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1.2: Ideal gas law, introduction to statistical mechanics, and the microcanonical
ensemble

The ldeal Gas Law

In the last lecture, we discussed the Maxwell-Boltzmann velocity and speed distribution functions for an ideal gas. Remember that,
in an ideal gas, there are no interactions between the particles, hence, the particles do not exert forces on each other. However,
particles do experience a force when they collide with the walls of the container. Let us assume that each collision with a wall is
elastic. Let us assume that the gas is in a cubic box of length a and that two of the walls are located at £ = 0 and at z = a. Thus, a
particle moving along the z direction will eventually collide with one of these walls and will exert a force on the wall when it
strikes it, which we will denote as F;. Since every action has an equal and opposite reaction, the wall exerts a force —F; on the
particle. According to Newton’s second law, the force —F;, on the particle in this direction gives rise to an acceleration via

Av,
At

—F,=ma;=m (1.2.1)

Here, ¢ represents the time interval between collisions with the same wall of the box. In an elastic collision, all that happens to the
velocity is that it changes sign. Thus, if v, is the velocity in the « direction before the collision, then —uv. is the velocity after, and
Av, = —vg; — v, = —2v,, SO that

— _9om e
—Fp = —2m 4 (1.2.2)

In order to find At, we recall that the particles move at constant speed. Thus, a collision between a particle and, say, the wall at
= 0 will not change the particle’s speed. Before it strikes this wall again, it will proceed to the wall at = a first, bounce off that
wall, and then return to the wall at z = 0. The total distance in the z direction traversed is 2q, and since the speed in the z direction

. . 2 .
is always v, the interval At = e Consequently, the force is
Vg

—Fp=——* (1.2.3)
Thus, the force that the particle exerts on the wall is
2
mu.
F,=—2°% 1.2.4
- (1.2.4)
The mechanical definition of pressure is
_{F)
P=" (1.2.5)

where (F) is the average force exerted by all N particles on a wall of the box of area A. Here A = a2. If we use the wall at z =0 we
have been considering, then

N(Fy)

P=—1 (1.2.6)
because we have N particles hitting the wall. Hence,
Nm(v?)
P=—1 (1.2.7)
from our study of the Maxwell-Boltzmann distribution, we found that
kT
(i) = — (1.2.8)
Hence, since a® =V,
NkgT  nRT
p=80 2 1.2.
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which is the ideal gas law.

P =Py > Py

Figure 1.2.1: (Left) Pressure vs. volume for different temperatures (isotherms of the ideal-gas equation of state. (Right) Pressure vs.
temperature for different densities p= N/V.
The ideal gas law is an example of an equation of state. One way to visualize any equation of state is to plot the so-called
isotherms, which are graphs of P vs. V at fixed values of T'. For the ideal-gas equation of state P = nRT/V , some of the isotherms
are shown in the figure below (left panel): If we plot P vs. T at fixed volume (called the isochores), we obtain the plot in the right
panel. What is important to note, here, is that an ideal gas can exist only as a gas. It is not possible for an ideal gas to condense into
some kind of “ideal liquid”. In other words, a phase transition from gas to liquid can be modeled only if interparticle interactions

are properly accounted for.

Note that the ideal-gas equation of state can be written in the form

PV PV P
nRT ~ RT  pRT 1 (1.210)
where V = V/n is called the molar volume. Unlike V', which increases as the number of moles increases (an example of what is
called an extensive quantity in thermodynamics), V does not exhibit this dependence and, therefore, is called intensive. The quantity
PV PV p
= == 1.2.11
nRT ~ RT ~ pRT ( )
is called the compressibility of the gas. In an ideal gas, if we “compress” the gas by increasing P , the density p must increase as
well so as to keep Z = 1. For a real gas, Z, therefore, gives us a measure of how much the gas deviates from ideal-gas behavior.

2.0 -

PV/RT

1.0 ldeal gas

i} 200 400 G B 1000
£/ bar

Figure 1.2.2: Plot of the compressibility Z vs. P for several gases, together with the ideal gas, where Z = 1.

Figure 1.2.2 shows a plot of Z vs. P for several real gases and for an ideal gas. The plot shows that for sufficiently low pressures
(hence, low densities), each gas approaches ideal-gas behavior, as expected.

Introduction to Statistical Mechanics

Defining statistical mechanics: Statistical Mechanics provides the connection between microscopic motion of individual atoms of
matter and macroscopically observable properties such as temperature, pressure, entropy, free energy, heat capacity, chemical
potential, viscosity, spectra, reaction rates, etc.

Why do we need Statistical Mechanics:

1. Statistical Mechanics provides the microscopic basis for thermodynamics, which, otherwise, is just a phenomenological theory.
2. Microscopic basis allows calculation of a wide variety of properties not dealt with in thermodynamics, such as structural
properties, using distribution functions, and dynamical properties — spectra, rate constants, etc., using time correlation functions.
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3. Because a statistical mechanical formulation of a problem begins with a detailed microscopic description, microscopic
trajectories can, in principle and in practice, be generated providing a window into the microscopic world. This window often
provides a means of connecting certain macroscopic properties with particular modes of motion in the complex dance of the
individual atoms that compose a system, and this, in turn, allows for interpretation of experimental data and an elucidation of
the mechanisms of energy and mass transfer in a system.

The microscopic laws of motion

Consider a system of N classical particles. The particles a confined to a particular region of space by a “container” of volume V . In
classical mechanics, the “state” of each particle is specified by giving its position and its velocity, i.e., by telling where it is and
where it is going. The position of particle < is simply a vector of three coordinates r; = (z;,y;, 2;), and its velocity v; is also a vector
(vgs5 Uy, v) Of the three velocity components. Thus, if we specify, at any instant in time, these six numbers, we know everything
there is to know about the state of particle 4.

The particles in our system have a finite kinetic energy and are therefore in constant motion, driven by the forces they exert on each
other (and any external forces which may be present). At a given instant in time ¢, the Cartesian positions of the particles are
r1(t), ..., rn(t), and the velocities at ¢ are related to the positions by differentiation

dl‘,'
dt

vi(t) = =T; (1.2.12)

In order to determine the positions and velocities as function of time, we need the classical laws of motion, particularly, Newton’s
second law. Newton’s second law states that the particles move under the action of the forces the particles exert on each other and
under any forces present due to external fields. Let these forces be denoted Fy,Fs, ..., Fy . Note that these forces are functions of
the particle positions:

Fi = F,-(rl,...,rN) (1.2.13)

which is known as a “force field” (because it is a function of positions). Given these forces, the time evolution of the positions of
the particles is then given by Newton’s second law of motion:

m,'i",- = Fi(l‘l, ,I‘N) (1214)
where Fy, ..., Fy are the forces on each of the & particles due to all the other particles in the system. The notation &; = d?r;/dt2.

N Newton’s equations of motion constitute a set of 3N coupled second order differential equations. In order to solve these, it is
necessary to specify a set of appropriate initial conditions on the coordinates and their first time derivatives,
{r1(0), ... ,xn(0),1(0), ... ,£5(0)}. Then, the solution of Newton’s equations gives the complete set of coordinates and velocities for
all time ¢.

The Ensemble Concept (Heuristic Definition)

For a typical macroscopic system, the total number of particles N ~ 102, Since an essentially infinite amount of precision is needed
in order to specify the initial conditions (due to exponentially rapid growth of errors in this specification), the amount of
information required to specify a trajectory is essentially infinite. Even if we contented ourselves with quadrupole precision,
however, the amount of memory needed to hold just one phase space point would be about 128 bytes = 27 ~ 10? bytes for each
number or 102 x 6 x 102 ~ 10'7 gigabytes which is also 102 yottabytes! The largest computers we have today have perhaps 108
gigabytes of memory, so we are off by 11 orders of magnitude just to specify 1 classical state.

Fortunately, we do not need all of this detail. There are enormous numbers of microscopic states that give rise to the same
macroscopic observable. Let us again return to the connection between temperature and kinetic energy:

3 Y1 o,
5 NksT = > 5 mivi (1.2.15)
i=1

which can be solved to give

T=_2 lil v (1.2.16)
= 3% 2 m;iV;j .2.

2|
™|

@ https://chem.libretexts .org/@go/page/40783



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/40783?pdf

LibreTexts"

Here we see that T is related to the average kinetic energy of all of the particles. We can imagine many ways of choosing the
particle velocities so that we obtain the same average. One is to take a set of velocities and simply assign them in different ways to
the N particles, which can be done in N! ways. Apart from this, there will be many different choices of the velocities, themselves,
all of which give the same average.

Since, from the point of view of macroscopic properties, precise microscopic details are largely unimportant, we might imagine
employing a construct known as the ensemble concept in which a large number of systems with different microscopic
characteristics but similar macroscopic characteristics is used to “wash out” the microscopic details via an averaging procedure.
This is an idea developed by individuals such as Gibbs, Maxwell, and Boltzmann.

Ensemble: Consider a large number of systems each described by the same set of microscopic forces and sharing a common set of
macroscopic thermodynamic variables (e.g. the same total energy, number of moles, and volume). Each system is assumed to
evolve under the microscopic laws of motion from a different initial condition so that the time evolution of each system will be
different from all the others. Such a collection of systems is called an ensemble. The ensemble concept then states that macroscopic
observables can be calculated by performing averages over the systems in the ensemble. For many properties, such as temperature
and pressure, which are time-independent, the fact that the systems are evolving in time will not affect their values, and we may
perform averages at a particular instant in time.

The questions that naturally arise are:

1. How do we construct an ensemble?

2. How do we perform averages over an ensemble?

3. How do we determine which thermodynamic properties characterize an ensemble?

4. How many different types of ensembles can we construct, and what distinguishes them?

Extensive and Intensive Properties in Thermodynamics

Before we discuss ensembles and how we construct them, we need to introduce an important distinction between different types of
thermodynamic properties that are used to characterize the ensemble. This distinction is extensive and intensive properties.

Thermodynamics always divides the universe into a “system” and its “surroundings” with a “boundary” between them. The unity
of all three of these is the thermodynamic “universe”. Now suppose we allow the system to grow in such a way that both the
number of particles and the volume grow with the ratio N/V remaining constant. Any property that increases as we grow the
system in this way is called an extensive property. Any property that remains the same as we grow the system in this way is called
intensive.

o Examples of extensive properties are N (trivially), V (trivially), energy, free energy,...
o Examples of intensive properties are pressure P, density p = N/V, molar heat capacity, temperature,....

The Microcanonical Ensemble

Consider a classical system that is completely isolated from its surroundings. Such a system has no external influences acting on it,
we can restrict our discussion of the classical forces acting on the system to conservative forces. Conservative forces are forces that
can be derived from a simple scalar function U(ry, ..., ry) by taking the negative derivative with respect to position

U
Fi= = (1.2.17)
which simply means that the three components of F; are generated as follows:
ou au ou
Fo=—o0 Fu=—g Fa= =5 (1.2.18)

The function U(r;, ...,ry) is called the “potential” of the system or “potential energy” of the system. When this is added to the
kinetic energy, we obtain the total energy \(\mathcal{E}) as

1 &
E= 3 E m;vy + U(r1, ..., TN) (1.2.19)
=1
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If there are no external fields acting on the system, then this energy is the mechanical total internal energy.
An isolated system will evolve in time according to Newton’s second law
m,-i"z- = Fi(rl, ,I‘N) (1220)

Importantly, when the forces are conservative, £ is constant with respect to time, meaning that it is conserved, and hence it is
equivalent to the thermodynamic internal energy E. To see that energy conservation is obeyed, we simply need to take the
derivative of & with respect to time and show that it is 0.

1 &
E= 5 Zm.;v? +U(ry,...,TN) (1.2.21)
=1
e & Y. oU
Y N v vt s (1.2.22)
dt = = om
N N
= Zi‘i'Fz’—ZFi'f‘i (1.2.23)
=1 P
= (1.2.24)

Since the mechanical energy is fixed, we can equate it with the thermodynamic internal energy E, which will also be fixed.

In addition to the energy, two other thermodynamic variables are trivially conserved, and they are the number of particles N, and
the containing volume V. If we now imagine a collection of such systems in an ensemble, all having the same values of N, V, and
E, the same underlying microscopic forces and laws of motion but all having different microscopic states, then this ensemble
would be characterized by the values of N, V, and E and is called a microcanonical ensemble.

Entropy and the number of microscopic states

Now that we have defined one type of ensemble, the microcanonical ensemble, an important quantity pertaining to this ensemble is
the number of microscopic states. For short, we will refer to “microscopic states” as “microstates”. In a classical system, a
microstate is simply a specification of the positions and velocities of all the particles in the system. Thus, in order to find the
number of microstates, we ask the following question: In how many ways can we choose the positions and velocities for a system
of N particles in a volume V and forces derived from a potential U(ry, ... ,rx) such that we always obtain the same value of the
energy in Equation 1.2.19? Let us denote this number as Q, and it is clear to see that Q is a function of N, V, and E, i.e., Q(N,V, E).
Even though Q(N, V, E) is an enormous number, the fact is that it is always finite (as opposed to infinite). How can we calculate
Q(N,V, E)? In principle, Q(N, V, E) can be computed by

Qmmm:if dz (1.2.25)

h3N J g

where & is given by Equation 1.2.19 , E is a value for the internal energy, and [dz means integrate over all of the positions and
velocities! The constant p is Planck's constant, and it accounts for the Heisenberg uncertainty principle. If all of the particles in the
system are identical, then we must divide the integral on the right by a factor of 1/N!, which accounts for the fact that the particles
can be exchanged in N! ways without changing the microscopic state of the system. This seemingly innocent formula is actually
rather difficult to apply in practice. The number Q(N,V, E) is an example of what is called a partition function in statistical
mechanics. Here, Q(IV, V, E) is the partition function of the microcanonical ensemble.

The connection between the microscopic world of positions, velocities, forces, potentials, and Newtonian mechanics and the
macroscopic, thermodynamic world is the entropy S, which is computed from Q via Boltzmann’s formula

S(N,V,E) = kg InQ(N,V, E) (1.2.26)

This formula was emblazoned on Boltzmann’s grave, as the photograph below shows:

https://chem.libretexts.org/@go/page/40783


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/40783?pdf

LibreTexts"

LVDWIG
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1845 - 1986

Figure 1.2.3 : Boltzmann’s headstone at the Zentralfriedhof in Vienna, Austria.

This definition of entropy also tells us something important about what entropy means. There is a commonly held (mis)conception
that entropy is a measure of the degree of disorder in a system. The notion of “disorder” is certainly something that we all have an
intuitive feel for (it’s far easier to create chaos in your room than it is to clean it up, and it’s far easier to knock over a large stack of
oranges in the grocery store than it is to stack them up in the first place). However, as there is no universal definition of disorder,
there is no way to quantify it, and hence, it cannot be used as a route to the entropy in a system; in fact, trying to equate entropy and
disorder can even be misleading.

Common sense tells us that certain processes occur spontaneously in one direction but not in the reverse direction. But how do we
distinguish between those process that truly cannot happen in reverse (such as the breaking of the glass) and those that could
potentially happen in reverse if only we waited long enough? This thought experiment gives some idea of what entropy really
measures.

Classical mechanics can actually help us understand the distinction. Recall Newton’s second law of motion which describes how a
system of N classical particles evolves in time:

dT2I =F(ry,...,rn) (1.2.27)

Let us ask what happens if we start from an initial condition ry(0),...,rx(0), v1(0),...,vx(0), evolve the system out to a time ¢,
where we have positions and velocities ry(2),...,rn(t), vi(t), ..., vn(t), and from this point, we reverse the direction of time. Where
will the system be after another time interval ¢ has passed with the clock running backwards? We first ask what happens to
Newton’s second law if we reverse time in Equation 1.2.27. If we suddenly set dt — —dt, the positions do not change at the moment,
hence, the forces do not change either. Moreover, since dt? —+ dt?, the accelerations do not change. Thus, Newton’s second law will
have exactly the same form when time is reversed as then time runs in the normal forward direction. This means that the laws of
motion, themselves, cannot distinguish between normal and reversed time! This condition is called time reversal symmetry. On the
other hand, first time derivatives must change sign, hence, the velocities v; = dr;/dt — dr;/(—dt) = —v; must reverse their direction
when time is reversed, hence in order to start running the clock backwards at time ¢, we must replace all of the velocities
vi(t), ..., va(t) with —vy(2),...,—vn(t). The facts that the velocities simply change sign under time reversal but the laws of motion
do not tell us that at each point in the time reversed motion, the particles will experience the same forces and, therefore, will
accelerate in the same way only in the opposite direction. Thus, after another time ¢, the particles should end up exactly where the
started, i.e., r1(2¢) = r1(0), ... ,r5(2t) = rx(0). Despite this time reversal symmetry of the laws of motion (the same symmetry exists,
by the way, in quantum mechanics), there seems to be a definite “arrow” of time, as many processes are truly unidirectional. A few

examples will help to illustrate the point that is being made here.
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Consider first a box with a partition. One half contains an ideal gas, and the other is empty. When the partition is removed, the gas
will spontaneously expand to fill the box. Once the gas expands, the particles will “never”

(¥} Q @ Y o -
c® © o P> . P
Y @
e © —— @ -
< e
o [ %]
P e ¥
(&) [*]
[¥} -

Figure 1.2.4 : Expansion of a gas initially partitioned into one-half of its containing volume.

spontaneously return to the left half of the box leaving the right half of the box empty, even though the process is not forbidden by
the laws of motion or by the first law of thermodynamics. Entropy aims to quantify this tendency not captured in the first law of
thermodynamics. Specifically, what entropy quantifies is the number of available microscopic states in the system. Hence, any
thermodynamic transformation that cases the number of available microscopic states available to the system to increase will lead to
an increase in entropy. While this might seem to be in contradiction to the notion that thermodynamics does not need to refer to the
microscopic nature of matter, and while there is a purely thermodynamic definition of entropy that will be introduced shortly, we
will see that this connection between entropy and available microstates is both fully consistent with the thermodynamic definition
of entropy and intuitively very appealing as a way to understand what entropy is.

Coming back to the gas example, when the partition is in place, the volume of the system is half that of the full box. Thus, when the
partition is removed, the volume doubles and the number of available microstates increases significantly. By how much? In order to
see this we need to see how € depends on V . Recall that for an ideal gas

&=

N~

N
S mv? (1.2.28)
i=1

when all of the particles have the same mass m. Note that £ does not depend on positions. Thus, we can write Equation 1.2.25 as

Q(N,V,E):ﬁ / dz, [ / dzr] (1.2.29)
E=¢&

where dz. is the integral over velocities, and dz, is the integral over positions. All we need to do is look at the latter to see how Q
depends on the volume. Suppose the gas occupies a cube of side length a with facesat z =0,z =a,y=0,y =4, 2=0, and at z = a.
Then, since we have N particles, and we have to integrate over the positions of all of them, we need to integrate each position over
the spatial domain defined by this box:

a a a a a a
/d.’B,- = /d:z:lfdylfdzl /d:cN/dyN/dzN (1-2-30)
0 0 0 0 0 0

This means that we have 3V integrals that are all exactly the same. Hence, we can write this as

« 73N

/ doy = / doy (1.2.31)

0

or
/ de, =a®N = V¥ (1.2.32)

and therefore, Q(N,V,E) oc V¥

Thus, the ratio of available states after the partition is removed to that before the partition is removed is (2V/V)¥ =2¥_ As we will
see shortly, this is equivalent to increase in entropy by N In 2. Hence, in this thought experiment, entropy increases when the
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partition is removed because the number of microscopic states increases.

Let us now contrast this thought experiment with another one that differs from the first in one subtle but key respect. Let us
suppose that we are somehow able to collect of the gas particles into the left half of the box without having to employ a partition.
The situation is shown in the figure below. After the particles are thus collected, we allow them to evolve naturally according to the
laws of motion, and not unexpectedly, this evolution causes them to fill the box, and we never observe them to return to the initial
state in which they were prepared. Does the entropy increase in this case? No! Even though it might seem that the system evolves
from a (relatively) ordered state to one with greater disorder, the number of microscopic states remains the same throughout the
expansion. What distinguishes this case from the previous one is that here, we create a highly unlikely initial state without the use
of a device that restricts the number of available states. How unlikely is this initial state? That is, what is the probability that it
would occur spontaneously given the total number of available microstates? This probability is given by the fraction of microscopic
states represented by the gas occupying half the box to that of the gas occupying the full volume of the box. For an ideal gas, this
ratio is (V/2V)¥ = (1/2)~. Hence, if N ~ 10%, the probability is so small that one would need to wait a time equal to many, many
times the current lifetime of the universe to see it happen, even though it is not forbidden by the laws of motion. Even if N = 100,
the probability is still on the order of 1073, which is negligible. Even though entropy does not increase, we still observe this
process as “one way” because the numberof states in which the gas fills the volume of the box compared to the number of states in
which it spontaneously occupies just one half of it, is so astronomically large that it can never find its way to one of the extremely
unlikely states in which the particles aggregate into just one half of the box.
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Figure 1.2.5 : Expansion of a gas initially located in one-half of its containing volume.

An important consequence of Boltzmann’s formula is that it proves entropy is an additive quantity, which is always assumed to be
true in thermodynamics. Let us consider two independent systems, denoted A and B, and let 24 be the number of microstates
associated with system A, and let 25 be the number of microstates associated with system B. The number of microstates associated
with the combined system A + B is then the product Q4+p = 24925. But what is the entropy of the combined system?

SA+B = kBIn QA+B = kBIIl (QAQB)
kgln Q4 + kpln Qp (1233)
Sa+Sa

This page titled 1.2: Ideal gas law, introduction to statistical mechanics, and the microcanonical ensemble is shared under a CC BY-NC-SA 4.0
license and was authored, remixed, and/or curated by Mark E. Tuckerman.
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1.3: The Canonical Ensemble

The Canonical Ensemble

In the microcanonical ensemble, the common thermodynamic variables are N, V, and E. We can think of these as “control”
variables that we can “dial in” in order to control the conditions of an experiment (real or hypothetical) that measures a set of
properties of particular interest.

However, when we go into the lab, we never “dial in” a particular energy E for the system. Generally, we can fix external
parameters such as temperature 7" or pressure P (or both), but the energy is a quantity to which we simply do not have direct access.
For this reason, the microcanonical ensemble is often not the ensemble of choice for performing calculations using statistical
mechanics, particularly if one wishes to mimic as closely as possible the conditions of an experiment. In addition, the integral form
of the partition function

Q(N,V,T):h% / do (1.3.1)
&(z)=E

is difficult to use because of the restriction that the mechanical energy &(z) be fixed at a chosen value F for the total internal
energy.

The first ensemble we will consider that attempts to capture more closely the conditions of an experiment is the so-called canonical
ensemble, which is characterized by the thermodynamic variables N, V, and T'. In order to fix the temperature, however, we must
have a mechanism to inject heat into the system and extract heat from it in order to regulate the average kinetic energy. This means
that the total energy is no longer conserved, as the system must interact with the environment in order to effect this heat exchange.

Conceptually, we imagine that our system interacts with a very large heat source, called a thermal reservoir. The thermal reservoir
is also a mechanical system, albeit an extremely large one, with an internal energy E, and having N, particles in a volume V.
However, since N, and V, do not change, we only need to consider how the energy E, of the reservoir changes as the energy E of
the system changes. The combination of system + reservoir comprises the thermodynamic universe, which is a microcanonical
system (after all, it is isolated from any additional surroundings) having a fixed total energy Er. Since N, > N, it follows that E,
> E.

The total energy Er = E + E,.. Although E7 is fixed, both E and E, fluctuate, and this means that the systems are not independent.
Thus, if we ask how many microstates are available to the combined system + reservoir, which we will denote Q¢ (N, Vr, E7),
where Nr = N + N, and Vr =V +V,, we see that we cannot write this as a simple product of Q(N, V, E)Q,(N,, V., E,). In what
follows, since N, N, V, and V; never change, we will suppress the dependence of 2 on these and just show the energy dependence.
The correct expression for Qz(Er) is

Er
Qr(Br) = / QE)(Er — E)dE (1.3.2)
0
since E, = Er — E. On the other hand, if we are interested in the number of states available to the system at a particular energy E,
then we can use the simple product formula and write this number, 2(E), as a ratio:

Q(m) = Qr(Er)

= 0B (1.3.3)

The more relevant quantity study is the actual thermodynamic observable, which is the entropy S(E) of the system. This is given by

S(E) kB In Q(E) = kB In QT(ET) —kB]nQT(ET—E)

Sr(Er) — Sy(Er — E) (1.3.4)

We now exploit the fact that the reservoir is much larger than the system and perform a Taylor expansion up to first order in the
system energy. This is justified as E « Er. To first order,

a5,
S,(Er — E) ~ S,(Br) — ( s )E L E (1.3.5)

@ https://chem.libretexts.org/@go/page/43298



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/43298?pdf
https://chem.libretexts.org/Courses/New_York_University/CHEM-UA_652%3A_Thermodynamics_and_Kinetics/01%3A_Lectures/1.03%3A_The_canonical_ensemble

LibreTexts"

Since Er is fixed, and Er = E + E,, if the energy of the thermal reservoir change by a small amount dE,, the system’s energy must
change by an equal and opposite amount, i.e., dE = —dE,. Consequently, we can write

S.(Br— E) ~ S.(Er) + ( 05 ) E (1.3.6)
OF E.=Er

The only thing we still need to do is evaluate the derivative 8S,/0E. Thermodynamics posits that heat is a form of energy. If this
postulate is correct, then when N and V remain fixed, any change in energy of the system or reservoir must be due to a transfer of
heat d@ between the two. Since energy is a state function, how this heat is transferred is irrelevant to the actual energy change we
observe, so let us suppose that the transfer is carried out reversibly. Designating the heat transfer as dQ-.y, the energy change dE
must equal this heat transfer:

dE = dQrey (13.7)

(We will later see that this is in agreement with the first law of thermodynamics.) The thermodynamic definition of entropy then
can be used to express dQ.e, as

dQrev = TdS, (1.3.8)

where dg, is the change in entropy of the reservoir as a result of the heat transfer at temperature 7. Rearranging this, we find that
the temperature is given by

1 a8,
— = 1.3.9
7= (95 ) s @39)
However, since the system and reservoir are in thermal equilibrium, they must have the same temperature. Thus, it follows that
1 S
—==\|55 1.3.1
T ( OF ) NV (1.3.10)
Interestingly, we see that we can also use the partition function to determine the temperature
1 olnQ
— =kp|——— 1.3.11
T ° ( 0E )N,v (1311

which is our first example of how the partition function is used to compute a thermodynamic property! It’s also our first illustration
of how we start with a purely microscopic description of the system and arrive at a thermodynamic observable.

Now using this relation for temperature in our Taylor expansion, we find
E
5:(Br — B) ~ 5,(Br) + (1.3.12)

Therefore,

S(E) = Sr(Br) — 5,(Br) — = (1.3.13)

Taking the exponential of both sides, we finally recover the number of states available to the system when it is in contact with a
thermal reservoir:

Q(E) = 5B)/ks — Ce=E/ksT (1.3.14)
where C is a constant.

Of course, what we are really interested in is the number of microstates, as specified by the coordinates and momenta, designated
as z, when the system is in contact with a thermal reservoir. However, Equation 1.3.14 immediately tells us what the probability
distribution of  needs to be. If we identify the thermodynamic energy E with the mechanical energy &£(z), then this distribution is
given by

f(z) = Ce¢/BT = CePEW) (1.3.15)

The mechanical energy is given by
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N
1
E@) = gmivi+U(ry, ..., ry) (1.3.16)
i=1
N 2
p.
= Z ZnZz,- +U(ry, .., TN) (1.3.17)

-
Il
-

where the fact that the momentum p; = m;v; has been used. Written in this way, we also see that the mechanical energy £(z) is also
the Hamiltonian 7¢(x). Here, we see that the constant C can be determined by normalization of the distribution function

1
C= 1.3.18
QN,V,T) ( !
1 _&(z 1 —pIH(z
Q(N,V,T) = o /e &@)/ksT gy — W/e B () g (1.3.19)

The quantity Q(N,V,T) is, thus, a measure of the number of microstates available to the system and is, therefore, the partition
function of the canonical ensemble. If the N particles in the system are all identical, then we need the additional combinatorial
factor of 1/N! in the definition of @, and we write

1 [ L[
QY T) = e / Oy = / PO (1.3.20)

Clearly, there are analogous factors when the system contains N4 particles of type A, Ny particles of type B,...

A few comments are in order at this point. First, we immediately see that if there are no interactions in the system, i.e., U = 0, then
the canonical distribution function becomes the Maxwell-Boltzmann distribution function

f(z) = Leprliptiam _ %e—ﬂzﬁil mivi/2 (1.3.21)

Q
which is the appropriate canonical distribution for an ideal gas.

A second important point concerns the fact that the energy is a sum of purely momentum-dependent terms and a purely position
dependent term:

&(z) = iv: Pl U, ew) (1.3.22)
i=1 2m,;
Given this, the partition function always separates into a product of two integrals:
Q(N,V,T)=Cy [ / P P?ﬂ'"f'dmp] [ / e_ﬂU(“""'r”)d:vr] (1.3.23)
=Cn [ / e—ﬂEilp?/z'"*dpl...de] [ / e_ﬂU(”""’”’)drl...rN] (1.3.24)

Importantly, note that the first integral is always the same for any system, and in fact, it is just the ideal-gas partition function,
which we will work out shortly. The second part, involving the potential energy U(ry, ..., ry) is the only 4 part that is different for
different systems. In fact, this is the only part of the partition function that is interesting, as it is particular to each individual system
and is what gives rise to the particular properties of that system!

A third important point concerns the use of the canonical distribution to compute averages. Let A be some equilibrium property of
our system, e.g., temperature, pressure, free energy,..., and let a(z) be some function of the coordinates and momenta whose
average over an ensemble yields the property A. An example is the use of the kinetic energy to obtain temperature. In this example,
the property A is the temperature T and the function a(z) is the kinetic energy a(z) = (2/3nR) Y_n., p2/2m;. The relation between A
and a(z) is

A= (a(2)) = / (z) a(z) do = ﬁ / o(z) e PE@ dg (1.3.25)

where Cy = 1/h% if all the particles are distinguishable or Cy = 1/N!h3Y if they are indistinguishable.
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Thermodynamics From the Partition Function

Total internal energy

In the canonical ensemble, the mechanical energy of the system does is not conserved but rather fluctuates due to the exchange of
heat between it and the thermal reservoir. Thus, if we want to compute the total internal energy, we must perform an average of
&(z) over the ensemble. Using the rule in Equation 1.3.25, we would compute the energy as

= & —BE(z)
F=ow.v,n / &(z) e PE@)dy (1.3.26)
Note, however, that we can write
E(z) @ = _ 9 e (1.3.27)
op
Therefore,
= —ﬂé‘(a:
E Q(N V T) / ap° (1.3.28)
1
_— —BE(z)
Q(N,V,T) aﬂ On | e (1.3.29)
1
(N V,T) 3ﬂQ(N V,T) (1.3.30)
= In Q(N,V,T) (1.3.31)

aﬂ

Of course, Q(IV,V,T) is as much a function of 8 as it is a function of T since 8 = 1/kpT.

Heat capacity at constant volume

The heat capacity at constant volume, denoted Cy, is defined to be the change in thermodynamic energy with respect to

temperature:
OE
Cy = (ﬁ)N,v (1.3.32)
Since
0
we see that
OF
COv =5 (1.3.34)
_OE 8B
- a_ﬂﬁ (1.3.35)
1
= %72 662 InQ(N,V,H) (1.3.36)
= kpp® 3ﬂ2 In Q(N,V, B) (1.3.37)
Pressure

Let us consider a simple thought experiment, which is illustrated in the figure below: A system of i particles is
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Figure 3.1: Illustration of a thought experiment in which a system is compressed via a piston pushed into the system along the
positive z axis.
compressed by a piston by pushing the piston in the positive z direction. Since this is a classical thought experiment, we think in
terms of forces. The piston exerts a constant force of magnitude F on the system. The direction of the force is purely in the positive
z direction, so that we can write the force vector F as F = (0,0, F). The system exerts an equal and opposite force on the piston of
the form (0,0, —F). If the energy of the system is E, then the force exerted by the system on the piston will be given by the negative
change in E with respect to 2:

dE

or
dE
F=— (1.3.39)

The force exerted by the system on the piston is manifest as an observable pressure P equal to the force F divided by the area A of
the piston, P = F/A. Given this, the observed pressure is just

dE
P= i (1.3.40)

Since the volume decreases when the system is compressed, we see that Adz = —dV. Hence, we can write the pressure as P
=—dE/dV.

Of course, the relation P = —dE/dV is a thermodynamic one, but we need a function of z that we can average over the ensemble.
The most natural choice is

__ dé(z)

p(z) = v (1.3.41)
so that P = (p(z)). Setting up the average, we obtain
—___ O [ g
P= oD e (1.3.42)
—_ 9 1[0 s
- vl (1.3.43)
__ksT 9 )
- ST / e (1.3.44)
3 dlnQ(N,V,T)
= kgT (T) (1.3.45)
Isothermal Compressibility
Recall from the last problem set that the isothermal compressibility is given by
10V 1 (9P\™"
w=—v(38),= v (57), (1.8.46)

From Equation ???, we can easily see that the isothermal compressibility can be expressed in terms of the partition function as
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o=t (2 powve) (1.3.47)
T~ " VkgT \ 0V2 o e

Ideal Gas in the Canonical Ensemble

Recall that the mechanical energy for an ideal gas is

N L2
&(z) = i (1.3.48)
—~ 2m
where all particles are identical and have mass m. Thus, the expression for the canonical partition function Q(N, V,T):
QN,V,T) = ﬁ / dx e—BZLipi/2m (1.3.49)
Note that this can be expressed as
1 . 3N
Q(N,V,T) = N'—hSNVN [ / dpe? /2'”] (1.3.50)
Evaluating the Gaussian integral gives us the final result immediately:
N
1 [V (21m %2
QN V.T) = =7 [ﬁ (—ﬂ ) (1.3.51)
The expressions for the energy
ti]
B=—25 In Q(N,V,T) (1.3.52)
which give
3 3
and pressure
P=kgT (W) (1.3.54)
give
P= N?T = % (1.3.55)

which is the ideal gas law.

This page titled 1.3: The Canonical Ensemble is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.

https://chem.libretexts.org/@go/page/43298


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/43298?pdf
https://chem.libretexts.org/Courses/New_York_University/CHEM-UA_652%3A_Thermodynamics_and_Kinetics/01%3A_Lectures/1.03%3A_The_canonical_ensemble
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

1.4: Treating interactions - Virial coefficients

The Isothermal-Isobaric Ensemble

The isothermal-isobaric ensemble is the closest mimic to the conditions under which most experiments are performed, namely
under conditions of constant N, P, and T. In order to fix the pressure and temperature, the system must allowed to exchange heat
with its surrounds, and the surrounds must also act as a kind of isotropic “piston” on the system, allowing the system’s volume V to
fluctuate in response to an applied pressure P. If the volume fluctuates, then we can treat is as an additional mechanical variable in
the system. If this is the case, then the energy FE can change in response to the exchange of heat, while there is an additional energy
term PAV, which when added to the energy change AE, gives the total energy change in response to both the piston and the heat
exchange. This sum AE + PAV goes by the name “enthalpy” and is denoted AH:

AH = AE + PAV (1.4.1)

The mechanical version of this simply replaced E by the mechanical energy &(z), and we would integrate a Boltzmann distribution
of &(x) + PV over all coordinates, momenta, and volumes in order to produce a partition function:

o
A(N,P,T)=Cy / v / dz ¢ PEEHFPY) (1.4.2)
0
= / dvVe PPV Cy / dz e (1.4.3)
0
- / dVeBPYQ(N, V, T) (1.4.4)
0

The last line of this shows that there is a very simple relation between the canonical partition function and that of the isothermal-
isobaric ensemble. Once we know the canonical partition function, we just need to do one volume integral in order to determine the
partition function of the isothermal-isobaric ensemble. The thermodynamic relations are also completely analogous to those of the
canonical ensemble. Thus, the average enthalpy H is given by

H= _a% In A(N, P, T) (1.4.5)
and the constant-pressure heat capacity Cp becomes
52
Cp= k3ﬂ26—ﬂ2 In A(N, P, T) (1.4.6)

The only real difference from the canonical ensemble is that we determine an average volume V from the pressure derivative of
A(N,P,T):

9]

Treating Interactions: Virial Coefficients

We have seen that if we can determine a canonical partition function, then we can also easily compute the properties of a system at
constant pressure by simply applying Equation 4.2. But how can we compute a canonical partition function for a system in which
there are real interactions present?

One way is to use computer simulation techniques. If we run a molecular dynamics or Monte Carlo calculation, then, in addition to
approximating the actual microscopic motion of a system, we are, in effect, using the simulation to “do 2 the many-dimensional
integrals” over coordinates and momenta! Of course, the downside of this is that computer simulations can be time consuming, and
they only allow us to examine one thermodynamic state point at a time. Each new state point is a new simulation. In addition, the
computer will spit out reams of data, and we have, somehow, to make sense of it all. As the Hungarian-American physicist and
Nobel laureate, Eugene Wigner once said, “It is nice to know that the computer understands the problem, but I would like to
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understand it too”. For this reason, analytical techniques can play an extremely valuable role, as they provide insights that cannot
be easily gleaned from computer simulations.

Let us start, therefore, by considering a gas at low density and compute the canonical partition function for this system. We will
assume that the density is sufficiently low that each particle interacts with just one other particle at a time (which would certainly
not be the case in a liquid or solid). Because there interactions are pair-wise, we can assume that the potential energy is a sum of

pair-wise terms:
N-1 N
U(rh ,I‘N) = Z Z u(lri - I‘]|) (148)
i=1 j=i+1

A typical plot of such a potential and the force it produces between two particles is shown in Figure 4.1. However, if each particle
interacts with just one other particle at a time, then we can simplify the complicated sums above and write the potential as

U(ry, .., ry) = u(|ry —ra|) + u(lrs —ra))+ ... u(fry—1 — ryl) (14.9)

provided that we recognize this as being just one possible way we can pair up the particles. If we account for all possible ways we
can do this as a combinatorial factor in the counting of microstates, then we have all of the information we need to construct the

partition function.

ufr,,), .I-"2

-
12

Figure 4.1: Typical potential energy and force curves for two particles in a real gas.
So let’s see how we can do this. Consider, first, the case of just four particles. In how many ways can we pair them up so that each
particle interacts with just one other? There are, in fact, three possibilities. We have, for example, (1,2)(3,4), but we also have
(1,3)(2,4), and (1,4)(2,3). Note that the case (1,2)(3,4) corresponds to what we have written in Equation 4.6. That is, for this
pairing, we would write the potential as U(ry,r2,r3,r4) = u(jr; —r2|) +u(|rs —r4|). The three possibilities can be expressed as 3 - 1.

Now suppose we had six particles. In how many ways can we pair these up. If you enumerate them all, you’ll find that there are 15

possibilities:
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(1,2)(3,4)(5,6)
(1,2)(3,5)(4,6)
(1,2)(3,6)(4,5)

(1,3)(2,4)(5,6)
(1,3)(2,5)(4,6)
(1,3)(2,6)(4,5)

(1,4)(2,3)(5,6)
(1,4)(2,5)(3,6)
(1,4)(2,6)(3,5)
(1,5)(2,3)(4,6)
(1,5)(2,4)(3,6)
(1,5)(2,6)(3,4)
(1,6)(2,3)(4,5)
(1,6)(2,4)(3,5)
(1,6)(2,5)(3,4)

Note that 15 =15 -3 - 1. Thus, in general, if we have N particles, where N must be even so that we can pair them up, then the number
of ways we can pair them up is (N — 1)(N —3)(N —5)... = (N-1)!L.

