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1.1: Properties of Gas

4b Learning Objectives

Make sure you thoroughly understand the following essential ideas:

o State the three major properties of gases that distinguish them from condensed phases of matter.

o Define pressure, and explain why a gas exerts pressure on the walls of a container.

o Explain the operation of a simple barometer, and why its invention revolutionized our understanding of gases.

o Explain why a barometer that uses water as the barometric fluid is usually less practical than one which employs mercury.

o How are the Celsius and Fahrenheit temperature scales defined? How do the magnitudes of the "degree" on each scale
related?

o Why must the temperature and pressure be specified when reporting the volume of a gas?

The invention of the sensitive balance in the early seventeenth century showed once and for all that gases have weight and are
therefore matter. Guericke's invention of air pump (which led directly to his discovery of the vacuum) launched the “pneumatic era"
of chemistry long before the existence of atoms and molecules had been accepted. Indeed, the behavior of gases was soon to prove
an invaluable tool in the development of the atomic theory of matter.

Introduction

The study of gases allows us to understand the behavior of matter at its simplest: individual particles, acting independently, almost
completely uncomplicated by interactions and interferences between each other. This knowledge of gases will serve as the pathway
to our understanding of the far more complicated condensed phases (liquids and solids) in which the theory of gases will no longer
give us correct answers, but it will still provide us with a useful model that will at least help us to rationalize the behavior of these
more complicated states of matter.

First, we know that a gas has no definite volume or shape; a gas will fill whatever volume is available to it. Contrast this to the
behavior of a liquid, which always has a distinct upper surface when its volume is less than that of the space it occupies. The other
outstanding characteristic of gases is their low densities, compared with those of liquids and solids. One mole of liquid water at 298
K and 1 atm pressure occupies a volume of 18.8 cm®, whereas the same quantity of water vapor at the same temperature and
pressure has a volume of 30200 cm?®, more than 1000 times greater.

liquid
1 mL

The most remarkable property of gases, however, is that to a very good approximation, they all behave the same way in response
to changes in temperature and pressure, expanding or contracting by predictable amounts. This is very different from the behavior
of liquids or solids, in which the properties of each particular substance must be determined individually. We will see later that each
of these three macroscopic characteristics of gases follows directly from the microscopic view— that is, from the atomic nature of
matter.

The Pressure of a Gas

The molecules of a gas, being in continuous motion, frequently strike the inner walls of their container. As they do so, they
immediately bounce off without loss of kinetic energy, but the reversal of direction (acceleration) imparts a force to the container
walls. This force, divided by the total surface area on which it acts, is the pressure of the gas.
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When piston is stationary, the
pressure of the gas is P. This pressure
creates an opposing force f = PxA
that is equal and opposite in direction

to the downward force created by
gravity acting on the weight.

The pressure of a gas is observed by measuring the pressure that must be applied externally in order to keep the gas from
expanding or contracting. To visualize this, imagine some gas trapped in a cylinder having one end enclosed by a freely moving
piston. In order to keep the gas in the container, a certain amount of weight (more precisely, a force, f) must be placed on the piston
so as to exactly balance the force exerted by the gas on the bottom of the piston, and tending to push it up. The pressure of the gas
is simply the quotient f/A, where A is the cross-section area of the piston.

X Ppressure Units

The unit of pressure in the SI system is the pascal (Pa), defined as a force of one newton per square meter (1 Nm=2 = 1 kg m!
s72.) At the Earth's surface, the force of gravity acting on a 1 kg mass is 9.81 N. Thus if the weight is 1 kg and the surface area
of the piston is 1 M?, the pressure of the gas would be 9.81 Pa. A 1-gram weight acting on a piston of 1 cm? cross-section
would exert a pressure of 98.1 pA. (If you wonder why the pressure is higher in the second example, consider the number of
cm? contained in 1 m?.)

In chemistry, it is often common to express pressures in units of atmospheres or torr: 1 atm = 101325 Pa = 760 torr. The older
unit millimeter of mercury (mm Hg) is almost the same as the torr and is defined as one mm of level difference in a mercury
barometer at 0°C. In meteorology, the pressure unit most commonly used is the bar:

1 bar = 10° N m~2 = 750.06 torr = 0.987 atm.

The pressures of gases encountered in nature span an exceptionally wide range, only part of which is ordinarily encountered in
chemistry. Note that in the chart below, the pressure scales are logarithmic; thus 0 on the atm scale means 10° = 1 atm.

Almosphere it ol
lowest mechanical top of atsealevel jngsprip)
b;tiarf-‘isdufe vacuum atmosphere  inside inside processes
| . obtained in ump limit 100 km light bulb 0
intergalactic laboratary ESTH ( ! g gar‘:
space
N | |
= T— =il . T o] T f f T f T f
atm 30 -16 -8 = -4 —2 0 2 atm
-25 -1 -3 -1 1 3 5 7 pa
logarithmic scale chemistry pressure range

Atmospheric Pressure

The column of air above us exerts a force on each 1-cm? of surface equivalent to a weight of about 1034 g. The higher into the air
you go, the lower the mass of air above you, hence the lower the pressure (right).

pressure

This figure is obtained by solving Newton's law F = ma for m, using the acceleration of gravity for a:

101375 kgm~1s~2
n= ———H

08 5 =10340kgm ! = 1034 g cm 2
OMms™—

(1.1.1)

@ https://chem.libretexts.org/@go/page/390954


https://libretexts.org/
https://chem.libretexts.org/@go/page/390954?pdf

LibreTexts"

v Example 1.1.1

If several kilos of air are constantly pressing down on your body, why do you not feel it?

Solution
Because every other part of your body (including within your lungs and insides) also experiences the same pressure, so there is
no net force (other than gravity) acting on you.

This was the crucial first step that led eventually to the concept of gases and their essential role in the early development of
Chemistry. In the early 17th century the Italian Evangelista Torricelli invented a device — the barometer — to measure the
pressure of the atmosphere. A few years later, the German scientist and some-time mayor of Magdeburg Otto von Guericke devised
a method of pumping the air out of a container, thus creating which might be considered the opposite of air: the vacuum.

As with so many advances in science, idea of a vacuum — a region of nothingness — was not immediately accepted. Torricelli's
invention overturned the then-common belief that air (and by extension, all gases) are weightless. The fact that we live at the
bottom of a sea of air was most spectacularly demonstrated in 1654, when two teams of eight horses were unable to pull apart two
14-inch copper hemispheres (the "Magdeburg hemispheres") which had been joined together and then evacuated with Guericke's
newly-invented vacuum pump.

The classical barometer, still used for the most accurate work, measures the height of a column of liquid that can be supported by
the atmosphere. As indicated below, this pressure is exerted directly on the liquid in the reservoir, and is transmitted hydrostatically
to the liquid in the column.

vacuum
pressure due to liquid
column of height h

pressure of atmosphere
supporting liquid in
column

height of mercury
column:

760 mm for standard

atmospheric pressure

at sea level

Metallic mercury, being a liquid of exceptionally high density and low vapor pressure, is the ideal barometric fluid. Its widespread
use gave rise to the "millimeter of mercury" (now usually referred to as the "torr") as a measure of pressure.

v/ Example 1.1.2: Water Barometer

How is the air pressure of 1034 g cm™ related to the 760-mm height of the mercury column in the barometer? What if water
were used in place of mercury?

Solution
The density of Hg is 13.6 g cm™, so in a column of 1-cm? cross-section, the height needed to counter the atmospheric pressure
would be (1034 g x 1 cm?) / (13.6 g cm™) = 76 cm.
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The density of water is only 1/13.6 that of mercury, so standard atmospheric pressure would support a water column whose
height is 13.6 x 76 cm = 1034 cm, or 10.3 m. You would have to read a water barometer from a fourth-story window!

Water barometers were once employed to measure the height of the ground and the heights of buildings before more modern
methods were adopted.

A modification of the barometer, the U-tube manometer, provides a simple device for measuring the pressure of any gas in a
container. The U-tube is partially filled with mercury, one end is connected to container, while the other end can either be opened to
the atmosphere. The pressure inside the container is found from the difference in height between the mercury in the two sides of the
U-tube. The illustration below shows how the two kinds of manometer work.
Manometers
Open & Closed tube manometers measure pressure.

Air pressure, 101.3 kPa

Volve
f [/ A
Gas L.
\ == |
105 mm= 14.0 kP, ’1 L
mm kPalf ] J

vj"ﬁ
\&mm 105 mm
W t 101.3 kPa

87.3 kPa
14,0 kPa pressure

a of the gas 2b

| 655 mm=87.3 kPa

i 655

One atmosphere = 760mm of Hg = 101 kPa.
So 1mm of Hg = 0.13 kPa.

Figure 1.1.3: In the open-tube manometer on the right, the atmosphere pushes the mercury column down in the open side, and again

the pressure in torr is found from the difference in the levels. When using this method, the atmospheric pressure must be

determined by means of a barometer.
The manometers ordinarily seen in the laboratory come in two flavors: closed-tube and open-tube. In the closed-tube unit shown at
the left, the longer limb of the J-tube is evacuated by filling it with mercury and then inverting it. If the sample container is also
evacuated, the mercury level will be the same in both limbs. When gas is let into the container, its pressure pushes the mercury
down on one side and up on the other; the difference in levels is the pressure in torr. For practical applications in engineering and
industry, especially where higher pressures must be monitored, many types of mechanical and electrical pressure gauges are
available.

The Temperature of a Gas

If two bodies are at different temperatures, heat will flow from the warmer to the cooler one until their temperatures are the same.
This is the principle on which thermometry is based; the temperature of an object is measured indirectly by placing a calibrated
device known as a thermometer in contact with it. When thermal equilibrium is obtained, the temperature of the thermometer is the
same as the temperature of the object.

A thermometer makes use of some temperature-dependent quantity, such as the density of a liquid, to allow the temperature to be
found indirectly through some easily measured quantity such as the length of a mercury column. The resulting scale of temperature
is entirely arbitrary; it is defined by locating its zero point, and the size of the degree unit. At one point in the 18" century, 35
different temperature scales were in use! The Celsius temperature scale (formally called centigrade) locates the zero point at the
freezing temperature of water; the Celsius degree is defined as 1/100 of the difference between the freezing and boiling
temperatures of water at 1 atm pressure.
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The older Fahrenheit scale placed the zero point at the coldest temperature it was possible to obtain at the time (by mixing salt and
ice.) The 100° point was set with body temperature (later found to be 98.6°F.) On this scale, water freezes at 32°F and boils at
212°F. The Fahrenheit scale is a finer one than the Celsius scale; there are 180 Fahrenheit degrees in the same temperature interval
that contains 100 Celsius degrees, so 1 F° = 5/9 C°. Since the zero points are also different by 32F°, conversion between
temperatures expressed on the two scales requires the addition or subtraction of this offset, as well as multiplication by the ratio of
the degree size.

I You should be able to derive the formulas for this conversion.

X Absolute Temperature

In 1787 the French mathematician and physicist Jacques Charles discovered that for each Celsius degree that the temperature
of a gas is lowered, the volume of the gas will diminish by 1/273 of its volume at 0°C. The obvious implication of this is that if
the temperature could be reduced to —273°C, the volume of the gas would contract to zero. Of course, all real gases condense
to liquids before this happens, but at sufficiently low pressures their volumes are linear functions of the temperature (Charles'
Law), and extrapolation of a plot of volume as a function of temperature predicts zero volume at -273°C. This temperature,
known as absolute zero, corresponds to the total absence of thermal energy.

The temperature scale on which the zero point is —273.15°C was suggested by Lord Kelvin, and is usually known as the Kelvin
scale. Since the size of the Kelvin and Celsius degrees are the same, conversion between the two scales is a simple matter of
adding or subtracting 273.15; thus room temperature, 20°, is about 293 K.

Because the Kelvin scale is based on an absolute, rather than on an arbitrary zero of temperature, it plays a special significance
in scientific calculations; most fundamental physical relations involving temperature are expressed mathematically in terms of
absolute temperature. In engineering work, an absolute scale based on the Fahrenheit degree is sometimes used; this is known
as the Rankine scale.

The volume occupied by a gas

The volume of a gas is simply the space in which the molecules of the gas are free to move. If we have a mixture of gases, such as
air, the various gases will coexist within the same volume. In these respects, gases are very different from liquids and solids, the
two condensed states of matter. The volume of a gas can be measured by trapping it above mercury in a calibrated tube known as a
gas burette. The SI unit of volume is the cubic meter, but in chemistry we more commonly use the liter and the milliliter (mL). The
cubic centimeter (cc) is also frequently used; it is very close to 1 milliliter (mL).
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gas burette
- .

gas —

atmospheric
pressure

It's important to bear in mind, however, that the volume of a gas varies with both the temperature and the pressure, so reporting the
volume alone is not very useful. A common practice is to measure the volume of the gas under the ambient temperature and
atmospheric pressure, and then to correct the observed volume to what it would be at standard atmospheric pressure and some fixed
temperature, usually 0° C or 25°C.
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1.2: All Dilute Gases Behave ldeally

Ideal gases have no interactions between the particles, hence, the particles do not exert forces on each other. However, particles do
experience a force when they collide with the walls of the container. Let us assume that each collision with a wall is elastic. Let us
assume that the gas is in a cubic box of length e and that two of the walls are located at z = 0 and at z = a. Thus, a particle moving
along the z direction will eventually collide with one of these walls and will exert a force on the wall when it strikes it, which we
will denote as F;. Since every action has an equal and opposite reaction, the wall exerts a force —F; on the particle.

Wall

According to Newton’s second law, the force —F;, on the particle in this direction gives rise to an acceleration via

Av,
At

—Fy=ma;=m (1.21)

Here, ¢ represents the time interval between collisions with the same wall of the box. In an elastic collision, all that happens to the
velocity is that it changes sign. Thus, if v, is the velocity in the « direction before the collision, then —v; is the velocity after, and
Avy = —v; — v, = —2v,, SO that

v
—F, = —2m— (1.2.2)

Since the particles have no forces acting upon them, except for when they collide iwht the wall container, the particles move at
constant speed. Thus, a collision between a particle and, say, the wall at z = 0 will not change the particle’s speed. Before it strikes
this wall again, it will proceed to the wall at & = a first, bounce off that wall, and then return to the wall at 2 = 0. The total distance

in the z direction traversed is 2a, and since the speed in the g direction is always wv,, the interval At = e Consequently, the force

Vg
is:
mu2
=" (1.2.3)
a
Thus, the force that the particle exerts on the wall is:
mu
F,= (1.2.4)
a
The mechanical definition of pressure is the average force over area:
F
p 0 (1.2.5)

A

where (F) is the average force exerted by all N particles on a wall of the box of area A. Here A = 2. If we use the wall at z = 0 we

have been considering, then

(1.2.6)

because we have N particles hitting the wall. Hence:
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Nm(v2)
P= g z (1.2.7)
from our study of the Maxwell-Boltzmann distribution, we found that:
kT
w2y = % (1.2.8)
Hence, since a® = V:
p_ N l:;;T
_ wRT (1.2.9)
|4

which is the ideal gas law. It relates the pressure, volume, and temperature of an ideal gas and is referred to as an equation of state.
An equation of state is a relation between variables and describes the state of matter under a set of given physical conditions. One
way to visualize any equation of state is to plot isotherms, which are graphs of P vs. v at fixed values of T . For the ideal-gas
equation of state, some of the isotherms are shown in the figure below (left panel): If we plot P vs. T at fixed volume (called the
isochores), we obtain the plot in the right panel. What is important to note, here, is that an ideal gas can exist only as a gas. It is not
possible for an ideal gas to condense into some kind of “ideal liquid”. In other words, a phase transition from gas to liquid can be
modeled only if interparticle interactions are properly accounted for.

CRLRLR

Py

Figure 16.1.1 : (Left) Pressure vs. volume for different temperatures (isotherms of the ideal-gas equation of state. (Right) Pressure
vs. temperature for different densities p = N/V.

We can rearrange the ideal gas equation of state to put all the constants and variables on one side:

PV

e =1=2 (1.2.10)

Z is called the compressibility of the gas. In an ideal gas, if we compress the gas by increasing P , the volume decreases as well so
as to keep Z = 1. For areal gas, Z, therefore, gives us a measure of how much the gas deviates from ideal-gas behavior.

2.0
15 |
— NZ
= = CHy4
o |deal gas —
= 10 3
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CcO,
0.5 -
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0 200 400 600 800 1000

P (atm)
Figure 16.1.2 : A graph of the compressibility factor (Z) vs. pressure shows that gases can exhibit significant deviations from the
behavior predicted by the ideal gas law. from Openstax (CC-BY)
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Figure 16.1.2 shows a plot of Z vs. P for several real gases and for an ideal gas. The plot shows that for sufficiently low pressures
(hence, low densities), each gas approaches ideal-gas behavior, as expected.

1.2.1: Extensive and Intensive Properties in Thermodynamics

Before we discuss ensembles and how we construct them, we need to introduce an important distinction between different types of
thermodynamic properties that are used to characterize the ensemble. This distinction is extensive and intensive properties.

Thermodynamics always divides the universe into a system and its surroundings with a boundary between them. The unity of all
three of these is the thermodynamic universe.

Boundary

Surrounding

Now suppose we allow the system to grow in such a way that both the number of particles and the volume grow with the ratio N/V
remaining constant. Any property that increases as we grow the system in this way is called an extensive property. Any property
that remains the same as we grow the system in this way is called intensive.

The ideal gas equation of state can be written in an extensive form:

PV =nRT
PV =RT (1.2.11)
P = pRT

where V =V/n is called the molar volume and p = N/V is called density. Unlike V , which increases as the number of moles
increases (an extensive quantity, ¥ and p do not exhibit this dependence and, therefore, are called intensive. Compressibility can
also be written in an intensive form:

v
nRT
PV

7=

Some examples of intensive and extensive properties include:
o Extensive: number of particles (V), moles (r), volume (V'), mass (m), energy, free energy

o Intensive: pressure (P), density (p), molar heat capacity (C), temperature (7)
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1.3: van der Waals and Redlich-Kwong Equations of State

The ideal gas law is valid for low pressures, where the finite volume of particles and intermolecular attractions do not have a large
impact. At higher pressures, we must account for these factors. The van der Waals and Redlich-Kwong equations of states are
equations of state that attempt to account for real gas behavior by modifying the ideal gas law with two additional parameters.

1.3.1: The Van der Waals Equation of State

The van der Waals Equation of State is an equation relating the density of gases and liquids to the pressure, volume, and
temperature conditions (i.e., it is a thermodynamic equation of state). It can be viewed as an adjustment to the ideal gas law that
takes into account the non-zero volume of gas molecules and inter-particle attraction using correction terms a and b. It was derived
in 1873 by Johannes Diderik van der Waals, who received the Nobel Prize in 1910 for this work. The van der Waals equation of
state is:

nRT an?

P=v—m ~7ve

(1.3.1)

Equation 1.3.1 can also be rewritten as

nza
If the correction terms a and b go to zero, the equation reduces to the ideal gas equation of state:
PV =nRT

Let's first look first at the correction term b, which represents the volumes of the particles and assumes a hard-wall potential, uo(r).
This potential energy term describes a system of hard sphere “billiard balls” of diameter ¢. Figure 16.2.1 shows two of these
billiard ball type particles at the point of contact (i.e, the distance of closest approach). At this point, they undergo a collision and
separate, so they cannot be closer than that distance.

Figure 16.2.1 : Two hard spheres of diameter ¢ at closest contact. The distance between their centers is also g. A sphere of radius ¢

just containing the two particles is shown in cross-section.
The distance between their centers is also o. Because of this distance of closest approach, the total volume available to the particles
is not the volume of the container, v, but some volume less than V. This reduction in volume can be calculated. Figure 16.2.1
shows a shaded sphere that just contains the pair of billiard ball particles. The volume of this sphere is the volume excluded from
any two particles. The radius of the sphere is ¢ and the excluded volume for the two particles is 4wo®/3, which is the volume of the
shaded sphere. From this, we see that the excluded volume for any one particle is just half of this or 2x¢*®. The excluded volume for
a mole of such particles is the parameter b:

b= §1M'3N0

Given n moles of gas, the total excluded volume is then nb, so that the total available volume is V — nb.

Let's turn our attention the a, which represents the intermolecular attractions of the particles. Molecular attractions tend to make the
P exerted by the gas less than that predicted by the ideal gas law at low pressures. P is force over area:

F
P=3

Pressure is proportion to the net force on the wall of the container:
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The net force is the force of the molecules impacting the container wall minus the intermolecular attraction of the molecules:
FNet = FImpact - FAttract

Therefore, the pressure will be less for the real gas than the ideal gas. We can add a correction term to pressure to account for
intermolecular attractions:

Pypw = Prea +a(?)
V does influence the amount of intermolecular attraction because P is reduced as V is increased:

1
P x v
And pressure is proportional to the number of attractive interactions:
# of molecular interactions oc P2
# of molecular interactions o %

We now have an expression for the van der Waals P:

an2

P=PRgal+W

The constants ¢ and b depend on the substance. Some typical values are:!

Molecule a (%) b (7o)
H20 5.536 0.03049
N 1.43 0.03913
CH, 2.283 0.04278
CoHe 5.562 0.0638

1. R. C. Weast (1972). Handbook of Chemistry and Physics 53rd Edition. Chemical Rubber Pub.

1.3.2: Redlich-Kwong Equation of State

The van der Waals Equation of State had to wait almost 100 years before a real, successful improvement was introduced to it. This
progress occurred once researchers committed themselves to finding the empirical temperature dependency of the attraction
parameter g proposed by van der Waals. In contrast, very little attention has been paid to modifying the parameter p for co-volume.
It makes a lot of sense that  would not be modified by temperature, because it represents the volume of the molecules, which
should not be affected by their kinetic energy (measured in terms of temperature). The very first noteworthy successful
modification to the attraction parameter came with the publication of the equation of state of Redlich-Kwong in 1949.

The Redlich—-Kwong equation of state is an empirical, algebraic equation that relates temperature, pressure, and volume of gases. It
is generally more accurate than the van der Waals and the ideal gas equations of state at temperatures above the critical
temperature. It was formulated by Otto Redlich and Joseph Neng Shun Kwong in 1949, who showed that a simple two-parameter
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equation of state could well reflect reality in many situations. Redlich and Kwong revised the van der Waals Equation of State
(Equation 1.3.1) and proposed the following expressions:

a _

P+— | (V—-b)=RT 1.3.2
( VIV(V +1b) ) . (1:32)
The fundamental change they introduced was to the functional form of &P;;action- Additionally, they introduced the co-volume b
into the denominator of this functional form. The important concept here is that the attraction parameter a of van der Waals needed
to be made a function of temperature to do a better job of quantitatively matching experimental data. This was a realization that van
der Waals had suggested, but no actual functional dependency had been introduced until the Redlich-Kwong equation.

We know what follows at this point. To come up with an expression for a and b of Equation 1.3.2, we apply the criticality conditions
to this equation of state. As we recall, imposing the criticality conditions allows us to relate the coefficients a and b to the critical
properties (P,, T,) of the substance. Once we have done that, we obtain the definition of a and b for the Redlich-Kwong equation of

state:
R2T2.5
a = 0427802 (1.3.3)
c
b = 0.086640 lf c (1.3.4)

[

The Redlich-Kwong equation of state radically improved, in a quantitative sense, the predictions of the van der Waals equation of
state. We now recall that van der Waals-type equations are cubic because they are cubic polynomials in molar volume and
compressibility factor. It comes as no surprise then, that we can transform Equation 1.3.2 into:

RT 1 1 ab
=3 =2 2\ = _
and, by defining the following parameters:
aP
A= R2T25 (1.3.6)
bP
B=— 1.3.
RT (13.7)
and introducing the compressibility factor definition:
Py
2= Fr
we get:
Z3— 224+ (A-B-B)Z—-AB=0 (1.3.8)
We may also verify the two-parameter corresponding state theory by introducing Equations 1.3.3, 1.3.4, and 1.3.5 into Equation
1.3.8:
P, (0.42748 P, p?
3 2 T T T
VARSY /A f ( 1% — 0.08664 — 0.007506E) Z —0.03704 T35 =0 (1.3.9)
Where:
P
P=7
T
T, =—
T,

P, and T, are the pressure and temperature at the reduced state. See Section 16.4 for more information on reduced states. In
Equation 1.3.9, we can observe the same thing that we saw with the van der Waals equation of state: gases at corresponding states
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have the same properties. Equation 1.3.9 is particularly clear about it: any two different gases at the same P,, T, condition have the
same compressibility factor.

Just as any other cubic equation of state, Equations 1.3.2 through 1.3.9, as they stand, are to be applied to pure substances. For
mixtures, however, we apply the same equation, but we impose certain mixing rules to obtain a and b, which are functions of the
properties of the pure components. Strictly speaking, we create a new “pseudo” pure substance that has the average properties of
the mixture. Redlich-Kwong preserved the same mixing rules that van der Waals proposed for his eqution of state:

am = Z Z YilY;jaij
J

%
with
a,-]- = a,-aj

and
bm =) ¥ibs
i

Naturally, Redlich and Kwong did not have the last word on possible improvements to the van der Waals equation of state. The
Redlich-Kwong equation of state, as shown here, is no longer used in practical applications. Research continued and brought with it

new attempts to improve the Redlich-Kwong equation of state. After more than two decades, a modified Redlich-Kwong equation
of state with very good potential was developed.
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1.4: A Cubic Equation of State

1.4.1: Isotherms

Isotherms are plots of the pressure of a gas as a function of volume at a fixed constant temperature. The isotherms for an ideal gas
are hypberbolas:

P=""

7

where V is the molar volume V/n. We know that at sufficiently low temperatures, any real gas, when compressed, must undergo a
transition from gas to liquid. The signature of such a transition is a discontinuous change in the volume, signifying the
condensation of the gas into a liquid that occupies a significantly lower volume.

Figure 16.3.1 : Ideal gas isotherms for one mole of the gas and at select temperatures. (public domain).

CO, isotherms for the van der Waals Equation of state are shown in Figure 16.3.2 . At sufficiently high temperatures, the isotherms
approach those of an ideal gas. At lower temperatures, the fluid obeys approximately the ideal gas law PV = nRT at large volumes
when the pressures are low. If we decrease the volume (go to the left in the figure along an isotherm), the pressure rises. Consider
the (blue) isotherm of 10 °C, which is below the critical temperature. Decrease the volume until we reach the point B, where
condensation (formation of liquid CO5) starts. At this point the van der Waals curve is no longer physical (excluding the possibility
of the occurrence of an oversaturated, metastable gas) because P and V increase together. It should be clear that many
approximations and assumptions go into the derivation of the van der Waals equation so that some of the important physics is
missing from the model. Hence, we should not be surprised if the van der Waals equation has some unphysical behavior buried in
it. In reality, the pressure stays constant between the region A and B and the real physical behavior is given by the dashed blue line,
called the tie line. This lines represents the gas-liquid coexistence and the pressure is equal to the vapor pressure of the liquid.
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7 Van der Waals curves CO2
2 T T T T T

Figure 16.3.2 : Different isotherms (curves of constant temperature) of the van der Waals equation of state using parameters a and b
computed for carbon dioxide. The dashed line from A to B is drawn in accordance with Maxwell's equal area rule. The carbon
dioxide molecule (CO,) has pc = 7.37 MPa and T¢ = 304.1 K = 31 °C, which gives a = 0.366 m® Pa and b = 42.9 10% m3. The
critical pressure is at 73.7 bar = 7370 kPa.
The tie line must be added in ad hoc by drawing a horizontal line through the isotherm (Figure 16.3.2 ). The vertical position of the
line is chosen so that the area above the line (between the line and the isotherm) and below the line (again between the line and the
isotherm) is exactly the same. This is known as Maxwell's construction. In this way, we entirely remove the artifact of the
unphysical increase of P with V' when we compute the compressional work on the gas from [ P(V) dV, to be discussed in our
section on thermodynamics. Although the van der Waals curves have regions where they are not physical, the equation for these
curves, derived by van der Waals in 1873, was a great scientific achievement.

Even today it is not possible to give a single equation that describes correctly the gas-liquid phase transition.

1.4.2: Critical Point

Looking to the left of point A on the 10 °C isotherm (blue curve), the system is in the liquid state. Increasing the volume to point A
leads to a rapid drop in the pressure of the system because the compressibility of a liquid is considerable smaller than that of a gas.
The system is still in the liquid state at point A, but as we increase the volume further, we enter the gas-liquid coexistence line and
the liquid begins to transition to gas. As we move along this line to the right, there is less liquid and more gas in the system until we
reach point B, at which point the system will be completely in the gas phase. The areas, bounded by the 10 °C isotherm (blue
curve) below and above the coexistence line are equal. Any further increase in the volume will lead to an expansion of the
gas.There is exactly one isotherm along which the van der Waals equation correctly predicts the gas-to-liquid phase transition. If
one follows the 31 °C isotherm (green curve in Figure 16.3.2 ) of critical temperature, the volume discontinuity captured by the tie
line is shrunken down to a single point (so that there is no possibility of an increase of P with V!). This point is called the critical
point and it exists at only one temperature, called the critical temperature, denoted T.. The critical isotherm at the critical
temperature corresponds to the highest possible temperature at which a gas-liquid transition can occur. Isotherms at higher
temperatures have no liquid-gas phase transitions. Along those isotherms, the higher pressure fluid, called a supercritical fluid,
resembles a liquid, while at lower pressures the fluid is more gas-like.

The critical point exists at an inflection where the first and second derivatives of P with respect to V are zero:

oP
(W)Tc =0
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Substituting the van der Waals equation into these two conditions, we find the following:

___nRT, 2an?
(V.—nb)? V&
2nRT, B 6an? _
(V.—nb)® V&

=0

Hence, we have two equations in two unknowns V, and T, for the critical temperature and critical volume. Once these are
determined, the van der Waals equation, itself, allows us to determine the critical pressure, P.. To solve the equations, first divide
one by the other. This gives us a simple condition for the volume:

Ve—mnb _V,
2 3
3V, —3nb =2V,
V. = 3nb
This is the critical volume. Now use either of the two conditions to obtain the critical temperature, T,. If we use the first one, we
find:
nRT, 2an?
(Vo—mb)? V&
nRT, _ 2an?
(3nb—nb)®  (3nb)®
nRT, 2an?
4n22 "~ 27n3b3
_ 8a
°T o

Finally, plugging the critical temperature and volume into the van der Waals equation, we obtain the critical pressure:

nRT, an?
Vo—nb V2
8an/27b an?
3nb—nb (3nb)*
a
272

P, =

It comes as no surprise that cubic equations of state like the van der Waals (and Redlich-Kwong) equations of state yield three
different roots for volume and compressibility factor. This is simply because they are algebraic equations, and any nth order
algebraic equation will always yield “n” roots. However, those “n” roots are not required to be distinct, and that is not all: they are
not required be real numbers, either. A quadratic expression (n = 2) may have zero real roots (e.g., % 4 1 = 0); this is because those
roots are complex numbers. In the case of cubic expressions (n = 3), we will either have one or three real roots; this is because
complex roots always show up in pairs (i.e., once you have a complex root, its conjugate must also be a solution). In our case, and
because we are dealing with physical quantities (densities, volumes, compressibility factors), only real roots are of interest. More
specifically, we look for real, positive roots such that ¥ > b in the case of molar volume and Z > £% in the case of compressibility
factor.

In a cubic equation of state, the possibility of three real roots is restricted to the case of sub-critical conditions (T" < T.), because the
S-shaped behavior, which represents the vapor-liquid transition, takes place only at temperatures below critical. This restriction is
mathematically imposed by the criticality conditions. Anywhere else, beyond the S-shaped curve, we will only get one real root of
the type V > b. Figure 16.3.3 illustrates this point.
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Figure 16.3.3 : Multiple Roots in Cubic EOS
The shape of the critical isotherm at the critical point allows us to determine the exact temperature, pressure, and volume at which
the phase transitions from gas to liquid will occur. If we draw a curve through the isotherms joining all points of these isotherms at
which the tie lines begin, continue the curve up to the critical isotherm, and down the other side where the tie lines end, this curve
reaches a maximum at the critical point. The region inside this curve is when the gas and liquid phases coexist.

Let us summarize the three cases presented in Figure 16.3.3 :

1. Supercritical isotherms (T > T,: At temperatures beyond critical, the cubic equation will have only one real root (the other two
are imaginary complex conjugates). In this case, there is no ambiguity in the assignment of the volume root since we have
single-phase conditions. The occurrence of a unique real root remains valid at any pressure: any horizontal (isobaric) line cuts
the supercritical isotherm just once in Figure 16.3.3 .

2. Critical isotherm (T = T,): At the critical point (P = P,), vapor and liquid properties are the same. Consequently, the cubic
equation predicts three real and equal roots at this special and particular point. However, for any other pressure along the critical
isotherm (P < P, or P > P,,) the cubic equation gives a unique real root with two complex conjugates.

3. Subcritical isotherm (T < T): Predictions for pressures within the pressure range for metastability (P; < P < Pj) or for the
saturation condition (P = P**) will always yield three real, different roots. In fact, this is the only region where an isobar cuts
the same isotherm more than once. The smallest root is taken as the specific volume of the liquid phase; the largest is the
specific volume of the vapor phase; the intermediate root is not computed as it is physically meaningless. However, do not get
carried away. Subcritical conditions will not always yield three real roots of the type # > b. If the pressure is higher than the
maximum of the S-shaped curve, Pg, we will only have one (liquid) real root that satisfies # > b. By the same token, pressures
between 0 < P < P} yield only one (vapor) root. In the case of P, being a negative number, three real roots are to be found

even for very low pressures when the ideal gas law applies. The largest root is always the correct choice for the gas phase molar
volume of pure components.

Most of these considerations apply to the cubic equation of state in Z (compressibility factor). The most common graphical
representation of compressibility factor is the well-known chart of Standing and Katz, where compressibility, Z, is plotted against
pressure (Figure 16.3.4 ). Standing and Katz presented their chart for the compressibility factor of sweet natural gases in 1942. This
chart was based on experimental data. Graphical determination of properties was widespread until the advent of computers, and
thus the Standing and Katz Z-chart became very popular in the natural gas industry. Typical Standing and Katz charts are given for
high temperature conditions (T > T, or T;. > 1).
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Figure 16.3.4 : Compressibility Factor versus Pressure
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1.5: The Law of Corresponding States

Johannes Diderik van der Waals modified the ideal gas law to better describe the behavior of real gases by introducing corrections
to account for the finite size of molecules and the intermolecular forces between them, leading to the well-known van der Waals
equation.

(P+ %) (Vi —b) = RT (1.5.1)

m

This expression for the van der Waal gas involves two phenomenological constants, a and b. Van der Waals postulated that all real
gases at corresponding states should behave similarly and he focused on applying Equation 1.5.1 at the critical point of difference
gases—the unique temperature, pressure, and volume at which the distinction between liquid and gas disappears.

The corresponding state that van der Waals chose to use is called the reduced state, which is based on the deviation of the
conditions of a substance from its own critical conditions. We can define reduced quantities:

By substitution into Equation 1.5.1, the Van der Waal equations can be expressed differently

3 -1 8
(Pr + V_,?) (Vr - 5) = §Tr (15.2)

Equation 1.5.2 means the critical parameters for a gas can be expressed in terms of g and » parameters:

V,=3b
a
Pe= 27h?
_ 8a
¢ 2TbR

Hence, when gases are expressed in terms of their reduced variables, the van der Waals equation takes on a universal form
(Equation 1.5.2) that applies to all gases, regardless of their chemical identity. This discovery led van der Waals to formulate the
Law of Corresponding States, which states that different gases at the same reduced temperature and reduced pressure will exhibit
similar thermodynamic behavior. This principle provided a unifying framework for understanding real-gas behavior and laid the
foundation for generalized equations of state and compressibility charts used in modern thermodynamics.

Although the actual pressures and volumes may differ, two gases are said to be in corresponding states if their reduced pressure,
volume, and temperature are the same. What it says is that the behavior of all gases (and liquids!!) is pretty much the same, except
for a scaling factor that is related to the critical point of the substance. The compressibility value (Z) of 3/8 at the critical point for
the van der Waals equation is actually not in such good agreement with measurement. This is why the more complicated Redlich-
Kwong and Peng-Robertson expressions are better, although the idea is the same. Hence, all one needs to know to describe any
fluid's behavior is its critical point. For example, argon behaves much the same at 300 K as ethane does at 600 K because these
temperatures correspond to twice their respective critical temperatures (150.72 K and 305.4 K, respectively) so T = 2.0.

1.5.1: Compressibility

The Compressibility provides a useful way to compare the behavior of real gases with that predicted by the ideal gas law, and it
connects directly to the critical ratios first introduced by van der Waals.

PV

Z=Fr
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Over the past 150 years, researchers have collected extensive experimental data on a wide variety of fluids, allowing the Law of
Corresponding States to be tested and validated. When the pressure, temperature, and volume of different fluids are expressed in
terms of their reduced values, their measurements can be superimposed on the same compressibility chart (Figure 1.5.1).
This overlap shows that most “normal” fluids, despite having different molecular structures, follow a common pattern of behavior
when scaled by their critical properties.

We can rewrite the universal expression for compressibility Z using reduced variables and plot measured values of Z versus the
reduced pressure, P, (Figure 1.5.1). As you can see, very different gases/liquids like nitrogen and water can be made to coincide if
their properties are plotted relative to there critical points rather than in absolute terms. The compressibility factor Z can also be
cast into the form of corresponding states showing that Z also can be expressed as a universal function of V; and T, or any other
two reduced quantities:
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Figure 1.5.1: Example of a generalized compressibility factor graph (Public domain; Milton Beychok)

These charts show that most “normal” fluids, such as simple hydrocarbons, noble gases, and diatomic molecules, conform closely
to the predictions of the Law of Corresponding States. Deviations occur mainly in more complex or strongly associating fluids—
such as water, ammonia, or hydrogen fluoride—where strong polarity or hydrogen bonding introduces additional interactions not
accounted for by van der Waals’ simple model. Nevertheless, the overall success of the law demonstrates its power: by scaling
thermodynamic variables to the critical constants, we can describe the behavior of a wide variety of substances with a single
framework. This insight not only validated van der Waals’ pioneering theory but also provided a foundation for modern equations
of state and practical tools in chemical engineering and physical chemistry.

Van der Waals did not stop here. He went on to describe the root cause of condensation of gases into liquids at lower temperatures:
the attractive interactions between the molecules.

1.5: The Law of Corresponding States is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.6: The Second Virial Coefficient

The second virial coefficient describes the contribution of the pair-wise potential to the pressure of the gas. The third virial
coefficient depends on interactions between three molecules, and so on and so forth.

1.6.1: Introduction

As the density is increased the interactions between gas molecules become non-negligible. Deviations from the ideal gas law have
been described in a large number of equations of state. The virial equation of state expresses the deviation from ideality in terms of
a power series in the density:

P
o7 = P+ Ba(D)p* + By(T)p*+..

o By(T) is the second virial coefficient,
e Bj3(T) is called the third virial coefficient, etc.

The j™ virial coefficient can be calculated in terms of the interaction of j molecules in a volume V. The second and third virial
coefficients give most of the deviation from ideal (P/rkT) up to 100 atm.

The second virial coefficient is usually written as B or as B,. The second virial coefficient represents the initial departure from
ideal-gas behavior. The second virial coefficient, in three dimensions, is given by:

By(T) = — / (exp (—%(;)) - 1) anrdr

where ®;5(r) is the intermolecular pair potential, T is the temperature, and kg is the Boltzmann constant. Notice that the expression
within the parenthesis of the integral is the Mayer f-function. In practice, the integral is often very hard to integrate analytically for
anything other than, say, the hard sphere model, thus one numerically evaluates:

By(T) = —%/ (<exp (—%(;)» - 1) Amr?dr
(= (-28)

for each r using the numerical integration scheme proposed by Harold Conroy M2,

calculating:

1.6.2: Calculation of virial coefficients
The configuration integrals for Zi, Z,, and Z3 are:

L4 Zl = fd"‘l =V
o Zy= fe_U’/derl drg
° Z3 = fe_Uﬂ/derl drg d’l"3

The series method allows the calculation of a number of virial coefficients. Recall that the second and third virial coefficient can
account for the properties of gases up to hundreds of atmospheres. We will discuss the calculation of the second virial coefficient
for a monatomic gas to illustrate the procedure. To calculate By(T) we need U,. For monatomic particles it is reasonable to assume
that the potential depends only on the separation of the two particles so Uy = u(ria), where ry2 = |r2 —r1|. Using a change of
variables we can write this integral r15 = r, —r; and after integration over r, we can transform variables from dry; to 4mr2dr. The
result is:

By(T) = =2« / [P —1)r? dr

This expression can be used to obtain parameters from experiment. The second virial coefficient is tabulated for a number of gases.
For a hard-sphere potential there is an infinite repulsive wall at a particle radius . There is no attractive part.
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By(T) = 21 /0 0[—1]1"2 dr

_ 27a®
T3

The Lennard-Jones potential cannot be calculated analytically, but the integral can be computed numerically. The second virial
coefficient was a useful starting point for obtaining Lennard-Jones parameters that were used in simulations.

1.6.3: Isihara-Hadwiger Formula

The Isihara-Hadwiger formula was discovered simultaneously and independently by Isihara and the Swiss mathematician
Hadwiger in 1950. The second virial coefficient for any hard convex body is given by the exact relation:

By, =RS+V
or:
% =1+4+3a
where:
o= BS
3V

where V is the volume, §, the surface area, and R the mean radius of curvature.

1.6.4: Hard spheres

For the hard sphere model one has:[!

By(T) = —% /Oa ((0) — 1) 4nrdr

leading to
2708
By = 3

Note that B, for the hard sphere is independent of temperature.

1.6.5: Van der Waals equation of state
For the Van der Waals equation of state one has:

By(T) =b— %
1.6.6: Excluded volume

The second virial coefficient can be computed from the expression:
Br= 5 [[ vesmal@, ) 1@ 1(0) anaer
WheTe vexauded i the excluded volume.
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1.7: The Repulsive Term in the Lennard-Jones Potential

Proposed by Sir John Edward Lennard-Jones, the Lennard-Jones potential describes the potential energy of interaction between two
non-bonding atoms or molecules based on their distance of separation. The potential equation accounts for the difference between
attractive forces (dipole-dipole, dipole-induced dipole, and [.ondon interactions) and repulsive forces.

1.7.1: Introduction

Imagine two rubber balls separated by a large distance. Both objects are far enough apart that they are not interacting. The two balls
can be brought closer together with minimal energy, allowing interaction. The balls can continuously be brought closer together
until they are touching. At this point, it becomes difficult to further decrease the distance between the two balls. To bring the balls
any closer together, increasing amounts of energy must be added. This is because eventually, as the balls begin to invade each
other’s space, they repel each other; the force of repulsion is far greater than the force of attraction.

- -

1. Both balls are an infinite distance apart and are not
interacting

%

2. The balls are brought closer together with minimal energy
input to @ certain distance, r. At this distance, the balls have
an attractive force between them

PP

3. The attractive force between the two objects brings the objects
even further together until they reach an equilibrium distance
apart at which their minimum bending potential is reached.

4. To further decrease the distance between both objects,
additional energy is required because as the balls overlap, repulsive
forces act and push both balls further apart. At these distances, the
force of repulsion is greater than the force of attraction. Figure A

This scenario is similar to that which takes place in neutral atoms and molecules and is often described by the Lennard-Jones
potential.

1.7.2: The Lennard-Jones Potential

The Lennard-Jones model consists of two 'parts’; a steep repulsive term, and smoother attractive term, representing the London
dispersion forces. Apart from being an important model in itself, the Lennard-Jones potential frequently forms one of 'building
blocks' of many force fields. It is worth mentioning that the 12-6 Lennard-Jones model is not the most faithful representation of the
potential energy surface, but rather its use is widespread due to its computational expediency. The Lennard-Jones Potential is given
by the following equation:

o\ 12 o\6
V(r) =4e [(7) - (7) ] (1.7.1)
or is sometimes expressed as:
A B
V(r)= e (1.7.2)

where

e V is the intermolecular potential between the two atoms or molecules.
o ¢ is the well depth and a measure of how strongly the two particles attract each other.
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e o is the distance at which the intermolecular potential between the two particles is zero (Figure 1.7.1). o gives a measurement of
how close two nonbonding particles can get and is thus referred to as the van der Waals radius. It is equal to one-half of the
internuclear distance between nonbonding particles.

o ris the distance of separation between both particles (measured from the center of one particle to the center of the other
particle).

o A=4e0'? B =4es®

e Minimum value of @15(r) at r = rpp.

Lennard-lones Potential
=

==

€5

Eec

D 4

a =

=}

=20 rio)

S e

o g

40

=B

E

4

H

B
NOTE: The deeper the well depth (&), the
strongar the interaction between the twe
particles. When the bonding potential
energy is equal to zero, the distance of
separation, r, will be equal oo

Figure B

Figure 1.7.1: The Lennard-Jones potential describes both the attraction and repulsion between nonionic particles. The first part of
the equation, the short-ranged o/r)*? term describes the repulsive forces between particles while the latter part of the equation and
the longer-ranged o/r8 term denotes the attraction.

v/ Example 1.7.1: The van der Waals Radius

The € and o values for Xenon (Xe) are found to be 1.77 kJ/mol and 4.10 Angstroms, respectively. Determine the van der Waals
radius for the Xenon atom.

Solution
Recall that the van der Waals radius is equal to one-half of the internuclear distance between nonbonding particles. Because &
gives a measure of how close two non-bonding particles can be, the van der Waals radius for Xenon (Xe) is given by:

I = 0/2 = 4.10 Angstroms/2 = 2.05 Angstroms

1.7.2.1: Bonding Potential

The Lennard-Jones potential is a function of the distance between the centers of two particles. When two non-bonding particles are
an infinite distance apart, the possibility of them coming together and interacting is minimal. For simplicity's sake, their bonding
potential energy is considered zero. However, as the distance of separation decreases, the probability of interaction increases. The
particles come closer together until they reach a region of separation where the two particles become bound; their bonding potential
energy decreases from zero to a negative quantity. While the particles are bound, the distance between their centers continue to
decrease until the particles reach an equilibrium, specified by the separation distance at which the minimum potential energy is
reached.

If the two bound particles are further pressed together, past their equilibrium distance, repulsion begins to occur: the particles are so
close together that their electrons are forced to occupy each other’s orbitals. Repulsion occurs as each particle attempts to retain the
space in their respective orbitals. Despite the repulsive force between both particles, their bonding potential energy increases
rapidly as the distance of separation decreases.

v/ Example 1.7.2

Calculate the intermolecular potential between two Argon (Ar) atoms separated by a distance of 4.0 Angstroms (use €=0.997
kJ/mol and 0=3.40 Angstroms).
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Solution
To solve for the intermolecular potential between the two Argon atoms, we use equation 2.1 where V is the intermolecular
potential between two non-bonding particles.

v=e[(5)"-(3)]

The data given are:

e €=0.997 kJ/mol,
e o = 3.40 Angstroms, and
o the distance of separation, r = 4.0 Angstroms.

We plug these values into Equation 1.7.1 and solve as follows:

_ 3.40 Angstroms \ 12 3.40 Angstroms \
7= A el |:( 4.0 Angstroms ) - ( 4.0 Angstroms )

= 3.988(0.14 — 0.38)
= 3.988(—0.24)
= —0.96kJ /mol

1.7.2.2: Stability and Force of Interactions

Like the bonding potential energy, the stability of an arrangement of atoms is a function of the Lennard-Jones separation distance.
As the separation distance decreases below equilibrium, the potential energy becomes increasingly positive (indicating a repulsive
force). Such a large potential energy is energetically unfavorable, as it indicates an overlapping of atomic orbitals. However, at long
separation distances, the potential energy is negative and approaches zero as the separation distance increases to infinity (indicating
an attractive force). This indicates that at long-range distances, the pair of atoms or molecules experiences a small stabilizing force.
Lastly, as the separation between the two particles reaches a distance slightly greater than o, the potential energy reaches a
minimum value (indicating zero force). At this point, the pair of particles is most stable and will remain in that orientation until an
external force is exerted upon it.

Lennard-Jones Potential

=
==
€5
7l - .
£ £ t rEqulhbl‘Ful‘n Distance
& =
=Z0 et rio)
35 e
E £ F=Repulsive
0 2 i
£ H >
] { F=Attractive
] {
E i
F=0
Key
F=Force
Figure C

v Example 1.7.3

Two molecules, separated by a distance of 3.0 angstroms, are found to have a ¢ value of 4.10 angstroms. By decreasing the
separation distance between both molecules to 2.0 angstroms, the intermolecular potential between the molecules becomes
more negative. Do these molecules follow the Lennard-Jones potential? Why or why not?

Solution

Recall that o is the distance at which the bonding potential between two particles is zero. On a graph of the Lennard-Jones
potential, then, this value gives the x-intersection of the graph. According to the Lennard-Jones potential, any value of r greater
than o should yield a negative bonding potential and any value of r smaller than o should yield a positive bonding potential. In
this scenario, as the separation between the two molecules decreases from 3.0 angstroms to 2.0 angstroms, the bonding
potential is becomes more negative. In essence however, because the starting separation (3.0 angstroms) is already less than o
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(4.0 angstroms), decreasing the separation even further (2.0 angstroms) should result in a more positive bonding potential.
Therefore, these molecules do not follow the Lennard-Jones potential.

? Exercise 1.7.1

The second part of the Lennard-Jones equation is (o/r)® and denotes attraction. Name at least three types of intermolecular

interactions that represent attraction.

Answer

From section 2.1, dipole-dipole, dipole-induced dipole, and .ondon interactions are all attractive forces.

? Exercise 1.7.2

At what separation distance in the Lennard-Jones potential does a species have a repulsive force acting on it? An attractive

force? No force?

Answer
See Figure C. A species will have a repulsive force acting on it when r is less than the equilibrium distance between the
particles. A species will have an attractive force acting on it when r is greater than the equilibrium distance between the
particles. Lastly, when r is equal to t1he equilibrium distance between both particles, the species will have no force acting

upon it.

