Section 3.2, this ODE has no analytical solution. It is possible to solve this equation numerically (and
you will do it in the lab), but we cannot get an equation that is the solution of this ODE. We also discussed that we can obtain
analytical solutions if we assume that the angle 6 is small at all times. This means that the solution we get is valid only if the
pendulum oscillates very close to the line normal to the ceiling. You may be thinking that studying such a system is boring and
useless, but again, as we discussed in Section 3.2, for most molecules at moderate temperatures the displacement of the atoms
around their equilibrium position is very small. That is why studying oscillations of systems close to equilibrium makes sense for a
chemist.

We already discussed that if § << 1, then sin8 ~ 4 (see Figure 3.4). Equation 10.6.2.1 can then be simplified to:

This equation is linear in 6, is homogeneous, and has constant coefficients (g is the acceleration of gravity and ! the length of the
rod). The auxiliary equation of this ODE is:

and therefore,

The general solution is
0(t) = cre™t 4 cpe?

0(t) = 19N 4 cpe=ia/D
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We will get the values of the arbitrary constants from the initial conditions. Let’s assume that at time zero the value of 8 was 6,
<< 1, and the value of df/dt, which is a measure of the velocity, was ’(0) = 0. Physically, it means that at time zero we are holding
the pendulum still. At this point we can either use Euler relationships to simplify our result into a cosine and a sine, or use the
initial conditions and use Euler’s relationship later. Either way will work, and how you choose to proceed is a matter of personal
taste. Let’s apply the initial conditions now:

0(t) = c1e¥ 6/t 4 cpe=ila/N M _y 0(0)=ci+ca=16y
0 (t) = c1ig/1) ™0™ — cai(g/1) 2~V
6’ (0) = c1i(g/1)*? — e2i(g/)* =0 = ¢1 = c2
Therefore, ¢; = ¢, = /2, and our particular solution is:

6(t) = % (eI 4 eslar )

From Euler’s relationship we know that e + e =% = 2cosw, S0

8(t) = o cos ((%)1/ : t) (10.6.2.2)

This is of course the familiar periodic function that you saw in your physics course. Remember that we got here by assuming 6
<< 1atall times.
As we saw in Section 1.4, the period of the function cos(nz) is 2r/n. The period of the function 6, cos ((%)1/ 2 t) is therefore P

=2 (é)m. The period has units of time, and it tells us the time that it takes for the pendulum to complete a whole cycle (see
Figure 10.6.2.2).
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Figure 10.6.2.2: The oscillations of a pendulum in a frictionless medium (Equation 10.6.2.2). (CC BY-NC-SA; Marcia Levitus)

We can also calculate the frequency of the motion, which is just the reciprocal of the period. If the period is the amount of time you
need to wait to complete a full cycle, the reciprocal is the number of cycles per unit time. For example, if it takes a pendulum with {
= 0.1m 0.63 seconds to complete a cycle, this means that we get 1.58 cycles per second. The frequency has units of reciprocal time.

The fact that pendula with different lengths have different periods was used by a very creative mind to produce the beautiful
display showcased a the lobby of the PSF building at ASU (right across the elevators). There are some videos on YouTube
demonstrating the idea (search for pendulum waves), but the one in the physics department at ASU is much more impressive, so go
and check it out if you haven’t done so yet.

The pendulum in a viscous medium

The problem we just saw assumed that there was no friction, so the pendulum will oscillate forever without changing the
amplitude. Let’s make the problem more realistic from the physical point of view and add a term that accounts for frictional
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resistance. The force due to friction is usually proportional to the velocity, so this new force introduces a term that depends on the
first derivative of 6:
d’o df

@6 do g,
@ P gt 700

The constant v depends on the medium, and it will be larger in e.g. water (more friction) than in air (less friction). The auxiliary
equation is now

and the two roots are:

and we see that the result will depend on the relative values of y? and 4g/1. We will analyze the case ¥ < 4g/! first (low friction
regime). It is useful to always think about what one expects before doing any math. Think about the pendulum without friction, and
imagine you do the same experiment in air (small friction). How do you think the plot of 8(¢) vs t would look like?