Recall that the canonical partition function is
Q(N,V,T) =Cyn / dxp e PZL1Pi/2m / di, e PU(FL-TN) (1.4.10)
Let us denote by Z(N,V,T)
Z(N,V,T) = / dry ...dry e PUEL-IN) (1.4.12)

We will be interested in computing the equation of state for our system, which we obtain by computing the pressure from

_ olnQ
P=ksT ( — ) (1.4.12)
However, Z(N,V,T) contains all of the volume dependence of @, so we really only need to worry about it, and the pressure would
then be given by
O0lnZ

In the limit that we can consider each particle as interacting with just one other particle at a time, for which there are (N — 1)!!
possible combinations, we can write Z as

Z(N,V,T) = (N —1)! / dry - diy ¢~ BlETal) g=fulles—ral) . o=Bulex e (1.4.14)
— (N1 [ / dry drs e—ﬂuun—rzn] [ / drs dry e—ﬂuﬂrs—un] (1.4.15)

[ / dry_;dry e_ﬂ"”“N—l—rNI)]

All of the integrals in the brackets are exactly the same. Moreover, for N particles, there are N/2 pairs we can make, so we can
write the above expression as

N/2
Z(N,V,T) = (N—=1)!! [ / dry drs e—ﬂ“(lrl—rzl)] (1.4.16)

Next, let’s look at the prefactor of (&~ —1)!. Recall that N1 = N(N —1)(N —2)--1. This is a product of N terms, and if N is N!
~ N¥e~V, which is known as Sterling’s approximation. Similarly for (N —1)!! = (N —1)(N —3)---3 - 1, the leading term is N —1
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~ N, and there are N/2 terms in the product, so the approximation for a double factorial when N is large becomes (N — 1)!!
~ NN/2¢=N/2 Thus, we can write Z as

N/2
Z(N,V,T) ~ e N/? [N / dr; dry e—ﬂ“(lrl—rzl)] (1.4.17)

In fact, the e~V/2 we can simply absorb into the Cy in the definition of @, as it is volume independent and will not affect anything
our calculations. Thus, it is sufficient for us to consider simply

N/2
Z(N,V,T) ~ [N / dry dr e—ﬂ"(lrl—“l)] (1.4.18)

In order to simplify the integral, let us change variables to
R=1(r1+ry), r=ri—-1 (1.4.19)

for which dr;dry, = dRdr. Substituting this in, we obtain
N/2
Z(N,V,T) ~ [N / dR dr e—ﬂ"(lrl)] (1.4.20)

Since the integrand does not depend on R, we can easily integrate over R:

a a a
/dR:/dX/dY/dZ:a3=V (14.21)
0 0 0

Then
N/2
Z(N,V,T)=V¥/? [N / dr e—ﬂ"(lrl)] (1.4.22)

The remaining integral still has an implied volume dependence in the sense that

/ d e—Pull) _ / iz / dy / dy e—Pulle)
1] 0 0

In order to make this volume dependence easier to work with, we go into a set of scaled coordinates

s= 2 = =V (1.4.23)

The components of s all lie in the interval [0,1] : s, € [0,1],3, € [0,1],s, € [0,1]. Moreover, dr = dz dy dz = a3ds, ds, ds, = Vds.
Putting this into the partition function, we have

N/2
Z(N,V,T) = V2 [NV / ds e—ﬂ“(lv”ssb] (1.4.24)
N/2
— V¥ [N / dse? “('sz')] (1.4.25)
This is now an expression we can differentiate with respect to V to obtain the pressure. Using Equation 4.11, we find
9 N —u(ne)]
P=ksT oz AlnV¥ +In |N [dse (1.4.26)
= kBT% {Nln V+ % In [N / ds e—ﬂ"(l"”“’sl)] } (1.4.27)
= N’?T + kT % % In [N / ds e—ﬂudV”“S')k]} (1.4.28)
Let
(V)= / ds eIV /%)) (1.4.29)
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If we assume that the interaction is a small perturbation to ideal-gas behavior, then we can take I(V) to be a small quantity. In fact,
we will see below that because dI/dV ~ 1/V?2, I(V) ~ 1/V, and since 1/V ~ 1/N, I(V) ~ 1/N. In this case, NI(V) ~ 1, and we can
use the approximation In (1 + z) ~ z to write

In NI(V) = In (1 + NI(V) — 1) ~ (NI(V) — 1) (1.4.30)
so that
NkgT = NkgT 0 NkgT  NZ2kgT OI
P = % ) v (NI(V) — 1) v + 2 W (1.4.31)
Let’s now look at the volume derivative of I(V). Applying the chain rule, we have
or _ _ _Ou Laspu(vins)
W = ﬂ/ ds a(V1/ts) s3 V% (1.4.32)

Now that we’ve taken the volume derivative, we can go back to unscaled coordinates via s = V~1/3r. Remember ds = (1/V)dr. If
we do this, then the integral looks much less ugly:

g_é - 35 ' dr% . e=Pulle) (1.4.33)
The term appearing in the integrand
)
or

comes up frequently in classical mechanics and is called the virial. Recognizing that u(|r|) is a function of » = |r|, which is just the
length of the vector r, it follows that

Oou du Or
=% o (1.4.34)
_du r
=2 (1.4.35)
so that
r. % - %r. L TZ_: (1.4.36)
Thus,
=—3p7 / drr e Pur) (1.4.37)

Now transform to spherical polar coordinates in r, which gives

g—‘I/ —3yz /d¢/d051n6'/drr ePun (1.4.38)

Note that we have made the approximation that the r integral can be taken from 0 to co. Strictly speaking, this is wrong because this
integral should be limited by the maximum r allowed by the containing volume. However, as Figure 4.1 indicates, uv’(r) = du/dr
vanishes very quickly as r increases, so that the integrand in the above integral goes to 0 long before we hit the boundary of the
box. Given that, extending the integral out to oo just adds a lot of zero to the integral, which will not change the answer!

Integrating over the angles, we obtain
oI 4nf T 3dU gy
W= 3y drr ol ) (1.4.39)
0

We now simplify this expression by the integral as
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I _ 41 4
WiE / drr (1.4.40)

which we can integrate by parts to give

3I _ 411' 3 —ﬂu(r)
v — vz |"©

*_ / dr (%r?‘) e Pun) (1.4.41)
0

Unfortunately, when we try to evaluate the first term, we find that it is oo at r = co. Even if we admit that this is a consequence of
our approximation that r can be integrated out to oo, it does not really matter because this term would simply increase with
increasing system size, i.e., increasing volume, which is unphysical, as the pressure cannot behave this way — pressure is an
intensive quantity. Fortunately, there is a trick that can save us. Recognizing that u(r) — 0 as r — oo, exp(—Bu(r)) — 1 as r — oo.
Hence, let us back up and just subtract this one from the exponential where we introduce the derivative. That is, if we write
o0
o1 47rﬂ 1 dr a o—Bu(r) A76 1

d
- 20 - 3.4 (o—Pulr) _
W =3 ﬂ o 3WEF drr dr(e 1) (1.4.42)
0

we do not change anything since the derivative of 1 with respect to = is 0 anyway. We can now integrate this by parts to give

o =2 | (MO = far (%) (0 ) (as2)
0

Now the first term vanishes both at 7 = 0 and at r = oo, and we are left with

6_[ _ 471' 7 2 —ﬂu(r)
0
and the pressure becomes
NksT  N%sT . [ 5t sy
P=———— 27r/drr (e —1) (1.4.45)

Using the fact that R = Nykp, and introducing the density p = n/V, we finally obtain

P = pRT + p*RT |—21Ny / drr? (e7#40) —1) (1.4.46)
P _, +p |27, 7 drr? (e — 1) (1.4.47)
pRT
0
The term in brackets is denoted B2(T):
By(T) = —2xN, / drr? (e — 1) (1.4.48)

and is called a virial coefficient, as it arises from the classical mechanical virial mentioned above.

More realistic treatments of non-ideal gases generate an equation of state in the form of a power series in the density in which all of
the coefficients are functions of temperature. This can be expressed as

P [e o]
— =1 B (T)p" 1.4.4
oRT +; er1(T)p ( 9)

This equation of state is called the virial equation of state. The coefficients Bg1(T)are called virial coefficients. In the low density
limit, the most important term in this power series is the k = 1 or linear term, which gives the approximate equation of state
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P

where the dominant coefficient Bz(T) is called the second virial coefficient. These can be measured experimentally. The following
plot shows the second virial coefficient for several gases. Although it is difficult to see, these curves pass

D s
o
(=]
E -100
E
< ~200
~
& =300
jal
| | |
0 100 200 300 400 500

/K

Figure 4.2: Experimental second virial coefficient plots for several real gases.

through a shallow maximum that is not captured by the van der Waals equation. Thus, the van der Waals equation is only in
qualitative agreement with these but is not fully quantitative.

Let us look at some simple examples of Ba(T') calculations.

1. Hard-sphere potential:

oo rlo
U =10 r>o (1.4.51)

For this potential, the calculation of By (T') proceeds as follows:

g o)
By(T) = —27Ny / (e_ﬂ'°° —1)rdr + / (e_ﬂ'o —1)ridr (1.4.52)
0 o
= —2mNg / (0—1) r2dr + / (1-1) r%dr (1.4.53)
0 4
= 27Ny / ridr (1.4.54)
0
2 3
=370 Ny (1.4.55)

which is also the parameter b in the van der Waals equation. In this case, there is no temperature dependence in the result for
By(T).

2. Square-well potential plus hard-sphere potential: In this case, the potential takes the form

oo r<o
ufr)=<—€ o<r<is (1.4.56)
0 r> Ao

In this case, the hard-sphere potential is supplemented by a short-range constant attractive potential that has a “square-well”

shape. The parameter A > 1 determines the range of the square well. For this example, the calculation of B(T) proceeds as
follows:
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By(T) = 21N, / (e?® —1)r%dr + / (e —1)r?dr+ / (eP0—1)r¥dr (1.4.57)
L Ao
= —27Ny —/r2d1"+ (e‘g6 —1) /rzdr (1.4.58)
. 0 Ao
[ o3 r Ao
=—2mNo [— 5 +(e*-1) & (1.4.59)
i a® Be 1,33 3
= —27Np —5 + (e —1) 3 (X — %) (1.4.60)
L
= % [1— (e —1)(A3—1)] (1.4.61)

A plot of this second virial coefficient is given in the figure below.
3. Hard-sphere plus —Cs/r% potential: For this example, the potential is

r<o

u(r) = { Qg (1.4.62)

r>o

This is a particular realization of a potential that leads to the van der Waals equation of state. The —Cg/r6 attractive part of
the potential comes directly from a full quantum mechanical treatment of the electron distribution around each atom in an
interacting pair. Such an attractive potential attempts to model London dispersion or van der Waals forces. For this example,
the calculation of By(T') proceeds as follows:

By(T) = —2xNy / (e7P> —1)rldr + / (P — 1) rdr (1.4.63)
1] o
o0
= —2mNy —% + / (ePoul® — Zdr] (1.4.64)
RGN 3 [-mmmmmmm o

ok -

Figure 4.3: Second virial coefficient for the hard-sphere plus square-well potential.

The remaining integral cannot be evaluated in closed form, but let us suppose that 3Cs/r8 « 1 for all values of r considered,
i.e.,, 0 < r < co. Then, we can expand the exponential using the power series e® ~ 1 + z + 22/2! + ---. If we retain just the first
two terms, then we have the approximation

POl _1m14 % —1= 'Bgs (1.4.65)

With this approximation, the calculation of By(T") can proceed as follows:
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- -
By(T) ~ —21N, —% +BCs / = r2dr] (1.4.66)
o 7 1
= —21No |~ +BCs | —pdr (1.4.67)
3 T
I +5C (—i‘m) (1.4.68)
- °73 S\ 73, -
[ o3 BCs
_ 21I'.N()0'3 Cs

T3 [_3kBT05] (1.4.70)

A plot of this function will follow the curve presented in the figure below.

BAT)

T
Figure 4.4: Second virial coefficient for the hard-sphere plus —Ce/r® potential.
However, in this example, we can improve the approximation by retaining more terms of the exponential we expanded
above. In fact, let us see what happens if we retain all of the terms in the power series. That is, we will use the fact that e* can
be represented exactly as

. o ok o ok
=3 T=1+> 4 (1.4.71)
k=0 k=1
so that

00 k

ot —1=%" l‘ (5—(’;“) (1.4.72)
—~ K\ 7
0 ﬂkcéc 1

[ o3 [e) ﬂkck x 1
[ o3 o) ﬂkCéc ® 1
=—2nNo |~ + k; k! / g (1.4.75)
[ o3 & prCE 1
=—-27Ny | —— 1.4.
T No 3 + ; K (6k—1) ot (1.4.76)
2mNoo3 *_ (BCs)F 1
=—|1— 1.4.
3 |: 3 ; k' (6k—1)o0k+2 (1.4.77)
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The final result represents an exact expression for By(T) for this particular model of »(r). How does it improve on the result
obtained above retaining just two terms in the expansion of the exponential? Let us plot the final result as a function of
temperature in the following way: Unfortunately, we cannot resum the final expression into a nice closed form, but we can
evaluate the sum numerically on a computer. However, on a computer, we cannot sum an infinite number of terms. Rather,
we replace the upper limit of co with a maximum number of terms Kmax and then just increase Kmax until the result
converges. So, let’s do that for several values of Kmax and see how the curve changes as we increase Kmax. This will show us
how the result converges with K,,. The result is shown in the figure below. We see from the figure that the sum converges
very rapidly with Kpa,

MNP [mmmmmsmmmmmtmeee—mce——oon o aae
O — —
— K70
{:\ T Kma\ =3
‘_r(, — Kmm =4
Q K =5
o=
T Kma\- =6
0

T
Figure 4.5: Second virial coefficient for the potential in Equation 4.47.
and only requires a few terms. Not unexpectedly, the most significant deviations from Kp,, = 2 occur in the low-temperature

part of the curves.

4. Perhaps the most realistic representation of the potential () shown in Figure 2.2 is the so-called Lennard-Jones potential,
for which

u(r) = 4e [(%)12 — (1)6] (1.4.78)

r

A plot of this potential very closely resembles that shown in Figure 2.2. In particular, there is a well-defined minimum, which
we can compute by taking the derivative of u(r), setting it to 0, and solving for r at that point:

ron 12012 608 _
U'(r) = —4e[ | =0 (1.4.79)
1202 60

7'13 = 7 (1480)

206 1
F= (1.4.81)
20% = ¢ (1.4.82)
r=2%=r, (1.4.83)

where r,,, denotes the location of the minimum. The value of the Lennard-Jones potential at that point is

u(rm) = u (2/%) = 4 [(ﬁ) ” ( 21‘/’60 ) 6] (1.4.84)
- 4 [2_12 _ %] (1.4.85)
= e % (1.4.86)
- (1.4.87)
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Thus, the parameter e measures the depth of the minimum at r = r,,. In addition, u(s), and for r < o, the potential exhibits a
very steep increase, very much like the hard-sphere potential. Hence, ¢ is a measure of the van der Waals radius of each

particle.

The calculation of the second virial coefficient can now be set up as

By(T) = —21Ny /w {emp (—4ﬁe [(%)u - (%)6] - 1) } r2dr (1.4.88)
0

Let us make a change of variables from r to
r
r=—
(2

so that dr = odz. Let us also define 8* = Be. With this change, the integral for By(T) becomes
Bs(T) = —2n03 Ny / [e—4ﬂ*(z‘“—r“) — 1] z2dz (1.4.89)
0

Again, this integral cannot be evaluated analytically in closed form. We could expand the exponential in an infinite series as
we did in the previous example. However, if we were to do this, the evaluation of the various terms in the integral would be
considerably more complicated than in the previous example, as we would need to evaluated increasingly higher powers of a
binomial form (z—'2 — z—6)*. Instead, since this is just a one-dimensional integral, we can evaluate it numerically using a
method such as Simpson’s rule. Recall that Simpson’s rule for the integral of a function f(z) using a set of n evenly spaced

values for z (zg, z1, ..., &) 1S just

b
/ f(z)dz ~ % (1.4.90)

[f(zo) + 4f(z1) + 2f(z2) + 4f(m:) +2f(z4) + - + 2f(Tn-2) + 4f(2n1) + f(@n)]
where h = (b— a)/n, and the points zy, ..., z, are given by z; = a + jh,j=0,...,n.

Applying this to the integral in Equation 4.58, the resulting curve for Ba(T') as a function of T appears as in the figure below:
In this figure, £5T* = 1/8*, and

]U =
0.0 o
&
o -lof f
~ o
;“; 2.0+ ,
e | N
|
~4.01- §
L L ]
0 20 4.0 6.0 8.0  10.0

T
Figure 4.6: Second virial coefficient for the Lennard-Jones potential evaluated using numerical integration. Experimental points are
also plotted. Because of the use of “reduced” units, data for all gases land on a single master curve, as an example of the law of
corresponding states.
By (T)

By(T)= ————
2(T) 2m03Ny/3

Unfortunately, the curve in the book does not carry the curve out to high enough temperature to see the maximum. However,
on page 233 of the book Statistical Mechanics by Donald A. McQuarrie, a more complete curve for the Lennard-Jones
potential is shown, and in this curve the temperature axis is sufficiently long to see the maximum. This book is available on

Google Books.
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1.5: The van der Waals equation of state and radial distribution functions

The Van der Waals Equation of State

In the last lecture, we saw that for the pair potential

00 r<o
ur)=9_C ., (1.5.1)
6
we could write the second virial coefficient as
Ce
BT=—N3[1— ] 152
o(T) = gmNoo 3kpTo® (15.2)
Let us introduce to simplifying variables
2 3
b= §7rN017 (1.5.3)
2nNECs
= 1.5.4
903 (1.54)
in terms of which
By(T) =b— — (1.5.5)
2 = RT 9.
With these definitions, the virial equation of state becomes
nRT  n? a
P= T+WRT(b—ﬁ) (15.6)
nRT nb an?
If we assume nb/V is small, then we can also write
nb 1
1+ v & —1 ) (1.5.8)
14
so that
nRT an?
P=g——— Ty (1.5.9)

which is known as the van der Waals equation of state.

Figure 1.5.1: Two hard spheres of diameter & at closest contact. The distance between their centers is also ¢. A sphere of radius ¢

just containing the two particles is shown in cross-section.
The first term in this equation is easy to motivate. In fact, it looks very much like the equation of state for an ideal gas having
volume V — nb rather than V. This part of the van der Waals equation is due entirely to the hard-wall potential u,(r). Essentially,
this potential energy term describes a system of “billiard balls” of diameter o. The figure below shows two of these billiard ball
type particles at the point of contact (also called the distance of closest approach). At this point, they undergo a collision and

separate, so that cannot be closer than the distance shown in the figure. At this point, the distance between their centers is also g, as
the figure indicates. Because of this distance of closest approach, the total volume available to the particles is not V but some
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volume less than V. This reduction in volume can be calculated as follows: Figure 1.5.1 shows a shaded sphere that just contains the
pair of billiard ball particles. The volume of this sphere is the volume excluded from any two particles. The radius of the sphere is &
as the figure shows. Hence, the excluded volume for the two particles is 4mo3/3, which is the volume of the shaded sphere. From
this, we see that the excluded volume for any one particle is just half of this or 2xa®/3. The excluded volume for a mole of such
particles is just 2wro®No/3, which is the parameter b:

2
b= E7rcr3N0 (1.5.10)

Given n moles of gas, the total excluded volume is then nb, so that the total available volume is simply V — nb.

Isotherms of the van der Waals equation are shown in the figure below (left panel). In the figure the volume axis is the molar
volume denoted V = V/n. At sufficiently high temperature, the isotherms approach those of an ideal gas. However, we also see
something strange in some of the isotherms. Specifically, we see a region in which P and V increase together, and we know that
this cannot actually happen in a real gas. It should be clear that many approximations and assumptions go into the derivation of the
van der Waals equation so that some of the important physics is missing from the model. Hence, we should not be surprised if the

van der Waals equation has some unphysical behavior buried in it.

120 - 120
80
£ 80 g
= =
U .
40
40 I
L | |
0.0 0.2 0.4 0.0 0.2 0.4
V/L-mol™! V/L-mol™'
(a) (b)

Figure 1.5.2: Isotherms of the van der Waals equation of state using parameters a« and b computed for carbon dioxide.

In fact, we know that at sufficiently low temperatures, any real gas, when compressed, must undergo a transition from gas to liquid.
The signature of such a transition is a discontinuous change in the volume, signifying the condensation of the gas into a liquid that
occupies a significantly lower volume. Unfortunately, the van der Waals equation does not correctly predict this behavior, and
hence, it must be added in ad hoc. This is done by drawing a horizontal line through the isotherm (Figure 1.5.2) and in the figure

below. The vertical position of the line is

V

Figure 1.5.3: Illustration of the tie line in the van der Waals equation.

chosen so that the area above the line (between the line and the isotherm) and below the line (again between the line and the
isotherm) is exactly the same. In this way, we entirely remove the artifact of the unphysical increase of P with V when we compute
the compressional work on the gas from [ P(V)) 4V, to be discussed in our section on thermodynamics. This horizontal line is called

the tie line.

As it happens, there is exactly one isotherm along which the van der Waals equation correctly predicts the gas-to-liquid phase
transition. Along this isotherm, the volume discontinuity captured by the tie line is shrunken down to a single point (so that there is
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no possibility of an increase of P with V). This isotherm, in fact, corresponds to the highest possible temperature at which such a
transition can occur. As we approach this isotherm from higher temperatures, this isotherm is a kind of dividing line between the
system’s remaining a gas at all value of P and V and the system’s actually undergoing a gas-to-liquid transition. Hence, this
isotherm is called the critical isotherm (Figure 1.5.4): The temperature of this isotherm is called the critical temperature, denoted T..
The point at which the curve flattens out, signifying the phase transition, is called the critical point. If we draw a curve through the
isotherms joining all points of these isotherms at which the tie lines begin, continue the curve up to the critical isotherm, and down
the other side where the tie lines end, this curve reaches a maximum at the critical point. This is illustrated below:

Critical point

! Volume discontinuity

v
Figure 1.5.4: Isotherms of the van der Waals equation of state for four different temperatures with explicit illustration of the critical
isotherm.

The shape of the critical isotherm at the critical point allows us to determine the exact temperature, pressure, and volume at which

the phase transition from gas to liquid will occur. At this point, the isotherm is both horizontal and flat. This means that both the

first and second derivatives of P with respect to v must vanish:
oP o’P

57 =0 Zv7=0 (1.5.11)

Substituting the van der Waals equation into these two conditions, we find the following:

nRT 2an?
-+ =0 1.5.12
(V—nb)> V3 ( )

2nRT 6an?
_ans = 1.5.13
(V—mb)® V4 ( )

Hence, we have two equations in two unknowns V and T for the critical temperature and critical volume. Once these are
determined, the van der Waals equation, itself, allows us to determine the critical pressure.

To solve the equations, first divide one by the other. This gives us a simple condition for the volume:

V—nb V
. =3 (1.5.14)
3V —3nb =2V (1.5.15)
V=3nb=V, (1.5.16)
This is the critical volume. Now use either of the two conditions to obtain the critical temperature T. If we use the first one, we
find
nRT, 2an?
_ 1.5.17
(Ve—nb)? V& (1517
nRT, _ 2an? (1.5.18)
(3nb—nb)®  (3nb)®
nRT, 2an?
= 1.5.19
4n2p?2  27n3p3 ( )
8a
RT, = o (1.5.20)

Finally, plugging the critical temperature and volume into the van der Waals equation, we obtain the critical pressure
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Figure 1.5.5: [llustration of the curve (dashed line) joining the beginning and ends of the tie lines. This curve reaches a maximum at
the critical point.

as
nRT, an?
Py (1.5.21)
8an/27b an?
= — — 1.5.22
3nb—nb (3nb)2 (1:5:22)
a

Structure of Liquids

Characterizing the structure and thermodynamics of liquids is obviously more challenging than it is for gases because the types of
approximations that work for gases do not for liquids, and we need to take into account the full set of interactions in constructing
the partition function. Although there are analytical theories that have been developed for liquids (such as integral-equation theory,
one of the developers of which is our Jerome Percus at the Courant Institute), these theories have largely been supplanted by
computer simulations, which yield more accurate results and can be applied to liquids of essentially any complexity.

In terms of statistical mechanics, one of the most important quantities used to characterize the nature of the liquid 6 state is the co-
called radial distribution function or pair correlation function. It is denoted g(r) and is defined to be

N-11 / —BU(E1,.tw)
L S et yeee 1.5.24
o) = o 7 [ e (1.5.24)
where
Z = / dzy e PUGLTN) (1.5.25)

is the configurational partition function. Physically, the quantity r2g(r) dr gives us the fraction of particles or the probability that a
particle is in a spherical shell of thickness dr at a distance r from another particle. Because of attractive forces between particles in
liquids, each particle in a liquid tends to be surrounded by a “shell” of other particles at some average distance. This shell is called
a solvation shell or coordination shell or, when the liquid is water, a hydration shell. Particles in this solvation shell also have their
own solvation shells, and these have solvation shells, and so forth. Thus, a liquid can actually exhibit a surprising amount of
structure, and the function g¢(r) captures that structure very clearly. Moreover, g(r) is a function that can be measured
experimentally using the techniques of neutron or X-ray scattering in a setup that is somewhat analogous to Bragg scattering from
crystals. Recall that Bragg scattering is used to measure the distance between crystalline planes in a solid. In a liquid, the particles
are in constant motion, so there are no well-defined distances, however, certain average distance values are favored over others, and
these scattering experiments capture these average distances just as Bragg scattering experiments capture more fixed distances in
solids.

@ 0 e @ @ https://chem.libretexts.org/@go/page/44108



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/44108?pdf

LibreTexts"

Figure 1.5.6 shows the radial distribution functions for liquid argon at several different temperatures. Not only can we see
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Figure 1.5.6: Radial distribution functions for liquid argon at several temperatures.

the existence of several solvation shells, we can read off the plot the distances at which these solvation shells peak around a central
atom in the liquid. From the plot, we clearly see that g(r) is a function of temperature and depends sensitively on it. In particular, as
temperature increases, structure tends to decrease.

In the same way, Figure 1.5.7 shows that the radial distribution function also depends on pressure. We see the same liquid argon
system subject to several pressures. Even though the volume fluctuations (see panel on the left) tend to be small, pressure changes
somewhat the degree of structuring in the liquid. In particular, as we compress the liquid, it tends to become more structured, as we
might expect. At higher pressures, particles are less likely to escape from solvation shells and tend to fluctuate less within these
solvation shells.

Finally, we show the three radial distribution functions of water, including computer simulation results and the experimental results
from neutron scattering and X-ray scattering. In the case of the computer simulations, the

48 T F T T T 07 T ] T
46} (a) B " (b)
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t(ps)
Figure 1.5.7: Radial distribution functions for liquid argon at several pressures.
calculations are performed using a technique known as ab initio or first-principles molecular dynamics. In this approach, the forces
and potential energies for each nuclear configuration are generated by direct solution of the Schrodinger equation (based on the
approximation of density functional theory). This allows to generate these functions with absolutely no experimental input
parameters — they really do come from first principles.
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Figure 1.5.8: Oxygen-oxygen, Oxygen-hydrogen and Hydrogen-hydrogen radial distribution functions for water a STP. Experiment
comes from the neutron scattering results of Soper et al. (red) and X-ray results are from the group of T. Head-Gordon (green). The
computer simulation results are from the work of Lee and Tuckerman (black).

This page titled 1.5: The van der Waals equation of state and radial distribution functions is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Mark E. Tuckerman.
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1.6: Equipartitioning, Collisions, and Random Walks

Equipartitioning of Energy
When the mechanical energy is
N 2

&(z) = H(z) = Z L +U(r1, .»TN) (1.6.1)
=1

the canonical distribution function nicely separates into a product of momentum and coordinate distributions:

fl@)= Q(N V ) [ePERapt/am] [-AUlenrm] (16.2)
Q(N V T [ije Bp'?/zm"] [P0 ] (1.6.3)

= [HP(pi) [% “’U(’“""r”)] (1.6.4)

= [H? (Pz) P (Pys) ?(pu)] [ e PVt "”)] (1.6.5)

where P (p;) is the Maxwell-Boltzmann distribution as a function of the momentum p;.

Given this decomposition of the momentum distribution into products of distributions of individual components, we always have,
for any system,

N 2
p; 3
* ) = —NkgT 1.6.
<;2mi> 2 ks (1.6.6)

However, in addition to this, we also have the following averages:

2
P; 3
= — T 1. .
(£)-2, -
2 2 2
p:c,i _ l py,i _ l pz,i _ l
(2e) - Su, (5) -, ()= L w09

The fact that these averages can be written for every individual component tells us that each degree of freedom has an average of

and

kBT/2 energy associated with it. This is called equipartitioning of energy.

How does equipartitioning happen? It occurs through the interactions in the system, which dynamically, produce collisions, leading
to covalent bond breaking and forming events, hydrogen bond breaking and forming events, halogen bond breaking and forming
events, diffusion, and so forth, all depending on the chemical composition of the system. Each individual collision event leads to a
transfer of energy from one particle to another, so that, on average, all particles have the same energy kzT/2. This does not mean
that, at any instant, this is the energy of a randomly chosen particle. Obviously, there are considerable fluctuations in the energy of
any one particle, however, the average over these fluctuations must produce the value kg7'/2.

A system obeys a well defined set of classical equations of motion, so that we can, in principle, determine exactly when the next
collision will occur and exactly how much energy will be transferred in the collision. However, since we do not follow the detailed
motion of all of the particles, our description of collisions and their consequences must be statistical in nature. We begin by
defining a few simple terms that are commonly used for this subject.

Collision energy

Consider two particles A and B in a system. The kinetic energy of these two particles is
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2 2
P4 Pz
Kap= 1.6.9
AB 2mA 2mB ( )
Let us change to center-of-mass (P) and relative (p) momenta, which are given by
MBP, — MAP
P=ps+pp P=— "3 (1.6.10)
where M = m4 +mp is the total mass of the two particles. Substituting this into the kinetic energy, we find
2 2 2 2
P4 pp _P° p
Kap= =— 4+ — 1.6.11
AB= oma T omp oM T 2 (1.6.11)
where
mams
= 1.6.12
B=—37 (1.6.12)

is called the reduced mass of the two particles. Note that the kinetic energy separates into a sum of a center-of-mass term and a
relative term.

Now the relative position is r =r4 — rp so that the relative velocity is # =#4 —fp or v=v4 — vg. Thus, if the two particles are
approaching each other such that v4 = —vp, then v = 2v4. However, by equipartitioning the relative kinetic energy, being mass
independent, is

<P_2> = 3k,T (1.6.13)

which is called the collision energy

Collision cross section

Consider two molecules in a system. The probability that they will collide increases with the effective “size” of each particle.
However, the size measure that is relevant is the apparent cross-section area of each particle. For simplicity, suppose the particles
are spherical, which is not a bad approximation for small molecules. If we are looking at a sphere, what we perceive as the size of
the sphere is the cross section area of a great circle. Recall that each spherical particle has an associated “collision sphere” that just
encloses two particles at closest contact, i.e., at the moment of a collision, and that this sphere is a radius d, where d is the diameter
of each spherical particle (see lecture 5). The cross-section of this collision sphere represents an effective cross section for each
particle inside which a collision is imminent. The cross-section of the collision sphere is the area of a great circle, which is #d?. We
denote this apparent cross section area o. Thus, for spherical particles A and B with diameters d4 and dp, the individual cross
sections are

oa=nd%, op=md} (1.6.14)

The collision cross section, o4 is determined by an effective diameter d 45 characteristic of both particles. The collision probability
increases of both particles have large diameters and decreases if one of them has a smaller diameter than the other. Hence, a simple
measure sensitive to this is the arithmetic average

dap= % (da+dp) (1.6.15)
and the resulting collision cross section becomes
o4B =mdyg (1.6.16)
=ﬁ(@)2 (1.6.17)
= 2 (@4 +2d4dp + d}) (1.6.18)
= %( 4420408+ 0B) (1.6.19)
- % [("A+”B) +¢m] (1.6.20)
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which, interestingly, is an average of the two types of averages of the two individual cross sections, the arithmetic and geometric
averages!

Average collision Frequency

Consider a system of particles with individual cross sections ¢. A particle of cross section ¢ that moves a distance [ in a time At will
sweep out a cylindrical volume (ignoring the spherical caps) of volume ot (Figure 1.6.1). If the system has a number density p, then
the number of collisions that will occur is

Neon = pol (1.6.21)

-

will mae collide

Figure 1.6.1: Collision cylinder. Any particle that partially overlaps with this volume will experience a collision with a test particle
tracing out this volume.

We define the average collision rate as Neon/At, i.e.,

_ Neon _ ﬂl _
L — B2 = pa(Ivl) (1.6.22)

where (|v|} is the average relative speed. If all of the particles are of the same type (say, type A), then performing the average over a
Maxwell-Boltzmann speed distribution gives

(v} = SI:T—ZT (1.6.23)

where g = m /2 is the reduced mass. The average speed of a particle is

(lval) = i’:f (1.6.24)
so that
(Iv) = V2(|val) (1.6.25)

Mean Free Path

The mean free path is defined as the distance a particle will travel, on average, before experiencing a collision event. This is
defined as the product of the speed of a particle and the time between collisions. The former is {|v|)/v2, while the latter is 1/.
Hence, we have

_ v 1
Vapo (V)  VIpo

(1.6.26)

Random Walks

In any system, a particle undergoing frequent collisions will have the direction of its motion changed with each collision and will
trace out a path that appears to be random. In fact, if we treat the process as statistical, then, we are, in fact, treating each collision
event as a random event, and the particle will change its direction at random times in random ways! Such a path might appear as
shown in Figure \(\PageIndex{2. Such a path is often referred to as a random walk path.
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Figure 1.6.2: Random walk path.

In order to analyze such paths, let us consider a random walk in one dimension. We’ll assume that the particle move a mean-free
path length A between collisions and that each collision changes the direction of the particles motion, which in one dimension,
means that the particle moves either to the right or to the left after each event. This can be mapped onto a metaphoric “coin toss”
that can come up heads “H” or tails “T”, with “H” causing motion to the right, and “T” causing motion to the left. Let there be N
such coin tosses, let § be the number of times “H” comes up and j denote the number of times “T” comes up. Thus, the progress of
the particle, which we define as net motion to the right, is given by (¢ — j)A. Letting & = ¢ — j, this is just zx. Thus, we need to know
what the probability is for obtaining a particular value of k in a very large number N of coin tosses. Denote this P(k).

In N coin tosses, the total number of possible sequences of “H” and “T” is 2¥. However, the number of ways we can obtain 4 heads
and \)j\) tails, with ¢ + j = N is a binomial coefficient N!/i!j!. Now

j=N—i=N—(j+k)=N—j—k (1.6.27)
so that j = (N — k)/2. Similarly,

i=N—j=N—-(i—k)=N—i+k (1.6.28)
so that s = (N + k)/2. Thus, the probability P(k) is

N! 1 N!

P() = v =2_N(N+k)'(N—k)‘ (1.6:29)
2 ’ 2 )
We now take the logarithm of both sides:
InP(k)= ln Nl— n 2" — In (y)!— In (Nz_k)! (1.6.30)
and use Stirling’s approximation:
DN~ NmN—N (1.6.31)
and write ln P(k) as
1 1 1
InP(k)y~x NmN—N—NIn2— E(N+ k) In §(N+ k) + 5(N+k) (1.6.32)
1 1 1
= NI N- N2+ (N+K)In g — 2 (N+ K (N +k) (1.6.33)
1 1 1
—5(N=kK)ln g — (N —k)n(N—k)
= NIN- N2+ (N+ K2 (N+ Kk (N +A) (1.6.30)
+ %(N—k) n2— %(N—k) In (N — k)
—NIhN— % (N +K)In (N + &) + (N — k) In (N — k)] (1.6.35)
Now, write
1n(N+k)—lnN(1+£)—lnN+ln (1+£) (1.6.36)
N N N o
and
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k k
In(N—k)= lnN(l—N) =N+ In (I_N) (1.6.37)
We now use the expansions
k k 1(k\?
In (1 + N) = (F) — E(F) + --- (1.6.38)
k k 1(k\?
b (1-5) =~ (%) -2(¥%) + (16:39)
If we stop at the second-order term, then
1 k 1/ k)2
In P(k) = NIn N — —(N + k) [lnN—‘r (ﬁ) - E(W) ] (1.6.40)
1 k 1(k\?
1 k 1/k\* 1 k 1( k)2
=g (N+H) [(ﬁ) -3(%) ] Nk [(F) +3(%) ] (1.6.41)
1 (k)2 k
k? k2 k?
o e (1.6.43)
so that
P(k) = e™¥/2N (1.6.44)

Now, if we let x =kX and L =+/N), and if we let z be a continuous random variable, then the corresponding probability
distribution P(z) becomes

1 2 2 1 2 2
P(z) = e = /2N (1.6.45)
LV27 V2w N2

which is a simple Gaussian distribution. Now, N is the number of collisions, which is given by ~#, so we can write the probability

distribution for the particle to diffuse a distance z in time ¢ as
1
P(z,t) = Wiyt Pkt (1.6.46)

Define D = yA2/2 as the diffusion constant, which has units of (length)?/time. The distribution then becomes

1 2
P(z,t) = ——— = /4Dt 1.6.47
@ VarDt ( )
Note that this distribution satisfies the following equation:
i} o?

which is called the diffusion equation. The diffusion equation is, in fact, more general than the Gaussian distribution in Equation
1.6.47. It is capable of predicting the distribution in any one-dimensional geometry subject to any initial distribution P(x,0) and any
imposed boundary conditions.

In three dimensions, we consider the three spatial directions to be independent, hence, the probability distribution for a particle to
diffuse to a location r = (z,y, 2) is just a product of the three one-dimensional distributions:

P(r) = P(z) P(y) P(z) = e~ (eHvh+)/4De (1.6.49)

1
(4nDt)3/2

and if we are only interested in diffusion over a distance r, we can introduce spherical coordinates, integrate over the angles, and
we find that
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A 2
_ =N p-r?/ADt
P(r,t) = @ )3/2 E (1.6.50)

This page titled 1.6: Equipartitioning, Collisions, and Random Walks is shared under a CC BY-NC-SA 4.0 license and was authored, remixed,

and/or curated by Mark E. Tuckerman.
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1.7: Introduction to diffusion

An Ideal Gas of Monatomic Distinguishable Particles

The energy levels for an ideal gas in a three-dimensional cubic infinite square well of volume Vv are

B2r2 N 9
Ej(N,V) = Eppny(N, V) = P Z:; | (1.7.1)

Since the particles do not interact, this sum, like the single particle in a three-dimensional box, is just a sum of 3N independent

terms:
Ej(N,V) = En, inyy iney may gy nay sty iy (L.7.2)
h2r? 2 2 2 2 2 2 2 2 2
= o2 (nzl +ny +ng +ng, +ny, +ny, + 0y, +0g, + nZN) (1.7.3)

Since the partition function for a single particle in a cubic box (here denoted ¢(V, T)) could be written as

o0 o0 o0
Z Z Z e—ﬂhz‘/rz(n§+n;‘;+n§)/2mV’/3 (1‘7‘4)

[y -y

. 3
(Z e—ﬂhzr’n2/2mV2/3) (1.7.5)

n=1

o 3
= ( / PV AmVe dn) (1.7.6)
0

m 3/2
= (27r—ﬁh2) \% (1.7.7)

The partition function for v particles in a cubic box is just

q(V,T)

oo 00 OO N
Q(N,V,T) = (Zzze—ﬂh2r2(n§+n§+n3)/2mvz/3) (1.7.8)

g1 Ty N1

= [q(v, 1)1V (1.7.9)
_m Py 1.7.10
- [21rBh2 ] (1.7.10)
The total energy of the gas is then given by
9 3 3
E=—3518Q=5NksT = SnRT (1.7.11)
The pressure is given by
_ dlnQ\ _ NksT
P= kBT( 5 ) = (1.7.12)
which can be rearranged to read
PV = NkgT = nRT (1.7.13)

which is the equation of state of an ideal gas. Thus, starting from a microscopic description of the system in terms of energy levels,
we are able to predict the correct thermodynamics for an ideal gas.