1.7.3: References
1. Atkins, Peter and de Paula, Julio. Physical Chemistry for the Life Sciences. New York, N.Y. W. H. Freeman Company, 2006.
(469-472).
2. Royer, Donald J. Bonding Theory. New York, NY.:McGraw-Hill, Inc., 1968.
3. Chang, Raymond. Physical Chemistry for the Biosciences. Sausalito, CA. University Science Books, 2005. (498-500)

1.7: The Repulsive Term in the Lennard-Jones Potential is shared under a not declared license and was authored, remixed, and/or curated by
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e Lennard-Jones Potential by Rabia Naeem is licensed CC BY 4.0.
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1.8: Van der Waals Constants in Terms of Molecular Parameters

The van der Waals equation can be written as:

po BT _
—b

3s

Using the binomial expansion:
1 2
T

We can write the van der Waals equation of state as:

2
p=" 1+§+'_’—+---]—_i
A NEART 72
2
BT | (rrv_ o)L + EIY
v ZRET

Rearranging in terms of compressibility, Z:

Z=%=1+(b—%)%+é—z+

Comparing to the Viral equation of state, we can see that the second Viral coefficient is related to the van der Waals coefficients:
a
BQV(T) = b - ﬁ

Using a combination of the hard sphere model and the Lennard-Jones potential, we obtain:

(o] r<o
u(r) = { Cs (1.8.1)

- r>0
rb

We can write the second Virial coefficient as

2 Cs
BT=—N3[1— ] 1.8.2
2(T) = 37Noo 3k5Ta® (1.82)
Let us introduce to simplifying variables
b= %ﬂNoas (1.8.3)
21rN0205
= 1.8.4
903 (184)
In which the second Virial coefficient becomes:
By(T)=b— % (1.8.5)

From these equations, we can see that a is directly proportional to cs, the intermolecular attraction between particles with a force
proportional to 7~8. Likewise, p is equivalent to four times the volume of the particle. In other words, the van der Waals equations
assumes the hard sphere model at small distances and weak interactions (attractive forces) at larger distances.

1.8: Van der Waals Constants in Terms of Molecular Parameters is shared under a not declared license and was authored, remixed, and/or curated
by LibreTexts.

« 16.7: Van der Waals Constants in Terms of Molecular Parameters is licensed CC BY-NC-SA 4.0.
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1.E: The Properties of Gases (Exercises)

A Libretexts Textmap organized around McQuarrie and Simon's textbook

Physical Chemistry: A Molecular Approach

Template:HideTOC

These are homework exercises to accompany Chapter 16 of McQuarrie and Simon's "Physical Chemistry: A Molecular Approach”
Textmap.

1.E.0.1: Q16.10

One liter of N, (g) at 2.1 bar and two liters of Ar(g) at 3.4 bar are mixed in a 4.0-L flask to form an ideal-gas mixture. Calculate the
value of the final pressure of the mixture if the initial and final temperature of the gases are the same. Then, repeat this calculation
if the initial temperatures of the N3 (g) and Ar(g) are 304 K and 402 K, respectively, and the final temperature of the mixture is 377
K. (Assume ideal-gas behavior.)

1.E.0.1: S16.10
Using the ideal gas law, we can find the number of moles of each gas.

_ Py,Vw, _ (2.1210°Pa) * (1210~°m®) _ 210Pa * m®

T TR T RT RT
_ Pu4Var _ (3.4210°Pa) x (2210~°m3) _ 680Pa x m?
"= TR T RT =T RT

The total moles of gas in the final mixture is the sum of the moles of each gas in the mixture, which is

210Pa * m?® n 680Pa * m> _ 890Pa * m3
RT RT - RT

Therefore,

nRT  890Pa * m®
V7 0.0040m3

Now, considering the initial temperatures of the gases are different from each other and from the final temperature of the mixture,

P= = 2.2210°Pa = 2.2bar

we calculate the total number of moles to be

210Pa * m? n 680Pa * m®
R x (304K) R * (402K)

Substituting this into the ideal gas law, we get the final pressure to be

P [210Pa*m3 680Pa,*m3] . Rx (377K)
" 'R (304K) ' Rx(402K)' 0.0040m3

Niotal = NN, + Nar =

= 2.2210%Pq = 2.2bar

1.E.1: Q16.12

What is the molar Gas Constant in units of cm? torr K™ mol ™.
1.E.1.1: S16.12
We know R = 0.082058L - atm - mol 1K !

using dimensional analysis:

760torr N 1dm? N 1dm?
latm 1L 1000cm3

R = 0.082058L - atm - mol 'K~ x (LE.1)

R = 0.0623639cm? - atm - mol 1K1 (1.E.2)
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1.E.1.2: Q16.13
Use the van der Waals equation to plot the compressibility factor, Z, against P for methane for T = 180 K, 189 K, 190 K, 200 K, and
250 K.

1.E.1.3: S16.13

First, calculate Z as a function of ¥ and P as a function of ¥ and plot Z versus P

For methane, a = 2.3026 dm® - bar - mol—2 and b = 0.043067 dm? - mol~!

PV
Z= 5 (LE.3)
and the van der Waals equation of state is:
p= L _ o (LE.4)
V—-b V2

Then create a parametric plot of Z versus P for the suggested temperatures as shown below.

1.E.1.4: Q16-15
Define the equation that could be solved by using the Netwon-Raphson method to find the molar volume of O2 at 300K and
200atm. Use the van der Waals anf Redlich-Kwong equations.

Constants:
o van der Waals:
a = 1.3820dmS * bar * mol, b = 0.031860dm® * mol ! (1.E.5)

¢ Redlich-Kwong:

A = 17.411dm8 % bar x mol 2 x K*/?| B = 0.022082dm> * mol (1.E.6)
1.E.1.5: S16.15
Solving van der Waals equation for volume produces:

$$\bar{ V}/{3} - (b + \dfrac{RT}{P})\bar{ V}/ {2} + \dfrac{a}{P}\bar{V} - \dfrac{ab}{P}=0\]
Plugging in constants gives:
$$\bar{V}A{3} - 0.15486\bar{ V}*{2} + 0.00691\bar{V} - 0.00022015=0\]

which can be solved numerically to find molar volume.

The Redlich-Kwong equation can be written as a cubic in volume:
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$$\bar{V}A{3} - \dfrac{RT}{PH\bar{ V}N{2} - \left(BA{2} + \dfrac{BRT}{P} - \dfrac{A}{TA{1/2}P}\right)\bar{V} - \dfrac{AB}
{TA{1/2}P} = 0\]

Plugging in constants gives:
$$\bar{V}~{3} - 0.123\bar{V}~{2} + 0.001822\bar{V} - 0.00011099 = 0\]
which can be solved numerically to find molar volume.

1.E.1.6: Q16.16

Compare the Redlich-Kwong and the van der Waals equations for ethane. Take the molar volume to be 0.09416 .
1.E.1.7: S16.16
van der Waals:
$$P = \dfrac{RT}{\bar{V}-b}-\dfrac{a}{(\bar{V})A2}\]
Reference Table 16.3 for a, b
$$P = \dfrac{0.083145*400}{.09416-0.065144}-\dfrac{5.5818}{(0.09416) 2 }\]

Redlich-Kwong equation of state improved the accuracy of the van der Waals equation by adding a temperature dependence for the
attractive term:

$$P = \dfrac{RT}{\bar{V}-B} - \dfrac{ A}{TA(\dfrac{1}{2})\bar{V}(\bar{V}+B)}\]
Reference Table 16.4 for A, B
$$P = \dfrac{0.083145*400}{0.09416-0.045153} - \dfrac{98.831}{400~(\dfrac{1}{2})0.09416*(0.09416+0.62723) }\]

1.E.1.8: Q16.17
p= VRT _ V“V (1L.E.7)
——b VT—(—+b)
n n'n
2
(p+ %)(V — nb) = nRT (LE.8)

Use the equations above to calculate the temperature of a system with 1.5 mol of methane at 300 K confined to a volume of
100 cm?3. Compare the two calculated pressures.

1.E.1.9: S16.17
em? atm
R =282. —_
82.057338 K mol
3 3
Redlich-Kwong constants: a = 31.59 x 108 (atm)(K %)(ﬂ)2 and b =29.6 2
mol mol
3 3
Van der Waals constants: a = 2.25 x 10° (aﬂbm)(ﬂ)2 and b =42.8 T
mol mol
2 3
82.057338‘”; “”ln 300 K 31.59 x 10° (atm)(K%)(ﬂl)2
Redlich-Kwong equation: p = TP me 100 o 100 o mo -— = 379.95 atm
cm cm f——> cm cm cm
1.5 mol 29.6 mol 300 K 1.5 mol ( 1.5 mol +296 mol)
em? atm

(1.5 mol)(82.057338

cm?® )2

)(300 K) (1.5 mol)2(2.25 x 108 (atm)
— ( mol = 525.2 atm

(100 cm3)?

K mol
3
cm

3) _ =

(100 em?) — (1.5 mol)(42.8 mol)

Van der Waals equation: p =

There is a 145.25 atm difference in the calculated pressures.

1.E.1.10: Q16.20

The following equation can be used to relate the pressure of propane to its density at temperatures below 400 K:
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where the pressure (P) is in bar and the density ( p) is in 2% and ranges from 022 < p < 12.3m,

P = 33.258p — 7.5884p% + 1.0306p° — 0.058757p* — 0.0033566,° + 0.000606960° (1.E.9)

Calculate and plot the pressure for the given density range using:

a. the equation given above
b. the Van der Waals equation of state
c. the Redlich-Kwong equation of state

Compare your results from the above parts.
1.E.1.11: S16.20
a.) Straight forward to calculate.

Even though straight forward, should still put solution for students.

graph plotted using matlab.

b.) The following constants were used in the equation below:

L2
a=939192""" and b — 0.00049- 2
mol? mol
RT a
Pypw = — - — (1.E.10)
V—-b Vv
c.) The following constants were used in the equation below:
2
a=183.01 2% and b— 0.06272—-
mol? mol
RT a

(1LE.11)

Pry =

V—b VIV(V+b)
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As can be seen by the plot, the Van der Waals equation of state deviates greatly from the empirical fit at higher densities. The
Redlich-Kwong equation provides a reasonable approximation to the empirical data. (All calculations were done in MATLAB, and
the above plot was produced by me)

1.E.1.12: Q16.21

Use the data below to evaluate the van der waals and Redlich Kwong constants for benzene.

Species TJ/K P /bar P/atm VL mol 1* PV /RT,

Benzene 561.75 48.758 48.120 0.256 0.26724

*n to indicate molar volume

Van Der Waals
_ 27(RT.)? RT,
= —e1p, db=3p
Redlich-Kwong
3
2 2
A=04278L" 404 B— 0.08664 }fc

1.E.1.13: S16.21

Van Der Waals

_ 27 (0.083145dm3 - bar - mol 1K —1)2 % (561.75K)? 6 2
a= 64+ 48.758bar = 18.8754dm° - atm - mol

_ (0.083145dm? - bar - mol 'K )% x (561.75K)> 3 1
b= 3+ 48.758bar = 5.5927dm? - mol

Redlich-Kwong

5
— 1
. 14 3. . -1 —1)2 1.75K) 2 —
A = 0.42748 5 (0.083145dm” - bar - mol )" *(56175K) 2 _  e3 315dm® - atm - mol—2 - K 2
48.758bar
.083145dm? - bar - mol~1K—1)? x (561.75K)>
B = 0.42748 « (&083145dm” - bar - mo )"+ (56L.75K)" _ 19,126 dm® - mol
48.758bar

1.E.1.14: Q16.22

Show that the van der Waals equation for argon at T = 142.69 K and P = 35.00 atm can be written as

V° — 0.3664V" + 0.001210 = 0 (LE.12)

where, for convenience, we have suppressed the units in the coefficients. Use the Newton-Raphson method (MathChapter G) to
find the three roots to this equation, and calculate the values of the density of liquid and vapor in equilibrium with each other under
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these conditions.

1.E.1.15: S16.22

Using Table 16.3, we can get the values of a and b for argon to use in Van der Waals equation of state.

By doing this, you can isolate V in van der Waals equation of state. Next, by applying the Newton-Raphson method to the function
given by van der Waals equation (which is only dependent on ¥ ), and the derivative of the function, we find the roots to the
equation. On the case here, the smallest root represents the molar volume of liquid argon, and the largest root represents the molar
volume of vapor argon.

1.E.1.16: Q16.23

Calculate the Volume occupied by 50 kg of propane at 50°C and 35 bar, using the Redlich-Kwong equation of state and the Peng-
Robinson equation of state.

1.E.1.17: S16.23

Redlich-Kwong equation of state:

RT a

= 5~ W iD (1.E.13)

v is volume of gas per mole.
we have T = 50°C = 323 K , P = 35 bar = 35 x (10%)Pa

For propane, we have P, — 42.4924 bar — 42.4924 x 10°Pqg and T, = 369.522 K

0.42748R?T25

so we have ¢ = =75 ;

b — 0.08664xRT,
P,

0.42748(8.314%)369.522%5 __ 1.015603

50, @ = 5 1024x10°(3239%)

p— (008664)(B314)(360.522) _ ¢ 9540890 5 10-5

22.4924%10°
— BT
S0, P = b u(u?l—b)
(35 * (10%)) = —(3314628) 1015603

v—(6.2640829%107%) v(v+6.2640829x107°)

The only real solution is
v = 0.00010933 2,
so In 50 Kg propane, number of moles = 53+190 — 1133.78684

total volume occupied by 50 Kg propane at the specified conditions = (1133.78684)(0.00010933) = 0.1239569m® = 123.9569 Liters is
the answer.

Peng - Robinson's equation of state:
P= % - v(v+b)-’:—b(v—b)

a = 0.45724R? x T? * &

b=0.0778R%E:

a=1+S1—vTy)

S = 0.37464 + 1.54226w — 0.26992w?

T, =+

we have P =35 x 10°Pa and T = 323 K

P, = 42.4924 bar = 42.4924 x 10°Pqa and T, = 369.522 K

we have accentric factor = w = 0.152.
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T, = 1~ = o0 = 0.87410
S = 0.37464 + (1.54226)(0.152) — (0.26992)(0.152%) = 0.602827
a =1+ 0.602827 * (1 — /0.87410) = 1.0392240523

= 2 2\ 1.0392240523
a = (0.45724) (8.314%)(369.5222) LB _ 1 (55469444

b= (0.0778)(8.314) 38322 - — (0000562494

so, by the equation of state:

(35 x 10°) = (8.314)(323) 1.055462444
v—0.0000562494 ~ "u(v-+0.0000562494-+-0.0000562494 (v—0.0000562494)

v = 0.0000988504 ™,

_ (50)(1000
so In 50 Kg propane, number of moles = % 1133.78684

total volume occupied by 50 Kg propane at the specified conditions = (1133.78684)(0.0000988504) = 0.1120752m3 = 112.0752 Liters
is the answer.

1.E.1.18: Q16.25

A way to obtain the expressions for the van der Waals constants is to make (%)T and (%)T zero at the critical point, but why do
they equal to zero at critical point? Obtain the equation V, = 3bfrom this procedure.

1.E.1.19: S16.25
(Z)r =

(§;€)T=0

(8)p= 2 (& — )

—RT(—W)'G(%

=__RBT 2
-ty  V?

At critical point,

RT,
ety

=2 by equating ( ) =0.

By differentiating the equation RT (— a (‘;—3) with respect to V,

(V= b)“)_

2
(aP)T_ ra ( (VIETb)a +%)T

=RT (_W) + 2a (‘;—i)
_ 2RT _ 6
V-b)® V4

At critical point,

2RT. — 6a
A by equating (22 Wﬂ Py =
Now,
2a_ RTe
Ve = 2
6Ga. 2RT,
vt (9.540)3
Ve = (Vemb)
3 2
V.=3b

1.E.2: Q16.26

Show that the Redlich-Kwong equation can be rewritten in the following form:

RT BRT A . AB
= 7~ )V~ pris =0 (1.E.14)

[
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1.E.3: S16.26

Starting with the Redlich-Kwong equation and manipulating it we get the following:

p=_FL__ A (1.E.15)
V—B T2V (V+B)
P(V — B)TY*V(V + B) = RT®**V(V + B) — A(V— B) (1.E.16)
PT'?V(V? — B?) = RT®**V? + RT%*VB — AV + AB (1LE.17)
-3 RT_, ., BRT A _ AB _
V)= 5V =B+ = oV = o =0 (1LE.18)
1.E.4: Q16.27
Use the results of the previous question, Q16.26, to derive Equations 16.14.
_ A2/3R1/3 2/3
(a)Ve = 384738, (b)P. = 0208945 —, and ()T, = 34504 () /
The following are solved from Q16.26 and are necessary to solve for Equation 16.14:
1)B = 25992V, (1L.E.19)
25/2
2)A = 0.42748 L ;‘? (1.E.20)
PVe 1
3) i (LE.21)
1.E.5: S16.27
From equation (1) we see that solving for V, yields the first equation
V. =3.8473B (1.E.22)
From equation (2) we can rewrite the expression with some manipulation as
A = A2748RT? ( RT. ) 172 (1.E.23)
Substituting equation (3) and 16.14a into the previous equation gives the expression
A = 3(.42748)RT/*(3.8473B) (1LE.24)
Lastly, solving for T, gives the equation for 16.14c
A \23
T, = .34504 (B—R) (1L.E.25)
Finally, solving for equation 16.14b we must substitute the previously solved 16.14c into equation (2),solving for P,
R  (42u8) 4\ AR/
P, =0.42748 A - ( 2 ) R* |.34504 (B_R) = .029894W (1.E.26)
which is equation 16.14b.
1.E.6: Q16.28
Derive the Van der Waals cubic equation of state from
a _
(P+ ﬁ) (V—b) =RT (1LE.27)
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1.E.7: S16.28

The Van der Waal equation can be rewritten in terms of Z:

z-EV_V @
RT V-b BRIV
solving for V
_ RT\ a- ab
3 _ bl 2 Ty _
Vi (b+ 5 )V+ V-5 =0

(1.E.28)

(1.E.29)

1.E: The Properties of Gases (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.1: Basics of Kinetic Molecular Theory

4b Learning Objectives

e To understand the five fundamentals of Kinetic Molecular Theory.
e To use Kinetic Molecular Theory to describe the behavior of the macroscopic gas laws.

The ideal gas equation
PV = nRT (2.1.1)
describes how gases behave, e.g.:

e A gas expands when heated at constant pressure
o The pressure increases when a gas is compressed at constant temperature

However, the ideal gas law (nor any of the constituent gas laws) does not explain why gases behave this way? What happens to gas
particles when conditions such as pressure and temperature change? This is addressed via Kinetic Molecule Theory.

The Fundamentals of Kinetic Molecular Theory (KMT)

The molecules of a gas are in a state of perpetual motion in which the velocity (that is, the speed and direction) of each molecule is
completely random and independent of that of the other molecules. This fundamental assumption of the kinetic-molecular model
helps us understand a wide range of commonly-observed phenomena. According to this model, most of the volume occupied by a
gas is empty space; this is the main feature that distinguishes gases from condensed states of matter (liquids and solids) in which
neighboring molecules are constantly in contact. Gas molecules are in rapid and continuous motion; at ordinary temperatures and
pressures their velocities are of the order of 0.1-1 km/sec and each molecule experiences approximately 10'°collisions with other
molecules every second.

The five basic tenets of the kinetic-molecular theory are as follows:

1. A gas is composed of molecules that are separated by average distances that are much greater than the sizes of the molecules
themselves. The volume occupied by the molecules of the gas is negligible compared to the volume of the gas itself.

2. The molecules of an ideal gas exert no attractive forces on each other, or on the walls of the container.

3. The molecules are in constant random metion, and as material bodies, they obey Newton's laws of motion. This means that
the molecules move in straight lines (see demo illustration at the left) until they collide with each other or with the walls of the
container.

4. Collisions are perfectly elastic; when two molecules collide, they change their directions and kinetic energies, but the total
kinetic energy is conserved. Collisions are not “sticky".

5. The average kinetic energy of the gas molecules is directly proportional to the absolute temperature. Notice that the term
“average” is very important here; the velocities and kinetic energies of individual molecules will span a wide range of values,
and some will even have zero velocity at a given instant. This implies that all molecular motion would cease if the temperature
were reduced to absolute zero.

The Kinetic-Molecular Theory is "the theory of moving molecules." -Rudolf Clausius, 1857

Pressure

If gases do in fact consist of widely-separated particles, then the observable properties of gases must be explainable in terms of the
simple mechanics that govern the motions of the individual molecules. The kinetic molecular theory makes it easy to see why a gas
should exert a pressure on the walls of a container. Any surface in contact with the gas is constantly bombarded by the molecules.
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Figure 5.6.1: Pressure arises from the force due to the acceleration of molecules as they bound off a container's walls

wall of container

At each collision, a molecule moving with momentum mv strikes the surface. Since the collisions are elastic, the molecule bounces
back with the same velocity in the opposite direction. This change in velocity AV is equivalent to an acceleration a; according to

Newton's second law,
F=ma (2.1.2)

with a force, F, that is exerted on the surface of area A exerting a pressure

_f
P==2 (2.1.3)

o The pressure of a gas is causes by collisions of the molecules with the walls of the container.
o The magnitude of the pressure is related to how hard and how often the molecules strike the wall
e The "hardness" of the impact of the molecules with the wall will be related to the velocity of the molecules times the mass of

the molecules

Kinetic Interpretation of Absolute Temperature
According to the kinetic molecular theory, the average kinetic energy of an ideal gas is directly proportional to the absolute
temperature. Kinetic energy is the energy a body has by virtue of its motion:

KE = %mv2 (2.1.4)

with

e KE is the kinetic energy of a molecule,

e 1 is the mass of the molecule, and

o v is the magnitude of the velocity of a molecule.

As the temperature of a gas rises, the average velocity of the molecules will increase; a doubling of the temperature will increase
this velocity by a factor of four. Collisions with the walls of the container will transfer more momentum, and thus more kinetic

energy, to the walls.

0> A 0O— /
o o
o 1+
Lower average Kkinetic energy Higher average kinetic energy
Lower absolute temp erature Higher absolute temperature

Figure 5.6.2: A microscopic picture of the molecules in a gas (balls) as a specific time. The magnitude of the velocity of each
molecule is indicated by the length of the arrow.

If the walls are cooler than the gas, they will get warmer, returning less kinetic energy to the gas, and causing it to cool until
thermal equilibrium is reached. Because temperature depends on the average kinetic energy, the concept of temperature only
applies to a statistically meaningful sample of molecules. We will have more to say about molecular velocities and kinetic energies

farther on.
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Molecular Speed

Although the molecules in a sample of gas have an average kinetic energy (and therefore an average speed) the individual
molecules move at various speeds. Some are moving fast, others relatively slowly

8 = N, at 0°C
5 B >
< @
< T TINSeL
= A7 e N, at 100°C
= 1S AN -
g [/ N
&9 e
0 s 1000

Figure 5.6.3: The distribution of speeds of nitrogen molecules at 0 °C and 100 °C.

At higher temperatures at greater fraction of the molecules are moving at higher speeds (Figure 3). What is the speed (velocity) of a
molecule possessing average kinetic energy? KMT theory shows the the average kinetic energy (KE) is related to the root mean
square (rms) speed u

KE = %muz (2.1.5)

This is different from the typical definition of an average speed (v) as demonstrated in Example 5.6.1.

v/ Example 5.6.1

Suppose a gas consists of four molecules with speeds of 3.0, 4.5, 5.2 and 8.3 m/s. What is the difference between the average
speed and root mean square speed of this gas?

Solution
The average speed is:

0+4. 2+48.
(v) = 30+ 51_5 +83 =5.25m/s (2.1.6)

The root mean square speed is:

=5.59m/s (2.1.7)

_ \/3.02 +4.5%+5.2% + 8.3
B 4

The Gas Laws Explained from a KMT Perspective

¢ Kinetic explanation of Boyle's law: Boyle's law is easily explained by the kinetic molecular theory. The pressure of a gas
depends on the number of times per second that the molecules strike the surface of the container. If we compress the gas to a
smaller volume, the same number of molecules are now acting against a smaller surface area, so the number striking per unit of
area, and thus the pressure, is now greater.

¢ Kinetic explanation of Charles’ law: Kinetic molecular theory states that an increase in temperature raises the average kinetic
energy of the molecules. If the molecules are moving more rapidly but the pressure remains the same, then the molecules must
stay farther apart, so that the increase in the rate at which molecules collide with the surface of the container is compensated for
by a corresponding increase in the area of this surface as the gas expands.

¢ Kinetic explanation of Avogadro's law: If we increase the number of gas molecules in a closed container, more of them will
collide with the walls per unit time. If the pressure is to remain constant, the volume must increase in proportion, so that the
molecules strike the walls less frequently, and over a larger surface area.

» Kinetic explanation of Dalton's law: "Every gas is a vacuum to every other gas". This is the way Dalton stated what we now
know as his law of partial pressures. It simply means that each gas present in a mixture of gases acts independently of the
others. This makes sense because of first fundamental tenet of KMT theory is that gas molecules have negligible volumes. So
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Gas A in mixture of A and B acts as if Gas B were not there at all. Each contributes its own pressure to the total pressure within
the container, in proportion to the fraction of the molecules it represents

o The absolute temperature is a measure of the average kinetic energy of its molecules
o If two different gases are at the same temperature, their molecules have the same average kinetic energy
o If the temperature of a gas is doubled, the average kinetic energy of its molecules is doubled

Contributors and Attributions
Mike Blaber (Florida State University)

Stephen Lower, Professor Emeritus (Simon Fraser U.) Chem1 Virtual Textbook
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2.2: Common ldeal Gas Difficulties

This page looks at the assumptions which are made in the Kinetic Theory about ideal gases, and takes an introductory look at the
Ideal Gas Law: pV = nRT.

Kinetic Theory assumptions about ideal gases
There is no such thing as an ideal gas, of course, but many gases behave approximately as if they were ideal at ordinary working

temperatures and pressures. Real gases are dealt with in more detail on another page. The assumptions are:

¢ Gases are made up of molecules which are in constant random motion in straight lines.

o The molecules behave as rigid spheres.

o Pressure is due to collisions between the molecules and the walls of the container.

o All collisions, both between the molecules themselves, and between the molecules and the walls of the container, are perfectly
elastic. (That means that there is no loss of kinetic energy during the collision.)

o The temperature of the gas is proportional to the average kinetic energy of the molecules.

And then two absolutely key assumptions, because these are the two most important ways in which real gases differ from ideal
gases:

e There are no (or entirely negligible) intermolecular forces between the gas molecules.
e The volume occupied by the molecules themselves is entirely negligible relative to the volume of the container.

The Ideal Gas Equation

The ideal gas equation is:
pV =nRT (2.2.1)

On the whole, this is an easy equation to remember and use. The problems lie almost entirely in the units, which should be in strict
SI units

Pressure, p

Pressure is measured in Pascals, Pa - sometimes expressed as newtons per square meter, N m™%. These mean exactly the same thing.
Be careful if you are given pressures in kPa (kilopascals). For example, 150 kPa is 150,000 Pa. You must make that conversion
before you use the ideal gas equation.

Should you want to convert from other pressure measurements:

e 1 atmosphere = 101,325 Pa
e 1 bar =100 kPa = 100,000 Pa

Volume, V

This is the most likely place for you to go wrong when you use this equation. That's because the SI unit of volume is the cubic
metre, m? - not cm3 or dm3 with 1 m3 = 1000 dm3 = 1,000,000 cm?3. So if you are inserting values of volume into the equation, you
first have to convert them into cubic metres.

You would have to divide a volume in dm? by 1000, or in cm? by a million.

Similarly, if you are working out a volume using the equation, remember to covert the answer in cubic metres into dm® or cm? if
you need to - this time by multiplying by a 1000 or a million. If you get this wrong, you are going to end up with a silly answer, out
by a factor of a thousand or a million. So it is usually fairly obvious if you have done something wrong, and you can check back
again.

Number of moles, n

This is easy, of course - it is just a number. You already know that you work it out by dividing the mass in grams by the mass of one
mole in grams. You will most often use the ideal gas equation by first making the substitution to give:
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_ mass(g
~ mass of 1 mole(g)

The gas constant, R

A value for R will be given you if you need it, or you can look it up in a data source. The SI value for R is 8.31441 J K™* mol ™.

The temperature, T

The temperature has to be in Kelvin. Don't forget to add 273 if you are given a temperature in degrees Celsius.

Using the ideal gas equation

Calculations using the ideal gas equation are included in my calculations book (see the link at the very bottom of the page), and I
can't repeat them here. There are, however, a couple of calculations that I haven't done in the book which give a reasonable idea of
how the ideal gas equation works.

The molar volume at stp
If you have done simple calculations from equations, you have probably used the molar volume of a gas.

1 mole of any gas occupies 22.4 dm? at stp (standard temperature and pressure, taken as 0°C and 1 atmosphere pressure). You may
also have used a value of 24.0 dm? at room temperature and pressure (taken as about 20°C and 1 atmosphere).

These figures are actually only true for an ideal gas, and we'll have a look at where they come from.

We can use the ideal gas equation to calculate the volume of 1 mole of an ideal gas at 0°C and 1 atmosphere pressure.
First, we have to get the units right.

0°Cis273 K. T=273K

1 atmosphere = 101325 Pa. p = 101325 Pa

We know that n = 1, because we are trying to calculate the volume of 1 mole of gas.

And, finally, R = 8.31441 J K™! mol ™.

Slotting all of this into the ideal gas equation and then rearranging it gives:

101325 xV = 1 x8.31441 x 273

1x831441 x 273 -
101325

= 0.0224 m°to 3 sig figs

V=

And finally, because we are interested in the volume in cubic decimetres, you have to remember to multiply this by 1000 to convert
from cubic metres into cubic decimetres.

The molar volume of an ideal gas is therefore 22.4 dm? at stp.
And, of course, you could redo this calculation to find the volume of 1 mole of an ideal gas at room temperature and pressure - or

any other temperature and pressure.

Finding the relative formula mass of a gas from its density

This is about as tricky as it gets using the ideal gas equation.

The density of ethane is 1.264 g dm™ at 20°C and 1 atmosphere. Calculate the relative formula mass of ethane.
The density value means that 1 dm? of ethane weighs 1.264 g.

Again, before we do anything else, get the awkward units sorted out.

A pressure of 1 atmosphere is 101325 Pa.

The volume of 1 dm? has to be converted to cubic metres, by dividing by 1000. We have a volume of 0.001 m°>.

The temperature is 293 K.
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Now put all the numbers into the form of the ideal gas equation which lets you work with masses, and rearrange it to work out the
mass of 1 mole.

pV = mass (g
mass of 1 mole(g)
101325 x 0.001 = 1.264 X 8.31441 x 293

mass of 1 mole(g)
1.264 x 8.31441 x 293

101325 x 0.001
304g

mass of 1 mole(g)

The mass of 1 mole of anything is simply the relative formula mass in grams.So the relative formula mass of ethane is 30.4, to 3 sig
figs. Now, if you add up the relative formula mass of ethane, C,Hg using accurate values of relative atomic masses, you get an
answer of 30.07 to 4 significant figures. Which is different from our answer - so what's wrong?

There are two possibilities.

e The density value I have used may not be correct. I did the sum again using a slightly different value quoted at a different
temperature from another source. This time I got an answer of 30.3. So the density values may not be entirely accurate, but they
are both giving much the same sort of answer.

o FEthane isn't an ideal gas. Well, of course it isn't an ideal gas - there's no such thing! However, assuming that the density values
are close to correct, the error is within 1% of what you would expect. So although ethane isn't exactly behaving like an ideal
gas, it isn't far off.

If you need to know about real gases, now is a good time to read about them.

Contributors and Attributions
o Jim Clark (Chemguide.co.uk)

This page titled 2.2: Common Ideal Gas Difficulties is shared under a CC BY-NC 4.0 license and was authored, remixed, and/or curated by Jim
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2.3: Connecting Gas Properties to Kinetic Theory of Gases

When examining the ideal gas laws in conjunction with the kinetic theory of gases, we gain insights into the behavior of ideal gas.
We can then predict how gas particles behaviors such as gas molecular speed, effusion rates, distances traveled by gas molecules.
Graham's Law, which was formulated by the Scottish physical chemist Thomas Graham, is an important law that connects gas

properties to the kinetic theory of gases.

Introduction

The Kinetic Molecular Theory states that the average energy of molecules is proportional to absolute temperature as illustrated by

the following equation:

Ex =

| o

R
ol (2.3.1)

where

o e is the average translation kinetic energy,
e R is the gas constant,

e Nj is Avogadro's number, and

o T is temperature in Kelvins.

Since R and Np are constants, this means that the Kelvin temperature (T) of a gas is directly proportional to the average kinetic
energy of its molecules. This means that at a given temperature, different gases (for example He or O,) will the same average
kinetic energy.

Graham's Law

Gas molecules move constantly and randomly throughout the volume of the container they occupy. When examining the gas
molecules individually, we see that not all of the molecules of a particular gas at a given temperature move at exactly the same
speed. This means that each molecule of a gas have slightly different kinetic energy. To calculate the average kinetic energy (ex) of
a sample of a gas, we use an average speed of the gas, called the root mean square speed (Uyms).

1

ex = Emu,%ms

(2.3.2)

with

o ek is the kinetic energy measures in Joules
e m is mass of a molecule of gas (kg)
® U, is the root mean square speed (m/s)

The root mean square speed, Uyys, can be determined from the temperature and molar mass of a gas.

| 3RT
Urms =\ 51 (2.3.3)

with

« R the ideal gas constant (8.314 kg*m2/s2*mol*K)

o T temperature (Kelvin)

e M molar mass (kg/mol)

When examining the root mean square speed equation, we can see that the changes in temperature (T) and molar mass (M) affect
the speed of the gas molecules. The speed of the molecules in a gas is proportional to the temperature and is inversely proportional
to molar mass of the gas. In other words, as the temperature of a sample of gas is increased, the molecules speed up and the root
mean square molecular speed increases as a result.
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Ralative number of molecules —=

Molecular spaed mis

Figure 2.3.1: As the temperature of a gas sample increases from left to right, the molecular speed distribution increases indicate by
the shift of the peaks form left to right from each graph.

Graham's Law states that the rate of effusion of two different gases at the same conditions are inversely proportional to the square
roots of their molar masses as given by the following equation:

Rate of effusion of A (urms)a _ +/3RT/M4  +/Mp (2.3.4)
Rate of effusion of B~ (usms)p V/3RT/Mg B VM4 o

In according with the Kinetic Molecular Theory, each gas molecule moves independently. However, the net rate at which gas
molecules move depend on their average speed. By examining the equation above, we can conclude that the heavier the molar mass
of the gas molecules slower the gas molecules move. And conversely, lighter the molar mass of the gas molecules the faster the gas

molecules move.

X Limitations of Graham's Law

Graham's Law can only be applied to gases at low pressures so that gas molecules escape through the tiny pinhole slowly. In
addition, the pinhole must be tiny so that no collisions occur as the gas molecules pass through. Since Graham's Law is an
extension of the Ideal Gas Law, gases that follows Graham's Law also follows the Ideal Gas Law.

Molecular Effusion

The random and rapid motion of tiny gas molecules results in effusion. Effusion is the escape of gas molecules through a tiny hole

or pinhole.

Figure 2.3.1: Illustration of gas molecules escaping through a small opening. This is a phenomenon called effusion.

The behavior of helium gas in balloons is an example of effusion. The balloons are made of latex which is porous material that the
small helium atom can effuse through. The helium inside a newly inflated balloon will eventually effuse out. This is the reason why
balloons will deflate after a period of time. Molecular speeds are also used to explain why small molecules (such as He) diffuse
more rapidly than larger molecules (O;). That is the reason why a balloon filled with helium gas will deflate faster than a balloon
filled with oxygen gas.
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Figure 2.3.1: Example of effusion. The escaping of helium molecules from an inflated balloon causes the deflation of the balloon
after a period of time.

The effusion rate, r, is inversely proportional to the square root of its molar mass, M.

1

rocy/ 37 (2.3.5)

When there are two different gases the equation for effusion becomes

Rate of effusion of A /3RT/My
Rate of effusion of B~ 3RT/M3p

(2.3.6)

M, is the molar mass of gas A, Mg is the molar mass of gas B, T Temperature in Kelvin, R is the ideal gas constant.

From the equation above,
Rates of effusion of two gases

The relative rates of effusion of two gases at the same temperature is given as:

Rate of effusion of gas1 /M,
Rate of effusion of gas2 VM

(2.3.7)
Units used to express rate of effusion includes: moles/seconds, moles/minutes, grams/seconds, grams/minutes.

Relative distances of two gases

The relative distances traveled by the two gases is given as:

Distance traveled by gas1 _ +/M>
Distance traveled by gas 2~ |/ M,

(2.3.8)

By examine the Graham's law as stated above, we can conclude that a lighter gas will effuse or travel more rapidly than a heavier
gas. Mathematically speaking, a gas with smaller molar mass will effuse faster than a gas with larger molar mass under the same

condition.
Molecular Diffusion

Similar to effusion, the process of diffusion is the spread of gas molecules through space or through a second substance such as the
atmosphere.
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Remove
Barrier

Gases start
to mix

Figure 2.3.4. The passage of one gas through another substance. In this example, the other substance is another gas.

Diffusion has many useful applications. Here is an example of diffusion that is use in everyday households. Natural gas is odorless
and used commercially daily. An undetected leakage can be very dangerous as it is highly flammable and can cause an explosion
when it comes in contact with an ignition source. In addition, the long term breathing of natural gas can lead to asphyxiation.
Fortunately, chemists have discovered a way to easily detect natural gas occur leak by adding a small quantity of a gaseous organic
sulfur compound named methyl mercaptan, CH3SH, to the natural gas. When a leak happens, the diffusion of the odorous methyl
mercaptan in the natural gas will serve as a sign of warning.

General guideline in solving effusion problems

The following flowchart outlines the steps in solving quantitative problems involving Graham's Law. It can be used as a general
guideline.
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Steps in Solving Effusion Problems

1. Reason qualitatively. Figure out the ratio
of the two gases should be greater or
lesser than cne

2. Set up the ratio of molar masses
accordingly

3. Using algebra solve for the variable of
interest

-,

4. Substitute in known and given values
and solve

LS

v/ Example 2.3.1

Calculate the root mean square speed, u.ms, in m/s of helium at 30°C.

Solution
Start by converting the molar mass for helium from g/mol to kg/mol.

1kg
1000 g

M = 4.00 x 1072 kg/mol

M = (4.00 g/mol) x

Now, using the equation for u,,, substitute in the proper values for each variable and perform the calculation.

| 3RT
Uprms = 7 (239)

2 /g2
s = 3 x (8.314 kg m2/s2 x mol * K)(303K) (2.3.10)
4.00 x 10~%kg/mol
Upms = 1.37 x 103 m/s (2.3.11)
v/ Example 2.3.2
What is the ratio of u,m, values for helium vs. xenon at 30°C. Which is higher and why?
Solution
There are two approaches to solve this problem: the hard way and the easy way
Hard way:
The u.ms speed of helium is calculated from the above example.
First convert the molar mass of xenon from g/mol to kg/mol as we did for helium in example 1
1kg
Mx, = (131.3 l
xe = (1813 9/mol) X 1550 4
M = 0.1313 kg/mol
Now, using the equation for the u,, insert the given and known values and solve for the variable of interest.
2 /g2
s = 3(8.314 kg m2/s? » mol * K)(303 K) (23.12)
0.1313 kg/mol
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Upms = 2.40 x 102 m/s (2.3.13)
Compare the two values for xenon and helium and decide which is greater.

o ux,=24x10%m/s

o upy. =1.37x10° m/s
So the ratio of RMS speeds is

UXe
UHe

~0.18 (2.3.14)
Helium has the higher u,,s; speed. This is in according with Graham's Law, because helium atoms are much lighter than
Xenon atoms.

Easy Way:

Since the temperature is the same for both gases, only the square root of the ratio of molar mass is needed to be
calculated.

~0.18 (2.3.15)

Mp. [ 4.00 g/mol
131.3 g/mol

MXe B

In either approach, helium has a faster RMS speed than xenon and this is due exclusively to its smaller mass.

v/ Example 2.3.3

If oxygen effuses from a container in 5.00 minutes, what is the molecular weight of a gas with the same given quantity of
molecules effusing from the same container in 4.00 min?

Solution
Let oxygen be gas A and its rate is 1/5.00 minutes because it takes that much time for a certain quantity of oxygen to effuse and

its molecular weight is 32 grams/mole (O, (g)). Let the unknown gas be B and its rate is 1/4.00 minutes and My, be the
molecular weight of the unknown gas.

First, choose the appropriate equation,

Rate effusion of gas A /Mp

Rate effusion of gas B~ /7,
Second, using algebra, solve for the variable of interest on one side of the equation and plug in known and given values from
the problem.

i — (Rate effusion of gas A)(v Ma)
B= Rate effusion of gas B

G = (1/5.00 minutes)(1/32 grams/mole)

1/4.00 minutes
vVMp =4.525
Mg = (4.525)? = 20.5 grams/mole

v/ Example 2.3.4

Oxygen, O (g), effuses from a container at the rate of 3.64 mL/sec, what is the molecular weight of a gas effusing from the
same container under identical conditions at 4.48 mL/sec?

Solution

Let label oxygen as gas A. Therefore, rate of effusion of gas A is equaled to 3.64 mL/sec and the molecular weight is 32
grams/mole. The unknown gas is B and its rate of effusion is 4.48 mL/sec. We are solving for the molecular weight of gas B
which is labeled as Mg.
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First, choose the appropriate equation,
Rate effusion of gas A Mg
Rate effusion of gas B~ VM,

Vi = (Rate effusion of gas A)(v/ M)
B= Rate effusion of gas B

Second, using algebra, solve for the variable of interest on one side of the equation and plug in known and given values from

the problem.
~—— _ (Rate effusion of gas A)(vVMy)
My = Rate effusion of gas B
~—— _ (8.64 mL/sec)(+/32 grams/mole)
M= 4.48 mL/sec
vVMp = 4.50

Mp = (4.50)% = 20.2 grams/mole

v/ Example 2.3.5

Which answer(s) are true when comparing 1.0 mol O, (g) at STP (Standard Temperature and Pressure) and 0.50 mole of S, (g)
at STP?

The two gases have equal through the same orifice, a tiny opening:

a. average molecular kinetic energies
b. root-mean-square speeds

C. masses

d. volumes

e. densities

f. effusion rates

Solution
The average kinetic energy of gas molecules depends on only the Temperature as exemplifies in this equation:
_2n
2 N,
In addition, the mass of 0.50 mole of S, is the same as that of 1.0 mole of O,. The rest of the choices are false.

€K

Therefore, the correct answers are (a) and (c).
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2.4: Kinetic Molecular Theory of Gases

To better understand the molecular origins of the ideal gas law,
PV =nRT (2.4.1)

the basics of the Kinetic Molecular Theory of Gases (KMT) should be understood. This model is used to describe the behavior of
gases. More specifically, it is used to explain macroscopic properties of a gas, such as pressure and temperature, in terms of its
microscopic components, such as atoms. Like the ideal gas law, this theory was developed in reference to ideal gases, although it
can be applied reasonably well to real gases.

In order to apply the kinetic model of gases, five assumptions are made:

1. Gases are made up of particles with no defined volume but with a defined mass. In other words their volume is miniscule
compared to the distance between themselves and other molecules.

2. Gas particles undergo no intermolecular attractions or repulsions. This assumption implies that the particles possess no potential
energy and thus their total energy is simply equal to their kinetic energies.

3. Gas particles are in continuous, random motion.

4. Collisions between gas particles are completely elastic. In other words, there is no net loss or gain of kinetic energy when
particles collide.

5. The average kinetic energy is the same for all gases at a given temperature, regardless of the identity of the gas. Furthermore,
this kinetic energy is proportional to the absolute temperature of the gas.

Temperature and KMT

The last assumption can be written in equation form as:

KE = %mv2 = ngT (2.4.2)

where

e kg is Boltzmann's constant (kg = 1.381x10"23 m? kg s K'!) and

e T is the absolution temperature (in Kelvin)

This equation says that the speed of gas particles is related to their absolute temperature. In other words, as their temperature

increases, their speed increases, and finally their total energy increases as well. However, it is impossible to define the speed of any
one gas particle. As such, the speeds of gases are defined in terms of their root-mean-square speed.

Pressure and KMT

The macroscopic phenomena of pressure can be explained in terms of the kinetic molecular theory of gases. Assume the case in
which a gas molecule (represented by a sphere) is in a box, length L (Figure 1). Through using the assumptions laid out above, and
considering the sphere is only moving in the x-direction, we can examine the instance of the sphere colliding elastically with one of
the walls of the box.

Figure 1

L

Figure 1
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The momentum of this collision is given by p=myv, in this case p=mvy, since we are only considering the x dimension. The total
momentum change for this collision is then given by

muy —m(—v,) = 2mu, (2.4.3)

Given that the amount of time it takes between collisions of the molecule with the wall is L/, we can give the frequency of
collisions of the molecule against a given wall of the box per unit time as v,/2L. One can now solve for the change in momentum
per unit of time:

(2mw,) (v5/2L) = mv2 /L (2.4.4)

Solving for momentum per unit of time gives the force exerted by an object (F=ma=p/time). With the expression that F=mv,%/L
one can now solve for the pressure exerted by the molecular collision, where area is given as the area of one wall of the box, A=L’:

F

P== (2.4.5)
- [IT,r(l:;) (2.4.6)

The expression can now be written in terms of the pressure associated with collisions from N number of molecules:

Nmu?
P= z
|4

(2.4.7)

This expression can now be adjusted to account for movement in the x, y and z directions by using mean-square velocity for three
dimensions and a large value of N. The expression now is written as:

—2
Nmuv

P
3V

(2.4.8)

This expression now gives pressure, a macroscopic quality, in terms of atomic motion. The significance of the above relationship is
that pressure is proportional to the mean-square velocity of molecules in a given container. Therefore, as molecular velocity
increases so does the pressure exerted on the container.

References
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2.5: Real Gases

Gases that deviate from ideality are known as Real Gases, which originate from two factors: (1) First, the theory assumes that as
pressure increases, the volume of a gas becomes very small and approaches zero. While it does approach a small number, it will not
be zero because molecules do occupy space (i.e. have volume) and cannot be compressed. (2) Intermolecular forces do exist in
gases. These become increasingly important in low temperatures, when translational (definition of translational, please) molecular
motion slows down, almost to a halt. However, at high temperatures, or even normal, every day temperatures, the intermolecular
forces are very small and tend to be considered negligible.
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2.6: The Average Translational Kinetic Energy of a Gas

The laws that describe the behavior of gases were well established long before anyone had developed a coherent model of the
properties of gases. In this section, we introduce a theory that describes why gases behave the way they do. The theory we
introduce can also be used to derive laws such as the ideal gas law from fundamental principles and the properties of individual
particles.

One key property of the individual particles is their velocity. However, in a sample of many gas particles, the particles will likely
have various velocities. Rather than list the velocity of each individual gas molecule, we can combine these individual velocities in
several ways to obtain "collective" velocities that describe the sample as a whole.

Table 27.1.1: Kinetic Properties of a Thermalized Ensemble (i.e., follows Maxwell-Boltzmann Distribution)

Property Speed Kinetic Energy
Most probable 2T kgT
m
Average B 4ksT
™m T
3k T 3

Root-mean-square

E’CBT

In the following example, these three collective velocities are defined and calculated for a sample of gas consisting of only eight
molecules.

v/ Example 27.1.1 : A Gas Sample with Few Molecules

The speeds of eight molecules were found to be 1.0, 4.0, 4.0, 6.0, 6.0, 6.0, 8.0, and 10.0 m/s. Calculate their average speed (
Vavg) TOOt Mean square speed (v:ms), and most probable speed (vgp).

Solution

Start with definitions:

o average speed (v,yz) = the sum of all the speeds divided by the number of molecules
o root-mean square speed (v,s) = the square root of the sum of the squared speeds divided by the number of molecules
» most probable speed (vy,) = the speed at which the greatest number of molecules is moving

The average speed:

(1.0+ 4.0+ 4.0+ 6.0 + 6.0 + 6.0 + 8.0 + 10.0) m/s
8

Vavg =
=56m/s

The root-mean square speed:

[ (1.0% 4+ 4.0% + 4.0 + 6.0 + 6.0% + 6.0% + 8.0% + 10.0%) m?/s?
- 8

Urms
=6.2m/s
The most probable speed:

Of the eight molecules, three have speeds of 6.0 m/s, two have speeds of 4.0 m/s, and the other three molecules have different
speeds. Hence

Vmp = 6.0m/s.

Using expressions for vpmgp, vgye, O vy, it is fairly simple to derive expressions for kinetic energy from the expression
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B, = %mv2
It is important to remember that there will be a full distribution of molecular speeds in a thermalized sample of gas. Some
molecules will be traveling faster and some more slowly. It is also important to recognize that the most probable, average, and
RMS Kkinetic energy terms that can be derived from the kinetic molecular theory do not depend on the mass of the molecules (Table
27.1.1). As such, it can be concluded that the average kinetic energy of the molecules in a thermalized sample of gas depends only
on the temperature. However, the average speed depends on the molecular mass. So, for a given temperature, light molecules will
travel faster on average than heavier molecules.

The calculations carried out in Example 27.1.1 become cumbersome as the number of molecules in the sample of gas increases.
Thus, a more efficient way to determine the various collective velocities for a gas sample containing a large number of molecules is
required.

2.6.1: A Molecular Description of Pressure and Molecular Speed

The kinetic molecular theory of gases explains the laws that describe the behavior of gases. Developed during the mid-19th century
by several physicists, including the Austrian Ludwig Boltzmann (1844—-1906), the German Rudolf Clausius (1822-1888), and the
Scotsman James Clerk Maxwell (1831-1879), this theory is based on the properties of individual particles as defined for an ideal
gas and the fundamental concepts of physics. Thus the kinetic molecular theory of gases provides a molecular explanation for
observations that led to the development of the ideal gas law. The kinetic molecular theory of gases is based on the following five
postulates:

1. A gas is composed of a large number of particles called molecules (whether monatomic or polyatomic) that are in constant
random motion.