Coming back to the math, let’s call a = \/4g/l —~?2 to simplify notation. In the low friction case, a will be a real number. The two
roots will therefore be:

—y+ia
2

ayr =
and the general solution will be
0(t) = cre™® + c1e™*
8(t) = c; e~ T26iat/2 | o, o~ /2g—iat/2
o(t) = e 2 ( 162 4 ¢, e—iat/?)

At this point we can either use the initial conditions and use Euler’s relationship later, or we can use Euler’s equations now and the
initial conditions later. Either way should work.

0(t) = e~"2 [(c1 cos (ta/2) + c1isin (ta/2) + ca cos (ta/2) — cisin (ta/2))]
0(t) = e~ "2 [(cy + c3) cos (ta/2) + (c1 — cp)isin (ta/2)]
and grouping and re-naming constants:
6(t) = e 2 [c3 cos (ta/2) + casin (ta/2)]

We will now evaluate ¢3 and ¢, from the initial conditions. Let’s assume again that §(0) = 6, and 6’(0) = 0. Evaluating the previous
equation at ¢ = 0:

0(0) =cC3 = 00
so we have

o(t) = e 1t/2 [00 cos (%a) + c4sin (%)]

oa
2

C40

1ty = ez [ 900 (Bay e t_“]_l—vt/z[ ta - t_“]
t)=¢€ [ sm(2)+ 2cos(2) 5¢ Oocos(2)+C4sm(2)

0’(0) = 64% —00% =0

2o
a

C4 =

and therefore
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2

0 = e o (12 4 T (1)

If everything went well this equation should simplify to Equation 10.6.2.2 for the case v = 0. Recall that a = 1/4g/l — 42, so if y=0:

o0 ()
o= (5]

This of course does not prove that our solution is correct, but it is always good to see that we recover a known equation for a

0(t) = e M2 [00 cos (%a) + %%sin (t_a)]

particular case (in this case y = 0).

Figure 10.6.2.3 shows (t)/6, for three cases with g/l = 1 (i.e. a cord of length 9.8 m) and increasing values of friction. Remember

that we are assuming that @ is small.
: —y=0
o_s_-, == s el =02
] —y=1
06 -

l
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Figure 10.6.2.3: A pendulum in low-friction media (I = 9.8m) (CC BY-NC-SA; Marcia Levitus)

So far we have analyzed the case 42 < 4g/I. As we increase the friction coefficient, we will reach the point where 4% = 4g/1. Look at
Figure 10.6.2.3, and think about what you would see when this happens. Mathematically, we will have two repeated roots:

VY 49/l o
2

ae = 2

0 8(t) = e~"2 is a solution, but we need to find an independent solution through the method of reduction of order. We know that
the general solution will be (Section 2.2):

6(t) = (c1 + cat)e™?
The arbitrary constants will be calculated from the initial conditions:
0(0) = (1) = bo

o) = —%(00 + cpt)e M2 4 g2

¢ (0) = —%(ao) +e=0

Therefore,
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Figure 10.6.2.4: A critically damped pendulum with ! = 9.8m (black) (CC BY-NC-SA; Marcia Levitus)

The behavior of 6(t) is shown in Figure 10.6.2.4 in black. This regime is called critically damped because it represents the point
where the oscillations no longer occur as v increases. If we continue increasing the frictional coefficient, the pendulum will
approach 8 = 0 slower and slower, but will never cross to the other side (6 < 0). Let’s find the mathematical expression for 8(t) for
the case v2 > 4g/!. The two roots are now different and real:

12 =

-7V —4g/l
2
and the general solution is therefore
0(t) = cre™t + cpe?
0(t) = 12 4 oo eI 2 b — | [42 49/l

The first initial condition is 6(0) = ,:
0(0) =c1+ca=06p

The second initial condition is 8’(t) = 0:

8 () = e (-’7;— b) T2 | o ( —’72— b) o108/

0'0) =c (_72+b) +c2 (_72_1)) =0

0'(0)=—(c1+eca)y+(c1—ec2)b=0

the first initial condition yielded ¢; + ¢; = 64 SO
0'(0) = =0y + (c1 —c2)b=0
(e1—c2) = 07/