An Ideal Gas of Monatomic Indistinguishable particles

Boltzmann particles

In a monatomic ideal gas, the quantum spin degree of freedom is the only truly quantum property of a particle with no classical
analog. If we neglect the spin degree of freedom of particles in a monatomic gas, then there is essentially no difference between a
classical and a quantum monatomic ideal gas. This means that the calculation of the partition function will overcount the number of
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microscopic states by N! and Equation ??? needs to be divided by N! to generate the correct counting for indistinguishable

particles:
v, )"
Q(N,V,T) = LoV, (1.7.14)
N!
From Equation ?7??, we see that the partition function for indistinguishable monatomic Boltzmann ideal-gas particles is
1 m \®2
QN,V,T) = w5 (Tﬂfﬂ) 1 (1.7.15)

Note, however, that this partition function gives the same energy and pressure as in Equations 1.7.11 and 1.7.12, respectively, for
distinguishable particles.

Accounting for spin: Fermions and bosons

The Boltzmann particles considered in the last subsection do not actually exist in nature. In reality, all particles carry the quantum
spin degree of freedom. Neglect of spin is just an approximation, which is, nevertheless, often an accurate one. However, in many
cases, we cannot neglect spin, and when spin must be included, the calculation of the partition function becomes significantly more
difficult. We will not carry out the calculation in detail, but we will explore what it is that makes the problem difficult.

In nature, the spin of a particle can have either an integer or half-integer value. Particles with integer spin are called bosons (after
the Indian physicist Satyendra Bose), while those with half-integer spin are called fermions (after the Italian physicist Enrico
Fermi). Fermions are governed by the Pauli exclusion principle, which states that no two fermions can occupy the same quantum
state. Bosons, on the other hand, have no such restriction. It is, therefore, clear that state occupancy is the key distinguishing feature
between the two types of particles, and therefore, we need to express the energy of a system of fermions or bosons in terms of these
state occupancies.

Recall that the energy for one particle in a cubic box is

h2m?

= 5 Cinl (1.7.16)

n

The energy & is called a single-particle energy level. Now if there are f, particles occupying this energy level, then the
contribution of this energy level to the total energy must be &, f,. The number f, is called an occupation number for the state with
energy &n. The total energy of a system is now obtained simply by summing over all of the single-particle levels. The total energy
is now characterized by the complete set of occupation numbers, which we will denote simply as f. Thus,

Ef=) &ufa (1.7.17)

Note, however, that there is a restriction on the choice of occupation numbers, namely, that the occupation numbers must sum to
the total number of particles N:

Y fa=N (1.7.18)

For fermions, the only allowable values for any one occupation number f, is 0 or 1, consistent with the Pauli exclusion principle.
However, for bosons, f, can take on any value between 0 and N. In principle, the partition function can be computed by summing
over all possible values of the occupation numbers as follows:

QIN,V,T) =) e Fr =3 e PLalula (1.7.19)
f f

However, the sum over f must be carried out subject to the restriction in Equation 1.7.18, and this makes the calculation of partition
functions for fermions and bosons highly nontrivial. It also makes the thermodynamics of fermionic and bosonic ideal gases
nontrivial as well. In fact, there is no exact solution to either problem. At very high temperatures, it can be shown that these gases
behave approximately as classical ideal gases, which means that at high temperatures, the effect of the spin degree of freedom can
be safely neglected. For many systems ""high temperature" can simply mean room temperature! However, at low temperatures,
where quantum effects become extremely important, the deviation from classical ideal gas behavior is significant.
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At low temperatures, an ideal electron gas (electrons are spin-1/2 particles) behaves somewhat like the quasi-free conduction
electrons in a metal. At low temperatures, an ideal boson gas exhibits a phenomenon known as Bose-Einstein condensation, in
which all of the particles "condense" into the ground state. Bose-Einstein condensation is at the heart of phenomena such as
superconductivity and superfluidity. If you have an interest in learning more about quantum ideal gases, see Lecture 18.

An Ideal Gas of Indistinguishable Diatomic Molecules

We will now consider an ideal gas of diatomic molecules. Each atom in a molecule consists of two nuclei and a distribution of
electrons. Let roq be the equilibrium bond length of the molecule. We will assume that the spin of the nuclei can be safely
neglected. In addition, we will assume that the Born-Oppenheimer approximation holds so that there is an approximate separation
of nuclear and electronic energy levels, and the nuclear energy levels must be computed on each electronic Born-Oppenheimer
surface. This is illustrated in the figure below:

F 3

E

\

-
Ll

R

FIG 7.1: Illustration of two bonding Born-Oppenheimer electronic surfaces with nuclear levels. Rotational levels in blue,
vibrational levels in red.
Note that a diatomic molecule, which has two atoms, has a total of 3 x 2 = 6 degrees of freedom. Three of these will be overall
translations of the molecule in the box, two will be rotations of the molecule about an arbitrarily chosen axis, and the remaining
degree of freedom is motion along the bond axis of the molecule.

Consider first the classical energy of the two nuclei. If the nuclei have momenta p, and p, and positions r; and r,, then the classical
energy is

p} P}
Eme = my + Dy +u (jr1 —raf) (1.7.20)

From this expression, it would seem that the two atoms in each molecule are inextricably coupled because the potential u is a
function of the distance |r; —ry| between them. However, the energy can, in fact, be separated into independent contributions by a
simple change of variables. In particular, we transform to center-of-mass and relative coordinates by the following change of

variables:
__ muri +mers
R= — (1.7.21)
P=p,+p, (1.7.22)
r=r;—ry (1.7.23)
_ Mm2p; —mi1py
== (1.7.24)

@ https://chem.libretexts .org/@go/page/44518



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/44518?pdf
https://chem.libretexts.org/Courses/New_York_University/CHEM-UA_652%3A_Thermodynamics_and_Kinetics/01%3A_Lectures/1.17%3A_Chemical_Equilibria

LibreTexts"

where M = m; +m,. Here R and P are the center of mass position and momentum, respectively, while r and p are the relative
coordinate and momentum, respectively. The transformation can be inverted to give

m
rn=R+ ﬁzr (1.7.25)
P, = %P +p (1.7.26)
m
rs=R+ Vlr (1.7.27)
m
p; = ﬁzp -p (1.7.28)
Substituting these into the expression for &,,., we obtain
1 mq 2 1 ma 2
— 2p Y Quall - 1.7.2
bae = 9 (F7P+e) + 2ms (3£P-p) +ut) (1.7.29)
1 m? 2m, 1 m3 2my
=— | 2ip2+Z1lp. 2l — [ Ltp2_Zlp. 2 1.7.
2m1 (M2 + M p+p)+2m2 (M2 M p+p ( 730)
m1 2 m2 2 1 1 P2 P2
— P P ~“P.p——P- - 4+ = 1.7.31
oz tomz T P Pt om tom, (1.7:31)
my+me_,, 1 mi+me ,
= P — e 1.7.32
2M2 + 2 mimae ( 73 )
We define
mime
- 1.7.
# my +mz (1.7.33)

which is called the reduced mass. In terms of M and u, the energy can be expressed as

P2 p2
Enuc = m + ﬁ + U(T) (1'7'34)

From this we see that the energy due to center-of-mass motion is purely kinetic. This term gives the energy of simple translations of
the molecule throughout the box. The remaining term is purely internal motion of the molecule, called relative motion. Thus, we
see that the energy is now separated into purely translational and relative contributions, and we write

enuc = £trans + grel (1735)

Now for the relative motion, we resolve the vector p into a radial component p, and a residual two-dimensional momentum in the
two angular directions (6, ¢), i.e., pgg4- The first component p, is a purely radial momentum directed radial outward from the
origin. The remaining two components describe rotational motion in the azimuthal (¢) and polar ((\theta\)) directions. These two
components are perpendicular so that p,. - p 4) = 0. In this case, the relative energy becomes
2 920
£ Pr (6,9) (")

el = — + —— +u(r

TR (1.7.36)

The purely radial part contains the two terms p2/2u + u(r). This motion occurs entirely along the direction of the bond axis and
constitutes the vibrational energy. The remaining purely kinetic term is the rotational motion of the molecule. Thus, we can write
the relative energy as

Erel = Evib + Erot (1.7.37)
so that the total nuclear energy of the molecule becomes
Emue = Etrans + Erot + Evib (1738)

Note that there is an approximation made here, namely, that rotations and vibrations are not coupled in any way. The approximation
we are making here is that rotations are sufficiently slow compared to vibrations that we can consider the molecule as a rigid rotor
of length rq, where rq is the equilibrium bond length. If the vibrations are sufficiently fast, then on the time scale of rotations, the
average distance between the atoms will be rq, hence, the approximation is a reasonable one, but it must be kept in mind that this is
what we are assuming.
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Let us now construct the nuclear part of the partition function for a single molecule. The translational energy is just that of the
center of mass, and hence, its energy levels are those of a particle of mass M in a box of volume V, characterized by the usual
quantum number n = (ng, 1y, n,):

hzﬂ'2 |2

gg'ans _ |n

For the rotational energy, we consider rotations of the molecule about an axis through the position r; of atom 1. In this case, the
moment of inertia introduced in the last lecture is just I = pr2. The two quantum numbers we need for rotation are J and my,
where J =0,1,2,..,and my = —J,—J +1,...,J — 1, J. The energy levels are then given by

h2
61-0t = EJ(J"' 1) (1740)
Finally, there is the vibrational motion, the potential energy of which is u(r). Typically, u(r) resembles the plot shown in the figure
below:
R—>
>
en
-
=
— D,
<
=
o
U
=
o
~
y
-1—Re—l-

_Q -« () — +Q
FIG 7.2: Typical shape of u(r) for a covalent bond, and the harmonic approximation to the curve.

If the temperature of the gas is sufficiently low, then only the lowest lying vibrational energy levels are important, and we can
approximate the true vibrational potential with a harmonic potential (see figure) of natural frequency w and write

u(r) = 3 (r—rao)” (17.4)

For a harmonic oscillator, the energy levels are given by

& = (1/+ %) w, v=0,1,2,.. (1.7.42)
The six quantum numbers (ng,ny,n,,J,mz,v) correspond to the six degrees of freedom we identified at the beginning of this
section. The complete nuclear energy levels can now be expressed as

h2n?
2MV2/3

gnznvn,Jva=£quJV

2
In|? + %J(J+ )+ (u+ %) Fuw (1.7.43)

Given these energy levels, we can construct the corresponding energy levels for a system of N non-interacting diatomics as
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Em Jimy ving Ja m,,'2 vorny Jy myy vN (1.7.44)

|,|+ J(J,+1) (+l)hw

- Z 2Mv2/3 2

Since the energy levels are just a sum of single-molecule energy levels, Equation 1.7.14 applies, and we can write the total partition
function as

v, )N
where ¢(V,T) is the single-molecule partition function corresponding to the energy levels in Equation???.
The nuclear partition function for one molecule is
(e
TV, T) =) (1.7.46)

n J=0

£ Zorl sl 00+ (o))

my=—J v=0

. (Eexp[ i |]) (f: S o [-Ea+ 1)]) (1747

n J=0my=—J

(Z (-6 (v+2) ﬁw])
= Girans(V, T) @rot(T) qvin(T) (1.7.48)

Here

> = i i f: (1.7.49)

Each of these partition functions were worked out in the previous lecture, so if we simply take over those results, we obtain the
nuclear partition function as

Gue(V, T) = [V( 27rAﬁ4h2 )] [1‘5__‘1'“1;;] [ 27rﬂ1hB] (1.7.50)

where B = h/(4xI) is called the rotation constant. Remember that for the translational and rotational partition functions, we
approximated the energy levels as a continuum so that the sums could be replaced by integrals.

The final energy term we need is the electronic energy. Recall that, within the Born-Oppenheimer approximation, each electronic
energy surface, assuming that it has bonding rather than anti-bonding character, gives rise to a set of rotational and vibrational
energy levels (translational energies are independent of the particular electronic surface). Let the global minima on these bonding
surfaces be denoted &; (clec) é'gelec), .... As a reference energy, we choose the value of E((,elec) and define each of the electronic energies
relative to these, i.e., & (elec) =¢ gelec) — é'((,elec), 6’;‘,1“) = £§ele°) — 6’(()61“), and so forth. If the degeneracies of these levels are go, g1, g2,...,

then the electronic Contrlbution to the partition function is

Getee(T) = go + 91675607 4 gyePER" . (1.7.51)

Generally, the electronic energy differences are so large at ordinary temperatures that the above sum converges after just a few
terms. Often, we only need one or two terms in the above.

Putting everything together, we can write the partition function for the full N-particle ideal gas system as

Q(N,V,T) (1.7.52)

1 M N e_ﬂ"“’ﬂ N 1 N (eos) - N
Y e B
N! [V( 27rﬂh2 )] [ 1—e—Flw ] [ 2WﬁhB] [90+g1e 10 4goe 0 4 ]
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From this partition function, we can compute the thermodynamic properties of an ideal gas of indistinguishable diatomic
molecules.

First the pressure is given by

_ lnQ

P =kgT ( v ) (1.7.53)
_ NkpT
== (1.7.54)

which is equivalent to the ideal gas law PV = NkpT = nRT. Note that none of the internal properties of the molecules have any
effect on the equation of state, which arises entirely from translational motion, this being the only volume-dependent contribution.

The energy is given by
L

g__9 ;ﬂQ (1.7.55)

3 1 Nhw N (gl + )
= S NkgT + - Nhw+ ——— + NkgT + = (1.7.56)
2 2 eﬂ -1 Jo + gle—ﬂgm + oo
elec) _pggelelec)
5 1 N N (91550 e + )
€ - 1 go + gle_ﬂew + .ee

Calculating Partition Functions for Fully Interacting Systems using Feynman's Path Integral

The reason we can only discuss partition functions for the ideal gas is that it is nearly impossible to calculate energy levels for
anything but the simplest systems, basically at the level of ideal gases. As we discussed in Lecture 4, the effort to solve the
Schrodinger equation for systems with more than just a few atoms grows exponentially with the number of atoms.

As it happens, there is a way to compute the partition function and thermodynamic properties of systems containing thousands of
atoms, which is often sufficiently large to approach the thermodynamic limit. This approach is based on a reformulation of
quantum mechanics due to Feynman.

In order to introduce Feynman's approach, let us consider the expression for the partition function once again:

QN,V,T) =) e PENY) (1.7.58)
J

Recall that the energy levels E;(N, V) are eigenvalues of the Hamiltonian A. Once we know the eigenvalues of H, then A can be
represented as a diagonal matrix with the eigenvalues on the diagonal. Interestingly, if we take the Hamiltonian and form the object
exp(—BH), the quantities exp(—BE;(N,V)) are its eigenvalues. Thus, when we compute the sum in Equation 1.7.58, we are actually
taking the trace of the matrix exp(—BH). In general, the trace of any matrix A;jis

Tr(4) = ) A (1.7.59)

That is, we just need to sum over the diagonal elements of the matrix. A key property of traces is that they are the same no matter
how we represent the matrix A. We do not need its eigenvalues, and we do not need A to be diagonal. Rather, we can use the
positions of the quantum particles to compute the needed trace. Let X =r;,...,ry represent the set of particle positions. Then, we
can calculate the trace of exp(—gh) as

Q(N,V,T) =Tr [e—ﬂﬁ] = / dx [e—ﬂff] - (1.7.60)

Note that because the positions are continuous rather than discrete variables, when we express the trace in terms of X, we must do
so as an integral rather than as a sum.

Feynman, who was born right here in Far Rockaway, devised a remarkably elegant way to calculate [exp(—BH)]xx. By multiplying
and dividing the argument of the exponential by &, we obtain

Q.1 = [ax [ein] (1761)
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Note that the quantity BA has units of time. Feynman recognized that this is no mere accident or coincidence. His key insight was to
recognize that exp [—BH]xx could be computed by considering some path, X(t), parameterized by time, that the system could take
that starts at X at time ¢t = 0, returns to X in time T' = Sh, but that can go anywhere in space between ¢t = 0 and ¢ = Sh. These are
known as cyclic paths. This is illustrated in the figure below:

v
-

FIG 7.3: Tllustration of the Feynman path integral. Left: Cartoon of a path, beginning and ending at the point X. Right: Path in the
X —t plane.

Let this path be denoted X(¢) = (ry(t),...,rn(£)). Then Feynman showed that exp[—BH]xx could be computed in terms of an
integral of the energy, expressed as a function of positions and velocities, over the path:

N Bh N
[e—ﬂhH/h] o = P |:% /(; (% ;mivf(t) + U(r1(t), - ,rN(t))) dt] (1.7.62)

This is why the technique is called a path integral. Let us denote the integral in the above expression as S:

B 1 N
S= / 3 o mind(t) + Ulra(e), ., en(0) | at (1.7.63)
0 i=1
Then, the partition function can be computed by summing over all possible paths that take the system from X back to X in time Sh:
QIN,V,T) =Y e 5 (1.7.64)
paths

The need to include all possible paths is a consequence of the uncertainty principle. If we have full knowledge of the positions X(t)
along a path for all ¢, then we have no knowledge of the momenta. However, classically, a definite path has specific values of
positions and momenta simultaneously. Without knowledge of momenta, the particles could follow any path from X to X, and
because of the uncertainly, we must consider all of them.

The key to the use of Equation 1.7.64 is to discretize the paths into P time intervals, each having a time step or interval gaP. Once
these paths are discretized, the sum can be carried out on a computer with a computational cost no more than P times what it would
cost to carry out the calculation using classical mechanics. The basic scheme is shown in the figure below for P =5 and two
interacting quantum particles. Notice that when the paths are discretized, neighboring points on each cyclic path are connected by
harmonic springs.

FIG 7.4: Path integral for two particles discretized into P = 5 time intervals. Interactions are computed between points in the same

time interval only.
In the figures that follow, we show three examples of the path integral approach. The first is an example of a simple organic
molecule, malonaldehyde, shown with an internal hydrogen bond. Because of the internal bond, a proton on one of the OH groups
can transfer through the bond to the neighboring oxygen. The energetic barrier to this reaction is approximately 14.23 kJ/mol.
However, recall that quantum mechanics allows for a phenomenon known as tunneling, which gives particles a non-zero
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probability to be located in classically forbidden regions. In malonaldehyde, tunneling largely dominates this internal proton
transfer, thus causing a substantial reduction in the effective energy barrier, which we will learn is equivalent to the free energy
barrier, from 14.23 kJ/mol to about 6.7 kJ/mol. The figure shows what a tunneling path looks like. We see that when the proton
tunnels, it exists in a Schrodinger's cat-like state in which it is simultaneously bonded to both oxygens, and only an observation of
the proton can localize it on one oxygen or the other.

FIG 7.5: Top: Illustration of the internal proton transfer reaction in malonaldehyde. Bottom: A tunneling path in malonaldehyde.
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FIG 7.6: left: Model of the AT base pair and reaction free energy profile. right: Same for GC base pair.
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FIG 7.7: left: Schematic of the hydronium diffusion mechanism showing concerted hydrogen bond breaking and forming events.
right: A particular path showing the delocalization of the topological defect in the hydrogen bond network of the solution.

The second example concerns the occurrence of rare tautomers in DNA base pairs. The two strands of DNA are held together by
hydrogen bonds formed between pairs of nucleotide bases. The so-called tautomeric shift problem occurs when the protons in the
hydrogen bonds holding a pair of bases together transfer through the hydrogen bonds. It was posited that if the protons become
stuck in their shifted positions at the time of DNA replication, the incorrect locations of the protons would cause mispairing when
the DNA replicates itself, which could lead to diseases such as cancer. The implication of this supposition is that quantum
mechanics, which allows the protons to tunnel into their shifted positions, is the evil force behind such afflictions. However,
experiments were never able to see the spontaneous formation of such rare tautomers, and a satisfactory explanation as to why took
several decades to emerge. In fact, if we study this tautomeric shift problem using the Feynman path integral, and plot the reaction
free energy profiles, the answer becomes clear. In the figure, we see two curves in the reaction profiles. One treats the protons as
classical particles, and the other uses a proper quantum treatment. The two reaction profiles are clearly quite different. In the
classical profile, we see that it is energetically steeply uphill to go from the normal form to the rare tautomer, but once up and over
the hump, there is another energetic barrier to return to the normal form. Thus, it would be possible for the system to become stuck
as a rare tautomer. However, with a proper quantum treatment, we see that, while there is still a steep uphill clime to get to the
tautomeric shifted form, there is absolutely no barrier to return to the normal form. Thus, if there is a rare fluctuation that takes the
system to the tautomeric form, it will immediately return to the normal form, thus explaining why spontaneous formation of rare
tautomers is not observed. Thus, quantum mechanics, rather than being the evil force that gives us cancer, is harnessed by nature to
prevent this from occurring in the first place.

The last example is that of a bulk aqueous acid solution. We learn in freshman chemistry that acids contains excess protons in the
form of hydronium (H30%) ions. Hydronium, as it turns out, is a highly species in water. What makes it so mobile is the fact that it
does not diffuse hydrodynamically as would water molecules in the solution. Rather, hydronium undergoes a process known as
structural diffusion, in which the hydronium structure is transported as a topological defect in water's hydrogen bond network
through a series of proton transfer reactions between hydronium and its first solvation-shell water molecules. This process is driven
by a complex series of hydrogen bond breaking and forming events that allow the structure to migrate through the hydrogen bond
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network. The basic mechanism is illustrated in the figure. However, what makes the process especially fast is the fact that the
hydronium ion is a highly quantum mechanical species that can become very delocalized over the hydrogen bond network. If we
examine some of the quantum paths and follow the location of the hydronium around the path, we see something strange occurring.
At each point of the path, we ask where the hydronium oxygen is, and we find that at different points along the path, the hydronium
oxygen is at a different site in the solution. In fact, as the figure shows, the hydronium ion can become delocalized over as many as
five hydrogen bonds! By allowing the paths to become such spatially extended objects, quantum mechanics allows the system to
probe the "most promising" direction for the next structural diffusion event. If this were not possible, hydronium diffusion would
not be so fast, and devices such as proton-exchange-membrane fuel cells would not work as well as they do.

This page titled 1.7: Introduction to diffusion is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.

Tuckerman.
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1.9: First law of thermodynamics and thermodynamic potentials

Consider a system of n moles in a container of volume V with a fixed internal energy E. The variables n, V, and E are all
macroscopic thermodynamic quantities referred to as control variables. Control variables are simply quantities that characterize the
ensemble and that determine other thermodynamic properties of the system. Different choices of these variables lead to different
system properties. In order to describe the thermodynamics of an ensemble of systems with given values of n, V, and E, we seek a
unique state function of these variables. We will now show that such a state function can be obtained from the first law of
thermodynamics, which relates the energy E of a system to a quantity @ of heat absorbed and an amount of work W done on the
system:

E=Q+W (1.9.1)

The derivation of the desired state function begins by examining how the energy changes if a small amount of heat dQ is added to
the system and a small amount of work dW is done on the system. Since E is a state function, this thermodynamic transformation
may be carried out along any path, and it is particularly useful to consider a reversible path for which

dE = dQrev + AWrev = dQirrev + dWirrev (1.9.2)

Note that since @ and W are not state functions, it is necessary to choose whether to use a reversible or irreversible path. For
simplicity, let us choose the reversible ("rev’) path. The amount of heat absorbed by the system can be related to the change in the
entropy AS of the system by

_ [ dQrev _ 0Qrey
AS —/ T ds = T (1.9.3)
where T is the temperature of the system. Therefore, dQ.., = T dS. Work done on the system is measured in terms of the two
control variables V and N. Let P(V) be the pressure of the system at the volume V. Mechanical work can be done on the system by

compressing it from a volume V; to a new volume V, < Vi:

v
wee —_ [ p(v)av (1.9.4)
14
where the minus sign indicates that work is positive in a compression. A small volume change dV corresponds to an amount of
work dw, e — —P(V) dv. Although we will typically suppress the explicit volume dependence of P on V and write simply,
dWr(eTeCh) = —P dV, it must be remembered that P depends not only on Vv but also on n and E. In addition to the mechanical work
done by compressing a system, chemical work can also be done on the system by increasing the number of moles.

AW = dn (1.9.5)

is done on the system. if there are M distinct chemical species, each with its own chemical potential p, k¥ =1, ..., M, then we would
express the chemical work as

M
AW S = Euk dny (1.9.6)
k=1
M
AWrey = AW + AW = —PdV + Y py dry (1.9.7)
k=1
so that the total change in energy is
M
dE=TdS—PdV+_ uydn (1.9.8)
k=1
By writing Equation 10.8 in the form
1 p o
dS = ZdE + —dV — kz:; e (1.9.9)
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it is clear that the entropy is both a state function and a natural function of V, E, and ny, ...,nas. Since S is a function of ng,...,ny,
V, and E, the change in S resulting from small changes in n, V, and E can also be written using the chain rule as

oS a8 s

M
ds = (—) dE + (—) av + (—) d 1.9.10
OFE ) (nyv OV /) n)E ; ong /v Tk ( )

Comparing Equation 10.10 with Equation 10.9 shows that the thermodynamic quantities T', P, and px can be obtained by taking
partial derivatives of the entropy with respect to each of the three control variables:

1 a8 ) p ( oS ) Bk ( o8 )
(%) | PB_(95\ = m__ (95 19.11
T (6E (n}v T OV ) e T onk v ( )

We now recall that the entropy is a quantity that can be related to the number of microscopic states of the system. This relation was
first proposed by Ludwig Boltzmann in 1877, although it was Max Planck who actually formalized the connection. Let  be the
number of microscopic states available to a system. The relation connecting § and  states that

S(nl, -y M, V, E) =kpgln Q(nl, ey M, V, E) (1912)

Since § is a function of ny, ..., np, V, and E, Q@ must be as well. Since we can determine Q(ny,...,ny, V, E) from a microscopic
description of the system, Equation 10.12 then provides a connection between this microscopic description and macroscopic
thermodynamic observables.

1 _(61119) P _(Blnﬂ) Lk __(Ban) (1.9.13)
kT ~— OF {n},v’ kT ~— ov {n},E, ksT ~ ony Jve e

which shows that we can start with a microscopic description of the system and obtain the thermodynamic properties of the system.

On the other hand, we also see that E is a natural function of V, S, and ny, ..., nas. Thus, from the chain rule, we also have
dE = (a—E) v+ (B—E) ds+§:(a—E) dn (1.9.14)
OV ) tn}.s 88 ) v =\ oni ) sy - -
and comparing to Equation 10.8, we have the additional thermodynamic relations
OF oF OF
T= (_) , P=— (_) k= (_) 19.15
oV ) myv OV ) m},s K ongJvs ( )
Changing Ensembles: Legendre Transforms

In thermodynamics, changing thermodynamic potentials between ensembles requires the use of a technique known as the Legendre
transform. In order to see what a Legendre transform is, consider a simple function f(z) of a single variable z. Suppose we wish to
express f(z) in terms of a new variable s, where s and z are related by

s = f'(z) = g(z) (1.9.16)

with f/(z) = df/dz. Can we determine f(z) at a point zo given only sg = f’(z0) = g(xo)? The answer to this question, of course, is
no. The reason, as Figure 10.1 makes clear, is that sq, being the slope of the line tangent to f(z) at zy, is also the slope of f(z) + ¢ at
z = z, for any constant ¢. Thus, f(z¢) cannot be uniquely determined from
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Figure 10.1: Depiction of the Legendre transform.

so. However, if we specify both the slope, so = f’(zo), and the y-intercept, b(z,), of the line tangent to the function at z,, then f(zo)
can be uniquely determined. In fact, f(zo) will be given by the equation of the line tangent to the function at z:

F(zo) = F (o) zo + (o) (1.9.17)

Equation 10.17 shows how we may transform from a description of f(z) in terms of « to a new description in terms of s. First, since
Equation 10.17 is valid for all s, it can be written generally in terms of z as

f(z) = f'(z) = + b(z) (1.9.18)

Then, recognizing that f’(z) = g(z) = s and = = g~*(s), and assuming that s = g(z) exists and is a one-to-one mapping, it is clear
that the function b(g~!(s)), given by

b(g~'(s)) = f(g7 (s)) — 397" (s) (1.9.19)

contains the same information as the original f(z) but expressed as a function of s instead of . We call the function ?(s) =b(g71(s))
the Legendre transform of f(z). The function f(s) can be written compactly as

1(s) = f(z(s)) — sa(s) (1.9.20)
where z(s)) serves to remind us that z is a function of s through the variable transformation z = g~1(s).

The generalization of the Legendre transform to a function f of n variables n, ..., z, is straightforward. In this case, there will be a
variable transformation of the form

7]
81 = 8—1{1 = g1(21, ..., Tn) (1.9.21)
: (1.9.22)

o)
8p = a—:;fﬂ = gn(z1,...,Zn) (1.9.23)

Again, it is assumed that this transformation is invertible so that it is possible to express each z; as a function z;(sy, ..., s,) of the
new variables. The Legendre transform of f will then be

7(31, ey 8n) = F(21(81, ey Sn)soee s T (815 e, Sn)) — Zsimi(sl, weesSn) (1.9.24)
=1

Note that it is also possible to perform the Legendre transform of a function with respect to any subset of the variables on which the
function depends.

Transforming to the Canonical Ensemble

The Legendre transformation technique introduced in the previous section is the method by which thermodynamic potentials are
transformed between ensembles. What we need to do is transform from a function of v, 8, and {n} to a function of v, T, and {n}.
That is, we need to transform from E(ny, ..., nas, V, S) to a new energy that is a function of ny, ... ,nar, V, T. The Legendre transform
is appropriate for this operation since
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OE
T= (—) 1.9.25
08 ) myv ( )

Applying the Legendre transform formula, we obtain a new energy

B(fn} ,V,T) = B(n}, V. S(in}, V,T) — 22 S({n}, V, ) (19.26)
=E({n},V,S{n},V,T)) —TS({n},V,T) (1.9.27)

The function E({n},V,T) is a new state function known as the Helmholtz free energy and is denoted A({n},V,T) or F({n},V,T).
We will show shortly that when a thermodynamic transformation of a system from state 1 to state 2 is carried out on a system along
a reversible path, then the work needed to effect this transformation is equal to the change in the Helmholtz free energy AA. From
Equation 10.24, it is clear that A has both energetic and entropic contributions, and the delicate balance between these two
contributions can sometimes have a sizeable effect on the free energy. Free energy is a particularly useful concept as it determines
whether a process is thermodynamically favorable, indicated by a decrease in free energy, or unfavorable, indicated by an increase
in free energy. It is important to note that although thermodynamics can determine if a process is favorable, it has nothing to say
about the time scale on which the process occurs.

A process in which ny,...,n, V, and T change by small amounts dng, dV, and dT leads to a change dA in the Helmholtz free
energy of

M
0A 0A 0A
dA=Y"(+=) @ =) av (—) dT 1.9.28
pe=i (3"k)v,r e (av){,.},T \or ) gy (1928)

via the chain rule. However, since A = E —T'S, the change in A can also be expressed as

dA=dE— SdT — T dS (1.9.29)
M
=TdS—PdV+)_ prdny—SdT—TdS (1.9.30)
k=1
M
=—PdV+ Y prdn,—SdT (1.9.31)
k=1

where the second line follows from the first law of thermodynamics. By comparing the last line of Equation 10.26 with Equation
10.25, we see that the thermodynamic variables obtained from the partial derivatives of A are:

DA dA 0A
=(%4) . p-_ (_) . S=-— (_) 1.9.32
. ( Ong )V,T oV /)y or / myv ( )
Note that at constant temperature,
M
dA=—PdV+) prdnj = Wi (1.9.33)
k=1

which shows that, physically, the change in free energy is simply the reversible work that we would need to perform on a system in
order to change its thermodynamic state by changing the volume or the number of moles of the different species.

Note that we can also derive a relationship between A and the canonical partition function Q({n},V,T) from the Legendre
transform relation A = E — T'S. Since

_Ban

E=-— 3 (1.9.34)
and
0A 6A
we see that
_ 0lnQ OA
A= 55 " ﬂa_ﬂ (1.9.36)
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This simple differential equation for A has the solution
A({n},V,T) = —% In Q({n},V,T) (1.9.37)
which can be verified simply by substituting this solution back into the equation and showing that the equation is satisfied.

Transforming to the Isothermal-Isobaric Ensemble

The isothermal-isobaric ensemble uses {n}, P, and T as the control variables. Thus, this ensemble results from performing a
Legendre transform of the Helmholtz free energy from volume V to pressure P. The volume in the Helmholtz free energy

A({n},V,T) is transformed into the external pressure P yielding a new free energy denoted Z({n} ,P,T):
A(fn}, P, ) = A(fn}, V({n} ,P,T),T) ~ V(in}, P, T) o0 (19.39)
Using the fact that P = —8A/9V, we obtain

A({n},P,T) = A({n},V({n}, P,T),T) + PV({n}, P,T) (1.9.39)

The function Z({n} ,P,T) is known as the Gibbs free energy and is denoted G({n}, P,T). Since G is a function of {n}, p, and T, a
small change in each of these control variables yields a change in G given by

M
oG oG aa
46 = ; (M)P,T dr+ (ﬁ){n},T P+ (ﬁ){n},P r (1.9.40)

However, since G = A + PV, the differential change dG can also be expressed as

dG=dA+ PdV +VdP (1.9.41)
M
=—PdV+) prdng—SdT+PdV +V dP (1.9.42)
k=1
M
= prdng+VdP—SdT (1.9.43)
k=1

where the second line follows from Equation 10.26. Thus, equating Equation 10.36 with Equation 10.35, the thermodynamic
relations of the isothermal-isobaric ensemble follow:

G G 8G
—(25) | w=(%) |, s-- (_) 1.9.44
Hi ( Ony )P,T ) ( oP ) {n},T OT ) ny,p ( )

As before, the volume in Equation 10.37 must be regarded as an average over instantaneous volume fluctuations.

Since G=A+PV=E—-TS+PV =(E+PV)—-TS, G=H — TS, where H is the enthalpy. We can also derive a relationship
between G and the canonical partition function A({n}, P,T) from the Legendre transform relation G = H — T'S. Since

H= 3 (1.9.45)
and
oG oG
we see that
Oln A oG
G=— B ﬂﬁ (1.9.47)
This simple differential equation for A4 has the solution
G({n},P,T) = —% In A({n}, P, T) (1.9.48)

which can be verified simply by substituting this solution back into the equation and showing that the equation is satisfied.
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1.10: Physical significance of free energy, Euler's theorem, Maxwell relations

Physical and Chemical Relevance of Free Energy

In this section, we will consider some examples showing the significance of free energies.

Drug binding

In pharmaceutical chemistry, free energies play a critical role in quantifying the strength of binding between an enzyme and an
inhibitor such as a small-molecule inhibitor. An example of this is the use of the HIV-1 protease as a target for anti-AIDS therapies.
The HIV-1 protease is a critical enzyme for the replication cycle of the AIDS virus, and numerous small-molecule inhibitors exist
for arresting its catalytic function. An example is shown in the figure below: In designing such inhibitors, the binding process,
itself, illustrated in the cartoon below is critical. This process

Figure 11.1: Tllustration of a small molecule inhibitor complexed with the HIV-1 protease.

ARG )

rf'/ \/\ \[\\J\ X \\ //:I

=t Enzyme- Substrate
Enzyme + Substrate Complex

Figure 11.2: Cartoon illustrating the drug-enzyme binding process.

is an equilibrium between enzyme F, inhibitor I, and the bound complex ET:

EISE+I (1.10.1)
The equilibrium constant for this process
[E]l]
K=Y =K 1.10.2
B (110.2)

is known as the inhibition constant. The smaller the value of Kj, the greater the concentration of bound complexes, hence, the
greater the strength of the binding. Optimal inhibitors of an enzyme have nanomolar or smaller K; values. In general, the
equilibrium constant for a process is determined by the change in the Gibbs free energy of the process. Hence, K; is determined by
the binding free energy process
AGhina = AG(EI) — AG(E) — AG(I) (1.10.3)
so that
K; = ePAGum (1.10.4)

Solvation free energies

As the previous example showed, the binding free energy quantifies the strength of the interaction between a drug and a target
enzyme. While this is a critical component of the drug design process, another process of key importance is solubility. Most
medications are formulated as tablets or gel capsules, both of which contain small crystalline particles. These crystalline particles
must be water soluble in order for them to be bioavailable. The solvation process for a substance A is captured in the reaction

A(g) = A(ag) (1.10.5)
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and illustrated humorously below: The equilibrium constant for this process Ky, is also determined by the solvation

Figure 11.3: Tllustration of the solvation process.

Gibbs free energy AGsav:
Kooty = €™ PAC (1.10.6)

As an example of calculation of AGs, and AAgy,, the plot below shows a computer simulation of the solvation of methane in
water, in which solvated configurations are sampling via molecular dynamics (numerical solution of Newton’s equations of
motion), and an algorithm designed to speed the convergence with simulation time of the free energy is employed. The
convergence of AAgy, is compared to experiment and known theoretical values of AGgy,. In this case, it can be seen that AGgqy,

and A A, are nearly identical.

Configurational Free Energies

Free energies can be used to characterize the conformational preferences and the conformational equilibria of complex molecules.
Such free energies can be useful, for example, in understanding the process of protein or polypeptide folding. An example of the
folding of an alanine decamer into an alpha-helix is shown below. The folding process can be characterized in terms of a particular
mechanical coordinate in the system known as a reaction coordinate, and the free energy along such a coordinate can be mapped

out in order to obtain free energy differences between

Convergence of Solvation Free Energy of Methane

6 1 1
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soly
..... AGFEP (Error Bars) i
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é .......................................................
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0(] 2 4 6

Time (ns)

Figure 11.4: Convergence of a calculation of AA,,, for methane in water and comparison to the experimental value.

Figure 11.5: Folding pathway of an alanine decamer.
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Figure 11.6: Typical folding free energy curve.

unfolded, partially folded, and fully folded conformations. For folding, a useful coordinate is the root-mean square deviation
(RMSD) from the fully folded state of the alpha carbons along the peptide backbone. A typical free energy map of this type appears
as in the figure below. The free energy curve shows a narrow and deep minimum at small values of the reaction coordinate, here the
RMSD from the folded conformation. This deep minimum is associated with the folded state. The wide basin at large values of the
RMSD corresponds to metastable intermediates, which are misfolded states and g-hairpin type conformations.