2. Because the distance between gas molecules is much greater than the size of the molecules, the volume of the molecules is
negligible.

3. Intermolecular interactions, whether repulsive or attractive, are so weak that they are also negligible.

4. Gas molecules collide with one another and with the walls of the container, but these collisions are perfectly elastic; that is, they
do not change the average kinetic energy of the molecules.

5. The average kinetic energy of the molecules of any gas depends on only the temperature, and at a given temperature, all
gaseous molecules have exactly the same average kinetic energy.

Figure 27.1.1 : Visualizing molecular motion. Molecules of a gas are in constant motion and collide with one another and with the
container wall.

Although the molecules of real gases have nonzero volumes and exert both attractive and repulsive forces on one another, for the
moment we will focus on how the kinetic molecular theory of gases relates to the properties of gases we have been discussing. In
Topic 1C, we explain how this theory must be modified to account for the behavior of real gases.

Postulates 1 and 4 state that gas molecules are in constant motion and collide frequently with the walls of their containers. The

collision of molecules with their container walls results in a momentum transfer (impulse) from molecules to the walls (Figure
27.1.2).

@ https://chem.libretexts.org/@go/page/390793


https://libretexts.org/
https://chem.libretexts.org/@go/page/390793?pdf

LibreTexts"

container
wall
—_— X

Figure 27.1.2 : Note: In this figure, the symbol u is used to represent velocity. In the rest of this text, velocity will be
represented with the symbol v. Momentum transfer (Impulse) from a molecule to the container wall as it bounces off the wall.
Momentum transfer (Ap;) for an elastic collision is equal to mAv,, where m is the mass of the molecule and Aw, is the change in

the 7 component of the molecular velocity (vg,,., — Vzumaa)-The wall is perpendicular to g axis. Since the collisions are elastic, the
molecule bounces back with the same velocity in the opposite direction, and Awv, equals 2v,.

The momentum transfer to the wall perpendicular to z axis as a molecule with an initial velocity v, in the z direction hits is
expressed as:

momentum transfer, = Apy = mAvy = 2mvy (2.6.1)

The collision frequency, a number of collisions of the molecules to the wall per unit area and per second, increases with the
molecular speed and the number of molecules per unit volume.

£ oc (v2) X (%) (2.6.2)

The pressure the gas exerts on the wall is expressed as the product of impulse and the collision frequency.

P x (2mu;) X (vg) X (%) o« (%)mvg (2.6.3)

At any instant, however, the molecules in a gas sample are traveling at different speed. Therefore, we must replace »2 in the
expression above with the average value of 2, which is denoted by v2. The overbar designates the average value over all
molecules.

The exact expression for pressure is given as :

pP= %mv‘g (2.6.4)

. . . . . . . - 1-
Finally, we must consider that there is nothing special about ¢ direction. We should expect that v3 =v2 =2 = Eqﬁ. Here the

quantity 2 is called the mean-square speed defined as the average value of square-speed (v2) over all molecules. Since v* = v2

- - = = oo 14 < . . . .
+ vZ + o2 for each molecule, v? = v 4 v2 +v2. By substituting §v2 for v2 in the expression above, we can get the final expression
for the pressure:
P=_—my? 2.6.5
% (2.6.5)

Because volumes and intermolecular interactions are negligible, postulates 2 and 3 state that all gaseous particles behave
identically, regardless of the chemical nature of their component molecules. This is the essence of the ideal gas law, which treats all
gases as collections of particles that are identical in all respects except mass. Postulate 2 also explains why it is relatively easy to
compress a gas; you simply decrease the distance between the gas molecules.

Postulate 5 provides a molecular explanation for the temperature of a gas. Postulate 5 refers to the average translational kinetic
energy of the molecules of a gas,

€=mv2/2 (2.6.6)
By rearranging equation 2.6.5 and substituting in equation 2.6.6, we obtain

PV = %va? = %Ne (2.6.7)
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The 2/3 factor in the proportionality reflects the fact that velocity components in each of the three directions contributes ¥4 kT to the
kinetic energy of the particle. The average translational kinetic energy is directly proportional to temperature:

= ng (2.6.8)

in which the proportionality constant k is known as the Boltzmann constant. Substituting Equation 2.6.8 into Equation 2.6.7 yields

PV = (;N) (%kT) = NkT (2.6.9)

The Boltzmann constant & is just the gas constant per molecule, so if N is chosen as Avogadro's number, N4, then N4k is R, the gas
constant per mole. Thus, for n moles of particles, the Equation 2.6.9 becomes

PV =nRT (2.6.10)

which is the ideal gas law.

As noted in Example 27.1.1 , the root-mean square speed (vms) is the square root of the sum of the squared speeds divided by the

, 2 4 24 .. 02
VUrms = ﬁ = 7’”1 + vj;_ N (2611)

where N is the number of particles and v; is the speed of particle ;.

number of particles:

The v:ms for a sample containing a large number of molecules can be obtained by combining equations 2.6.7 and 2.6.8 in a slightly
different fashion than that used to obtain equation 2.6.10:

PV = %va‘? = %Ne (27.1.10)
e= %k:r (27.1.11)

%va‘z _ (;) (%) NT (2.6.12)
%va‘z — NkT (2.6.13)
Nmuv? = 3NKT (2.6.14)

If N is chosen to be Avogadro's number, N4, then Nym = M, the molar mass, and N4k = R, the gas constant per mole,

SRT (2.6.15)

M
e = V92 = ,/% (2.6.16)

In Equation 2.6.16, vy has units of meters per second; consequently, the units of molar mass M are kilograms per mole,
temperature T is expressed in kelvins, and the ideal gas constant R has the value 8.3145 J/(Kemol). Equation 2.6.16 shows that vems
of a gas is proportional to the square root of its Kelvin temperature and inversely proportional to the square root of its molar mass.
The root mean-square speed of a gas increase with increasing temperature. At a given temperature, heavier gas molecules have

2=

slower speeds than do lighter ones.

v/ Example 27.1.2 :

What is the root mean-square speed for O, molecules at 25°C?
Given: Temperature in °C, type of molecules, ideal gas gas constant

Asked for: vy, the root mean-square speed
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Strategy:

Convert temperature to kelvins:

T (in kelvin) = (25°C + 273°C) lolé

1 =298 K

Convert molar mass of O, molecules to kg per mole:

. kg g lkg kg
M (in mole) =32.00 mole 1000 g 0.03200 mole

Use equation 2.6.16 to calculate the rms speed.

Solution
J
_ 3(8.3145— —-)(298.15 K) @
Vrmso, = ke = 482?
0.03200——
mole

What is the root mean-square speed for Cl, molecules at 25°C?

m
Vimsq, = 324—

2.6.2: Many molecules, many velocities

At temperatures above absolute zero, all molecules are in motion. In the case of a gas, this motion consists of straight-line jumps
whose lengths are quite great compared to the dimensions of the molecule. Although we can never predict the velocity of a
particular individual molecule, the fact that we are usually dealing with a huge number of them allows us to know what fraction of
the molecules have kinetic energies (and hence velocities) that lie within any given range.

The trajectory of an individual gas molecule consists of a series of straight-line paths interrupted by collisions. What happens when
two molecules collide depends on their relative kinetic energies; in general, a faster or heavier molecule will impart some of its
kinetic energy to a slower or lighter one. Two molecules having identical masses and moving in opposite directions at the same
speed will momentarily remain motionless after their collision.

If we could measure the instantaneous velocities of all the molecules in a sample of a gas at some fixed temperature, we would
obtain a wide range of values. A few would be zero, and a few would be very high velocities, but the majority would fall into a
more or less well-defined range. We might be tempted to define an average velocity for a collection of molecules, but here we
would need to be careful: molecules moving in opposite directions have velocities of opposite signs. Because the molecules are in a
gas are in random thermal motion, there will be just about as many molecules moving in one direction as in the opposite direction,
so the velocity vectors of opposite signs would all cancel and the average velocity would come out to zero. Since this answer is not
very useful, we need to do our averaging in a slightly different way.

The proper treatment is to average the squares of the velocities, and then take the square root of this value to obtain the root-mean-
square velocity (v:ms), which is what we developed above. This velocity describes the gas sample as a whole, but it does not tell us
about the range of velocities possible, nor does it tell us the distribution of velocities. To obtain a more complete description of how
many gas molecules are likely to be traveling at a given velocity range we need to make use of the Maxwell-Boltzmann distribution
law.
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2.7: The Gaussian Distribution of One Component of the Molecular Velocity

As was shown in section 27.1, the pressure of an ideal gas is given as the total force exerted per unit area

F, 2 N,
p=ﬂ=NM(%)= t‘o;mvi

The question then becomes how to deal with the velocity term. Initially, it was assumed that all of the molecules had the same
velocity, and so the magnitude of the velocity in the x-direction was merely a function of the trajectory. However, real samples of
gases comprise molecules with an entire distribution of molecular speeds and trajectories. To deal with this distribution of values,
we replaced (v2) with the squared average of velocity in the x direction (v,)2.

Nigm
P==0— ()’

The distribution function for velocities in the x direction, known as the Maxwell-Boltzmann distribution, is given by:

2
_ [Tm —mu?
flvg) = omkgT exp ( kT ) (2.7.1)
D — N — —

normalization term exp tial term

This function has two parts: a normalization constant and an exponential term. The normalization constant is derived by noting
that

/_ " foa)dve =1 (2.7.2)

X Normalizing the Maxwell-Boltzmann Distribution

The Maxwell-Boltzmann distribution has to be normalized because it is a continuous probability distribution. As such, the sum
of the probabilities for all possible values of v, must be unity. And since v, can take any value between - and oo, then
Equation 2.7.2 must be true. So if the form of f(v,) is assumed to be

9
fos) = Nexp (G2 )

The normalization constant N can be found from

20 20 —mvg
f(vg)dvg = /_wNexp ( kgT ) dvy, =1

—0o0

The expression can be simplified by letting @ = m/2kgT"

oo
N/ exp (—omﬁ) dvy; =1

—00

A table of definite integrals says that

/°° e dp = /T
oo a

So

Thus,

1/2
N= '/2 — (L)
T 2wkgT

And thus the normalized distribution function is given by
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m \?2 mv2
| f(vg) = (W) exp (— 2kBT) (2.7.3)

& cCalculating an Average from a Probability Distribution

Calculating an average for a finite set of data is fairly easy. The average is calculated by

1 ZN
r = Z;
i=1

But how does one proceed when the set of data is infinite? Or how does one proceed when all one knows are the probabilities

2|

for each possible measured outcome? It turns out that that is fairly simple too!

N
T = E Z,;P,'
i=1

where P; is the probability of measuring the value z;. This can also be extended to problems where the measurable properties
are not discrete (like the numbers that result from rolling a pair of dice) but rather come from a continuous parent population.
In this case, if the probability is of measuring a specific outcome, the average value can then be determined by

z= /mP(x)dm

where P(z) is the function describing the probability distribution, and with the integration taking place across all possible
values that x can take.

X cCalculating the average velocity in the x direction

A value that is useful (and will be used in further developments) is the average velocity in the x direction. This can be derived
using the probability distribution, as shown in the mathematical development box above. The average value of v, is given by

(vg) = /oo vz f(v)de

—00

This integral will, by necessity, be zero. This must be the case as the distribution is symmetric, so that half of the molecules are
traveling in the +x direction, and half in the —x direction. These motions will have to cancel. So, a more satisfying result will be
given by considering the magnitude of v, which gives the speed in the x direction. Since this cannot be negative, and given the
symmetry of the distribution, the problem becomes

(loal) = 2 /0 " vef(v)da

In other words, we will consider only half of the distribution, and then double the result to account for the half we ignored.

For simplicity, we will write the distribution function as

f(vz) = Nexp(—av?)

where
o (L) 1/2
2nkgT
and
= m
T 2kpT’

A table of definite integrals shows
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SO

Substituting our definitions for ; and « produces

o0 = () " (5) - ()"
= \ 2nkgT m “\ m™m

This expression indicates the average speed for motion in one direction.

It is important to note that equation 2.7.1 describes the distribution function for one component of the molecular velocity. Because a
molecule is able to move in a positive or a negative direction, the range of one component of the molecular velocity (v, in this case)
is —oo to oo. This distribution of velocities is a Gaussian distribution of velocities, as shown in Figure 27.2.1 .

15 300 K
g 10}
2
=
3
~— 05 -
= 1000 K
0.0 | |
-2000  -1000 0 1000 2000
v,/ ms’!

Figure 27.2.1 : Distribution of the x component of the velocity of a nitrogen molecule at 300 K and 1000 K. (CC BY-NC; Umit
Kaya via LibreTexts)

We will find in section 27.3 that the distribution of molecular speeds is not a Gaussian distribution.
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2.8: The Distribution of Molecular Speeds is Given by the Maxwell-Boltzmann
Distribution

2.8.1: The Boltzmann Distribution

If we were to plot the number of molecules whose velocities fall within a series of narrow ranges, we would obtain a slightly
asymmetric curve known as a velocity distribution. The peak of this curve would correspond to the most probable velocity. This
velocity distribution curve is known as the Maxwell-Boltzmann distribution, but is frequently referred to only by Boltzmann's
name. The Maxwell-Boltzmann distribution law was first worked out around 1860 by the great Scottish physicist, James Clerk
Maxwell (1831-1879), who is better known for discovering the laws of electromagnetic radiation. Later, the Austrian physicist
Ludwig Boltzmann (1844-1906) put the relation on a sounder theoretical basis and simplified the mathematics somewhat.
Boltzmann pioneered the application of statistics to the physics and thermodynamics of matter and was an ardent supporter of the
atomic theory of matter at a time when it was still not accepted by many of his contemporaries.

Figure 27.3.1 : Maxwell (left) and Boltzmann (right) are responsible for describing the velocity distribution of gas molecules

In section 27.2 we saw that the distribution function for molecular speeds in the x direction is given by:

m —mw?
f0) =\ ST &P ( 2kBT)

normalization term exponential term

However, real gas samples have molecules not only with a distribution of molecular speeds and but also a random distribution of
directions. Using normal vector magnitude properties (or simply using the Pythagorean Theorem), it can be seen that

() = (va) + (v)” + (v2)”

Since the direction of travel is random, the velocity can have any component in x, y, or z directions with equal probability. As such,
the average value of the x, y, or z components of velocity should be the same. And so

(v)? = 3(va)”
Substituting this into the expression for pressure yields

Nigm
p=—30°
All that remains is to determine the form of the distribution of velocity magnitudes the gas molecules can take. In his 1860 paper
(INustrations of the dynamical theory of gases. Part 1. On the motions and collisions of perfectly elastic spheres, 1860), Maxwell
proposed a form for this distribution of speeds which proved to be consistent with observed properties of gases (such as their
viscosities). He derived this expression based on a transformation of coordinate system from Cartesian coordinates (z, g, z) to
spherical polar coordinates (v, 8, ¢). In this new coordinate system, v represents the magnitude of the velocity (or the speed) and all
of the directional data is carried in the angles 8 and ¢. The infinitesimal volume unit becomes

dz dydz = v?sin(6) dvdf d¢

Applying this transformation of coordinates Maxwell’s distribution took the following form

m  \3? —mv?
f(v) = 4mv? (27rkBT) exp (m) (2.8.1)
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The Distribution of Speed over all Directions

The Distribution of Kinetic Energy in Three Dimensions

As noted above, the distribution function of molecular energies for one dimension is

2
_ m —mu
F(02) = || g7 P ( 25T )

To obtain a three-dimensional probability distribution, you multiply the distribution function for each of the three dimensions
so that

m 3/2 —mv?
f('U:ca'Uya'Uz) = (27rkBT) €xp ( 2k5T )

given
() = (s)” + (v)* + (v2)?
The Conversion of Energy Distribution to Speed Distribution

To convert the three-dimensional energy distribution to a speed distribution over all space, the energy distribution must be
summed over all directions. This sum is usually described by imagining a "velocity space" in spherical polar coordinates. As
noted above, in this new coordinate system, v represents the magnitude of the velocity (or the speed) and all of the directional
data is carried in the angles @ and ¢. The infinitesimal volume unit becomes

dz dydz = v?sin(f) dvdfdo
You integrate over 6 and ¢ to sum over all space, thus

m \%2 —m? n o
fv) = (—21rkBT) exp ( SkgT )/0 /0 v” sin Od¢df

=4mv?

This equation is rearranged to give
3/2 a2
_ 2 m mv
f(v) = 4 (27rkBT) 3 ( 2ksT )

This function can be thought of as having three basic parts to it: a normalization constant (), a velocity dependence (v?), and an

exponential term that contains the kinetic energy (%muv?).

Because the function represents the fraction of molecules with the speed v, the sum of the fractions for all possible velocities must
be unity. This sum can be calculated as an integral. The normalization constant ensures that

/ooo flv)dv=1

Thus the normalization constant is

3
m
N =dr (21rkBT)

2.8.2: Velocity distributions depend on temperature and mass

Higher temperatures allow a larger fraction of molecules to acquire greater amounts of kinetic energy, causing the Boltzmann plots
to spread out. Figure 27.3.2 shows how the Maxwell-Boltzmann distribution is affected by temperature. At lower temperatures, the
molecules have less energy. Therefore, the speeds of the molecules are lower and the distribution has a smaller range. As the
temperature of the molecules increases, the distribution flattens out. Because the molecules have greater energy at higher
temperature, the molecules are moving faster.
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Notice how the left ends of the plots are anchored at zero velocity (there will always be a few molecules that happen to be at rest.)
As a consequence, the curves flatten out as the higher temperatures make additional higher-velocity states of motion more
accessible. The area under each plot is the same for a constant number of molecules.
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Figure 27.3.2: Maxwell Distribution of speeds for hydrogen molecules at differing temperatures.

X Calculating the Average Speed

Using the Maxwell distribution as a distribution of probabilities, the average molecular speed in a sample of gas molecules can
be determined.

(v) = /:vf(v)dv

®© ’ m \3, —mv?
= '/_oov47r (21rkBT) v exp ( 2kBT) dv
m 3 0 —mv2
=4 — &
™ (ZkaT) /_oo v ( k5T ) dv

The following can be found in a table of integrals:

€9 !
2 ni

m2'n+1e L R B

0 2an+1

So
m \3 1
(v) = dm (27rkBT) (™
(2kBT)
Which simplifies to
_ (8kgT\'?
w=(52)

Note: the value of (v) is twice that of (v,) which was derived in an earlier example!

(v) = 2(vz)

v/ Example 27.3.1 :

What is the average value of the squared speed according to the Maxwell distribution law?

Solution:
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(v?) = /sz Ff(v)dv

00 3 2
_ o, | m 2 —mu
= /_wv 4r (21rkBT) v exp ( 2IcBT) dv
m 38 [ —mv?
=4 A
™ (21rkBT) /_w L ( k5T ) dv

€ 1:3-5...(2n—-1) [=
2n _—az? _ Ll =
/0 e " dx = e a

A table of integrals indicates that

Substitution (noting that n = 2) yields

m )3 1.3

o T
(v*) =4m (27rkBT ” ( m )2 ( m )
2kgT 2kgT

which simplifies to

3kgT
2y _
(vt) = =2
Note: The square root of this average squared speed is called the root mean square (RMS) speed, and has the value
3kpT\ /2
Urms = <’U2> = ( 2 )
m

All molecules have the same kinetic energy (%mu?) at the same temperature, so the fraction of molecules with higher velocities will
increase as m, and thus the molecular weight, decreases. Figure 27.3.3 shows the dependence of the Maxwell-Boltzmann
distribution on molecule mass. On average, heavier molecules move more slowly than lighter molecules. Therefore, heavier
molecules will have a smaller speed distribution, while lighter molecules will have a speed distribution that is more spread out.

1.40E-03 . . .
Maxwell Distribution of Speeds at 800 K
1.20E-03 # He
WAr
E 1.00E-03 Xe
2
O
S 8.00E-04 -
1S
s
E 6.00E-04
* 4.00E-04 -
2.00E-04 -
0.00E+00 s

0 200 400 600 800 1000 1200 1400 1600
speed (m/s)

Figure 27.3.3: Maxwell Distribution of speeds at 800 K for different gasses of differing molecular masses.

2.8.3: Related Speed Expressions

Usually, we are more interested in the speeds of molecules rather than their component velocities. The Maxwell-Boltzmann
distribution for the speed follows immediately from the distribution of the velocity vector, above. Note that the speed of an
individual gas particle is:

v=4/v2 + vl =10l
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Three speed expressions can be derived from the Maxwell-Boltzmann distribution:

¢ the most probable speed,
o the average speed, and
o the root-mean-square speed.

The most probable speed is the maximum value on the distribution plot (Figure 27.3.4 ). This is established by finding the

velocity when the derivative of Equation 2.8.1 is zero

df@) _
dv
which is
2RT
Upp = 7 (2.8.2)
o,
H T
=
£
Oy T=300K
T ‘/l T T T T
0 200 7 doo 600 800 1000 1200

velacity v (imfs)

Figure 27.3.4 : The Maxwell-Boltzmann distribution is shifted to higher speeds and is broadened at higher temperatures. from
OpenStax. The speed at the top of the curve is called the most probable speed because the largest number of molecules have that
speed.

The average speed is the sum of the speeds of all the molecules divided by the number of molecules.

_ e 8RT
Vgug =T = /0 vf(v)dv = =Y

The root-mean-square speed is square root of the average speed-squared.

3RT

='U2= _

Yrms M

where

e Ris the gas constant,
e T is the absolute temperature and
e M is the molar mass of the gas.

It always follows that for gases that follow the Maxwell-Boltzmann distribution:

Ump < Vavg < Urms

2.8.4: Problems

1. Using the Maxwell-Boltzman function, calculate the fraction of argon gas molecules with a speed of 305 m/s at 500 K.
2. If the system in problem 1 has 0.46 moles of argon gas, how many molecules have the speed of 305 m/s?

3. Calculate the values of C,p, Ciyg @and Cip, for xenon gas at 298 K.
4. From the values calculated above, label the Boltzmann distribution plot with the approximate locations of (C_{mp}\), C,,,, and

Crms.
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5. What will have a larger speed distribution, helium at 500 K or argon at 300 K? Helium at 300 K or argon at 500 K? Argon at
400 K or argon at 1000 K?

2.8.4.1: Answers

.0.00141

. 3.92 x 102 argon molecules

- Cmp = 194.27 m/s, €y = 219.21 m/S, Oy = 237.93 m/s

. As stated above, C,, is the most probable speed, thus it will be at the top of the distribution curve. To the right of the most

A W N -

probable speed will be the average speed, followed by the root-mean-square speed.
5. Hint: Use the related speed expressions to determine the distribution of the gas molecules: helium at 500 K. helium at at 300 K.
argon at 1000 K.

2.8.5: Sources
1. Dunbar, R.C. Deriving the Maxwell Distribution J. Chem. Ed. 1982, 59, 22-23.

2. Peckham, G.D.; McNaught, 1.J.; Applications of the Maxwell-Boltzmann Distribution J. Chem. Ed. 1992, 69, 554-558.
3. Chang, R. Physical Chemistry for the Biosciences, 25-27.

4. HyperPhysics: http://hyperphysics.phy-astr.gsu.edu...maxspe.html#c3
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2.9: The Frequency of Collisions with a Wall

In the derivation of an expression for the pressure of a gas, it is useful to consider the frequency with which gas molecules collide
with the walls of the container. To derive this expression, consider the expression for the "collision volume".

Veol = vz AL - A

in which the product of the velocity v, and a time interval A¢ is multiplied by A, the area of the wall with which the molecules
collide.

All of the molecules within this volume, and with a velocity such that the x-component exceeds v, (and is positive) will collide
with the wall. That fraction of molecules is given by

N (v;)At- A
Nl =95 —
and the frequency of collisions with the wall per unit area per unit time is given by

N (v
om0

In order to expand this model into a more useful form, one must consider motion in all three dimensions. Considering that

(0) = 1/ {va) + (vy) + (v2)

and that

(v2) = (vy) = (vz)

it can be shown that

(v) = 2(vs)
or
(vz) = - (v)
and so
o150

A different approach to determining z, is to consider a collision cylinder that will enclose all of the molecules that will strike an
area of the wall at an angle ¢ and with a speed v in the time interval dt. The volume of this collision cylinder is the product of its
base area (A) times its vertical height (vcos@dt), as shown in figure 2.9.1.

Approaching

molecules \

Figure 2.9.1: The collision cylinder for determining the number of collisions of gas molecules with a wall. (CC BY-NC; Umit
Kaya)
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The number of molecules in this cylinder is p - A - v - cosfdt, where p is the number density % The fraction of molecules that are

traveling at a speed between v and v + dv is F(v)dv. The fraction of molecules traveling within the solid angle bounded by ¢ and

+ df and between ¢ and ¢ + d¢ is Smiﬂ. Multiplying these three terms together results in the number of molecules colliding
7/

with the area A from the specified direction during the time interval d¢

sinfd6de

dNy=p-A-v-cosfdt - F(v)dv - y

This equation can be rearranged to obtain

1dN, »p ; =
A d = o vF(v)dv - cosfsind ddd¢ = dz,

Integrating this equation over all possible speeds and directions (on the front side of the wall only), we get

p ) /2 2m
A / wF(v)dv - / cosfsind df / do
4 0 0 0

The result is that

o 2V =p¥ (2.9.1)

Example 27.4.1

Calculate the collision frequency per unit area (Z,,) for oxygen at 25.0°C and 1.00 bar using equation 2.9.1:
1N
w=gv
Solution
N molecules = N4 X n, so that

N_(Na)-n_ (N4 P

v v R-T

(6.0222:10% mole~)(1.00 bar)

=243 x 102 L1 =243 x 10¥m3
(0.08319 L - bar - mole—1 - K1) (298 K) x xmm

and

—

1
_ (8RT\3 (8(83147-K! -mol)(298K)\2 _ o
(o) = ( ™ ) - ( 7 - (0.031999 kg) =4dm s

Thus

1m
100 cm

1 2
2= Z(2.43 x 10®m=3)(444m - s71) ( ) =2.70 x 108571 . em™2

The factor of N/V is often referred to as the “number density” as it gives the number of molecules per unit volume. At 1 atm
pressure and 298 K, the number density for an ideal gas is approximately 2.43 x 10'® molecule/cm?. (This value is easily calculated
using the ideal gas law.) By comparison, the average number density for the universe is approximately 1 molecule/cm®.

Exercise 27.4.1

Calculate the collision frequency per unit area (Z,) for hydrogen at 25.0°C and 1.00 bar using equation 2.9.1:
1N
w=gy®

Answer
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(v) =1770m - s7*

and

Zy=1.08 x 10**s7 . cm 2
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2.10: The Maxwell-Boltzmann Distribution Has Been Verified Experimentally

The Maxwell-Boltzman distruction distribution has been verified experimentally by a device called a velocity selector, which is
essentially a series of spinning wheels with a hole through which the gas is effused. This ensures that only gas particles with a
certain velocity will pass through all the holes as the wheels are spun at various rates. Thus it is possible to count the number of
particles with various velocities and show that, indeed they do satisfy the Maxwell-Boltzmann distribution.

)11 - 1. velocity selector 20A

Watch on (@ YouTube

2.10: The Maxwell-Boltzmann Distribution Has Been Verified Experimentally is shared under a not declared license and was authored, remixed,

and/or curated by LibreTexts.
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2.11: Mean Free Path

2.11.1: Collision energy

Consider two particles A and B in a system. The kinetic energy of these two particles is
Py , Ph

2my 2mp

Kup= (2.11.1)

We can describe kinetic energy in terms of center-of-mass (P) and relative momentum (p), which are given by

P=p,+pp
and
p = relative velocity x p
mamp
= — X _—
(va—va) (mA +mp )
_ ™MmBP4 —MaPB
M

where

M=my+mp
is the total mass of the two particles, and

mAmp

is the reduced mass of the two particles.

Substituting these terms into equation 2.11.1, we find

Ph , Ph _ P p?
2my 2mp 2M  2p

Kap=

Note that the kinetic energy separates into a sum of a center-of-mass term and a relative momentum term.

Now the relative position of the two particles is r = r4 —rp so that the relative velocity is # =4 — g or v =v4 —vp. Thus, if the
two particles are approaching each other such that v4 = —vp, then v = 2v4. However, by equipartitioning the relative kinetic
energy, which is mass independent, we get

which is called the collision energy

2.11.2: Collision cross-section

Consider two molecules in a system. The probability that they will collide increases with the effective “size” of each particle.
However, the size measure that is relevant is the apparent cross-section area of each particle. For simplicity, suppose the particles
are spherical, which is not a bad approximation for small molecules. If we are looking at a sphere, what we perceive as the size of
the sphere is the cross section area of a great circle. Recall that each spherical particle has an associated “collision sphere” that just
encloses two particles at closest contact, i.e., at the moment of a collision, and that this sphere is a radius d, where d is the diameter
of each spherical particle. The cross-section of this collision sphere represents an effective cross section for each particle inside
which a collision is imminent. The cross-section of the collision sphere is the area of a great circle, which is wd?. We denote this
apparent cross section area o. Thus, for spherical particles A and B with diameters d 4 and dp, the individual cross sections are

o4 =ndy, op=ndy

The collision cross section, o 4p is determined by an effective diameter d 45 characteristic of both particles. The collision probability
increases of both particles have large diameters and decreases if one of them has a smaller diameter than the other. Hence, a simple
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measure sensitive to this is the arithmetic average

1
dag= 2 (da+dp)
and the resulting collision cross section becomes

oap = ndip
(dA +dp )2

==y 3

2
(di + 2ddp + d2B)

(04 +2y/0405+0B)
[(745°2) +veaai]

which, interestingly, is an average of the two types of averages of the two individual cross sections, the arithmetic and geometric
averages!

2.11.3: Average collision Frequency

Consider a system of particles with individual cross sections o. A particle of cross section ¢ that moves a distance [ in a time At will
sweep out a cylindrical volume (ignoring the spherical caps) of volume ol (Figure 27.6.1 ). If the system has a number density p,
then the number of collisions that will occur is

Neon = pol

just miss
just hit

area 0 @ just hit

Figure 27.6.1 : Collision cylinder. Any particle that partially overlaps with this volume will
experience a collision with a test particle tracing out this volume. (CC BY-NC; Umit Kaya)

We define the collision frequency for a single molecule, z4, also known as the average collision rate as Noou/At, i.e.,

Neo al
ot = ”A—t = po(v) (2.11.2)

-

Equation 2.11.2 is not quite correct because it is based on the assumption that only the molecule of interest is moving. If we take

Zp =

where (v) is the average speed of a particle

into account the fact that all of the particles are moving relative to one another, and assume that all of the particles are of the same
type (say, type A), then performing the average over a Maxwell-Boltzmann speed distribution gives

8kgT
wr

(vr) =

where p = m4/2 is the reduced mass.
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Thus,
(vr) = V()
and
24 = V2pa{v) = po(v,)
The reciprocal of z4 is a measure of the average time between collisions for a single molecule.

2.11.4: Mean Free Path

The mean free path is the distance a particle will travel, on average, before experiencing a collision event. This is defined as the
product of the average speed of a particle and the time between collisions. The former is (v), while the latter is 1/z4. Hence, we

have
o1
V2p0(v)  V2po
The mean free path can also be described using terms from the ideal gas law, because p = 1; _J;f :
_ RT
V2-N4y-0-P

2.11.5: Random Walks

In any system, a particle undergoing frequent collisions will have the direction of its motion changed with each collision and will
trace out a path that appears to be random. In fact, if we treat the process as statistical, then, we are, in fact, treating each collision
event as a random event, and the particle will change its direction at random times in random ways! Such a path might appear as
shown in Figure 2.11.2. Such a path is often referred to as a random walk path.

Figure 2.11.2: Random walk path. The Path of a Single Particle in a Gas Sample. The frequent changes in direction are the result of

collisions with other gas molecules and with the walls of the container.
In order to analyze such paths, let us consider a random walk in one dimension. We’ll assume that the particle move a mean-free
path length A between collisions and that each collision changes the direction of the particles motion, which in one dimension,
means that the particle moves either to the right or to the left after each event. This can be mapped onto a metaphoric “coin toss”
that can come up heads “H” or tails “T”, with “H” causing motion to the right, and “T” causing motion to the left. Let there be &
such coin tosses, let i be the number of times “H” comes up and j denote the number of times “T” comes up. Thus, the progress of
the particle, which we define as net motion to the right, is given by (¢ — j)A. Letting k& = i — 4, this is just kA. Thus, we need to know
what the probability is for obtaining a particular value of k in a very large number N of coin tosses. Denote this P(k).

In NV coin tosses, the total number of possible sequences of “H” and “T” is 2. However, the number of ways we can obtain ; heads
and \)j\) tails, with 4 + j = N is a binomial coefficient N1/i!j!. Now

j=N—i=N—(j+k)=N—j—k

so that j = (N — k)/2. Similarly,
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so that s = (N + k) /2. Thus, the probability P(k) is

i=N—j=N—(i—k)=N—i+k

_ N1 N
oMl T 9N (N+k)'(N—k)‘

P(k)

2 2

We now take the logarithm of both sides:

InP(k)= InN —n2" — In (N;k)!— In (N;k)!

and use Stirling’s approximation:
InNlxNlnN—N

and write In P(k) as

InP(H) ~ NInN—N—Nn2— 2(N+K)In Z(N+K)+ 5 (V+5)
1 1 1
—NIN-N2+ J(N+R)hy — (N +B)(N+k)
1 1 1
—S(N=B)ln 2 - Z(N =K I (V= F)
— NN - N2+ S (V- K2~ S (N+E) I (V4K + 5 (N — ) In2
—%(N—k) In (N — k)
=NlnN—%[(N+k)1n(N+k)+(N—k)ln(N—k)]

Now, write

In(N+k)= lnN(1+%) =N+ In (1+—)

and

k k
In (N —k) = lnN(l—ﬁ) =N+ In (l_ﬁ)

We now use the expansions

._.
=]
—

-

+
|
N—

I
—
 N~—r

|
N =
N —r
[ )

+

._.
=]
—
—
|
2o
~—
Il
|
—
Z|
~—
|
N = N

If we stop at the second-order term, then

InP(k)=NInN— %(N+k) [1nN+ (%) _%(%)2]

oenfor- (5)-3(5)] |
R OSOIEERORIO)

SRORIO

K K K?

T 2N

TN N
so that

P(k) = e ®/2N
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Now, if we let z =kX and L =+/N), and if we let 2 be a continuous random variable, then the corresponding probability

distribution P(z) becomes
P(z) = 1 w1 et (2.11.3)
LV2x 2w N2

which is a simple Gaussian distribution. Now, NV is the number of collisions, which is given by z4¢, so we can write the probability
distribution for the particle to diffuse a distance z in time ¢ as

P(:z:, t) — 1 e—z“/2ut,\’

vV 2wz 4t A2

Define D = z4)2/2 as the diffusion constant, which has units of (length)%time. The distribution then becomes

1 2
P(IE,t)= me_z/‘lm

Note that this distribution satisfies the following equation:

17} 9?

which is called the diffusion equation. The diffusion equation is, in fact, more general than the Gaussian distribution in Equation
2.11.3. It is capable of predicting the distribution in any one-dimensional geometry subject to any initial distribution P(z,0) and any
imposed boundary conditions.

In three dimensions, we consider the three spatial directions to be independent, hence, the probability distribution for a particle to
diffuse to a location r = (z,y, 2) is just a product of the three one-dimensional distributions:

P(r) = P(z) P(y) P(2) = m e~ (i +e?) /4Dt

and if we are only interested in diffusion over a distance r, we can introduce spherical coordinates, integrate over the angles, and
we find that

A7 2
_ —r2/4Dt
P(r,t) D ©
2.11.6: Total collision frequency per unit volume

In equation 27.6.18, z4 represents the collision frequency for one specific molecule in a gas sample. If we wish to calculate the
total collision frequency per unit volume, the number density of the molecules, p, must be taken into account. The total collision

frequency in a sample that contains only A molecules, Z44, is
o(v)p?

1 1 )
Zpa= PEA= 5”(%),0 =~/

The factor of 3 must be included to avoid double counting collisions between similar molecules. (This is identical reasoning to the

fact that there is only one way to roll double 3 with two dice.)

If you have a gas sample that contains A molecules and B molecules, then

Z aB = 0AB(vr)pAPB (2.11.4)

2
CAB=T (M) and (vpy = 8kpT
2 v ("]

where
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Calculate the frequency of hydrogen-hydrogen collisions in a 1.00 cubic centimeter container at 1.00 bar and 298 K.

Solution
The collisional frquency requires knowledge of (1) the number denisty, the average speed (Equation 2.11.4).

The value of o, is 2.30 x 1019 m?.

The number density:

_ (NAPH, ) _ (6.022210%mole")(1.00 bar)
P=\"RT )~ \(0.08314L - bar - mol* - K—1)(298K)
=243 x 102171 = 2.43 x 10%m3

The average speed:

[8R T 8(8.314J - K—1)(298K) ) m
= = =1770—
) ™ \/( 7(0.002016kg) s
These are substituted into Equation 2.11.4 to get the collisional frequency

(2.30z10_19m2)(1770%)(2.43z1025m_3)2
ZH,H, = 72
= 1.7210%s'm 3

=1.7x10¥stem 3

2.11: Mean Free Path is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by LibreTexts.

e 27.6: Mean Free Path by Mark Tuckerman, Tom Neils is licensed CC BY-NC-SA 4.0.
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2.12: Rates of Gas-Phase Chemical Reactions

Now that we have a description of how often gas molecules will collide with one another, we can make an initial attempt to
describe how the collision of gas molecules can lead to reactions between the molecules. This topic will be covered in much more
detail in Chapter 30.

2.12.1: Collision Frequency, Collision Energy, and Effective Collisions

In example 27.6.1, we calculated that the number of collision between H, molecules at one bar and 25°C is around 108 ]jilo—les.
m-s

Consider the elementary reaction

A+B—C

08 moles

If all of the collisions between A and B resulted in a reaction, then the rate of the reaction would be about 1 . We know

m-s
from experiment that most chemical reactions do not occur this quickly. It must be true, then, that not all collisions result in a
reaction. It is intuitive that molecules traveling at faster speeds should be more likely to react because they have sufficient energy to

overcome electronic repulsions, and to break existing bonds.

One way to approach this estimate is to use a modified version of the equation for the collision frequency with a wall. The reason
for starting with this equation is that it is reasonable to assume that the faster a molecule is traveling, the more likely it is to hit the
wall. If this is so, then the faster a molecule is traveling, the more likely it is to collide with other molecules so as to react.

Recall equation 26.4.1

=

which can be rewritten for the molecular level by substituting p for v

1
W=7 p(v)

This equation was obtained by carrying out the integration
p 00 /2 2m
Zy = —/ vF(’v)dv/ cos @sin 6d6 do (2.12.1)
4r Jo 0 0

which takes into account the fact that molecules will only hit the wall from one direction.

Recall from equation 27.3.1, the Maxwell-Boltzmann distribution of speeds

3/2 2
_ 2 m muv
F(v) = v (21rkBT) P ( %5T )
that f(v) has a factor of 42. Thus, equation 2.12.1 has a factor of 3, meaning that the molecules colliding with the wall are traveling

faster than the molecule in the bulk of the sample. The assumption is that the faster molecules are more likely to hit the wall in a
given amount of time.

We must modify equation 2.12.1 to take into account the collision of molecules with each other, rather than with the wall. This is
done by replacing the mass of a single molecule m with the reduced mass of the two colliding molecules g. The resulting speed is
the relative average speed v,. The result of these assumptions is that the collision frequency of molecules A and B per unit volume
in which the molecules collide with a relative speed between v, and v, + dv, is

dZ g = Avde P /2ksT gy, (2.12.2)
where A is a proportionality constant.

If we require the integral of this equation over all relative speeds to be equal to Z g, then

1/2 oo
ZAB= OABPAPB (SI:rZT) - A/ vlem/%aT gy,
0
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8kzT \ /2 k5T \?
ZAB = OABPAPB ( WZ ) =24 (L)

Rearranging to solve for A gives

2

o 3/2 1/2
A= OABPAPB (m) (;) (2123)

Substituting equation 2.12.3 into equation 2.12.2 gives

2

3/2
dZp = 0ABPAPB (m) (—

1/2 )
) v} e Hve/2k5T gy,
T

With this equation, we can describe the collision frequency per unit volume between A molecules and B molecules with relative
speeds in the range of v, and v, + dv,. In this equation, the portion

3/2 1/2
=) / (2) " et g,
B T

which is v, f(v,)dv,, is the probability that the relative speed of the molecules will fall between v, and v, + dv,.
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CHAPTER OVERVIEW

3: Properties of Liquids

Ensemble properties result from being or relating to the greater in number of atoms in a sample. This are in contrast to atomic or
molecular properties.

3.1: Capillary Action

3.2: Cohesive and Adhesive Forces

3.3: Contact Angles

3.4: Surface Tension

3.5: Unusual Properties of Water

3.6: Vapor Pressure

3.7: Viscosity

3.8: Wetting Agents
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3.1: Capillary Action

Capillary action can be defined as the ascension of liquids through slim tube, cylinder or permeable substance due to adhesive and
cohesive forces interacting between the liquid and the surface. When intermolecular bonding of a liquid itself is substantially
inferior to a substances’ surface it is interacting, capillarity occurs. Also, the diameter of the container as well as the gravitational
forces will determine amount of liquid raised. While, water possesses this unique property, a liquid like mercury will not display
the same attributes due to the fact that it has higher cohesive force than adhesive force.

Forces in Capillary Action
Three main variables that determine whether a liquid possesses capillary action are:

o Cohesive force: It is the intermolecular bonding of a substance where its mutual attractiveness forces them to maintain a certain
shape of the liquid.

o Surface tension: This occurs as a result of like molecules, cohesive forces, banding together to form a somewhat impenetrable
surface on the body of water. The surface tension is measured in Newton/meter.

« Adhesive force: When forces of attraction between unlike molecules occur, it is called adhesive forces.

Capillary action only occurs when the adhesive forces are stronger than the cohesive forces, which invariably becomes surface

tension, in the liquid.

CAPILLARY CAPILLARY
ATTRACTION CAPILLARY TUBES REPULSION

\'MERCURY

Figure 3.1.1: It is possible to see that in water, the strength of the adhesive forces are larger than the strength of the cohesive forces.

This results in the concave formation of water in the capillary tube; this is known as capillary attraction. Alternatively for mercury,

the cohesive forces are stronger than the adhesive forces which allows the the meniscus to bend away from the walls of the

capillary tube. This is known as capillary Repulsion. commons.wikimedia.org/wiki/Fi...(PSF)(bjl).svg
A good way to remember the difference between adhesive and cohesive forces is that with adhesive forces you add another set of
molecules, the molecules of the surface, for the liquid to bond with. With cohesive forces, the molecules of the liquid will only
cooperate with their own kind. Decreased surface tension also increases capillary action. This is because decreased surface tension
means that the intermolecular forces are decreased, thus decreasing cohesive forces. As a result, capillary action will be even
greater.

Figure 3.1.2: Scalable illustration of capillary action for large and small bore capillaries, and for positive and negative contact
angles. (Public Domain; Eduard Konecny via Wikipedia).
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Applications

Practical use of capillary action is evident in all forms of our daily lives. It makes performing our tasks efficiently and effectively.
Some applications of this unique property include:

o The fundamental properties are used to absorb water by using paper towels. The cohesive and adhesive properties draw the fluid
into the paper towel. The liquid flows into the paper towel at a certain rate.

o A technique called thin layer chromatography uses capillary action in which a layer of liquid is used to separate mixtures from
substances.

o Capillary action helps us naturally by pumping out tear fluid in the eye. This process cleanses the eye and clears all of the dust
and particles that are around the ducts of the eye.

o To generate energy: A possible use for capillary action is as a source of renewable energy. By allowing water to climb through
capillaries, evaporate once it reaches the top, the condensate and drop back down to the bottom spinning a turbine on its way to
create the energy, capillary action can make electricity! Although this idea is still in the works, it goes to show the potential that
capillary action holds and how important it is.

Figure 3.1.3: Capillary action is evident in nature all around us. The properties allow the water to be transpired by the xylem in the
plant. The water starts in the roots and proceeds upward to the highest branches of the plant.

commons.wikimedia.org/wiki/File:GemeineFichte.jpg
When measuring the level of liquid of a test tube or buret, it is imperative to measure at the meniscus line for an accurate reading. It
is possible to measure the height (represented by h) of a test tube, buret, or other liquid column using the formula:
_ 2ycosf

h= o (3.1.1)

In this formula,

o yrepresents the surface tension in a liquid-air environment,
e 0 isthe angle of contact or the degree of contact,

e pis the density of the liquid in the representative column,

e g is the acceleration due to the force of gravity and

o ris the radius of the tube in which the liquid is presented in.

At optimum level, in which a glass tube filled with water is present in air, this formula can determine the height of a specific
column of water in meters (m):

_14x107°
~ r

h (3.1.2)

However, the following conditions must be met for this formula to occur.
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e y= 0.0728 N/m (when water is at a temperature of 20°C)
e 0=20°

e pis 1000 kg/m®

o g=9.8m/s’

Formula for Volume of Liquid Transport in Medium:
When certain objects that are porous encounter a liquid medium, it will begin to absorb the liquid at a rate which actually decreases

over a period of time. This formula is written as:

V=28xAVt (3.1.3)

In this specific formula,

e A is the wet area (cross-section),
o S is the sorptivity (capacity of medium to absorb using the process of capillary action),

e Vis the volume of liquid absorbed in time, t.

Questions
1. Name one way to increase capillary action, and one way to decrease it.
2. If cohesion is greater than adhesion, will the meniscus be convex or concave?
3. What would be the height of a liquid in a column, on earth, with a liquid-air surface tension 0f .0973 N/m, contact angle of 30

degrees, density of 1200 kg/m>? Note that the radius of the tube is 0.2 meters.
4. What would be the height of water in a glass tube with a radius of .6mm?

Solutions

1. Increase capillary action: Increase temperature, decrease capillary tube diameter, perform any number of actions to decrease
surface tension, etc...! Decrease capillary action: The opposite of the steps you would take to increase, also, increasing the
density of the liquid you're working with.

2. The meniscus will result in a convex formation.

3. Using the formula above, the height of the liquid will be 7.165* 10~m high.

4. Using the formula above, the height of the water in the glass tube would be .014m high.

References
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3.2: Cohesive and Adhesive Forces

Cohesive and adhesive forces are associated with bulk (or macroscopic) properties, and hence the terms are not applicable to the
discussion of atomic and molecular properties. When a liquid comes into contact with a surface (such as the walls of a graduated
cylinder or a tabletop), both cohesive and adhesive forces will act on it. These forces govern the shape which the liquid takes on.
Due to the effects of adhesive forces, liquid on a surface can spread out to form a thin, relatively uniform film over the surface, a
process known as wetting. Alternatively, in the presence of strong cohesive forces, the liquid can divide into a number of small,
roughly spherical beads that stand on the surface, maintaining minimal contact with the surface.

Adhesive and Cohesive Forces

The term "cohesive forces" is a generic term for the collective intermolecular forces (e.g., hydrogen bonding and van der Waals
forces) responsible for the bulk property of liquids resisting separation. Specifically, these attractive forces exist between molecules
of the same substance. For instance, rain falls in droplets, rather than a fine mist, because water has strong cohesion, which pulls its
molecules tightly together, forming droplets. This force tends to unite molecules of a liquid, gathering them into relatively large
clusters due to the molecules' dislike for its surroundings.

Similarly, the term "adhesive forces" refers to the attractive forces between unlike substance, such as mechanical forces (sticking
together) and electrostatic forces (attraction due to opposing charges). In the case of a liquid wetting agent, adhesion causes the
liquid to cling to the surface on which it rests. When water is poured on clean glass, it tends to spread, forming a thin, uniform film
over the glasses surface. This is because the adhesive forces between water and glass are strong enough to pull the water molecules
out of their spherical formation and hold them against the surface of the glass, thus avoiding the repulsion between like molecules.

Macroscopic Effects of Cohesive and Adhesive Forces

When a liquid is placed on a smooth surface, the relative strengths of the cohesive and adhesive forces acting on that liquid
determine the shape it will take (and whether or not it will wet the surface). If the adhesive forces between a liquid and a surface
are stronger, they will pull the liquid down, causing it to wet the surface. However, if the cohesive forces among the liquid itself are
stronger, they will resist such adhesion and cause the liquid to retain a spherical shape and bead the surface.

Case |I: The Meniscus

The meniscus is the curvature of a liquid's surface within a container, such as a graduated cylinder. However, before we explain
why some liquid have a concave up meniscus while others share a concave down meniscus, we have to understand the adhesive
forces at work of surface tension. Water, for example, is a polar molecule that consists of a partial positive charge on the hydrogens
and a partial negative charge on the oxygen. Thus, within liquid water, each molecule's partial positive charge is attracted to its
neighbor's partial negative charge. This is the origin of the cohesive forces within the water. Water molecules buried inside the
liquid is then being pulled and pushed evenly in every direction, producing no net pull. Meanwhile, the molecules on the surface of
the liquid, lacking pulling forces in the upward direction, thus encompass a net downward pull.

Surface of liquid water

How does this cohesive force create both a concave up and concave down surface then? The answer is in its relationship to the

adhesive forces between the water molecules and the container's surface. When the cohesive force of the liquid is stronger than the
adhesive force of the liquid to the wall, the liquid concaves down in order to reduce contact with the surface of the wall. When the
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adhesive force of the liquid to the wall is stronger than the cohesive force of the liquid, the liquid is more attracted to the wall than
its neighbors, causing the upward concavity.

Tonzave up Meniscus Concave down Meniscus

Case Il: Tears of Wine

In agitated glasses of wine, droplets of wine seemingly "float" above the meniscus of the liquid and form "tears." This age-old
phenomenon is the result of surface tension and cohesive and adhesive forces. Alcohol is more volatile than water. As a result,
"evaporation of alcohol produces a surface tension gradient driving a thin film up along the side of a wine glass" (Adamson). This
process is called the "solutal Marangoni effect."2 Due to adhesive forces, some waters clings to the walls of the glass. The "tears"
form from the cohesive forces within the water holding it together. It is important to note that the surface tension gradient is "the
driving force for the motion of the liquid" (Gugliotti), but the actual formation of the tears is a result of cohesive and adhesive
forces.