The two initial conditions gave two relationships between ¢; and cs:

c1+cy =06
(c1—ca) = 0o/

Solving this system of two equations with two unknowns:
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And finally we can write the particular solution as:

0(t) = c1eCHIN2 4 oe(102, p — A2 —4g/1
_b VY vz, 9o VY r-0t2. y— o2
o(t)_7(1+3)e +?(1—€)e s b=1/72 —4g/I

o= e (1) (-3) e

Figure 10.6.2.5 shows results with g/ =1, and three different values of ~. Notice that 4 = 2 corresponds to the critically damped

regime.
1.0 —_—y=2
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TN — =10
06 \\ \
0.4
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= 0.0
02
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08
08
-1.0 v . . .
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Figure 10.6.2.5: The high friction regime (4% > 4g/l) (CC BY-NC-SA; Marcia Levitus)

This page titled 10.6.2: Second Order Ordinary Differential Equations - Oscillations is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

¢ 5.2: Second Order Ordinary Differential Equations - Oscillations by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:

https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.6.3: Second Order Ordinary Differential Equations with Boundary Conditions

This section is also available in video format: http:/tinyurl.com/n8tghf6

You may have noticed that all the examples we discussed so far in this chapter involve initial conditions, or in other words,
conditions evaluated at the same value of the independent value. We will see now how boundary conditions give rise to important
consequences in the solutions of differential equations, which are extremely important in the description of atomic and molecular
systems. Let’s start by asking ourselves whether all boundary value problems involving homogeneous second order ODEs have
non-trivial solutions. The trivial solution is y(z) = 0, which is a solution to any homogeneous ODE, but this solution is not
particularly interesting from the physical point of view. For example, let’s solve the following problem:

y"(z) + 3y(z) = 0; y('0) = 0; y(1) =0
Following the same procedure we have used in previous examples, we get the following general solution:
y(z) = acos(v/3z) + bsin(v/3z)
The first boundary condition is y’(0) = 0:
v (x) = —V/3asin(v3z) + V3bcos(v3z) = y'(0) = vV3b=0— b= 0
Therefore, so far we have y(x) = acos(v/3z). The second boundary condition is y(1) = 0, so
y(1) =acosV3=0—a=0

Therefore, the only particular solution for these particular boundary conditions is y(z) = 0, the trivial solution. Let’s change the
question and ask ourselves now if there is any number ), so that the equation

y"(z) + Ay(z) = 0; y'(0) =0; y(1) =0

has a non-trivial solution. Our general solution depends on whether X is positive or negative. If A > 0 we have
y(z) = acos(VAz) + bsin(V/Ax)
Notice that we are using results be obtained in previous sections, but you would need to show all your work!
If XA < 0 we have
y(z) = aeVPE 4 e~V
where || is the absolute value of A.
Let’s look at the case A < 0 first. The first boundary condition implies
Y @) = y/IMaeV™e —  ApeVI o5 3(0) = /(@ —b) =0 s a=b

and therefore y(z) = a (e\/mm +e” |*|$). Using the second boundary condition:

y(1)=a(e‘/m+e_‘/m) =0—a=0
Therefore, if X < 0, the solution is always y(z) = 0, the trivial solution.
Let’s see what happens if A > 0. The general solution is y(z) = a cos(v/Az) + bsin(v/Az), and applying the first boundary condition:

v'(z) = —VAasin(vVAz) + VAbcos(VAz) = 5 (0) = VIb=0—-b=0

Therefore, so far we have y(z) = acos v Az. The second boundary condition is y(1) = 0, so

y(1) = acos(vVA) =0
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As before, a = 0 is certainly a possibility, but this again would give the trivial solution, which we are trying to avoid. However, this

is not our only option, because there are some values of X that also make y(1) = 0. These are VA = %, 3% 2 or in terms of A:

N
T 47 47 4

This means that

¥ (z) + 3y(z) =0; 4 (0) =0; y(1) =0

does not have a non-trivial solution, but

y" (@) + (r°/4)y(z) = 0; ¥ (0) = 0; y(1) = 0

does. The values of A that guarantee that the differential equation has non-trivial solutions are called the eigenvalues of the
equation. The non-trivial solutions are called the eigenfunctions of the equation. We just found the eigenvalues, but what about the
eigenfunctions?