Free Energies of Crystalline Polymorphs

Polymorphism refers to the ability of certain small organic molecules to form numerous distinct crystal structures. This is a critical
problem in the pharmaceutical industry, where most medications are administered in crystalline form. Hence, if a particular
compound is able to convert from a metastable, soluble crystal to a highly stable, insoluble form, while the medication sits on the
shelf, is a serious problem that can lead to expensive recalls. A priori prediction of crystalline polymorphs of small molecules is,
therefore, a problem of critical importance. Computational prediction of polymorphs can play an important role in this endeavor,
and the development of such techniques is an outstanding grand challenge problem. A successful prediction of polymorphs should
also include a thermodynamic ranking of these structures, and such a ranking should be based on the relative free energy of the
polymorphs. An example of the polymorphs of benzene at 100 K and 2 GPa pressure is shown in the figure below along with the
unit cells of each crystal structure. The figure shows free energies (green curve), simple lattice energies at 0 K (red curve), and

. Fopuluice & Free Energy Lamice Encrgy

n A

Perrenzage %)
Energy Value {EHmat}

&y,

P
e "Q'r;q q‘b""aﬂ, o,
tyy,

o, Hry,
Lyt 2

Figure 11.7: Relative free energies of the polymorphs of solid benzene.

the relative populations of different polymorphs (blue bars). The figure suggests that the Benzene III polymorph is
thermodynamically the most stable structure under the conditions reported above.

Euler's Theorem

Recall the definition of the Helmholtz free energy is A = E— T'S, hence, a change in A at constant temperature is
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AA=AE—TAS (1.10.7)
Since TAS = AQ:ev, We obtain
AA=AE — AQev (1.10.8)
which means that
AA = AW,ey (1.10.9)

Hence, the change in the Helmholtz free energy in an isothermal process is equal to the reversible work performed on the system in
the process.

There is another way to obtain this relation that involves a very general property of many thermodynamic functions. This property
is a consequence of a theorem known as Euler’s Theorem. Euler’s theorem is a general statement about a certain class of functions
known as homogeneous functions of degree n. Consider a function f(z, ..., zx) of N variables that satisfies

f(Amlv we s AT, Th+1s -+ ,QL'N) = A"f(ml, voe s Ly ThA1y oon ,(I)N) (11010)

for an arbitrary parameter, X\. We call such a function a homogeneous function of degree n in the variables z, ..., zx. The function
f(z) = =2, for example, is a homogeneous function of degree 2. The function f(z,y,z) = zy® + 23 is a homogeneous function of
degree 3 in all three variables =z, y, and z. The function f(z,y,z) = #2(y? + 2) is a homogeneous function of degree 2 in z but not in y
and z. The function f(z,y) = e — zy is not a homogeneous function in either z or y.

Euler’s theorem states the following: Let f(z1,...,zx) be a homogeneous function of degree n in z1, zx. Then,

nf(z1,...,ZN) = ;x’a—z, (1.10.11)
The proof of Euler’s theorem is straightforward. Beginning with Equation 11.10, we differentiate both sides with respect to A to
yield:
2 foar, .., )= Lk ) (110.12)
)\ L1y ey ALy Tk+1y -0+ TN) = d\ T1yeee yThy Thtly ooy TN -4V,
Zk:z,- of =nANf(xy, .., Tk, Thg1, oo, TN) (1.10.13)
s 6()\$z) ] ] ] 9 ]

Since ) is arbitrary, we may freely choose X = 1, which yields

Zm,- P =nf(Z1, . Thy Thtly ey TN) (1.10.14)

i=1

and proves the theorem.

What does Euler’s theorem have to do with thermodynamics? Consider, for example, the Helmholtz free energy A(N,V,T), which
depends on two extensive variables, N and V. Since A4 is, itself, extensive, A ~ N, and since V ~ N, A must be a homogeneous
function of degree 1 in N and V, i.e. A(AN, AV, T) = MA(N,V,T). Applying Euler’s theorem, it follows that

0A 0A
ANV, T) =V o0 + Nor (1.10.15)
From the thermodynamic relations of the canonical ensemble for pressure and chemical potential, we have P = —(8A/8V) and p

= (0A/ON). Thus,

A=—PV+uN (1.10.16)
We can verify this result by recalling that
AN, V,T)=E-TS (1.10.17)
From the first law of thermodynamics,
E—TS=—PV+uN (1.10.18)
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so that
A(N,V,T) = —PV + uN (1.10.19)
which agrees with Euler’s theorem. Now, a small change in A under reversible conditions gives
dA = —P(V)dV + u(N) dN (1.10.20)

which is a general expression for the reversible work done on a system when both volume and number of particles (or moles)
changes. In fact, any extensive thermodynamic quantity must be a homogeneous function of degree 1 in its extensive arguments.

Thus, the Gibbs free energy G(N, P, T) is a homogeneous function of degree 1 in N. Hence, we can write

G

G=Non =

uN (1.10.21)

Thus, dG = u(N) dN, and the quantity dG + P dV = G + Py dV is the reversible work performed on a system under isobaric
conditions.

Maxwell Relations

Free energies provide a route to relating changes in thermodynamic derivatives, i.e., changes in certain thermodynamic quantities
under different conditions. These useful relations are not always obvious but can be easily derived starting from either a Helmholtz
or Gibbs free energy. Unlike the relations of the previous section, the relations we will consider next emerge from second
derivatives of the free energy functions and are referred to as Maxwell relations after the 19th Century Scottish physicist James
Clerk Maxwell, who also developed the classical theory of electromagnetic fields (in the form of the celebrated Maxwell
equations). We will see that the first derivative relations of the previous section, however, provide the starting point.

Consider the Helmholtz free energy A = E —T'S. In a process that changes temperature and energy (and, therefore, the entropy as
well), the free energy change is

dA=dE—-SdT—-TdS (1.10.22)
From the first law, dE = —P dV + T dS, hence
dA=—-PdV+TdS—Sdl'—TdS=—PdV—SdT (1.10.23)
However, by the chain rule, if N remains fixed
8A 8A
dA = (W)TdV+ (ﬁ)vfﬂ" (1.10.24)
Equating these two relations, we find
0A 8A
P=—(5v), 5=—(ar), (11029
It is trivially obvious that
%A 824
However, the above relation tells us that
oP as
(ar),=(57), (11027)

which is an example of a Maxwell relation. It tells us how to compute the change in entropy with respect to volume from a
knowledge of the equation of state. If we integrate both sides, the entropy change when the volume changes from V; to V3 is

Va
(6—P) v (1.10.28)
14

AS = T

i

Thus, for an ideal gas, P = nRT/V, 8P/8T = nR/V, hence,
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Vi qv Va
As=nR [ "G =R (Vl) (1.10.29)

If N is allowed to change as well, then the Equations 11.22 and 11.23 must be modified to read

dA=—PdV + pdN — SdT (1.10.30)

0A 6A OA
dA = (—) dN (—) dv (—) dTr 1.10.31
ON v,T 15)% N,T + or NV ( )

so that
0A

=== 1.10.32
K (3N)V,T (1.10.52)

Think about the additional Maxwell relations that can be derived from this relation for the chemical potential.

If we start with the Gibbs free energy instead, and consider the second derivative of G with respect to N and P under isothermal
conditions, we obtain another useful Maxwell relation

a¢ 892G
ONOP ~ 9PON (1.10.33)
o AV
6_73 = % (1.10.34)

which tells us that the change in chemical pressure with respect to pressure is equal to the change in the average volume with
respect to the number of particles or the number of moles.

This page titled 1.10: Physical significance of free energy, Euler's theorem, Maxwell relations is shared under a CC BY-NC-SA 4.0 license and
was authored, remixed, and/or curated by Mark E. Tuckerman.
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1.11: Carnot engines, thermodynamic entropy, and the second and third laws

Carnot Engines and the Thermodynamic Definition of Entropy

We have been using two definitions of the entropy almost interchangeable. One is a purely thermodynamic definition involving the
heat absorbed by a system in a reversible process at temperature T :

B dQrey
AS = /A B (L1L.1)

while the other is purely statistical. Given two states A and B with numbers of microstates Q4 and Qg, the change in entropy is
determined from Boltzmann’s relation:

AS=8p—84=kplnQp—kplnQy = kzln (%) (111.2)
A

Two questions then naturally arise. Where does the thermodynamic definition actually come from, and are these two definitions
really equivalent? In order to explore this, we will study a particular thermodynamic cycle called an engine.

In general, the processes that engines undergo are highly irreversible. As an idealization, we will consider the operation of a
particular kind of engine, called a Carnot engine, that operates reversibly between its initial, intermediate and final states. By
analyzing such a device, it should be possible to place an upper bound on the efficiency of any engine operating between a high
temperature reservoir at T and a low temperature reservoir at Tj.

Consider the thermodynamic path shown below:

P

\

'

Figure 12.1: The Carnot cycle.

This closed thermodynamic path or cycle is called the Carnot cycle. In the ABC portion of the cycle, the system expands, so it does
work. In the CDA portion of the path, the system is compressed, so work is done on it. The net work, which is the sum of
contributions from paths ABC and path CDA, is the net work done by the system, so it must be negative:

Wa =—/ PdV — Pdv (1.11.3)
path ABC path CDA
Note that the net work performed by the engine is just the area of enclosed by the by four paths in the P — V plane. Since, for a
closed path, the change in energy is 0, the net work done by the gas must be equal the negative of the heat absorbed by the system:
W = W = —q (1.11.4)

Now suppose that the system is an ideal gas. We have already developed expressions for the work done by/on the the system for
various parts of this thermodynamic cycle:

o Path AB: Isothermal expansion at temperature 7}:

Wap = —qap=—nRT,In (—) (1.11.5)
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« Path BC: Adiabatic expansion:

W(Zg - ?LCV(TI —Ty) (L1L6)
o Path CD: Isotherm compression at temperature Tj:
Wep = —qop = —nRT In (@) (1.11.7)
Ve
o Path DA: Adiabatic compression:
Won = ?wv(Th ) (L1L8)
The net work done on the system is
Waet = Wap + Wae+ Wep + Wpa (1.11.9)
= —nRT,In (%) +nRT;In (%) (1.11.10)
Recall, however, that in an adiabatic expansion, the temperatures 77 and T are related to the volumes V; and V; by
% - (%)7_1 (L11.11)

which can be applied to the paths BC and DA, the adiabatic expansion and compression parts of the cycle. Thus, for the path BC,

-1
% - (%) (1.11.12)
and for the path DA,
T -1
F’; - (%) (111.13)
from which it follows that
% - ‘;—’: (1.11.14)
or
% - “f—i (1.11.15)
and the net work done on the system is
VB
Woe = —nR(Th —T1) In (7) (1.11.16)
A

Note also that, since a complete cycle has been made, AE = 0 for the cycle. Thus, from the first law of thermodynamics,

—Whet = qaB +4cD (1.11.17)

which is the net heat absorbed by the system. Since heat is only absorbed/discharged during the isothermal parts of the cycle, only
g4 and ggp are nonzero.

In the first part of the next lecture, the derivation will continue, beginning with a determination of the maximum efficiency of a
Carnot engine.

The efficiency of a device is defined to be the net work it can produce per unit of heat taken in:

ez Waet (1.11.18)

gAB
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Thus, if all of the heat taken in is converted to useful work with no discharge of waste heat, then the device is 100% efficient. We
will now show that such a case is not possible.

For the Carnot cycle, in which a system containing an ideal gas undergoes reversible transformations around the cycle, we have

Wet = —nR(Th — Tp) In (ﬁ) (1.11.19)
Va
gap = nRT,1In (E) (1.11.20)
Va

And the negative ratio of these, which gives the efficiency, is

_ nR(Th, —T7) In (Vg/Va) _ T, —T; =1_£
nRT;. In (VB/VA) Th Th

(1.11.21)

Thus, for an engine operating reversibly between a high temperature T} and a low temperature 7}, the maximum efficiency of such
a machine is 1 — (T;/T3). In order to achieve, 100% efficiency, therefore, it would be necessary to make T; = 0 or T}, = oo, neither of
which is possible. However, the larger the temperature difference, the greater will be the efficiency of the device. The difficulty
with large temperature differences, in general, is that they are difficult to make, and it is also difficult to find materials that can
withstand both extremely high AND extremely low temperatures.

Although this result was derived for a system containing an ideal gas, it turns out to be true for all Carnot engines operating
reversibly between Ty, and T:. To prove this result, the technique of proof by contradiction will be used.

Assume that there are two engines operating reversibly between T}, and T; with different efficiencies, ¢; and e; such that e; > €.
The machines are adjusted so that work output of both is equal, —W; = —W,. We let the more efficient machine, 1, be operated as a
normal Carnot engine, withdrawing heat at T}, discarding waste heat at T} and producing an output —W; of useful work. The less
efficient engine is run in reverse, as a “heat pump,” withdrawing heat at the low temperature T;, consuming useful work from an
outside source, and delivering a quantity of heat to the high temperature T. This is how a refrigerator operates. In this case, the
work output of machine 1 is used to operate machine 2. The figure below illustrates this:

Heat in Th Heat out
q]_’h q2,h
System 1 -W, out | System 2

—
W, =-W, in

Heat ou\
qul Tl Heat in

q2,J.

Figure 12.2: Illustrating the Carnot engine.

Since —W; = Wy, the net work output of the two machines combined is Wi =0. Also, since each machine completes a
thermodynamic cycle, the total energy change of the two machines combined is also 0 (AE, = 0). Since €1 > €3,

W W (1.11.22)
Qh —G42,h
Wi =W, (1.11.23)
> s 1 (1.11.24)
q1,h q2,h
qLh < Q2h (1.11.25)
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But from the first law of thermodynamics, since AE;,; =0 and W;,; = 0, the total heat absorbed by the system g,,; = 0. The total
heat absorbed is

qLh— Q11+ 421 — g2 =0 (1.11.26)
Thus,
qQLp—Q2h = Q11— 421 (1.11.27)

The left side is the net heat absorbed at T» and the right side is the net heat discharged at 7. Since g1 < g2, the left side is
negative, and so the right side must be negative as well, and

q1 < g2 (1.11.28)

Since g1 > qu,5 there is a net amount of heat delivered to the high temperature reservoir, and a net amount of heat extracted from
the low temperature reservoir. In other words, the combined machine is capable of extracting an amount of heat from a cold source

While there is no logical contradiction here, the result would seem to imply that it must be possible for heat to flow from cold to
hot without input of work, which has never been observed. Rather, only the opposite has been observed, heat flowing naturally
from hot to cold. Thus, we are lead to conclude that all Carnot engines must have the same efficiency.

Derivation of the Thermodynamic Definition of Entropy
We saw in the analysis above that, for a Carnot cycle:

Wit =an+q (1.11.29)
Thus, the efficiency can be expressed as

Wt _ anta _ Th—Th

e 1.11.30
an an Th ( )
which implies that
aQ T
1+=—=1—— 1.11.31
an Ty ( )
or
aQ T
2= 1.11.32
an Ty ( )
a@ __ 4n
=T (1.11.33)
Q. an
Tt =0 (1.11.34)

Recall that a state function is a thermodynamic quantity, whose change between initial and final states is independent of the path
between the states. By extension, it follows that a state function is one whose change around any closed thermodynamic path is 0.
Thus, since ¢/T is zero for the Carnot cycle, it would seem that ¢/T is a state function. In fact, this turns out to be true. To see this,
note that any Carnot cycle can be composed of an infinite number of Carnot cycles for which the isothermal parts of the cycle are
of infinitesimally small length (see Figure 8.6 in the text). The quantity of heat absorbed along each of these isotherms is dg; for the
it cycle. Since 8g;/Tip + 6gi1/T;q = 0 for the *® cycle, summing over all cycles gives

‘SQi,h 6(11'.1 _
z.-: [ Tip 1, |70 (1.11.35)
which approaches the integral expression as the number of cycles becomes infinitely large:
dgrev
?{ T ~° (1.11.36)

where § indicates that the integral is taken over a closed thermodynamic cycle. This, then, leads to the Clausius definition entropy,
as the state function, AS = Sy — S;, given by
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! dgrey
AS=/i = (1.11.37)

Clearly, then AS =0 over any closed path. In the next section, we will show that this definition of AS is consistent with the
statistical (Boltzmann) definition for an ideal gas.

Isothermal Processes in an Ideal Gas
In an isothermal process, the temperature is held constant so that

f drev 1 ff
ASz/,- 2 =T/,- dGeer (1.11.38)

The differential dgr, can be integrated as a perfect differential gy, which is the heat absorbed by the system in the reversible
process that takes the system from state ¢ to state f:

= Jrev
AS = T (1.11.39)

Isothermal expansion/compression of an ideal gas
In the last chapter, we derived the expression for the isothermal expansion/compression of an ideal gas from a volume V; to a

volume Va:

Grev =nRT In (%) (1.11.40)
1

From this, it follows that the entropy change in the expansion/compression is

AS =nRIn (E) (1.11.41)
141

To see that the same expression results from the Boltzmann definition of entropy, recall that the number of microscopic states is

Q(N,V,T) = V¥ (kpT)3N/? (1.11.42)
At constant temperature, the number of microscopic states available to the system in the volume V; and in the volume V; are,
respectively,
[¢) — VN (ksT 3N/2
1= Vi(kpT) (1.11.43)
Q = CVZN(’GJBT)SN/z
Thus,
AS=kzln (&) (1.11.44)
021
V‘2 N
=kgln [ =~ 1114
iy In (V,1 ) (1.11.45)
= Nksln (E) (1.11.46)
i
=nRIn (E) (1.11.47)
4

which agrees with the thermodynamic definition perfectly.

Isochoric heat absorption/emission of an ideal gas

An isochoric process is one that occurs at constant volume. Consider the heat absorption/emission of an ideal gas at constant
volume. A small amount of heat dgre, absorbed a change in temperature dT related to the heat dg,ey by

dgrey = neydT (1.11.48)

Thus, the entropy change when the temperature goes from Tj to Tj is
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T,
As= [ mevdl (1.11.49)
n T
=ncy In (T1 ) (1.11.50)
From the Boltzmann definition, the number of microstates at temperatures 73 and T3 and volume V are, respectively,
- N 3N/2
i oV (kpT) (1.11.51)
Q2 = cVN(kpT)?N/?
so that
AS=kzln (&) (1.11.52)
1
3N/2
—kphn (ﬂ) (1.11.53)
T
3 T
= S Nksln (Tl) (1.11.54)
3 Ty
= 5nRIn (Tl) (1.11.55)
Recalling that ¢y for an ideal gas is
3
ev=75R (1.11.56)
gives
T:
AS =neyIn (—2) (1.11.57)
T
which, again, agrees with the thermodynamic definition.
Isobaric heat absorption/emission of an ideal gas
By analogy with the isochoric process, the entropy change in an isobaric process can be shown to be
T;
AS =ncpln (—2) (1.11.58)
T

In order to derive this from the Boltzmann definition, we need to express the number of microstates of an ideal gas at constant
pressure. At constant volume, we have

Q(N,V,T) = V¥ (kpT)3N/? (1.11.59)
However, from the ideal gas law:
V= % (1.11.60)
Thus, the number of microstates becomes
Q(N,P,T) = CP~N (kpT)*N/? (1.11.61)

where C is another constant. Thus, at constant pressure P and temperatures T; and T3, the respective numbers of microstates are

N CPN(kgTy)®/2
Q; = CPN(kpD})sN/?

(1.11.62)

Thus, the entropy change is
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5N/2
AS = kpln (%) (1.11.63)
1
= gNkB In (%) (1.11.64)
1
= gann (%) (1.11.65)
1

However, recognizing that 5R/2 is just the constant pressure heat capacity cp, we have

AS =ncpln (E) (1.11.66)
T

which, again, agrees with the thermodynamic definition.

Adiabatic expansion/compression of an ideal gas

Recall that in an adiabatic expansion/compression, no heat is absorbed or emitted. Hence, dg.ev = 0 and AS = 0. In order to derive
this result from the Boltzmann definition, we note that P, V, and T all change in the adiabatic process, hence,

D= kT (1.11.67)
Qy = cV'zN(kBT2)3N/2 e
The ratio is
0 _ kD)™ [V, 1 (1.11.68)
Q VIN(kBTl)sN/z " T13/2 Al
However, in an adiabatic process, we showed that the temperatures and volumes are related by
TV =TVt (1.11.69)
where « = 5/3 for an ideal gas. This implies that
TV =13 (1.11.70)
v, = TV, (1.11.71)
" v,
= = 1.11.72
T13/2 17 (1.11.72)
which is just the ratio Qg/Q;. Therefore, from the Boltzmann definition:
AS=kpln (%) —kln(1) =0 (1.11.73)
1

The Second and Third Laws of Thermodynamics

We noted that entropy is a thermodynamic state function related to the number of microscopic states available to a system. Thus,
any process that gives rise to an increase in the number of microscopic states in a system will also lead to an increase in the
entropy. In order to quantify this, let us consider another simple thought experiment.

Consider the irreversible, isothermal expansion of an ideal gas. This can be achieved by allowing the external pressure P to drop
suddenly below the internal pressure P, The work done on the gas in the expansion is

Winrey = — / PogedV (1.11.74)

If we compare such a process to a reversible expansion in which the gas is always in equilibrium with its surroundings, then Pt
~ Py, and

Wiey = — / plot) gy (1.11.75)

In the irreversible process, since Pex drops quickly, P < P and hence,
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_vvirrev < _Wrev

1.11.76
Witer > Wrey ( )

Now let Qrev and Qirev be the amounts of heat absorbed by the gas in the reversible and irreversible processes, respectively. Since
energy is a state function, the first law tells us that the change in energy can be computed along the reversible or irreversible path
with the same result:

AE = Qrev + Wiev = Qirrev + Wirrev (11177)

Since Wigrey > Whey, it must follow that Qirey < @rev- Thus, for small changes, dQirrev < d@:rev- Therefore, in an isothermal process

inrrev erev
Since
_ dQrev
ds = — (1.11.79)
it follows that
inrrev
ds > = (1.11.80)
Generally,
)
ds> == (1.11.81)
or
Asz/% (1.11.82)

where equality holds only for reversible processes. This inequality is called the Clausius inequality.

Now, we apply the Clausius inequality to the entire thermodynamic universe (system + surroundings). Since the universe must be
self-contained and isolated, d@Q = 0 for the full universe, and this means that

AS >0, (Thermodynamic Universe) (1.11.83)

Again, equality holds in any reversible process. Equation 12.65 is known as the second law of thermodynamics. It is a statement,
not about the system alone, but about the full thermodynamic universe. The second law states that the only direction for
spontaneous changes in the entropy is an increase. Processes for which AS < 0 are not possible. Now since S = kg lnQ,

AS =kgln ( Dina ) >0 (1.11.84)

initial
We see that an irreversible process must increase the number of microscopic states available to the thermodynamic universe.

The third law of thermodynamics asks what happens to the entropy as T — 0, and this can be easily seen from the Boltzmann
relation S = kg In © and our definition of classical microstates. Since

N 2
<Z Lt > = gNkBT (1.11.85)

= 2mi

and the energy is equipartitioned among all of the kinetic energy contributions, as T — 0, the only possibility is that all of the
momenta (and velocities) of the particles become identically 0. When this happens, the particles stop moving, and their positions
become “frozen” into one particular choice. Thus, in the sense of a microcanonical ensemble, there can be only one microstate
available to the system, and this will be the global minimum of the potential energy U(r,...,rx). Thus, we see that & — 1, and,
therefore, S — 0, which is known as the third law of thermodynamics.

The third law of thermodynamics makes it possible to calculate entropy changes thermodynamics, as it provides us with a reference
states at which we always know the absolute entropy, namely, at T = 0. Recall from the first law of thermodynamics that if the
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number of moles of a system remains fixed, then
AE = Qrey + Wioy = Qrey — PdV (1.11.86)
Thus,
Qv = A(E+ PV) = AH (1.11.87)
where H is the enthalpy. Thus, for an infinitesimal change, dQ.y = dH. However, the definition of the constant- pressure heat

capacity is

Cr(T) = (%H)P (1.11.88)

This implies that we can compute entropy changes from the heat capacity as

T erev T CP(T,)
= = T’ 1.11.
AS /0 L /0 iV (1.11.89)

This relation will become important as we begin to study phase transitions.

This page titled 1.11: Carnot engines, thermodynamic entropy, and the second and third laws is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Mark Tuckerman.
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1.12: Introduction to the Thermodynamics of Phase Transitions

Phase Diagrams

The different phases of substances are characterized by different ranges of thermodynamic variables in which these phases are the
stable phases. These ranges can be represented on a diagram in which two or more of the thermodynamic state variables are plotted
against each other and these different regions are indicated, together with boundary lines separating them. Such a diagram is called
a phase diagram.

An example of a phase diagram for a normal substance, here benzene, is shown in the figure below. The diagram shows definite
ranges of pressure P and temperature 7" for which the solid, liquid, and gas phases are stable. The line separating the solid and
liquid phases is called the melting curve, that separating the liquid and gas phases is called the boiling curve, and that separating the
gas and solid phases is called the sublimation curve. Along these lines, the two phases on either side coexist. Hence, these lines are
also often referred to as coexistence curves. These three lines meet in a point called the triple point, at which all three phases
coexist. In the right panel, we can expand the temperature axis by plotting In P against T, and when we do this, we see that the
liquid-gas coexistence curve ends in a point, known as the critical point. In the region of the phase diagram to the right of this
point, the system exists in a phase known as a supercritical fluid. In our study of the van der Waals equation, we showed that the
critical point is the point at which we just begin to see the onset of cooperative effects that lead to a phase transition from gas to
liquid.

100 E

Liquid

Critical
point

torr
Solid

507 , _ .
: Solid Gas Gas

P

log (P torr)

- Triple
Triple painl

point

nf of

250 285 320 200 400 600
T/'K T/K
(a) (b)

Figure 13.1: Phase diagram of benzene showing P vs. T (left) and In P vs. T (right).

A simple phase diagram such as that shown in Figure 13.1 belies a rich complexity of behavior, particularly, in the solid region of
the phase diagram, where a variety of solid structures can exist. These are the polymorphs first discussed in lecture 12 on free
energies. Each of these solid phases will correspond to a different region in the phase diagram in which it is the most stable of the
different solid phases. These different phases will appear in the phase diagram when the pressure axis is expanded. The figure
below, for example, shows the solid part of the phase diagram for benzene, showing a wide variety of polymorphs. Each of these
different solid phases has its own unique crystal structure, unit cell, and space group.

In normal systems, the slope of the solid-liquid coexistence curve is slightly positive for the reason that the solid phase has a
greater density than the liquid phase near the coexistence temperature. If this is the case, then at higher pressures, it takes a higher
temperature to get the system to undergo a transition from solid to liquid, since the solid phase will be preferred under conditions of
extreme compression.
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Figure 13.2: Solid phase diagram of benzene.
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However, there are a few liquids whose solid phase is less dense than the liquid phase in the coexistence region. One of these is
water, which is the reason that ice floats in water. In fact, water has its maximum density at around 4°C rather than at 0°C, its
freezing point at standard pressure. The water phase diagram is shown in the figure below: Here we see the slight slope to the left
of the solid-liquid coexistence line. As with benzene, the solid region of the phase diagram of water also exhibits a rich variety of
different structures, the ice polymorphs, not shown in the phase diagram above. Again, however, if the pressure axis is expanded,
these show up. The figure below shows just a few of the known ice polymorphs (more were discussed in class):
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Figure 13.3: Phase diagram of water.

Gibbs Free Energy and Phase Transitions

The Gibbs free energy is a particularly important function in the study of phases and phase transitions. The behavior of G(N, P, T),
particularly as a function of P and T, can signify a phase transition and can tell us some of the thermodynamic properties of
different phases.

30

P/ kbar

10

]
—100 1] 100 200
[ =C

Figure 13.4: Some of the ice polymorphs.

Consider, first, the behavior of G vs. T between the solid and liquid phases of benzene: We immediately notice several things. First,
although the free energy is continuous across the phase transition, its first derivative, 8G/8T is not: The slope of G(T') in the solid
region is different from the slope in the liquid region. When the first derivative of the free energy with respect to one of its
dependent thermodynamic variables is discontinuous across a phase transition, this is an example of what is called a first order
phase transition. The solid-liquid-gas phase transition of most substances is first order. When the free energy exhibits continuous
first derivatives but discontinuous second derivatives, the phase transition is called second order. Examples of this type of phase
transition are the order-disorder transition in paramagnetic materials.
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Figure 13.5: Behavior of the Gibbs free energy across the solid-liquid phase (left) and liquid-gas (right) transitions for benzene.

Now, recall that

§=-2 (1.12.1)
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lid| liquid
@ (eolid) _ _glod) QG liauid) — _ giquid) (1.12.2)

However, since

6G(liquid) aG(solid)
ar - oT

(1.12.3)

(note that the slopes are all negative, and the slope of the liquid line is more negative than that of the solid line), it follows that
—gliquid) « _g(wlid) op giquid) 5, g(olid) This is what we might expect considering that the liquid phase is higher in entropy than the
solid phase. The same argument can be made with regards to the gaseous phase.

Similarly, if we consider the dependence of G on pressure, we obtain a curve like that shown in the figure below:

e

/___,.;.._-— =" Liquid
P e Solid :
G G
/ /
f /
/ Gas / Gas

P P

(a) (b
Figure 13.6: Dependence of the Gibbs free energy as a function of pressure for benzene (left) and water (right). For benzene, the
temperature is above the triple point, whereas for water, it is set below triple point.
As noted previously, here again, we see that the first derivative of G(P) is discontinuous, signifying a first-order phase transition.
Recalling that the average molar volume is

e
V=25 (1.12.4)
From the graph, we see that the slopes obey
7 (823) 5 7 (iquid) 7 (solid) (1.12.5)

as one might expect for a normal substance like benzene at a temperature above its triple point. Because the temperature is above

the triple point, the free energy follows a continuous path (even though it is not everywhere differentiable) from gas to liquid to
solid.

On the other hand, for water, we see something a bit different, namely, that
V(&) 5 P (eolid) 7 (liguid) (1.12.6)

at a temperature below the triple point. This, again, indicates, the unusual property of water that its solid phase is less dense than its
liquid phase in the coexistence region.

Interestingly, if we look at how the plot of G(P) changes with T', we obtain a plot like that shown below: Below the triple point, it is
easy to see from the benzene phase diagram that the system proceeds directly from solid to gas. There is a liquid curve on this plot
that is completely disconnected from the gas-solid curve, suggesting that, below the triple point, the liquid state can exist
metastably if at all. AT the triple point, the solid can transition into the liquid or gas phases depending on the value of the free
energy. Near the critical temperature, we see the liquid-gas transition line, while the solid line is disconnected. Above the critical
temperature, the system exists as a supercritical fluid, which is shown on the lower line, and this line now shows derivative
discontinuity.
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Figure 13.7: Behavior of the Gibbs free energy as a function of P across different phases at different temperatures for benzene. (a):
Temperature is less than the triple point; (b): Temperature is equal to the triple point; (c): Temperature is just below the critical
temperature; (d): Temperature is greater than the critical temperature.

n-Dependence of the Gibbs Free Energy

Recall that we can express G(N, P, T) equivalently as G(n, P, T'), where n is the number of moles. According to Euler’s theorem,

G(n,P,T) = n%a — nu(P,T) (1.12.7)
Therefore,
oG
= u(P,T) (1.12.8)

Now consider the liquid phase of a substance in equilibrium with its vapor. Let there be n; moles of liquid, and n, moles of gas. If n
is the total number of moles of the substance in the system, then n; + ny = n. Suppose now that dn; moles of liquid are transferred
to the gas phase. Since dn = 0, it follows that

dn; +dny 0

dny = —dn, (1.12.9)

The Gibbs free energy G depends on both n; and ng, i.e., G = G(n,n,, P, T). In addition, the total Gibbs free energy G(ny, ny, P, T)
is a sum of Gibbs free energies for the liquid and gas phases:

G(ni,ng, P,T) = Gi(ny, P,T) + G4(ng, P, T) (1.12.10)

The change dG in the Gibbs free energy in this transfer is, therefore,

oG oG
dG = (—) dry + (—) d 11211
o) pr ™\ n, PT "o ( )
aG,) (acg)

- dny+ (225 4 1.12.12
(%lmnl ) 0 (112.12)

= w(P,T)dn; + pg(P, T)dn, (1.12.13)

= (P, T) — py(P, T)) dny (1.12.14)

In equilibrium, dG = 0, so from the above, it follows that

(P, T) — (P, D] dry = 0

m(P,T) = pg(P,T) (1.12.15)

Hence, in equilibrium, the chemical potentials in the liquid and gas phases are equal. Recall, however, that the chemical potential is
the work needed to increase the number of moles of a substance by 1 moles. Therefore, in equilibrium the work needed to increase
the number of moles of the gas and liquid phases is the same.
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Away from equilibrium, the sign of dG tells us the direction of the matter transfer. Thus, if d@ < 0, then matter transfer is
spontaneous. Here, we need to consider two cases. First, suppose pg > p;. Then, for dG to be negative, dn; > 0, which means that
the liquid will increase by dn; until dG = 0. This is what we would expect given that the work needed to add matter to the liquid
phase is less than that of the gas phase. On the other hand, suppose pg < p;. Then, we need dn; < 0, and the liquid phase will
decrease by dn; moles until dG = 0. Again, less work is needed to add matter to the gas phase in this case, hence, the direction of

matter transfer is as expected.

Enthalpies and Phase Changes
Recall that the Gibbs free energy has two contributions since G = H — T'S. The behavior of the enthalpy H is also interesting when

phase changes occur because of the discontinuous change in the isobaric heat capacity Cp(T') across a phase boundary.

The constant-pressure heat capacity Cp is given by

Cp= (%H)P (1.12.16)

For an ideal gas, Cp is independent of temperature, however, for non-ideal systems, Cp does depend on T':

B—H) (1.12.17)

T) =
If we wish to consider the reaction enthalpy at a temperature other than that of the standard state, where enthalpies are tabulated,
we can use Equation 1.12.17 to obtain the enthalpy at the desired temperature. Integrating both sides of Equation 1.12.17 from a

temperature T3 to T2, we obtain

T B 0H
| Cpm) T = /Tl (W)PdT (1.12.18)
/ " Op(T) dT = H(Ty) — H(TY) (1.12.19)
T

The use of Equation 1.12.19, of course, assumes that the H(T) is everywhere smooth and differentiable, so that it can be integrated.
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Figure 13.8: Plot of molar enthalpy A(T) — H(0) for benzene. Discontinuities in the plot occur at points of phase transitions from

solid to liquid Ty and from liquid to gas Tyap.
However, if we plot the molar enthalpy difference A(T) — H(0) for a real substance such as benzene, we find a curve like that
shown in figure above. There are two temperatures at which H(T') exhibits a discontinuity. These two temperatures are the melting
temperature Ty Of the solid and the vaporization temperature Ty,p, of the liquid. According to our discussion of phase changes, the
heat needed to effect these two phase changes are Ag,H and A, H, respectively. At these temperatures, Cp = 8H /0T diverges, and
we cannot smoothly integrate through these divergences. In fact, divergence of the heat capacity is one of the signatures of a phase
transition. As long as T < Tmeis, we can smoothly integrate Cp(T) to obtain a value for H(T):

T
H(T) — H(0) = /0 Cp(T") dT’ (1.12.20)

However, if we are interested in a temperature T' > Ty, then we must treat the discontinuity as a special point. Fortunately, we
already know the enthalpy change at this point, i.e., AgsH, and we can simply add it in. Thus, for T > Tyes, We would calculate
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H(T) as follows:

Telt T
H(T)— H(0) = / Cp(T") dT" + AssH + Cp(T’) dT’ (1.12.21)
0

Tnels

The same holds for T' > Ty.p. When we reach the discontinuity at Tvap, we simply add in the enthalpy of vaporization Ay, H:

H(T) — H(0) (1.12.22)

Telt T T
- / Co(T)dT" + AwsH + [ Cp(T') dT" + AvapH + / Cp(T") dT”
0 Tvap

Tmett

v/ Example 13.1

Consider the reaction
CO(g) + H20(g) — Ha(g) + COs(g)/n
For this reaction, the heat capacity has the following temperature dependence
Cp(T) = a+bT +cT?/n

where a, b, and ¢ are constants. Calculate the reaction enthalpy at 800 K for this reaction given the following data: For CO: a
=26.86, b = 6.99 x 1072, ¢ =8.20 x 1077, for H,0: o =30.98, b =9.62 x 1073, ¢ =11.84 x 107, for CO,: a = 25.98, b = 43.51
x 1073, ¢ = —184.32 x 1077, for Hy: a = 26.08, b = —0.84 x 1073, ¢ = 20.13 x 10~7. The units of @, b, and ¢ are J - mol™ - K%, J
-mol™ -K~2, and J - mol™ - K3, respectively. Standard-state formation enthalpies for CO, H,0, CO,, and H, are —110.52
kJ/mol, —241.82 kJ/mol, —393.51 kJ/mol, and 0 kJ/mol, respectively.

Solution

Since this is already a gas-phase reaction, we do not need to worry about melting or vaporization, so we can smoothly integrate
Cp(T) from the standard state, where 7'= 298 K to the desired 800 K. Let us first obtain the formation enthalpies at 800 K. Since
our reference state is 298 K, the integral we need is

Ty
AHEO — A Fo 4 Cp(T)dT (1.12.23)
To

where T = 298 K and Ty = 800 K. The integral is

Ty
Cp(T) dT = a(T; — To) + %b(Tf2 -T2 + %c(T,3 —-TP) (1.12.24)
To

Plugging in the data, we obtain

AHEO(CO) = —94.981k]/mol
(800) = —

AH®)(CO,) 370.883 kJ /mol (1.12.25)

AHEO (H,0) = —223.731 kJ/mol
AsHCO(H)) = 14.668 kJ/mol

Therefore, the overall reaction enthalpy is
AHB®O) = AH O (F,) + A:HBO)(CO,) — AcH B (H,0) — A:H C0)(CO) (1.12.26)
14.668 — 370.883 + 94.981 + 223.731 = —37.503 kJ /mol o
This page titled 1.12: Introduction to the Thermodynamics of Phase Transitions is shared under a CC BY-NC-SA 4.0 license and was authored,

remixed, and/or curated by Mark E. Tuckerman.
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1.13: The Clapeyron equation, Gibbs phase rule, and Classical Nucleation Theory

The Clapeyron Equation

The Clapeyron attempts to answer the question of what the shape of a two-phase coexistence line is. In the P — T plane, we see the
a function P(T), which gives us the dependence of P on T along a coexistence curve.

Consider two phases, denoted « and B, in equilibrium with each other. These could be solid and liquid, liquid and gas, solid and
gas, two solid phases, et. Let po(P,T) and pg(P, T) be the chemical potentials of the two phases. We have just seen that

4a(P,T) = us(P, T) (L13.1)

Next, suppose that the pressure and temperature are changed by dP and dT. The changes in the chemical potentials of each phase

are
dua(P,T) = dus(P,T) (1.13.2)
Oa %) = (2 s
(aP )TdP+ ( o7 ) 0T = ( 5P TdP+ o PdT (1.13.3)
However, since G(n,P,T) =np(P,T), the molar free energy G(P,T), which is G(n,P,T)/n, is also just equal to the chemical
potential

G(P,T) = M = u(P,T) (1.13.4)

Moreover, the derivatives of @ are

oG - oG &
(2) -0 () - .
T P

Applying these results to the chemical potential condition in Equation 1.13.3, we obtain

\[\begin{align} \left( \dfrac{\partial \bar{G}_\alpha}{\partial P} \right)_T dP + \left( \dfrac{\partial \bar{G}_\alpha}{\partial T}
\right)_P dT &= \left( \dfrac{\partial \bar{G}_\beta}{\partial P} \right)_T dP + \left( \dfrac{\partial \bar{G}_\beta}{\partial T}
\right)_P dT\

Misplaced &

Dividing through by 4T, we obtain

\[\begin{align} \bar{V}_\alpha \dfrac{\partial P}{\partial T} - \bar{S}_\alpha &= \bar{V}_\beta \dfrac{\partial P}{\partial T} -
\bar{S} \beta \

\[5pt] (\bar{V}_\alpha - \bar{V}_\beta) \dfrac{\partial P}{\partial T} &= \bar{S}_\alpha - \bar{S}_\beta \
Misplaced &

The importance of the quantity dP/dT is that is represents the slope of the coexistence curve on the phase diagram between the two
phases. Now, in equilibrium dG = 0, and since G = H — T'S, it follows that dH = T dS at fixed T In the narrow temperature range
in which the two phases are in equilibrium, we can assume that H is independent of T, hence, we can write S = H/T.
Consequently, we can write the molar entropy difference as

§y—8p=—"2_"F (1.13.6)

and the pressure derivative dP/dT becomes

AT T(V,—V3) TAgV

(1.13.7)
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a result known as the Clapeyron equation, which tells us that the slope of the coexistence curve is related to the ratio of the molar
enthalpy between the phases to the change in the molar volume between the phases. If the phase equilibrium is between the solid
and liquid phases, then A,gH and AygV are AHg, and AVgy,, respectively. If the phase equilibrium is between the liquid and gas
phases, then A,gH and A,gV are AHy,, and AV, respectively.