The "tears of wine" are observed as a ring of clear liquid, near the top of a glass of wine, from which droplets continuously form
and drop back into the wine. It is most readily observed in a wine which has a high alcohol content. (CC BY-SA-NC; Greg Emel)

Problems

1. Name two examples where the cohesive force dominates over the adhesive force and vice versa.

2. When in a glass graduated cylinder, water presents an upwardly concave meniscus. However, when water is filled to the tip of
the cylinder, the water level could maintain higher than the wall of the cylinder without pouring out resembling a concave down
meniscus. Use the principles of cohesive and adhesive forces to explain this situation.

3. Explain why a water strider can glide on the water with the knowledge of cohesion in water.

4. Propose different types of forces that adhesive forces can build on.

Answers

1. When cohesive force is stronger than the adhesive force: concave up meniscus, water forms droplets on the surface. When
adhesive force is stronger than the cohesive force: concave down meniscus, the surfaces are covered by the wetting agent, the
last drops of liquid in the bottle always refuse to come out.

2. Since water forms a concave up meniscus, the adhesion of the molecules to the glass is stronger than the cohesion among the
molecules. However, in the absence of the adhesive force (when water reaches the tip of the glass), the cohesive force remains
present. Thus cohesive force alone proves that it can still hold itself in place without pouring out of the cylinder. This example
emphasizes the importance of that cohesive force and adhesive forces do not simply cancel each other out, yet it is the

difference between the two that determines the characteristic of the liquid.
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3. This problem addresses once again the concept of surface tension. Because the cohesion of the water is built on the weak
intermolecular forces of the water, when a water strider stepson to the surface, an extra energy will be necessary to overcome to
break those bonds to increase surface area. Moreover, since the gravitational pull down on the water strider cannot overcome
the activation energy to break these intermolecular forces, the water strider is able to glide freely on the water.

4. Complementary shape, chemical bonds form, weak intermolecular forces such as H-bonding or Van der Waals forces.
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3.3: Contact Angles

Contact angle is one of the common ways to measure the wettability of a surface or material. Wetting refers to the study of how a
liquid deposited on a solid (or liquid) substrate spreads out or the ability of liquids to form boundary surfaces with solid states. The
wetting, as mentioned before is determined by measuring the contact angle, which the liquid forms in contact with the solids or
liquids. The wetting tendency is larger, the smaller the contact angle or the surface tension is. A wetting liquid is a liquid that forms
a contact angle with the solid which is smaller then 90°. A non-wetting liquid creates a contact angle between 90° and 180° with the
solid.

Introduction

The contact angle is an angle that a liquid creates with a solid surface or capillary walls of a porous material when both materials
come in contact together. This angle is determined by both properties of the solid and the liquid and the interaction and repulsion
forces between liquid and solid and by the three phase interface properties (gas, liquid and solid). Those interactions are described
by cohesion and adhesion forces which are intermolecular forces. The balance between the cohesive forces of similar molecules
such as between the liquid molecules (i.e., hydrogen bonds and Van der Waals forces) and the adhesive forces between dissimilar
molecules such as between the liquid and solid molecules (i.e., mechanical and electrostatic forces) will determine the contact
angle created in the solid and liquid interface. The traditional definition of a contact angle is the angle a liquid creates with the solid
or liquid when it is deposited on it. A less traditional definition is the angle a liquid creates with the sides of a capillary when it rises
in it to create a meniscus.

Figure 3.3.1: Images used with permission from Wikipedia

o The smaller the contact angle - cohesive forces are weaker then adhesive forces and molecules of the liquid tend to interact
more with solid molecules then liquid molecules.

o The larger the contact angle - cohesive forces are stronger then adhesive forces and the molecules of the liquid tend to interact
more with each other then with the solid molecules.

Thermodynamics

Thomas Young (13 June 1773 — 10 May 1829) proposed treating the contact angle of a liquid with a surface as the mechanical
equilibrium of a drop resting on a plane solid surface under the restrains of three surface tensions:

e 1 (at the interface of the liquid and vapor phases),
o 4 (at the interface of the solid and liquid phases) and
e 7. (at the interface of the solid and vapor phase). This lead to Young’s equation:

Ysv — Vsl = Ywco8 6 (331)

This equation is deceptively simple, but there are a few difficulties with it because of the definitions of the surface tension of the
solid-vapor and solid liquid phases.

Another approach avoids specifying the field of intermolecular forces between solid and liquid and instead offers a thermodynamic
solution. This lead to Young and Dupre’ equation which introduces the reversible work of adhesion of liquid and solid and it’s

relation to the surface tension between liquid and vapor phases and the contact angle:
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W = 41,(1 + cos 6) (3-3.2)

8

Where W A is the reversible work of adhesion of the liquid to the solid when coated with an adsorbed film of the saturated vapor.

Figure 3.3.2: Contact action for the wetting of a surface

Less Traditional Definition

Capillarity is the ability of a substance to draw another substance into it and It occurs when the adhesive intermolecular forces
between the liquid and a substance are stronger than the cohesive intermolecular forces inside the liquid. The effect causes a
concave meniscus to form where the substance is touching a vertical surface (Figure 3.3.3). The same effect is what causes porous
materials to soak up liquids. Capillary forces pull a wetting liquid has a low contact angle with the surface, it wets the surface.
Assuming that there are no other factors involved (e.g. roughness), a low contact angle with water means that the surface is
hydrophilic. A completely wetting liquid forms a zero contact angle into a capillary by creating a curved meniscus at the rising
liquid front. This phenomenon can be described with the Young-Laplace equation and the Laplace pressure inside a capillary.

Figure 3.3.3: Illustration of capillary rise and contact angle in a capillery. Red=contact angle less than 90°; blue=contact angle
greater than 90°. (Public Domain; Eduard Konecny).

Measuring methods

Many measuring methods have been described in the literature but only a few of them have been found to be widely applicable.

The Sessile Drop Method

The most frequently used is the goniometer-telescope measurement of sessile-drop contact angles. Commercial contact angle
goniometers employ a microscope objective to view the angle directly. In the static method a drop is deposited on a surface and the
contact angle can be measured by looking at the drop through a goniometer (an instrument that measures contact angles). The
dynamic method is similar to the static one but the drop of liquid which is deposited on a surface is modified. The droplet is being
deposited via a syringe and the droplet’s volume is changed dynamically without increasing its solid-liquid interface area and this
maximum angle is the advancing angle. Volume is then removed to produce the smallest possible angle, which is called the

receding angle. The difference between those two measured angles is called contact angle hysteresis.
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Wilhelmy Plate Method

The capillary rise on a Wilhelmy plate is a good way to obtain the contact angle by measuring the height of the meniscus created on
a partially immersed plate. The contact angle is obtained directly form the height trough:

sin(6) = 1 — pgh?/2y (3.3.3)

where:

e h — height of the meniscus created

o y - surface tension of the tested liquid (N/m)
o p - density of the tested liquid (kg/m%)

¢ 0 - contact angle of the liquid on the solid (°)
e g— gravitational acceleration = 9.8 m/s?

Capillary Rise

The common direct measurement of contact angles of a liquid drop on a flat and smooth solid is not applicable to powders and dry
porous foods. The common method of measuring the contact angle in capillary rise in porous media is by using the Lucas-
Washburn’s equation which is derived from Poiseulle's law of liquid flow in capillary rise:

h? = re (7;‘: 0) t (3.3.4)
2
w? =c(%m?)t (3.3.5)

where:

o h —height of the rising liquid

o w — weight gain of the sample (caused by the water absorbed into it)
e v - surface tension of the tested liquid (N/m)

e p - density of the tested liquid (kg/m?3)

e 0 - contact angle of the liquid on the solid (°)

e r- mean static radius of the pores (m)

o 7 - liquid viscosity (Pa s)

e ¢ - geometric factor (m°)

Z 2NN

<— Electronic balance
1

Cornfuter

Filter paper

Cg Test liquid

4 Lifting stage
The common method to measure the contact angles in this case is to conduct capillary rise experiments where your sample is hang
bellow a balance and you dip it in the tested liquid. The main deficiency of this approach (using Washburn’s equation) is its
inability to separate between those two variables (r and cos 8 or ¢ and cos §). The common method to overcome the problem of the

unknown term r e cos(6) is by using a reference liquid that completely wets the sample (8=0, cos(8)=1). It was discovered however
that dynamic advancing contact angle is generally larger than the static one, even for a total wetting liquid and as a result this

method can be erroneous.

Seibold et al, (2000) suggested a way to overcome this problem. It was observed that this constant term varies as a function of the
liquid used, in contradiction with the Washburn approach which uses Hexane as a completely wetting liquid in order to find the
radius of the pores. In this study, it was proposed to get the actual constant term r in Washburn equation by plotting the measured
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value r cos 6 versus the rate of rise of the alkanes (the slope in Equations 3.3.4 and 3.3.5). The intercept at zero velocity gives the
value of r. Siebold el al. (2000) carried out capillary rise experiments with different n-alkanes, which are all considered completely
wetting, due to their low surface tension. In each case, a linear relationship was obtained between squared height of the rising liquid
and time, their results of the term r o cos(§) were calculated from the slopes of those curves. This finding was transformed into a
method to calculate or measure the contact angle at zero velocity. Siebold et al. (2000) suggested that for porous media the term
recos(8) for each alkane (the term was calculated from Washburn equation) can be plotted against the initial front rate of each
liquid. The curve that was created can be extrapolated to velocity zero (and therefore, cos(8)=1) and this enables the determination
of the representative radius r. After finding r, which is a property of the solid sample and doesn’t change as a function of the liquids
used, we can conduct capillary rise experiment with our test liquid and calculate the contact angles this liquid creates with the solid
porous sample.

Applications

The interest in contact angles is because it plays a significant role in a number of technological, environmental and biological
phenomena. Water imbibition into porous media theory has been shown to have a multidisciplinary validity in food, soil physics,
geology, printings and more. Imbibition of a liquid by a porous solid is a phenomenon highly dependent on wetting. Capillary
imbibition is a mechanism that plays a significant role during rehydration of dry food particles that are considered as porous media.
Imbibition is highly dependent on the wettability of the porous media, which is usually determined by measuring contact angles
which liquids form with the solid.
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3.4: Surface Tension

Surface tension is the energy, or work, required to increase the surface area of a liquid due to intermolecular forces. Since these
intermolecular forces vary depending on the nature of the liquid (e.g. water vs. gasoline) or solutes in the liquid (e.g. surfactants
like detergent), each solution exhibits differing surface tension properties. Whether you know it or not, you already have seen
surface tension at work. Whenever you fill a glass of water too far, you may notice afterward that the level of the water in the glass
is actually higher than the height of the glass. You may have also noticed that the water that you spilled has formed into pools that
rise up off the counter. Both of these phenomena are due to surface tension.

Water droplets form on the surface of the water pool because of surface tension.

Molecular Perspective

In a sample of water, there are two types of molecules. Those that are on the outside, exterior, and those that are on the inside,
interior. The interior molecules are attracted to all the molecules around them, while the exterior molecules are attracted to only the
other surface molecules and to those below the surface. This makes it so that the energy state of the molecules on the interior is
much lower than that of the molecules on the exterior. Because of this, the molecules try to maintain a minimum surface area, thus
allowing more molecules to have a lower energy state. This is what creates what is referred to as surface tension. An illustration of
this can be seen in Figure 3.4.1.

Figure 3.4.1: Molecules at the surface of water experience a net attraction to other molecules in the liquid, which holds the surface
of the bulk sample together. In contrast, those in the interior experience uniform attractive forces. (CC BY-SA-NC; anonymous by

request).
The water molecules attract one another due to the water's polar property. The hydrogen ends, which are positive in comparison to
the negative ends of the oxygen cause water to "stick" together. This is why there is surface tension and takes a certain amount of
energy to break these intermolecular bonds. Same goes for other liquids, even hydrophobic liquids such as oil. There are forces
between the liquid such as Van der Waals forces that are responsible for the intermolecular forces found within the liquid. It will
then take a certain amount of energy to break these forces, and the surface tension. Water is one liquid known to have a very high

surface tension value and is difficult to overcome.
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(a) (b}

Figure 3.4.2: (a) A paper clip can “float” on water because of surface tension. (b) Surface tension also allows insects such as this

water strider to “walk on water.” (CC BY-SA-NC; anonymous by request).
Surface tension of water can cause things to float which are denser than water, allowing organisms to literally walk on water
(Figure 3.4.2). An example of such an organism is the water strider, which can run across the surface of water, due to the
intermolecular forces of the molecules, and the force of the strider which is distributed to its legs. Surface tension also allows for
the formation of droplets that we see in nature.

Cohesive and Adhesive Forces

There are several other important concepts that are related to surface tension. The first of these is the idea of cohesive and adhesive
Forces. Cohesive forces are those that hold the body of a liquid together with minimum surface area and adhesive forces are those
that try to make a body of a liquid spread out. So if the cohesive forces are stronger than the adhesive forces, the body of water will
maintain its shape, but if the opposite is true than the liquid will be spread out, maximizing its surface area. Any substance that you
can add to a liquid that allows a liquid to increase its surface area is called a wetting agent.

| Concave Convex
meniscus

meniscus

Capillary

Convex | 4
memscu\.._.v"HQ.?E'.'SE‘:'.'.@FE.'E‘!E'__.

(a) (b)

Figure 3.4.3: (a) This drawing illustrates the shape of the meniscus and the relative height of a mercury column when a glass

capillary is put into liquid mercury. The meniscus is convex and the surface of the liquid inside the tube is lower than the level of

the liquid outside the tube. (b) Because water adheres strongly to the polar surface of glass, it has a concave meniscus, whereas

mercury, which does not adhere to the glass, has a convex meniscus. (CC BY-SA-NC; anonymous by request).
In the lab there are also several important points to remember about surface tension. The first you've probably noticed before. This
is the idea of a meniscus (Figure 3.4.3a). This is the concave (curved in) or convex (curved out) look that water or other liquids
have when they are in test tubes. This is caused by the attraction between the glass and the liquid. With water, this causes it to climb
up the sides of a test tube. This attraction is amplified as the diameter of the tubes increases; this is called capillary action. This can
be seen if you take a tube with a very small diameter (a capillary tube) and lower it into a body of water. The liquid will climb up
into the tube, even though there is no outside force. You may have also seen this when you put a straw into a drink and notice that
the liquid level inside the straw is higher than it is in your drink. All of this however, requires that the adhesive forces (between the
liquid and the capillary surface) be higher than the cohesive forces (between the liquid and itself), otherwise there will be no
capillary action or the opposite can even happen. Mercury has higher cohesive forces than adhesive forces, so the level of the liquid
will actually be lower in the capillary tubes than compared to the rest of the mercury (Figure 3.4.3b).
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3.5: Unusual Properties of Water

With 70% of our earth being ocean water and 65% of our bodies being water, it is hard to not be aware of how important it is in our
lives. There are 3 different forms of water, or HpO: solid (ice), liquid (water), and gas (steam). Because water seems so ubiquitous,

many people are unaware of the unusual and unique properties of water, including:

¢ Boiling Point and Freezing Point

o Surface Tension, Heat of Vaporization, and Vapor Pressure
e Viscosity and Cohesion

e Solid State

¢ Liquid State

¢ Gas State

Boiling Point and Freezing Point

If you look at the periodic table and locate tellurium (atomic number: 52), you find that the boiling points of hydrides decrease as
molecule size decreases. So the hydride for tellurium: HpTe (hydrogen telluride) has a boiling point of -4°C. Moving up, the next
hydride would be HSe (hydrogen selenide) with a boiling point of -42°C. One more up and you find that H»S (hydrogen sulfide)
has a boiling point at -62°C. The next hydride would be H;O (WATER!). And we all know that the boiling point of water is
100°C. So despite its small molecular weight, water has an incredibly big boiling point. This is because water requires more energy
to break its hydrogen bonds before it can then begin to boil. The same concept is applied to freezing point as well, as seen in the
table below. The boiling and freezing points of water enable the molecules to be very slow to boil or freeze, this is important to the
ecosystems living in water. If water was very easy to freeze or boil, drastic changes in the environment and so in oceans or lakes
would cause all the organisms living in water to die. This is also why sweat is able to cool our bodies.

COMPOUND BOILING POINT FREEZING POINT
Hydrogen Telluride -4°C -49°C
Hydrogen Selenide -42°C -64°C

Hydrogen Sulfide -62°C -84°C
Water 100°C 0°C

Surface Tension, Heat of Vaporization, and Vapor Pressure

Besides mercury, water has the highest surface tension for all liquids. Water's high surface tension is due to the hydrogen bonding
in water molecules. Water also has an exceptionally high heat of vaporization. Vaporization occurs when a liquid changes to a gas,
which makes it an endothermic reaction. Water's heat of vaporization is 41 kJ/mol. Vapor pressure is inversely related to
intermolecular forces, so those with stronger intermolecular forces have a lower vapor pressure. Water has very strong
intermolecular forces, hence the low vapor pressure, but it's even lower compared to larger molecules with low vapor pressures.

e Viscosity is the property of fluid having high resistance to flow. We normally think of liquids like honey or motor oil being
viscous, but when compared to other substances with like structures, water is viscous. Liquids with stronger intermolecular
interactions are usually more viscous than liquids with weak intermolecular interactions.

e Cohesion is intermolecular forces between like molecules; this is why water molecules are able to hold themselves together in a
drop. Water molecules are very cohesive because of the molecule's polarity. This is why you can fill a glass of water just barely

above the rim without it spilling.

Solid State (Ice)

All substances, including water, become less dense when they are heated and more dense when they are cooled. So if water is
cooled, it becomes more dense and forms ice. Water is one of the few substances whose solid state can float on its liquid state!
Why? Water continues to become more dense until it reaches 4°C. After it reaches 4°C, it becomes LESS dense. When freezing,
molecules within water begin to move around more slowly, making it easier for them to form hydrogen bonds and eventually
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arrange themselves into an open crystalline, hexagonal structure. Because of this open structure as the water molecules are being
held further apart, the volume of water increases about 9%. So molecules are more tightly packed in water's liquid state than its
solid state. This is why a can of soda can explode in the freezer.

Liquid State (Liquid Water)

It is very rare to find a compound that lacks carbon to be a liquid at standard temperatures and pressures. So it is unusual for water
to be a liquid at room temperature! Water is liquid at room temperature so it's able to move around quicker than it is as solid,
enabling the molecules to form fewer hydrogen bonds resulting in the molecules being packed more closely together. Each water
molecule links to four others creating a tetrahedral arrangement, however they are able to move freely and slide past each other,
while ice forms a solid, larger hexagonal structure.

Gas State (Steam)

As water boils, its hydrogen bonds are broken. Steam particles move very far apart and fast, so barely any hydrogen bonds have the
time to form. So, less and less hydrogen bonds are present as the particles reach the critical point above steam. The lack of
hydrogen bonds explains why steam causes much worse burns that water. Steam contains all the energy used to break the hydrogen
bonds in water, so when steam hits your face you first absorb the energy the steam has taken up from breaking the hydrogen bonds
it its liquid state. Then, in an exothermic reaction, steam is converted into liquid water and heat is released. This heat adds to the
heat of boiling water as the steam condenses on your skin.

Water as the "Universal Solvent"

Because of water's polarity, it is able to dissolve or dissociate many particles. Oxygen has a slightly negative charge, while the two
hydrogens have a slightly positive charge. The slightly negative particles of a compound will be attracted to water's hydrogen
atoms, while the slightly positive particles will be attracted to water's oxygen molecule; this causes the compound to dissociate.
Besides the explanations above, we can look to some attributes of a water molecule to provide some more reasons of water's
uniqueness:

o Forgetting fluorine, oxygen is the most electronegative non-noble gas element, so while forming a bond, the electrons are pulled
towards the oxygen atom rather than the hydrogen. This creates 2 polar bonds, which make the water molecule more polar than
the bonds in the other hydrides in the group.

e A 104.5° bond angle creates a very strong dipole.

e Water has hydrogen bonding which probably is a vital aspect in waters strong intermolecular interaction

Why is this important for the real world?

The properties of water make it suitable for organisms to survive in during differing weather conditions. Ice freezes as it expands,
which explains why ice is able to float on liquid water. During the winter when lakes begin to freeze, the surface of the water
freezes and then moves down toward deeper water; this explains why people can ice skate on or fall through a frozen lake. If ice
was not able to float, the lake would freeze from the bottom up killing all ecosystems living in the lake. However ice floats, so the
fish are able to survive under the surface of the ice during the winter. The surface of ice above a lake also shields lakes from the
cold temperature outside and insulates the water beneath it, allowing the lake under the frozen ice to stay liquid and maintain a
temperature adequate for the ecosystems living in the lake to survive.
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3.6: Vapor Pressure

Pressure is the average force that material (gas, liquid or solid) exert upon the surface, e.g. walls of a container or other confining
boundary. Vapor pressure or equilibrium vapor pressure is the pressure of a vapor in thermodynamic equilibrium with its condensed
phases in a closed container. All liquids and solids have a tendency to evaporate or sublime into a gaseous form and all gases have a
tendency to condense back to their liquid or solid form.

Introduction

When a liquid is in a confined, closed, container, an equilibrium exists between the liquid and its gaseous phase. This equilibrium
exists regardless of the temperature inside the container and the temperature of the liquid. The equilibrium exists due to the fact that
some of the particles in the liquid, essentially at any temperature, will always have enough energy to escape the intrinsic cohesive
forces and enter the gaseous phase (Figure 3.6.1).

3000

100 ——
20

2500 8;-00- LI

2000

= 1500

1000

500

0 200 400 600 800 1000 1200 1400
v [m/s]

Figure 3.6.1: The Boltzmann distribution shows that the molecules in a substance at any given temperature (measure of average

kinetic energy) have a wide distribution of individual kinetic energies. Some of these individual molecules have enough energy to

break from the liquid and enter the gaseous phase.

The vapor pressure of a substance is the pressure that the gaseous part of the substance exerts on the container of said substance.

X Boiling a elevated altitudes

The fact that the vapor pressure is equal to the external pressure can become important when talking about boiling
temperatures at various altitudes. At higher altitudes the pressure is lower than at sea level and therefore liquids such as water
boil at lower temperatures. This would translate it into a longer time to cook something in the water as compared to cooking
the same object at sea level. The opposite is also true if one boils water at an altitude lower than sea level.

Characteristics of Vapor Pressure

Vapor pressures are dependent only on temperature and nothing else. The vapor pressure of a liquid does not depend on the amount
on the liquid in the container, be it one liter or thirty liters; at the same temperature, both samples will have the same vapor
pressure. Vapor pressures have an exponential relationship with temperature and always increase as temperature increases (Figure
2: Vapor Pressure Curves). It is important to note that when a liquid is boiling, its vapor pressure is equal to the external pressure.
For example, as water boils at sea level, its vapor pressure is 1 atmosphere because the external pressure is also 1 atmosphere.
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Figure 3.6.2: This chart shows the general relationship between a substance's vapor pressure and temperature change. Generally a
substance's vapor pressure increases as temperature increases and decreases as temperature decreases (i.e. vapor pressure is
directly proportional to temperature). This chart shows that this trend is true for various substances with differing chemical
properties.

The change in vapor pressure of a pure substance as temperature changes can be described using the equation known as the
Clausius-Clapeyron Equation:

P2 _ AHuap (i 1 )

— - — 6.1
In T (3.6.1)

P~ R
Where:

o P is the partial pressure of the liquid at T,
o P, is the partial pressure of the liquid at T,

v/ Example 3.6.1

If the vapor pressure of water at 293 K is 17.5 mmHg, what is the vapor pressure of water at 300 K?
Solution

Step 1: Use the Clausius Clapeyron equation (Equation 3.6.1). Assume 293 K to be T; and 17.5 mmHg to be P; and 300 K to
be T,. We know the enthalpy of vaporization of water is 44000 J mol™'. Therefore we plug in everything we are given into the

equation.
-1
In Py _ _44000Jmol ( 11 ) (36.2)
17.5mmHg  8.3145Jmol—K—1 \ 293K 300K
Step 2: Calculate everything possible, which is everything on the right side of the equation.
T2 _ (5291.96K)(0.0000796 K ') (3.6.3)
17.5mmHg

Step 3: To isolate the variable, we need to get rid of the natural log function on the left side. To do so, we must exponentiate
both sides of the equation after calculating the numerical value of the right side of the equation:

P, _ 0421
17.5mmHg (2
Step 4: To solve for P,, we multiply both sides of the equation by 17.5mmHg.
P, = 26.TmmHg (3.6.5)

https://chem.libretexts.org/@go/page/390980


https://libretexts.org/
https://chem.libretexts.org/@go/page/390980?pdf
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Supplemental_Modules_(Physical_and_Theoretical_Chemistry)/Physical_Properties_of_Matter/States_of_Matter/Phase_Transitions/Clausius-Clapeyron_Equation

LibreTexts"

The vapor pressure of water at 298K is 23.8 mmHg. At what temperature is the vapor pressure of water 1075 mmHg?
Solution

Step 1: Once again this can be solved using the Clausius-Clapeyron equation. If we set P1 = 23.8 mmHg, T1 = 298K, and P2 =
1075 mmHg, all we need to do is to solve for T,. So plug everything we know into the Clausius-Clapeyron Equation and we
get:

In (3.6.6)

1075mmHg  44000Jmol~* ( 1 _i)
23.8mmHg = 8.3145Jmol-1K-1 \ 208K T,

Step 2: We can solve the right side of the equation for a numerical answer and we can simplify the right side of the equation to:

3.81 = (5291.96K)(ﬁ - (3.6.7)
2

Step 3: Further simplifying the equation by distributing the 5291.96 K, we get:

3.81 = (17.76) — w (3.6.8)
Step 4: After subtracting 17.76 from both sides and multiplying both sides by T, to isolate the T, term, we get:
—13.95T, = —5291.96 K (3.6.9)
Step 5: Solving for T> we get:
T, = 383K (3.6.10)

*Note: There may be some slight variations in this answer if you try working this problem out. The rounding in this problem
will make a relatively large difference in mmHg (10-20 mmHg).

Vapor Pressure of Solutions: Raoult's Law

While the Clausius-Clapeyron equation is useful for describing the vapor pressure behavior of a pure substance, it does not quite
help us when we need to describe the vapor pressure of a solution comprised of two ore more different liquids with different vapor
pressures, that is where Raoult's Law comes in. Raoult's Law is:

Piota = Y _ P;X; (3.6.11)
13

Where P; is the vapor pressure of that particular substance and X; is the corresponding mole fraction of that substance. "i" is an
indexing component that keeps track of each substance in the solution.

A
D~
P
4‘1‘-p
po
A A
Ps ik
" Y
Xp =1 Xp=0
XB 0 XB_1
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Figure 3.6.3: Raoult's Law is used for calculating the vapor pressure of solutions with two or more substances in it. The total vapor
pressure is a function of the vapor pressure of the individual vapor pressures of the components and their respective mole fractions.

Essentially what Raoult's Law states is that the vapor pressure of a solution with two or more components is directly proportional to
the vapor pressures of each component and their respective amounts in the solution (Figure 3). However, Raoult's Law is used to
describe solutions that are essentially ideal solutions, meaning it is assumed that there are no interactions between the components
of the solution. If the solution is non-ideal, it will deviate from the relationship described by Raoult's Law.

v Example 3.6.3

A solution is comprised of 0.5000 mole H,O, 1.000 mole ethanol, and 2.000 moles acetaldehyde at 293 K. What is the total
vapor pressure of this solution? The partial pressures of these substances at 293 K are, respectively, 18 mmHg, 67.5 mmHg,
and 740 mmHg (assume the liquids mix homogeneously).

Solution

Step 1: Calculate the mole fractions (moles of each substance divided by total moles) of each substance in the solution.

Xater = 0.5000/3.500 = 0.143 (3.6.12)
X othanot = 1.000/3.500 = 0.286 (3.6.13)
X geetaldeyde = 2-000/3.500 = 0.571 (3.6.14)

Step 2: Plug in all the values and solve for Py
Piotar = (18mmHg)(0.143) + (67.5mmHg)(0.286) + (740mmHg)(0.571mmHg) (3.6.15)

Pyyia = 444.4mmHyg (3.6.16)

v Example 3.6.4

A solution is comprised of only water and ethylene glycol and is at 293 K. Water's mole fraction in this solution is 0.379 and
water's vapor pressure at this temperature is 18 mmHg (assume the water and ethylene glycol mix homogeneously). The total
vapor pressure of this solution is 9.15 mmHg. Calculate the vapor pressure of pure ethylene glycol at this temperature.

Solution

Step 1: Since this solution is only comprised of water and ethylene glycol, we can easily calculate the mole fraction of
ethylene glycol in this solution by subtracting water's mole fraction from 1.

Xethyienegiyeol = 1 — 0.379 = 0.621 (3.6.17)

Step 2: Once we have the mole fraction of ethylene glycol, we have everything we need to solve for the partial pressure of
pure ethylene glycol at 293 K using Raoult's Law:

9.15 = (18mmHg)(0.379) + (Pethyiencgiyeor) (0.621) (3.6.18)
Solving for P.iyencgyeor We get:

Pethyleneglycol = 375mmHg (3619)

Henry's Law

Both the Clausius-Clapeyron Equation (Equation 3.6.1) and Raoult's Law (Equation 3.6.11) describe liquids without any significant
solutes in them. So what happens if the liquid contains a nonvolatile solute, in other words, a solute that does not evaporate and
merely stays in the solution? Will the vapor pressure of the liquid increase or decrease? It turns out that having a nonvolatile solute
in the liquid will decrease the vapor pressure of the liquid because the solutes will interfere with the high-energy liquid molecules'
path to the surface to break free into the gaseous phase. An example of a nonvolatile solute in a liquid would be glucose in water
(Figure 3.6.4: Henry's Law).
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Henry's Law

\

Concentration of Nonvolatile Solute

Partial Pressure @ 273K

Figure 3.6.4: Henry's Law can illustrate the the relationship between the partial pressure of a solvent and the concentration of a
nonvolatile solute dissolved in it. As the concentration of the nonvolatile solute increases, the partial pressure of the solvent
decreases.
Henry's Law can also be used the describe the partial pressure of a volatile solute in a liquid as a function of its concentration in the
liquid. An example of this would be oxygen or carbon dioxide in a soda. Henry's Law is as follows:

C = (Kg)Pyas (3.6.20)

Where P is the partial pressure of either the volatile solute or of the solvent with a nonvolatile solute in it and C is the solubility of
the volatile solute or the concentration of the solvent with a nonvolatile solute in it. Ky is Henry's Constant and is different for
various substances and differs with temperature and comes in many different units.

v/ Example 3.6.5: Henry's Law Application

Assume at 273 K and a CO, pressure of 3.6 atm, the aqueous solubility of CO; is 24.8 ml CO; per liter. What is the molarity of
a saturated water solution when the CO5 is under its normal partial pressure in air of 0.000395 atm.

Step 1: We need to calculate Henry's Constant for CO, when the partial pressure of CO, is 3.6 atm. To do this, we must first
calculate the molarity of CO, under these conditions:

0.0248LC0; * %
Molarity = s 2 —0.00111MCO, (3.6.21)
1Lsolution
Step 2: Next we must solve for Henry's Constant under these conditions:
MCO,
Kg= Foo. = 0.000308——= (3.6.22)
Step 3: Solve for the concentration (molarity) using Henry's Law:
C = Ky * Po, = 0.000308 MCOsatm ™" x 0.000395atm = 1.22MCO, (3.6.23)

X "The bends"

One great use of Henry's Law is to calculate the various solubilities of gases in solutions under different pressures. One
example of this is what is colloquially referred to as "the bends" (scientifically called decompression sickness). When divers go
underwater, they are subjected to much higher pressures than they would be at sea level therefore their blood is much more
soluble to gases and as such much larger quantities of gases such as nitrogen dissolve in the blood. If the divers then rise up
back to the surface too quickly, these gases will be forced out of their dissolved form and form bubbles in the blood vessels.
These gas bubbles can then cause the blood vessels to pop, causing much physical pain and serious medical issues. To avoid
this, divers rise from deep depths slowly so their bodies can expel the extraneous gas through the lungs and allow the amounts
of gas in the blood to equilibrate with the external pressure. This way the divers can avoid gas bubbles forming in blood
vessels and therefore any personal injury.
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Problems

The vapor pressure of water at 283 K is 9.2 mmHg, at what temperature is the vapor pressure of water 546 mmHg?

1. At 393 K the vapor pressure of water is 1489 mmHg; what is the vapor pressure of water at 343 K?

2. A solution's partial pressure is 34.93 mmHg. This solution is comprised of Chemical A and Chemical B. The partial pressure of
Chemical A is 24.5 mmHg and its mole fraction is .145. What is the partial pressure of Chemical B?

3. Chemical A's partial pressure is 35.5 mmHg and Chemical B's partial pressure is 895.5 mmHg. Their respective mole fractions
are 0.79 and 0.21. What is the the partial pressure of a homogenous solution of Chemical A and Chemical B?

4. Assume at 273 K and an O pressure of 4.7 atm, the aqueous solubility of CO; is 79.6 ml CO» per liter. What is the molarity of
a saturated water solution when the CO is under its normal partial pressure in air of 0.21 atm.

Answers
1. 364K
2.233.7mmHg
3. 36.7mmHg
4.216.1mmHg
5.0.000159 M O,
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3.7: Viscosity

Viscosity is another type of bulk property defined as a liquid’s resistance to flow. When the intermolecular forces of attraction are strong within a
liquid, there is a larger viscosity. An example of this phenomenon is imagining a race between two liquids down a windshield. Which would you
expect to roll down the windshield faster honey or water? Obviously from experience one would expect water to easily speed right past the honey, a
fact that reveals honey has a much higher viscocity than water.

Introduction

Viscosity can be not only a fluid’s resistance to flow but also a gas’ resistance to flow, change shape or movement. The opposite of viscosity is
fluidity which measures the ease of flow while liquids such as motor oil or honey which are “sluggish” and high in viscosity are known as viscous.
One may ask the question of what is actually going on in the liquids to make one type flow faster and the other more resistant to flow such as the
comparison between honey and water earlier. Because part of a fluid moves, it forces other adjacent parts of the liquid to move along with it causing
an internal friction between the molecules which ultimately leads to a reduced rate of flow.

It is also important to note that the viscosity of liquids and gases are dffected by temperature but in opposite ways meaning that upon heating, the
viscosity of a liquid decreases rapidly, whereas gases flow more sluggishly. Why is this the case? As temperature increases, the average speed of
molecules in a liquid also increases and as a result, they spend less time with their "neighbors." Therefore, as temperature increases, the average
intermolecular forces decrease and the molecules are able to interact without being "weighed down" by one another. The viscosity of a gas, however,
increases as temperature increases because there is an increase in frequency of intermolecular collisions at higher temperatures. Since the molecules
are flying around in the void most of the time, any increase in the contact they have with one another will increase the intermolecular force which
will ultimately lead to a disability for the whole substance to move.

Measuring Viscosity

There are numerous ways to measure viscosity. One of the most elementary ways is to allow a sphere, such as a metal ball, to drop through a fluid
and time the fall of the metal ball: the slower the sphere falls, the greater the viscosity that is measured. Another more advanced design of measuring
viscosity known as the Ostwald Viscometer that is much more accurate than dropping a metal ball. An Ostwald Viscometer consists of two reservoir
bulbs and a capillary tube. The viscometer is filled with liquid until the liquid reaches the mark A with the aid of a pipette to accurately measure out
the volume of needed liquid. The viscometer is then put into a water bath which equilibrates the temperature of the test liquid. As noted before, the
equilibration is important to maintain a constant temperature as to not affect the viscosity otherwise. The liquid is then drawn through the side 2 of
the U-tube by use of suction and lastly, the flow is time between marks C and B. The viscosity is calculated with Equation 3.7.1

n=Kt (3.7.1)

where K is the value of a liquid with known viscosity and density such as water. Once the value of K is known, the viscosity can be determined by
measuring the amount of time the test liquid flows between the two graduated marks.
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Units of Measure:
1 Pascal-second (Pass) = 1 kgem?1+s?1 1 Poise = 1 gecm?1+s?1
Relationship between pascal-second to poise:

10 P =1 kgem?1+s?1 = 1 Pass 1 cP = 0.001 Pass = 1 mPass
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When measuring viscosity with any type of viscometer, accurate temperature is so important that viscosity can double with a change of only 5
Celsius.

Table 1: Compound: Olive Oil

Temperature Viscosity
290.00 96.102
295.00 75.392
300.00 59.906
305.00 48.167
310.00 39.153
315.00 32.150
320.00 26.649
325.00 22.283
330.00 18.785
335.00 15.956
340.00 13.651
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notice how the increase in temperature lowers the viscosity of the fluid which in this case is olive oil
o Pitch (any highly viscous liquid which appear solid) has a viscosity of nearly 100 billion times the viscosity of water
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3.8: Wetting Agents

There are two general types of bulk intermolecular forces:

e Cohesive Forces: The forces exerted between molecules holding them together. If cohesive forces are strong, a liquid tends to

form droplets on a surface.
o Adhesive Forces: The forces between liquid molecules and a surface. If adhesive forces are strong, a liquid tends to spread

across a surface.
Wetting agents are substances that reduce the surface tension of water to allow it to spread drops onto a surface, increasing the
spreading abilities of a liquid. Lowering the surface tension lowers the energy required to spread drops onto a film, thus weakening
the cohesive properties of the liquid and strengthening its adhesive properties. One example of how wetting agents work is in the
formation of micelles. Micelles consist of hydrophilic heads forming an outer layer around lipophilic tails. When in water, the
micelles' tails can surround an oil droplet while the heads are attracted to the water.

0
. . Aqueous

solution
. . “Hydrophohic tail

Figure 3.8.1: Schematic diagram of a micelle of oil in aqueous suspension, such as might occur in an emulsion of oil in water. In
this example the surfactant molecules' oil-soluble tails project into the oil, while the water-soluble ends remain in contact with the
water phase. from Wikipedia (SuperManu)

.-Hydrophilic head

Dish soap is a great example of a wetting agent. With all the food oils and such on the plate cohesive forces make it difficult for the
water to spread and clean the plate. The soap dissolves all theses unwanted particles, exposing a clean surface. The soap also

lowers the surface tension of water, allowing it to spread evenly across the entire surface.
There are four main types of wetting agents: anionic, cationic, amphoteric, and nonionic.

e Anionic, cationic, and amphoteric wetting agents ionize when mixed with water.

¢ Anions have a negative charge, while cations have a positive charge.

o Amphoteric wetting agents can act as either anions or cations, depending on the acidity of the solution.

« Nonionic wetting agents do not ionize in water. A possible advantage for using a nonionic wetting agent is that it does not react
with other ions in the water, which could lead to formation of a precipitate.

How to Tell if a Liquid Contains a Wetting Agent

One method of knowing whether or not a liquid has a wetting agent in it is to spread the liquid on a surface that is coated in grease.
If the liquid does not contain a wetting agent, the its cohesive forces would overpower adhesive forces, causing the liquid to for
droplets on the surface (Figure 3.8.2, left). If the liquid does contain a wetting agent, the grease would be dissolved and the surface
tension of the liquid would be lowered, causing the adhesive forces to overpower the cohesive forces. This would result in the
liquid spreading evenly along the surface (Figure 3.8.2, right).
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Figure 3.8.2: (left) A water droplet is sitting on a brass surface while being immersed in oil as an example of poor wetting. (right) A

water droplet is sitting on a glass surface while being immersed in oil as an example of better wetting. Images used with permission

from Wikipedia (Guro Aspenes, SINTEF Petroleum Research).
Another method is to place the liquid in a test tube and observe the liquid's meniscus (Figure 3.8.3). If the liquid contains a wetting
agent, its adhesive forces are stronger than cohesive forces, which means the liquid molecules are more inclined to stick to the
surface than other liquid molecules. This results in a concave meniscus. If the liquid does not contain a wetting agent and is
naturally very cohesive, like mercury, it forms a convex meniscus. This is caused by the fact the the molecules of the liquid have a
stronger attraction to each other than to the surface of the test tube.

HO  Hg

Figure used with permission from Wikipedia.

Intermolecular forces also cause a phenomenon called capillary action, which is the tendency of a polar liquid to rise against
gravity into a small-diameter tube (a capillary), as shown in Figure 3.8.3. When a glass capillary is put into a dish of water, water is
drawn up into the tube. The height to which the water rises depends on the diameter of the tube and the temperature of the water
but not on the angle at which the tube enters the water. The smaller the diameter, the higher the liquid rises.
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Figure 3.8.4: The Phenomenon of Capillary Action. Capillary action seen as water climbs to different levels in glass tubes of
different diameters. Credit: Dr. Clay Robinson, PhD, West Texas A&M University.
References
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Problems
1. Would it be beneficial to use a wetting agent when waxing a car?
2. An unknown liquid forms a convex meniscus when poured into a test tube. Does the liquid wet the test tube?
3. Do wetting agents increase or decrease the adhesive properties of a liquid?

4. Soap can form a precipitate when used as a wetting agent. Is it a nonionic or ionic wetting agent?
5. A liquid's cohesive forces overwhelm its adhesive forces. Do you think it contains a wetting agent?
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Answers
1. No, when waxing a car, you do not want water to wet the car's surface.
2. No, if it forms a convex meniscus, its cohesive forces overpower its adhesive forces, causing the liquid's molecules to want to
stick to each other as much as possible.
3. They increase the adhesive properties of a liquid.
4. It must be an ionic wetting agent, since nonionic wetting agents do not form precipitates.
5. The liquid most likely does not contain a wetting agent, since it is more inclined to stick to itself than to wet the surface.

Contributors and Attributions
e Ulysses Morazan (UCD), Abheetinder Brar (UCD)
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4.1: Overview of Classical Thermodynamics

One of the pioneers in the field of modern thermodynamics was James P. Joule (1818 - 1889). Among the experiments Joule carried
out, was an attempt to measure the effect on the temperature of a sample of water that was caused by doing work on the water.
Using a clever apparatus to perform work on water by using a falling weight to turn paddles within an insulated canister filled with
water, Joule was able to measure a temperature increase in the water.

Figure 4.1.1: (left) James Prescott Joule (1818 - 1889) (right) Joule's apparatus for measuring the work equivalent of heat. (CC BY-
SA 3.0; Dr. Mirko Junge)

Thus, Joule was able to show that work and heat can have the same effect on matter — a change in temperature! It would then be
reasonable to conclude that heating, as well as doing work on a system will increase its energy content, and thus it’s ability to
perform work in the surroundings. This leads to an important construct of the First Law of Thermodynamics:

The capacity of a system to do work is increased by heating the system or doing work on
it.
The internal energy (U) of a system is a measure of its capacity to supply energy that can do work within the surroundings,

making U the ideal variable to keep track of the flow of heat and work energy into and out of a system. Changes in the internal
energy of a system (AU) can be calculated by

AU =U; — U (4.1.1)

where the subscripts ¢ and f indicate initial and final states of the system. U as it turns out, is a state variable. In other words, the
amount of energy available in a system to be supplied to the surroundings is independent on how that energy came to be available.
That’s important because the manner in which energy is transferred is path dependent.

There are two main methods energy can be transferred to or from a system. These are suggested in the previous statement of the
first law of thermodynamics. Mathematically, we can restate the first law as

AU=q+w
or
dU = dq+ dw
where q is defined as the amount of energy that flows into a system in the form of heat and w is the amount of energy lost due to

the system doing work on the surroundings.

4.1.1: Heat

Heat is the kind of energy that in the absence of other changes would have the effect of changing the temperature of the system. A
process in which heat flows into a system is endothermic from the standpoint of the system (gsystem > 0, gsurroundings < 0). Likewise,
a process in which heat flows out of the system (into the surroundings) is called exothermic (g,ystem < 0, @surroundings > 0)- In the
absence of any energy flow in the form or work, the flow of heat into or out of a system can be measured by a change in
temperature. In cases where it is difficult to measure temperature changes of the system directly, the amount of heat energy
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transferred in a process can be measured using a change in temperature of the soundings. (This concept will be used later in the
discussion of calorimetry).

An infinitesimal amount of heat flow into or out of a system can be related to a change in temperature by

dg=CdT
where C is the heat capacity and has the definition
- %
0= or

Heat capacities generally have units of (J mol™* K') and magnitudes equal to the number of J needed to raise the temperature of 1
mol of substance by 1 K. Similar to a heat capacity is a specific heat which is defined per unit mass rather than per mol. The
specific heat of water, for example, has a value of 4.184 J g'! K (at constant pressure — a pathway distinction that will be
discussed later.)

v Example 4.1.1: Heat required to Raise Temperature

How much energy is needed to raise the temperature of 5.0 g of water from 21.0 °C to 25.0 °C?

Solution
qg=mCAT

J
= (5.0 g)(4.184 25.02¢" —21.02
(6.0 #)( /1/6()( € 2€)

o

=84J

X What is a partial derivative?

A partial derivative, like a total derivative, is a slope. It gives a magnitude as to how quickly a function changes value when
one of the dependent variables changes. Mathematically, a partial derivative is defined for a function f(z1, s, ... =) by

( of ) _ lim f(z1 + Ay, 25 + Az, ..., z; + Az, ... Ty + Azy) — (21, T2, ... Tiy ... Ty)
6.%5 T - Ai—0 Az,-

Because it measures how much a function changes for a change in a given dependent variable, infinitesimal changes in the in
the function can be described by

=3 (52,

So that each contribution to the total change in the function f can be considered separately.

For simplicity, consider an ideal gas. The pressure can be calculated for the gas using the ideal gas law. In this expression,
pressure is a function of temperature and molar volume.

RT
p(V,T) = A

The partial derivatives of p can be expressed in terms of T'and V as well.

and
(%)V -3 (413)

So that the change in pressure can be expressed
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o= (%)Tdv+ (%)VdT (4.1.4)

or by substituting Equations 4.1.2 and 4.1.3

PV, T) (atm)

V(L)

Macroscopic changes can be expressed by integrating the individual pieces of Equation 4.1.4 over appropriate intervals.

Vi dp )
A =/ (—) dV+/ (—) dT
=) \ov )y, n \oT )y
This can be thought of as two consecutive changes. The first is an isothermal (constant temperature) expansion from V; to V2

at Ty and the second is an isochoric (constant volume) temperature change from 73 to T3 at Va. For example, suppose one needs
to calculate the change in pressure for an ideal gas expanding from 1.0 L/mol at 200 K to 3.0 L/mol at 400 K. The set up might

look as follows.
Vi RT e
Ap = — | dT
P /V( Vz)dVJr/Tl (V)d

isothermal expansion isochoric heating

or

3.0 L/mol 400, K
/ ( R(400K))dV / ( R )dT
1.0 L/mol V 200K 10L/mol
200 K 3.0 L/mol RT 400 K
[ ] [3.0 L/mol]

200 K

—-R 200K 200K n 400K 200K
- 3.0L/mol 1.0 L/mol 3.0L/mol  3.0L/mol

= —5.47 atm

1.0 L/mol

Alternatively, one could calculate the change as an isochoric temperature change from T; to T; at V; followed by an isothermal

expansion from V; to V; at Ty:
T Vs
R 2 RT
= / (7) e+ /Vl (~yz)av

or
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Aoy /400, K ( R ) T+ /3.0L/mol (_ R(400K)) B
P 20k \1.0L/mol 1.0 L/mol v?

RT %X [ R(400K)]30L/m!
B [I.OL/molLOOK [ Vv :|1.0L/mol

. 400K 200K \ (400K _ 400K
- 1.0L/mol 1.0 L/mol 3.0L/mol 1.0 L/mol

= —b5.47 atm

This results demonstrates an important property of pressure in that pressure is a state variable, and so the calculation of
changes in pressure do not depend on the pathway!

4.1.2: Work

Work can take several forms, such as expansion against a resisting pressure, extending length against a resisting tension (like
stretching a rubber band), stretching a surface against a surface tension (like stretching a balloon as it inflates) or pushing electrons
through a circuit against a resistance. The key to defining the work that flows in a process is to start with an infinitesimal amount of
work defined by what is changing in the system.

Table 3.1.1: Changes to the System

Type of work Displacement Resistance dw
Expansion dV (volume) -Pex: (Pressure) PexdV
Electrical dQ (charge) W (resistence) -WdQ
Extension dL (length) -t (tension) tdL
Stretching dA -s (surf. tens.) sdA

The pattern followed is always an infinitesimal displacement multiplied by a resisting force. The total work can then be determined
by integrating along the pathway the change follows.

v/ Example 4.1.2: Work from a Gas Expansion

What is the work done by 1.00 mol an ideal gas expanding from a volume of 22.4 L to a volume of 44.8 L against a constant
external pressure of 0.500 atm?

Solution
dw = —perdV

since the pressure is constant, we can integrate easily to get total work

Va
W= —Pezp av

7
= _pe:l:p(V2 — Vl)
8.314J

=-1130J =—-1.14 kJ

Note: The ratio of gas law constants can be used to convert between atm-L and J quite conveniently!

4.1: Overview of Classical Thermodynamics is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

« 3.2: Work and Heat by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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4.2: Pressure-Volume Work

Work in general is defined as a product of a force F and a path element ds. Both are vectors and work is computed by integrating

= /F-ds

Moving an object against the force of friction as done in the above dissipation experiment is but one example of work:

over their inner product:

W friction = / Fiction-ds

We could also think of electrical work. In that case we would be moving a charge e (e.g. the negative charge of an electron) against
an electrical (vector) field E. The work would be:

Welectical = /eE-ds
Other examples are the stretching of a rubber band against the elastic force or moving a magnet in a magnetic field etc, etc.

4.2.1: Pressure-volume (PV) work

In the case of a cylinder with a piston, the pressure of gas molecules on the inside of the cylinder, P, and the gas molecules external
to the piston, P, both exert a force against each other. Pressure, (\P\), is the force, F, being exerted by the particles per area, A:

Figure 19.2.1 : A piston with internal pressure P and external pressure Pes.