We just concluded that the solutions are y(z) = acos vz, and now we know that v = 2,37 %t _‘We can write the eigenfunctions

as:

@2n—)r

y(z) = acos z n=1,23..

We could also use (2n + 1) with n =0, 1,2.... Notice that we do not have any information that allows us to calculate the constant a,
so we leave it as an arbitrary constant.

Also, notice that although we have infinite eigenvalues, the eigenvalues are discrete. The term discrete means that the variable can
take values for a countable set (like the natural numbers). The opposite of discrete is continuous (like the real numbers). These
discrete eigenvalues have very important consequences in quantum mechanics. In fact, you probably know from your introductory
chemistry classes that atoms and molecules have energy levels that are discrete. Electrons can occupy one orbital or the next, but
cannot be in between. These energies are the eigenvalues of differential equations with boundary conditions, so this is an amazing
example of what boundary conditions can do!

This page titled 10.6.3: Second Order Ordinary Differential Equations with Boundary Conditions is shared under a CC BY-NC-SA 4.0 license and
was authored, remixed, and/or curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

¢ 5.3: Second Order Ordinary Differential Equations with Boundary Conditions by Marcia Levitus is licensed CC BY-NC-SA 4.0.
Original source: https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.6.4: An example in Quantum Mechanics

The main postulate of quantum mechanics establishes that the state of a quantum mechanical system is specified by a function
called the wave function. The wave function is a function of the coordinates of the particle (the position) and time. We often deal
with stationary states, i.e. states whose energy does not depend on time. For example, at room temperature and in the absence of
electromagnetic radiation such as UV light, the energy of the only electron in the hydrogen atom is constant (the energy of the 1s
orbital). In this case, all the information about the state of the particle is contained in a time-independent function, ¢(r), where r is a
vector that defines the position of the particle. In Section 2.3 we briefly mentioned that |)|* = ¢*4 can be interpreted in terms of the
probability of finding the electron in different regions of space. Because the probability of finding the particle somewhere in the
universe is 1, the wave function needs to be normalized (that is, the integral of ||2 over all space has to equal 1).

The fundamental equation in quantum mechanics is known as the Schrédinger equation, which is a differential equation whose
solutions are the wave functions. For a particle of mass m moving in one dimension in a potential field described by U(z) the
Schrédinger equation is:

B Py()
2m  dz?

+U(2)d(z) = Ey(z)

Notice that the position of the particle is defined by z, because we are assuming one-dimensional movement. The constant A
(pronounced “h-bar”) is defined as h/(2), where h is Plank’s constant. U(z) is the potential energy the particle is subjected to, and
depends on the forces involved in the system. For example, if we were analyzing the hydrogen atom, the potential energy would be
due to the force of interaction between the proton (positively charged) and the electron (negatively charged), which depends on
their distance. The constant E is the total energy, equal to the sum of the potential and kinetic energies.

This will be confusing until we start seeing a few examples, so don’t get discouraged and be patient. Let’s start by discussing the
simplest (from the mathematical point of view) quantum mechanical system. Our system consists of a particle of mass m that can
move freely in one dimension between two “walls”. The walls are impenetrable, and therefore the probability that you find the
particle outside this one-dimensional box is zero. This is not too different from a ping-pong ball bouncing inside a room. It does not
matter how hard you bounce the ball against the wall, you will never find it on the other side. However, we will see that for
microscopic particles (small mass), the system behaves very different than for macroscopic particles (the ping-pong ball). The
behavior of macroscopic systems is described by the laws of what we call classical mechanics, while the behavior of molecules,
atoms and sub-atomic particles is described by the laws of quantum mechanics. The problem we just described is known as the
“particle in the box” problem, and can be extended to more dimensions (e.g. the particle can move in a 3D box) or geometries (e.g.
the particle can move on the surface of a sphere, or inside the area of a circle).