For the liquid-gas equilibrium, some interesting approximations can be made in the use of the Clapeyron equation. For this
equilibrium, Equation 1.13.7 becomes

dP _ AH vap

ar _ v 1.13.8
T T(V,—W) (113
In this case, V, > Vi, and we can approximate Equation 1.13.8 as
dP A-E-v!a,p
— — 1.13.9
T~ v (1.13.9)

Suppose that we can treat the vapor phase as an ideal gas. Certainly, this is not a good approximation so close to the vaporization
point, but it leads to an example we can integrate. Since PV, = nRT, PV, = RT, Equation 1.13.9 becomes

\[\begin{align} \dfrac{dP}{dT} &= \dfrac{\Delta \bar{H}_\text{vap} P}{RTA2} \

\[5pt] \dfrac{1}{P} \dfrac{dP}{dT} &= \dfrac{\Delta \bar{H}_\text{vap}}{RTA2} \
Misplaced &

which is called the Clausius-Clapeyron equation. We now integrate both sides, which yields

AHyp

InP=—
. RT

e, (1.13.10)

where C is a constant of integration. Exponentiating both sides, we find
P(T) = C'e A Hw/RT (1.13.11)

which actually has the wrong curvature for large T, but since the liquid-vapor coexistence line terminates in a critical point, as long
as T is not too large, the approximation leading to the above expression is not that bad.

If we, instead, integrate both sides, the left from P, to P,, and the right from 71 to T3, we find
\[\begin{align} \int_{P_1}MP_2} d \: \text{In} \: P &=\int_{T_1}{T_2} \dfrac{\Delta \bar{H}_\text{vap} }{RTA2} dT\

\[5pt] \text{In} \: \left( \dfrac{P_2}{P_1} \right) &= -\dfrac{\Delta \bar{H}_\text{vap}}{R} \left( \dfrac{1}{T_2} - \dfrac{1}
{T_1} \right) \

Misplaced &

assuming that AH.,, is independent of T. Here P, is the pressure of the liquid phase, and P, is the pressure of the vapor phase.
Suppose we know P; at a temperature Ty, and we want to know Py at another temperature T3. The above result can be written as

P, AH,p (1 1
Subtracting the two results, we obtain
P\ AHyp (1 1
n (Ps) -~ R (T2 B Ts) (11313)

so that we can determine the vapor pressure at any temperature if it is known as one temperature.

In order to illustrate the use of this result, consider the following example:
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At 1 bar, the boiling point of water is 373 K. At what pressure does water boil at 473 K? Take the heat of vaporization of water
to be 40.65 kJ/mol.

Solution

Let P, = 1bar and T} = 373 K. Take T, = 473 K, and we need to calculate P,. Substituting in the numbers, we find
\[\begin{align} \text{In} \: P_2(\text{bar}) &= -\dfrac{(40.65 \: \text{kJ/mol})(1000 \: \text{J/kJ})}{8.3145 \: \text{J/mol}
\cdot \text{K} } \left(\dfrac{1}{473 \: \text{K} } - \dfrac{1}{373 \: \text{K}} \right) = 2.77 \

Misplaced &

Gibbs Phase Rule

In any one-component system with three phases, there is only one point at which all three phases coexist in equilibrium. This is
known as the triple point. Although the Gibbs free energy G is a function of n, P, and T, G = G(n, P, T), if we allow ourselves to
treat P and T as experimental control parameters, as is done when we construct a phase diagram, then n is determined by the
equation of state. P and T are both intensive properties.

Now suppose we have a multicomponent system. When we have more than one component, we have additional intensive properties
that could potentially be additional degrees of freedom that determine the dimensionality of the phase diagram. If the phase
diagram has a dimensionality higher than that of a plane (two dimensions), then triple points could become lines, planes, curved
surfaces, or hypersurfaces. Thus, it is important to have a way of determining how many actual experimental control variables we
have in a multicomponent system. This number is determined by the number of thermodynamic conditions that exist among the
intensive properties. We will now derive a relation that accounts for these conditions and yields the total number of degrees of
freedom or experimental control parameters — this relation is known as the Gibbs phase rule.

Suppose a system has k£ components and can exist in p phases. An example would be a three-component system consisting of H,0,
CH30H, and CH3CH,0OH. The Gibbs free energy G is now a function of ni,...,ns, P, and T: G = G(n, ..., nk, P,T). The total
number of moles n is still determined by the equation of state if we allow P and T to be experimental control parameters. However,
we now have a condition

n1+n2+...+nk =n (11314)

We can now introduce additional intensive parameters by dividing both sides by =, which yields

n1 na Nk

+ 2 e+ L==1 (1.13.15)
n n n
We defined
x0 ="t (1.13.16)
n

called the mole fraction of component 4. Clearly, we must have
X0 4 x® 4 x® =1 (1.13.17)
Moreover, X @ is an intensive property.

Suppose, for starters, that & = 1, but we have p phases. If o and 8 denote a pair of phases, then at a p-phase coexistence point, we
have a set of conditions from the chemical potential equalization that take the form

Ha(P,T) = ug(P,T) (1.13.18)
For example, if we had three phases, solid, liquid, and gas, the conditions would be
iig(P,T) = pgas(P, T),  p1ia(P, T) = pisotid(P, T),  prsctid (P, T) = prgas(P, T) (1.13.19)

However, by the transitive property, the third condition follows from the first two, so it’s not an independent condition. In fact, we
have only two independent conditions. In general, if we have p phases, we have p— 1 such conditions.
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Now if we have k components, then we have p — 1 such conditions for each phase, giving a total of k(p — 1) total conditions from
chemical potential equalization. The fact that the mole fractions in each phase must sum to 1 gives us additional condition. Let x®
be the mole fraction of component ¢ in phase a. For each phase, we have a condition

xP 41 xP 4 x® 1 (1.13.20)

This gives us p additional conditions. Hence, the total number of conditions we have is k(p — 1) + p. Although the equation of state
constitutes, in principle, another condition, we have already taken it into account by positing that the total number of moles n is
determined if we know P and T'.

Now the total number of mole fractions is k& for each phase for a total of kp mole fractions. In addition, if we add P and T as
additional parameters, then the total number of intensive thermodynamic parameters we can tune is kp + 2. If we subtract from this
the number of conditions (also the number of constraints), we obtain the number of degrees of freedom d as

\[\begin{array}{rcl} d & =& kp+2-k(p-1)-p\
\[5pt] & =& kp+2-kp+k-p\
Misplaced &
The condition
d=k—p+2 (1.13.21)

is known as the Gibbs phase rule.
As an example, suppose we have k£ =3 components and p = 3 phases. Then the number of degrees of freedom is

d=3-34+2=2 (1.13.22)

which we could take to be P and T. However, we could also take these to be P and one of the mole fractions or T and one of the
mole fractions.

As another example, consider water, which has three phases, ice, water, steam. Here, we have k =1 and p = 3. Thus,
d=1-3+2=0 (1.13.23)

which means that when all three phases are in coexistence, the number of degrees of freedom is 0. Hence, there can be only one
point, i.e. one value of P and one value of T, at which this coexistence occurs, which we call the triple point. However, this
explains why the triple point is a point and not a structure of higher dimension.

Classical Nucleation Theory

Having looked at phase diagrams in some detail, we now turn our attention to the process by which phase transitions occur. In
particular, we will consider a phenomenological theory known as classical nucleation theory. Let us consider it in the special case
of the solid-liquid transition, i.e., the melting transition. In this case, if we are in the solid phase and far from the melting point, then
we have the condition ps < p;, which tells us that the solid phase is more stable (remember that chemical potentials are also molar
free energies, and the solid phase should have a lower free energy far from the melting point).

As we approach the melting point, the liquid phase becomes the more stable of the two phases, and we have p, > p; or p; — s < 0.
The solid phase now becomes a metastable phase. This means that, even though the liquid phase is the more stable of the two
phases, there is a significant free energy barrier that must be crossed in order for the system to undergo a transition from solid to
liquid. How do we characterize this barrier? In order to do this, we introduce a microscopic coordinate in the system that is capable
of following the progress of the melting process. Such a coordinate is called a reaction coordinate. In general, a reaction coordinate
is some function of the atomic positions that is capable of following a particular process, such as chemical reaction, a diffusion
process, or a phase transition.

Classical nucleation theory (CNT) posits that as a solid is heated close to its melting point, a liquid nucleus can form in the solid,
and as this nucleus grows, eventually, the system will melt completely, transforming from solid to liquid. If we assume that this

https://chem.libretexts.org/@go/page/45509


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/45509?pdf

LibreTexts"

nucleus is a sphere of radius r, then  can be viewed as the reaction coordinate. As r increases, the size of the liquid nucleus
increases, and ultimately, the system melts. This process is illustrated in Figure 14.1 below.

L

Figure 14.1: Illustration of a liquid nucleus.

The free energy to form a nucleus of radius r will be a function of , which we denote as AG(r). Such a coordinate-dependent free
energy is called a free energy profile. The free energy needed to form such a nucleus has two contributions. First, work is needed to
form the surface of the nucleus, which is an interface between the solid and the liquid. As these two things do not naturally fit
together, it is not energetically favorable to form the surface of the nucleus. Let y, denote the surface tension of the nucleus, which
has units of energy per unit area. The area of the nucleus is 472, so this contribution to the free energy is 47r2+,. On the other hand,
since p; < ps, forming a liquid nucleus of volume 4ar3/3 is favorable. If Ap represents the chemical potential difference per unit
volume, then given that Ay < 0, this contribution to the free energy (4nr3/3)Ap is negative. Hence, we have a balance between the
volume and surface area terms, and the total free energy in the CNT is

AG(r) = %m‘sAu + dar2ey, (1.13.24)

If we plot this free energy as a function of r, we obtain a curve of the form show in Figure 14.2. We see from the free energy profile
that there is a significant barrier at a particular radius rya. The height of the barrier is AG(rmax). To find what this radius is, we
need to maximize AG. We take the derivative of AG(r) with respect to r and set it equal to 0

\[\begin{align} \dfrac{d \Delta G}{dr} = 4 \pi r"2 \Delta \mu + 8 \pi r \gamma_s &= 0\
\[5pt] r \Delta \mu + 2 \gamma_s &= 0\

Misplaced &

AGr, )

T,

max

Figure 14.2: Plot of AG(r).
If we evaluate the free energy at this radius, we find the barrier height to be

\[\begin{align} \Delta G(r_\text{max}) &= \dfrac{4}{3} \pi \left( - \dfrac{2 \gamma_s}{\Delta \mu} \right)A3 + 4 \pi \left( -
\dfrac{2 \gamma_s}{\Delta \mu} \right)A2 \gamma_s \

\[5pt] &= -\dfrac{4}{3} \pi \left( \dfrac{8 \gamma_s/3}{(\Delta \mu)"3} \right) \Delta \mu + 4 \pi \left( \dfrac{4 \gamma_s"2}
{(\Delta \mu)/2} \right) \gamma_s \

Misplaced &
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For water, for example, the height of the barrier, computed from this formula, would be around 100kgT, which corresponds to a
barrier of around 50 kcal/mol. Thus, we see that, although the liquid phase is more stable, a very high energy barrier needs to be
surmounted, which is a rare event.

This page titled 1.13: The Clapeyron equation, Gibbs phase rule, and Classical Nucleation Theory is shared under a CC BY-NC-SA 4.0 license
and was authored, remixed, and/or curated by Mark E. Tuckerman.
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1.14: Introduction to Solutions

Defining Solutions
When two or more substances are combined to form a homogeneous mixture, the result is a multi-component solution. Solutions

can be mixtures of multiple liquids, solids and liquids, or solids and solids. If there is a major component, it is called the solvent,
and the minor components are called the solutes. If all components are present in equal amounts, no such distinction is possible.

Characterizing the Microscopic Structure of Solutions Using Statistical Mechanics

When a solid is dissolved in a solvent, it might dissociate or remain intact. If the former, it becomes solvated. This means that
solvent molecules will form a solvent shell or solvation shell around the solute species. The number of such nearest neighbor
solvent molecules is called the coordination number. Some examples, shown as snapshots from computer simulations of solvation,

illustrate the concept of coordination shells and their structures.

Simulations of the aqueous solvation of the Be** ion show a solvation shell that fluctuates between 6 and 4 water molecules, as the

two snapshots below illustrate:

Figure 15.1: Snapshots from a simulation of the Be?* ion in water.
The average is strongly weighted toward a coordination number of four, which is the favored state for this ion.

Several other examples arise in the chemistry of acids and bases. First, consider the case of a strong acid such as HC!, which
dissociates into H* and CI~. What does the solvation of the excess proton look like? First, it is well known that excess protons in
water attach to water molecules to form the hydronium ion HsO*, which is a highly mobile ion in water (its diffusion constant is
roughly 5 times that of the self-diffusion of water molecules). The hydronium ion forms a solvation shell in which it donates three

hydrogen bonds to neighboring water molecules as shown in the snapshot below:

Figure 15.2: Snapshot from a simulation of the hydronium ion in water.

The hydronium ion is transported via conversion between this solvated complex and on in which the excess proton is shared
between two water molecules. This process is initiated when a first solvation shell water loses one of its acceptor hydrogen bonds.

This is illustrated in the snapshots shown below:
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Figure 15.3: Snapshots from a simulation of the transport of H30% ion in water. The left panel shows shows the hydronium in its

normal solvation state. The right panel shows the hydronium diffusing via a structural diffusion process in which one of its protons

is transferred to a neighboring water molecule.
Thus, it is clear that hydronium does not diffuse as an intact object but rather as a topological defect in the hydrogen bond network
of the water solvent. The structural defect moves from oxygen to oxygen in the network mediated by a series of proton transfer
reactions. This type of diffusion is known as structural diffusion.

Another example of structural diffusion occurs in basic solutions and describes how the hydroxide ion is transported. Hydroxide is
present in aqueous solution when a strong base such as KOH or NaOH is dissolved in water. The snapshot below shows the most
probable coordination structure of a hydroxide ion in water:

Figure 15.4: Snapshot from a simulation of the hydroxide ion in water.

In this snapshot, we see the hydroxide ion accepting four hydrogen bonds at the oxygen site from neighboring water molecules. At
first, this solvation pattern might seem strange if we think of the Lewis structure of the hydroxide ion. The Lewis structure shows
three lone pairs of electrons around the hydroxide oxygen. If we regard each lone pair as a hydrogen bond acceptor site, then we
might expect hydroxide to accept at most three hydrogen bonds. What allows it to accept four. Here, we can use our understanding
of quantum mechanics to help out. The figure below shows a measure of regions of highest probability to find the lone-pair
electrons:

Figure 15.5: Isosurface of high probability regions for finding lone-pair electrons in the hydroxide ion.
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From this figure, we see that the lone pairs are completely delocalized into a ring centered on the OH~ bond axis. Given this
delocalization of the lone pairs, the number of hydrogen bonds that can be donated to the hydroxide ion depends only on the
number of waters that can be packed around the ring. This explains the coordination pattern that is observed in Figure 15.4. The
structural diffusion process of the hydroxide ion starts with a change in the number of coordinating water molecules around the
oxygen from 4 to 3 as shown in the snapshots below:

Figure 15.6: Snapshots showing the first step of the structural diffusion process of the hydroxide ion. The process begins with a
change in the coordination number of the oxygen from 4 to 3.

The unusual coordination pattern see for the hydroxide ion is not unique to this ion or to aqueous solutions. Consider the analogous
isosurface of Figure 15.5 for the amide ion NH, . This is shown below:

Figure 15.7: Isosurface of high probability regions for finding lone-pair electrons in the amide ion.

If we take NH, in an ammonia solvent, we get solvation patterns such as that shown in the figure below:
— =
\ I~ «’}(} A
™~ )} bl

--",,r_k,_ )
Pler-i

lt—\( ) \Ji

Figure 15.8: Typical solvation pattern of the amide ion in ammonia solvent.

As with the hydroxide ion, we see that the number of coordinating ammonia molecules is determined only by the number that can
be packed around the semi-ring seen in Figure 15.7.

Mixtures of liquids are typically characterized on a large length scale, as the snapshots below illustrate:
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Figure 15.9: Snapshots from a computer simulation of a methanol/water mixture.

These are snapshots from a 50 : 50 mixture of methanol and water. The figure shows just the positions of the oxygen atoms in each
mixture, red spheres are water oxygens, gold spheres are methanol oxygens. The repulsive nature of the interactions between
methanol and water cause the water to form small clusters with the methanols percolating between them.

Characterizing the microscopic nature of solutions amounts to finding the average distances between different components in the
solution. When we have solvated ions, for example, we would like to know the average distance between the ion and the
coordinating solvent molecules. For liquid-liquid mixtures, we would like to know average distances between molecules either of
like type or different types in the solution. Both of these can be addressed using the techniques of neutron or X-ray scattering. How
does this allow us to determine average distances? In order to answer this, let us consider a simpler question, that of determining
the distance between planes of a simple crystal. The scattering technique used to do this is called Bragg scattering, as illustrated in
Figure 15.10 below. The wave vectors are related to the wavelength X of the incident and scattered waves by

| = k| = 22 (1.14.1)
A

In Bragg scattering, we look for constructive interference between waves scattered from the top plane and the plane just beneath it.
This can only occur if the path difference, which is 2dsin+ is an integer number of wavelengths, which leads to the Bragg condition

2dsiny = nA (1.14.2)

Figure 15.10: Illustration of Bragg scattering from neighboring planes in a crystal.

This allows us to determine the distance d between neighboring crystal planes. Note that the angle 8 is related to 4 by

0= % — (1.14.3)
Thus,
e (T o\
sine = sin ( 3 0) cosd (1.14.4)
Thus, the Bragg condition becomes
2dcosf = nA (1.14.5)

Now, if we assign position vectors r; and ry as shown in the figure, then we have the following relations between the vector r; —r,
and the vectors k; and k,:

—k;-(r1—r3) = |ki||r1 —r2|cosé
ki (r1—r3) = |kg||r1 —ra|cosd

(1.14.6)
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If we add these two conditions together, we obtain

(ks — k,) . (1‘1 — 1‘2) = (lk,l + |k_g|) |I‘1 — I‘2| cos @ (1147)
2r 27

= (T + T) dcos@ (1.14.8)

= 4Tﬂ-dcostﬁ’ (1.14.9)

Define the difference (k; — k;) as the vector q, known as the momentum transfer. For constructive interference, we still have the
Bragg condition 2d cos @ = nA. Thus, we can write the Bragg condition as

q-(ri—rp) =2mn (1.14.10)
which is equivalent to the condition
efam) — 1 (1.14.11)

The reason for taking the exponential like this is that neutron and X-ray scattering measurements really measure this quantity, since
the spatial dependence of a wave form is generally exp(ik - r).

Now in a solution, the atoms are constantly in motion due the finite temperature. In addition, all possible pairs are detected in the
measurement. This means that we need to sum the exponentials over all particle pairs and take an ensemble average. Alternatively,
we can look at the scattering off each individual atom at position r;, sum over all atoms, and then square to get a real scattering
intensity. This gives us a function S(q) known as the scattering function, which is then given by

1 /| L
S(q)=ﬁ<Ze’q"" > (1.14.12)

For isotropic systems, S(q) should only depend on the magnitude |q| of q, since there are no preferred directions in space. In this

case, it is straightforward to show that S(g) is related to the radial distribution function by

S(q) = 4mp / dr r?(g(r) — 1)312—;” (1.14.13)
0

where the radial distribution function is given by

V-1

—BUELTN) dp. ... 1.14.14
41rp1‘2 Z( N,V, T) rrtaler [ 1 rN ( )

g(r) =

where p = N/V, and Z(N,V,T) is the configurational partition function. An equivalent way to write g(r) is

N-—-1
g(r) = (41rpr2) P(r) (1.14.15)
where P(r) is the spatial probability distribution
2
P(r) = Z(‘;’I””VVT) / dry - drye— 0Ty (1.14.16)

If a system contains several chemical species, then radial distribution functions g.s(r) among the different species can be
introduced. Here, o and 8 range over the different species, with gag(r) = gg(r). Equation 15.9 then generalizes to

Sasla) = 4mp /0 dr 4 (gaa(r) - ) 22T (L14.17)
Sqp(g) are called the partial structure factors, and p is the full atomic number density.

Thermodynamics of Solutions

A useful quantity to characterize the solution composition is the so-called mole fraction defined as follows: Suppose a solution
contains V components. Let there be n; moles of component 1, n, moles of component 2, ..., n» moles of component . The mole
fraction of component j is
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5

D k=1 Tk
We see, immediately, that X;z; = 1. For example, in a two-component solution, there are two mole fractions given by
ny ng
o = . @ = 1.14.19
YT it 2T g ( )

Concepts such as molarity and molality are generally used to describe the composition of solid-liquid solutions involving dissolved
species. Hence, we will hold off on discussing these quantities until we get to this topic.

Next, let us consider the free energy for a two-component solution. There are n; moles of component 1 and ny moles of component
2. Hence, the Gibbs free energy G is a function G(n,n2, P, T) of the number of moles of each component as well as pressure and
temperature. From Euler’s Theorem,

oG oG
G(nl,ng,P, T) =n] (%)PT + ngy (%)PT = nlul(P, T) +n2,u2(P, T) (1.14.20)

»

Hence, a change dG in G due to changes in the number of moles of each component as well as pressure and temperature (which
changes the chemical potentials) is

dG = M1 dn; + W2 dns +ny du1 + no dﬂz (1.14.21)
At equilibrium, dG = 0. If the number of moles of each component remain fixed, then dn; = dny = 0. Then we are left with
ny duy +ng duz =0 (1.14.22)

This can be expressed as a condition in terms of mole fractions by dividing through by n; + n, to yield

ni

dpr + dpz =0 (1.14.23)

ng
ni + ny ny +ng
1 dps +x2dpz =0 (1.14.24)

which is known as the Gibbs-Duhem equation. The Gibbs-Duhem has many uses, as we will see in our discussion of solutions. As

an example, suppose we are told that the chemical potential of one of the solution components, say u, depends on its mole fraction
x9 as follows:

p2 = py + RT Inxy (1.14.25)

where u3 is the chemical potential of pure sample of component 2. Then, using the Gibbs-Duhem relation, we can derive the
corresponding dependence of y; on the solution composition. From the Gibbs-Duhem equation,

dz
g1 =—2dpy = —RT2dInzy = —RT =2 (1.14.26)
T ry ry
However, a change dx in the number of moles of substance 2 must be equal and opposite to the change in dz; in component 1, i.e.,

dxg = —dx1. Therefore,

duy = RT %L (1.14.27)
Z1
Integrating this, we find
pr=RTlnz +C (1.14.28)

where the integration constant C' can be determined from the condition z; = 1, corresponding to a pure sample of component 1.
When z; =1, p; = put = C. Hence,

p1=p] +RTInz; (1.14.29)

Solution-Vapor Equilibria

Suppose a two-component solution is in equilibrium with its vapor. Let n§s°]”) and nyap), j =1,2 denote the number of moles of

each component in solution and in vapor, respectively. For concreteness, let component 1 be the major or solvent component. The
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Gibbs free energy is a function of the number of moles of each component in solution and in vapor and, of course, P and T":

G=G (ngsm) , ngm"), ngvap), névap) ,P,T) (1.14.30)
Moreover,
G(ngmln), néso}n) , nng) , ngvap), P,T) (1.14.31)

= G (), 1, P, 1) + G (n{™, (™, P,T)

If P and T are held fixed, then

2 (soln) (vap
G- oG dntom . [ 9G dn (™ (1.14.32)
4 an(so].n) J an(VaP) g
7=1 j PT J PT

However, dng.“p) = —dng.”l"). Thus, in much the same way that we analyzed phase equilibria, we have

2 2
_ (soln) (soln) va ) (va ) (va ) soln) (vap)
G = §j=1: (6 dn$™ + uPan{P] = ]§=1: [( ) dnf™] (1.14.33)

In equilibrium, dG =0, hence, ug.“") = ,ug.s"]"). Let the vapor phase be treated as an ideal gas with two components. From Dalton’s
law of partial pressures, the total pressure P in the vapor phase is the sum of partial pressures of each of the individual components
coming from the solution P =%;P;. For simplicity, suppose we have a two-component solution, which gives rise to two
components in the vapor phase. Then P = P, + P,. From the ideal gas laws for each component

n{"™P RT n{*® RT

Pp=—— Py=——=—— 1.14.34
1 v ) 2 1% ( )

where V is the volume of the vapor phase, and T is the temperature. These can be written as

n{"®) (ve0) RT n™®) (a0 RT

P, = (1.14.35)

P=Ton vV = (vap) v

where n{("*P)RT/V = P is the total pressure. Thus,
P =2"Pp,  p=g{"Pp (1.14.36)
Here, mﬁ“p) and a:g’ap) are the vapor-phase mole fractions.

The definition of an ideal solution is one in which
R (1.14.37)

meaning that the mole fractions in solution and vapor phases are the same, and we can simply denote the mole fraction of
component 1 as z1. Thus, the partial pressure of component 1 becomes

P1 = .’L‘1P (1.14.38)

When ¢, = 1, we have a pure system consisting of component 1, and P, = P = Py, which denotes the vapor pressure of the pure
component 1. Thus, the partial pressure P, for the solution becomes

which is known as Raoult’s Law, and it defines an ideal solution.

When z; = 1, clearly, Pi = P} (shown as Py in the figure below). The plot below shows how P; depends on z;, which, of course, is
a linear plot with slope Py and zero intercept. Any solution that obeys Raoult’s law is called an ideal solution.

Figure 15.11 also shows how deviations from ideal solution behavior appears. Negative deviations, P; < z1 Py, occur when there
are strong attractive forces between the components. An example of a solution that would show negative deviations from Raoult’s
law would be a mixture of trichloromethane (CHCI3) and ethoxyethane (CoHsOC2Hs).
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Figure 15.11: Tllustration of Raoult’s law and deviations from it.
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Figure 15.12: Left: Trichloromethane (chloroform). Right: Ethoxyethane.

Trichloromethane has a polar hydrogen but no H-bond acceptor sites (the chlorines are not sufficiently electronegative). Hence, a
pure liquid of trichloromethane cannot form hydrogen bonds. However, ethoxyethane has an oxygen with lone pairs. However,
when it is mixed with trichloromethane, hydrogen bonds can form. these are strong attractive interactions that cause negative
deviations from Raoult’s law.

Positive deviations from Raoult’s law (P; > z;P;) arise when there are strong repulsive forces between the components. Alcohol-
water mixtures (e.g. ethanol-water or methanol-water) are examples of solutions that show positive deviations from Raoult’s law. In
order to see why a methanol-water solution exhibits a positive deviation, consider the computer simulation snapshots of such a
solution with z; = z, = 0.5, shown in the figure below. A solution of this type fill show positive deviations from Raoult’s law.

Most solutions show deviations from ideal solution behavior. However, Raoult’s law nevertheless still provides a number of
important insights. In the first place, as 1 — 1, Py — Py because this corresponds to the case of just one component. Near z; =1,
all solutions behave ideally, just as all gases tend to ideal gas behavior as the density approaches zero. This is exactly what Figure
15.11 shows. For z; < 1, P, = 21 P}, and Raoult’s law holds.

Away from z; < 1, deviations are expected, and P; does not vary linearly with =;. However, looking at Figure 15.11, we see that as
x1 — 0, Py varies linearly with 1, however, the slope is not P} any more. We express this linear relation as

Py =kny1z1 (1.14.40)

which is called Henry’s Law. The constant kg is called the Henry’s law constant, and it clearly has units of pressure. If kg: = Py,
then the solution is an ideal solution. The degree to which kg differs from P} is a measure of non-ideality of the solution.

Interestingly, the shape of the P, vs z; curve can be fit accurately to a function of the following form
Pi(z1) = Pa,ebl-a*+el—a1)? (1.14.41)

Positive deviations from Raoult’s law can be described by 5 > 0 and ¢ > 0, while negative deviations can be described by 4 < 0 and
¢ < 0. The figure below shows a plot of Equation 15.31 for several choices of b and c.
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Figure 15.13: Plot of Equation 15.31 for several choices of parameters showing positive and negative deviations.

v/ Example 1.14.1

Suppose we are told that Py torr, b= 1, and ¢ = 0.5. What is the Henry’s law constant for this model?

Solution

For z; very small, we can work to linear order in Equation 15.31. To linear order, we find
Pi(z1) ~ P}z1et0% = Praiel?d (1.14.42)
from which we can read off the Henry’s law constant as

kg1 = Pre® = (180 torr)e™® = 807 torr (1.14.43)

This page titled 1.14: Introduction to Solutions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
E. Tuckerman.
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1.15: Solution Equilibria and Colligative Properties

Statistical Mechanics of Solvation: Solvation Free Energies

We consider a solvent with coordinates rg"), ,rsf}z in to which a solute with coordinates rgb), ,rgsb). The total number of particles
in the system is N = N, + Ns. Let r® denote the full set of solvent coordinates, r® denote the full set of solute coordinates, and r
= (r®, r®)) denote the full set of coordinates in the system. The pure system of each system, before the solute is introduced into the
solvent, is described by a potential energy

U*(r) = U, (x®) 4 Uy (e ®) (1.15.1)

When the solute is introduced into the solvent, we change the thermodynamic state of the system, and we change the mechanical
state as well. Hence, the potential energy for the solution is of the form

U(r) = U*(r) + Ug (r®, r®) (1.15.2)
where U, is an interaction potential between solvent and solute, which we can take to be a pair potential
Na Ny

Uab(r(a);r(b)) = Z Uqap (
1

=1 j=

) —x0)) (1.15.3)

In order to affect the change of thermodynamic state so that we can compute the solvation free energy, we define an arbitrary path
via the introduction of a coupling parameter A that slowly, reversibly switches on the interaction between solvent and solute:

U(r; A) = (1 — \U*(r) + AU(r) (1.15.4)

Note that T (r;,0) = U*(r) is the potential of the pure substances, and Ij’(r, 1) = U(r) is the potential energy for the solution. Here A
€ [0,1] is a continuous parameter that we slowly switch from 0 to 1, thereby slowly solvating the solute in the solvent.

Let A()) denote the Helmholtz free energy for TU(r;, ) at a particular value of A. The solvation Helmholtz free energy is then given
by the relation

tdA
AwA= A1)~ A@®) = [ Fodr (1.15.5)
Note that
AQ) = —% In Z(\) (1.15.6)
Z(\) = / dr =AU (1.15.7)
dA 1 dZ
DB (1.158)
= ﬁ / dr g—(){e—ﬂﬁ(ﬂ” (1.15.9)
But
U . : ® ) ® )
=" (r) + U*(r) + Ugp(x®, ) = Uy (r®, r ) (1.15.10)
Therefore,
dA 1 T (p
ey / dr Uy (r®, 1880 (1.15.11)
Now, define the radial distribution function at a given value of X as
Gur3 ) = —2¥ dr e A0EN (1.15.12)

PaZ(N) [ —r®|=r
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Then

dA
5= Z()\)N Nb/druab(

r® _r® |) e—BUEN) (1.15.13)

a) 5 (b 8 b) N, .
—N,,/dr( Jdar®Puy, ”—r§ [Z(A) /dr ePU( '*)] (1.15.14)
=N, / dR. dr ug(|r|) [ 709 / dr’ —ﬂU(r*)] (1.15.15)
= 7 g—BU(®:A)
41rNbV/ dr % ugy(r) [Z(A) /dr ] (1.15.186)
\%4 e
= 47N, a/ drr? ug(r [#/ dre_ﬂU(”)‘)] 1.15.17
bPa | s(r) P2 J s ( )
=41rNbpa/ dr r2 ugy(r) Gap (3 N) (1.15.18)
0
We now integrate over X to obtain the solvation free energy
) 1
AsolvA=41rNbpa/ drr? u,,b(r)/ dX Gu(r3 N) (1.15.19)
0 0
Now define
1
gab(r) = / dA gg(r; A) (1.15.20)
0

which is the solvation radial distribution function and measures the work to bring together solute and solvent particles at a distance
r from each other. Then,

AgoivA = 41rNbp,,/ drr? Uab(T) gan(T) (1.15.21)
0

Now, we compute the solvation chemical potential as the solvation free energy per solute particle

OAg A o
Agovpt = 3871(\);5 = 47rp,,,/0 dr 12 ugy(r) gap(r) (1.15.22)

Finally, then, the molar solvation free energy is simply obtained by multiplying this by Avogadro’s number N4:

0Ag v A *©
Agolvpt = 3]\/11, = 41rpNA/0 dr 12 ugy(r) gas(r) (1.15.23)

Chemical Potentials in Solution-Vapor Equilibria

When treating the vapor as an ideal gas, it is relevant to ask what the Gibbs free energy of the vapor phase, and therefore, the
chemical potential are. Recall that the partition function of an ideal gas of just one component is

N
QN,V,T) = % (%) (1.15.24)

where A = 1/Bh2/2mm. The Gibbs free energy, however, comes from the isobaric partition function A(N, P,T), given by

o o]
A(N,P,T) = / dv e PPYQ(N,V,T) (1.15.25)
0
1 (o]
— —BPVy,N
1
1

~ BRI (1.15.28)

Therefore, the Gibbs free energy is
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G(N, P, T) =—%1nA(N,P,T)
=NK-kg-mol ' Tlnf+NK -kg-mol ' Tln P+ 3NK -kg-mol ™} T'ln X

Now suppose we have a process in which we change P; to P, in a gas at fixed N and 7. The change in Gibbs free energy is

AG =G(N,P,T)—G(N,P,,T) = NK-kg-mol ' Tln (%) =nRTIn (%)
1 1

Thus, the molar Gibbs free energy is

which is also the chemical potential of the gas.

In thermodynamics, we can only define changes relative to an arbitrary reference, so we actually need to define that reference. This
reference is known as the standard state. For gases, the standard state is a pressure of 1 atm at some specified temperature,
assuming ideal-gas behavior, i.e., that PV = nRT. The pressure of the standard state is denoted P°, and it is just a constant having
the value of 1 atm. If we now consider a change from the standard state to an arbitrary pressure P, the change in the Gibbs free
energy is then given by

~ ~ P
AG = AG(T) + RTIn (F)
and the chemical potential, which is the same thing, is

P
p=p°(T)+ RTIn (F)

Let us denote a general component in our system as j, i.e., j = A, B in a two-component solution. For each component in the vapor
phase,

. P
u§- *) = y2+ RTIn (P—f,) (1.15.29)
J

However, in equilibrium u;““’) = u§s°]”). Therefore, if we take Py = 1 atm, then
p$™ = ™ = 42 + RT'In P, (1.15.30)

An equivalent expression for a pure sample of component j in an equilibrium between its liquid and vapor would appear as

p;(liquid) = p}(vapor) = uj + RT In P} (1.15.31)
Subtracting the two expressions yields
P;
u;m].n) = pj(liquid) + RT In (PJ* ) (1.15.32)
f
Moreover,
(olo) _ () _ o L RTIn (z;P
K uj = Hj+ RTn (z;P) (1.15.33)
= pi+RTInz;+RTInP
Thus, for each of the two components,
p = (%) = e 4 RTIna; + RTIn P (1.15.34)
pE® = ) — o L RTIngy + RTIn P (1.15.35)
soln; soln, o o Z2
pem) _ o) — e S+ RTIn (w—l) (1.15.36)

This shows that the difference of chemical potentials of the two components in solution is related to the logarithms of the ration of
the mole fractions. Due to the equilibrium condition
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uglap) _ Mg"&P) =pS—pS+RTIn (:_j) (1.15.37)

which relates the chemical potential difference to the same mole fraction ratio (which we recall is the ratio of gas-phase mole
fractions); the same mole fraction ratio must be the same in solution in order to determine the solution-phase chemical potential
difference.

Non-ldeal Solutions and Activities

We showed that the solution chemical potential is

P;
,ug-so}n) = pj(liquid) + RT In (P‘l ) (1.15.38)
J
In an ideal solution P; = z;P}, in which case
,ug-so]n) = pj(liquid) + RT In z; (1.15.39)

In a non-ideal solution, we can fit the behavior of P, vs. z; as
Py = g, P} eb(l-an) +e(l—a)? (1.15.40)
and
ug”h‘) = pi(liquid) + RT In 2, + RTb(1 — 21)® + RTc(1 — z1)* (1.15.41)

The second and third and fourth terms on the right of this expression measure the deviation from ideal behavior, and we see that as

11— 1,
ugsom) — p3(liquid) + RT In z; (1.15.42)
Let us define
P
aj= P_]* (1.15.43)
j

which is called the activity. For an ideal solution, a; = ;. Generally, however, P;/P} # «; but is rather some function f(z1) of z;.
Thus, in the non-ideal case, we can write

p*™ = p(liquid) + RT In a, (1.15.44)
The ratio
%
%= (1.15.45)

is known as the activity coefficient and is equal to 1 for ideal solutions. Activities can be defined for any state of a substance, i.e.,
solutions, dissolved species, gases, liquids, solids,...

Characterizing Solid-Liquid Solutions and Dissolved Species

Solid-liquid solutions involved the dissolution of a solid substance in a solvent leading to a homogeneous mixture. We will discuss
the microscopic nature of dissolved species later in the lecture. Before we get into that, however, let us discuss some basic
measures for characterizing the composition of such a solution.

The most common measure of solution composition is the molarity defined as

Molarity = moles of solute (1.15.46)

liters of solvent

and is denoted M. A second measure is known as the molality defined as
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moles of solute

lality =
molality kilograms of solvent

(1.15.47)

v/ Example 1.15.1:

A solution has a solvent (component 1) and N — 1 dissolved species indexed k = 2,..., N. Let z; be the mole fraction of the
solvent and z,, ..., zy be the mole fractions of each of the dissolved solute species. Let M; be the molar mass of the solvent.
Show that
1 M 1000
=t g = Mame/000 (115.48)
1+ M; 1m 1+ M1m
1000 1000
where my is the molality of the &*" component and m is the total molality of the solution, i.e.,
moles of component k &
= = 1.15.49
Mk kilograms of solvent ’ m kz:; ek ( )
Solution
Start with the definition of the mole fractions. For component, the definition is
r = !
! ny + Eﬁ; oMk
Divide top and bottom by n; to give
. 1
L= TN Tk
142N, =
2,
The number of moles of solvent is
mass of solvent in grams
ny = (1.15.50)
M;
_ 1000(mass of solvent in kilograms) (1.15.51)
M,
100041
= 1.15.52
o (115.52)
where p, is the mass of solvent in kilograms. Thus, z; becomes
oy = ! (1.15.53)
T m o
1000 <=*=2
1
- W (1.15.54)
1000
where ni/p1 is the molality of component k, and m = =¥ ,m. For component &,
_ " o m/n
k= N - N Ty
m+2an 14 Y —
n1
Use the fact that n; = 1000u,/M;. Substituting this in, we obtain
M1 ng
1000 11
ng =
My v 1
1 L 5 ——
* 1000 2 iy
Again, since n;/p; = mj, and m = Ej.vz ,m;, we finally obtain
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_ Mlmk/1000
Tk = Mlm
1+
1000

v/ Example 1.15.2:

A solution is prepared by dissolving 22.4 g of MgCl, in 0.2 L of water. The resulting solution has a density of 1.098 g/cm®.
Calculate the mole fraction, molarity, and molality of MgCl, in the solution.