We can assume that all the forces generated by the pressure of the particles operate parallel to the direction of motion of the piston.
That is, the force moves the piston up or down as the movement of the piston is constrained to one direction. The piston moves as
the molecules of the gas rapidly equilibrate to the applied pressure such that the internal and external pressures are the same. The
result of this motion is work:

Wootume = / (g) (Ads) = / Pav (42.1)

This particular form of work is called pressure-volume (PV) work and will play an important role in the development of our
theory. Notice however that volume work is only one form of work.

Sign Conventions

It is important to create a sign convention at this point: positive heat, positive work is always energy you put in into the system.
If the system decides to remove energy by giving off heat or work, that gets a minus sign.

In other words: you pay the bill.

To comply with this convention we need to rewrite volume work (Equation 4.2.1) as

wpv=—/( (Ads) = /PdV
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I Hence, to decrease the volume of the gas (AV is negative), we must put in (positive) work.

Thermodynamics would not have come very far without cylinders to hold gases, in particular steam. The following figure shows
when the external pressure, P., is greater than and less than the internal pressure, P, of the piston.

Pext > P Poxe =P Pext <P Poxe =P
...
Pexe " Pext ‘ TP
P lpex: P
IP
Initial Final Initial Final
(a) (b)

Figure 19.2.2 : Pistons showing a compression (left) and an expansion (right).
If the pressure, Pext, being exerted on the system is constant, then the integral becomes:

Vsinat
w=—Py dV = —Pog AV (4.2.2)

Vinitial
Since the system pressure (inside the piston) is not the same as the pressure exerted on the system, the system is not in a state of
equilibrium and cannot be shown directly on and PV diagram. This type of process is called an irreversible process. For a system
that undergoes irreversible work at constant external pressure, we can show the amount of work being done on a PV diagram

despite not being able to show the process itself.
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Figure 19.2.3 : A system is compressed under constant external pressure, Pe, from state 1 to state 2. The shaded area shows the
amount of work being done for the compression. The dash-dot line is an isotherm, a path of constant temperature, showing that the
initial and final temperature of the irreversible compression are the same.

Note that the external pressure, P, exerted on the system is constant. If the external pressure changes during the compression, we

must integrate over the whole range:

Viinat

Vinitial

4.2: Pressure-Volume Work is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

o 19.2: Pressure-Volume Work by Jerry LaRue is licensed CC BY 4.0.
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4.3: Work and Heat are not State Functions

4.3.1: Heat and work are path functions

Heat (g) and work (w) are path functions, not state functions:

1. They are path dependent.
2. They are energy transfer — they are not intrinsic to the system.

# Path Functons

Functions that depend on the path taken, such as work (w) and heat (g), are referred to as path functions.

4.3.2: Reversible versus irreversible
Let's consider a piston that is being compressed at constant temperature (isothermal) to half of its initial volume:
1. Start with cylinder 1 liter, both external and internal pressure 1 bar.
2. Peg the piston in a fixed position.
3. Put cylinder in a pressure chamber with P,,; = 2 bar.
4. Suddenly pull the peg.

Vi P =1bar Ad

Figure 19.3.1 : A piston is being irreversibly and isothermally compressed under constant external pressure from state 1 to state 2.

The piston will shoot down till the internal and external pressures balance out again and the volume is 1/2 L. Notice that the
external pressure was maintained constant at 2 bar during the peg-pulling and that the internal and external pressures were not
balanced at all time. In a P — V diagram of an ideal gas, P is a hyperbolic function of v under constant temperature (isothermal),
but this refers to the internal pressure of the gas. It is the external one that counts when computing work and they are not
necessarily the same. As long as Pegierna 1S cOnstant, work is represented by a rectangle.

2

. Y PE‘Xf

4

Figure 19.3.1 : The system is being irreversibly and isothermally compressed from state 1 to 2. The amount of work being done on
the system is shown by the shaded area.

The amount of work being done is equal to the shaded region and in equation:
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Va2
w=— [ PdV=—P.(Va— V) =—PAV
i
This represents the maximum amount of work that can be done for an isothermal compression. Work is being done on the system,
so the overall work being done is positive. Let's repeat the experiment, but this time the piston will compress reversibly over
infinitesimally small steps where the P.;; = Pyystem:

4

Figure 19.3.1 : The system is being reversibly and isothermally compressed from state 1 to 2. The amount of work being done on
the system is shown by the shaded area. Note that for a compression, a reversible process does less work than an irreversible
process.

For an ideal gas, the amount of work being done along the reversible compression is:

w=— VanV=—nRT " 1 = —nRTIn (E)
vi wV Vi

The amount of work being done to the two systems are not the same in the two diagrams (see the gray areas). Work is not a state,
but a path function, as it depends on the path taken. You may say, what's the big difference. In both cases, the system is compressed
from state 1 to state 2. The key is the word suddenly. By pegging the position in place for the first compression, we have created a
situation where the external pressure is higher than the internal pressure (P, > P). Because work is done suddenly by pulling the
peg out, the internal pressure is struggling to catch up with the external one. During the second compression, we have P.;; = P at
all times. It's a bit like falling off a cliff versus gently sliding down a hill. Path one is called an irreversible path, the second a
reversible path.

X Reversible vs. Irreversible Processes

A reversible path is a path that follows a series of states at rest (i.e., the forces are allowed to balance at all times). In an
irreversible one the forces only balance at the very end of the process.

Notice that less work is being done on the reversible isothermal compression than the one-step irreversible isothermal compression.
In fact, the minimum amount of work that can be done during a compression always occurs along the reversible path.
4.3.2.1: Isothermal Expansion

Let's consider a piston that is being expanded at constant temperature (isothermal) to twice of its initial volume:
1. Start with cylinder 1 liter in a pressure chamber with both an external and internal pressure of 2 bar.
2. Peg the piston in a fixed position.

3. Take the cylinder out of the pressure chamber with Pey= 1 bar.
4. Suddenly pull the peg.
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I Poyt = 1 bar I

V,=2Vy| | P=2bar Ad

Figure 19.3.1 : A piston is being irreversibly and isothermally expanded under constant external pressure from state 1 to state 2.

The piston will shoot up till the internal and external pressures balance out again and the volume is 2 L. Notice that the external
pressure was maintained constant at 1 bar during the peg-pulling and that the internal and external pressures were not balanced at
all time.

4

Figure 19.3.1 : The system is being irreversibly and isothermally expanded from state 1 to 2. The amount of work being done by
the system is shown by the shaded area.

The amount of irreversible work being done is again equal to the shaded region and the equation:
w=—PAV = —Per(Vo — V1) = —PAV

This represents the minimum amount of work that can be done for an isothermal expansion. Work is being done on the system, so
the overall work being done is negative. Let's repeat the experiment, but this time the piston will compress reversibly over
infinitesimally small steps where the Pos; = Piygtem:

v

Figure 19.3.1 : The system is being reversibly and isothermally expanded from state 1 to 2. The amount of work being done by the
system is shown by the shaded area. Note that for an expansion, a reversible process does more work than an irreversible process.
Notice that not only is more work is being done than the one-step irreversible isothermal expansion, but it is the same amount of
work being done as the reversible isothermal compression. This is the maximum amount of work that can be done during an
expansion.
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4.4: Energy is a State Function

4.4.1: Work and heat are not state functions

& A Better Definition of the First law of thermodynamics

The change in internal energy of a system is the sum of w and ¢, which is a state function.

The realization that work and heat are both forms of energy transfer undergoes quite an extension by saying that internal energy is a
state function. It means that although heat and work can be produced and destroyed (and transformed into each other), energy is
conserved. This allows us to do some serious bookkeeping! We can write the law as:

AU=w+gq
But the (important!) bit about the state function is better represented if we talk about small changes of the energy:
dU = 6w + dq

We write a straight Latin d for U to indicate when the change in a state function, where as the changes in work and heat are path-
dependent. This is indicated by the 'crooked' §. We can represent changes as integrals, but only for U can we say that regardless of
path we get AU = U, — U; if we go from state one to state two. (L.e. it only depends on the end points, not the path).

Notice that when we write dU or dg, we always mean infinitesimally small changes, i.e. we are implicitly taking a limit for the
change approaching zero. To arrive at a macroscopic difference like AU or a macroscopic (finite) amount of heat g or work w
we need to integrate.

We will now invoke the first law of thermodynamics:

e dU =dq+ dw
o §dU=0
o Internal energy is conserved

These are all ways of saying that internal energy is a state function.
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4.5: An Adiabatic Process is a Process in which No Energy as Heat is Transferred

4.5.1: Isothermal expansion of an ideal gas

For a monatomic ideal gas we have seen that energy (E) observed as U = 3/2nRT. This means that energy is only dependent on
temperature and if a gas is compressed isothermally, then the internal energy does not change:

AUjsothermal—idealgas = 0
This means that the reversible work must cancel the reversible heat:

AUrey = Wrey + Grey =0
Therefore

Wrey = —Qrev

so from the expression of the reversible work for expansion in the last section

Vs
Grey = NRTIn Vj

If V5 > V; (expansion), then you (or the environment) must put heat into the system because this is a positive number.

4.5.2: Adiabatic expansion of an ideal gas
Now suppose you make sure that no heat can enter the cylinder. (Put it in styrofoam or so). Then the path can still be

reversible (slow pulling) but the process is then adiabatic.

This bat- part comes from a Greek verb Boivew (baino) that means walking, compare
acrobat, someone who goes high places (acro-). The Sia (dia) part means 'through' (cf.
diagram, diorama, diagonal etc.) and the prefix a- (a-) denies it all (compare atypical
versus typical).

So the styrofoam prevents the heat from walking through the wall. When expanding the gas from V; to V, it still does reversible
work but where does that come from? It can only come from the internal energy itself. So in this case any energy change should
consist of work (adiabatic means: §q = 0).

AU = 0Wyey
This implies that the temperature must drop, because if U changes, then T' must change.

The change of energy with temperature at constant volume is known as the heat capacity (at constant volume) C,
ouU
c=(37),
For an ideal gas U only changes with temperature, so that
[ Image:CH431_Image61.gif
or:
[, Image:CH431_Image62.gif

We can now compare two paths to go from state Py, V3, T to state Py, V3, Tt:

1. Reversible isothermal expansion A
2. Reversible adiabatic expansion B followed by reversible isochoric heating C
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P1.,V1,T1
[

A
P2, V2, T1

B
P3, V2, T>

74

Figure _ :

Notice that the temperature remains 7} for path A (isotherm!), but that it drops to T% on the adiabat B, so that the cylinder has to be
isochorically warmed up, C, to regain the same temperature.

AU,,; should be the same for both path A and the combined path B+C, because the end points are the same (U is a state function!).
As the and points are at the same temperature and U only depends on T*

AU =0

Along adiabat B:
Grev =0
Along isochoric heating C, there is no volume work because the volume is kept constant, so that:
[ Tmage:CH431_Image63.gif
This is the only reversible heat involved in path B+C. However, we know that AUy, for path A is zero (isothermal!). This means
that the volume work along B must cancel the heat along C:
The book keeping looks as follows, all paths are reversible:
AUpic =AUy, =0=qp+wp+qc+wc
We know that gz = 0 since it is an adiabat and w¢ = 0 since it is an isochore:
AU =AU, =0=0+wp+4qc+0

Therefore:

wB = —qc
We had already seen before that along the isotherm A:

Wy =—q4 = —nRTln%

As you can see \w_A\) and wp are not the same. Work is a path function, even if reversible. As we are working with an ideal gas
we can be more precise about wp and g, as well. The term wg along the adiabat is reversible volume work. Since there is no heat
along B we can write a straight d instead of & for the work contributions (It is the only contribution and must be identical to the
state function dU):

|- Image:CH431_Image64.gif
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4.6: The Temperature of a Gas Decreases in a Reversible Adiabatic Expansion

We can make the same argument for the heat along C. If we do the three processes A and B+C only to a tiny extent we can write:
| Image:CH431_Image65.gif

And now we can integrate from V; to V2 over the reversible adiabatic work along B and from T3 to T3 for the reversible isochoric
heat along C. To separate the variables we do need to bring the temperature to the right side of the equation.:

|’jlmage:CH4317Imag966A gif

The latter expression is valid for a reversible adiabatic expansion of a monatomic ideal gas (say Argon) because we used the C,
expression for such a system. We can use the gas law PV = nRT to translate this expression in one that relates pressure and volume
see Eq 19.23

We can mathematically show that the temperature of a gas decreases during an adiabatic expansion. Assuming an ideal gas, the
internal energy along an adiabatic path is:

dU = 6q + dw
=0—PdV
= —PdV
The constant volume heat capacity is defined as:
= ou
14
We can rewrite this for internal energy:
dU = CydT

Combining these two expressions for internal energy, we obtain:
CydT = —PdV
Using the ideal gas law for pressure of an ideal gas:

Cyar = —EL 4y
1%

Separating variables:
Cv R _
TdT = —EdV
This is an expression for an ideal path along a reversible, adiabatic path that relates temperature to volume. To find our path along a
PV surface for an ideal gas, we can start in TV surface and convert to a PV surface. Let's go from (T4, 1) to (T3, V2).

“Var =

% Gy /V”R_
n T w v
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We know that:

R=Cp—-Cy
R _Ce-Cv_Ce_,
Cy Cv Cy
_—=’7—1
v

Therefore:

_ —1
(Tz) _(nY
Ty Vs
This expression shows that volume and temperature are inversely related. That is, as the volume increase from Vi to Va, the

temperature must decrease from 74 to Ts.
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4.7: Work and Heat Have a Simple Molecular Interpretation

4.7.1: Statistical interpretation

We can use what we know about the statistical side of thermodynamics to give a simple interpretation to a change dU:

we see that because dwye, = —PdV
[ Image:CH431_Image67.gif
[ Image:CH431_Image68.gif

See also section 17-5 :In this section it is shown that we can manipulate the partition function to find the pressure of a system by
calculating the above moment of the distribution. Again we take the derivative of the logarithm of the partition function @, this
time versus V and show that the result resembles the last equation pretty closely (apart from a factor 0). Thus we get:

[ Image:CH431_Image69.gif
[ Image:CH431_Image70.gif
Once again we can find an important quantity of our system by manipulating the partition function Q.
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4.8: Pressure-Volume Work

4.8.1: Enthalpy

An important point is that pressure-volume work —PdV is only one kind of work. It is the important one for gases but for most
other systems we are interested in other kinds of work (e.g. electrical work in a battery).

A good way to measure AU's is to make sure there are no work terms at all. If so:
AUnowork =g+w=4q+0=¢

However, this means that the —PdV volume work term should also be zero and this implies we must keep volumes the same. That
can actually be hard. Therefore we define at new state function ENTHALPY

H=U+PV
( The = symbol is used to show that this equality is actually a definition.)
If we differentiate we get:
dH = dU + d(PV) = dU + PdV + VdP
We know that under reversible conditions we have
dU = 6w + g = —PdV + dq
(+ other work terms that we assume zero)
Thus,
dH = —PdV + éq + PdV + VdP
dH = éq+ VdP
That means that as long as there is no other work and we keep the pressure constant:
AH=gqp
instead of
AU =gy

Working at constant P is a lot easier to do than at constant V. This means that the enthalpy is a much easier state function to deal
with than the energy U.

For example when we melt ice volumes change whether we like or not, but at long as the weather does not change too much
pressure is constant. So if we measure how much heat we need to add to melt a mole of ice we get the molar heat of fusion:

Ly . ;
. Image:CH431 Image71.gif

Such enthalpies are measured and tabulated.

In this case the volume change is actually quite small, as it usually is for condensed matter. Only if we are dealing with gases is the
difference between enthalpy and energy really important

So, U H for condensed matter, but U and H differ for gases.

A good example of this is the difference between the heat capacity at constant V and at constant P. For most materials there is not
much of a difference, but for an ideal gas we have

C,=C—V+nR

Needless to say that the heat capacity is a path function: it depends on what you keep constant.

4.8: Pressure-Volume Work is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.9: Heat Capacity is a Path Function

4.9.1: Determining enthalpies from heat capacities.

The functions H and C, are related by differentiation:

This means that we can:

1. measure C,, as a function of temperature
2. integrate this function and find H(T)

However, there are problems with this approach:

1. Reference point: we have to deal with the lower limit of integration.
Ideally we start at zero Kelvin (but we cannot get there), but how do we compare one compound to the other?

2. At temperatures where there is a phase transition there is a sudden jump in enthalpy. E.g. when ice melts we have to first add
the heat of fusion until all ice is gone before the temperature can go up again (assuming all is done under reversible well-
equilibrated conditions).

3. At the jumps in H, the C;, is infinite.

I It should be stressed that there are no absolute enthalpies.
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4.10: Relative Enthalpies Can Be Determined from Heat Capacity Data and Heats of
Transition

It should be stressed that there are no absolute enthalpies. All that is properly defined are differences in enthalpy AH and these are
only defined for processes

X When dealing with enthalpies

Define the Process

For example for the process of:
Process 1: heating ice from -20°C to -0°C

We could write AH; = [ Cp;ce. dT from T=253K to T=273K = H(273) -H(253). But before moving beyond the melting point first a
different process needs to take place, that of

Process 2: melting

This gives us AfsH = Hiquid - Hsolig (both at 273K!). When we heat the liquid water further to say +20°C we would have to
integrate over the heat capacity of the liquid.

Process 3: heating water from 0°C to +20°C

We could write

AHS = / CP,waterdT
from T=273K to T=293K = H(293)-H(273).
The total change in enthalpy between -20 and +20 would be the sum of the three enthalpy changes.
A-E[totalpﬂroae.ss = AHI + AfusH + AH3

Of course we could consider doing the same calculation for any temperature between -20 and +20 and summarize all our results in
a graph. The three processes can thus schematically be shown in Figure 19.10.1 .

AH fusion

Enthalpy H

-30 -20 -10 0 10 20 3n

temperature

Figure 19.10.1 : Schematic enthalpy function showing the jump at the melting point

Notice that the slopes (i.e. the heat capacities!) before and after the melting point differ. The slope for the liquid is a little steeper
because the liquid has more degrees of freedom and therefore the heat capacity of the liquid tends to be higher than of the solid. In
the figure the enthlapy curves are shown as straight lines. This would be the case if the heat capacities are constant over the
temperature interval. Although C, is typically a 'slow' or 'weak' function of temperature it usually does change a bit, which means
that the straight lines for H become curves.
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Although C, is typically a 'slow' or 'weak' function of temperature and is well
approximated as a constant.

Notice that for process two, the temperature is constant, that means that AT or dT is zero, but AH is finite, consequently AH/AT is
infinitly large. Taking the limit for AT going to zero, we get a derivative:

0H )
i =C,
(or),= %
This derivative, the heat capacity must undergo a singularity: the slope is infinitely large (i.e, the H curve goes straight up). When

there are more phase transitions, more discontinuities in H and singularities in C), result (Figure 19.10.1 ). Note that H(T) — H(0),
not H(T) is plotted to avoid the question what the absolute enthalpy is.

ScanningcalorimetryXk

There is technique that allows us to measure the heat capacity as a function of temperature fairly directly. It is called
Differential Scanning Calorimetry (DSC). You put a sample in a little pan and put the pan plus an empty reference pan in the
calorimeter. The instrument heats up both pans with a constant heating rate. Both pans get hotter by conduction, but the heat
capacity of the filled pan is obviously bigger. This means that the heat flow into the sample pan must be a bit bigger than into
the empty one. This differential heat flow induces a tiny temperature difference AT between the two pans that can be measured.
This temperature difference is proportional to the heat flow difference which is proportional to the heat capacity difference.

AT AD ApetweenpansCp = C;“m”le (ifthepanscancel)

However, there are number of serious broadening issues with the technique. If you melt something you will never get to see the
infinite singularity of the heat capacity. Instead it broadens out into a peak. If you integrate the peak you get the Agqo,H and
the onset is calibrated to give you the melting point.

integrate area

= gy H

liquid

T==
The ideal heat capacity signal and its broadened DSC signal

It is even possible to heat the sample with a rate that fluctuates with a little sine wave. This "Modulated DSC" version can even
give you the (small) difference in C, before and after the melting event.

4.10: Relative Enthalpies Can Be Determined from Heat Capacity Data and Heats of Transition is shared under a not declared license and was
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4.11: Enthalpy Changes for Chemical Equations are Additive

4.11.1: Hess's law

As enthalpy and energy are state functions we should expect additivity of U and H when we study chemical reactions. This
additivity is expressed in Hess's Law. The additivity has important consequences and the law finds wide spread application in the
prediction of heats of reaction.

1. The reverse reaction has the negative enthalpy of the forward one.
2. If we can do a reaction in two steps we can calculate the enthalpy of the combined reaction by adding up:

Reaction Enthalpy
Cps) + %2 Oyg) -> COy AH=-110.5kJ
COg) + 2 On(g) -> COxg) AH =-283.0kJ
This meansthat e +
C) + 02(g) -> CO2(g) AH =-393.5kJ

By this mechanism it is often possible to calculate the heat of a reaction even if this reaction is hard to carry out. E.g. we could burn
both graphite and diamond and measure the heats of combustion for both. The difference would give us the heat of the
transformation reaction from graphite to diamond.

4.11.1.1: Reaction-as-written convention (caution!)

The enthalpy is for the reaction-as-written. That means that if we write:
2C(s) + O2(g) — 2CO(g)

with A{H = -221 kJ (not: -110.5 kJ)

4.11.1.2: Reverse reactions

Because H is a state function the reverse reaction has the same enthalpy but with opposite sign
2C0(g) — 2C(s) + O2(g)

with A H = +221 kJ

4.11.1.3: Combining values

It is quite possible that you cannot really do a certain reaction in practice. For many reactions we can arrive at enthalpy values by
doing some bookkeeping. For example, we can calculate the enthalpy for the reaction of PCl; with chlorine if we know the two
reactions that the elements phosphorous and chlorine can undergo.

I You do have to make sure you balance your equations properly!

4.11: Enthalpy Changes for Chemical Equations are Additive is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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4.12: Heats of Reactions Can Be Calculated from Tabulated Heats of Formation

Reaction enthalpies are important, but difficult to tabulate. However, because enthalpy is a state function, it is possible to use Hess’
Law to simplify the tabulation of reaction enthalpies. Hess’ Law is based on the addition of reactions. By knowing the reaction
enthalpy for constituent reactions, the enthalpy of a reaction that can be expressed as the sum of the constituent reactions can be
calculated. The key lies in the canceling of reactants and products that °Ccur in the “data” reactions but not in the “target reaction.

v/ Example 4.12.1:

Find AH,,,, for the reaction
2C0(g) + O2(g) — 2C05(g)
Given
C(gr) + %01(g) — CO(9)
with AH; = —110.53 kJ
C(gr) + O2(g) — CO:(g)

with AHp = —393.51 kJ

Solution
The target reaction can be generated from the data reactions.

2x [CO(g) = C(gr) + O2(9)]

plus
2x [C(gr) +20:(g) — 2C02(g)]
equals
2CO0(g) + O2(g) — 2C02(9)
S0

2xAH, = —787.02kJ
2xAHy =221.06 kJ

2xAH; + 2xAH,; = —565.96 kJ

4.12.1: Standard Enthalpy of Formation

One of the difficulties with many thermodynamic state variables (such as enthalpy) is that while it is possible to measure changes,
it is impossible to measure an absolute value of the variable itself. In these cases, it is necessary to define a zero to the scale
defining the variable. For enthalpy, the definition of a zero is that the standard enthalpy of formation of a pure element in its
standard state is zero. All other enthalpy changes are defined relative to this standard. Thus it is essential to very carefully define a
standard state.

# Definition: the Standard State

The standard state of a substance is the most stable form of that substance at 1 atmosphere pressure and the specified
temperature.

Using this definition, a convenient reaction for which enthalpies can be measured and tabulated is the standard formation
reaction. This is a reaction which forms one mole of the substance of interest in its standard state from elements in their standard
states. The enthalpy of a standard formation reaction is the standard enthalpy of formation (AH.). Some examples are

a AT~/ A\
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v IYWUNS).

Na(s) + %Cla(g) = NaCl(s)

with AHJ‘Z = —411.2 kJ/mol
. Cng(g)Z

3C(gr) + 4H,(g9) — C3Hs(g)
with AH? = —103.8 kJ/mol

It is important to note that the standard state of a substance is temperature dependent. For example, the standard state of water at
-10 °C is solid, whereas the standard state at room temperature is liquid. Once these values are tabulated, calculating reaction
enthalpies becomes a snap. Consider the heat combustion (AH,) of methane (at 25 °C) as an example.

CH4(g) + 202(g) — CO2(g) + 2H20(1)
The reaction can expressed as a sum of a combination of the following standard formation reactions.
C(gr) + 2Hz(g) — CHy(g)
with AH? = —74.6 kJ /mol
C(gr) + Oa(g9) = COx(g)
with AH} = —393.5 kJ /mol
H(g) + %02(g) — H20(1)
with AH? = —285.8 kJ/mol
The target reaction can be generated from the following combination of reactions
—1x[C(gr) + 2H,(g) — CHu(g)]
CHy(g) = C(gr) + 2H,(g)
with AH? = —1x [~74.6 kJ /mol] = 74.6 k.J /mol
C(gr) + O2(g) = COx(g)
with AH? = —393.5 kJ /mol
2x [Ha(g) + ¥%02(g) — H20(1))
2H,(g) + O2(g) — 2H,0(1)
with AH} = 2x [-285.8 kJ /mol] = —571.6 kJ /mol.
CHy(g) 4 202(g) = CO2(g) + 2H,0(l)
with AH? = —890.5 kJ/mol

Alternately, the reaction enthalpy could be calculated from the following relationship

AHun= Y v-AHj— Y v-AH}

products reactants

where v is the stoichiometric coefficient of a species in the balanced chemical reaction. For the combustion of methane, this
calculation is

Aran = (1mol) (AH}(CO,)) + (2mol) (AH§(H;0)) — (1mol) (AH(CHs)) (4.12.1)
= (1mol)(—393.5 kJ/mol) + (2mol) (—285.8 kJ/mol) (4.12.2)

— (1mol) (—74.6 kJ /mol)
= —890.5 kJ /mol (4.12.3)

A note about units is in order. Note that reaction enthalpies have units of kJ, whereas enthalpies of formation have units of kJ/mol.
The reason for the difference is that enthalpies of formation (or for that matter enthalpies of combustion, sublimation, vaporization,
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fusion, etc.) refer to specific substances and/or specific processes involving those substances. As such, the total enthalpy change is
scaled by the amount of substance used. General reactions, on the other hand, have to be interpreted in a very specific way. When
examining a reaction like the combustion of methane

CH4(g) + 202(_(]) — COQ(Q) + 2H20(l)
with AH,,, = —890.5 kJ. The correct interpretation is that the reaction of one mole of CHy(g) with two moles of O,(g) to form one

mole of CO,(g) and two moles of HyO(l) releases 890.5 kJ at 25 °C.

4.12.2: lonization Reactions

Tonized species appear throughout chemistry. The energy changes involved in the formation of ions can be measured and tabulated
for several substances. In the case of the formation of positive ions, the enthalpy change to remove a single electron at 0 K is
defined as the ionization potential.

M(g) = M*(g) +e”
with AH(0K) = 1% ionization potential (IP)
The removal of subsequent electrons requires energies called the 2" Ionization potential, 3" ionization potential, and so on.
M*(g) - M**(g) + e~
with AH(0K) = 2™IP
M**(g) > M**(g) + e~
with AH(0K) = 3mIP

An atom can have as many ionization potentials as it has electrons, although since very highly charged ions are rare, only the first
few are important for most atoms.

Similarly, the electron affinity can be defined for the formation of negative ions. In this case, the first electron affinity is defined
by

X(9)+e” = X" (9)
with —AH(0K) = 1% electron affinity (EA)

The minus sign is included in the definition in order to make electron affinities mostly positive. Some atoms (such as noble gases)
will have negative electron affinities since the formation of a negative ion is very unfavorable for these species. Just as in the case
of ionization potentials, an atom can have several electron affinities.

X~ (9)+e = X*(g)
with —AH(0K) = 2™EA.

X¥(g)+e = X3 (g
with —AH(0K) = 3" EA.

4.12.3: Average Bond Enthalpies

In the absence of standard formation enthalpies, reaction enthalpies can be estimated using average bond enthalpies. This method is
not perfect, but it can be used to get ball-park estimates when more detailed data is not available. A bond dissociation energy D is
defined by

XY(g) = X(9) +Y(9)
with AH=D(X -Y)
In this process, one adds energy to the reaction to break bonds, and extracts energy for the bonds that are formed.

AH,,, = E(bonds broken) — E(bonds formed)

https://chem.libretexts.org/@go/page/390813
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As an example, consider the combustion of ethanol:

AN 0=C=0
H-C-C-O-H + 0=0 —— + H-O-H
H 0=C=0

In this reaction, five C-H bonds, one C-C bond, and one C-O bond, and one O=0 bond must be broken. Also, four C=0 bonds, and
one O-H bond are formed.

Bond Average Bond Energy (kJ/mol)
C-H 413

C-C 348

C-0 358

0=0 495

Cc=0 799

O-H 463

The reaction enthalpy is then given by

AH, =5(413 kJ /mol) + 1(348 kJ /mol) + 1(358 kJ /mol)
+ 1(495 kJ /mol) — 4(799 kJ /mol)-2(463 kJ /mol)
= — 856 kJ /mol (4.12.4)

Because the bond energies are defined for gas-phase reactants and products, this method does not account for the enthalpy change
of condensation to form liquids or solids, and so the result may be off systematically due to these differences. Also, since the bond
enthalpies are averaged over a large number of molecules containing the particular type of bond, the results may deviate due to the
variance in the actual bond enthalpy in the specific molecule under consideration. Typically, reaction enthalpies derived by this
method are only reliable to within + 5-10%.

4.12: Heats of Reactions Can Be Calculated from Tabulated Heats of Formation is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.
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4.13: The Temperature Dependence of AH

It is often required to know thermodynamic functions (such as enthalpy) at temperatures other than those available from tabulated
data. Fortunately, the conversion to other temperatures is not difficult.

At constant pressure

dH = CpdT
And so for a temperature change from T3 to T
T
AH= | C,dT (4.13.1)
T

Equation 4.13.1 is often referred to as Kirchhoff's Law. If C,, is independent of temperature, then
AH = C, AT (4.13.2)

If the temperature dependence of the heat capacity is known, it can be incorporated into the integral in Equation 4.13.1. A common
empirical model used to fit heat capacities over broad temperature ranges is

[+
ColT) =a+¥T+ = (4.13.3)

After combining Equations 4.13.3 and 4.13.1, the enthalpy change for the temperature change can be found obtained by a simple

integration
Ty e
ab= [ (a7 + F) dr (4.13.4)
Solving the definite integral yields
AH = [aT + o2 ﬁ] " (4.13.5)
- 2 Tlr e
= o(T: —T)+3(T2—T2)—c(i—i) (4.13.6)
TR TAUT 2 A T, T, e

This expression can then be used with experimentally determined values of a, b, and ¢, some of which are shown in the following
table.

Table 4.13.1: Empirical Parameters for the temperature dependence of C,,

Substance a(J mol ! K?) bQJ mol K?) ¢ (J mol' K)
C(gr) 16.86 4.77 x 1073 -8.54 x 10°
CO,(g) 44.22 8.79 x 103 -8.62x10°
H,0(1) 75.29 0 0
Na(g) 28.58 3.77x 1073 -5.0x10%
Pb(s) 22.13 1.172 x 102 9.6 x 104

v/ Example 4.13.1: Heating Lead
What is the molar enthalpy change for a temperature increase from 273 K to 353 K for Pb(s)?

Solution
The enthalpy change is given by Equation 4.13.1 with a temperature dependence C, given by Equation 4.13.1 using the
parameters in Table 4.13.1. This results in the integral form (Equation 4.13.6):

4.13.1 https://chem.libretexts.org/@go/page/390814
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b 1 1
AH=a(Ty—T)) + —(TE —TY) — (———)
a(T> 1)+2(2 i)—c¢ o T

when substituted with the relevant parameters of Pb(s) from Table 4.13.1.

J
AH =(22.14 — = (353 K — 273 K)

1.172 x 1072 L
f"“’”‘z ((353 K)? — (273 K)?)
JK 1 1
—9.6 x 10*~— =
X el ( (353K)  (213K) )
J J J
AH =1770.4 —— +295.5 — +470.5 —
mol mol mol
—o534.4 -
mol

For chemical reactions, the reaction enthalpy at differing temperatures can be calculated from

T
AHyon(Ty) = AHpn(T) + / AC,AT
T

v Example 4.13.2: Enthalpy of Formation

The enthalpy of formation of NH;(g) is -46.11 kJ/mol at 25 °C. Calculate the enthalpy of formation at 100 °C.
Solution
N (g) +3Hz(g) = 2NH;(g)

with AH (298 K) = —46.11 kJ/mol

Compound Cp (@ mol™ K™
Na(g) 29.12
Hy(g) 28.82

NH3(g) 35.06

AH(373K) = AH(298 K) + AC,AT

= —46110 + I
mol

J J J
[2 (35.06m) = (29.12 m) -3 (28.82 molK)] (8373 K — 298 K)

=—49.5 k—J
mol
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4.14: Enthalpy is a State Function
Our expression for internal energy at constant pressure:
AU =gp+w=gp— PAV
Rearrange:
gp =AU+ PAV = Uy — Uy + P(V; — V1)
gp = (Uz + PV3) — (U1 + PVy)
We can define this term as enthalpy:
H=U+PV

This is a new state function.

4.14: Enthalpy is a State Function is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

o 19.14: Enthalpy is a State Function has no license indicated.
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4.E: The First Law of Thermodynamics (Exercises)

In the mid 1920's the German physicist Werner Heisenberg showed that if we try to locate an electron within a region Az; e.g. by
scattering light from it, some momentum is transferred to the electron, and it is not possible to determine exactly how much
momentum is transferred, even in principle. Heisenberg showed that consequently there is a relationship between the uncertainty in
position Az and the uncertainty in momentum Ap.

ApAz > g (4.E.1)

You can see from Equation 4.E.1 that as Ap approaches 0, Az must approach oo, which is the case of the free particle discussed

previously.

This uncertainty principle, which also is discussed in Chapter 4, is a consequence of the wave property of matter. A wave has some
finite extent in space and generally is not localized at a point. Consequently there usually is significant uncertainty in the position
of a quantum particle in space. Activity 1 at the end of this chapter illustrates that a reduction in the spatial extent of a wavefunction
to reduce the uncertainty in the position of a particle increases the uncertainty in the momentum of the particle. This illustration is
based on the ideas described in the next section.

? Exercise 4.E.1

Compare the minimum uncertainty in the positions of a baseball (mass = 140 gm) and an electron, each with a speed of 91.3
miles per hour, which is characteristic of a reasonable fastball, if the standard deviation in the measurement of the speed is 0.1
mile per hour. Also compare the wavelengths associated with these two particles. Identify the insights that you gain from these
comparisons.

4.E: The First Law of Thermodynamics (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
e 19.E: The First Law of Thermodynamics (Exercises) is licensed CC BY-NC-SA 4.0.
¢ 5.2: The Uncertainty Principle by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is licensed CC BY-NC-SA 4.0.
Original source: https://web.archive.org/web/20200619182410/http://www.chemeddl.org.
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5.1: Energy Does not Determine Spontaneity

There are many spontaneous events in nature. If you open the valve in both cases a spontaneous event occurs. In the first case the
gas fills the evacuated chamber, in the second the gases will mix. The state functions U and H do not give us a clue what will
happen. You might think that only those events are spontaneous that produce heat.

Not so:

o If you dissolve KNOj in water, it does so spontaneously, but the solution gets cold.
o If you dissolve KOH in water, it does so spontaneously, but the solution gets hot.

Clearly the first law is not enough to describe nature.

5.1.1: Two items left on our wish list

The development of the new state function entropy has brought us much closer to a complete understanding of how heat and work

are related:

1. the spontaneity problem
we now have a criterion for spontaneity for isolated systems

2. the asymmetry between work->heat (dissipation) and heat->work (power generation)
at least we can use the new state law to predict the limitations on the latter.

Two problems remain:

1. we would like a spontaneity criterion for all systems (not just isolated ones)
2. we have a new state function 8, but what is it?

5.1.2: Entropy on a microscopic scale

Let us start with the latter. Yes we can use S to explain the odd paradox between w and q both being forms energy on the one hand,
but the conversion being easier in one direction than the other, but we have introduced the concept entropy purely as a phenomenon
on iis own. Scientifically there is nothing wrong with such a phenomenological theory except that experience tells us that if you can
understand the phenomenon itself better your theory becomes more powerful.

To understand entropy better we need to leave the macroscopic world and look at what happens on a molecular level and do
statistics over many molecules. First, let us do a bit more statistics of the kind we will need.

5.1.2.1: Permutations

If we have n distinguishable objects, say playing cards we can arrange them in a large number of ways. For the first object in our
series we have n choices, for number two we have n — 1 choices (the first one being spoken for) etc. This means that in total we
have

W=n(n—1)(n—2)...432.1=n! choices.
The quantity W is usually called the number of realizations in thermodynamics.

The above is true if the objects are all distinguishable. If they fall in groups within which they are not distinguishable we have to
correct for all the swaps within these groups that do not produce a distinguishably new arrangement. This means that W becomes
8 where a,b, c to z stands for the size of the groups. (Obviously a+ b+ c+.. + z = n)

alble!...2!
In thermodynamincs our 'group of objects' is typically an ensemble of systems, think of size N,, and so the factorial become
horribly large. This makes it necessary to work with logarithms. Fortunately there is a good approximation (by Stirling) for a

logarithmic factorial:

InN!~NlnN—N
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In Europe nosey little children who are curious to find out where their newborn little brother or sister came from, often get told
that the stork brought it during the night. When you look at the number of breeding pairs of this beautiful bird in e.g. Germany
since 1960 you see a long decline to about 1980 when the bird almost got extinct. After that the numbers go up again due to
breeding programs mostly. The human birth rate in the country follows a pretty much identical curve and the correlation
between the two is very high (>0.98 or so). (Dr H. Sies in Nature (volume 332 page 495; 1988). Does this prove that storks
indeed bring babies?

An adult White Stork. from Wikipedia (credit: Frank Vassen).
Answer:

No, it does not show causality, just a correlation due a common underlying factor. In this case that is the choices made by the
German people. First they concentrated on working real hard and having few children to get themselves out of the poverty
WWII had left behind and neglected the environment, then they turned to protect the environment and opened the doors to
immigration of people, mostly from Muslim countries like Turkey or Morocco, that usually have larger families. The lesson
from this is that you can only conclude causality if you are sure that there are no other intervening factors.

5.1.3: Changing the size of the box with the particles in it

The expansion of an ideal gas against vacuum is really a wonderful model experiment, because nothing else happens but a
spontaneous expansion and a change in entropy. No energy change, no heat, no work, no change in mass, no interactions, nothing.
In fact, it does not even matter whether we consider it an isolated process or not. We might as well do so.

ideal ¥ ammm

peg

Physicists and Physical Chemists love to find such experiments that allows them to retrace causality. All this means that if we look
at what happens at the atomic level, we should be able to retrace the cause of the entropy change. As we have seen before, the
available energy states of particles in a box depend on the size of the box.

h2
Ein = Sma? [’I’L% + 'n% + n%]

Clearly if the side (a and therefore the volume of the box changes, the energy spacing between the states will become smaller.
Therefore during our expansion against vacuum, the energy states inside the box are changing. Because U does not change the
average energy (E) is constant. Of course this average is taken over a great number of molecules (systems) in the gas (the
ensemble), but let's look at just two of them and for simplicity let us assume that the energy of the states are equidistant (rather than
quadratic in the quantum numbers n).
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As you can see there is more than one way to skin a cat, or in this case to realize the same average (E) of the complete ensemble
(of only two particles admittedly). Before expansion I have shown three realizations W, W,, W3 that add up to the same (E). After
expansion however, there are more energy states available and the schematic figure shows twice as many realizations W in the
same energy interval.

Boltzmann was the first to postulate that this is what is at the root of the entropy function, not so much the (total) energy itself (that
stays the same!), but the number of ways the energy can be distributed in the ensemble. Note that because the ensemble average (or
total) energy is identical, we could also say that the various realizations W represent the degree of degeneracy  of the ensemble.

Boltzmann considered a much larger (canonical) ensemble consisting of a great number of identical systems (e.g. molecules, but it
could also be planets or so). If each of our systems already has a large number of energy states the systems can all have the same
(total) energy but distributed in rather different ways. This means that two systems within the ensemble can either have the same
distribution or a different one. Thus we can divide the ensemble A in subgroups a; having the same energy distribution and calculate
the number of ways to distribute energy in the ensemble A as

Al
W= alla2!...”

Boltzmann postulated that entropy was directly related to the number of realizations W, that is the number of ways the same energy
can be distributed in the ensemble. This leads immediately to the concept of order versus disorder, e.g, if the number of realizations
is W = 1, all systems must be in the same state (W=A!/A!0!0!0!...) which is a very orderly arrangement of energies.

If we were to add two ensembles to each other the total number of possible arrangements Wy, becomes the product W{W, but the
entropies should be additive. As logarithms transform products into additions Boltzmann assumed that the relation between W and
S should be logarithmic and wrote:

S=klnW

Again, if we consider a very ordered state, e.g. where all systems are in the ground state the number of realizations A!/A!= 1 so that
the entropy is zero. If we have a very messy system where the number of ways to distribute energy over the many many different
states is very large S becomes very large. Thus entropy is very large.

This immediately gives us the driving force for the expansion of a gas into vacuum or the mixing of two gases. We simply get more
energy states to play with, this increases W. This means an increase in S. This leads to a spontaneous process.

5.1: Energy Does not Determine Spontaneity is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

o 20.1: Energy Does not Determine Spontaneity is licensed CC BY-NC-SA 4.0.
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5.2: Nonequilibrium Isolated Systems Evolve in a Direction That Increases Their
Energy Dispersal

In spontaneous processes for an isolated system, there is a competition between minimizing the energy of the system and increasing
the dispersal of energy within the system. If energy is constant, then the system will evolve to maximize energy dispersal. If energy
dispersal is not a factor, the system will evolve to minimize its energy. We already have a quantitative basis for the energy of a
system and we need to do the same for energy dispersal. Suppose we have a small reversible change dU in the energy of an ideal
gas. We know that U only depends on temperature:

dUu = C,dT
We also know that any reversible work would be volume work.
OWyey = —PdV
This means that we can write:

6qrw =dU — ‘Swreu
= C,dT + PdV

Let us examine if this represents an exact differential. If g were an exact differential, we could write the total differential:

_ (9q 8q)
O0Grey = (dT)VdT+ (dV TdV

And the following would be true:

62QTev _ 3211m

oTdV ~— dvaT
From our equation above, we know that:
aqrw _
ar
aqrev _
v =F
Therefore, the following should be true:
6Cy _ oP
v~ aT
However,
ac,
v ~°

Because C, does not depend on volume (only T, just like U it is its derivative). And:
8P _ onRT _ nR
or — 8T Vv

Which is not zero!! Clearly, égry is not a state function, but look what happens if we multiply everything with an 'integration

factor' 1/T
5%‘&!} _ Cv P
T =T dT + TdV
aC,/T 0
o

C
Because T” does not depend on volume. However,
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O(P/T) _ dnB/V) _
aT aT

Thus, the quantity dS = Jq_;,, is an exact differential, so S is a state function and it is called entropy. Entropy is the dispersal of

energy, or equivalently, the measure of the number of possible microstates of a system.

5.2: Nonequilibrium Isolated Systems Evolve in a Direction That Increases Their Energy Dispersal is shared under a not declared license and was

authored, remixed, and/or curated by LibreTexts.
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5.3: Unlike heat, Entropy is a State Function

5.3.1: Circular integrals

Because entropy is a state function, it integrates to zero over any circular path going back to initial conditions, just like U and H:

As discussed previously, we can use this fact to revisit the isotherm + isochore + adiabat circular path (Figure 20.3.1).

P ¢

Vv

Figure 20.3.1 : A: isothermal expansion, B:adiabat, C:isochore (CC BY-NC; Umit Kaya via LibreTexts)
Along adiabat B and isochore C:

o There is no heat transfer along adiabat B:
Grev =0
o There is no work along isochore C:
ow=0
o But the temperature changes from T back to Ti. This requires heat:
grevc = CvAT
Along the isotherm A:

e We have seen that

Qrev,A = nRTIn %

The quantities Qrey,A, Qrev,B, and Qrey,c are not the same, which once again underlines that heat is a path function. How about
entropy”?

First, consider the combined paths of B and C:

i
Qrev,.B+C = Cy,dT
T2

d T
/ dSB+C - / qre;;B+C — i % dT
2

We had seen this integral before from Section 19-6, albeit from T3 to T3:
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ASpic=nRn E (5.3.1)
\Z

(Notice sign in Equation 5.3.1 is positive)

Along the isotherm A:

V;
Qrev,A = nRT In Vj
T is a constant so we can just divide gre.,4 by T to get ASy:
ASs=nRln %

We took two different paths to get start and end at the same points. Both paths had the same change in entropy. Clearly entropy is a
state function while gy, is not.

5.3: Unlike heat, Entropy is a State Function is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.4: The Second Law of Thermodynamics

5.4.1: Spontaneity of an isolated system

An isolated system is a little more than just adiabatic. In the latter heat cannot get in or out. In an isolated system nothing gets
in or out, neither heat nor mass nor even any radiation, such as light. The isolated system is like a little universe all to itself.

Let us consider a zero law process. We have two identical blocks of metal, say aluminum. They are each at thermal equilibrium, but
at different temperatures. They are brought into contact with each other but isolated from the rest of the universe.

o Zeroth law: Heat will flow from hot to cold
o First law: There is no change in total energy

SO:

dUy = —dUp

There is also no work so:
dUs=0q4+0
Because U is a state function this makes g a state function as well, otherwise this equality does not hold. As there is only one term
on the right there is only one path (along q). So we could write:
dUs =dqs
This implies that we do not need to worry about reversible and irreversible paths as there is only one path. Since:

— Jq‘l‘e‘l)

as T

In this particular case:

TdS = 8gyey = dU

Thus we get:

_dUs , dUs dUs _dUs . (1 1
= T T T T ‘dU“‘(TA TB)

Clearly as long as the two temperatures are not the same dS is not zero and entropy is not conserved. Instead it is increasing. Over
time, the temperatures will become the same (if the blocks are identical, the final temperature is the average of T4 and T’g) and the

entropy will reach a maximum.
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For our two identical blocks of metal (with same heat capacity, Cy), we can, in fact, derive that the entropy change:

T; +T3
AS—CVIH m .

This is indeed a positive quantity. In general, we can say for an isolated system:
dS$>0
Thus if we are dealing with a spontaneous (and isolated) process dS > 0 and entropy is being produced. This gives us a criterion
for spontaneity.
5.4.2: Entropy exchange of an open system

In an isolated system dS represents the produced entropy dSpeq and this is a good criterion for spontaneity. Of course the
requirement that the system is isolated is very restrictive and makes the criterion as good as useless... What happens in a system
that can exchange heat with the rest of the universe? We do have entropy changes in that case, but part of them may have nothing to
do with production, because we also have to consider the heat that is exchanged.

ds = dSprod + dSezchan_qe

If the process is reversible (that is completely non-spontaneous) we are dealing with égre, SO that dSezchange = 8¢rey/T, but that is also
what dS;.: is equal to (by definition). This leaves no room for entropy production.

So we have:
Isolated: dS = dSproq + 0
Reversible dS = 0 + dgyey /T

Notice that this demonstrates that for non-isolated systems entropy change is not a good criterion for spontaneity at all... In the case
the heat exchange is irreversible part of the entropy is entropy production by the system:

Irreversible: dS = dSprod + 6qirres/T
dS > 8girey/T in this case.

Generalizing the isolated, irreversible and reversible cases we may say:

dq
>_
Sz 7

This is the Clausius inequality.

5.4: The Second Law of Thermodynamics is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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5.5: The Famous Equation of Statistical Thermodynamics is S=k In W

A common interpretation of entropy is that it is somehow a measure of chaos or randomness. There is some utility in that concept.
Given that entropy is a measure of the dispersal of energy in a system, the more chaotic a system is, the greater the dispersal of
energy will be, and thus the greater the entropy will be. Ludwig Boltzmann (1844 — 1906) (O'Connor & Robertson, 1998)
understood this concept well, and used it to derive a statistical approach to calculating entropy. Boltzmann proposed a method for
calculating the entropy of a system based on the number of energetically equivalent ways a system can be constructed.

Boltzmann proposed an expression, which in its modern form is:
S = kp In(W) (5.5.1)

W is the number of available microstates in a macrostate (ensemble of systems) and can be taken as the quantitative measure of
energy dispersal in a macrostate:

Al
N 1__[]- aj!

Where a; is the number of systems in the ensemble that are in state j and A represents the total number of systems in the ensemble:
A= Z aj
J

Equation 20.5.1 is a rather famous equation etched on Boltzmann’s grave marker in commemoration of his profound contributions
to the science of thermodynamics (Figure 5.5.1).

w

Figure 5.5.1: Ludwig Boltzmann (1844 - 1906)

v/ Example 5.5.1:

Calculate the entropy of a carbon monoxide crystal, containing 1.00 mol of CO, and assuming that the molecules are randomly
oriented in one of two equivalent orientations.

Solution:
Using the Boltzmann formula (Equation 5.5.1):

S = nKIn(W)
And using W = 2, the calculation is straightforward.

6.022 x 10%

S = | 1.00 mol cot
1mol

=5.76J/K

) (1.38 x 1073 J/K)In2
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5.6: We Must Always Devise a Reversible Process to Calculate Entropy Changes

The second law of thermodynamics can be formulated in many ways, but in one way or another they are all related to the fact that
the state function entropy, S, tends to increase over time in isolated systems. For a long time, people have looked at the entire
universe as an example of an isolated system and concluded that its entropy must be steadily increasing until §Syniverse DECOMES
zero. As we will see below, the second law has important consequences for the question of how we can use heat to do useful work.