=0 1 U=0 U=

-— e —»

>
0 L %

Figure 10.6.4.1: The problem of a particle in a one-dimensional box (CC BY-NC-SA; Marcia Levitus)

The patrticle in a one-dimensional box

We will start with the simplest case, which is a problem known as ’the particle in a one-dimensional box’ (Figure 10.6.4.1). This is a
simple physical problem that, as we will see, provides a rudimentary description of conjugated linear molecules. In this problem,
the particle is allowed to move freely in one dimension inside a ’box’ of length L. In this context, ’freely’ means that the particle is
not subject to any force, so the potential energy inside the box is zero. The particle is not allowed to move outside the box, and
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physically, we guarantee this is true by impossing an infinite potential energy at the edges of the box (z = 0 and z = L) and outside
the box (z < 0 and z > L).

0o <0
Ul)=40 0<z<lL
o0 z>L

Because the potential energy outside the box is infinity, the probability of finding the particle in these regions is zero. This means
that ¢(z) =0 if > L or £ < 0. What about 4(z) inside the box? In order to find the wave functions that describe the states of a
system, we have to solve Schrédinger’s equation:

K2 d?
Y | yeita) = Bota)
Inside the box U(z) = 0, so:
B d*(z)
Tom a2 V)
h* d*y(z) _

Remember that A is a constant, m is the mass of the particle (also constant), and E the energy. The energy of the particle is a
constant in the sense that it is not a function of z. We will see that there are many (in fact infinite) possible values for the energy of
the particle, but these are numbers, not functions of z. With all this in mind, hopefully you will recognize that the Schrodinger
equation for the one-dimensional particle in a box is a homogeneous second order ODE with constant coefficients. Do we have any
initial or boundary conditions? In fact we do, because the wave function needs to be a continuous function of z. This means that
there cannot be sudden jumps of probability density when moving though space. In particular in this case, it means that 4(0) = (L)
= 0, because the probability of finding the particle outside the box is zero.

Let’s solve Equation 10.6.4.1. We need to find the functions (z) that satisfy the ODE. The auxiliary equation is (remember that
m, h, F are positive constants):

and the general solution is therefore:

() = cleiV e + cze_iV e
Because (0) = 0:

Y(E)=c1+ca=0—¢ =—cy
Y(z)=c (ei\/zf':";% - e_"‘/zﬁ:"fz)
This can be simplified using Euler’s relationships: e — e~ = 2isinz

P(z) = c1(2%) sin ( T—ZE:::)

P(x) = Asin ( 27:—2Ew)

In the last step we recognized that 2ic; is a constant, and called it A.

The second boundary condition is 4(L) = 0:
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P(L) = Asin ( 2:’L2EL) =0

We can make A =0, but this will result in the wave function being zero at all values of z. This is what we called the ‘trivial
solution’ before, and although it is a solution from the mathematical point of view, it is not when we think about the physics of the
problem. If ¢(z) = 0 the probability of finding the particle inside the box is zero. However, the problem states that the particle
cannot be found outside, so it has to be found inside with a probability of 1. This means that #(z) = 0 is not a physically acceptable
solution inside the box, and we are forced to consider the situations where

sin ( 2::2EL) =0

We know the function sinz is zero at values of z that are zero, or multiples of =:

2mE
( ;’; L) =27 3r..=nw (n=1,2,3..00)

This means that our solution is:
P(z) = Asin (Z—Wa:) (n=1,2,3...00)

Notice that we didn’t consider n = 0 because that would again cause %(z) to vanish inside the box. The functions ¥(z) contain
information about the state of the system, and are called the eigenfunctions. What about the energies?

2 %2
( 2mEL) —nr—s E= ("—’r) A n=123.)

h? L 2m

The energies are the eigenvalues of this equation. Notice that there are infinite eigenfunctions, and each one has a defined

eigenvalue.
n P(@) E
s s T\2 A2
1 Asin (£z) ()" 2m
2 Asin (2£2) ()&
3 Asin (%"z) (?’L_’r : %

The lowest energy state is described by the wave function ¢ = Asin (), and its energy is (%)2 %

What about the constant A? Mathematically, any value would work, and none of the boundary conditions impose any restriction on
its value. Physically, however, we have another restriction we haven’t fulfilled yet: the wave function needs to be normalized. The
integral of || over all space needs to be 1 because this function represents a probability.