Solution
The molar mass of MgCl, is 95.22 g/mol. Thus, the moles of MgCl, are

moles of MgCl; = 95.%:/%1101 = 0.235 moles
In addition
1 3
mass of water = (0.2 L) (703%?‘ ) (1.00 g/cm®) = 200 ¢

The molar mass of water is 18.02 g/mol. Hence, the moles of water are

moles of water = __200s = 11.1 moles
18.02 g/mol
The mole fraction of MgCl,, which is component 2, becomes
2 1
s 0.285moles __ _ ;1907 moles

~ (11.1 + 0.235) moles
The total solution volume is

mass of solution

solution volume = ————— (1.15.55)
density of solution
= 224g—+2003g (1.15.56)
1.098 g/cm
=204 cm3 (1.15.57)
=0.204L (1.15.58)
Thus, the molarity of MgCl, is
) 0.235 moles
Molarlty = m =1.15M
Finally, the molality is
. 0.235 moles
molality = “02ke 1.18 mol/kg = 1.18 m
Freezing Point Depression
At the freezing point, the solid solvent is in equilibrium with the liquid solvent. This requires
p$% =™ (P, T) = p{i® =™ (P,T) (1.15.59)
where component 1 is the solvent. Recall, however, that
ugﬁq' soln) _ 1% (pure liquid) + RT lna; = p&mud’ soln) (1.15.60)
Thus,
(solid, soln) liquid
Ina, = 21 pi(pure liquid) (1.15.61)

RT
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How does a; depend on T? Take the temperature derivative of both sides:

(solid, soln) * -
dlmay _ 1 8™ ™ /T)  o(ui(pure tiquid)/T) (11662
oT R orT or
For a general chemical potential, use the fact that G(n, P,T) = u(P,T) = H— TS,
G H _b
F=m—S=%n (1.15.63)
aG/T) _ _ H 1 (6H S
T —u&(u/T)/aT——F+T (ﬁ) —ﬁ (1.15.64)
However, remember that
6H
57 = Cr(D) (1.15.65)
and, under isobaric conditions,
_ erev
S / B (1.15.66)
dH
- / Cp(T) dT (? r (1.15.68)
ds = w (1.15.69)
a8 _ Cp(T)
T (1.15.70)
Therefore,
B(G/T) _ __H  CT) Cp
H
-1 (1.15.72)
Applying Equation 16.42 to the molar Gibbs free energy u, we obtain
ow/T) __H
o = 7 (1.15.73)
where H is the molar enthalpy. Thus, for the solvent
wyT) _ _Hy (1.15.74)

aT Tz
We can use these results to determine the activity and ultimately the amount of freezing point depression. If we differentiate
Equation 16.37 with respect to temperature and apply the above result, we obtain

Olnay _ 1 [8(uf™™*™/T)  d(ui(pure lig)/T)

T = R o7 o7 (1.15.75)
~ (solid, soln) o .
__H I;Tfl (pure liq) (1.15.76)
~ ~ (solid, soln)
_ Hi(pure liq;;f L (1.15.77)
~ ~ (liquid, soln)
Now we assume that, in a dilute solution, the solvent dominates, so that H; (pure liq) ~ H; . Thus,
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~ (liquid, soln) ~ (solid, soln)
H

613’;“1 - RZ; (1.15.78)
- A};";;’I (1.15.79)

In order to see if there is a change in the freezing point, we need to integrate both sides from Tj, the freezing point of the pure
solvent, to Ty, the freezing point of the solution. This gives

Tus AgysHy
Ina, = S dT 1.15.80
na; /T . RI? ( )

Let us assume that the solution is dilute so that a; ~ «;, Ina; ~ In z; = In(1 — z3) ~ —z5, where z, « 1. We then have

A ™
—zy = —% (1.15.81)
T
AnsHi [ 1 1
_ IR 1.15.82
R |Tf, T ( )
AfusH-Nl Trus — Ty
—zy N = T, (1.15.83)
Since AFNIfus > 0, it follows that T < Tg., hence, for the solution, the freezing point is lowered.
Previously, we showed that
Myms/1000
=~ 1.15.84
2= 1 Mym/1000 ( )
For a two-component solution m, = m, hence this becomes
Mym,/1000
= 1.15.85
2= 13 Mym/1000 ( )
which we can write as
m
oy = — T (1.15.86)
M,
m
~ 1.15.87
1000/M; ( )
M1m
= To00 (1.15.88)
where we have assumed that m « 1000/M:. Now, let ATy, = T¢,, — Trs. Hence, we can write
AmeNl ATy Mim
= ~ 1.15.
2= TR Tty T 1000 (1.15.89)
Solving for the change in the freezing temperature AT}, we obtain
TrsTE R
ATy v o2 1M1 m = Km (1.15.90)
Ap B, 1000
where K is a constant known as the freezing-point depression constant.
By a similar argument, it can also be shown that the boiling point of the solution is elevated, i.e.,
AT, = Kym (1.15.91)

Boiling point elevation and freezing point depression can be used to determine molar masses. The following examples illustrate
how this is done:
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When 5.50 g of biphenyl (Cy2Hy) is dissolved in 100.0 g of benzene, the boiling point increases by 0.903°C. When 6.3 g of an
unknown hydrocarbon is dissolved in 150.0 g of benzene, the boiling point of the solution increases by 0.597°C. What is the
molar mass of the solute?

Solution

55g

moles of biphenyl =

moles of solute  0.0357 mol
lality of solution — — —o. )
molality of solution g of solvent 01ke 0.357 mol/kg

Therefore, we can determine the constant Kj:

AT, 0.903 K

Ki=——=——""
T "m ~ 0.357mol/kg

=2.53K - kg-mol™!

Now that we know the value of Kj for benzene, we can use it to determine the molar mass of the unknown solute. Given
the increase in the boiling temperature, we solve for the molality of the unknown solution:

Ky 2.53 K - kg - mol™

From this, we can determine the number of moles of the solute:

moles of solute = molality of solution x kilograms of solvent
= (0.236 mol/kg)(0.150 kg) = 0.0354 mol

Then, given the number of grams of solute, the molar mass is

6.3g

= 0.0354mol — L788/mol

v/ Example 1.15.4

When 0.494 g of K3Fe(CN)g is dissolved in 100.0 g of water, the freezing point is found to be —0.1116°C. What is the
dissociation reaction for K3Fe(CN)g? The K for water is 1.86 kg - K/mol.

Solution
We first calculate the molality of the solute:

0.1116 K

™= 1.86kg - K/mol

= 0.06 mol/kg

Thus, we have
(0.06 mol/kg)(0.1 kg) = 0.006 mol
moles of solute. The molar mass of K3Fe(CN)g is 329.25 g/mol. This gives

0.494¢g

__J28  _ 0.0015 mol
329.25 g /mol _ 0015m0

of K3Fe(CN)g. We know, however, that this solute dissociates into ions, and there must be 0.0015 x 4 = 0.006 moles of
ions in the solution. Accordingly, the dissociation reaction must be
K3Fe(CN)g — 3K *(aq) + [Fe(CN)6]*~ (aq)

which gives 4 moles of ions per 1 mole of undissociated solute.
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1.16: Thermochemistry
In chemical reactions, bonds are broken and reformed, and heat may be given off or taken up in such processes. Since reactions are

often carried out at constant pressure, the change in enthalpy is the appropriate measure of heat given off or absorbed.

Enthalpies of Reaction

The overall change in the enthalpy between products and reactants in a reaction is called the reaction enthalpy. The reaction
enthalpy can be either positive or negative. As an example, consider the reaction:

1
CO(g) + EOg(g) — CO4(g) (1.16.1)
The change enthalpy when 1 mol of CO reacts completely with 0.5 mol of O, at 25°C can be measured by calorimetry and is
observed to be
AH = H(products) — H(reactants) = gp = —283.0kJ (1.16.2)

The negative sign means that heat is given off by the system, rather than absorbed by it.

When heat is given off, the reaction is said to be exothermic. and AH will be negative. If heat is absorbed, the reaction is said to be
endothermic:

2 CO4(g) — 2 CO(g) + Oa(g) (1.16.3)

the enthalpy of the reaction would be

v/ Example 17.1

Consider the reaction of solid phosphorus with liquid bromine:

2 P(s)+ 3 Bry(l) — 2 PBrs(g) AH = —243kJ (1.16.5)

AH = 2 x 283.0kJ = 566.0kJ (1.16.4)

Suppose 2.63 g of phosphorus reacts with an excess of bromine. Calculate the enthalpy change.

Solution
Noting that the specified AH of —243 kJ refers to a reaction of 2 ml of solid phosphorus, we calculate the number of moles that
correspond to 2.63 g:

_ 2.63g _
moles of P = 30.97g/mol 0.0849mol (1.16.6)
Thus, the enthalpy change when 0,0849 mol of phosphorus react is
—243kJ

Hess's Law

Suppose a reaction is carried out in several steps, We have already seen that the overall reaction is the algebraic sum of the
individual steps. Because energy/enthalpy is an additive quantity, the overall enthalpy change for the overall reaction, obtained by
adding the individual chemical equations, will be the sum of the enthalpy changes associated with each of the individual
steps/chemical equations. This statement is known as Hess's Law.

Hess's Law can be used to calculate the enthalpy of reactions that cannot be carried out straightforwardly in the lab. As an example,
consider the reaction of solid carbon, in the form of graphite, with oxygen gas to product carbon monoxide:

C(s, gr) + %02 — CO(g) (1.16.8)
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This reaction cannot be carried out directly experimentally. Rather, a two-step process is used, in which solid carbon is first

converted to carbon dioxide via the reaction
C(s,gr) + 02 — CO5(g) AH = —393.5kJ (1.16.9)

whose enthalpy can be easily measured at (25A\text{o}C\). Then the decomposition of CO, to give oxygen gas and carbon
monoxide can be added to this reaction according to:

C(s,g’r) +0; — COz(g) AH; = —393.5kJ
CO:(g9) — CO(g)+ 10, AH,=+283.0kJ (1.16.10)
C(s,gr) + 302(99 — CO(g) AH; + AHp = —110.5k]
v/ Example 17.2
Calculate the reaction enthalpy for
given that the follow reaction enthalpies are known:
(1) 2P(s)+3Cly(g) — 2PCIs()) AHW =_—640kJ (1.16.12)
(2) 2P(s)+5Cly(g) — 2PCls(s) AH® =—887kJ o
In order to get these two given reactions to add to the one of interest, we first divide both reactions by 2:
(1) P(s)+3Cl(g) — PCl3(l) AH®) =—320k] (116.13)
(2") P(s)+32Cla(g) — PCls(s) AH®) =—442.5k] o
Next, write reaction (1”) in reverse:
(17) PCls(l) — P(s)+ 3Cly(g) AHW) =320kJ (1.16.14)
Finally, when we add (1”) to (2"), we obtain the original reaction. The overall reaction enthalpy is, therefore,
AH=AHY) + A, H®) = 320k] — 443.5k] = —123.4k]J (1.16.15)

Phase Changes

Although phase changes are not chemical reactions, a quantity of heat is still required, for example, to transform ice at 0°C to water
at 0°C. This quantity of heat is called the enthalpy of fusion:

HyO(s) — HyO(l)  AHz, = +6.007kJ (1.16.16)

Similarly, a quantity of heat is necessary to transform water at 100°C to steam at 100°C. This quantity is known as the enthalpy of

vaporization:

HyO0(l) — HyO(g) AHyp = +40.7kJ (1.16.17)

Standard-State Enthalpies

Absolute enthalpies of substances, like absolute energies, cannot be measured -- only changes in enthalpy can be measured. This, it
is necessary to have a reference state, just as it is necessary to establish a reference point for computing potential energies. The
reference state for reaction enthalpies is called the standard state and is defined as follows:

1. For liquids and solids, the standard state is the thermodynamically stable state at a pressure of 1 atm and a specified
temperature. The stable state could be liquid or solid.

2. For gases, the standard state is the gaseous state at a pressure of 1 atm and a specified temperature, based on the assumption of
ideal gas behavior.

3. For dissolved species, the standard state is a 1 M solution at a pressure of 1 atm and specified temperature, based on the

assumption of ideal solution behavior.
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Given this definition of the standard state, a scale needs to be defined by arbitrarily setting the enthalpies of selected reference
substances to 0. The choice of reference is the following: the enthalpies of chemical elements in their standard states at 298.15 K
are defined to be 0. For elements that can exist in several forms, we choose that form which is most stable at 1 atm and 298.15 K.
For example, oxygen can exist as Oz(g) or O3(g). The former is more stable, so it is defined to have a 0 enthalpy. Carbon can exist
as graphite, diamond, or fullerene. Graphite is the most stable of these at 1 atm and 298.15 K, sot it is assigned an enthalpy of 0. For
any reaction, the standard state enthalpy is denoted AH®.

In order to have useful enthalpy data to tabulate, one more concept is introduced. the standard enthalpy of formation of a
compound is the enthalpy change for a reaction that produces 1 mol of the compound from its elements at 1 atm pressure and 25°C.
For example, the standard enthalpy of formation of water is the standard enthalpy of the reaction:

Ha(g) + %Og(g) > H0()  AcH® = —285.83k] (1.16.18)

For species that dissolve into ions in solution, ions of both positive and negative charge will be produced. Clearly, we cannot
measure the enthalpy of formation of ions of only one type of charge, rather, only the sum of the enthalpies can be measured. Thus,
one more arbitrary assignment must be made, namely, that the standard enthalpy of formation of H*(ag) is 0

An example of the use of tabulated standard state enthalpies, consider the following:
What is the standard state enthalpy of the reaction
C(s) + COz(g) — 2CO (1.16.19)

We need to consider this as a two-step process, wherein CO, is broken down into its elements, then these elements recombine to
form CO(g). The two steps of the reaction are

CO3(g) — C(s) + O2(g) (1.16.20)
2C(s) + O2(g) — 2 CO(g) (1.16.21)

It is easy to verify that the sum of these two reactions reproduces the desired reaction above. In Appendix D of the book, the
following standard enthalpies of formation are given:

C(s)+03(9) — COq(g9) AfH° = —393.51k]

C(s)+10s(9) — CO(g) AH® =—110.52k] (1.16.22)

Thus, for the reaction we are considering, the standard enthalpy of formation is the sum of the standard enthalpies of formation for
the two individual steps:

AH® = —A¢H®(CO,) + 2A:H°(CO) = 172.47k]J (1.16.23)
As a second example, consider the reaction
5
CyHy(g) + 502(9) — 2C04(g) + H20(1) (1.16.24)
Calculate the reaction enthalpy at the standard state using tabulated formation enthalpies.

The three formation reactions are

(1) C(s)+02(9) — CO2(9) AfH® = —393.5kJ
(2) Ha(g)+ 102(9) — HO(l) AsH® =—285.8kJ (1.16.25)
(3) 2C(s)+Hy(g) — CoHy(g) A¢H® =226.7k]

We just need to combine these to give the correct overall reaction. We simply need to multiply the first reaction by (2) and write
reaction (3) in reverse. This gives

(1) 2C(s)+203(9) — 2COs(g) AsH® = —787k]
(2) Hi(g)+30:(9) — H20() A¢H® = —258.8k] (1.16.26)
(3") CyHy(g) — 2C(s)+ Ha(g) AcH® = —226.7kJ

Summing these gives the correct overall reaction. Thus, the overall reaction enthalpy is
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As one final consideration of standard state enthalpies, we define the bond enthalpy as the enthalpy required to break 1 mol of a
particular chemical bond in the gas phase. Since energy is required to break a chemical bond, bond enthalpies are always positive.
An example of a bond enthalpy is the breaking of C — H bond in methane:

AH® = —T787kJ — 226.7kJ — 285.8kJ = —1299.5kJ /mol (1.16.27)

CHy(g) — CHs(g) + H(g) AH® = 438kJ (1.16.28)

Although the products in this reaction are not stable, i.e., they react quickly with other molecules, it is possible to produce such
reactions in the lab, and study properties of the products over the period of their brief existence. This, then, is how bond enthalpies
are tabulated. Often, bond enthalpies are tabulated as averages of a particular bond breaking, e.g. a C — H bond, over many
compounds. Given the relative constancy of bond enthalpies of a particular kind of bond over different molecules, such an average
is a good measure of the bond enthalpy one might expect in an arbitrary specific situation.

Temperature Dependence of Reaction Enthalpies
Recall that the constant-pressure heat capacity Cp is given by

Cp = (%H)P (1.16.29)

For an ideal gas, Cp is independent of temperature, however, for non-ideal systems, Cp does depend on T*

Cr(T) = (%H)P (1.16.30)

If we wish to consider the reaction enthalpy at a temperature other than that of the standard state, where enthalpies are tabulated,
we can use Equation 17.29 to obtain the enthalpy at the desired temperature. Integrating both sides of Equation 17.29 from a
temperature T; to T, we obtain
Ta T, H
Cp(T) dT = / (3—) dr (1.16.31)
T n \OT/p

" Op(T) dT = H(Ty) — H(TY) (1.16.32)
T;

The use of Equation 17.30, of course, assumes that the H(T) is everywhere smooth and differentiable, so that it can be integrated.
However, if we plot the molar enthalpy difference H(T) — H(0) for a real substance such as benzene, we find a curve like that
shown in the figure below.

| i
&0
oo

40

HiTi-Hioy | glamol™!

0

i] [£il1] 20n L Ahl A
TIK

FIG 17.1: Plot of molar enthalpy H(T) — H(0) for benzene. Discontinuities in the plot occur at points of phase transitions from

solid to liquid Tmaw and from liquid to gas Tyap.
There are two temperatures at which H(T') exhibits a discontinuity. These two temperatures are the melting temperature Ty of the
solid and the vaporization temperature Ty, of the liquid. According to our discussion of phase changes, the heat needed to effect
these two phase changesa re AgsH and AyapH, respectively. At these temperatures, Cp = 0H /9T diverges, and we cannot smoothly
integrate through these divergences. In fact, divergence of the heat capacity is one of the signatures of a phase transition. As long as
T < Tmew We can smoothly integrate Cp to obtain a value for H(T):

T
H(T) — H(0) = /0 Cp(T") dT” (1.16.33)
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However, if we are interested in a temperature T > Tnei, then we must treat the discontinuity as a special point. Fortunately, we
already know the enthalpy change at this point, i.e., AggH, and we can simply add it in. Thus, for T' > Tye;. we would calculate
H(T) as follows:

Tmeit T
HT) —HO) = [ Co(T’) dT’ + AnsH + / Cp(T") dT" (1.16.34)
0 Tmelt

The same holds for T' > Tyap. When we reach the discontinuity at Tap, we simply add in the enthalpy of vaporization Ay H:

H(T) — H(0) (1.16.35)
Tmeit Tenp T
- / Cp(T") dT” + AnsH + / Cp(T") dT" + AvpH + / Cp(T") dT”
0 T; Tsp

melt;

v/ Example 17.3

Consider the reaction
COy) + HaO(y) — Hyg) + COq(y) (1.16.36)
For this reaction, the heat capacity has the following temperature dependence
Cp(T) = a +bT + cT? (1.16.37)
where a, b, and c are constants. Calculate the reaction enthalpy at 800 K for this reaction given the following data:

e ForCO:a=26.86,b=6.99 x 1073, ¢ =8.20 x 1077

e For HyO: o =30.98,b=9.62 x 1073, c = 11.84 x 10"\

e ForCO,:a=2598,b=43.51 x 103, c = —184.32 x 107

o For Hy:a=26.08, b =—0.84 x 1073, ¢ = 201.3 x 10~

The units of a, b, and care J - mol™- K71, J - mol~!- K2, and J - mol~- K3, respectively. Standard-state formation enthalpies

for CO, H20, CO,, and H, are —110.52 kJ/mol, —241.82 kJ/mol, —393.51 kJ/mol, and 0 kJ/mol, respectively.

Solution
Since this is already a gas-phase reaction, we do not need to worry about melting or vaporization, so we can smoothly integrate
Cp(T) from the standard state, where T'= 298 K to the desired 800 K. Since our reference state is 298 K, the integral we need is

I;
A¢H(800) = AsH® + Cp(T)dT (1.16.38)
Ty

where T, = 298 K and T; = 800 K. The integral is

T 1 1
i Cp(T) dT = a(Ty — To) + b (T? -13) + 3¢ (T} -15) (1.16.39)
Plugging in the data, we obtain
A:H®(CO) = —94.981kJ /mol (1.16.40)
A¢HE (C0O,) = —370.883kJ /mol (1.16.41)
A¢H ®O) (H,0) = —223.731kJ /mol (1.16.42)
A¢H ®O (H,) = 14.668kJ /mol (1.16.43)

Therefore, the overall reaction enthalpy is

AH® = AsH OO (Hy) + AiH 0 (CO,) — AcH ) (H,0) — AcH ) (CO) (1.16.44)
= 14.668 — 370.883 + 94.981 + 223.731 = —37.503kJ /mol (1.16.45)

This page titled 1.16: Thermochemistry is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark
Tuckerman.

https://chem.libretexts.org/@go/page/45025



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/45025?pdf
https://chem.libretexts.org/Courses/New_York_University/CHEM-UA_652%3A_Thermodynamics_and_Kinetics/01%3A_Lectures/1.16%3A_Thermochemistry
https://creativecommons.org/licenses/by-nc-sa/4.0
http://as.nyu.edu/content/nyu-as/as/faculty/mark-e-tuckerman.html

LibreTexts"

1.17: Chemical Equilibria

General Thermodynamic Treatment of Chemical Equilibrium

Consider an equilibrium reaction
aA +bB = ¢C + dD (1.17.1)

We do not specify any phases, as we will treat the reaction generally using activities. An equilibrium reaction is one that can
proceed in both directions, as indicated by the = symbol replacing the usual — in the chemical equation.

Recall that the molar free energy AG’-N,- for compound j in the reaction in terms of its activity a; as
AG =AG° + RTIna; (1.17.2)

where AGo is the molar Gibbs free energy at a reference state, taken to be the standard state. Now the change in the Gibbs free
energy of the reaction is

A:G = cAGg + dAGp — aAGs — bAGS (1.17.3)
= cAGS, + dAGS — aAGS, — bAGS, (1.17.4)
+RT[clnac+dlnap —alnas —blnag] (1.17.5)
= A;G° + RT [Ina§ + Ina$ —Ina§ —Ina}y] (1.17.6)

agad
=A,G°+RTIn ; (1.17.7)
ajag

At equilibrium, we need A;G = 0. This gives the condition for chemical equilibrium

agap
—A;G° = RTn - (1.17.8)
ajap
We define the equilibrium constant K as
¢ d
K = 20 (1.17.9)
a%al
A%B
which implies that
—-A,G° = RThK
K o AGRD (1.17.10)
Equilibrium of Gas-Phase Chemical Reactions: Ideal Gases
Consider a generic gas-phase reaction
aA(g) + bB(g) = ¢C(g) + dD(g) (1.17.11)
If we treat the gases as ideal gases, then recall that
P;
aj= P—{, (1.17.12)
J

and the change in the molar Gibbs free energy when the pressure of an ideal gas changes from the standard value P° to some other
pressure P at temperature T is

AGe + RTIn (%) (1.17.13)

Let P, Pg, Pg, and Pp be the partial pressures of each of the four species in the equilibrium state. The free energy of each species
in the gas is defined as a free energy change with respect to its standard state. For gases, we had defined this to be a partial
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pressure of 1 atm. Thus, let us the standard state partial pressure P° = 1 atm. Then, in the above reaction, a moles of A react, so the
free energy of A is

aAG(A) =aRTIn ( Pa

Po ) +aAG(A) (1.17.14)

Similarly, for B, C, and D, we have

bAG(B) = bRT In ( i‘: ) +bAG°(B) (1.17.15)
cAG(C) = cRT In (P ) +cAG°(C) (1.17.16)
dAG(D) = dRTIn (P D ) dAG°(D) (1.17.17)

where A;G°(X)(X = A, B, C, D) is the standard energy of formation of X. Thus, the overall free energy change of for the reaction is

A:G = dAG(D) + cAG(C) — aAG(A) — bAG(B) (1.17.18)
= dA{G°(D) + cA:G°(C) — aAG°(A) — bA:G°(B) (1.17.19)
+dRT1n(1; )+cRT1n(IIZ )—aRTl (i—)—bRTl (iﬁ) (1.17.20)

The first line is just the standard free energy change A;G° for the reaction. The second line can be simplified giving

AG = AG°+RT[d1n(PD)+ In (ﬁc) aln(l;A) bln (ﬁ‘j)] (1.17.21)
=A,G0+RT[ln Po) +1n(§j) —1n(11;“0) 1n(§§)b] (1.17.22)
— AG°+RTn [ Egﬁ ;dggﬁ ;b] (1.17.23)

Since the Gibbs free energy change AG = 0 at equilibrium, we are left with

(1.17.24)

A,G° = —RT'In [(PD/PO)d(Pc/Po)c]

(Pa/P°)*(Ps/P°)
The quantity in brackets is called the equilibrium constant, K for the reaction:

_ (Bo/P?)!(Po/PO)°
(Pa/Po)(Ps/P)P

(1.17.25)

and is, itself, a thermodynamic quantity related to the standard Gibbs free energy change by
K = e AC/RT (1.17.26)

We can see that K is a direct measure of whether reactants, products or neither in particular is favored in an equilibrium state. If K
is large (K > 1), A,G° <0, and the reaction favors products and if K is very small (K « 1), A;G° > 0, and reactants are favored.
For K near 1, there is likely to be roughly equal amounts of reactant and product in the equilibrium state.

Note, also, that K can be a sensitive function of temperature, a point we will return to later. Also, due to the presence of P° in the
equation, K is a dimensionless quantity. Finally, since the reference partial pressure is P° =1 atm, if we insist that all partial
pressures be expressed in atm, then we do not need to include the P° explicitly in Equation 1.17.24 for K and can simply write:

_ PéPg
PgP}

(1.17.27)

One use of equilibrium constants is the calculation of equilibrium compositions of reactions from given starting conditions. The
following example illustrates this:

Quantity Hj(g) IL(g) HI(g)
Initial partial pressure (atm) 1.9890 1.710 0.0 (117.28)
Change in partial pressure (atm) — — +2z o
Equilibrium partial pressure (atm) | 1.9890 —z 1.710—z +2z
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H, gas and I, gas react quickly at 600 K to form HI gas according to an equilibrium reaction:
Hy(9) + Ix(9) = 2HI(g)
The equilibrium constant for the reaction is known to be 92.6. If the initial partial pressures of H; and I» are 1.980 atm and 1.710

atm, respectively, what are the equilibrium partial pressures of each gas?

Solution
The expression for the equilibrium constant is

2
Ko (Prr)
P, P,

Let z be the change in partial pressure of one of the gases, say Ha gas. We begin by setting up the table described earlier.

The stoichiometry requires the factor of 2 in front for the change in partial pressure of HI. Substitution into the expression for
the equilibrium constant gives

(22)?

92.6 =
(1.980 — 2)(1.710 — z)

This expression leads to a quadratic equation for z:
88.622 — 341.694x + 313.525 = 0

Applying the quadratic formula gives

_341.694 + /(341.604)2 — 4(88.6)(313.525)
= 2(88.6)

The two solutions are
r=15044atm <z = 2.3522atm

The larger of these would lead to negative equilibrium partial pressures, which is an unphysical situation. Thus, we discard this
solution and keep the smaller of the two. Then the equilibrium partial pressures are

Pg; = 2x1.5044 atm = 3.0088 atm
Py, = 1.980atm —1.5044 atm = 0.4756 atm
P;, = 1.710 atm — 1.5044 atm = 0.2056 atm

It is always a good idea to check the numbers by substituting back into the equilibrium expression:

(3.0088)2

S 926
(0.4756)(0.2056)

so the answers are correct.

Gas-phase reactions away from equilibrium

If the reactants and products are perturbed from their equilibrium state, then the associated change in the Gibbs free energy is given
by the full expression we derived previously:

(Po/P°)*(Pc/P°)°

AG=A;G°+ RT1
| (Pa/Po)*(Pe/Po)

(1.17.29)

In this case, although the term in brackets looks like an equilibrium constant, it is not one. One can only designate this expression
as K if A;G = 0. The general definition of this term in brackets, is designated as ¢,
_ (Po/P°)*(Pc/P°)°

4= (Pu/Po)e(Ps/PoY (1.17.30)
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which is called the reaction quotient. Only in equilibrium does it follow that ¢ = K. However, since A,G° = —RT In K, it follows
that

A.G=—RTlK+RTIng=RTIn (%) (1.17.31)

If the reaction is perturbed from its equilibrium state, then the sign of A.G tell us which way the reaction will proceed in order to
restore equilibrium according to Le Chatelier’s principle. However, the sign of A,G translates directly a condition on the ratio ¢/K.
If A.G <0, then the reaction proceeds spontaneously from left to right as written and ¢ < K. If A;G > 0, the reaction proceeds
spontaneously in the reverse direction (right to left), and ¢ > K. At equilibrium, ¢ = K, so if the system is perturbed, the reaction
will proceed in a direction that restores the condition ¢ = K. The following example illustrates this:

v/ Example 1.17.2

Consider the reaction:
Hy(g) + Ix(9) = 2HI(g) (1.17.32)
and suppose that it is in equilibrium with partial pressures:
Py, =0.4756 atm P, = 0.2056 atm  Pg; — 3.009 atm (1.17.33)

Enough H, is added to increase its partial pressure to 2.00 atm. When equilibrium is restored, what will be the partial pressures
of each three gases?

Solution

First calculate the equilibrium constant from the equilibrium partial pressures:

_ IPg)? (30092
K= (Pg,)(Pr,)  (0.4756)(0.2056) =926 (1.17.34)

When the pressure of Hj is increased, what happens to the reaction quotient?

_ (Pep* _ (3.009%
= (PHSEPIZ) = [200)(0.2056) _ 2202 (1.17.35)

So, ¢ < K. Now set up the table to figure out by how much each partial pressure will change when equilibrium is restored.

Quantity Ha(g) Ix(g) HI(g)
Initial partial pressure (atm) 2.0000 0.2056 3.0090
. ) (1.17.36)
Change in partial pressure (atm) —z —z +2z
Equilibrium partial pressure (atm) | 2.0000 —z 0.2056 — 2 3.0090 + 2z
Here “initial” stands for the partial pressures just after the pressure of H, is increased.
Substitution into the equilibrium constant expression gives:
(3.0090 + 2)2
=92.6 1.17.37
(2.0000 — )(0.2056 — ) ( )
which leads to the quadratic equation:
88.622 — 216.2752 4 29.023 = 0 (1.17.38)
whose roots are
z=0.1425atm z = 2.299 atm (1.17.39)

The second of these would lead to negative partial pressures, so we discard it. Using the first root, we obtain the new
equilibrium partial pressures:
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Pg, = 2.0000—0.1425 = 1.86 atm
P, = 0.2056 —0.1425 = 0.0631 atm (1.17.40)
Pgr = 3.009+ 2(0.1425) = 3.29 atm

which shows that the new partial pressures are not the same as the old when equilibrium is restored in the system.

When treating the gases as ideal gases, we can use the ideal gas law to re-express the equilibrium constant in terms of densities
rather than pressures. Since P = nRT/V = pRT, the partial pressure of each gas if Py = psRT, etc. Substituting this into the
equilibrium constant expression, we find

c+d—a—b
=K, (%) (L.17.41)

K Per (RT)"*“‘“—”
pxpp \ P°
where K, is the density-dependent part of the equilibrium constant. We can see from this expression that K is a rather sensitive

function of temperature given its exponential dependence on the difference of stoichiometric coefficients.

Another way to see the sensitive temperature dependence is to recall that
K = e AC°/RT (1.17.42)
However, since A,G° = AH° — TA.S°, this becomes
K — e AH°/RT ;—AS°/R (1.17.43)
Taking the natural log of both sides, we obtain a linear relation between In K and the standard enthalpies and entropies:

CAH 1 AS

hK=——p—7+7R

(1.17.44)

which is known as the van ’t Hoff equation. It shows that a plot of In K vs. 1/T should be a line with slope —dhs/R and intercept
A;S°/R. Hence, these quantities can be determined from the In K vs. 1/T data without doing calorimetry. Of course, the main
assumption here is that A, H° and A;S° are only very weakly dependent on T, which is usually valid.

Treatment of Equilibrium for Real Gases

In many instances, the ideal-gas approximation is insufficient in treating gas-phase reactions. In such cases, we need to be able to
correct for this approximation. Recall that we can do this using the virial equation of state when the density of the gas is not too
high.

The form of the virial equation of state is

PV )
m =1 =+ Bg(T)p + B3(T)p + - (1.17.45)

where By(T), B3(T), ... are the virial coefficients. Since V' /n = V, this is also

PV
BT = 1+ By(T)p+ Bs(T)p* + - (1.17.46)

More importantly, if we assume that the virial coefficients properly correct for non-ideal behavior and approximate, at each order p

~ P/RT, then we see that the virial equation of state can be written as a polynomial in P rather than in p:

% =1+ Byp(T)P + Bap(T)P% + - (1.17.47)

where Bap(T'), B3p(T), ... are the virial coefficients for the pressure expansion. As written, the modified virial coefficients are

_ By(T)
=

Bsp(T) = Bs(I) (1.17.48)

Bsp(T) @D

However, we can improve upon this approximation as follows: First use the standard virial equation to write

P = pRT [1+ By(T)p + B3(T)p* + -] (1.17.49)
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and use this to re-express the pressure virial equation as

Z—Z =1+ Byp(T) (pRT [L + B3(T)p + B3(T)p* +-+]) (1.17.50)

+ Bap(T) (pRT [14+Bs(T) p+Bs(T) p>+-])* + - (1.17.51)
The two virial equations must be equal so we set

1+ By(T)p + B3(T)p® + -~ = 1 + Bap(T) (pRT [1 + Ba(T)p + Bs(T)p* + ) (1.17.52)
+ Bsp(T) (pRT [1+B,(T)p+Bs(T) p*+-] )" + -~ (1.17.53)

and we equate like powers of p. Thus, the terms linear in p on both sides gives us

Bs(T)p = (pRT) B2p(T) (1.17.54)
or
By (T
Byp(T) = 122(:1’) (1.17.55)
The terms quadratic in p on both sides give
Bap(T)Bo(T)p*RT + Bsp(T)(pRT)? = B3(T)p? (1.17.56)

Solving for Bsp(T') and using the fact that Byp(T) = By(T)/RT, we obtain
Bs(T) — (Ba(T))?

Bsp(T) = 1.17.57
e T (117.57)
and so forth.
In order to use the virial equation of state to calculate the Gibbs free energy, we use the fact that
oG
(6_P)N,T -V (1.17.58)

where V is the average volume. Similarly, the average molar volume is

(g_i)T= (Z_;)T=v (1.17.59)

Integrating this respect to pressure from the standard state P° to an arbitrary P gives

~ P ( ac P _
AG = po (W) dP = po VdP (11760)
From the virial equation of state
- RT 9
V="F [1+ Bap(T)P + Bsp(T)P? + -] (1.17.61)
Hence,
~ Prq ~
AG = RT / [F + Byp(T) + Bsp(T)P’ + ] P’ + AGe (1.17.62)
Po
=RTIn (%) Bop(T)(P— P°) + %B3P(T)(P2 —(P°)%) + - + AGo (1.17.63)
~ f(P,T
= AG’°+RT1n( (fo )) (1.17.64)
where
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P,T P oy, 1 0
n (f( = ) ) =10 (g ) + Bar(T)(P— P) + 3 Bap(T)(P? — (PO)?) 4~ (1.17.65)
f(l;;T) _ % Bar(T)(P—P)+ Bap(T)(P~(P)?) /24 (1.17.66)

where f(P,T) is called the fugacity of the gas. Equation 18.36 also defines the gas-phase activity coefficient

f(P,T) _ yP
7o = o (1.17.67)
Applying the same analysis to AG to the gas-phase reaction
aA(g) + bB(g) = ¢C(g) + dD(g) (1.17.68)
as was done for the ideal gas, we obtain an expression for A.G in terms of fugacities of each gas:
(fD(PD,T)/f°)"(fc(Pc,T)/f°)”]
AG=A,G°+RTIn 1.17.69
(aPa D)/ F)" (o P T/ P (L1769
and setting A,G = 0, the standard Gibbs free energy takes the usual form A;G° = —RT In K, where
o\d o\e

 (fa(Ba, T)/fo)*(fa(Ps, T)/f°)?
In order to see how non-ideality complicates equilibrium calculations, consider the first example above involving the reaction
H(g) + I(g9) = 2HI(g) (1.17.71)

The equilibrium constant for the reaction is 92.6. If the initial partial pressures of H, and I, are 1.980 atm and 1.710 atm, then we can
use Py; =2z, Py, =1.98 —z, P, =1.71 — gz, and taking P° =1 atm, if we just worked to lowest order in the virial equation
(involving only the By(T) term), the equation we would need to solve for £ would be

(2xeB§’;”(T)(2z—1))2
K=926=

(117.72)
(198 — ) PP @05-2)) (171 — ) PP D07

which is simply too complicated to be solved algebraically. In the next lecture, we will outline a procedure that can be used to solve
such equations iteratively, assuming that the non-ideal nature of the equilibrium is not too large. Otherwise, the equation would
need to be solved by numerical procedures.