Of late, cosmologists like the late Richard Hawkins have begun to question the assumption that the entropy of the universe is
steadily increasing. The key problem is the role that gravity and relativity play in creating black holes.

5.6.1: Vacuum Expansion

Let's compare two expansions from V; to V, for an ideal gas, both are isothermal. The first is an irreversible one, where we pull a
peg an let the piston move against vacuum:

Ideal gas Vacuum

Peg

The second one is a reversible isothermal expansion from V; to V; (and P; to P,) that we have examined before. In both cases, the
is no change in internal energy since T' does not change. During the irreversible expansion, however, there is also no volume work
because the piston is expanding against a vacuum and the following integral:

/ —PeidV =0

integrates to zero. The piston has nothing to perform work against until it slams into the right hand wall. At this point V' =V; and
then dV becomes zero. This is not true for the reversible isothermal expansion as the external pressure must always equal the
internal pressure.

I No energy and no work means no heat!

Clearly the zero heat is irreversible heat (gi» = 0) and this makes it hard to calculate the entropy of this spontaneous process. But
then this process ends in the same final state as the reversible expansion from V; to V5. We know that dU is still zero, but Nnow dw,.,
= —0dq,, 1S NONZero. We calculated its value before:

Grev = nRTIn (%) (561)

The Claussius definition of entropy change can be used to find AS (under constant temperature).

= Trev
AS =T (5.6.2)

Substituting Equation 5.6.1 into Equation 5.6.2 results in
AS =nRln (%)

As S is a state function this equation also holds for the irreversible expansion against vacuum.

Always calculate the entropy difference between two points along a reversible path.

For the irreversible expansion into vacuum we see that
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Astotal = ASsys + ASsurr
V2

=nRIn (Vl) +0

Vs
=nRn (—)
Vi
For the reversible expansion, heat is transferred to the system while the system does work on the surroundings in order to keep the
process isothermal:

V2
ASgs =nRIn (Vl)

The entropy change for the surrounding is the opposite of the system:

V;
ASgur = —nRIn (Vj)

This is because the amount of heat transferred to the system is the same as the heat transferred from the surroundings and this
process is reversible so the system and surroundings are at the same temperature (equilibrium). Heat is related to entropy by the
following equation:

oq
ds =

Therefore, the total entropy change for the reversible process is zero:
AStotal = ASsys + ASsu.rr

_ Vs Vo
—ann(Vl) ann(Vl)
=0

5.6.2: The Mixing of Two Gases

Consider two ideal gases at same pressure separated by a thin wall that is punctured. Both gases behave as if the other one is not
there and again we get a spontaneous process, mixing in this case.

Gas A Gas B

If the pressure is the same the number of moles of each gas should be proportional to the original volumes, V4 and V3, and the total
number of moles to the total volume V.

For gas A we can write:

ASy =nARlnM = nARlnnﬂ
Va na

and similarly for gas B we can write:

ASp=ngRIn M =ngRln 2
VB np

The total entropy change is therefore the sum of constituent entropy changes:
AS =AS,+ ASp

and the entropy change total per mole of gas is:

Ntot TNtot
[nBln —— +nyln —]
nB n4A

AS _g

5.6.3
Ntot Nitot ( )
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Equation 5.6.3 can be simplified using mole fractions:

Nitot

and the mathematical relationship of logarithms that:

In (%) =—In (%)
to:
AS=—-R [xalnxa+ xslnxz] (5.6.4)
In the case of mixing of more than two gases, Equation 5.6.4 can be expressed as:
AS=-R) xilnx; (5.6.5)

This entropy expressed in Equations 5.6.4 and 5.6.5 is known as the entropy of mixing; its existence is the major reason why there
is such a thing as diffusion and mixing when gases, and also solutions (even solid ones), are brought into contact with each other.

5.6: We Must Always Devise a Reversible Process to Calculate Entropy Changes is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.
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5.7: Thermodynamics Provides Insight into the Conversion of Heat into Work

Heat and work are both forms of transferring energy, and under the right circumstance, one form may be transformed into the other.
However, the second law of thermodynamics puts a limitation on this. To go from work to heat is called dissipation and there is no
limitation on this at all. In fact it was through dissipation (by friction) that we discovered that heat and work were both forms of
energy. There is, however, a limitation on converting heat to work.

5.7.1: The Carnot Cycle

Let's consider a circular, reversible path of an ideal gas on a PV diagram in Figure 5.7.1:

60
A
50 1
Isothermal

=40 Expansion
3
g 301  Adiabatic Adiabatic
§ Heating Cooling
a

107 Isothermal c
Compression
0 T T T T
0 1 2 3 4 5
Volume (L)

Figure 5.7.1: A circular, reversible path of a Carnot cycle as an ideal gas on a PV diagram. (CC BY 4.0; Jerry LaRue via LibreTexts)
This cycle forms the 4-stage Carnot cycle heat engine. A heat engine converts heat energy into work. The cycle consists of:
1. Isothermal expansion at the hot temperature, Tj:
AUy =w1+q,=0
2. Adiabatic cooling from T}, to Tg:
AUy = wy
3. Isothermal compression at the cold temperature, T.:
AUs=w3+q.=0
4. Adiabatic heating from T¢ to Th:
AUy =wy

The total four-step process produces work because wpy > weog. The work is the integral under the upper isotherm minus the one
under the lower curve, i.e. the surface area in between.

X Sadi Carnot

Sadi Carnot was a French engineer at the beginning of the 19th century. He considered a cyclic process involving a cylinder
filled with gas. This cycle the Carnot cycle contributed greatly to the development of thermodynamics and the improvement of
the steam engine. Carnot demonstrated that the cold temperature on the right is as important as the heat source on the left in

defining the possible efficiency of a heat engine
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Figure 5.7.2: Animation of a typical vertical triple-expansion engine. (CC SA-BY 2.5; Emoscopes)

5.7.2: Efficiency
Of course we spend good money on the fuel to start the cycle by heating things up. So how much work do we get for the heat we

put in? In other words, we want to know how efficient our heat engine is. The efficiency, 5 of a heat engine is:

_ oyl _ante g
9n an an

To get the work of the cycle, we can make use of internal energy as a state function. As the path is circular the circular integrals for

U is zero:
?f dU = AUcyqe
-y an,
=w; +gp + w2 + w3+ g+ wy
=0
Rearranging:
qh+qc=—wW1 — W2 — W3 — Wy

= —Wecycle

An ideal engine would take g5 — ¢, with 100% efficiency. The work of the cycle will be equivalent to the heat transfer. For ideal
gases:

Lw =-RTIn(#)=—q

2.dU = 0w = CydT — wy = Cy (T, — Th)

3.wg=—RT.In () =—¢

4, wy=Cy (Tp —Te)

Finding an expression for weyee:

VB Vb
Weycle = RThln(v )+Cv(T Th) RT, ln(V )-i—Cv(Th—T)
Vs Vb _ Vs
—RThln(VA) RTln(Vc)_ R(Th T)ln(VA)

We have an expression for work, so we can evaluate the efficiency, . The efficiency of the Carnot engine is:

 |weyeel R(Th_Tc)ln(%) _hh-T =1—-==
an RT,n () T Th

Paths (2) and (4) are adiabats, so we can also use entropy, S, to get the same solution:

fds —+—=0

Therefore:
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% _ T
an Ty
And we get that:
qc T.
=14+ = =1-== 5.7.1
n ” T, (5.7.1)

As you see we can only get full efficiency if T4 is 0 K, which is never (i.e., we always waste energy). Another implication is that
if T, = T3, then no work can be obtained, no matter how much energy is available in the from of heat. Or in other words, if one
dissipates work into heat isothermally, none of it can be retrieved. Equation 5.7.1 is not very forgiving at all. Just imaging that you
have a heat source of say 400 K (a superheated pool of water, e.g. a geyser) and you are dumping in the river at room temperature
300 K. The best efficiency you'll ever get is:

n=1—%=24%

Sadly, you'd be dumping three quarters of your energy as heat in the river (and that is best case scenario as there are always more
losses, e.g. due to friction). The arrow saying Q. in Figure 5.7.3 should then be three times as fat as the one that says w.

Working
Body

Te

Figure 5.7.3: Carnot engine diagram (modern) - where an amount of heat Q; flows from a high temperature T furnace through the
fluid of the "working body" (working substance) and the remaining heat Q¢ flows into the cold sink T¢, thus forcing the working
substance to do mechanical work W on the surroundings, via cycles of contractions and expansions. (Public Domain; Eric Gaba)

5.7.3: Heat pumps

So getting our work from heat is hard and always less than 100% successful. The other way around should be easy. After all, we
can dissipate work into heat freely even under isothermal conditions!

What happens if we let the heat engine run backwards? Consider reversing all the flows in the above diagram. Obviously we must
put in work to make the cycle run in reverse. The heat will now flow from cold to hot, say from your cold garden into your nice and
warm apartment. The amount of heat you get in your humble abode will be the sum of all the work (say 100 Joules) you dissipate
plus the heat you pumped out of the garden (say 300 Joules). Thus if you are willing to pay for the energy you dissipate (100
Joules), you may well end up with a total of 400 Joules of heat in your apartment! Obviously if it is heat you after this is a better
deal than just dissipating the work in your apartment (by burning some oil). Then you'd only get 100 J for your precious buck.

Dissipating it as electrical heating is even worse because you would

1. first burn (a lot more!) oil to generate heat

2. use this heat to produce electrical work at great expense because a lot of the heats gets dumped at the low temperature side (the
river or so)

3. dissipate the work again in your apartment (without using it to pump any heat out of the garden)

Refrigerators are also heat pumps. They heat the kitchen by pumping heat from its innards to the kitchen. If I keep the door open,
however, all it does is dissipate precious electrical work, because the pumped heat will flow back into its innards and spoil the milk.

5.7.4: Stirling Engine

Let's consider another type of heat engine, the Stirling engine. The Stirling engine uses a circular reversible path in an ideal PV

diagram in Figure 5.7.4:
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Figure 5.7.4: an ideal PV diagram of the Stirling engine. (CC BY 4.0; Jerry LaRue via LibreTexts)

The path consists of four steps:

1. Isothermal expansion at the hot temperature T}:
q1 =qn = —wW

and we get work out (i.e., negative work):

2. Isochoric heating from T, to Ty (with constant Cy):

=27 7.2
= AT (5.7.2)

3. Isothermal compression at the cold temperature 7:

B=gc=—Ww
and we must put work in (i.e., positive work):
3 Vo) Va
We = RTcln(VC) = RTcln(VA)
4. Isochoric cooling from Ty, to T, (with constant Cy):
Cv

Gu=—4r (5.7.3)

Notice that this gray area vanishes if T;, = T,.. Obviously how cold the cold side is of great importance! The amount of work is also
equal to the difference in the heat picked up at high temperature g, and dumped at low temperature g.. The isochoric heats cancel.
The problem is that g, is only zero if the cold temperature is 0 K. That means that we can never get all the heat we pick up at high
temperatures to come out as work.

5.7: Thermodynamics Provides Insight into the Conversion of Heat into Work is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.
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5.8: Entropy Can Be Expressed in Terms of a Partition Function

We have seen that the partition function of a system gives us the key to calculate thermodynamic functions like energy or pressure

as a moment of the energy distribution. We can extend this formulism to calculate the entropy of a system once its @ is known. We

can start with Boltzmann's (statistical) definition of entropy:

with

Combining these equations, we obtain:

Rearranging:

Using Sterling's approximation:

Since:

S =kIn(W)
Al
W =
Hja’J'
Al

Sensemble =kln

Hj a,-!

Sensemble = kIn Al — kz In aj!
)

Sensemic = kAInA—kA—kY ajlna;+k» a;
J J

= k:AlnA—kZa,—lnaj
j

Zaj=A
J

The probability of finding the system in state a; is:

Rearranging:

Plugging in:

Rearranging:

If A is constant, then:

Since:

We get:

aj
p;= A
a; = ij

Sensemble = kAIn A —k ijA lnij
J

Sensempie = kAInA—k» pjAlnp;—kY p;AlnA
J J

kY pAlnA=kAInA) p;
J J

Ejp.i= 1

(5.8.1)
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Sensempie = kAInA—k» pjAlnp; —kAln A
J

The first and last term cancel out:

Sensemble = —k ijA lnpj
J

We can divide by A to get the entropy of the system:

Ssystem = —kij lnpj (582)
J

If all the p; are zero except for the for one, then the system is perfectly ordered and the entropy of the system is zero. The
probability of being in state j is
e—PEi

pj= Q

(5.8.3)

Plugging Equation 5.8.3 into Equation 5.8.2 results in

e PEi

—BE;
S=-kY S mE —
2 g g
=_kze_Ej
i

B
Q
E;e PP kInQ _
=—pk ? + e=PEi

(-BE;—InQ)

Making use of:

Bk =

N[~

And:

e PE;

Z Q =EPJ'=1

We obtain:

S= % +knQ (5.8.4)
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5.9: The Statistical Definition of Entropy is Analogous to the Thermodynamic
Definition
The laws of thermodynamics can be understood in two ways: by looking at large-scale properties like temperature and pressure, or

by examining how countless tiny atoms move and interact. Both perspectives lead to the same laws, even though the reasoning
behind them is quite different.

We learned earlier that entropy, S, is related to the number of microstates, W, in an ensemble with A systems:

Sensemble = kIn W (591)
and
Al
W= (5.9.2)
Hj a;!
Combining Equations 5.9.1 and 5.9.2 to get:
Al
Sensemble = kB In
Hj aj!

=kplnAl— kg Ina,!
J

Using Sterling's approximation:
InAl~ AlnA—A

We obtain:

Sensempie = kpAln A—kpA—kp» ajlna;+kp Y  a;
J

Since:

A= E a]-
The expression simplifies to:

Sensemble = kBA InA— ks Z aj In aj
J

We can make use of the fact that the number of microstates in state j is equal to the total number of microstates multiplied by the
probability of finding the system in state j, p;:

a; = ij
Plugging in, we obtain

Sensemble = kBA InA— kB ijA]-nij
J

=kpAlnA—kp» pjAlnp;—kp» pjAlnA
J J

Since A is a constant and the sum of the probabilities of finding the system in state j is always 1:

Y opi=1

The first and last term cancel out:

Sensemble = _kBA ij lnpj
J

We can use that the entropy of the system is the entropy of the ensemble divided by the number of systems:
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Dividing by A, we obtain:

Ssystem = ensemble/ A

Ssystem =—kp ij lnpj
J

We can differentiate this equation and dropping the subscript:

dS=—kpy_ (dp;+Inp;dp;)
J

Since ), p; = 1, the derivative 3 dp; = 0:

dS =—kp Z Inp;dp;
J

In short:

JqTEU
Z Inp;dp; = —
7 kgT

Plugging in:

_ Oqrev
ds= =7 (5.9.3)

The thermodynamic definition of entropy comes from macroscopic observations. In classical thermodynamics, entropy is defined
as the measure of energy dispersal in a system (Equation 5.9.3). It tells us how much heat is spread out or distributed in a system at
temperature. This definition is practical and works well at the bulk level but does not say why entropy behaves this way.

The statistical definition of entropy in Equation 5.9.1, developed by Boltzmann, defines entropy in terms of the number of possible
microstates that correspond to the same overall macroscopic state (macrostate). This shows that entropy measures the degree of
microscopic disorder or multiplicity of arrangements consistent with what we see at the macroscopic level.

Both definitions describe the same underlying concept:

e The thermodynamic view says entropy measures the spread of energy in terms of heat and temperature.
o The statistical view says entropy measures the spread of possible microstates that energy can occupy.

They are equivalent because a system with more accessible microstates (higher disorder) will also tend to have greater energy
dispersal, and thus higher entropy. In fact, the statistical definition explains why the thermodynamic definition works: macroscopic
energy dispersal arises from the overwhelming number of microscopic ways energy can be arranged.

5.9: The Statistical Definition of Entropy is Analogous to the Thermodynamic Definition is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.
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5.E: Entropy and The Second Law of Thermodynamics (Exercises)

5.E: Entropy and The Second Law of Thermodynamics (Exercises) is shared under a not declared license and was authored, remixed, and/or
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6.1: Entropy Increases With Increasing Temperature

4b Learning Objectives

o Define entropy and its relation to energy flow.

6.1.1: Entropy versus temperature

We can put together the first and the second law for a reversible process with no other work than volume (PV) work and obtain:

AU = 6qrep + OWrey
Entropy is the dispersal of energy and is related to heat:

0grey = TdS
Work is related to the change in volume:
0Wyey = —PdV

Plugging these into our expression for dU for reversible changes:

dU =TdS — Pdv

We no longer have any path functions in the expression, as U, S and V are all state functions. This means this expression must be
an exact differential. We can generalize the expression to hold for irreversible processes, but then the expression becomes an
inequality:

dU < TdS — PdV
This equality expresses U as a function of two variables, entropy and volume: U(S, V). S and V are the natural variables of U.
6.1.1.1: Entropy and heat capacity
At constant volume, dU becomes:
dU =TdS

Recall that internal energy is related to constant volume heat capacity, Cy:

dUu
ov=ir),
Combining these two expressions, we obtain:
Cy
ds = TdT
Integrating:
T2
as= [ 9D yr
n T

If we know how Cy changes with temperature, we can calculate the change in entropy, AS. Since heat capacity is always a positive
value, entropy must increase as the temperature increases. There is nothing to stop us from expressing U in other variables, e.g. T
and V. In fact, we can derive some interesting relationships if we do.

v/ Example 21.1.1

1. Write U as a function of T"and V.

2. Write U as a function of its natural variables.

3. Rearrange (2) to find an expression for dS.

4. Substitute (1) into (3) and rearrange. This is the definition of Cy.
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I 5. Write out § as a function of T and V.

We can also derive an expression for the change in entropy as a function of constant pressure heat capacity, Cp. To start, we need to
change from internal energy, U, to enthalpy, H:

H=U+PV
dH = dU + d(PV)
= dU + PdV + VdP

For reversible processes:

dH = dU + PdV +VdP
=TdS — PdV + PdV + VP
=TdS+VdP

The natural variables of the enthalpy are S and P (not: V). A similar derivation as above shows that the temperature change of
entropy is related to the constant pressure heat capacity:

dH =TdS + VdP
At constant pressure:

dH =TdS + VdP

Recall that:
dH
Cr="ar
Combining, we obtain:
— CP
ds = TdT
Integrating:
T
AS = Ce(T) 4
Ty

This means that if we know the heat capacities as a function of temperature we can calculate how the entropy changes with
temperature. Usually it is easier to obtain data under constant P conditions than for constant V, so that the route with C,, is the more
common one.

6.1: Entropy Increases With Increasing Temperature is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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6.2: The 3rd Law of Thermodynamics Puts Entropy on an Absolute Scale

4b Learning Objectives

o Recall the third law of thermodynamics.
In the unlikely case that we have C, data all the way from 0 K we could write:
T
S(T) = S(0) + / C,(T) dT
0

It is tempting to set the S(0) to zero and make the entropy thus an absolute quantity. As we have seen with enthalpy, it was not
really possible set H(0) to zero. All we did was define AH for a particular process, although if C, data are available we could
construct an enthalpy function (albeit with a floating zero point) by integration of Cp (instead of C,/T"!). The situation is different
for entropy § than for H. Here we can actually put things on an absolute scale. Both Nernst and Planck have proposed to do so.
Nernst postulated that for a pure and perfect crystal § should indeed to go to zero as T goes to zero (Figure 6.2.1).

Solid IT

Solid T

i Tus ™ Tu T

Figure 6.2.1: Entropy as a Function of Temperature. The entropy () of a substance (compound or
element) as a function of temperature (T). Note that there are three phase transitions in this
system with evolution through two solid phases. These result in positive jumps in the entropy.

v/ Example 6.2.1: Sulfur

Sulfur has two solid crystal structure, rhombic and monoclinic. At 368.5 K, the entropy of the phase transition from rhombic to
monoclinic, Sgny = S(mono)» iS:

AueS(368.5 K) = 1.09 21

As the temperature is lowered to 0 K, the entropy of the phase transition approaches zero:

lim A, =0
T—0

W
o
2 W
| B o |
=1 -
ISy 3 1.09
o 000, - mol - K
6\9, e
’/
- ‘0\0
=T P\hom
= 1 .

368.5K T

Figure 6.2.2: Schematic showing the entropy of the rhombic and monoclinic structures of sulfur as a function of temperature.
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This shows that the entropy of the two crystalline forms are the same. The only way is if all species have the same absolute
entropy at 0 K. For energy dispersal at 0 K:

1. Energy is as concentrated as it can be.
2. Only the very lowest energy states can be occupied.

For a pure, perfect crystalline solid at 0 K, there is only one energetic arrangement to represent its lowest energy state. We can use
this to define a natural zero, giving entropy an absolute scale. The third Law of Thermodynamics states that the entropy of a pure

substance in a perfect crystalline form is 0 at 0 K:

TR
S;x=0

This is consistent with our molecular formula for entropy:

S=klnW

For a perfect crystal at 0 K, the number of ways the total energy of a system can be distributed is one (W = 1). The In W term goes
to zero, resulting in the perfect crystal at 0 K having zero entropy (Figure 6.2.3a).

Increasing
Temperature

DAl

% ik T >0

S >0
S = W os1
w=1

Figure 6.2.3: (a) Single possible configuration for a system at absolute zero, i.e., only one microstate is accessible. Thus § = kln W

= 0. (b) At temperatures greater than absolute zero, multiple microstates are accessible due to atomic dislocation (exaggerated in

the figure). Since the number of accessible microstates is greater than 1, § = kIn W > 0. (CC BY-SA 4.0; BlyumJ via Wikipedia)
It is certainly true that for the great majority of materials we end up with a crystalline material at sufficiently low materials
(although there are odd exceptions like liquid helium). However, it should be mentioned that a completely perfect crystal can only
be grown at zero Kelvin! It is not possible to grow anything at 0 K however. At any finite temperature the crystal always
incorporates defects, more so if grown at higher temperatures. When cooled down very slowly the defects tend to be ejected from
the lattice for the crystal to reach a new equilibrium with less defects. This tendency towards less and less disorder upon cooling is
what the third law is all about.

However, the ordering process often becomes impossibly slow, certainly when approaching absolute zero. This means that real
crystals always have some frozen in imperfections. Thus there is always some residual entropy. Fortunately, the effect is often too
small to be measured. This is what allows us to ignore it in many cases (but not all). We could state the Third law of
thermodynamics as follows:

# Definition: Third law of thermodynamics

The entropy of a perfect crystal approaches zero when 7" approaches zero (but perfect crystals do not exist).

lim §°(T) =0 (6.2.1)

Another complication arises when the system undergoes a phase transition, e.g. the melting of ice. As we can write:
A fusH =dqp

If ice and water are in equilibrium with each other the process is quite reversible and so we have:
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rev A H
AgusS = qT - f%

This means that at the melting point the curve for § makes a sudden jump by this amount because all this happens at one an the
same temperature. Entropies are typically calculated from calorimetric data (e.g., Cp measurements) and tabulated in standard
molar form.

There are some clear trends in the entropy values of elements and molecules, e.g. when the noble gas gets heavier this induces
more entropy. This is a direct consequence of the particle in the box formula. It has mass in the denominator and therefore the
energy levels get more crowded together when m increases: more energy levels, more entropy.

The energy levels get more crowded together when m increases: more energy levels, more
entropy

There are tables for H°(T) — H°(0), S°(T) and G°(T) — H"(0) as a function of temperature for numerous substances. As we
discussed before the plimsoll defines are standard state in terms of pressure (1 bar) and of concentration reference states, if
applicable, but temperature is the one of interest.

X Residual Entropy in Carbon Monoxide

For most substances, the assumption made in Equation 6.2.1 regarding the Third Law is generally valid; however, there are
notable exceptions, such as carbon monoxide. In its solid state, carbon monoxide molecules would ideally be fully ordered at
absolute zero. However, due to the similar sizes of carbon and oxygen atoms and the molecule’s weak dipole, it is possible for
some molecules to be positioned "upside down"—with oxygen occupying a carbon site and vice versa (i.e., the C=0 and O=C
orientations are nearly isoenergetic in the lattice). When the crystal forms at higher temperatures, this disorder increases
entropy, thereby lowering the Gibbs energy (G). Essentially, if each molecule can be placed into the lattice in two different
orientations, the total number of possible configurations (Wgisorger) for N molecules is 2¥.

This leads to an additional contribution to the entropy of

Sgisorder = k In Wisorger = k In2¥ = NkIn2 = 5.7J/(mol K)

At lower temperatures, the entropy term in AG = AH — T'AS diminishes in significance, and the crystal should theoretically
transition to a more ordered state with lower entropy. However, in practice, the kinetics of this process are extremely slow,
preventing the ordering from occurring. As a result, solid CO retains a nonzero entropy even as it approaches absolute zero
(Equation 6.2.1).

In principle all crystalline materials have this effect to some extent, but CO is unusual because the concentration of 'wrongly
aligned' entities is of the order of 50% rather than say 1 in 10'2 (a typical defect concentration in say single crystal silicon). The
experimental residual entropy of CO is approximately 4.4 J/(mol K); this indicates that the two orientations of CO are not
exactly identical in energy (i.e., equal probability of forming), which would give a residulate entropy of 5.7 J/(mol K).

? Exercise 6.2.1

The entropy of a crystal composed of one mole of identical molecules is measured to be 9.134 J/K at 0 K. Determine the
number of possible orientations each molecule can adopt within the crystal. Additionally, illustrate a molecule that would be
expected to exhibit this behavior.

6.2.1: Summary

Residual entropy quantifies the remaining disorder or randomness in a system even at absolute zero temperature (0 K). According
to the Third Law of Thermodynamics, the entropy of a perfect crystal approaches zero as the temperature nears absolute zero.
However, some systems retain a nonzero entropy at 0 K, exhibiting residual entropy. This phenomenon represents an exception to
the Third Law rather than a contradiction. The law assumes a perfect crystal with a singular, unique ground state, whereas systems
with residual entropy, such as carbon monoxide, possess multiple degenerate ground states.
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6.3: The Entropy of a Phase Transition can be Calculated from the Enthalpy of the
Phase Transition

Phase transitions (e.g. melting) often occur under equilibrium conditions. We have seen that both the H and the S curves undergo a
discontinuity at constant temperature during melting, because there is an enthalpy of fusion to overcome. For a general phase
transition at equilibrium at constant T' and P, we can say that:

AtrsG = AtrsH - I‘trsAtrsS

=0
At'r.s-H- = T'trsAtrsS
AtrsH _
Ttrs - AtrsS

For melting of a crystalline solid, we now see why there is a sudden jump in enthalpy. The reason is that the solid has a much more
ordered structure than the crystalline solid. The decrease in order implies a finite A.,S. We should stress at this point that we are
talking about first order transitions here. The reason for this terminology is that the discontinuity is in a function like S, that is a
first order derivative of G (or A):

Second order derivatives (e.g. the heat capacity) will display a singularity (+) at the transition point.

Every phase transition will have a change in entropy associated with it. The different types of phase transitions that can occur are:

l>g Vaporization / boiling

g—1 Condensation

s—1 Fusion / melting

l—s Freezing

s—g Sublimation

g—s Deposition

s— s Solid to solid phase transition

6.3: The Entropy of a Phase Transition can be Calculated from the Enthalpy of the Phase Transition is shared under a not declared license and was
authored, remixed, and/or curated by LibreTexts.
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6.4: The Debye Function is Used to Calculate the Heat Capacity at Low
Temperatures

The Debye function is a mathematical expression used in solid-state physics to calculate the heat capacity of solids at low
temperatures. Unlike the classical Dulong—Petit law, which assumes that each atom contributes a constant amount of heat capacity,
the Debye model incorporates quantum mechanics by considering the vibrational modes of a crystal lattice as quantized phonons.
At low temperatures, only the low-frequency vibrational modes are thermally accessible, causing the heat capacity to decrease
sharply rather than remain constant. The Debye function provides a way to describe this temperature dependence, predicting the
characteristic behavior at very low temperatures and approaching the classical limit at higher temperatures:

Cp =aT? (6.4.1)

Using quantum mechanics, Debye showed that the vibrational energy of a crystal lattice could be modeled as a collection of
quantized normal modes, or phonons, leading to a temperature-dependent heat capacity that accurately describes low-temperature
behavior in Equation 6.4.1.

However, for metallic crystals, the situation is slightly more complex. In addition to lattice vibrations, the conduction electrons
contribute to the heat capacity, resulting in a modified equation at low temperatures. The total heat capacity C(T') for metals is often
expressed as:

Cp = aT + bT? (6.4.2)
where a and b are constants.

The oT term in Equation 6.4.2 represents the linear contribution from conduction electrons, while the 572 term arises from the
lattice vibrations described by the Debye model (form Equation 6.4.1. This combination allows for an accurate prediction of the
low-temperature heat capacity of metals.

6.4: The Debye Function is Used to Calculate the Heat Capacity at Low Temperatures is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.
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6.5: Practical Absolute Entropies Can Be Determined Calorimetrically

Practical absolute entropies can also be determined experimentally using calorimetry, based on the Third Law of Thermodynamics.
The Third Law states that a perfect crystalline substance has zero entropy at absolute zero (0 K). From this reference point, the
entropy at any higher temperature can be obtained by measuring the heat capacity of the substance as it is warmed from 0 K up to
the temperature of interest (often 298 K for standard entropies).

From section 21.1, we learned that the entropy at constant pressure changes with temperature by:

L Cp(T)

T

AS =

dT (6.5.1)

where C, is the molar heat capacity at constant pressure.

Equation 6.5.1 accounts for the continuous increase in entropy as the substance absorbs heat with rising temperature but does not
address the increase in entropy if the substances undergoes a phase transition. From section 21.3, we learned that the entropy of a
phase transition (e.g., melting or vaporization) is:

AH irs

AStrs = T
]

(6.5.2)

Note that third law of thermodynamics can be used to set the entropy at absolute zero (T} = 0K) to zero in the integral in Equation
6.5.1 and the expression in Equation 6.5.2 applies to all possible phase transitions. These aspects combined with Equations 6.5.1 and
6.5.2 results in an expression for the absolute entropy of a substance at temperature 7":

T Cp(T) AH
_ 14 trs
S(T) = /0 AT+ T (6.5.3)
The summation term adds contributions from multiple possible phase transitions, where entropy changes abruptly due to latent

heats (AH) at specific transition temperatures.

The values of C,, AHy,, and T can be experimentally determined using calorimetry. We can calculate the practical absolute entropy
of a substance for any temperature.

v Example 6.5.1

What is the absolute entropy of CO2 gas at 300 K?

Solution
The entropy of CO, gas at 300 K can be calculated by:

Tous CP(T) AH, ub 300 K cl.q (T)
8(T) = / dT + —= + / —P 4T
( ) 0K T Tsub Towp T

where the temperature of sublimation (T,w) is 194.7 K.
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Figure 6.5.1. The molar entropy of CO, from 0 K to 300 K.
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6.6: Practical Absolute Entropies of Gases Can Be Calculated from Partition
Functions

Recall that the entropy of a system, S, can be calculated if the partition function, @, is known:

S = %Jrk,,an

where Q is:

E;

<

Q=) e
3
The internal energy of the system can also be calculated from the partition function:

)

_ 2
U=kgT ( 3T

Combining these equations, we obtain:

S= kBInQ+kBT(51nQ)

oT

The third law of thermodynamics states that entropy of a perfect crystal at absolute zero is zero. We can show that our equation for
entropy in terms of the partition function is consistent with the third law. Plugging in our equation for the partition function into our
equation for entropy, we obtain:

Ej
6lnde7m

Ej
S = kBane_W + kgT
- 6T

As T goes to zero, all the states will be in their lowest energy configuration. If the ground state is n degenerate, then n states will be
in the ground state:

Ei=E;=..=FE,
This is true for all the next states. For example, if the next state is m degenerate, then:
En+1 = En+2 = o = Lntm

This gives us the result:

Bj B
_5 _EB _Bny1

E e M =ne ¥ +me F +..
J
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6.7: Standard Entropies Depend Upon Molecular Mass and Structure

Entropy is related to the number of microstates a collection of particles can occupy. As both the molecular mass and molecular
structure of the particles will affect the number of available microstates, they also affect the entropy of the collection of particles.
So why does S° depend on molecular mass and molecular structure?

Standard molar entropies depend strongly on both molecular mass and molecular structure. Heavier molecules generally have
higher entropies because their greater mass leads to more accessible translational and vibrational energy states at a given
temperature. Molecular complexity also plays a key role: larger or more structurally intricate molecules have more ways to store
energy through rotations and vibrations, giving rise to a greater number of microstates. For example, methane (CH,4) has a higher
standard entropy than carbon dioxide (CO;) because it possesses more rotational and vibrational modes, while oxygen (Q,) has a
higher entropy than nitrogen (N,) due to its larger molecular mass. In essence, both increased mass and increased structural
complexity expand the possible distributions of molecular energy, leading to higher entropy values.

From quantum theory, we know that increasing the molecular mass of a particle decreases the energy spacing between states. For a
given temperature, more states are available to be occupied, increasing the number of available microstates the system may occupy,
and hence the entropy of the system. Heavier molecules have more closely spaced translational and vibrational energy levels, so at
room temperature a larger number of these quantum states can be populated, giving rise to higher entropy. Molecular structure also
determines how many distinct types of motion are possible: nonlinear and polyatomic molecules possess more rotational and
vibrational modes than simpler, linear, or diatomic molecules. Each additional degree of freedom increases the total number of
accessible quantum states. Thus, as molecular mass increases or as structure becomes more complex, the system gains a vastly
greater multiplicity of microstates, and the entropy correspondingly increases.

The table below shows the molar entropies for the noble gases. As the mass of increases, so does the molar entropy.

Table: Molar entropies for the noble gases

Noble Gas He Ne Ar Kr Xe Rn
Mass (£;) 4.0 20.2 39.9 84.8 131.3 222.0
81 ver (max) 126.15¢ 146.33 154.84 164.08 169.68* 176.2

The same is true for the number of atoms in a molecule. A molecule with more atoms will, in general, have a more degrees of
freedom to take up energy, increasing its number of available microstates and entropy.

6.7.1: References
1. Chase, M.W., Jr., NIST-JANAF Themochemical Tables, Fourth Edition, J. Phys. Chem. Ref. Data, Monograph 9, 1998, 1-
1951.
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6.8: Spectroscopic Entropies sometimes disgree with Calorimetric Entropies

The entropy of gases can be experimentally measured using calorimetry (Sg,,) or calculated using spectroscopic methods (Sg)-
For most molecules, the experiment and calculated values are in a good agreement, however, this is not true for all molecules. The
discrepancy is referred to as residual entropy:

Scalc - Sexp

Residual entropy arises from a material that can have many different states a 0 K. The third law of thermodynamics states that at
zero kelvin, a substance will have an entropy of zero. In substances, such as glass, ice, and carbon monoxide, the substance can
exist in many different configurations; it is not a perfect crystal, but must still have zero entropy according to third law. The
material has residual entropy.
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6.9: Standard Entropies Can Be Used to Calculate Entropy Changes of Chemical
Reactions

Entropy is a state function, so we can calculate values for a process using any path. This allows us to calculate the entropy change
of a chemical reaction using standard entropies. Specifically, we sum the entropies of the products and subtract the entropies of the

reactions:

AranS° = Y viS;— Y uS;

Products Reactants
Where v; is the stoichiometric coefficient. Let's look at the combustion of methane:

CH, (g) + 202 (9) — 2H,0 + CO4 (g)

The standard entropies are:

Molecule Entropy (z3%)
CH4 186.251
0, 205.151
H,0 188.841
CO, 213.79!

The entropy for the combustion of methane is:

AS® = [2(188.84) + 1 (213.70)] — [1(186.25) + 2(205.15)] = —5.17 ———

6.9.1: References
1. Chase, M.W., Jr., NIST-JANAF Themochemical Tables, Fourth Edition, J. Phys. Chem. Ref. Data, Monograph 9, 1998, 1-

1951.
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6.E: Entropy and the Third Law of Thermodynamics (Exercises)

6.E.0.1: Problem 1
Liquid water has a nearly constant molar heat capacity of Cp = 75.4. J- mol ™' K~!. What is the change in entropy as 200. g of water
are cooled from 70.0°C to 20.0°C?

6.E: Entropy and the Third Law of Thermodynamics (Exercises) is shared under a not declared license and was authored, remixed, and/or curated
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7.1: Helmholtz Energy

We have answered the question: what is entropy, but we still do not have a general criterion for spontaneity, just one that works in
an isolated system. We will consider what happens when we hold volume and temperature constant. As discussed previously, the
expression for the change in internal energy:

dU =TdS — PdV
is only valid for reversible changes. Let us consider a spontaneous change. If we assume constant volume, the —PdV work term

drops out. From the Clausius inequality dS > % we get:

dU <TdS

constant V

dU—-TdS<0

constant V'
Consider a new state function, Helmholtz energy, A:
A=U-TS
dA = dU — TdS — SdT (7.1.1)
If we also set T constant, we see that Equation 7.1.1 becomes

dA=dU—-TdS<0

constant V and T

This means that the Helmholtz energy, A, is a decreasing quantity for spontaneous processes (regardless of isolation!) when 7" and
V are held constant. A becomes constant once a reversible equilibrium is reached.

v/ Example 22.1.1 : What A stands for

A good example is the case of the mixing of two gases. Let's assume isothermal conditions and keep the total volume constant.
For this process, AU is zero (isothermal, ideal) but the

ASmoiar = —y1RIny; —y2Rlnys;
This means that
A14171.01&1' = RT(yl In U1 + Y2 In y2)-

This is a negative quantity because the mole ratios are smaller than unity. So yes this spontaneous process has a negative AA. If
we look at AA = AU — TAS we should see that the latter term is the same thing as —grey, S0 we have :

AA =AU — Qrev = Wrey

This is however the maximal work that a system is able to produce and so the Helmholtz energy is a direct measure of how
much work one can get out of a system. A is therefore often called the Helmholtz free energy. Interestingly this work cannot
be volume work as volume is constant. so it stands for the maximal other work (e.g. electrical work) that can be obtained under
the unlikely condition that volume is constant.

7.1.1: Natural variables of A

Because A = U — TS we can write

dA =dU —TdS — SdT
=TdS — PdV —TdS — SdT
= —PdV — 5dT

The natural variables of A are volume V and temperature 7.

7.1: Helmholtz Energy is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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7.2: Gibbs Energy Determines the Direction of Spontaneity at Constant Pressure
and Temperature

The Helmholtz energy A is developed for isochoric changes and as we have often said before it is much easier to deal with isobaric
ones where P = constant. We can therefore repeat the above treatment for the enthalpy and introduce another state function the
Gibbs energy

G=H-TS
=U+PV-TS
=A+PV

If we take both T and P constant we get

dU —TdS + PdV <0
dG <0

G either decreases (spontaneously) or is constant (at equilibrium). Calculating the state function between two end points we get:
AG = AH —TAS < 0(T, P constant)

This quantity is key to the question of spontaneity under the conditions we usually work under. If for a process AG is positive it
does not occur spontaneous and can only be made to occur if it is 'pumped’, i.e. coupled with a process that has a negative AG. The
latter is spontaneous.

| If AG = 0 then the system is as equilibrium.

7.2.1: Direction of the spontaneous change

Because the AS term contains the temperature T as coefficient the spontaneous direction of a process, e.g. a chemical reaction can
change with temperature depending on the values of the enthalpy and the entropy change AH and AS. This is true for the melting
process, e.g. for water below 0°C we get water=>ice, above this temperature ice melts to water, but it also goes for chemical
reactions.

v/ Example

Consider
NH; (g) + HCl (g) = NH,Cl(s)

A,H at 298K / 1 bar is -176.2 kJ. The change in entropy is -0.285 kJ/K so that at 298K AQG is -91.21 kJ. Clearly this is a
reaction that will proceed to the depletion of whatever is the limiting reagent on the left.

However at 618 K this is a different story. Above this temperature AG is positive! (assuming enthalpy and entropy have
remained the same, which is almost but not completely true) The reaction will not proceed. Instead the reverse reaction would
proceed spontaneously. The salt on the right would decompose in the two gases -base and acid- on the left.

7.2.2: Meaning of the AG term

As we have seen, AA can be related to the maximal amount of work that a system can perform at constant V' and 7. We can hold an
analogous argument for AG except that V' is not constant so that we have to consider volume work (zero at constant volume) .

dG = d(U + PV — TS) = dU — TdS — SdT — PdV + VdP
As dU = TdS + 6wyey
dG = 6wyey — ST + VAP + PdV

As the later term iS —6wyoiume
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At constant 7" and P the two middle terms drop out

dG = dwyey — SAT + VAP — Wyotyme

dG = dwrey — OWyolume = ‘Swothemsefldwork

AG stands for the (maximal) reversible, isobaric isothermal non-PV work that a certain spontaneous change can perform. The
volume work may not be zero, but is corrected for.

7.2.3: Natural variables of G
Because G = H —T'S, we can write
dG = dH — TdS — SdT

=TdS +VdP —TdS — SdT
=VdP — SdT

The natural variables of G are pressure P and temperature T'. This is what makes this function the most useful of the four U, H, A,

and G: these are the natural variables of most of your laboratory experiments!

7.2.4: Summary

We now have developed the basic set of concepts and functions that together form the framework of thermodynamics. Let's
summarize four very basic state functions:

state function natural variables
dU = —PdV + TdS U(v,Ss)
dH = +VdP + TdS H(P,S)
dA =—PdV — SdT A(V,T)
dG = +VdP— SdT G(P,T)

Note:

1. The replacement of ég by TdS was based on reversible heat. This means that in the irreversible case the expressions for dU and
dH become inequalities

2. We only include volume work in the above expressions. If other work (elastic, electrical e.g.) is involved extra terms need to be
added: dU = TdS — PdV + zdX etc.

We are now ready to begin applying thermodynamics to a number of very diverse situations, but we will first develop some useful
partial differential machinery.

7.2: Gibbs Energy Determines the Direction of Spontaneity at Constant Pressure and Temperature is shared under a not declared license and was
authored, remixed, and/or curated by LibreTexts.

e 22.2: Gibbs Energy Determines the Direction of Spontaneity at Constant Pressure and Temperature is licensed CC BY-NC-SA 4.0.
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7.3: The Maxwell Relations

Modeling the dependence of the Gibbs and Helmholtz functions behave with varying temperature, pressure, and volume is
fundamentally useful. But in order to do that, a little bit more development is necessary. To see the power and utility of these
functions, it is useful to combine the First and Second Laws into a single mathematical statement. In order to do that, one notes that

since
dS = %
for a reversible change, it follows that
dg="TdS
And since
dw="TdS — pdV

for a reversible expansion in which only p-V works is done, it also follows that (since dU = dg + dw):
dU =TdS — pdV (7.3.1)
This is an extraordinarily powerful result. This differential for dU can be used to simplify the differentials for H, A, and G. But

even more useful are the constraints it places on the variables 7, S, p, and v due to the mathematics of exact differentials!

7.3.1: Maxwell Relations

The above result suggests that the natural variables of internal energy are S and V' (or the function can be considered as U(S, V)).
So the total differential (¢U) in Equation 7.3.1 can be expressed:

U U
dU = (g)vds+ (W)de (7.3.2)

Also, by inspection (comparing the two expressions for 4t in Equations 7.3.1 and 7.3.2) it is apparent that:

(g_g) =T (7.3.3)
and
(g—g)s - p (7.3.4)

But the value does not stop there! Since dU is an exact differential, the Euler relation must hold that

[av(3s).).= [os (7).,

By substituting Equations 7.3.3 and 7.3.4, we see that

[or @], = [55¢2s],

or

(ﬂ) - (@)

ov)s  \oS/y

This is an example of a Maxwell Relation. These are very powerful relationship that allows one to substitute partial derivatives
when one is more convenient (perhaps it can be expressed entirely in terms of « and/or s for example.)

A similar result can be derived based on the definition of H.

H=U+pV
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Differentiating (and using the chain rule on d(pV)) yields
dH = dU + pdV + Vdp

Making the substitution using the combined first and second laws (dU = T'dS—pdV) for a reversible change involving on expansion
(p-V) work

dH = TdS-pdV + pdV + Vdp
This expression can be simplified by canceling the pdV terms.
dH =TdS + Vdp (7.3.5)

And much as in the case of internal energy, this suggests that the natural variables of H are § and p. Or

dH = (Z—Z)pds+ (%)de (7.3.6)
Comparing Equations 7.3.5 and 7.3.6 show that
(g—g)p _T (7.3.7)
and
(%I)S —v (7.3.8)
It is worth noting at this point that both Equation 7.3.3
(35)
8S /v
and Equation 7.3.7
(35)
8S /,

are equal to T'. So they are equation to each other

(35), -~ (55),

Moreover, the Euler Relation must also hold

v (35). ). =[5 (%)

SO

(E) = (3_V)
/s \05)/,
This is the Maxwell relation on H. Maxwell relations can also be developed based on A and G. The results of those derivations are

summarized in Table 7.3.1.

Table 7.3.1: Maxwell Relations
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Function Differential Natural Variables Maxwell Relation
_ T\ __(o»
g (), (%),
H dH = TdS + Vd, S (g) = (6—V)
- + D P 6]) g - 6 S 5
— pdV @) - (3_5)
A dA= —pdV — SdT vV, T (8T =av),
G dG =Vdp— S5dT T (B_V) =— (ﬁ)
=Vvap Db, oT » dp )

The Maxwell relations are extraordinarily useful in deriving the dependence of thermodynamic variables on the state variables of
p,T,and V.

v Example 7.3.1

Show that

Solution
Start with the combined first and second laws:

dU = TdS — pdV’
Divide both sides by dV and constraint to constant T":

| _Tds| __dv
Vi~ avie Pavie

Noting that

dv |lp ~ \av
av
— | =1
dv ¢

The result is
oUu a8
(7). =7 (5v),~*
Now, employ the Maxwell relation on A (Table 6.2.1)
to get

and since

It is apparent that
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ov a
(7), =T
Note: How cool is that? This result was given without proof in Chapter 4, but can now be proven analytically using the
Maxwell Relations!

7.3: The Maxwell Relations is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 6.2: Combining the First and Second Laws - Maxwell's Relations by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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7.4: The Enthalpy of an Ideal Gas is Independent of Pressure

How does pressure affect enthalpy H? As we showed above we have the following relations of first and second order for G

(),
(),

~(5). = (&),

G=H-TS (7.4.1)

We also know that by definition:

Consider an isothermal change in pressure, so taking the partial derivative of each side of Equation 7.4.1, we get:

(55). = (5), =7 (55),

O0H ov
(8—P)T_V—T(W)P (7.4.2)
For an ideal gas
v _nR
oT ~ P

so Equation 7.4.2 becomes

OH nR
(5),=v-7(%) o
As we can see for an ideal gas, there is no dependence of H on P.

7.4: The Enthalpy of an Ideal Gas is Independent of Pressure is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

e 22.4: The Enthalpy of an Ideal Gas is Independent of Pressure is licensed CC BY-NC-SA 4.0.
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7.5: Thermodynamic Functions have Natural Variables

The fundamental thermodynamic equations follow from five primary thermodynamic definitions and describe internal energy,
enthalpy, Helmholtz energy, and Gibbs energy in terms of their natural variables. Here they will be presented in their differential
forms.

7.5.1: Introduction

The fundamental thermodynamic equations describe the thermodynamic quantities U, H, G, and A in terms of their natural
variables. The term "natural variable" simply denotes a variable that is one of the convenient variables to describe U, H, G, or A.
When considered as a whole, the four fundamental equations demonstrate how four important thermodynamic quantities depend on
variables that can be controlled and measured experimentally. Thus, they are essentially equations of state, and using the
fundamental equations, experimental data can be used to determine sought-after quantities like G or H.

7.5.2: First Law of Thermodynamics

The first law of thermodynamics is represented below in its differential form
dU = dq + dw

where

e U is the internal energy of the system,
o g is heat flow of the system, and
o w is the work of the system.

The "d" symbol represent inexact differentials and indicates that both g and w are path functions. Recall that U is a state function.
The first law states that internal energy changes occur only as a result of heat flow and work done.

w=—/pdV

The fundamental thermodynamic equation for internal energy follows directly from the first law and the principle of Clausius:

It is assumed that w refers only to PV work, where

dU = dq + dw
ds = Jq—;"
we have
dU =TdS + 6w
Since only PV work is performed,
dU = TdS — pdV’ (7.5.1)

The above equation is the fundamental equation for U with natural variables of entropy S and volumeV'.

7.5.2.1: Principle of Clausius
The Principle of Clausius states that the entropy change of a system is equal to the ratio of heat flow in a reversible process to the

temperature at which the process occurs. Mathematically this is written as

‘Sqre'v

where

e Sis the entropy of the system,
® g iS the heat flow of a reversible process, and
e Tis the temperature in Kelvin.
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7.5.3: Enthalpy
Mathematically, enthalpy is defined as
H=U+pV (7.5.2)

where H is enthalpy of the system, p is pressure, and V is volume. The fundamental thermodynamic equation for enthalpy follows
directly from it deffinition (Equation 7.5.2) and the fundamental equation for internal energy (Equation 7.5.1) :

dH = dU + d(pV)
= dU + pdV + VdP
dU = TdS — pdV
dH =TdS — pdV + pdV + Vdp
dH =TdS + Vdp

The above equation is the fundamental equation for H. The natural variables of enthalpy are S and p, entropy and pressure.

7.5.4: Gibbs Energy
The mathematical description of Gibbs energy is as follows
G=U+pV—-TS
=H-TS (7.5.3)

where @ is the Gibbs energy of the system. The fundamental thermodynamic equation for Gibbs Energy follows directly from its
definition 7.5.3 and the fundamental equation for enthalpy 7.5.2:

dG = dH — d(TS)
dH —TdS — SdT

Since

dH = TdS + VdP
dG = TdS + VdP — TdS — SdT
= VdP — SdT (7.5.4)

The above equation is the fundamental equation for G. The natural variables of Gibbs energy are P and T.