| wora=1

However, ¢(z) = 0 outside the box, so the ranges # < 0 and z > L do not contribute to the integral. Therefore:

/(;L |¢(z)|*dz = /(;LA2 sin? (%z)dz =1

We will calculate A from this normalization condition. Using the primitives found in the formula sheet, we get:

/OL sin? (%w)dm =L/2

and therefore
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2
A=q/=
L

We can now write down our normalized wave function as:

Y(z) = \/%sin (%z) (n=1,2,3...00)

We solved our first problem in quantum mechanics! Let’s discuss what we got, and what it means. First, because the potential
energy inside the box is zero, the total energy equals the kinetic energy of the particle (i.e. the energy due to the fact that the
particle is moving from left to right or from right to left). A ping-pong ball inside a macroscopic box can move at any speed we
want, so its kinetic energy is not quantized. However, if the particle is an electron, its kinetic energy inside the box can adopt only
quantized values of energy: E = (& 2 % (n =1,2,3...00). Interestingly, the particle cannot have zero energy (n =0 is not an
option), so it cannot be at rest (our ping-pong ball can have zero kinetic energy without violating any physical law). If a ping-pong
ball moves freely inside the box we can find it with equal probability close to the edges or close to the center. Not for an electron in
a one-dimensional box! The function |(z)|? for the lowest energy state (n = 1) is plotted in Figure 10.6.4.2. The probability of
finding the electron is greater at the center than it is at the edges; nothing like what we expect for a macroscopic system. The plot is
symmetric around the center of the box, meaning the probability of finding the particle in the left side is the same as finding it in
the right side. That is good news, because the problem is truly symmetric, and there are no extra forces attracting or repelling the
particle on the left or right half to the box.
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Figure 10.6.4.2: The lowest energy state of a particle in a one-dimensional box of length L =1 (CC BY-NC-SA; Marcia Levitus)
Looking at Figure 10.6.4.2, you may think that the probability of finding the particle at the center really 2. How can this be?
Probabilities cannot be greater than 1! This is a major source of confusion among students, so let’s clarify what it means. The
function |(z)|? is not a probability, but a probability density. Technically, this means that |4(x)|dz is the probability of finding the
particle between = and = + dx (see page for more details). For example, the probability of finding the particle between # = 0.5 and
0.5001 is ~ |1(0.5)|2 x 0.0001 = 0.0002. This is approximate because Az = 0.0001 is small, but not infinitesimal. What about the

probability of finding the particle between z = 0.5 and 0.6? We need to integrate |¢(z)|>dz between z — 0.5 and z = 0.6:

0.6
p(0.5 <z <0.6) = / [9(z)|?de =~ 0.2
0.5

Importantly,

pO0<z<1)= /01 ()2 = 1

as it should be the case for a normalized wave function. Notice that these probabilities refer to the lowest energy state (n = 1), and
will be different for states of increasing energy.

The particle in the box problem is also available in video format: http:/tinyurl.com/mjsmd2a
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Where is the chemistry?

So far we talked about a system that sounds pretty far removed from anything we (chemists) care about. We understand electrons in
atoms, but electrons moving in a one-dimensional box? To see why this is not such a crazy idea, let’s consider the molecule of

carotene (the orange pigment in carrots). We know that all those double bonds are conjugated, meaning that the = electrons are
delocalized and relatively free to move around the bonds highlighted in red in Figure 10.6.4.3.

L=21x14A=294A

0 L
Figure 10.6.4.3: The particle in a box model applied to carotene. (CC BY-NC-SA; Marcia Levitus)

Because the length of each carbon-carbon bond is around 1.4 A (A stands for angstrom, and equals 10~*m), we can assume that
the « electrons move inside a one dimensional box of length L =21 x 1.4 A = 29.4 A. This is obviously an approximation, as it is
not true that the electrons move freely without being subject to any force. Yet, we will see that this simple model gives a good
semi-quantitative description of the system.