Equilibrium of Solution-Phase Chemical Reactions: Ideal Solutions
Consider the generic aqueous reaction (what we say for aqueous reaction is equally applicable in any solvent):

aA(aq) + bB(aq) = cC(aq) + dD(aq) (1.17.73)
Recall that the molar Gibbs free energy for species j in a solution is

~ (soln)

= p™ 4 i (liquid) + RT Inz; (1.17.74)
where z; is the mole fraction of species j in solution.
Moreover, recall that we derived the following relation between mole fractions and molalities:

_ Mim;/1000 (117.75)
1= 15 Mym/1000 -
where M, is the molar mass of the solvent, m; is the molality of species j, andm =" M is the total molality of the solution. If the

solution is dilute, then

M1m
1000

<1 (1.17.76)

and we can approximate
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Mlm]-
%™ 000

(1.17.77)

For water, p; = 1.0 kg/L. But the concentration of solute j is in (moles of solute)/(liters of solution). The denominator can be
approximated with liters of solvent if the solution is dilute, in which case

Cj = mjpl (11778)
so that m; = ¢;j/p1, and
Mlc, cj
i == 1.17.
%= 1000p, o (1.17.79)
where ¢* is a reference concentration of the pure solvent. Therefore,
~ (soln) ;
G, = 4 s tiquid) + BT (Z—’) (1.17.80)
Relative to any reference, we can also write
~ (soln) .
) _ o) _ e 4 RTIn (z—f)) (1.17.81)

Denoting the concentrations of species A, B, C, and D in the solution as [A], [B], [C] and [D], respectively, we can write the molar
Gibbs free energies for each species as

AG(A) = ( [i] ) + AG°(A) (1.17.82)
AG(B) = ([:i]) + A¢G°(B) (1.17.83)
AG(C) = ( [S,] ) + AsG°(C) (1.17.84)
AG(D) = ([c%]) + A¢G°(D) (1.17.85)
Analyzing the overall free energy change
A;G = dAG(D) + cAG(C) — aAG(A) — bAG(B) (1.17.86)

as was done for the gas phase, we find the analogous expression

(IPl/c)([C/e%)
AG=A,G°+RTIn |~=" 2 27 7 (1.17.87)
([A]/eo)*([B]/ )
When A;G = 0 at equilibrium, this becomes
AG°=—-RThh K (1.17.88)
where the equilibrium constant is
(ID]/c?)([C]/<°)
= e AMC ) (1.17.89)
([A]/co)*([B]/e*)®
and choosing ¢® = 1 M, we obtain the familiar expression
[Cl°[D]*
K= 1.17.90
AF(BP (L1790
For non-ideal solutions, the ratio ¢;/¢° is modified via multiplication by the activity coefficient +, so that
~ Yo ')’Cj
AGj=AG®+ RTn (c—) (1.17.91)

The importance of activities will be made clear in the next section.
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Heterogeneous Equilibria

Heterogeneous equilibria involve more than one phase (solid, liquid, gas, solution,...). Examples of heterogeneous equilibria are
phase equilibria, e.g.,

H,0(l) = H20(g) (1.17.92)
Dissolution of solids in solvent, e.g.,
I;(s) = Ix(ag) (1.17.93)
or
CaFs(s) = Ca’*(aq) + 2F (aq) (1.17.94)
or a solid-solid phase transition, e.g.
C(s,gr) = C(s,d) (1.17.95)
Activities enter into the molar Gibbs free energy as
AG=AG°+RTIna (1.17.96)
where a is the activity. In the generic reaction
aA(pa) +8B(pB) = cC(pc) + dD(¢p) (1.17.97)

where ¢4, @B, p¢, and pp are the phases of A, B, C, and D, respectively. The equilibrium constant is then given by

asal
K= S 1: (1.17.98)
ajap

The general rule for activities is that activities of pure solids (in their thermodynamically most stable state) and pure liquids are 1,
and activities of real gases are

a= f(P—;T) (1.17.99)
f
As an example, consider the heterogeneous equilibrium
C(s) + H,0(g) = CO(g) + Ha(g) (1.17.100)

where C(s) is a solid phase other than graphite. The equilibrium constant for this reaction would be

x - o0w/F)Fria)/ 1) (1.17.101)

ac(s)(fmo)/ f°)

In order to calculate the activity of the solid carbon, we start with

G\ _[om\ _
(a_P) - (6_P)T -V (1.17.102)

where
p=p’+RThna (1.17.103)
Hence, a change in the molar Gibbs free energy at constant temperature is
dp=RTdlna (1.17.104)

Since du = V dP = RTd In a, we can write

\%
Ing=——dP 1.17.1
dlna RTd (1.17.105)

The standard state has a = 1, P = 1 atm, so integrating both sides, we obtain
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/adlna'—/PidP' (1.17.106)
1 1 RT o
Ina= 1(P— 1) (1.17.107)
~ RT o

where the assumption that V does not change significantly in the solid phase over the pressure range of the integration.

v/ Example 1.17.3

What is acs) if the solid phase is coke at 100 atm and 1000°C. The density of coke is 1.5 g/cm®.

Solution

The molar mass of carbon is 12.0107 g/mol. Hence, its molar volume is

12.0107 g/mol

V= B
1.5g/cm

= 8.0 cm?/mol (1.17.108)

The pressure P — 1 = 99 atm = 10132500 Pa. Thus,

_ (8.0cm®/mol)(0.01 m/cm?)

o= (8.3144 J /mol - K) (1273 K) (10132500 Pa) (1.17.109)
= 0.00766 (1.17.110)
a=1.01 (1.17.111)

showing that the activity of coke is not that different from that of graphite, which we take to be 1.

Recall that for solvated species

a=2L — e (1.17.112)

cO

if € =1 M and ¢ is assumed to be expressed in M. The coefficient v is the activity coefficient. As an example, consider the
solubility equilibrium

BaFy(s) = Ba**(aq) + 2F ~(aq) (1.17.113)
The activity of BaFj(s) is 1. Thus, the equilibrium constant, also known as the solubility product, is
Kop = QB2+ (ag)85-(ag) (1.17.114)

The activity coefficient v, is the same for the two aqueous ions, so that

Kup = (72[Ba™) (12[F7))? (1.17.115)
= [Ba*"|[F ]’} (1.17.116)
Therefore,
[Ba™][F]* = K;” (1.17.117)
Tx

For this reaction K, = 1.7 x 1078, On the other hand, the activity coefficient .., from the Debye-Huckel theory, is given by

1.173 |z 2| VI,

Inyy=——"""""°77"— 1.17.118
T+ 1+ I, ( )
where z; and z_ are the charges on the positive and negative ions in units of e, respectively, where e is the fundamental charge on a
proton, and
1 2
L= Z P (1.17.119)
J
1
= 5 (4[Ba*"] + [F7]) (1.17.120)
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If we let [Ba?*] = s and [F~] = 2s, then
1
I.= (4s+25)=3s (1.17.121)
so that the equation for s, which is highly nonlinear, becomes
5 (2s)? e BRIV (14V3s) _ g (1.17.122)

Note the similarity to the highly nonlinear relation for partial pressures in non-ideal gas-phase reactions from the last lecture.

How can we solve a highly complex equation of this form? One way is to use an iterative procedure. We start by setting v, = 1.
This gives us an equation for s that should be reminiscent of the type of calculation used for solubilities in freshman chemistry:

5(28)> =4s° = K,, = 1.7 x 1078 (1.17.123)
K.\ 13
s= (T“”’) (1.17.124)
—6\ 1/3
= (17%10) (1.17.125)
=752x1073M (1.17.126)

We now use this value of s to calculate values for I, and ~..:

I, =35 =0.0226 M (1.17.127)
Ny = oL 172:2v0.0226/(1+v/0.0226) _ (y 736 (1.17.128)

We now use this value of v, to calculate a new value for s using

—6
5(28)% = % (1.17.129)
(0.736)
—6
453 = % (1.17.130)
(0.736)
s =0.0102M (1.17.131)
We now use this value of s to recalculate I, and «,., and we obtain v, = 0.705. Now use this value to recalculate s:
—6
46% = 1'”7103 (1.17.132)
(0.705)
s =0.0107M (1.17.133)

which is the converged value. This example illustrates that equilibrium calculations are more complex than what was taught in
freshman chemistry due to the fact that activities can, in many instances, make a significant difference.

This page titled 1.17: Chemical Equilibria is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.
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1.18: Introduction to Reaction Kinetics - Basic Rate Laws

The kinetic theory of gases can be used to model the frequency of collisions between hard-sphere molecules, which is proportional
to the reaction rate. Most systems undergoing a chemical reaction, however, are much more complex. The reaction rates may be
dependent on specific interactions between reactant molecules, the phase(s) in which the reaction takes place, etc. The field of
chemical kinetics is thus by-and-large based on empirical observations. From experimental observations, scientists have established
that reaction rates almost always have a power-law dependence on the concentrations of one or more of the reactants. In the
following sections, we will discuss different power laws that are commonly observed in chemical reactions.

0%* Order Reaction Kinetics

Consider a closed container initially filled with chemical species A. At ¢t =0, a stimulus, such as a change in temperature, the
addition of a catalyst, or irradiation, causes an irreversible chemical reaction to occur in which A transforms into product B:

aA — bB (1.18.1)

The rate that the reaction proceeds, r, can be described as the change in the concentrations of the chemical species with respect to

time:
_ 1d[A] 1d[B]
e (1.18.2)
where [X] denotes the molar concentration of chemical species X with units of 2.
Let us first examine a reaction A — B in which the reaction rate, r, is constant with time:
d[A]
=———=k 1.18.3
7 ( )

. . . mol . .
where k is a constant, also known as the rate constant with units of — Such reactions are called zeroth order reactions because
m®©s

the reaction rate depends on the concentrations of species A and B to the 0% power. Integrating [A] with respect to T, we find that
[A]l = —kt+c1 (1.18.4)
Att =0, [A] (0) = [A],. Plugging these values into the equation, we find that ¢; = [A],. The final form of the equation is:
[A] = [A], — Kkt (1.18.5)

A plot of the concentration of species A with time for a 0t order reaction is shown in Figure 1.18.1, where the slope of the line is —&
and the y-intercept is [A],. Such reactions in which the reaction rates are independent of the concentrations of products and
reactants are rare in nature. An example of a system displaying 0¢* order kinetics would be one in which a reaction is mediated by a
catalyst present in small amounts.

1%t Order Reaction Kinetics

Experimentally, it is observed than when a chemical reaction is of the form

> viAi=0 (1.18.6)
the reaction rate can be expressed as
r=k J] [A]" (1.18.7)
reactants

where it is assumed that the stoichiometric coefficients v; of the reactants are all positive. Thus, or a reaction A — B, the reaction
rate depends on [A] raised to the first power:

N1 i AN (1.18.8)
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Figure 1.18.1: Plots of [A] (solid line) and [B] (dashed line) over time for a 0** order reaction.

For first order reactions, k has the units of % Integrating and applying the condition that at ¢ =0's, [A] = [A],, we arrive at the
following equation:
[A] = [A]le7™ (1.18.9)

Figure 1.18.2 displays the concentration profiles for species A and B for a first order reaction. To determine the value of k from

€ (moliL)

Time (s)

Figure 1.18.2: Plots of [A] (solid line) and [B] (dashed line) over time for a 1% order reaction.

experimental data, it is convenient to take the natural log of Equation 19.8:

In ([A]) = In ([A]y) — Kt (1.18.10)
For a first order irreversible reaction, a plot of In ([A]) vs. t is straight line with a slope of —k and a y-intercept of In ([A],).
2" Order Reaction Kinetics

Another type of reaction depends on the square of the concentration of species A - these are known as second order reactions. For a

second order reaction in which 2A — B, we can write the reaction rate to be

1 d[A] 2
=————==Fk[A 1.18.11
S = kA (1.18.11)
3
For second order reactions, k has the units of ? . Integrating and applying the condition that at ¢ = 0s, [A] = [A],, We arrive at

the following equation for the concentration of A over time:

A= — (1.18.12)
2kt + m

Figure 1.18.3 shows concentration profiles of A and B for a second order reaction. To determine k from experimental data for
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Figure 1.18.3: Plots of [A] (solid line) and [B] (dashed line) over time for a 2™ order reaction.

second-order reactions, it is convenient to invert Equation 19.11:

1 1
- iom 1.18.13
= A, (11819
A plot of 1/[A] vs. t will give rise to a straight line with slope k and intercept 1/ [A],.

Second order reaction rates can also apply to reactions in which two species react with each other to form a product:

A+B5C (1.18.14)
In this scenario, the reaction rate will depend on the concentrations of both A and B to the first order:

__dAl__d[B]

" = = k[A][B] (1.18.15)

In order to integrate the above equation, we need to write it in terms of one variable. Since the concentrations of A and B are related
to each other via the chemical reaction equation, we can write:

B] = (Blo — (Al — [A]) = [A] + [Bl, — A, (118.16)
A _ _(a) (1A + (Blo — (A1) (118.17)

We can then use partial fractions to integrate:

- d[A] _ 1 dA] d[A]
i T B BT (A BT (11819)
b : ety (1.18.19)

~ TAl,—[Bl, [BIA

Figure 1.18.4 displays the concentration profiles of species A, B, and C for a second order reaction in which the initial
concentrations of A and B are not equal.

Rate Laws for Elementary Reactions

In general, it is necessary to experimentally measure the concentrations of species over time in order to determine the apparent rate
law governing the reaction. If the reactions are elementary reactions, (i.e. they cannot be expressed as a series of simpler reactions),
then we can directly define the rate law based on the chemical equation. For example, an elementary
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Figure 1.18.4: Plots of [A] (solid line), [B] (dashed line) and [C] (dotted line) over time for a 2" order reaction in which the initial
concentrations of the reactants, [Al, and [B],» are not equal.

reaction in which a single reactant transforms into a single product, is unimolecular reaction. These reactions follow 1% order rate
kinetics. An example of this type of reaction would be the isomerization of butane:

nC4H10 — iC4H10 (1.18.20)
From the chemical reaction equation, we can directly write the rate law as

d [nC’4H10] _

di —k [nC’4H10] (11821)
without the need to carry out experiments.

Elementary bimolecular reactions that involve two molecules interacting to form one or more products follow second order rate
kinetics. An example would be the following reaction between a nitrate molecule and carbon monoxide to form nitrogen dioxide
and carbon dioxide:

NO3;+CO — NOy +CO, (1.18.22)
For the above elementary reaction, we can directly write the rate law as:

d[];]:)f‘] = —k[NO;3] [CO] (1.18.23)

Trimolecular elementary reactions involving three reactant molecules to form one or more products are rare due to the low
probability of three molecules simultaneously colliding with one another.

Reversible Reactions

Oftentimes, reactions are reversible, meaning that a reaction can proceed in both directions. An example of a reversible reaction is
the isomerization of cis-1,2-dichloroethene to trans-1,2-dichloroethene. At equilibrium, both isomers are present, with their
equilibrium concentrations determined by the rate at which the forward and reverse reaction take place.

Consider the following reversible reaction which follows first order rate kinetics in both directions, with rate constants k; and k_;
in the forward and reverse directions, respectively:

ky
A=B (1.18.24)

k_y
For the above reaction, we can write rate law for the reaction as:

% — ki [A] — by [B] (1.18.25)

If the concentration of species B = 0 at the start of the reaction, then we can write:
[B] = [A], — [A] (1.18.26)
Equation 19.20 then becomes

% = (k1 + k—1) [A] — k_1 [A], (1.18.27)

https://chem.libretexts.org/@go/page/46087



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/46087?pdf

LibreTexts"

Under equilibrium conditions, d[A] /d¢ = 0. The equilibrium concentration of species A, d[A],,, can be calculated from the above

eq’
expression as

k_1

[A]eq = kl +k_1

[Al, (1.18.28)

Plugging Equation 19.23 into Equation 19.22 and integrating, we obtain the following expression:
[A] = [A],, + cre™krth)t (1.18.29)
where ¢; is a constant. Applying the initial condition that [A] = [A], att =0,
[A] = [A] o + ([A]p — [A],,) e~ Crth-a)t (1.18.30)
From Equation 19.20, we can also write an expression for the equilibrium constant, K,

Bl ki

— = — =K, 1.18.31

[ A]eq k—l eq ( )
In general, the equilibrium constant K, is equal to the ratio of the forward and reverse rate constants. Consider the following
bimolecular elementary reaction:

A+B:\——‘IC+D (1.18.32)
—1
The forward and reverse reaction rates will be
Tforward = kl [A] [B] (11833)
Treverse = K—1 [C] [D] (11834)
At equilibrium, rgryard = Treverses SO
k1 [Alq [Bleg = k-1 [Cleq [Dlq (1.18.35)
The equilibrium constant, K, is given by
[Cleq Dleq
K,=- %« (1.18.36)
[Aleq [Bleq

K,= % (1.18.37)

C (moliL)

Time (s)
Figure 1.18.5: Plots of [A] (solid line) and [B] (dashed line) over time for a reversible reaction in which the forward and reverse
reactions follow first order rate kinetics, with &y > k_;

Relaxation Method to Determine Rate Constants

The rate constants of reversible reactions can be measured using a relaxation method. In this method, the concentrations of
reactants and products are allowed to achieve equilibrium at a specific temperature. Once equilibrium has been achieved, the
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temperature is rapidly changed, and then the time needed to achieve the new equilibrium concentrations of reactants and products is
measured. Consider the following reversible reaction:

k:
ASB (1.18.38)
k_y
The rate law can be written as
d[B
% — k1 [A] — k_y [B] (1.18.39)

Consider a system comprising A and B that is allowed to achieve equilibrium concentrations at a temperature, T3. After equilibrium
is achieved, the temperature of the system is instantaneously lowered to T% and the system is allowed to achieve new equilibrium
concentrations of A and B, [A],, and [B],,,. During the transition time from the first equilibrium state to the second equilibrium
state, we can write the instantaneous concentration of A as

[A] = [B],,, — [B] (1.18.40)
The rate of change of species B can then be written as
d[B]
7 =k ([B]eq,l - [B]) — k1 [B] =k [B]eq,l - (kl + k—l) [B] (11841)

At equilibrium, d[B] /dt = 0 and [B] = [B],, ,, allowing us to write

eq,2’
k1 [Bleg1 = (k1 + k_1) [Blego (1.18.42)
Using the above equation, we can rewrite the rate equation as

dB

m = (k1 +k_1)dt (1.18.43)
Integrating yields
—In ([B] — [Bl,q,) = — (k1 + k1)t +C (1.18.44)
We can rearrange the above equation in terms of B
[B] = Ce~ 1kt 4 B], , (1.18.45)
Att =0, [B] = [B],;, SO C = [Bl,,; — [Bl,,»- Plugging the the value of C, we arrive at
[B] — [Blugs = ([Blagy — [Blegz) e~ ®1+4-2) (1.18.46)
which can also be expressed as
A[B] = A[B]ye~itF-f = A[B], 7" (1.18.47)

where A [B] is the difference in the concentration of B from the final equilibrium concentration after the perturbation, and r is the
relaxation time. A plot of In (A [B] /A [B],) versus ¢ will be linear with a slope of — (k1 +k&_1), where k1 and k_; are the rate
constants at temperature, T%.

This page titled 1.18: Introduction to Reaction Kinetics - Basic Rate Laws is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Mark E. Tuckerman.
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1.19: Collision theory, transition state theory, and the prediction of rate laws and rate
constants

Rate Law and Collision Theory
Consider the reaction

A+B—C (1.19.1)
In the last class, we regarded the rate law

r = k[A][B] (1.19.2)

as empirical. As it happens, we can actually derive this using the collision theory discussed in Lecture 6. Recall, from lecture 6, that
the collision rate between two atoms or molecules in a system is

7= po{|v]) (1.19.3)

where p is the number density, o is the collision cross section, and (|v|) is the relative velocity between the two atoms or molecules.
Now, if the two colliding atoms or molecules are different, and we are interested in the rate of collisions of atoms/molecules of type
A with those of type B, then the collision rate must be written as

Y4B = 0B {|vaB|) B (1.19.4)

Here pg is the density of atoms/molecules of type B, |vag| = |ve — va]| is the relative speed between A and B, and o g is the cross
section between A and B, which, is given the average of arithmetic and geometric averages:

1
o= H[(242) v
From the Maxwell-Boltzmann distribution,
8kpT
(Ivasl) = o (1.19.6)
where the reduced mass
mamsp
_ 1.19.7
b= tme ( )

The collision rate y,p is the rate for the collision of one atom/molecule of A. If there are N, atoms/molecules of A, then the total
collision rate for A with B is

Yot = NayaB = Naoag (|van|) pB (1.19.8)
However, the number density of A is pa = Na/V, so we can write the total collision rate as
Yot = 0aBV {|vasl|) paps (1.19.9)
In a time interval dt, the number of collisions dNeon is
dNeon = Yiotdt = oaBV (|VaB|) papBdt (1.19.10)

Let Pom denote the probability that a collision between A and B leads to product C. The rate of decrease of Na must then be

dNp = —PrmdNoot = —0aBPraV {|Vas) pappdt (1.19.11)
so that
dN,
d_tA = —04BPraV (|VaBI) PaPB (1.19.12)

Note that the rate is
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_ d[A]
== (1.19.13)

However, [A] is in units of moles/liter. The ratio N/ (NoV), where N, is Avogadro’s number, has the proper units of moles/liter, if

V is in liters. Thus,

d[A]  d(Na/(NoV))
= — (1.19.14)
1
=— NoV 0ABPraV (|VAB|) PAPB (11915)

= —0aBPra Ny (|[VaB|) paps (1.19.16)
Since py has units of (molecules of A/liters), we can write p, = Ny [A], and similarly, pg = Ny [B]. This gives

d[A
% = —0AB P No (|vas|) [A] [B] = —k[A] [B] (1.19.17)
where the rate constant is

k = 0ABPrxnNo {|vaB|) (1.19.18)

To determine the reaction probability P.,, consider the energy profile for the reaction in Figure 1.19.1. In the gas phase, the
activation “energy”, denote E, in the figure is the potential energy at the top of the hill, which we denote as &*. If the reaction takes
place in a condensed phase, such as in solution, then the activation “energy” is the free energy AG*.

transition state
(activated complex)

reactants

Potential Energy

products

Reaction Progress
(Reaction Coordinate)

Figure 1.19.1: Illustration of a reaction energy profile.

If A and B are atoms, then P, is the probability that the energy E,p between A and B must be larger than this energy E, in order
for the collision to yield product C. If A and B are molecules, then A and B must also have the right orientation in addition to a
sufficiently high energy. The probability that they have the right orientation is a fraction f < 1, which we call the steric factor.
When A and B are atoms, f = 1. Generally, we can write

Pen = fP (Epp > E,) (1.19.19)

The general probability distribution p (Eag) is just given by the Boltzmann distribution

p(Ejp) Ce PEss (1.19.20)

where C is a normalization constant. The normalization condition is

[o0] o0 (o]
/ p(Ea)dEsg =C / ePEm — —%e—ﬂEAB =1 (1.19.21)
0 0 0

which gives C = 8= 1/ (kgT). Thus,
p(Eap) = Be PP (1.19.22)

Now, the probability P(Eag > E,) that Eap > F, is

oo
P(Exs>E,) =8 / e PEm(Rp = ¢ PFe (1.19.23)
E,

which gives the rate constant as
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8 1/2
k= oaNofe 5 (|vap|) = oA Nofe PP (ﬂ—w) (1.19.24)
We see, generally, that

k= AeFPs (1.19.25)

where E, is the activation potential &* in the gas phase and the activation free energy AG*! in condensed phases. This is known as
the Arrhenius law.

Note that if we plot In k vs. 1/T, which is given by

E,
ksT

Ink=InA-— (1.19.26)

the plot will be a line with slope —F,/kg. Such a plot is called an Arrhenius plot. Note, moreover, that if A and B are the same atom
or molecule type, then the rate law we derived, would take the form of a second-order rate law

d[A]
= —k[A)? (1.19.27)

Transition State Theory

In Figure 1.19.1, the point at which we evaluate or measure E, serves as a dividing line (also called a dividing surface) between
reactants and products. At this point, we do not have A + B, and we do not have C. Rather, what we have is an activated complex of
some kind called a transition state between reactants and products. The value of the reaction coordinate at the transition state is
denoted ¢f. Recall our notation x for the complete set of coordinates and momenta of all of the atoms in the system. Generally, the
reaction coordinate g is a function ¢(x) of all of the coordinates and momenta, although typically, ¢ (x) is a function of a subset of
the coordinates and, possibly, the momenta.

As an example, let us consider two atoms A and B undergoing a collision. An appropriate reaction coordinate could simply be the
distance r between A and B. This distance is a function of the positions r, and rg of the two atoms, in that

g=r=|rs—rp| (1.19.28)
When A and B are molecules, such as proteins, ¢ (x) is a much more complicated function of x.

Now, recall that the mechanical energy & (x) is given by

E(x)= .
o 2m

and is a sum of kinetic and potential energies. Transition state theory assumes the following:

+U(ry,..,TN) (1.19.29)
1

1. We start a trajectory obeying this equation of motion with an initial condition x that makes ¢ (x) = ¢* and such that ¢ (x) > 0 so
that the reaction coordinate proceeds initial to the right, i.e., toward products.

2. We follow the motion x, of the coordinates and momenta in time starting from this initial condition x, which gives us a unique
function x; (x).

3. If g (x; (x)) > ¢* at time ¢, then the trajectory is designated as “reactive” and contributes to the reaction rate.

Define a function 4 (y), which is 1 if y > 0 and 0 if y < 0. The function 4 (y) is known as a step function.
We now define a flux of reactive trajectories k (t) using statistical mechanics

1

[ axe®1a(l0(ax o) ~ ) (1.19.30)
a(x)=q*
where h is Planck’s constant. Here @, is the partition function of the reactants

Q, = / dx e P09 (g — ¢ (x)) (1.19.31)
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The meaning of Equation 1.19.30 is an ensemble average over a canonical ensemble of the product | (x)| and 8 (g (x; (x)) — g*). The
first factor in this product |g (x)| forces the initial velocity of the reaction coordinate to be positive, i.e., toward products, and the
step function 6 (g(x:(x)) —g*) requires that the trajectory of g(x:(x)) be reactive, otherwise, the step function will give no
contribution to the flux. The function & (¢) in Equation 1.19.30 is known as the reactive flux. In the definition of Q, the step function
0 (¢* — g (x)) measures the total number of microscopic states on the reactive side of the energy profile.

A plot of some examples of reactive flux functions k (t) is shown in Figure 1.19.2. These functions are discussed in greater detail in
J. Chem. Phys. 95, 5809 (1991). These examples all show that k(t) decays at first but then finally reaches a plateau value. This
plateau value is taken to be the true rate of the reaction under the assumption that eventually, all trajectories that will become
reactive will have done so after a sufficiently long time. Thus,

k= limk () (1.19.32)

gives the true rate constant. On the other hand, a common approximation is to take the value k(0) as an estimate of the rate
constant, and this is known as the transition state theory approximation to k, i.e.,

R = k0 (1.19.33)
= i —BE(x) |, s
Qr ./;(x)=q: dxe la()l6 (q () —¢ ) (1.19.34)

However, note that since we require ¢ (x) to initially be toward products, then by definition, at £ = 0, g (x) > ¢*, and the step function
in the above expression is redundant. In addition, if ¢ (x) only depends on momenta (or velocities) and not actually on coordinates,

which will be true if ¢(x) is not curvilinear (and is true for some curvilinear coordinates ¢ (x)), and if ¢ (x) only depends on
coordinates, then Equation ??? reduces to

E(TST) — —h; / dxpePTR2m g (p, . py)| dxye PV (1) (1.19.35)
T

q(r1,--rn)=g

T T T

10 s
0.8

0.6

04| | e

k(t)/krsr

02F | TN -

0.0+ \ F‘ .\_/. A

L
02} Y .
%
-0.4 1 1 1 ! 1
0 5 10 15 20 25 30

Figure 1.19.2: Examples of the reactive flux k (¢).
The integral

Zt= / dxpe—PUELN) (1.19.36)
q(ry,..rv)=gt

counts the number of microscopic states consistent with the condition ¢ (r,...,ry) = ¢t and is, therefore, a kind of partition
function, and is denoted Q. On the other hand, because it is a partition function, we can derive a free energy AF#* from it

Fto —kgTln 7} (1.19.37)

Similarly, if we divide @, into its ideal-gas and configurational contributions

Q- = Q¥ z, (1.19.38)

then we can take
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Z, =e P (1.19.39)

where F, is the free energy of the reactants. Finally, setting ¢ = p/u, where y is the associated mass, and p is the corresponding
momentum of the reaction coordinate, then, canceling most of the momentum integrals between the numerator and QY%= the
momentum integral we need is

) gjan P
/ e PP/ ”E = kgT (1.19.40)
0

which gives the final expression for the transition state theory rate constant

E(TST) — _kJ;;T e PF=F,) _kll’;T e PAF! (1.19.41)

Figure 1.19.2 actually shows k(t) /k(TST), which must start at 1. As the figure shows, in addition, for ¢t >0, k() < k(™ST). Hence,
k(T5T) is always an upper bound to the true rate constant. Transition state theory assumes that any trajectory that initially moves
toward products will be a reactive trajectory. For this reason, it overestimates the reaction rate. In reality, trajectories can cross the
dividing surface several or many times before eventually proceeding either toward products or back toward reactants.

' T 1 T T T

alt) it}

al ()

t
i T T T -
qlth qlt)
(] - - - R -
-1 L
a 20 40 a0 a0 100

Figure 1.19.3: Examples of the trajectories in a typical system, some of which are reactive but some of which return to reactants.

Figure 1.19.3 shows that one can obtain trajectories of both types. Here, the dividing surface lies at g = 0. Left, toward ¢ = —1 is the
reactant side, and right, toward ¢ = 1 is the product side. Because some trajectories return to reactants and never become products,
the true rate is always less than £(T5T), and we can write

k= kk(TST) (1.19.42)

where the factor x < 1 is known as the transmission factor. This factor accounts for multiple recrossings of the dividing surface and
the fact that some trajectories do not become reactive ones.

This page titled 1.19: Collision theory, transition state theory, and the prediction of rate laws and rate constants is shared under a CC BY-NC-SA
4.0 license and was authored, remixed, and/or curated by Mark E. Tuckerman.
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1.20: Complex reaction mechanisms

A major goal in chemical kinetics is to determine the sequence of elementary reactions, or the reaction mechanism, that comprise
complex reactions. For example, Sherwood Rowland and Mario Molina won the Nobel Prize in Chemistry in 1995 for proposing
the elementary reactions involving chlorine radicals that contribute to the overall reaction of O3 — O, in the troposphere. In the
following sections, we will derive rate laws for complex reaction mechanisms, including reversible, parallel and consecutive
reactions.

Parallel Reactions

Consider the reaction in which chemical species A undergoes one of two irreversible first order reactions to form either species B
or species C:

AlkB (1.20.1)
ABc (1.20.2)

The overall reaction rate for the consumption of A can be written as:

I A1 ks (8] = — (ks ) 4] (1.203)

Integrating [A] with respect to ¢, we obtain the following equation:

[A] = [A]y etk (1.20.4)
Plugging this expression into the equation for %, we obtain:
% = k1 [A] = K [A] e~ (athat (1.20.5)
Integrating [B] with respect to ¢, we obtain:
[B] = — :11 Ef};’z (e=trthalt) ¢y (1.20.6)
Att =0, [B] = 0. Therefore,
e = ]’:11 TL‘; (1.20.7)
[B] = ]]:11 Efi‘; (1— e Cuthal) (1.20.8)
Likewise,
[C] = % (1= e~(huthalt) (1.20.9)
The ratio of [B] to [C] is simply:
% _ Z_: (1.20.10)

An important parallel reaction in industry occurs in the production of ethylene oxide, a reagent in many chemical processes and
also a major component in explosives. Ethylene oxide is formed through the partial oxidation of ethylene:

2 CoHy + Oz = 2 CLH,0 (1.20.11)

However, ethylene can also undergo a combustion reaction:

CaHy+3 05 2 200, + 2 HyO (1.20.12)
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To select for the first reaction, the oxidation of ethylene takes place in the presence of a silver catalyst, which significantly
increases k; compared to ks. Figure 1.20.1 displays the concentration profiles for species A, B, and C in a parallel reaction in which
k1> ko.

G (moliL}

Time (=]

Figure 1.20.1: Plots of [A] (solid line), [B] (dashed line) and [C] (dotted line) over time for a parallel reaction.

Consecutive Reactions
Consider the following series of first-order irreversible reactions, where species A reacts to form an intermediate species, I, which
then reacts to form the product, P:

Ab 1 Rp (1.20.13)

We can write the reaction rates of species A, I and P as follows:

d[A]

—= =—h [A] (1.20.14)
d[I
% =Fk1[A] — ko [T] (1.20.15)
dP
—(Et] =ko[I] (1.20.16)
As before, integrating [A] with respect to ¢ leads to:
[A] = [A] e (1.20.17)
The concentration of species I can be written as
ki[Aly -
M= k:—kol (e7Fit — g~hat) (1.20.18)
Then, solving for [P], we find that:
[P] = [A], [1 + 4 1 - (koe™1t — kle—’“ﬂ)] (1.20.19)
1 — h2

Figure 1.20.2 displays the concentration profiles for species A, I, and P in a consecutive reaction in which k; = ks. As can be seen
from the figure, the concentration of species I reaches a maximum at some time, #yq,. Oftentimes, species I is the desired product.
Returning to the oxidation of ethylene into ethylene oxide, it is important to note another reaction in which ethylene oxide can
decompose into carbon dioxide and water through the following reaction

CLHL0 + g 0y 2 200, +2 H,0 (1.20.20)

Thus, to maximize the concentration of ethylene oxide, the oxidation of ethylene is only allowed proceed to partial completion

before the reaction is stopped.

Finally, in the limiting case when &z > k1, we can write the concentration of P as
[P] ~ [A], {1 + ikkze—klt} =[A], (1 —e7F%) (1.20.21)
—h2

Thus, when kg > k;, the reaction can be approximated as A — P and the apparent rate law follows 1% order kinetics.
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T
Figure 1.20.2: Plots of [A] (solid line), [1] (dashed line) and [P] (dotted line) over time for consecutive first order reactions.

Consecutive Reactions With an Equilibrium

Consider the reactions

AZ1Bp (1.20.22)

k-1

We can write the reaction rates as:
% — —ky[A]+ k[T (1.20.23)
d

% =k1[A] —k_1 [[] — k2 [T (1.20.24)

d[P]
= k2 [1] (1.20.25)

The exact solutions of these is straightforward, in principle, but rather involved, so we will just state the exact solutions, which are

A
[A] () = % [\ =k + K) e ®HEN2 4 (X 4 oy — K) =t KE01/2] (1.20.26)
[I] (t) = % [e—(k1+K—A)t/2 _ e—(k1+K+A)t/2] (1.20.27)
A 9 1 [ e~CtE=Nt2 o~ tK+N)t/2 L9028
where
K=ky+k_ (1.20.29)

A=/ (k1i—K)* — 4k1k_, (1.20.30)

Steady-State Approximations

Consider the following consecutive reaction in which the first step is reversible:

A :‘—_\1 15p (1.20.31)
-1
We can write the reaction rates as:
% =—ki[Al+ k[ (1.20.32)
d

% — by [A] — ks [ — 2 [ (1.20.33)

aP]
= K2 [1] (1.20.34)

These equations can be solved explicitly in terms of [A], [I], and [P], but the math becomes very complicated quickly. If, however,
ka +k_1 > k; (in other words, the rate of consumption of I is much faster than the rate of production of I), we can make the
approximation that the concentration of the intermediate species, I, is small and constant with time:

https://chem.libretexts.org/@go/page/46275



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/46275?pdf

LibreTexts"

an

o ~0 (1.20.35)

Equation 21.22 can now be written as

4

dt = kl [A] — k_l [I]ss — k2 [I]ss ~0 (1.20.36)

where [I],, is a constant represents the steady state concentration of intermediate species, [I]. Solving for [I] ,

ky

M, = Tt h [A] (1.20.37)
We can then write the rate equation for species A as
d[A] _ k1 _ kiko
T —k1[A] + k-1 [I),, = —k1 [A] + k_lm [A] = Wit [A] (1.20.38)
Integrating,
kiko
—
[A] = [Alpe K1tk (1.20.39)

Equation 21.28 is the same equation we would obtain for apparent 1% order kinetics of the following reaction:

AXp (1.20.40)
where
’ k1ks
K=—— 1.20.41
k_i+ ko ( )

Figure 1.20.3 displays the concentration profiles for species, A, I, and P with the condition that k2 +k_; > k1. These types of
reaction kinetics appear when the intermediate species, I, is highly reactive.

C {mallL)

Time (=

Figure 1.20.3: Plots of [A] (solid line), [I] (dashed line) and [P] (dotted line) over time for ks + k_1 > k1.

Lindemann Mechanism

Consider the isomerization of methylisonitrile gas, CH3NC, to acetonitrile gas, CH3CN:

CH3NC % CHsCN (1.20.42)

If the isomerization is a unimolecular elementary reaction, we should expect to see 1% order rate kinetics. Experimentally, however,

1¢ order rate kinetics are only observed at high pressures. At low pressures, the reaction kinetics follow a 274 order rate law:
d[CH3N
% — _k[CH;NC]? (1.20.43)

To explain this observation, J.A. Christiansen and F.A. Lindemann proposed that gas molecules first need to be energized via

intermolecular collisions before undergoing an isomerization reaction. The reaction mechanism can be expressed as the following
two elementary reactions
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k:
A+MS A +M (1.20.44)

ko
Al (1.20.45)

where M can be a reactant molecule, a product molecule or another inert molecule present in the reactor. Assuming that the
concentration of A* is small, or k; « k» + k—;, we can use a steady-state approximation to solve for the concentration profile of
species B with time:

d [j;*] = k1 [A] [M] — k_1 [A"],, [M] — k2 [A*],, ~ 0 (1.20.46)
Solving for [A*],
o _ ki [M][A]
[A*] = rivi (1.20.47)

The reaction rates of species A and B can be written as

_d[A] _ d[B] Fuka [M] 4] _

=5 = ky[AY] = Tt ha M Fobs [A] (1.20.48)
where
_ kika[M]
Fow = p (1.20.49)

At high pressures, we can expect collisions to occur frequently, such that k_; [M] > k.. Equation 21.33 then becomes

d[A] _ kiks
——=—"[A 1.20.
@~k A (1.20.50)
which follows 1% order rate kinetics.
At low pressures, we can expect collisions to occurs infrequently, such that k_; [M] < k9. In this scenario, equation 21.33 becomes

_dIA]

= k(A M] (1.20.51)

which follows second order rate kinetics, consistent with experimental observations.

Equilibrium Approximations

Consider again the following consecutive reaction in which the first step is reversible:

-
A=13P (1.20.52)
k-

Now let us consider the situation in which k; « k; and k_;. In other words, the conversion of I to P is slow and is the rate-limiting
step. In this situation, we can assume that [A] and [I] are in equilibrium with each other. As we derived before for a reversible
reaction in equilibrium,

L
K= ® ] (1.20.53)
or, in terms of [I],
[ = Keq [A] (1.20.54)

These conditions also result from the exact solution when we set k; ~ 0. When this is done, we have the approximate expressions
from the exact solution:
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K~k (1.20.55)

A (br—hn)? + Ak g = /K3 + 2hiky + k2, = ks + Ky (1.20.56)

)\ bl kl + K=~ k‘l + k'_l + kl bl k_l = 2]{71 (12057)
)\ + kl — K=~ k‘l + k'_l + kl bl k_l = 2]{71 (12058)
kl + K — )\ ~ k‘l + k'_l b kl - k_l = 0 (12059)
kl + K+ )\ ~ k‘l + k'_l + kl —+ k_l =2 (kl + k_l) (12060)

and the approximate solutions become
[A] () = _ A [2K_1 + 2kye=(kith-E] (1.20.61)
2 (k +k)
ki [A ]o —(ky+k_1)t
@) = Trh) [1—e ] (1.20.62)

In the long-time limit, when equilibrium is reached and transient behavior has decayed away, we find

1] ky

— =K, — 1.20.
fA] = K= 1 (1.20.63)
Plugging the above equation into the expression for d [P] /dt,
d[P
% — ka1 = kaKog [A] = k1k2 Pk ) (1.20.64)
The reaction can thus be approximated as a 1* order reaction
A5 (1.20.65)
with
w = Fike (1.20.66)
k1

Figure 1.20.4 displays the concentration profiles for species, A, I, and P with the condition that k2 < k1 = k_;. When k1 = k_;, we
expect [A] = [I]. As can be seen from the figure, after a short initial startup time, the concentrations of species A and I are
approximately equal during the reaction.

€ {mallL}

Time {s)

Figure 1.20.4: Plots of [A] (solid line), [1] (dashed line) and [P] (dotted line) over time for ks « ki = k_;.

This page titled 1.20: Complex reaction mechanisms is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Mark Tuckerman.
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1.21: Nonlinear kinetics and oscillating reactions

The Complexity of Multi-Step Chemical Reactions

It should be clear by now that chemical kinetics is governed by the mathematics of systems of differential equations. Thus far, we have only looked
at reaction systems that give rise to purely linear differential equations, however, in many instances the rate equations are nonlinear. When the
differential equations are nonlinear, the behavior is considerably more complex. In particular, nonlinear equations can lead to oscillatory solutions
and can also exhibit the phenomenon of chaos. Chaotic systems are systems that are highly sensitive to small changes in the parameters of the
equations or in the initial conditions. Basically, this means that the behavior of a chaotic system can be unpredictable, since such small changes can
occur in the form of small errors in determining the parameters (rounding to the nearest tenth or hundredth) or in specifying the initial conditions,
and these small changes can cause the system to evolve in time in a very different way.