7.5.5: Helmholtz Energy
Mathematically, Helmholtz energy is defined as
A=U—-TS (7.5.5)

where A is the Helmholtz energy of the system, which is often written as the symbol F. The fundamental thermodynamic equation
for Helmholtz energy follows directly from its definition (Equation 7.5.5) and the fundamental equation for internal energy
(Equation 7.5.1):

dA = dU — d(TS)
=dU —TdS — SdT
Since
dU = TdS — pdV’
dA =TdS — pdV — TdS — SdT
= —pdV — SdT (7.5.6)
Equation 7.5.6 is the fundamental equation for A with natural variables of V' and T. For the definitions to hold, it is assumed that
only PV work is done and that only reversible processes are used. These assumptions are required for the first law and the

principle of Clausius to remain valid. Also, these equations do not account include n, the number of moles, as a variable. When = is
included, the equations appear different, but the essence of their meaning is captured without including the n-dependence.
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7.5.6: Chemical Potential

The fundamental equations derived above were not dependent on changes in the amounts of species in the system. Below the n-
dependent forms are presented:4.

N
dU = TdS — PdV + ) pidn;

i=1

N
dH =TdS + VAP + ) _ pidn;

i=1

N
dG = —8dT + Vdp+ ) _ pidn;

=1
N

dA=—8dT — PdV + Y pidn;
i=1

where | is the chemical potential of species i and dn; is the change in number of moles of substance i.

7.5.7: Importance/Relevance of Fundamental Equations

The differential fundamental equations describe U, H, G, and A in terms of their natural variables. The natural variables become
useful in understanding not only how thermodynamic quantities are related to each other, but also in analyzing relationships
between measurable quantities (i.e. P, V, T) in order to learn about the thermodynamics of a system. Below is a table summarizing
the natural variables for U, H, G, and A:

Thermodynamic Quantity Natural Variables
U (internal energy) S,V
H (enthalpy) S,P
G (Gibbs energy) T,P
A (Helmholtz energy) T,V

7.5.8: Maxwell Relations

The fundamental thermodynamic equations are the means by which the Maxwell relations are derived"*. The Maxwell Relations

can, in turn, be used to group thermodynamic functions and relations into more general "families">>.

As we said dA is an exact differential. Let's write is out in its natural variables (Equation 7.5.6) and take a cross derivative. The dA
expression in natural variables is

0A O0A
dA = (W)Td“(ﬁ)v‘”

The partial derivatives of A of first order can already be quite interesting we see e.g. in step 2 that the first partial of A versus V (at
T constant) is the negative of the pressure.

0A
(W)T =-F

Likewise we find the (isochoric) slope with temperature gives us the negative of the entropy. Thus entropy is one of the first order
derivatives of A.

When we apply a cross derivative
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we get what is known as a Maxwell relation:

What does Equation three mean for the heat capacity? answer

A similar treatment of dG (Equation 7.5.4 gives:

and another Maxwell relation

? Exercise 7.5.1

If the assumptions made in the derivations above were not made, what would effect would that have? Try to think of examples
were these assumptions would be violated. Could the definitions, principles, and laws used to derive the fundamental equations
still be used? Why or why not?

Answer

If it was not assumed that PV-work was the only work done, then the work term in the second law of thermodynamics
equation would include other terms (e.g. for electrical work, mechanical work). If reversible processes were not assumed,
the Principle of Clausius could not be used. One example of such situations could the movement of charged particles
towards a region of like charge (electrical work) or an irreversible process like combustion of hydrocarbons or friction.

? Exercise 7.5.2

For what kind of system does the number of moles not change? This said, do the fundamental equations without n-dependence
apply to a wide range of processes and systems?
Answer

In general, a closed system of non-reacting components would fit this description. For example, the number of moles would
not change for a closed system in which a gas is sealed (to prevent leaks) in a container and allowed to expand/is
contracted.

? Exercise 7.5.3

Derive the Maxwell Relations.

Answer

See the Maxwell Relations section.
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1. Derive the expression

OH ov
(a—P)T,n = ‘T(ﬁ)m”

Then apply this equation to an ideal gas. Does the result seem reasonable?

Answer

O0H

(8_P)T’": 0 for an ideal gas. Since there are no interactions between ideal gas molecules, changing the pressure will not

involve the formation or breaking of any intermolecular interactions or bonds.

? Exercise 7.5.5

Using the definition of Gibbs energy and the conditions observed at phase equilibria, derive the Clapeyron equation.

Answer

See the third outside link.
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7.6: The Standard State for a Gas is an Ildeal Gas at 1 Bar

Tabulated data are expressed in terms of a pure ideal gas (no mixing) at 1 bar, known as standard state conditions (SSC). Standard
states are indicated with the o symbol. These values are tabulated at a specific temperature, but that temperature can vary and is not
included in the definition of SSC. No real gas has perfectly ideal behavior, but this definition of the standard state allows
corrections for non-ideality to be made consistently for all the different gases.

7.6: The Standard State for a Gas is an Ideal Gas at 1 Bar is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

e 22.6: The Standard State for a Gas is an Ideal Gas at 1 Bar is licensed CC BY-NC-SA 4.0.
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7.7: The Gibbs-Helmholtz Equation

7.7.0.1: Ideal gas

For a mole of ideal gas we can use the gas law to integrate volume over pressure and we get

P,
A molar = 1 =
Gl RTn(Pl)

It is customary to identify one of the pressures (P1} with the standard state of 1 bar and use the plimsoll to indicate the fact that we

are referring to a standard state by writing:

P
GmOlﬂT(P) = ;Jnolar + RTIn (T) = ;Jn.olar + RT].II[P]

The fact that we are making the function intensive (per mole) is usually indicated by putting a bar over the G symbol, although this
is often omitted for G®,)ar

7.7.0.1: Solids

For solids the volume does not change very much with pressure (the isothermal compressibility « is small), so can assume it more
or less constant:
G(Pfinat) = G(Pinitial) + / VdP(from init to final)

=~ G(Piitiat) +'V / dP(from init to final) = G(Pinitia1) + VAP

7.7.1: The Gibbs-Helmholtz Expression

G H
771 %

Take the derivative under constant pressure of each side to get

(%r ), =7+ (5r), - (5r),

We make use of the relationship between C, and H and C,, and §

(%/T)P:_% +%_% (7.7.1)
H

=—77 (7.7.2)

We said before that S is a first order derivative of G. As you can see from this derivation the enthalpy H is also a first order
derivative, albeit not of @ itself, but of G/T.

OAG/T\ _ AH
or ), T2
The last step in the derivation simply takes the step before twice -say for the G and H at the begin and end of a process- and
subtracts the two identical equations leading to a A symbol. In this differential form the Gibbs-Helmholtz equation can be applied
to any process.
7.7.2: Gibbs Energy as a Function of Temperature

If heat capacities are know from 0 K we could determine both enthalpy and entropy by integration:

S(T) = S(0) + /0 ! %dT

H(T) = H(0) + /0 ' C,p dT
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As we have seen we must be careful at phase transitions such as melting or vaporization. At these points the curves are
discontinuous and the derivative C, is undefined.

Toi

Tus 1
H(T)=H(0) + /0 Cp(T) sotiadT + AH fy5 + Cp(T) tiquiddT + AH yqp + etc. (7.7.3)

Ttus

Trus Cp(T) ot Tt Cp(T)tiqui
S(T) = S(0) + /0 #dT + ASpus + /T CoDiamia 4, ASyqp + ete. (7.7.4)
T Cp(T) ot AH T Co(T tgui AH,,
=S(0)+/ "(13 " ar + T fus +/ i ;”""“’dT+ T2+ ete. (7.7.5)
0 fus Ttus boil

with H(T = 0) = undefined and S(T = 0) = 0 from the third law of thermodynamics.

We also discussed the fact that the third law allows us to define S(0) as zero in most cases. For the enthalpy we cannot do that
so that our curve is with respect to an undefined zero point. We really should plot H(T) — H(0) and leave H(0) undefined.

Because the Gibbs free energy G = H — T'S we can also construct a curve for G as a function of temperature, simply by combining
the H and the S curves (Equations 7.7.3 and 7.7.5):

G(T) = H(T) — TS(T)

Interestingly, if we do so, the discontinuties at the phase transition points will drop out for G because at these points Ag,H
= TirsA4rsS. Therefore, G is always continuous.

The H(0) problem does not disappear so that once again our curve is subject to an arbitrary offset in the y-direction. The best thing
we can do is plot the quantity G(T) — H(0) and leave the offset H(0) undefined.

We have seen above that the derivative of G with temperature is —S. As entropy is always positive, this means that the G-curve is
always descending with temperature. It also means that although the curve is continuous even at the phase transitions, the slope of
the G curve is not, because the derivative —S makes a jump there. Fig. 22.7 in the book shows an example of such a curve for
benzene. Note the kinks in the curve at the mp and the boiling point.

7.7: The Gibbs-Helmholtz Equation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 22.7: The Gibbs-Helmholtz Equation is licensed CC BY-NC-SA 4.0.
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7.8: Fugacity Measures Nonideality of a Gas
We have seen that, for a closed system, the Gibbs energy is related to pressure and temperature as follows:
dG =VdP — SdT

For a constant temperature process:

dG = VdP (7.8.1)
Equation 7.8.1 can be evaluated for an ideal gas:
~ RT
="—dP
dG i d
At constant temperature, 7"
dG=RT dlnP

This expression by itself is strictly applicable to ideal gases. However, Lewis, in 1905, suggested extending the applicability of this
expression to all substances by defining a new thermodynamic property called fugacity, f, such that:

dG=RTdnf

This definition implies that for ideal gases, f must be equal to P. For non ideal gases, f is not equal to P. The ratio between
fugacity and pressure is:

where ¢ is the fugacity coefficient. The fugacity coefficient takes a value of unity when the substance behaves like an ideal gas.
Therefore, the fugacity coefficient is also regarded as a measure of non-ideality; the closer the value of the fugacity coefficient is to
unity, the closer we are to the ideal state. In the zero-pressure limit, fugacity approaches ideal gas behavior:

lim dG = RT dln P
P—0
For mixtures, this expression is written as:

dG; = RT dln f;

where G; and f; are the partial molar Gibbs energy and fugacity of the i-th component, respectively. Fugacity can be readily related
to chemical potential because of the one-to-one relationship of Gibbs energy to chemical potential, which we have discussed
previously. Therefore, the definition of fugacity in terms of chemical potential becomes:

dig; = RT dIn f;
Even though the concept of thermodynamic equilibrium is given in terms of chemical potentials, the above definitions allow us to

restate the same principle in terms of fugacity. To do this, previous expressions can be integrated to obtain:

. f
p=p'+RTIn P

At equilibrium:
_ o f
0=p"+RTh 3,

f

i’ =—RT1
I3 R n 5
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7.E: Helmholtz and Gibbs Energies (Exercises)
22.E: Helmholtz and Gibbs Energies (Exercises)

7.E: Helmholtz and Gibbs Energies (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

https://chem.libretexts.org/@go/page/390848


https://libretexts.org/
https://chem.libretexts.org/@go/page/390848?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/07%3A_Helmholtz_and_Gibbs_Energies/7.E%3A_Helmholtz_and_Gibbs_Energies_(Exercises)
https://chem.libretexts.org/Bookshelves/Physical_and_Theoretical_Chemistry_Textbook_Maps/Physical_Chemistry_(LibreTexts)/22%3A_Helmholtz_and_Gibbs_Energies/22.E%3A_Helmholtz_and_Gibbs_Energies_(Exercises)
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/07%3A_Helmholtz_and_Gibbs_Energies/7.E%3A_Helmholtz_and_Gibbs_Energies_(Exercises)
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/07%3A_Helmholtz_and_Gibbs_Energies/7.E%3A_Helmholtz_and_Gibbs_Energies_(Exercises)?no-cache

Li brelexts*
CHAPTER OVERVIEW

8: Phase Equilibria

Phase equilibria is the term used to describe with two or more phases co-exist (in equilibrium). The stability of phases can be
predicted by the chemical potential, in that the most stable form of the substance will have the minimum chemical potential at the
given temperature and pressure. A key tool in exploring phase equilibria is a phase diagram which is used to show conditions
(pressure, temperature, volume, etc.) at which thermodynamically distinct phases (such as solid, liquid or gaseous states) occur and
coexist at equilibrium.

8.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance
8.2: Gibbs Energies and Phase Diagrams

8.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium
8.4: The Clausius-Clapeyron Equation

8.5: Chemical Potential Can be Evaluated From a Partition Function

8.E: Phase Equilibria (Exercises)
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8.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance

A good map will take you to your destination with ease, provided you know how to read it. A map is an example of a diagram, a
pictorial representation of a body of knowledge. In science they play a considerable role. Next to plots and tables diagrams are an
important means of making information and/or theoretical knowledge accessible.

Constructing them takes quite a bit of thought. You want to represent as much of what you know and give as accurate a picture of it
without conveying anything incorrect. If the drawing can be made to scale that makes it quite a bit more powerful, but this is not
strictly necessary. A remark like not to scale or schematically does need to be given if applicable. A good caption or description is
essential.

8.1.1: Thermodynamic Stability and Fluctuations

There are different kinds of equilibrium, besides the stable equilibrium that represents an absolute minimum in the @ function. Of
course G is potentially a function of a great number of variables, but let us look at a diagram in which G is shown as a function of
only one unspecified variable. You could think of the density, the mole fraction of one of the components of a mixture or an applied
electrical field or whatever, but the argument is general.

A

4’, -
some vanable X

Figure 23.1.1 : A schematic G curve showing various Points of stability. Due to statistical fluctuations the value of G is not quite

constant over time, because less likely realizations of the ensemble (having a slightly less favorable value of @) do occur from time

to time. After all, the Boltzmann distribution is simply the most likely one, not the only one possible. The fluctuations have

drastically different consequences depending on whether the system is in an unstable (E), labile (D) , indifferent (C), metastable (

B) or stable (A) state. Notice that A and B just wobble around a bit. C fluctuates wildly in the value of X, while both E and D

eventually vanish because the system transits to a more favorable state. For E this starts immediately, for D it starts once

fluctuation has caused it to move from its peak sufficiently.
Figure 23.1.1 is helpful to point out that besides a stable equilibrium (A) there can also be an metastable equilibrium (B) or an
indifferent equilibrium (C). The local derivatives of G (versus all variables of which we only show one) are zero in all three cases,
which means that changes in the variables are not spontaneous. For a labile equilibrium (D) the opposite is true. Any small
deviation will make the system role down hill. (Note that the second derivative has the opposite sign compared to cas A) and B)) A
labile equilibrium is seldom or never observed except in a circus where artists delight in balancing objects on their heads (because
you pay for it).. This usually requires continuous small corrections to maintain the precarious balance. All other points in our
diagram represent state of instability because locally dG is not zero and a spontaneous process can take place.

The fact that d@ = 0 in the equilibrium points does not mean small deviations from the minimum cannot happen at times. We have
seen e.g. that the Boltzmann distribution was simply the most likely distribution. The most likely one is the one that has the highest
number of realizations W. Another way of saying that is that it is the one with the highest entropy S. A slightly less likely
distribution may occur from time to time by chance. It will have a little less entropy, but the same (E). That means it will have a
slightly higher G (G = H —T8). From time to time therefore G will fluctuate a bit. Such fluctuations are very small for large
systems, but they are of greater relative importance for small systems (like a nanoparticle). (Statistical averaging works best on
large ensembles.)

The fluctuations in G mean that small fluctuations in its variables like density etc. can also occur. They are usually kept in check,
because dG is no longer zero when moving away from the equilibrium state. This drives the system back to the minimum
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spontaneously. You could picture the system wobbling a bit around in its G-well. This holds for stable and metastable equilibria
alike.

In the indifferent case (C) however the derivative is zero (or very close to zero) for a range of neighboring values of some variable.
In contrast to A and B also the second derivative is zero. This means that there is little penalty to much larger deviations in the
variable. If this variable is the density the system becomes milky and shows opalescence a strong scattering of light because the
refractive index depends on the strongly fluctuating density. This is observed near critical points and is called critical opalescence.

8.1.2: Unary Phase Diagrams

A unary phase diagram summarizes the equilibrium states of a single pure substance. We will see that we can also look at mixtures
of two components (binary diagrams) or more (ternary, quaternary, quinary, senary etc.). Usually a phase diagram only maps out
stable equilibria, but occasionally metastable ones may be given too (e.g., with a dashed line).

8.1.2.0.1: Liquid-Vapor Equilibrium Curve

We have seen that the Gibbs function @ depends strongly (logarithmically) on pressure for a gas, but only slightly (and linearly) for
a liquid. The two curves intersect in a point representing the equilibrium vapor pressure of the liquid. At lower pressures the vapor
is more stable, at higher ones the liquid. (For a solid the same holds as for the liquid). This means that except at the intersection
point we only will observe one phase.

no air

liquid liquid+vapor vapor

Figure 23.1.2 : A cylinder with one substance

It is important to stress that this holds in the absence of other matter, e.g., when we put only water into an evacuated cylinder
(Figure 23.1.2 ). We may get three cases:

» we compress the cylinder until it only contains the liquid under hydrostatic pressure (P > P,,)

« we expand the cylinder until all water has vaporized (P < p.,)>

o we let part of the water evaporate, just enough so that the space above the liquid is filled with an equilibrium vapor pressure (P
= eq)

At room temperature P,, for water is only about 15 Torr. If we apply 1 bar -or let the atmosphere do the job- we will only have

liquid water. If other gases are present, e.g., air, we must distinguish between the total pressure (e.g., 1 bar) and the equilibrium

vapor pressure which will now be the partial pressure. In a cylinder with water and one bar of air just enough water will evaporate

to establish equilibrium. The evaporation will be limited to the gas-liquid interface unless the partial pressure equals the total

pressure. Then the liquid will boil.

(Do allow the volume to expand, though., why? If the volume is constant the pressure
builds up and boiling will stop.

If we consider the set of equilibrium pressures as a function of temperature and plot that in a P vs. T diagram we have one
component of our phase diagram.

8.1.2.0.1: Gas-solid Equilibrium Curve

For solids the situation is similar as the G(P) curve is once again an almost flat straight line. The intersection with the logarithmic
curve for the gas will define an equilibrium pressure for gas-solid co-existence. Generally vapor pressures above solids are quite
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small, but not negligible. As for liquids we can construct a line representing the equilibrium pressures for sublimation as function
of temperature and add it to the phase diagram.

8.1.2.0.1: Liquid-solid Equilibrium Curve

The solid = liquid equilibrium is known as melting or freezing is not very dependent on pressure. Usually melting points increase a
little bit with pressure, although water is a peculiar exception. It expands upon freezing and the melting point goes down (a bit)
with pressure. In our diagram this will represent an almost vertical line leaning a little forwards for most substances, but backwards
for water and a few others.

8.1.2.1: Putting the Curve Together

The three lines come together in the triple point, the only point where all three phases are at equilibrium with each other. For water,
its temperature is only 0.01 K different from the normal melting point (273.16 K) and its pressure is only 4.58 Torr. The
intersection points with a line representing atmospheric pressure give the melting and boiling points at that pressure.

solid

\/
/1

——— triple .
” Pmml\,lars
/ vapor
subl.p
T=>
A typical unary diagram

If the triple point lies above the line that represents atmospheric pressure this implies that a liquid is never observed. On earth CO,
is such a substance. The intersection of the solid-vapor equilibrium line with the 1 bar line represents a state where the solid will
'boil' (evaporate from inside out). This is known as the sublimation point. The melting points at P=1 bar are known as the standard
melting point, the only slightly different one at 760 Torr = 1 atm is called normal melting point. The same goes for boiling and
sublimation points.

There is nothing magical about P =1 bar. It just happens to be the pressure of our home planet. On a planet with higher
atmospheric pressures COs may well be a liquid and on such a planet, all boiling points will be quite different (higher than on
earth). The melting points will also differ, but only slightly so. On Mars where atmospheric pressure is much lower water can not
occur in liquid form, much like carbon dioxide on earth - it sublimes.

We should also realize that in a closed container (glass ampoule, hermetically sealed DSC pan), we can observe melting points
at only very slightly different temperature values, but we will not see a boiling effect. Why?

To see a boiling point the container must be open to the (constant!) 1 bar pressure of the earths atmosphere that defines it and
causes the boiling phenomenon. If the ampoule is sealed it will generate its own (autogenous) pressure, depending on what you
put in, how much of it in relation to the volume, how volatile it is and the temperature. The autogenous pressure does not
interfere with the melting point much (the melting line is almost vertical), but as P changes with temperature you may never
reach boiling conditions.

In DSC experiments it is possible to observe boiling points only if the pan has been carefully perforated with a hole of known
size. It must be big enough that the pressure inside the pan does not build up above atmospheric, but small enough that it does
not cause premature loss of mass during the run. The latter spoils the calculation of the intensive value (per mole, per gram) of
the heat of vaporization.

The liquid evaporation line ends in a point that we have encountered before: the critical point T¢. As temperature increases the
liquid and vapor phases in equilibrium with each other start to resemble each other more and more and at T, they coalesce. At
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this point the liquid-gas equilibrium becomes indifferent with respect to density and large fluctuations occur leading to critical
opalescence.

Notice that there is a relationship of dimensionality between the objects in the diagram and the number of phases present:

e 2 D planes: one phase
e 1D curves: two phases
e 0 D point: three phases

As you see the sum is always three.

8.1.3: Number of moles

So far we have typically considered one substance at the time, but for chemists it is imperative to deal with more than one because
we are typically changing one into the other in our reactions. This means that the number of moles =, that we often simply set equal
to one now becomes an important variable in its own right. Besides we will actually have two (or more) of them: the number of
moles of component one and the one for the other component. This makes n a much less trivial variable.

This is already the case at a simple melting point, say when ice melts, because we are dealing with changing quantities of ice and
water:

Nice T Nuater = Ttotal
If all we do is turn water into ice or vice versa, we have dnggq = 0, so that:
dNiee = —dNygter
To deal with changing n's, we need to expand our mathematical notation a bit.

8.1.3.1: Partial variables

So far we have simply divided our thermodynamic functions if they were extensive by the number of moles and arrived at intensive

molar values:

Gmolar = g
n

<

Vinotar =

We have written such intensive molar values by writing a bar over the symbol G or V. We should note that scaling the function this
way departs from the assumption that the function G depends on the variable n as a straight line that passes through the origin.

If we have the same pure compound in two phases, like ice and water we can still apply this principle and write:

ice —_ G
molar — nice
o Viee
molar — njice
water
Gwate’r — G
molar nwater
Vwater _ Vwater
molar — nwater

If we have a mixture of two substances present as n; and ns moles the dependency need not be linear on either if the two
substances interact with each other. This is also true for function like the volume of a liquid mixture. In the presence of interactions
volumes do not have to be linearly additive. We can define a partial molar value of e.g. for the volume:

o
Vpartialmolar,l = Wl
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at my = constant

ov
Vpartialmola'r,Z = %

at ny = constant

The notation of putting a bar over the V symbol is used for these partial quantities as well. Partial molar volumes have been
measured for many binary systems. They are functions of the composition (mole fraction) as well as the temperature and to a lesser
extent the pressure.

X The partial molar Gibbs free energy

a9G
Bn,-

The partial molar Gibbs free energy (( ) , all other n's) is denoted with x and is called the thermodynamic potential.
PT

When numbers of moles can change we can write the corresponding change in G as:

X ([ 8G
dG = —-8dT +VdP+y (6n dn;

_1 ) P,Tnjz
N
dG = —SdT + VAP + ) pidn;

over N phases in the system. As you can see we are adding a set of conjugate variables u;n; for each phase i. If we are considering
a pure component (but in different modifications, like ice and steam), we can still write:

G
us=(

Oni)prmy M

As soon as we are dealing with mixtures we really do have derivatives.

8.1: A Phase Diagram Summarizes the Solid-Liquid-Gas Behavior of a Substance is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.
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8.2: Gibbs Energies and Phase Diagrams

8.2.1: First Order Transitions
The following plot shows the Gibbs energy as a function of temperature, including phase changes from solid to liquid (melting) and

liquid to gas (boiling).

Solid

G {klfmol)

Melting Point

Bailing Point

T (K)

Gibbs energy (G) as a function of temperature (T).

Although the G curve is continuous, its first order derivatives (—S) is discontinuous at the phase changes. This is why this transition
it called a first order transition. We could say that:

e @G is continuous but has a kink
o The first order derivatives (H,S,..) are discontinuous (have a jump)
e The second order derivatives (Cp, ..) have a singularity (go to o)

8.2.2: Second Order Transitions
More subtle transitions where G is continuous, H and S are also continuous but have a kink and the discontinuity is only found in
the second order derivatives (such as Cp) also exist. They are called second order transitions. In such a case:

e @G is continuous and has no kink
o The first order derivatives (H,S,..) are continuous (but have a kink)
e The second order derivatives (Cp, ..) are discontinuous (have a jump)

Table 23.2.1: Properties of Phase Transitions

Transition Order Function 1% Order 2" Order
0 G,A kink smooth
1 H,S,V,.. jump kink
2 CP,CV,a,k sing. oo jump

This classification goes back to Ehrenfest. Obviously it based on the question: what order derivative is the first to go
discontinuous? Of course we could extend this principle and define third order transitions but there are reasons to be doubtful that
such things exist. Another problem is that it is assumed that the order must be integer: 1,2, etc. Is it possible to have a transition of
intermediate non-integer order, say 1.3? Although derivatives of fractional order are beyond the scope of the chemistry curriculum

the mathematics does exist (Liouville).
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Schematic comparison of G, S and Cp for 1st and 2nd order transitions

The Gibbs free energy is a particularly important function in the study of phases and phase transitions. The behavior of G(N, P, T),
particularly as a function of P and 7, can signify a phase transition and can tell us some of the thermodynamic properties of

different phases.

in

P! kbar

10

0
100 o 100 200
ti=C

Figure 13.4: Some of the ice polymorphs.

Consider, first, the behavior of G vs. T between the solid and liquid phases of benzene: We immediately notice several things. First,
although the free energy is continuous across the phase transition, its first derivative, 8G/8T is not: The slope of G(T') in the solid
region is different from the slope in the liquid region. When the first derivative of the free energy with respect to one of its
dependent thermodynamic variables is discontinuous across a phase transition, this is an example of what is called a first order
phase transition. The solid-liquid-gas phase transition of most substances is first order. When the free energy exhibits continuous
first derivatives but discontinuous second derivatives, the phase transition is called second order. Examples of this type of phase

transition are the order-disorder transition in paramagnetic materials.
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Figure 13.5: Behavior of the Gibbs free energy across the solid-liquid phase (left) and liquid-gas (right) transitions for benzene.

Now, recall that

S=—%r (8.2.1)

Consider the slopes in the solid and liquid parts of the graph:

lid| liquid
@ (eolid) _ gl Q@G liauid) — _ giquid) (8.2.2)

However, since

6G(liquid) aG(solid)
<

o o7 (8.2.3)

(note that the slopes are all negative, and the slope of the liquid line is more negative than that of the solid line), it follows that
—gliquid) « _g(wlid) op gliquid) 5, g(olid) This is what we might expect considering that the liquid phase is higher in entropy than the
solid phase. The same argument can be made with regards to the gaseous phase.

Similarly, if we consider the dependence of G on pressure, we obtain a curve like that shown in the figure below:

. G ! - _____,_,
1 ;;#-—Snlsd / s
~f Ligquid -~ Selid
G /’ G /
/‘ Gas /Gﬂs

r 2
(a) (b)

Figure 13.6: Dependence of the Gibbs free energy as a function of pressure for benzene (left) and water (right). For benzene, the
temperature is above the triple point, whereas for water, it is set below triple point.
As noted previously, here again, we see that the first derivative of G(P) is discontinuous, signifying a first-order phase transition.
Recalling that the average molar volume is

_ 8@
V=128 (8.2.4)
From the graph, we see that the slopes obey
7 (823) 5, 7 (iquid) 7 (solid) (8.2.5)

as one might expect for a normal substance like benzene at a temperature above its triple point. Because the temperature is above
the triple point, the free energy follows a continuous path (even though it is not everywhere differentiable) from gas to liquid to
solid.

On the other hand, for water, we see something a bit different, namely, that

V(gas) > V(so].id) > V(].iquid) (826)

at a temperature below the triple point. This, again, indicates, the unusual property of water that its solid phase is less dense than its
liquid phase in the coexistence region.
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Interestingly, if we look at how the plot of G(P) changes with T', we obtain a plot like that shown below: Below the triple point, it is
easy to see from the benzene phase diagram that the system proceeds directly from solid to gas. There is a liquid curve on this plot
that is completely disconnected from the gas-solid curve, suggesting that, below the triple point, the liquid state can exist
metastably if at all. AT the triple point, the solid can transition into the liquid or gas phases depending on the value of the free
energy. Near the critical temperature, we see the liquid-gas transition line, while the solid line is disconnected. Above the critical
temperature, the system exists as a supercritical fluid, which is shown on the lower line, and this line now shows derivative
discontinuity.

Ligquid

G / Solid G VA
Gas

/ / Gas

Liguid

P P
(a) (b}
Solid
e Solid
G e Liquid G BT
coae Fluid
Gas
P P
(c) (d)

Figure 13.7: Behavior of the Gibbs free energy as a function of P across different phases at different temperatures for benzene. (a):
Temperature is less than the triple point; (b): Temperature is equal to the triple point; (c): Temperature is just below the critical
temperature; (d): Temperature is greater than the critical temperature.

8.2.3: Conjugate Variables
As discussed before there are many other forms of work possible, such as electrical work, magnetic work or elastic work. These
they are commonly incorporated in the formalism of thermodynamics by adding other terms, e.g:

dG =—SdT + VdP + &de + MdH + FdL + vdA

1. &de stands for the electromotoric force £ and de the amount of charge transported against it.
2. MdH stand for magnetization and (change in) magnetic field.

3. F stands for the elastic force of e.g. a rubber band dL for the length it is stretched

4.y stands for the surface tension (e.g. of a soap bubble), A for its surafce area.

The terms always appear in a pair of what is known as conjugate variables. That is even clearer if we write out the state function
rather than its differential form:

G=U+PV—TS+%e+MH+FL + yA+...

The PV term can also be generalized -and needs to be so- for a viscous fluid to a stress-strain conjugate pair. It then involves a
stress tensor. We will soon encounter another conjugate pair: pdn that deals with changes in composition (n) and the
thermodynamic potential p.

8.2: Gibbs Energies and Phase Diagrams is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 23.2: Gibbs Energies and Phase Diagrams is licensed CC BY-NC-SA 4.0.
¢ 1.12: Introduction to the Thermodynamics of Phase Transitions by Mark E. Tuckerman is licensed CC BY-NC-SA 4.0.
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8.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium

8.3.1: Chemical Potential of Two Phases in Equilibrium

Equilibrium between two phases, e.g. water ice (ice) and liquid water (water), is at constant T' and P. Therefore:

dG = —SAT+VAP + picsMice + uater Muater
There is a relationship between the amount of ice and water:
dnice = —dNyater
From this, we get:
0 = [Hice — Puater)@Nuater = A dnuater

As dnyaer is Not zero, this means that Ag must be zero! This must hold true for any set of points where ice and water are in
equilibrium. The statement is not just for liquid and solid water, but for any two phases in equilibrium. That is, any two phases in
equilbrium will always have the same chemical potential.

8.3.2: The Clapeyron Equation

That is the almost vertical line in the diagram. Its points are not at the same P and T, but we can find out where they should be by
considering the thermodynamic potential  as a function of T and P:

— (- L/
oy = (3P)TdT+ (5T)PdP

Because p = (92),. , = G, it is not hard to identify the partial derivatives:
op\ (08G)
(ap) - (a_P) =V
) (O0G) &
(or) - (B_T) =°

This is true for both water and ice, or any two phases in equilibrium. As the Ay =0, we can equate the du expressions for both
water and ice:

au/ice auice ) _ (8uwater) (auwater)
(55 )+ (G5r) r = (F5p=) o+ (F57=) o7

Rearranging and identifying the partials gives:

VieedP — gicedT = VwaterdP - SwaterdT

Solving for dP/dT we get:

aP _ A3
dT AV
As AG = AH—TAS =0, we have:
_  AH
AS = ﬁ
So:
ap _ am
' TAV

This expression should be valid for all points along a phase boundary, such as the melt line. In fact, it tells use that the phase

boundary is defined by AH/TAV. For water and ice, we immediately see why the melt line runs a little to the left: exceptionally
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AV is negative for ice, because water is actually a little denser that ice.
The above expression(s) are named after Clapeyron. The values of AH and AV do not change much with pressure and can often be

considered constants for the melting line. When gases are involved that is not really true.

8.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.

o 23.3: The Chemical Potentials of a Pure Substance in Two Phases in Equilibrium is licensed CC BY-NC-SA 4.0.
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8.4: The Clausius-Clapeyron Equation

8.4.1: Evaporation

In Section 23.3, the Clapeyron Equation was derived for melting points.

E _ A-lymolar
dT ~ TAVielar

However, our argument is actually quite general and should hold for vapor equilibria as well. The only problem is that the molar
volume of gases are by no means so nicely constant as they are for condensed phases. (i. e., for condenses phases, both « and & are
pretty small).

We can write:

E — AHmolar — A-H-mola'r [Vgas _Vliqm'd
dT T AVmolar T molar molar

as

1% gas > Vl\'quid

molar molar
we can approximate

Vgas _ Vh'quid

molar molar

by just taking V.92 . Further more if the vapor is considered an ideal gas, then

molar*

RT
Vinolar = =

We get

1 dP _dlP _AHME.

PdT =~ dT' = RT?

(8.4.1)

Equation 8.4.1 is known as the Clausius-Clapeyron equation. We can further work our the integration and find the how the
equilibrium vapor pressure changes with temperature:

w(B) - Al (& - =]

"\ R |, T
Thus if we know the molar enthalpy of vaporization we can predict the vapor lines in the diagram. Of course the approximations
made are likely to lead to deviations if the vapor is not ideal or very dense (e.g., approaching the critical point).
8.4.2: The Clapeyron Equation

The Clapeyron attempts to answer the question of what the shape of a two-phase coexistence line is. In the P — T plane, we see the
a function P(T’), which gives us the dependence of P on T along a coexistence curve.

Consider two phases, denoted « and f, in equilibrium with each other. These could be solid and liquid, liquid and gas, solid and
gas, two solid phases, et. Let po(P,T) and pg(P, T) be the chemical potentials of the two phases. We have just seen that

4a(P,T) = us(P, T) (8.4.2)

Next, suppose that the pressure and temperature are changed by dP and dT. The changes in the chemical potentials of each phase

are
dpia(P,T) = dug(P,T) (8.4.3)
Oba e ar= Ok Oup
(aP )TdP+ ( 5T PdT— ( 5P TdP+ 5T PdT (8.4.4)
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However, since G(n, P,T) = nu(P,T), the molar free energy G(P,T), which is G(n,P,T)/n, is also just equal to the chemical

potential
_ P,T
G(P,T) = % = u(P,T) (8.4.5)
Moreover, the derivatives of G are
oG = oG _
(a_P) —7, (ﬁ) =_3 (8.4.6)
T P
Applying these results to the chemical potential condition in Equation 8.4.4, we obtain
0G, 0G, _ [ 9Gg 8Gg
(61,) dP+(aT) dT = (6—1, P+ | | dT (8.4.7)
T P T P
VadP — 5,dT = V3dP — SpdT (8.4.8)
Dividing through by d7', we obtain
_ OP _ 0P
Vaﬁ — 8= Vﬂﬁ —Sp (8.4.9)
_ _ _OP _ _
(Vo — Vﬂ)ﬁ =8,—58s (8.4.10)
dP 5’(1 - Sﬂ
—_— — 8.4.11
s (8:4.11)

The importance of the quantity dP/dT is that is represents the slope of the coexistence curve on the phase diagram between the two
phases. Now, in equilibrium dG =0, and since G = H — TS, it follows that dH = T dS at fixed T. In the narrow temperature range
in which the two phases are in equilibrium, we can assume that H is independent of T, hence, we can write S = H/T.
Consequently, we can write the molar entropy difference as

Sy—8p="2_"F (8.4.12)
and the pressure derivative dP/dT becomes

E _ Ha—gﬂ _ Aag.g
ar  T(V,— Vg)  TAusV

(8.4.13)

a result known as the Clapeyron equation, which tells us that the slope of the coexistence curve is related to the ratio of the molar
enthalpy between the phases to the change in the molar volume between the phases. If the phase equilibrium is between the solid
and liquid phases, then AygH and A,V are AHgs and AV, respectively. If the phase equilibrium is between the liquid and gas
phases, then A,zH and A,V are AH,,, and AV, respectively.

For the liquid-gas equilibrium, some interesting approximations can be made in the use of the Clapeyron equation. For this
equilibrium, Equation 8.4.13 becomes

dP _ AHyyp (8.4.14)
dr T(V,— V)
In this case, V, > V;, and we can approximate Equation 8.4.14 as
4P Ay (8.4.15)
dar TV,

Suppose that we can treat the vapor phase as an ideal gas. Certainly, this is not a good approximation so close to the vaporization
point, but it leads to an example we can integrate. Since PV, = nRT, PV, = RT, Equation 8.4.15 becomes
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dP _ AH,P
dT ~ ~ RT?
1dP _ AHw
PdT = RT?
dinP AH,,
dT ~ RT?

(8.4.16)

(8.4.17)

(8.4.18)

which is called the Clausius-Clapeyron equation. We now integrate both sides, which yields

AH,qp

InP=—
- RT

+C
where C is a constant of integration. Exponentiating both sides, we find

P(T) = e~/ BT

which actually has the wrong curvature for large 7', but since the liquid-vapor coexistence line terminates in a critical point, as long
as T is not too large, the approximation leading to the above expression is not that bad.

If we, instead, integrate both sides, the left from P; to P,, and the right from T} to T3, we find

/ PZdlnP: / B AH”;‘P dr (8.4.19)
P, T RT
P\ AHyp (1 1
- (3) 2% ()
AFIvap Tl - Tl
= 4.21
R ( T ) ® )

assuming that AH,,, is independent of T. Here P, is the pressure of the liquid phase, and P, is the pressure of the vapor phase.
Suppose we know P; at a temperature Ty, and we want to know Py at another temperature T3. The above result can be written as

P, AHpp (1 1
In (Pl ) - R (Ts T ) (8422)
Subtracting the two results, we obtain
P\ AHyp (1 1
n (P3 ) - R (T2 B Ts) (8.423)

so that we can determine the vapor pressure at any temperature if it is known as one temperature.

In order to illustrate the use of this result, consider the following example:

v/ Example 23.4.1

At 1 bar, the boiling point of water is 373 K. At what pressure does water boil at 473 K? Take the heat of vaporization of water
to be 40.65 kJ/mol.

Solution
Let P, = 1 bar and T; = 373 K. Take T> = 473 K, and we need to calculate P,. Substituting in the numbers, we find

(4065 kJ /mol) (1000 J/kJ) ( 1 1 ) _
In Py(baz) = 8.3145 J/mol - K 3K ar) -2 (8.4.24)
Py(bar) = (1 bar) e2" = 16 bar (8.4.25)
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4} Learning Objectives

o Apply the Clausius-Clapeyron equation to estimate the vapor pressure at any temperature.
o Estimate the heat of phase transition from the vapor pressures measured at two temperatures.

The vaporization curves of most liquids have similar shapes with the vapor pressure steadily increasing as the temperature
increases (Figure 8.4.1).

1000 —
900 — i
— — Diethyl ether
S 800 WS 10 S T BTNl ETTTet WSS NSCTAN. | T (CH3CH,0CH,CH3)
o [ Normal boeiling point -
o
= 700 (1 atm) Bromine (Br,)
IS —— Ethanol
= 600 (CH3CH,0H)
§ 500 —— Water (H,0)
v
[ n-Octane
5 400 [CH3(CH,)¢CH3l
8_ 300 —— Ethylene glycol
© {HOCH,CH,0H)
> 200 —
—— Mercury (Hg)
100 —
0- [= [ | I |

—100 =50 0 50 100 150 200 250 300 350 400
Temperature (°C)
Figure 8.4.1: The Vapor Pressures of Several Liquids as a Function of Temperature. The point at which the vapor pressure curve
crosses the P = 1 atm line (dashed) is the normal boiling point of the liquid. (CC BY-SA-NC 3.0; Anonymous)
A good approach is to find a mathematical model for the pressure increase as a function of temperature. Experiments showed that
the vapor pressure P and temperature T are related,

AH,q
P x exp (— BT ) (8.4.26)
where AH,,, is the Enthalpy (heat) of Vaporization and R is the gas constant (8.3145 J mol™* K™1).
A simple relationship can be found by integrating Equation 8.4.26 between two pressure-temperature endpoints:
P\ AHup (1 1
n ()= "7 (- z) (8420

where P; and P are the vapor pressures at two temperatures 71 and T>. Equation 8.4.27 is known as the Clausius-Clapeyron
Equation and allows us to estimate the vapor pressure at another temperature, if the vapor pressure is known at some temperature,
and if the enthalpy of vaporization is known.

X Alternative Formulation

The order of the temperatures in Equation 8.4.27 matters as the Clausius-Clapeyron Equation is sometimes written with a
negative sign (and switched order of temperatures):

P1 _ AHq)ap 1 1
n(3)--2= (1)

v/ Example 8.4.1: Vapor Pressure of Water

The vapor pressure of water is 1.0 atm at 373 K, and the enthalpy of vaporization is 40.7 kJ mol-!. Estimate the vapor pressure

at temperature 363 and 383 K respectively.

Solution
Using the Clausius-Clapeyron equation (Equation 8.4.28), we have:
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40,700 1 1
Pags = 1. (2 _
33 = 1.0exp [ ( 8.3145 ) ( 363K 313K )]

= 0.697 atm

40,700 1 1
Pags = 1.0exp [_ ( 8.3145 ) (383 K 373 K)]

= 1.409 atm

Note that the increase in vapor pressure from 363 K to 373 K is 0.303 atm, but the increase from 373 to 383 K is 0.409 atm.
The increase in vapor pressure is not a linear process.

Discussion
We can use the Clausius-Clapeyron equation to construct the entire vaporization curve. There is a deviation from experimental
value, that is because the enthalpy of vaporization varies slightly with temperature.

The Clausius-Clapeyron equation can be also applied to sublimation; the following example shows its application in estimating the

heat of sublimation.

v/ Example 8.4.2: Sublimation of Ice

The vapor pressures of ice at 268 K and 273 K are 2.965 and 4.560 torr respectively. Estimate the heat of sublimation of ice.

Solution
The enthalpy of sublimation is AH,,;. Use a piece of paper and derive the Clausius-Clapeyron equation so that you can get the

form:

Pyrs
Rln ( —)
Pogg

1 1
268 K 273K

4.560

4 L
268K 273K
= 52,370 J mol ™!

AH sub =

Note that the heat of sublimation is the sum of heat of melting (6,006 J/mol at 0°C and 101 kPa) and the heat of vaporization
(45,051 J/mol at 0 °C).

? Exercise 8.4.2

Show that the vapor pressure of ice at 274 K is higher than that of water at the same temperature. Note the curve of
vaporization is also called the curve of vaporization.

v/ Example 8.4.3: Vaporization of Ethanol

Calculate AH,,, for ethanol, given vapor pressure at 40 °C = 150 torr. The normal boiling point for ethanol is 78 °C.
Solution
Recognize that we have TWO sets of (P, T) data:

e Set 1: (150 torr at 40+273K)
e Set 2: (760 torr at 78+273K)

We then directly use these data in Equation 8.4.28
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ln(@)_ﬂ[L_L]
760 ) ~ 8314 [313 351

_AH'Ua
1n150—1n760=—"[ ! ! ]

8314 |313 351
—AHyqp
~1.623 = — - [0.0032 — 0.0028]

Then solving for AH

AH,,, = 3.90 x 10* J/mol
= 39.0 kJ/mol

X Advanced Note

It is important to not use the Clausius-Clapeyron equation for the solid to liquid transition. That requires the use of the more
general Clapeyron equation

dP AH

dT ~— TAV

where AH and AV is the molar change in enthalpy (the enthalpy of fusion in this case) and volume respectively between the
two phases in the transition.

8.4: The Clausius-Clapeyron Equation is shared under a CC BY 4.0 license and was authored, remixed, and/or curated by LibreTexts.

23.4: The Clausius-Clapeyron Equation is licensed CC BY 4.0.
Clausius-Clapeyron Equation by Albert Censullo, Chung (Peter) Chieh is licensed CC BY-NC-SA 4.0.
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8.5: Chemical Potential Can be Evaluated From a Partition Function

The chemical potential can be given in terms of a partition function. Internal energy can be defined as:

Oln
v-rr(S52),,
And entropy can be defined as:
S= RT(ag;Q)",V+Ran
We know that Helmholtz energy is:
A=U-TS
Using our two equations above, we obtain:
A=—-RThQ@

Now, let's change gears a bit to show how Helmholtz energy is related to chemical potential. The total differential for Helmholtz

energy is:
0A 0A 0A
14=(57),* (57).c* (50 )

And the fundamental equation is:

0A
dA = —S8dT — PdV + (%) v dn
Using the relationship between Helmholtz energy and Gibbs energy:
G=A+PV

We obtain:

dG = dA + d(PV)
=—8dT' + VdP + (%) dn
on/Jvr

We know that the change in Gibbs energy is:

dG =—SdT'+ VdP + (—) dn
on PT
= —8dT + VdP + pdn

Inspecting these equations, we see that:

_(%) _(%)
a on/)pr on/vr

This shows us that, as long as the natural variables for each thermodynamic potential are held constant, the partial derivatives of
Gibbs energy and Helmholtz energy with respect to the number of moles, n are equal to the chemical potential. We can now plug in
our expression above for Helmholtz energy in terms of the partition function:

== (6:91;Q)V,T

We now have chemical potential written in terms of the partition function, Q.

8.5: Chemical Potential Can be Evaluated From a Partition Function is shared under a not declared license and was authored, remixed, and/or
curated by LibreTexts.

o 23.5: Chemical Potential Can be Evaluated From a Partition Function is licensed CC BY-NC-SA 4.0.
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8.E: Phase Equilibria (Exercises)

8.E: Phase Equilibria (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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9.1: Partial Molar Quantities in Solutions

So far, we have only discussed systems that are comprised of one component. Because a lot of chemistry occurs in mixtures or
produces a mixture, chemists need to consider the thermodynamics of mixtures. A mixture can consist of many different
components, however, for the sake of simplicity, we will restrict ourselves for now to two-component mixtures. Two-component
mixtures can consist of two gases, two liquids, two solids, or even a liquid and a gas.

9.1.1: Partial Quantities and Scaling

Let's consider a two-component system where the volume and number of moles are changing. For example, we could have a
system of a certain size of 1 and reduce its size stepwise in successive steps by taking half of it and throwing the other half away.
The number of moles of each component, n; and n,, will change as the volume of the system, V, changes:

dny, = n,dV

dng = nadV
The extensive Gibbs free energy will be affected the same way:

dG = GdV

At constant T and P we can write:

dG = —8$dT + YdP + pdn; + padny
So:
dG = pidny + padng
GdV = pin1dV + pgnLdV

If we integrate this from the original size, 1, down to 0 (or 0 to 1, it does not matter). We get:

1 1 1
/ GdV = / pinidV + / panadV
0 0 0

1 1 1
G/ dV = ping / dV + pans / av
0 0 0

G = piny + pans
By the same argument we have:
V =Vin; + Vane

where V; is the partial molar volume for component 5. These partial molar volumes are generally a function of composition (and P,
T) and have been tabulated for a number of liquid systems. They allow us to calculate the real volume of a binary mixture. Volumes
are generally speaking not strictly additive. This fact is typically ignored in volumetric analysis and the use of molarities.
Fortunately the deviations are often negligible in dilute solutions.

For phase diagrams, molarity (moles per liter) is not a very suitable quantity to use for concentration due to its volume dependence.
Usually we work with mole fractions or molalities (moles per kilogram), where there are no volume dependencies.

9.1.2: Gaseous Mixtures

Gases can always mix in any ratio and mixtures typically act close to ideal unless heavily compressed or brought to low
temperatures. The only exception is if the gases react (e.g, HCl and NH3). Gas molecules experience little interaction with each
other and, therefore, it does not matter much whether the molecules are different or the same. The total pressure can be computed
by adding the partial pressures of the two components (Dalton's Law of Partial Pressures):

Pota =P1 + P, (9.1.1)
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9.1.3: Liquid Mixtures

There are binary liquid systems that are fully miscible and are said to act as ideal solutions. Liquid molecules typically experience
strong interactions with their neighbors. For the solution to be ideal, the interactions must remain equally strong even when the
neighboring substance is different. This means they must be chemically similar. For this reason, liquid binaries are often not ideal.
The next nearest thing are regular solutions. Even these systems can display phase segregation and limited mutual solubilities at
low temperatures. Many liquid-liquid binaries diverge from ideality even more than the regular solutions and many of them are

hardly miscible at all.
Table 24.1.1: Solutions
Solution/mixture Interactions Miscibility
Ideal gas none complete
Ideal liquid strong but similar complete
Regular liquid strong, modestly dissimilar not always complete
Real liquid often strongly dissimilar partial or none

9.1.4: Solid Mixtures

Solid binaries tend to be even less miscible than liquid binaries to the point that immiscibility is the rule and miscibility is the
exception. Even totally miscible systems like electrum (the alloys of silver and gold) are far from ideal.

Figure 24.1.1: Electrum coin of the Byzantine Emperor Alexius I Comnenus. (CC-BY-SA-3.0; Classical Numismatic Group, Inc.
http://www.cngcoins.com)
Another point of practical (kinetic rather than thermodynamic) importance is that even if two compounds are able to form a
homogeneous solid solution, it usually takes heating for prolonged periods to get them to mix because solid diffusion is typically
very slow. Nevertheless, solid solubility is an important issue for many systems, particularly for metal alloys. Two molecular solid
substances that differ vastly in shape, size, polarity and or hydrogen bonding (e.g. organic compounds) typically have negligible
mutual solid solubility. The latter fact is frequently exploited in organic chemistry to purify compounds through recrystallization.