We already solved the problem of the particle in a box, and obtained the following eigenvalues:

nw\2 h?
E= (T) 7 (n=1,2,3..00) (10.6.4.2)

These are the energies that the particle in the box is allowed to have. In this case, the particle in question is an electron, so m is the
mass of an electron. Notice that we have everything we need to use Equation 10.6.4.2: & = 1.0545 x 10~*m2kg s~1, m =9.109
x 1073 kg, and L = 2.94 x 10~°m. This will allow us to calculate the allowed energies for the = electrons in carotene. For n = 1 (the
lowest energy state), we have:

m\2 R —21
El_(f) o = 6.97x 10727

Joule is the unit of energy, and 1J = kg x m? x s72. A very easy way of remembering this is to recall Einstein’s equation: E = mc?,

which tells you that energy is a mass times the square of a velocity (hence, 1J = 1kg(1m/s)?). Coming back to Equation 10.6.4.2, the
allowed energies for the r electrons in carotene are:

E,=n%x697x107%J (n = 1,2,3...00)

Notice that the energies increase rapidly. The energy of the tenth level (Ej) is one hundred times the energy of the first! The
number of levels is inifinite, but of course we know that the electrons will fill the ones that are lower in energy. This is analogous to
the hydrogen atom. We know there are an infinite number of energy levels, but in the absence of an external energy source we
know the electron will be in the 1s orbital, which is the lowest energy level. This electron has an infinite number of levels available,
but we need an external source of energy if we want the electron to occupy a higher energy state. The same concepts apply to
molecules. As you have learned in general chemistry, we cannot have more than two electrons in a given level, so we will put our
22 7 electrons (2 per double bond) in the first 11 levels (Figure 10.6.4.4, left).
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Figure 10.6.4.4: The particle in a box model applied to carotene (CC BY-NC-SA; Marcia Levitus)

We can promote an electron to the first unoccupied level (in this case n = 12) by using light of the appropriate frequency (v). The
energy of a photon is E = hv, where & is Plank’s constant. In order for the molecule to absorb light, the wavelength of the light
beam needs to match exactly the gap in energy between the highest occupied state (in this case n = 11) and the lowest unoccupied
state. The wavelength of light is related to the frequency as: A = ¢/v, where c is the speed of light. Therefore, in order to produce
the excited state shown in the right side of Figure 10.6.4.4, we have to use light of the following wavelength:

E=FEy—E1=hv= hc/)\ - A= hc/(Eu —Eu)
Recall that B, = n? x 6.97 x 107217, so (E1; — E1;) = (144 —121) x 6.97 x 107217 = 1.60 x 107°J. Therefore,

_ 6.626 x 10~**J s x 3 x 108m s~!

A
1.60 x 1079J

=1.24 x 107%n = 1,242nm

In the last step we expressed the result in nanometers (1nm = 10~°m), which is a common unit to describe the wavelength of light
in the visible and ultraviolet regions of the electromagnetic spectrum. It is actually fairly easy to measure the absorption spectrum
of carotene. You just need to have a solution of carotene, shine the solution with light of different colors (wavelengths), and see
what percentage of the light is transmitted. The light that is not transmitted is absorbed by the molecules due to transitions such as
the one shown in Figure 10.6.4.4. In reality, the absorption of carotene actually occurs at 497 nm, not at 1,242 nm. The discrepancy
is due to the huge approximations of the particle in the box model. Electrons are subject to interactions with other electrons, and
with the nuclei of the atoms, so it is not true that the potential energy is zero. Although the difference seems large, you should not
be too disappointed about the result. It is actually pretty impressive that such a simple model can give a prediction that is not that
far from the experimental result. Nowadays chemists use computers to analyze more sophisticated models that cannot be solved
analytically in the way we just solved the particle in the box. Yet, there are some qualitative aspects of the particle in the box model
that are useful despite the approximations. One of these aspects is that the wavelength of the absorbed light gets lower as we reduce
the size of the box. From Equation 10.6.4.2, we can write:

T )2 K2

he/x=(T) o=

) (=)

where n, is the lowest unoccupied level, and n; is the highest occupied level. Because ny = n; + 1,

7\2 h? 2 2 m\2 h?
he/r=(F) gm0 =nd) = (F) 5 @m+D)
Molecules that have a longer conjugated system will absorb light of longer wavelengths (less energy), and molecules with a shorter
conjugated system will absorb light of shorter wavelengths (higher energy). For example, consider the following molecule, which
is a member of a family of fluorescent dyes known as cyanines. The conjugated system contains 8 & electrons, and the molecule
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absorbs light of around 550 nm. This wavelength corresponds to the green region of the visible spectrum. The solution absorbs
green and lets everything else reach your eye. Red is the complementary color of green, so this molecule in solution will look red to

Ot - A
RN NG
J W ) \

Now look at this other cyanine, which has two extra 7 electrons:

you.