In order to illustrate the concept of chaos, consider a very typical and well known system, the Lorenz equations. These actually closely resemble the
kinds of equations that arise in the study of nonlinear chemical kinetics. In this case, the differential equations are stated for three variables z (t),
y(t), and z (t):

dz

’r =o(z—1y) (1.21.1)
dy

i =z(p—2)—y (1.21.2)
dz

where ¢, p, and g are the parameters, and the equations have as initial conditions z (0) = zo, ¥ (0) = yo, and z(0) = 2. These equations cannot be
solved analytically, but we can solve them very accurately using a computer program. The trajectory in z, y, and z space can be viewed dynamically
on the following Wikipedia page: en.Wikipedia.org/wiki/Lorenz_system. If you follow the trajectory point r (t) = (z (t),y(t), 2 (¢)), you’ll see that
the motion is highly unpredictable, although it stays on a series of two rings, its motion from one ring to another appears to be random, even though
the motion is entirely deterministic.

Keep the Lorenz system in mind as we now explore nonlinear chemical kinetics.

The lodine Clock Reaction

The iodine clock reaction is a popular chemistry experiment in which one can visualize how different rate constants in consecutive reactions affect
the concentration of species during the reaction. Iodine anions (I~) are colorless. When I~ is reacted with hydrogen peroxide and protons, triiodide
is formed, which has a dark blue color. Consider the following series of irreversible reactions:

Hy0,+31" +2H* 25 I + 2 H,0 (1.21.4)
_ 9 k2 _ P
I; +2 8,02 =5 31 + 8402 (1.21.5)
The rate laws for this system are

dlIy
[dts Lk, [P =k [I;] [S20%] (1.21.6)

d[r-
% = —ky [I7)® + 3k, [I5] [$:027] (1.21.7)

d[S.0%
% = —ks [I7] [S20%7]* (1.21.8)

In order to make the equations look a little simpler, let us introduce the variables:

z=[I7], y=[I5], z=][80%] (1.21.9)
In terms of these, the rate equations are
% = —k123 4 3koy2? (1.21.10)
dy _ k12 — koyz? (1.21.11)
dt
dz 2
P —kayz (1.21.12)

If we solve these numerically, we find the following time dependence of the three concentrations: This is a clear example of nonlinearity. Note how
the concentration of I remains close to 0 for a period of time and then suddenly starts to increase. In a sense, think of the “straw that broke the

https://chem.libretexts.org/@go/page/46346



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/46346?pdf
https://chem.libretexts.org/Courses/New_York_University/CHEM-UA_652%3A_Thermodynamics_and_Kinetics/01%3A_Lectures/1.21%3A_Nonlinear_kinetics_and_oscillating_reactions

LibreTexts*

camel’s back”. As we pile straws on the back of the camel, the camel remains upright until that last straw, which suddenly breaks the back of the
camel, and the camel suddenly falls to the ground. This is also an illustration of nonlinearity.

Video 1.21.1: Famous iodine clock reaction: oxidation of potassium iodide by hydrogen peroxide (https://www.youtube.com/watch?v=_qhYDuJt8fI).

Despite the complexity of the rate equations, we can still analyze the approximately and predict the behavior seen in Figure 1.21.1. In this reaction
mechanism, ks > k;. Given the rate law for I,

d[15]

o =R =k [17] [$:07] 2 (1.21.13)
dlIy
if we use the steady-state approximation, we can set the [dt3 ] equal to 0, yielding
13
=t T (1.21.14)

k(5,007

Since kg > k1, the concentration of [I3] is approximately 0 as long as there are S,03 ions present. As soon as all of the $,0%~ is consumed, the
concentration of I3 can build up in the solution, changing the solution to a dark blue color. Figure 1.21.1 displays the concentration profiles for I,

I, and S30%. As can be seen from the figure, the concentration of I;” (red line) remains at approximately 0 mol/L until all of the S20%~ (blue line)
has been depleted.

—m

Concentration [mol/1.]

[} 15 20
time [seconds)

Figure 1.21.1: Concentrations as functions of time of the three species in the iodine clock reaction.

Oscillating Reactions

In all of the examples we have seen thus far, the concentration of intermediate species displays a single maximum during the course of the reaction.

There is another class of reactions called oscillating reactions in which the concentration of intermediate species oscillates with time. Consider the
following series of reactions

Ary Bix (1.21.15)
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X+Y5p (1.21.16)
k3
B+X 52X +7% (1.21.17)
2x 2 q (1.21.18)
ks
Z35Y (1.21.19)

In the above reaction mechanism, A and B are reactants; X, Y, and Z are intermediates; and P and Q are products. The third reaction in which B and
X react to form X and Z is known as an ”autocatalytic reaction” in which at least one of the reactants is also a product. Such reactions are a key
feature of oscillating reactions, as will be discussed below.

Video 1.21.2: The famous Belousov Zhabotinsky chemical reaction in a petri dish. The action is speeded up 8 x from real life. Pacemaker nucleation
sites emit circular waves. Breaking the wavefront with a wire triggers pairs of spiral defects which emit more closely spaced waves which eventually
fill the container (| ).

Let us assume that the concentrations of A and B are large, such that we can approximate them to be constant with time. The rate equation for
species X can be written as
X _ _ _ 2
= = kAT [Y] — o [X][Y] + o [B] [X] — 2k [X] (1.21.20)
Using the steady-state approximation, we can set dX/dt = 0 and rewrite Equation 1.21.20 as
(—2ks) [X]® + (k2 [Y] — k3 [B]) [X] + k1 [A] [Y] =0 (1.21.21)

We can then use the quadratic formula to solve for X:

(ka [Y] — ks [B]) + 1/ (kal¥]—hs[BI)? — 4 (—2ka) (kx [A] [¥])
B 2 (—2ky)

X] = (1.21.22)
Thus, there are two solutions for the concentration of X accessible to the reaction system. To examine solutions for [X], let us first assume that [Y] is
large. Under these conditions, the first two reactions in the reaction mechanism largely determine the concentration of [X]. We can thus approximate
Equation 1.21.20 as

0 ~ k1 [A] [Y] — ko [X] [Y] (1.21.23)
Solving for [X] yields
X] ~ klk[A] (1.21.24)
2

As the reaction continues, species Y is depleted and the assumption that [Y] is large becomes invalid. Instead the 3™ and 4% steps of the reaction
mechanism determine the concentration of X. In this limit, we can approximate Equation 1.21.20 as

0 ~ ks [B] [X] — 2k4 [X]? (1.21.25)
Solving for [X] yields
X] ~ ’“23—5 (1.21.26)
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In the second mechanism, the autocatalytic reaction step leads to an increase in the concentration of X and Z, which in turn leads to an increase in the
concentration of Y. The feedback loop between the production of species X and Y leads to oscillatory behavior in the system. This reaction
mechanism is known as the Belousov-Zhabotinksii reaction first discovered in the 1950s.

o The autocatalytic reaction of X in which X reacts with B to form more X in reaction 3
o The regeneration of species Y in reaction 5
o The competition between reaction 2 and 3 for the consumption of X and the involvement of Y in reaction 2

The actual Belousov-Zhabotinskii reaction is complex, involving many individual steps, and involves the oscillation between the concentration of
HBrO, and Br~. The reaction equations are

BrO3 + Br~ +2H* — HBrO; + HOBr (1.21.27)
HBrOy + Br~+ H* — 2 HOBr (1.21.28)
HOBr+ Br~ + H* — Bry + HyO (1.21.29)

2 HBrO; — BrO; + HOBr + H* (1-21.30)

BrO3 + HBrOy + H* — 2 BrOy + H,O (1.21.31)
BrO, + Ce®* + H* —s HBrO, + Ce*t (1.21.32)
BrO; + Ce** + H,O — BrO; + Ce®t + 2 H* (1.21.33)

The essential steps in this mechanism can be reduced to the following set of reactions. Note that we leave this unbalanced and only include the
species whose concentrations as functions of time we seek.

BrO + Br~ =% HBrO, + HOBr (1.21.34)
HBrO; + Br~ = 2 HOBr (1.21.35)
BrO; + HBrO; = 2 HBrO, + 2 Ce** (1.21.36)
2 HBrO, % BrO + HOBr (1.21.37)
Cet+ 2 £Br- (1.21.38)
Setting the variables as follows:
z=[HBrOy], y=[Br]|, =z=|[Ce*] (1.21.39)

‘We make the approximation that [BrOj] to be a constant a. In this case, the rate equations become

(‘lj—: = kiay — kazy + ksax — kqz® (1.21.40)
dy

i —kyay — koxy + fksz (1.21.41)
ﬁ—2kaa:—kz (1.21.42)
dt = 3! 5 . o

Solving these equations numerically, we obtain the trajectory of two of the species show in the Figure 1.21.2.

3 ‘ T - . - T ‘

r — [HBO,] 1
251 — [Br] -

Concentration [mol/L]
T
1

0 ‘ I . | . I ;
0 50 100 150 200

time [seconds]

Figure 1.21.2: Oscillating pattern of the concentrations in the Belousov-Zhabotinskii reaction.

On the other hand, we can drive this system to become chaotic by changing the parameters a little. When this is done, we find the follow plot of the
concentration of z:
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Figure 1.21.3: Chaotic behavior in the Belousov-Zhabotinskii reaction.

This page titled 1.21: Nonlinear kinetics and oscillating reactions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.
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1.22: Kinetics of Catalysis

As can be seen from the Arrhenius equation, the magnitude of the activation energy, E,, determines the value of the rate constant,
k, at a given temperature and thus the overall reaction rate. Catalysts provide a means of reducing E, and increasing the reaction
rate. Catalysts are defined as substances that participate in a chemical reaction but are not changed or consumed. Instead they
provide a new mechanism for a reaction to occur which has a lower activation energy than that of the reaction without the catalyst.
Homogeneous catalysis refers to reactions in which the catalyst is in solution with at least one of the reactants whereas
heterogeneous catalysis refers to reactions in which the catalyst is present in a different phase, usually as a solid, than the reactants.
Figure 1.22.1 shows a comparison of energy profiles of a reaction in the absence and presence of a catalyst.

without catalyst

I,“\
7 with i
o7 catalyst s

S

Energy

Reaction coordinates

Figure 1.22.1: Comparison of energy profiles with and without catalyst present.

Consider a non-catalyzed elementary reaction

Alp (1.22.1)

which proceeds at rate k at a certain temperature. The reaction rate can be expressed as

d[A]
& = —k[A] (1.22.2)
In the presence of a catalyst C, we can write the reaction as
Arc™pic (1.22.3)
and the reaction rate as
d[A
% = —k[A] — ket [A] [C] (1.22.4)

where the first term represents the uncatalyzed reaction and the second term represents the catalyzed reaction. Because the reaction
rate of the catalyzed reaction is often magnitudes larger than that of the uncatalyzed reaction (i.e. kcas > k), the first term can often
be ignored.

Example of Homogenous Catalysis: Acid Catalysis
A common example of homogeneous catalysts are acids and bases. For example, given an overall reaction is S — P. If g is the rate,

then

a[P] _
— =kl (1.22.5)

The purpose of an enzyme is to enhance the rate of production of the product P. The equations of the acid-catalyzed reaction are

k1
S+AH=SHY+ A~ (1.22.6)
k_;
SH* + H,0 B P 4+ Hy0* (1.22.7)
k:
H30" + A~ = AH + H,0 (1.22.8)
k3

The full set of kinetic equations is
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% = —k; [S][AH] + k_1 [SH] [A7] (1.22.9)

. [:tH] = —k1 [S][AH] + k1 [SH'] [A7] — k3 [AH] + ks [H30™] [A7] (1.22.10)

: [SdiI T o by (5] 1AH) b [SHY] [A7] — ko SV (1.22.11)
% = k1 [S][AH] — ks [SH] [A7] — k2 [AT] [H5O™] + ks [AH] (1.22.12)
% = k2 [SH] (1.22.13)
LHHTaer] =~k [SH™] — k3 [H;0%] [A7] + k3 [AH] (1.22.14)

We cannot easily solve these, as they are nonlinear. However, let us consider two cases k2 > k_; [A7] and k2 <« k_; [A7]. In both
cases, SH™ is consumed quickly, and we can apply a steady-state approximation:

d[SH*]
dt

= ki [S][AH] —k_1 [AT] [SH*] — ks [SHT] =0 (1.22.15)

Rearranging in terms of SH+ yields

sa+] = A SIAH]L (1.22.16)
ki [AT] + ke
and the rate of production of P can be written as
d[P] k1k; [S] [AH]
= ko [SH*] = 1.22.17
i R BE= e, (1.22.17)
In the case where k; > k_; [A~], Equation 1.22.17 can be written as
d[P
% = k1 [S] [AH] (1.22.18)

which is known as a general acid-catalyzed reaction. On the other hand, if k, « k_; [A~], we can use an equilibrium approximation
to write the rate of production of P as

d[P] _ kiks[S|[AH] _ kiko

dt ki[AT]  kaK

[S] [H] (1.22.19)

where K is the acid dissociation constant:

_ [AT][HY]

K= AR (1.22.20)

In this case, the reaction is hydrogen ion-catalyzed.

Example of Heterogeneous Catalysis: Surface Catalysis of Gas-Phase Reactions

Many gas-phase reactions are catalyzed on a solid surface. For a first-order, unimolecular reaction, the reaction mechanism can be

written as
A(g)+S(s) :;‘1 AS(s) (1.22.21)
AS(s) 3 P(g) +5(g) (1.22.22)

where the first step is reversible adsorption of the gas molecule, A, onto active sites on the catalyst surface, S, to form a transition
state, AS, and the second step is the conversion of adsorbed A molecules to species P. Applying the steady-state approximation to
species AS, we can write

d[AS]

dt =k [A] [S] -k [As]as — k2 [As]ss =0 (12223)
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Because the concentration of total active sites on the catalyst surface is fixed at [S],, the concentration of adsorbed species on the
catalyst surface, [AS] can be written as

[AS] = 018], (1.22.24)
and [S] can be written as
[Sl=(1—8)[S], (1.22.25)
where 6 is the fractional surface coverage of species A on the catalyst surface. We can now write Equation 1.22.23 as
ki [A](1—6)[S]g— (k—1 +k2)0[S], =0 (1.22.26)

Rearranging the above equation in terms of 4 yields

k1 [A]
= 1.22.27
ki [A] + k_1 + k2 ( )
The rate of production of P can be written as
d[P] _ _ _ k1ks
g = Fa[ASlu = ka0 18l = - (AT Sl (1.22.28)

From the above equation, we can observe the importance of having high surface areas for catalytic reactions.

Langmuir-Hir fsm —~
— B}
—~ (&) /“}“/
@ 7 s ®De@E - @
2 3 ®«®
I T
surface ‘ ‘ surface ‘ surface
Eley-Rideal Mechanism: = =
= YA (B8
. (® ® B
Q) =y /_\1( /;
A \.f'_/ k/
‘ surface ‘ ‘ surface ‘ ‘ surface ‘

Figure 1.22.2: Illustrations of the Langmuir-Hinshelwood and Eley-Rideal mechanisms for heterogeneous catalysis of bimolecular
gas-phase reactions.
For bimolecular gas-phase reactions, two generally-used mechanisms to explain reactions kinetics are the Langmuir-Hinshelwood
and Eley-Rideal mechanisms, shown in Figure 1.22.2. In the Langmuir-Hinshelwood mechanism, A and B both adsorb onto the
catalyst surface, at which they react to form a product. The reaction mechanism is

Ag)+5(s) :‘—_\ AS(s) (1.22.29)
B(g) + S (s) :‘—_\ BS (s) (1.22.30)
AS(s)+BS(s) B P (1.22.31)

The rate law for the Langmuir-Hinshelwood mechanism can be derived in a similar manner to that for unimolecular catalytic
reactions by assuming that the total number of active sites on the catalyst surface is fixed. In the Eley-Rideal mechanism, only one
species adsorbs onto the catalyst surface. An example of such a reaction is the partial oxidation of ethylene into ethylene oxide, as
shown in Figure 1.22.3. In this reaction, diatomic oxygen adsorbs onto the catalytic surface where it reacts with ethylene molecules
in the gas phase.

The reactions for the Eley-Rideal mechanism can be written as

A(g) +S(s) :;\ AS(s) (1.22.32)
AS(s)+B(g9) 3 P(g) +5(s) (1.22.33)
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Figure 1.22.3: Illustrations of the reaction mechanism for the partial oxidation of ethylene to ethylene oxide. [Reproduced from
Kilty, PA and WMH Sacthler. Catal. Rev., 10, 1]

Assuming that k_; > k;, we can apply a steady-state approximation to species AS:

d[AS]
dt

=0=ky [A][S] — k_1 [AS],, — k2 [AS],, [B] (1.22.34)
As in the case of unimolecular catalyzed reactions, we can express the concentrations of AS and S in terms of a fraction of the total
number of active sites, Sg and rewrite the above equation as

0 = k1 [A] (1 — 6) [S]o — k1 [S], — k281S], [B] (1.22.35)
Solving for 6 yields

_ ki [A]
" Ky [A] + k_y + k2 [B]

(1.22.36)

Furthermore, if k; « k; and k_;, we can simplify 6 to

ky [A]
=" 1.22.
0 AL+ ko (1.22.37)
The rate of production of P can be expressed as
d[P] _ _ kik[A]
7 = k? [As]ss [B] = kza [S]O [B] - kl [A] ¥ k—l [S]O [B] (12238)

We can also write the above expression in terms of the equilibrium constant, K, which is equal tok; /k_;

d[P]
= = Kka[B]

K[A]

KA1 (1.22.39)

Michaelis-Menten Enzyme Kinetics

In biological systems, enzymes act as catalysts and play a critical role in accelerating reactions, anywhere from 10® to 107 times
faster than the reaction would normally proceed. Enzymes are high-molecular weight proteins that act on a substrate, or reactant
molecule, to form one or more products. In 1913, Leonor Michaelis and Maude Menten proposed the following reaction
mechanism for enzymatic reactions:

ky ko
E+S=ES—SE+P (1.22.40)

k1

where E is the enzyme, ES is the enzyme-substrate complex, and P is the product. In the first step, the substrate binds to the active
site of the enzyme. In the second step, the substrate is converted into the product and released from the substrate. For this

mechanism, we can assume that the concentration of the enzyme-substrate complex, \(\text{ES}|), is small and employ a steady-
state approximation:

B b B0 18— ks B8], — KBS, ~ 0 (L2241

Furthermore, because the enzyme is unchanged throughout the reaction, we express the total enzyme concentration as a sum of
enzyme and enzyme-substrate complex:

[E], = [ES] + [E] (1.22.42)
Plugging Equation 1.22.42 into Equation 1.22.41, we obtain

0 = k; ([E], — [ES],,) [S] — k—1 [ES],, + k2 [ES],, (1.22.43)
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Solving for [ES],,

k1 [E, [S] [E], [S]
ES|,, = = 1.22.44
[ ]ss k1 [S] +k_1+ ke [S] n k_1+ k2 ( )

ky

We can then write the reaction rate of the product as
a[P] _ _ ka[EpS] _ ka[E],[S]
R iy Sy < o (12249
S

where K3, is the Michaelis constant. Equation 1.22.45 is known as the Michaelis-Menten equation. The result for Michaelis-Menten
kinetics equivalent to that for a unimolecular gas phase reaction catalyzed on a solid surface. In the limit where there is a large
amount of substrate present ([S] > K3,) Equation 1.22.45 reduces to

d4[P]

g = Tmx =k [Elo (1.22.46)

which is a 0% order reaction, since [E], is a constant. The value k; [E], represents the maximum rate, 7y, at which the enzymatic
reaction can proceed. The rate constant, kj, is also known as the turnover number, which is the number of substrate molecules
converted to product in a given time when all the active sites on the enzyme are occupied. Figure 1.22.4 displays the dependence of
the reaction rate on the substrate concentration, [S]. This plot is known as the Michaelis-Menten plot. Examining the figure, we can
see that the reaction rate reaches a maximum value of k; [E], at large values of [S].

I

Reaction rate, r (mol/L-s)

[S] (moliL)

Figure 1.22.4: Rate dependence on substrate concentration for an enzymatic reaction.

Another commonly-used plot in examining enzyme kinetics is the Lineweaver-Burk plot, in with the inverse of the reaction rate,
1/, is plotted against the inverse of the substrate concentration 1/ [S]. Rearranging Equation 1.22.45,
1 Ky +[S] _ Ky 1 1

T k[E]g[S]  k2[El, [S] % [El, (1.22.47)

The Lineweaver-Burk plot results in a straight line with the slope equal to Kas/k2 [E], and y-intercept equal to 1/k; [E],.

This page titled 1.22: Kinetics of Catalysis is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Mark E.
Tuckerman.
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1.23: Continuously stirred tank reactors

Thus far in our study of chemical kinetics, we have considered reactions in isothermal batch reactors, in which reactions taking
place in closed containers maintained at a constant temperature. While such reactions are commonplace in chemistry labs, most
industrial processes instead use continuously stirred tank reactors (CSTRs). In these reactors, reactants are continuously flowed into
the reactor, where they undergo a chemical reaction. Simultaneously, an exit stream is extracted from the reactor at the same flow
rate as the inlet stream to maintain a constant volume inside the reactor. CSTRs allow for the continuous production of the desired
chemical without the need to repeatedly empty and fill the tank. Figure 24.1 displays diagrams for a batch reactor and CSTR. The
molar flow rates of species j into and out of the CSTR are denoted by Fj and Fj, respectively, with units of mol/s. Because the
contents of the reactors are constantly stirred, we can assume that the contents of the reactor are uniform everywhere.

a) b

/T
) 2

—_

Figure 24.1: Diagrams of a) a batch reactor and b) a CSTR.

Mass Balance for a CSTR
A mass balance on species j in the CSTR can be written as

[accumulation of species j] (1.23.1)
= [flow of species j in] — [flow of species j out] + [generation of species j]

Formally, we can write the mass balance as:

dN;

3 o FitVr, (1.23.2)

where Nj is the number of moles of species j, V is the volume of the reactor, with units of m3, and r; is the reaction rate of species
4, with units of mol/m3s.

To express the mass balance in terms of concentration, we can use the fact that the molar flow rate of species j is equal to the
volumetric flowrate, », multiplied by the concentration species J:

F—j=ulj (1.23.3)

Equation 24.1 thus becomes

dlji .
VER = (o — i) Vr; (1.23.4)

where v is the volumetric flow rate into and out of the reactor, with units of m3/s, and v; is the stoichiometric coefficient of species
j in the reaction. If the rate law is, for example r; = + [4]*%, then the kinetic equations become

A oo~ 1)+ vy (1.23.5)

which constitutes a set of nonlinear differential equations. If there are multiple reactants and multiple steps in the reaction, then the
kinetic equations are even more complicated. However, note what differs between these kinetic equations and those of a batch
reactor is really the flow term v ([j], — [4]).

After an initial time period to start the CSTR, we can assume that the reactor is operating at steady-state, so that d [j] /dt = 0. We
can then write Equation 24.3 as:

v(lflo—[]) +Vr;=0 (1.23.6)
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Dividing the volume, V, by the volumetric flow rate, v, gives a parameter with the units of time, which is defined as 7, or the
residence time in the reactor:

T =

14
- (1.23.7)

The residence time represents the average amount of time a molecule spends inside the reactor from the time at which it enters the
reactor to the time it leaves. Combining Equations 24.5 and 24.6, we arrive at the design equation for CSTRs:

[ilo — [l = —77; (1.23.8)

Note that if [4], — [j] > 0, then j is depleted in the reaction, and this means that r; < 0, as we would expect if, for example, j is a
reactant. On the other hand, if [j], — [j] < 0, then j is generated, and r; > 0, as we would expect if, for example, j is a product. The
key parameter in the design equation is the residence time 7, which is a design feature.

Fractional Conversion in CSTRs

In batch reactors, the degree of conversion of reactants to products depends on the amount of time the reaction is allowed to
proceed. In CSTRs operating at steady-state, on the other hand, the fractional conversion depends on the residence time + and the
volume of the reactor. Consider the following first-order irreversible reaction:

A—B (1.23.9)
with the following rate law:
ra = —k[A] (1.23.10)
We can define the fractional conversion, X, of species A in the CSTR as
[A]=[A],1—X) (1.23.11)
Plugging Equations 24.8 and 24.9 into Equation 24.7 and rearranging, we can write
[Alg X =Tk[A] = Tk[A], (1 - X) (1.23.12)

and solve explicitly for the fractional conversion, X,

L 1.23.13
14+ kr ( )
We can also rearrange the equation to solve for the concentration of species A in the exit stream:
[Al,
Al = 1.23.14
W= Tra @14

Examining Equation 24.12, we can see that for large values of 7k, the concentration of A in the exit stream will be small. The value
of 7, in turn, is determined by the reactor volume and flow rates. These equations thus provide a means of designing a reactor in
order to achieve a desired production rate. For example, suppose we continuously flow 10 mol/s of reactant A into a CSTR at a
volumetric flow rate v = 0.1 m3/s. At an operation temperature of 500 K, the rate constant, k, for the reaction is measured to be 0.1
s~t. To achieve a fractional conversion of 0.8 such that we produce 8 mol/s of product B, we can calculate the necessary volume of
the reactor using Equations 24.11 and 24.6:

-1
X=08= 13‘2% (1.23.15)
. T

Solving for 7,
T=40s (1.23.16)
Plugging the value of + into Equation 24.6, we can calculate the reactor volume:
V =71v=40s x 0.1 m?/s = 4m® = 1057 gallons (1.23.17)

Similar equations can be derived for more complex reactions simply by using the appropriate rate law in Equation 24.7.
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CSTRs in Series

Operating large reactors in industry can be expensive, so a common trick used to reduced costs is to operate multiple CSTRs in
series, in which the exit stream of one CSTR is the inlet stream of the next CSTR, as shown in Figure 24.2. Assuming that the

an Fj| sz

/i /rp /
b || od |]ed

Figure 24.2: Diagram of 3 CSTRs in series.

CSTRs are of equal volume and are operated at the same temperature, the residence time, = will be the same for each reactor.
Consider a first order irreversible reaction of A — B. For the first reactor, the concentration in the exit stream, [A],, is defined by

[Alo

(Al = T hm)

(1.23.18)
The exit stream of reactor 1 then becomes the inlet stream of reactor 2. We can thus calculate the concentration of the exit stream of
reactor 2, [A], as

_ AL [Al, 1A
1AL, = (1+le1) T+ A+kD) (144 (1.23.19)

For n reactors in series, we can write the general expression:

[Alp

b (1.23.20)

[Al, =

The fractional conversion parameter becomes

[Aly—[Al, _ (1+kn)" —
A, (k)"

X (n)= (1.23.21)

As shown in Figure 24.3, as the number of reactors is increased, the total conversion of A increases.

Conversion, X

Mumber of reactors
Figure 24.3: Plot of total conversion of species A as a function of the number of CSTRs in series.

Energy Balances for Constant-Flow Reactors

A critical parameter of reactor design that has not yet been discussed is the reactor temperature. Because % strongly depends on T,
precise control over the reactor temperature is critical in industrial processes. For an open system in which both mass and heat can
be exchanged with the surroundings, we can write the energy balance of of the system as

@ _ Q DW m) (in) _ (out) (out)
= e Z (7B E) (1.23.22)

where dE/dt is the rate of accumulation of energy in the system, d@/dt is the rate of heat flow to the system from the surroundings,
dW /dt is the rate of work done by the surroundings on the system, >, Fj(i")E;i") is the rate of energy added to the system by mass
flow into the system, and -, F].(°“t)E;°“t) is the rate of energy added to the system by mass flow out the system.
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The work term can be expressed as the sum of shaft work, W, such as that needed to stir the reactor contents, and flow work to get
mass into and out of the system:

Tt Z dt

AW ) p o) N pout) ., o(out) , AW
=> 1: Ff™ py;v ™ — 21( F* pyv o) 4 222 (1.23.23)
J= i=

where V; is the specific molar volume of species j. For the purpose of our analysis, we will assume the shaft work to be negligible.
the energy balance then becomes

dE _ dQ | T~ (n) { (i) = (in) " (out) [ p(out) — (out)
=+ Y B (B + Py ) = 3 F (B + PuyvY) (1.23.24)
J=1 J=1
_ dQ + < F(in) _ﬂ(in) < F(out) _E(out) 1.23.25
=4t Zli”ﬂj—E;j vil; (1.23.25)
= =

We can also express the energy balance in terms of the enthalpy of reaction, A;H. Consider the reaction aA +bB — ¢C + dD. We
can write the exit flow rates for each species in terms of the inlet flow rates and conversion of A:

Fa = Fao— FaoX (1.23.26)
Fg = Fpo — FaoX (1.23.27)
Fo = Foo + FaoX (1.23.28)
Fp = Fpo + FaoX (1.23.29)

Plugging these expressions into Equation 24.21 and rearranging yields

dE  dQ = (in) (i) 75 (out) (in)
St Z;Fj v; (Hj — A ) —AH(T) F®x (1.23.30)
=
where
AH (T) = dAS™ + cAS™ — bAL™ — a BL™ (1.23.31)

Using the relationship AH = CpAT, we can write

B dQ "
@ a T ;F i (Cpg) (To—T) — AH(T) F"X (1.23.32)

In the steady state, we can take dE/dt = 0, and if the reactions are carried out adiabatically, which requires slow stirring and a low
flow rate, then dQ/dt = 0 as well. In this case, we can solve for the operational temperature T, which gives

F{™XAH (T)

T=Ty— -
=,F™Cp,

(1.23.33)

In principle, this would need to be solved iteratively, given the temperature dependence of A:H (T) on T. However, if we assume
that the reaction enthalpy is temperature independent (and that Cp; is also independent of T'), then Equation 24.29 gives the
temperature directly.

This page titled 1.23: Continuously stirred tank reactors is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Mark E. Tuckerman.
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1.24: Plug flow reactors and comparison to continuously stirred tank reactors

v/ Example 1.24.1: Adiabatic CSTRs

Consider the following first-order irreversible reaction taking place in an adiabatic CSTR:

A5ByC (1.24.1)

Pure A is fed into the CSTR at a volumetric flow rate of 10 m3/s and a temperature, Ty = 350 K. The volume of the reactor is
100 m3. What is the steady-state conversion, X, and temperature, 7"? Additional information: Cpa = 3 J/mol - K, Cpg = 2 J/mol
-K, Cpc =2J/mol - K. AHp, (350 K) = —1500 J/mol, E, = 40,000 J/mol, k=1 x 103 s~! at T'= 350 K.

Solution
The design equation for a first-order irreversible reaction is given by

X=1 _’iTkT (1.24.2)
where
k(T) = k(350 K) e Fe(mr—mox) (1.24.3)
Combining the above expressions yields
__ k(350K) e-Fe(zr—wx) (1.24.4)
1+ k(350 K) e Fe(r—mix)
The energy balance for the CSTR can be written as
0 = FaoCpa (To — T) — [AHp (350 K) + AC, (T — 350 K)] FaoX (1.24.5)
where AC), = Cyc + Cp — Cpa. Rearranging in terms of X yields
X o (To —T) (1.24.6)

T AHp (350K) + AC, (T — 350 K)

Equations 1.24.4 and 1.24.6 can be solved simultaneously for X and 7. Figure 25.1 displays plots of X versus T from Equation
25.4 (solid line) and Equation 1.24.6 (dashed line). As can be seen from the figure, there are three combinations of X and 7" that
will satisfy the two equations, indicating that there are multiple steady-states at which the reactor can operate.

400 500 T00 800 00

500
Temperature (K)

Figure 25.1: Conversion as a function of temperature calculated from the mass balance (solid line) and the energy balance
(dashed line).

Plug Flow Reactors (PFRSs)

Another type of reactor used in industrial processes is the plug flow reactor (PFR). Like the CSTRs, a constant flow of reactants
and products and exit the reactor. In PFRs, however, the reactor contents are not continuously stirred. Instead, chemical species are
flowed along a tube as a plug, as shown in Figure 25.2. As the plug of fluid flows through the PFR, reactants are converted into
products. In the diagram, Fj, = F].(i"), and F; = Fj("“t).
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x=0 Ax x=L

Figure 25.2: Diagram of a PFR.

PFRs are characterized by their length, L, cross-sectional area, A, and linear flow rate of fluids through the reactor, u. For the
purpose of our analysis, we will assume PFRs to be cylindrical, that there are no radial variations in the velocity, concentration,
temperature or reaction rate along the reactor, and that there is no pressure drop or density variation along the reactor. Based on
these assumptions, we can define the linear flow rate of fluid, «, through the tube as

u=— (1.24.7)

where v is the volumetric flow rate and A is the cross-sectional area of the tube. The molar flow rate of species j along the reactor
length can be defined in terms of u as

Fj(z,t) = v[j] (2,t) = uA[]] (2,1) (1.24.8)
where [4] is a function of z and ¢. Note that Fj (z, ) satisfies the boundary conditions:

F;(0,t) = F/™ (1.24.9)
Fj(L,t) = F™ (1.24.10)

Mass balance for a PFR
As in the case of CSTRs, we can write a mass balance on species j in the PFR as

[accumulation of species j] (1.24.11)
= [flow of species j in] — [flow of species j out] + [generation of species j]

Because the concentration of species j varies along the length of the PFR, let us first consider a section of the PFR, Az. If Az is

sufficiently small, we can make the approximation that the reaction rate, r, is constant within Az. We can the write the mass
balance as

dN;
— = Fi(@,1) = F; (@ + Aa,t) + Vuyr; (1.24.12)

where Fj(z,t) is the flow rate into the small volume, and Fj(z + Az,t) is the flow rate out of the small volume. Since F; (z,t)
= uA[j] (z,t) and F; (z + Az,t) = uA[j] (z + Az, t), we can write the mass balance condition as

% = %[‘7] = AAQ:%U] = —Au([j] (= + Az,t) — [j] (z,t)) + AAzv;r; (1.24.13)
Now, we divide by AAz, which yields
%['ﬂ ——u ( i@+ AZ’AZ —lil @) ) +vjr; (1.24.14)

and if we take the limit Az — 0, then the first term on the right becomes a spatial derivative, so that

ol , , 2l

7 + UW =Vt (1.24.15)
This constitutes a set of possibly coupled, nonlinear partial differential equations for all species in the reaction. The complexity of
the equations is determined by the rate laws r; for each species. If the rate laws are nonlinear, e.g., r; = +k[j]* or involve multiple
species, as occurs in complex reaction mechanisms, then the equations become rather complicated and need to be solved

numerically.

However, let us suppose we can use a steady-state approximation so that d[j] /8t = 0. Then the equation becomes

daljl _ v;
e (1.24.16)

u
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Examining Equation 25.14, we can see that the extent of conversion of reactants will depend on the length of the reactor, the linear
flow rate, », and the reaction rate.

Fractional conversion in PFRs

For a first-order irreversible reaction in which A — B, the rate law is

ra =—k[A] (1.24.17)
and we can write Equation 25.14 as
dlA] 1
- = _Ek [A] (1.24.18)
Rearranging the above equation,
(Al g[A] k /T
=_F [ a 1.24.19
Jo =, (12419
and integrating
(Al kz
In =—— 1.24.20
Al (1:2420)

we can write the dependence of the concentration, [A], along z as
[Al, = [Alye % (1.24.21)
and the final concentration, [A]; as
[Al, = [Al,e % (1.24.22)
Recognizing that £ is equal to the residence time, r, for PFRs, we can also write the above equation as
[A], = [A]je (1.24.23)
Plugging in
[A], = [A], (1— X) (1.24.24)
we can also write the equation in terms of the fractional conversion
X=1—e" (1.24.25)

Figure 25.3 displays the concentration profile of species A along the length of the reactor. As can be seen from the figure, the
concentration profile of species A in a PFR is identical to that in a batch reactor, with the exception that the z-axis is the length of
the reactor instead of time. In fact, a PFR is a batch reactor in which we switch from a stationary coordinate system as a function of
time to a moving coordinate system as function of distance, such that dt — dz/u. Thus,

% N u% — _r([A]) (1.24.26)

Now consider a second-order reaction 2 A — B. The rate law is

ra = —k[A]? (1.24.27)
Thus, the design equation gives the spatial profile of A as
dlA] 2k, .
i = _T[A] (1.24.28)
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Concentration of A

Length along reactor, x

Figure 25.3: Concentration profile of species A along the length of a PFR for a first-order irreversible reaction.

This can be solved in the same way that we solve the second-order rate kinetics.

dIAl_ 2k, (1.24.29)
[A] u
1 2kx
W= c (1.24.30)
1 2kz
W= % +C (1.24.31)
1
A = 1.24.32
[A] (=) Eo ( )
1
[A] (0) =[A], = el (1.24.33)
1
C=— 1.24.34
A, (12434
[Alp
A =—0 1.24.35
W@ = (1.24.35)
Thus, at the exit stream
[A](L) = _ A [Al, 1 —X) (1.24.36)
1+ %[A]o
This gives the conversion fraction as
2kt [A],
= Tram AL, (1.24.37)
where 7 = L/u is the residence time.
Comparison of CSTRs and PFRs
For a first-order irreversible reaction, recall that the residence time, 7, for a CSTR is
\Y Al,—[A
TCSTR = CzTR = [ ]Ig [ A][ ] (1.24.38)
while for a PFR, we can rearrange Equation 25.21 in terms of 7:
A
rppp = PR _ VerR _ 1y Al (1.24.39)

vk [A]

For equal volumetric flowrates into and out of the reactors, the ratio of the residence times of CSTRs and PFRs is equal to the ratio
of the volumes of the reactors

Testr _ Vostr _[Alg—[A] X - (1.24.40)
TPFR Verr [A] In (%) (1-X) In(¢)

Figure 25.4 displays the plot of Vogrr/Verr as a function of the fractional conversion, X. As can be seen from the figure, the ratio is
always positive, indicating that to achieve the same fractional conversion, the volume of a CSTR must be larger than the volume of
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a PFR. At high fractional conversion values, the volume required for a CSTR increases rapidly compared the the volume of a PFR.
If reactor volume is the only criterion for deciding the type of reactor to use, clearly PFRs are the optimal choice. However, when
one considers material costs and ease of operation, CSTRs may still be preferred for some applications.

25

20

] 0.2 0.4 0.6 0.8 1
Conversion, X

Figure 25.4: Ratio of the volume of a CSTR to a the volume of a PFR as a function of fractional conversion for a first-order
irreversible reaction.

Despite Figure 25.4, there are other solutions to this problem. Consider a comparison of a PFR to n CSTRs in series. Recall that the
conversion factor as a function of n for CSTRs in series is

X (n) = (1871;): 1 (1.24.41)
or
1=(1+kr)(1—X(n) (1.24.42)
1 1/n
(14 k7) = [m] (1.24.43)
1
kr — e (1.24.44)
_1[1-@a-x)'

r=o [ T ] (1.24.45)

This gives
TCSTR, series _ VCSTR, series _ 1-— (1_X) n (1 24 46)

TPFR Verr (1-X)Y" 1n(1/ (1 - X)) o

If we now plot this ratio for different values of n, we obtain the figure below:

10 T T T T T T

9

Volume ratio
n

0 0.2 0.4 0.6 0.8 1
X

Figure 25.5: Ratio of the volume of a CSTR to a the volume of a PFR as a function of fractional conversion for a first-order
irreversible reaction with CSTRs in series.
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