The particle in a box model tells you that this cyanine should absorb light of longer wavelengths (less energy), so it should not
surprise you to know that a solution of this compound absorbs light of about 670 nm. This corresponds to the orange-red region of
the spectrum, and the solution will look blue to us. If we instead shorten the conjugated chain we will produce a compound that
absorbs in the blue (450 nm), and that will be yellow when in solution. We just connected differential equations, quantum
mechanics and the colors of things... impressive!

This page titled 10.6.4: An example in Quantum Mechanics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Marcia Levitus via source content that was edited to the style and standards of the LibreTexts platform.

e 5.4: An example in Quantum Mechanics by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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10.6.5: Problems

? Problem 10.6.5.1

Solve the following initial value problems:
1. ’fo +% —2z=0; z(0)=1; z’(0) =0

.‘;Tf+6%+9m=0; z(1)=0; z’(1) =1

2
3. 22 4 9p = 0; z(n/3) = 0; &' (n/3) = —1
4

L2 24 495 =0; 2(0)=1; «/(0) =0

? Problem 10.6.5.2

The simple harmonic oscillator consists of a body moving in a straight line under the influence of a force whose magnitude is
proportional to the displacement z of the body from the point of equilibrium, and whose direction is towards this point.

F = —k(x — o) (10.6.5.1)

The force acts in the direction opposite to that of the displacement. The constant k is a measure of how hard or soft the spring
is.

Newton’s law of motion states that the force applied on an object equals its mass multiplied by its acceleration. The variable A
= g — =z, represents the displacement of the spring from its undistorted length, and the acceleration is the second derivative of
the displacement. Therefore:

d?h(t)
F= m—a (10.6.5.2)
Combining equations 10.6.5.1 and 10.6.5.2 we obtain:
d?h(t)
Rl L7 A ¥ Y 10.6.5.3
m= ® (10.6.5.3)

which is a second order differential equation. Notice that m (the mass of the body) and & (the spring constant) are not functions
of z.

Assume that the displacement h and the velocity A at time ¢ = 0 are: h(0) = A and h’(0) = 0. Physically, this means that the
displacement at time zero is A, and the body is at rest.

 Obtain an expression for h(t).
e What is the period of the function you found above?

In the example above we assumed that the forces due to friction were negligible. If the oscillator moves in a viscous medium,
we need to include a frictional term in Newton’s equation. The force due to friction is proportional to the velocity of the mass (
h’(t)), and the direction is opposite to the displacement. Therefore:

d*h(t) dh(t)

where v is a constant that depends on the viscosity of the medium.

e Obtain an expression for h(t). You will have to consider the cases v* < 4mk, ¥* = 4mk and 4? > 4mk separately. The answers
are printed below so you can check your results. Be sure you show all your work step by step.

o 72 < 4dmk:

— Ae—/m “_t) 1(“_'5)] — Jamk —~2
h(t) = Ae [cos(zm + pil (vl | FE Amk —~y

o 2 =dmk:
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ht)=A(1+ %t) e t/2m
o 72> dmk:

h(t) — %e—'yt/Zm [(eat/2m + e—at/Zm) + % (eat/Zm _ e—at/Zm)] Ja= /72 — dmk

? Problem 10.6.5.3

Find the eigenfunctions (f(z)) and eigenvalues X of the following boundary value problems:

o 2 f(@)=M(@), £(0) =0,/ (1) =0
o —&f@) = M), £'(0)=0,f(x) =0

This page titled 10.6.5: Problems is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Marcia Levitus via
source content that was edited to the style and standards of the LibreTexts platform.

« 5.5: Problems by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source: https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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