Solid solutions are relatively infrequent and never ideal.

9.1.5: Ideal liquid/ldeal Gas Phase Diagrams

Let's mix two liquids together. Liquids typically have different boiling points, with one being more volatile than the other. The
vapor pressure of a component scales simply with the equilibrium vapor pressure of the pure component. In the gas phase, Dalton's
law is applicable:

P, total

Yi (9.1.2)

This is a consequence of the fact that ideal gases do not interact. The latter implies that the total pressure is simply the sum of the
partial ones:

N
Piota =Y P;
i
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If the liquid solution is ideal, then the vapor pressure of both components follow Raoult's law, which states that the equilibrium
vapor pressure above the mixture is the equilibrium pressure of the pure component times the mole fraction:

Py = x:P; (9.1.3)

e P; is the vapor pressure of component 4 in the mixture
e P is equilibrium vapor pressure of the pure component ;.
e x; is the mole fraction of i** component in the liquid phase.

Note that values for pure components are typically indicated by adding an asterisk ° superscript.

The idea behind Raoult's law is that if the interactions are similar, it is a matter of random chance which component sits at the
interface at any given moment. The equilibrium vapor pressure has to do with the probability that a molecule escapes from the
interface into the gas phase and is dependent on both the substances volatility and the number that cover the surface. This leads to
Raoult's Law, where we must multiply the vapor pressure of the pure liquid (volatility) by the mole fraction (number on the
surface).

X Note: Applicability of Raoult's Law

Raoult's law seldom holds completely, which is more applicable if the two components are almost chemically identical like two
isomers, e.g., 1-propanol and 2-propanol.

9.1.6: The Pressure Phase Diagram
If we assume that temperature is constant, we can plot the total pressure for both Dalton and Raoult's laws versus composition (of
gas: y; and liquid: ; on the same axis).
Liquid Phase:
Pyt = P1 + Py

=x1P7 +x2P;

=x1P+(1—x1)P;

=P; —x1(Py — Py) (9.1.4)
Clearly this is a straight line going from P; atz =0to Py at z = 1.
However the composition of the vapor in equilibrium with a liquid at a given mole fraction y is different than that of the liquid. So

g is not x. If we take Dalton's law (Equation 9.1.2) and substitute Raoult's Law (Equation 9.1.3) in the numerator and the straight
line in the denominator we get:

x1Py

Y1= 50 e oy 9.1.5
Ps —x1(P; — Py) (915)
Suppose P; = 50 Torr and Py = 25 Torr. If x; = 0.6 what is the composition of the vapor?

We can rearrange Equations 9.1.4 and 9.1.5 to plot the total pressure as function of y;:

Py Py
Piotal = 172 (9.1.6)

Pr+(P; — Py

This is not a straight line.
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Figure 24.1.1: an ideal-ideal phase diagram for the binary system of toluene (A) and benzene (B). The curves are calculated from

Equations 9.1.4 and 9.1.6.
As you can see when we plot both lines we get a diagram with three regions. At high pressures we just have a liquid. At low
pressures we just have a gas. In between we have a phase gap or two phase region. Points inside this region represent states that
the system cannot achieve homogeneously. The horizontal tie-line shows which two phases coexists. I used the same 25 and 50
Torr values for the pure equilibrium pressures as in the question above. If you try to make a system with overall composition x and
impose a pressure that falls in the forbidden zone you get two phases: a gaseous one that is richer in the more volatile component
and a liquid one that is poorer in the volatile component than the overall composition would indicate.

9.1.7: The Temperature Phase Diagram

Note that the question: what phase do we have when? is really a function of both P and T, so that if we want to represent all our
knowledge in a diagram we should make it a three dimensional picture. This is not so easy to draw and not easy to comprehend
visually either. This is why we usually look at a 2D cross section of the 3D space.

The above diagram is isothermal: we vary P, keeping T constant. It is, however, more usual (and easier) to do it the other way
around. We keep pressure constant (say 1 bar, that's easy) and start heating things up isobarically.

The boiling points of our mixtures can also be plotted against z (the liquid composition) and y (the gaseous one) on the same
horizontal axis. Again because in general y is not equal z we get two different curves. Neither of them are straight lines in this case
and we end up with a lens-shaped two phase region:

l':binary T-X diagram showing the lever rule
binary T-X diagram showing the lever rule

What happens to a mixture with a given overall composition x(=x;) when it is brought to a temperature where it boils can be seen
at the intersection of a vertical line (an isopleth) at Zuerqz and a horizontal one (an isotherm) at Tyoy. If the intersection points in
inside the two phase region a vapor phase and a liquid phase result that have a different composition from the overall one. The
vapor phase is always richer in the more volatile component (the one with the lowest boiling point, on the left in the diagram). The
liquid phase is enriched in the less volatile one.

9.1.7.1: The Lever Rule

How much of each phase is present is represented by the arrows in the diagram. The amount of liquid is proportional to the left
arrow, the amount of gas to the right one (i.e. it works crosswise). The composition of the liquid in equilibrium with the vapor is:

lig
Ny

T2 = lig

142
+ _lig __ _lig
TaTiyyo = Mg

The composition of the vapor is:

gas

Nito

@ https://chem.libretexts.org/@go/page/390857


https://libretexts.org/
https://chem.libretexts.org/@go/page/390857?pdf
https://chem.libretexts.org/@api/deki/files/427419/Raoult's_Law_-_P_versus_X.png?revision=4

LibreTexts"

* _gas __ __gas
YaMi,go =My

The overall composition is:

i
nzq+gas
Zall = lig+gas
142
* _ligtgas __ _gas lig
TNty =My +Ny
*  ligtgas __ _ x _gas *,_lig
TopMipe = Y2Mipo + ToNygy

* . gas « lig __ _x_gas *,_liq
TauMiye T Tauliys = YaNiip + Ty

Thus:

lig
Tt _ Y2 —Tan
niy  Tall — T2

9.1.7.2: Distillation

The difference in composition between the gas and the liquid can be exploited to separate the two components, at least partially. We
could trap the vapor and cool it down to form a liquid with a different composition. We could then boil it again and repeat the
process. Each time the vapor will be more enriched in the volatile phase whereas the residual liquid is more enriched in the less
volatile one. This process is known as distillation. In practice the process is done one a fractionation column which makes it
possible to have a series of vapor-liquid equilibria at once.

A good degree of purity can be reached this way, although 100% purity would take an infinite number of distillation steps.

9.1: Partial Molar Quantities in Solutions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 24.1: A Mixture is a Combination of Two or More Substances is licensed CC BY-NC-SA 4.0.
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9.2: The Gibbs-Duhem Equation

At equilibrium, there is no change in chemical potential for the system:
> nidp; =0 (9.2.1)

This is the Gibbs-Duhem relationship and it places a compositional constraint upon any changes in the chemical potential in a
mixture at constant temperature and pressure for a given composition. This result is easily derived when one considers that u;
represents the partial molar Gibbs function for component ¢. And as with other partial molar quantities:

Giot = »_ it
Taking the derivative of both sides yields:
dGior = Z n;dp; + Z pidng;
i i

But d@ can also be expressed as:

dG = Vdp — sdT + ) _ pidn;
i

Setting these two expressions equal to one another:

Znidui+M=Vdp—sdT+/odﬂ
7 ; >

Z nydp; = Vdp — sdT’ (9.2.2)
i

And after canceling terms, one gets:

For a system at constant temperature and pressure:
Vdp—sdT =0 (9.2.3)
Substituting Equation 9.2.3 into 9.2.2 results in the Gibbs-Duhem equation (Equation 9.2.1). This expression relates how the

chemical potential can change for a given composition while the system maintains equilibrium.

9.2.1: Gibbs-Duhem for Binary Systems

For a binary system consisting of components two components, A and B:
npdup + nadus =0
Rearranging:
n
dup = —ﬁdﬂ, n
Consider a Gibbs free energy that only includes p, conjugate variables as we obtained it from our scaling experiment at T and P
constant:
G =pana+ ppnp
Consider a change in G:

dG = d(pana) + d(pens)
=nsdps + padng +npdup + ppdng

However, if we simply write out a change in G due to the number of moles we have:

dG = padna + ppdnp
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Consequently the other terms must add up to zero:

0=mnadus +npdup

npg
dpus = ———d,
KA " B
XB
dug =—=—dug
XA

In the last step we have simply divided both denominator and numerator by the total number of moles. This expression is the
Gibbs-Duhem equation for a 2-component system. It relates the change in one thermodynamic potential (d4) to the other (dup).

The Gibbs-Duhem equation relates the change in one thermodynamic potential (dua) to
the other (dup).

9.2.2: Gibbs-Duhem in the Ideal Case
In the ideal case we have:
pp=pp+ RTInzp

Gibbs-Duhem gives:

XB
dpa =—224
Ha XA ke

RT
dup=0+—
XB

with z g being the only active variable at constant temperature, we get:

dug = —XB BT _ RT
XA XB XA
If we now wish to find p4 we need to integrate dyu 4, e.g. form pure 1 to x 4. This produces:
pa=py+RTInxa
This demonstrates that Raoult's law can only hold over the whole range for one component if it also holds for the other over the
whole range.

9.2: The Gibbs-Duhem Equation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 7.4: The Gibbs-Duhem Equation by Patrick Fleming is licensed CC BY-NC-SA 4.0.
e 24.5: Most Solutions are Not Ideal by Jerry LaRue is licensed CC BY-NC-SA 4.0.
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9.3: Chemical Potential of Each Component Has the Same Value in Each Phase in
Which the Component Appears

In much the same fashion as the partial molar volume is defined, the partial molar Gibbs function is defined for compound ¢ in a

mixture:

i = (36' (9.3.1)

On; ) PT i

The partial molar function is of particular importance and is called the chemical potential. The chemical potential tells how the
Gibbs function will change as the composition of the mixture changes. Since systems tend to seek a minimum aggregate Gibbs
function, the chemical potential will point to the direction the system can move in order to reduce the total Gibbs function and
reach equilibrium. In general, the total change in the Gibbs function (dG) can be calculated from:

oG oG oG
4G = (a—P)T,n,. P+ (ﬁ)m T+ (m

Or, by substituting the definition for the chemical potential, and evaluating the pressure and temperature derivatives:

) dn,-
Tynji

dG = VdP — SdT + ) _ pidn;

But as it turns out, the chemical potential can be defined as the partial molar quantity of any of the four major thermodynamic
functions U, H, A, or G:

Table 9.3.1: Chemical potential can be defined as the partial molar derivative any of the four major thermodynamic functions

dU = TdS — PdV + Y, pidn; Hi = ( ZZ- )s,v,,.,.#
oH

dH=TdS —VdT + Y, pidn; L ( on; )s,p,nj+i
94

dA=—PdV —TdS+ 3", pidn; = ( on; )V,T,n_.,-ah
oG

dG = VdP — SdT + ¥; pidn; A= ( an; )p,T,,.ﬁei

The last definition, in which the chemical potential is defined as the partial molar Gibbs function, is the most commonly used, and
perhaps the most useful (Equation 9.3.1). As the partial most Gibbs function, it is easy to show that:

dy = VdP — SdT

where V is the molar volume, and S is the molar entropy. Using this expression, it is easy to show that:

op
) v
( oP )T
and so at constant temperature:

" P
/ du= [ VdP (9.3.2)
ue Po
So that for a substance for which the molar volume is fairly independent of pressure at constant temperature (i. e., kr is very small),
therefore Equation 9.3.2 becomes:
P

w
/ du=V [ dP
Po

p—p’=V(P—P°

or:
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Where Pe is the standard state pressure (1 bar) and e is the chemical potential at the standard pressure. If the substance is highly

p=p’+V(P—P°)

compressible (such as a gas) the pressure dependence of the molar volume is needed to complete the integral. If the substance is an
ideal gas:

RT
V—?

So at constant temperature, Equation 9.3.2 then becomes:

I
/ dp = RTintPo% (9.3.3)

or:
P
f=p°+ RTIn (P—)

A lot of chemistry takes place in solution and therefore this topic is of prime interest for chemistry.

9.3.1: Thermodynamic potentials of solutions

The Gibbs free energy of an ideal gas depends logarithmically on pressure:
o P
G=G°+RTn Po

P? is is often dropped out of the formula. and we write:

G=G°+RTlnP

Notice however that although P and P/P° have the same numerical value, the dimensions are different. P usually has
dimensions of bar, but P/P° is dimensionless.

If we have a gas mixture we can hold the same logarithmic argument for each partial pressure as the gases do not notice each other.
We do need to take into account the number of moles of each and work with (partial) molar values, i.e. the thermodynamic
potential:

i =ul+ RT'1 i 9.34
i = pj+ R0 55 (9.3.4)

If we are dealing with an equilibrium over an ideal liquid solution the situation in the gas phase gives us a probe for the situation in

the liquid. The equilibrium must hold for each of all components j (say two in binary mixture). That means that for each of them
the thermodynamic potential in the liquid and in the gas must be equal:

sln __ ,,gas
I I

for all j. Consider what happens to a pure component, e.g. j =1 in equilibrium with its vapor. We can write:

*

; P,
uglmre lig — uzlmrevapor — ug + RTIn Plo

The asterisk in Py denotes the equilibrium vapor pressure of pure component 1 and we will use that to indicate the thermodynamic
potential of pure compounds too:

*

*lg P
p3 = 49 + RTIn Plo (9.3.5)

Combining Equations 9.3.5 and 9.3.4 we find a relationship between the solution and the pure liquid:

in __ J
p;" = p;+ RTIn Pr
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Notice that the gas and its pressure is used to link the mixture and the pure compound.

9.3: Chemical Potential of Each Component Has the Same Value in Each Phase in Which the Component Appears is shared under a not declared
license and was authored, remixed, and/or curated by LibreTexts.

e 7.3: Chemical Potential by Patrick Fleming is licensed CC BY-NC-SA 4.0.
¢ 24.3: Chemical Potential of Each Component Has the Same Value in Each Phase in Which the Component Appears is licensed CC BY-
NC-SA 4.0.
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9.4: Ideal Solutions obey Raoult's Law

Liquids tend to be volatile, and as such will enter the vapor phase when the temperature is increased to a high enough value,
provided they do not decompose first. A volatile liquid is one that has an appreciable vapor pressure at the specified temperature.
An ideal mixture containing at least one volatile liquid can be described using Raoult’s Law:

Pj = ﬂ:jP]-‘

Raoult’s law can be used to predict the total vapor pressure above a mixture of two volatile liquids. As it turns out, the composition
of the vapor will be different than that of the two liquids, with the more volatile compound having a larger mole fraction in the
vapor phase than in the liquid phase. This is summarized in the following diagram for an ideal mixture of two compounds, water
and ethanol at 75 °C. At this temperature, water a pure vapor pressure of 384 Torr and ethanol has a pure vapor pressure of 945
Torr. In Figure 24.4.1, the composition of the liquid phase is represented by the solid line and the composition of the vapor phase is
represented by the dashed line.

X0

Figure 24.4.1: The composition of the liquid phase (solid line) and the vapor phase (dashed lined) as a function of mole fraction
according to Raoult's law. The solution is a mixture of water and ethanol. P, is the vapor pressure of pure water and Pp is the vapor
pressure of pure ethanol at 75 °C

Often, it is desirable to depict the phase diagram at a single pressure so that temperature and composition are the variables included
in the graphical representation. In such a diagram, the vapor, which exists at higher temperatures) is indicated at the top of the
diagram, while the liquid is at the bottom. A typical temperature vs. composition diagram is depicted in Figure 24.4.2 for an ideal
mixture of two volatile liquids.

3 b x5 d
0* X xg 2 X 1

Figure 24.4.2: A typical temperature vs. composition diagram.
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In this diagram, T4 and T represent the boiling points of pure compounds A and B. If a system having the composition indicated
by x% has its temperature increased to that indicated by point ¢, The system will consist of two phases, a liquid phase, with a
composition indicated by x4 and a vapor phase indicated with a composition indicated by x%. The relative amounts of material in
each phase can be described by the lever rule, as described previously.

Further, if the vapor with composition x% is condensed (the temperature is lowered to that indicated by point b') and re-vaporized,
the new vapor will have the composition consistent with x%. This demonstrates how the more volatile liquid (the one with the
lower boiling temperature, which is A in the case of the above diagram) can be purified from the mixture by collecting and re-
evaporating fractions of the vapor. If the liquid was the desired product, one would collect fractions of the residual liquid to achieve
the desired result. This process is known as distillation.

9.4.1: The Gibbs energy of mixing is always negative

When we add n4 moles of component A and np moles of component B to form an ideal liquid solution, this is generally a
spontaneous process. Let us consider the Gibbs free energy change of that process:

sln

AmiaG = nipf™ + nops™ — (mipi +naps)
Using:
ud = pt + nRTz;Inz;
his expression simplifies to:
AnizG=nRTzslnzs +nRTzglnzpg

where r is the total moles. Mole fraction, z;, is always less than one, so the Gibbs energy of mixing is always negative; mixing is
always spontaneous. We can generalize this to mixtures with more than two components:

AnizG = nRT Z z; Inx;

This expression looks suspiciously familiar. Apart from a factor of —T, it is just like the entropy of mixing:

AnizS = —nR Z z;lnz;

Recalling the relationship between Gibbs energy and entropy:
AnizG = ApigH — TApizS
This leaves no room at all for an enthalpy effect:
ApmizH=0

Even though there are strong interactions between neighboring particles in liquids, there is no enthalpy change. This implies that it
does not matter what the neighboring molecules are. If we represent the average interaction energy between molecule ; and j by
U;;, we are assuming that U;; is always the same. In practice, this is seldom the case. It usually does matter and then the enthalpy
term is not zero. As this affects the thermodynamics of the liquid solution, it should also affect the vapor pressures that are in
equilibrium with it.

9.4.2: In the ideal case, volumes are additive

From the change of @G in its natural variables, we know that:

0G
(59),=v
This means that if we take
OAG
(F7 ), = Ve

@ https ://chem.libretexts .org/@go/page/390860


https://libretexts.org/
https://chem.libretexts.org/@go/page/390860?pdf

LibreTexts*

In the ideal case we get:

) AGideal ) .
— AV’,:geal
(%5),

— Avideal =0

miz

ORT(n1lnzy + nolnz,)
oP T

In the ideal case, volumes are additive and we need not worry about how the partial molar volumes change with composition.
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9.5: Most Solutions are Not Ideal

If we plot the partial pressure of one component, Py, above a mixture with a mole fraction z;, we should get a straight line with a
slope of P} (Raoult's law). Above non-ideal solutions the graph will no longer be a straight line but a curve. However towards z;
= 1 the curve typically approaches the Raoult line. On the other extreme, there often is a more or less linear region as well, but with
a different slope (Figure 24.5.1 ). This means that we can identify two limiting laws:

o Forz — 0: Henry's law:

Py = Kgxq
e For z — 1: Raoult's law:

P, =P{z,

This implies that the straight line that indicates the Henry expression will intersect the y-axis at z =1 (pure compound) at a
different point than P*. For z — 0 (low concentrations) we can speak of component 1 being the solute (the minority component).
At the other end z — 1 it plays the role of the solvent (majority component).

f
‘f HENRY'S LAW

!

P1 I NONIDEAL SOLUTION

RAQULT'S LAW

L Pure component

Figure 24.5.1 : Vapor pressure above an ideal and a non-ideal solution

Another thing to note is that P* is a property of one pure component, the value of Ky by contrast is a property of the
combination of two components, so it needs to be measured for each solute-solvent combination.

As you can see we have a description for both the high and the low end, but not in the middle. In general, the more modest the
deviations from ideality the larger the range of validity of the two limiting laws. The way to determine Kr would be to actually
determine vapor pressures. How about the other component? Do we need to measure them too? Fortunately we can use
thermodynamics to answer this question with no. There is a handy expression that saves us the trouble.
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9.6: Vapor Pressures of Volatile Binary Solutions

The behaviors of ideal solutions of volatile compounds follow Raoult’s Law. Henry’s Law can be used to describe the deviations
from ideality. Henry's law states:

Pp = kyP}

For which the Henry’s Law constant (kg) is determined for the specific compound. Henry’s Law is often used to describe the
solubilities of gases in liquids. The relationship to Raoult’s Law is summarized in Figure 9.6.1.

kn

Henry's Law (p = Xa kuy)

pressure

ps°®

Raoult's Law (p = xa ps°)

0 XB 1
Figure 9.6.1: The relationship between Raoult's Law and Henry's Law for a binary mixture.

Henry’s Law is depicted by the upper straight line and Raoult’s Law by the lower.

Example 9.6.1: Solubility of Carbon Dioxide in Water

The solubility of CO,(g) in water at 25 °C is 3.32 x 10> M with a partial pressure of CO, over the solution of 1 bar. Assuming
the density of a saturated solution to be 1 kg/L, calculate the Henry’s Law constant for CO;.

Solution:
In one L of solution, there is 1000 g of water (assuming the mass of CO; dissolved is negligible.)

1mol
18.02¢

(1000 g) ( ) = 55mol H,O

The solubility of CO, can be used to find the number of moles of CO, dissolved in 1 L of solution also:

—2
382x 107 mol 1 _ 339 x 10~2mol CO,

L
and so the mol fraction of CO; is
Xo = 73'325; 51::;”01 =5.98x10~%
And so
10° Pa = 5.98 x 10~*kg
or

kny =1.67 x 10° Pa

9.6.1: Azeotropes

An azeotrope is defined as the common composition of vapor and liquid when they have the same composition.
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Figure 9.6.2: Phase diagrams for (left) a maximum boiling point azeotrope and (right) Ta maximum boiling point azeotrope.

Azeotropes can be either maximum boiling or minimum boiling, as show in Figure 9.6.2;. Regardless, distillation cannot purify past
the azeotrope point, since the vapor and the liquid phases have the same composition. If a system forms a minimum boiling
azeotrope and has a range of compositions and temperatures at which two liquid phases exist, the phase diagram might look like
Figure 9.6.2;:

vapor

Temperature

one phase liquid

two phase liquid

0 X8 1
Figure 9.6.3: Phase diagram for a binary solution with the boiling point of a minimum boiling azeotrope that is higher that when

components are miscible (single phase).

Another possibility that is common is for two substances to form a two-phase liquid, form a minimum boiling azeotrope, but for the
azeotrope to boil at a temperature below which the two liquid phases become miscible. In this case, the phase diagram will look
like Figure 9.6.3.
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Example 9.6.1:

In the diagram, make up of a system in each region is summarized below the diagram. The point e indicates the azeotrope
composition and boiling temperature.

Temperature

two phase liquid

0 Xg 1

1. Single phase liquid (mostly compound A)
II. Single phase liquid (mostly compound B)
II1. Single phase liquid (mostly A) and vapor
IV. Single phase liquid (mostly B) and vapor
V. Vapor (miscible at all mole fractions since it is a gas)

Solution

Within each two-phase region (III, IV, and the two-phase liquid region, the lever rule will apply to describe the composition of
each phase present. So, for example, the system with the composition and temperature represented by point b (a single-phase
liquid which is mostly compound A, designated by the composition at point a, and vapor with a composition designated by that
at point c), will be described by the lever rule using the lengths of tie lines I4 and Ip.

9.6.1.1: Gibbs-Duhem and Henry's law

What happens when Raoult does not hold over the whole range? Recall that in a gas:

0 P;
or
pi=up;+RTInP;

after dropping P° =1 bar out of the notation. Note that numerically this does not matter, since P; is now assumed to be
dimensionless.

Let's consider dy4 at constant temperature:

Oln P1
d[,tl = RT( 61:1 ) dzl
likewise:
Oln Pz
d[,tg = RT( 61:2 ) d12

If we substitute into the Gibbs-Duhem expression we get:
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1 (alnpl)dml+:cg (BlnP2)dm2 -0
oz, 0z2

Because dz; = —dz,:

! aib'l et a:)':z
(This is an alternative way of writing Gibbs-Duhem).

If in the limit for z; — 1 Raoult Law holds then

P, — 1131131*r
Thus:
81nP1 _ i
8.’51 - 1
and
ﬂ _ BlnPg
Ty - 6902
=gz Oln P2
-T2 amg
1 8111P2
— 9.6.2
9 6:172 ( )

We can integrate Equation 9.6.2 to form a logarithmic impression, but it will have an integration constant:
In P, = Inxzs + constant
This constant of integration can be folded into the logarithm as a multiplicative constant, K
In P, = 1In (Kz3)
So for z; = 1 (i.e., zo — 0), we get that
Py, =Kz

where K is some constant, but not necessarily P*. What this shows is that when one component follows Raoult the other must
follow Henry and vice versa. (Note that the ideal case is a subset of this case, in that the value of K then becomes P* and the
linearity must hold over the whole range.)

9.6.2: Margules Functions

Of course a big drawback of the Henry law is that it only describes what happens at the two extremes of the phase diagram and not
in the middle. In cases of moderate non-ideality, it is possible to describe the whole range (at least in good approximation) using a
Margules function:

P = ($1P1*) fMar
The function fas,, has the shape:
fMar = exp [0z} + Bz + 6z3+....]

Notice that the Margules function involves the mole fraction of the opposite component. It is an exponential with a series
expansion. with the constant and linear term missing. As you can see the function has a number of parameters ¢, 8, § etc. that need
to be determined by experiment. In general, the more the system diverges from ideality, the more parameters you need. Using
Gibbs-Duhem is is possible to translate the expression for P; into the corresponding one for P,.
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9.7: Activities of Nonideal Solutions

The bulk of the discussion in this chapter dealt with ideal solutions. However, real solutions will deviate from this kind of behavior.
So much as in the case of gases, where fugacity was introduced to allow us to use the ideal models, activity is used to allow for the
deviation of real solutes from limiting ideal behavior. The activity of a solute is related to its concentration by

mp
me

ap =1

where « is the activity coefficient, mp is the molaliy of the solute, and m? is unit molality. The activity coefficient is unitless in this
definition, and so the activity itself is also unitless. Furthermore, the activity coefficient approaches unity as the molality of the
solute approaches zero, insuring that dilute solutions behave ideally. The use of activity to describe the solute allows us to use the
simple model for chemical potential by inserting the activity of a solute in place of its mole fraction:

up=pp+ RTInag

The problem that then remains is the measurement of the activity coefficients themselves, which may depend on temperature,
pressure, and even concentration.

9.7.1: Activity Coefficients for lonic Solutes

For an ionic substance that dissociates upon dissolving
MX(s) = M*(aq) + X (aqg)

the chemical potential of the cation can be denoted p. and that of the anion as x—. For a solution, the total molar Gibbs function of
the solutes is given by

G=p++p-
where
p=p*+RTIna

where \(\mu/A*\) denotes the chemical potential of an ideal solution, and a is the activity of the solute. Substituting his into the
above relationship yields

G=p} +RThhay+p* + RTlna_
Using a molal definition for the activity coefficient
a; = i
The expression for the total molar Gibbs function of the solutes becomes
G=pi +RTIny,my +p> +RTIny_m_
This expression can be rearranged to yield
G=p% +p* + RTInmym_+ RTInvy,~_

where all of the deviation from ideal behavior comes from the last term. Unfortunately, it impossible to experimentally deconvolute
the term into the specific contributions of the two ions. So instead, we use a geometric average to define the mean activity
coefficient, v...

Y = VY-
For a substance that dissociates according to the general process
M, X,(s) = zM"* (aq) +yX* (aq)
the expression for the mean activity coefficient is given by

7 = ()Y
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9.7.1.1: Debeye-Huckel Law
In 1923, Debeye and Hiickel (Debye & Hiickel, 1923) suggested a means of calculating the mean activity coefficients from
experimental data. Briefly, they suggest that

1.824 x 108

(eT)3/2 |Z++Z_|\/T

logyg v+ =

where ¢ is the dielectric constant of the solvent, T is the temperature in K, z; and z_ are the charges on the ions, and I is the ionic
strength of the solution. I is given by

I= 1 my22 +m_z%
T2 me°
For a solution in water at 25 °C,
As seen before activities are a way to account for deviation from ideal behavior while still keeping the formulism for the ideal case
intact. For example in a ideal solution we have:
usln = u* + RTIngx;
is replaced by
2™ = p* + RTIna;
The relationship between a; and =; is often written using an activity coefficient v:

ai = YT

9.7.2: Raoult versus Henry

Implicitly we have made use of Raoult's law here because we originally used

P

%= pr
]

In the case of a solvent this makes sense because Raoult's law is still valid in the limiting case, but for the solute it would make
more sense to use Henry's law as a basis for the definition of activity:

Qsol _ P solute
solute, H = ~—7~
K.’c,H

This does mean that the y* now becomes a p*#emv because the extrapolation of the Henry law all the way to the other side of the
diagram where g4, = 1 points to a point that is not the equilibrium vapor pressure of this component. In fact it represents a virtual
state of the system that cannot be realized. This however does not affect the usefulness of the convention.

9.7.3: Various concentration units

The subscript X was added to the K value because we are still using mole fractions. However Henry's law is often used with other
concentration measures. The most important are:

e molarity
o molality
o mole fraction

Both the numerical values and the dimensions of K will differ depending on which concentration measure is used. In addition the
pressure units can differ. For example for oxygen in water we have:

K, 5= 4.259 10% atm
Kp = 1.3 10 mol/lit.atm
K= 769.23 lit.atm/mol
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As you can see K¢p y is simply 1/Kpc 5, both conventions are used..

Note that in this case a choice based on Raoult is really not feasible. At room temperature we are far above the critical point of
oxygen which make the equilibrium vapor pressure a non-existent entity. Returning to activities we could use each of the versions
of K as a basis for the activity definition. This means that when using activities it must be specified what scale we are using.
Activities and Henry coefficients of dissolved gases in water (both fresh and salt) are quite important in geochemistry,
environmental chemistry etc.

9.7.4: Non-volatile solutes

A special case arises if the vapor pressure of a solute is negligible. For example if we dissolve sucrose in water. In that case we can
still use the Henry based definition

Qsolute.Fl = Psolute
solute,H = Kz,H
Even though both K and P will be exceedingly small their ratio is still finite. However how do we determine either?

The answer lies in the solvent. Even if the vapor pressure of sucrose is immeasurably small, the water vapor pressure above the
solution can be measured. The Gibbs-Duhem equation can then be used to translate one into the other. We can use Raoult Law to
define the activity of the solvent:

P
a] = ——
P
We can measure the pressures as a function of the solute concentrations. At low concentrations
Ineailnz—1~—x—2

At higher concentrations we will get deviations, we can write:

P,

1

In

=Ilna; ~ —z9p

The 'fudge factor'  is known as the osmotic coefficient and can thus be determined as a function of the solute concentration from
the pressure data. What we are really interested in is as, not a;:

a2 = Y22
Using Gibbs-Duhem we can convert ¢ into .. Usually this is done in terms of molalities rather than mole fractions and it leads to
this integral:
m

Inyom=¢-1+ / (':n_,l dm’

m’=0
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9.8: Activities are Calculated with Respect to Standard States

Need to define a new variable. The thermodynamic activity, a, is the effective concentration of a species in a mixture. It is a
dimensionless quantity that are calculated with respect to standard states. For a gas, this would be related to the fugacity and for a
solution, to the concentration. The activity for a real gas:

fi _ $iPi _ #i(yi P)

a; =

Ppr pr p-
For systems where we treat the gases as ideal:
¢ =1
N (A
a; = P Yi P
The activity for a solution:
a; = 'yi—[A]
i 1 M

General chemistry and organic chemistry use ideal reactants where v; = 1:

o= A
T ]_M

The activity for a solid or liquid:

a.-=1

9.8: Activities are Calculated with Respect to Standard States is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

https://chem.libretexts.org/@go/page/390864



https://libretexts.org/
https://chem.libretexts.org/@go/page/390864?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/09%3A_Solutions/9.08%3A_Activities_are_Calculated_with_Respect_to_Standard_States
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/09%3A_Solutions/9.08%3A_Activities_are_Calculated_with_Respect_to_Standard_States
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/09%3A_Solutions/9.08%3A_Activities_are_Calculated_with_Respect_to_Standard_States?no-cache

LibreTexts"

9.9: Gibbs Energy of Mixing of Binary Solutions in Terms of the Activity Coefficient
9.9.0.1: Activity and activity coefficients
In the ideal case, we have seen that the thermodynamic potential for species  can be written as:

P
pim =y + RTIn z; = p3 + RT'In (?;)

One approach to non-ideality is to simply redefine the problem and say:
p™ = p? + RTn a;
= indicates this is actually a definition. The newly defined variable a; is known as the activity. Alternatively we can define it as:

P;

[a,- EF

As at high enough values of the mole fraction we know that we can still apply Raoult law. So a; must approach =; in this limit, but
for other concentrations this will no longer hold. Often this is expressed in terms of an activity coefficient «:

[ai] = yiz:
For high values of z;, 4; will approach unity. If we model the non-ideality with a Margules function we see that:

P = miPofMar

o = [ 5] = [E52 ]  fos o]

The activity coefficient and the Margules function are the same thing in this description.

9.9.0.1: Regular solutions

A special and simplest case of a Margules function is the case where all but one Margules parameters (@) can be neglected. Such a
system is called a regular solution. In this case, we can write:

a:c’
a; =x1€ 2
We can use Gibbs-Duhem to show that this implies:
GTZ
ag = Ig€e 1
Gibbs free energy of regular solutions
Consider the change in Gibbs free energy when we mix two components to form a regular solution:
AGmiz = mpi™ + nops™ — (mapi + naps)

Dividing by the total number of moles, we get:

ApinG = mll‘fl" + 5"'2”51" — (141 + T2ps3)
Using:
p"™ = pi + RTIna;
and:
[as] = vims
We get:
A;"{;,G =z1lnz; +a2lnzs+21Iny +z2lny,
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For a regular solution:

1n71 = ]-nfMar = az%

]-n'72 = ]-nfMar = az%

This gives:
AnizG
;—; =z;Inx; + 25 In 2y + 21023 + 12022
=z;lnz; + 2o lnzy + afz; + zo)z122
=z1Inz; + 25Inz9 + ax122
Since:

z1+x2=1

In this expression we see that we have an additional term to the entropy of mixing term we had seen before. Its coefficient q is
dimensionless but represents the fact that the (strong!) interactions between the molecules are different depending on who is the
neighbor. In general. a can be written as W/RT, where W represents an energy (enthalpy) that brings the difference in interaction
energies into account. W does not depend strongly on temperature. We could look at W as the difference in average interaction
energies:

W =202 —Upy — Uy
Rearranging we get:

AmizG
w

= %[xl In X; + zoInzo) + 2122

The two terms will compete as a function of temperature. The mixing entropy will be more important at high temperatures, the
interaction enthalpy at low temperatures. The entropy term has a minimum at x1=0.5, the enthalpy term a maximum if W is positive.
So, one tends to favor mixing, the other segregation and we will get a compromise between the two. Depending on the value of
RT/W (read: temperature), we can either get one or two minima. This means that at low temperatures there will be a solubility
limit of 1 into 2 and vice versa. At higher temperatures the two components can mix completely. At the transition between these
two regimes we will have critical or consolute point.

Notice that even though we used the vapor pressures of the gas to develop our theory, they are conspicuously absent from the final
result. The same thing we said about melting points hold true here. Because we are dealing with the miscibility behavior of two
condensed phases, the outcome should not depend very strongly on the total pressure of our experiment.

Although in regular solutions the consolute point is predicted to be a maximum in temperature, we can find them as minima as well
in practice. The nicotine-water system even has two consolute points, an upper and a lower one. When heating up a mixture of
these we first observe mixing, then segregation and then mixing again. Obviously this behavior is far more complicated than we
can describe with just one Margules parameter.

9.9.0.0.1: Partial molar volumes

What we said above about volumes simply being additive in the ideal case is no longer true here.

DG\
( 9P )T = AVregula.r
OAHpmiz + RT(naln[z1] + nalnfzo]) | AV
oP oo
aAHmiz )
T ) = AV
( 6P Jr K

In general the enthalpy of mixing does depend on pressure as it is related to the interactions between the molecules in solution. (W
depends on the distance between them). This means that partial molar volumes now become a function of composition and volume
is no longer simply additive.
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9.9.1: Real solutions

Notice that the curves are symmetrical around z = 0.5. This implies that it is as easy (or not) dissolving A into B as vice versa. In
many cases this is not realistic. Many systems diverge more seriously from ideal behavior that the regular one. Up to a point we can
model that by adding more terms to the Margules function. For example, adding a -term undoes the symmetry (see example 24-7).
However, many systems are so non-ideal that the Margules expression become unwieldy with too many parameters.

9.9.2: Boiling non-ideal solutions

9.9.2.1: Azeotropes

For ideal solutions we have seen that there is a lense shaped two-phase region between the gas and the liquid phase. For non-ideal
systems the two-phase region can attain different shapes. In many cases there is either a minimum or a maximum. As such a point
the phase gap closes to a point that is known as an azeotrope. It represents a composition of the liquid that boils congruently. That
means that the vapor and the liquid have the same composition for a change. Azeotropes impose an important limitation unto
distillation: they represent the end point of a distillation beyond which we can not purify by this method.

9.9.2.2: Eutectics

Another point to be made is that in the diagram with the consolute point we are assuming the pressure to be constant. If we lower
the pressure this would affect the boiling points strongly: the whole gas-liquid gap would come down in temperature (see
animation). The mixing behavior is only weakly affected. (The reason is that one involves the volume term of the gas, the other
only of the liquid(s)). At lower pressures it is possible therefore that the consolute point is above the gas-liquid gap. In other words:
the mixtures will boil before they get a chance to mix. The boiling points will be lower there than for the pure compounds. There
will be a composition for which the boiling point is at a minimum and where the mixture boils congruently (i.e. to a vapor with the
same (overall) composition).

The mutual solubility limits increase as temperature increases, just as happens in the critical mixing case, but that due to the
competition from the vapor phase this process comes to an end at the eutectic temperature. At this temperature one liquid boils
always completely, the other one in part. At the eutectic composition they both boil away simultaneously.

9.9: Gibbs Energy of Mixing of Binary Solutions in Terms of the Activity Coefficient is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.

¢ 24.9: Gibbs Energy of Mixing of Binary Solutions in Terms of the Activity Coefficient is licensed CC BY-NC-SA 4.0.
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10.1: Equilibrium Results when Gibbs Energy is Minimized

Many important chemical reactions -if not most- are performed in solution rather than between solids or gases. Solid state reactions
are often very slow and not all chemical species can be put in the vapor phase because they decompose before evaporating.

Often we are not concerned with the temporal aspects of a reaction. That can be technologically very important but it is the domain
of kinetics - a different branch of Physical Chemistry - rather than classical thermodynamics.. The latter is more concerned with the
endpoint. This is the thermodynamically speaking the (stable) equilibrium, but chemically it can either represent a completed
reaction or a chemical equilibrium.

Unfortunately, of the three main aggregation states: gas — liquid — solid, the structure of liquids is least understood and one of the
most complex liquids is also one of the most extensively used ones: water. It is vital to many branches of chemistry varying from
geochemistry to environmental chemistry to biochemistry. We shall make just a small inroad into its complexity.
10.1.1: Extent of reaction
To describe the progress of a reaction we define the extent of reaction. It is usually denoted by the Greek letter &.
Consider a generic reaction:

vaA+vpB=uvyY +vzZ

Using stoichiometry we can define the extent by considering how the number of moles (or molar amounts) of each species changes
during the reaction:

reactants

e ng=mn4g0—v4¢

* ng=ngo—vp
products

e ny =nyp+vyf

e nz=nzo+vz€

The dimension of § is [mol] because the stoichiometric coefficients v; are dimensionless integers. If the reaction goes to completion
for one of the reactants -the limiting reactant- na or B=Njimiting Will g0 to zero. If we start with nimiting = Viimiting moles, the value of &
starts at 0 (no products) and goes to 1 at completion (limiting reactant depleted). When approaching an equilibrium ¢ will not go
beyond &,.

10.1.2: Measuring &

The extent of reaction is what is the central subject of reaction kinetics. Its value is typically measured as a function of time
indirectly by measuring a quantity q that is linearly dependent on &(t):

q(§) =al+b
Consider the situation at the extremes £ =0 and ¢ = 1:
go=a0+b=0b
gn=al+b=a+b
a—G=a
Thus, ¢ can be found from

at) -0 _ o) b

q1 —qo a

The nature of ¢ can vary widely from UV/Vis absorption, conductivity, gravimetric to caloric data.
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In practice, go at ¢ = 0 is often hard to observe because it takes time to mix the reactants, particularly in solutions, and q; at §&=1
may never be reached if the reaction goes to equilibrium. Nevertheless the values of a and b can often be found from the available
data by fitting techniques.

In (equilibrium, static) thermodynamics we are only concerned with the endpoint:
e ¢ =1: the reaction runs to completion

o £ =&, the react ion goes to a state of chemical equilibrium

10.1.3: Thermodynamic Potentials

As we have seen we can write any change in the Gibbs free energy due to changes in the molar amounts of the species involved in
the reaction (at T', P constant) as:

oG
aG=Y" ;i = > padn;
where y is the thermodynamic potential, often called chemical potential when dealing with reactions. From the definition of & we
can see by differentiation that

o dng=—vadf
e dnp=—vadf
e dny = vydf
o dnz=vzdf

This allows us to unify the changes in the molar amount of all the species into one single variable d¢. We get:
dG = [Z Vi reactants i reactants + Z +Ui,productsllfj,products] dé-

or

3G
This quantity is also written as:

oG
—_— =A,G
( 63 )T,P

This quantity gives the change in Gibbs free energy for the reaction (as written!!) for A§=1 mole. (Units are [J/mol] therefore). This
is the change in Gibbs energy (the slope of G vs ¢) when the extent of reaction changes by one mole with a fixed composition.
Equilibrium results when Gibbs energy is at a minimum with respect to the extent of reaction.

Reactants Products

f

Equilibrium

0 £ Completion

Figure 1. Gibbs energy plotted as a function of the extent of reaction. Equilibrium results when the Gibbs energy is minimized.
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10.1.4: Gas Reactions

Let us assume that our reaction is entirely between gas species and that the gas is sufficiently dilute that we can use the ideal gas
law. Then we can write for each species:

P;
pi = ”?+RTIHP_;’

We can then split up the AG expression in two parts:
A.G=A,G°+RTInQ

The standard potentials:

ArG = =3 vnr il + D vinity

and the logarithmic terms:

Py Pp Py Py
RTInQ = —v4RTIn (P_Z) —vpRT In (P_,‘}) + vy RT 1o (?{;) +vzRT In (P—Zo)
We can combine all the logarithmic terms into Q, called the reaction quotient. The stoichiometric coefficients become exponents
and the reactants' factors will be 'upside down' compared to the products, because of the properties of logarithms:

alnz =Inz°

—alnz=1In (L)
xa

We have kept the standard pressures P¢ in the expression, but often they are omitted. They are usually all 1 bar, but in principle we
could choose 1 bar for A 1 Torr for B an 1 psi for the products. It creates a valid (though ridiculous) definition of what © stands for.
(Of course the value of A,G° does depend on that choice!).

We could write

RTIn@ = RTIn &
Qo
Q¢ is typically unity in magnitude but it cancels the dimensions of @p. That means that Q@ and Qp are equal in magnitude and we
can get Q from Qp by simply dropping the dimensions. @ is dimensionless but Qp usually is not. Often this fine distinction is
simply not made and @° is omitted, we get:

vz

PYY Z
AG=AG+RTIn prt;

Notice the difference between A,G which denotes the conditions (e.g. pressures) of your reaction and A,G° denotes standard
conditions.

10.1: Equilibrium Results when Gibbs Energy is Minimized is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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10.2: An Equilibrium Constant is a Function of Temperature Only
Consider a generic reaction:
vaA+vpB=vyY +vzZ

When the reaction reaches equilibrium, the Gibbs energy of reaction, A,G, goes to zero. In this case, the reaction quotient, @, is
usually rewritten as the equilibrium constant, K, and we get:

AG=A,G°+RTInK =0
A,G°=—RThK
where

WY pvZ
eq,YP eq,Z

= vA puB
Peq,A Peq,B

As you see A,G? is not zero, because the standard state does not represent an equilibrium state (typically).
We can calculate the temperature dependence of K. Rather than look at:
(o)
oT Jp

We will look at:

( Oln K )
or Jp
Starting with Gibbs energy:
A.G°=—-RThh K

ArG°
cInK =—
" RT
(aan) __1T70(AG/T)
ar )p R aT P

We need to take the Gibbs-Helmholtz equation:

_ (AG/T)
— _m2
AH=-T [761_,
P
We can also write it as:

a(AG/T)
T

AR

_—F
P

Plugging the Gibbs-Helmholtz equation into our earlier equation, we obtain the Van't Hoff equation:

(31nK) _ AH?
or P_ RT?

The temperature dependence of the equilibrium constant depends on enthalpy of reaction. Rearranging:

AH*(T)

RT? dT

d(lnK) =
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This is the Van't Hoff equation. We can use it to find K at other temperatures. Assuming enthalpy is independent of temperature, the
integrated form becomes:

"KT) - R

K(Ty)  AH® ( 1 1 )
T, T

10.2.1: Le Chatelier's Principle

In the ideal gas reaction case, K only depends on temperature, 7, (just like U) not on the total pressure, P. This leads to the well-
known principle of Le Chatelier. Consider a gas reaction like:

\[A \rightleftharpoons B + C \nonumber \nonumber \]
e.g.
PCls = PCl3 + Cl,
In pressures, the equilibrium constant becomes:

_ PpPg
=

If initially ny =1 we have at an extent &:

HAZI'E

NToral = 1+ §

The partial pressures are given by Dalton's law:
Ppa=[1-&/1+ &1 P
Pa[&/1+& 1P
Pc[E/1+E]P

The equilibrium constant becomes:

&
1-— §3q

Even though the total pressure, P, does occur in this equation, K is not dependent on P. If the total pressure is changed (e.g. by
compression of the gas) the value of &g will change (the equilibrium shifts) in response. It will go to the side with the fewer
molecules. This fact is known as le Chatelier's principle

If the system is not ideal we will also get a Chatelier shift, but the value of K may change a little because the value of the activity
coefficients (or fugacity) is a little dependent on the pressure too. In solution the same thing holds. In ideal solutions K is only T'
dependent, but as we saw these systems are rare. Particularly in ionic solutions equilibrium constants will be effected by other
things than just temperature, e.g. changes in the ionic strength and we need to find the activity coefficients to make any predictions.

v/ Example

Consider the reaction of ammonia decomposition:
2NHs () = N2 (g) +3Hz (9)
AH°(NH;, g) = —45.90 kJ/mol

The reaction is initially at equilibrium. For each of the stresses, use your General Chemistry knowledge to decide if
equilibrium will be unaffected, or if it will shift towards reactants or products.
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Process Shifts towards

Isothermal removal of Hj gas

Isothermal addition of N, gas

Isothermal decrease of container volume
Isothermal and isochoric addition of argon gas

Isobaric increase of temperature

Write the equilibrium constant expression for the above chemical reaction in terms of gas-phase mole fractions.

10.2.2: Concentration

The gas law contains a hidden definition of concentration:

PV =nRT
n
= (3)
P =cRT
P

Here c stands for the molar amount per unit volume or molarity. For gaseous mixtures we do not use this fact much, but it provides
the link to the more important liquid solution as a reaction medium. We can rewrite the equilibrium constant as
c’l)y vz

C
K= w? (10.2.2)

VA VB
ceq,A ceq,B

However, c (Equation 10.2.1) is substituted into K (Equation 10.2.2), then not all the factors of RT cancel. The missing term g.
In[RT] depends on the stoichiometric coefficients:

g=vy +vz—v4—vB
The term is generally incorporated in A,G® so that the latter now refers to a new standard state of 1 mole per liter of each species

rather than 1 bar of each (or so).

10.2: An Equilibrium Constant is a Function of Temperature Only is shared under a not declared license and was authored, remixed, and/or
curated by LibreTexts.
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10.3: Standard Gibbs Energies of Formation Can Be Used to Calculate Equilibrium
Constants

10.3.1:

The relation K = e~ gives us a way to evaluate the thermodynamic equilibrium constant K of a reaction at a given temperature
from the value of the standard molar reaction Gibbs energy A.G° at that temperature. If we know the value of A;G°, we can
calculate the value of K.

One method is to calculate A,G° from values of the standard molar Gibbs energy of formation A;G° of each reactant and
product. These values are the standard molar reaction Gibbs energies for the formation reactions of the substances. To relate A;G®
to measurable quantities, we make the substitution g; = H; — T'S; (Eq. 9.2.46) in A;G = Y,vip; to give AG = Y ,v;H; — T v;S;,
or

AG=AH—-TA,S (11.8.20)
When we apply this equation to a reaction with each reactant and product in its standard state, it becomes
AG° = AH° —TA,S° (11.8.21)
where the standard molar reaction entropy is given by

AS° = uiS; (11.8.22)
3

If the reaction is the formation reaction of a substance, we have

AG = NH —TY S} (11.8.23)
i

where the sum over i is for the reactants and product of the formation reaction. We can evaluate the standard molar Gibbs energy of
formation of a substance, then, from its standard molar enthalpy of formation and the standard molar entropies of the reactants and
product.

Extensive tables are available of values of A;G° for substances and ions. An abbreviated version at the single temperature 298.15K
is given in Appendix H. For a reaction of interest, the tabulated values enable us to evaluate A,G*, and then K, from the expression
(analogous to Hess’s law)

AGe = viAG (i) (11.8.24)
i

The sum over i is for the reactants and products of the reaction of interest.

Recall that the standard molar enthalpies of formation needed in Eq. 11.8.23 can be evaluated by calorimetric methods (Sec.
11.3.2). The absolute molar entropy values S; come from heat capacity data or statistical mechanical theory by methods discussed
in Sec. 6.2. Thus, it is entirely feasible to use nothing but calorimetry to evaluate an equilibrium constant, a goal sought by
thermodynamicists during the first half of the 20th century. (Another method, for a reaction that can be carried out reversibly in a
galvanic cell, is described in Sec. 14.3.3.)

For ions in aqueous solution, the values of S;, and A¢G° found in Appendix H are based on the reference values 87, = 0 and A;G°
= 0 for H*(aq) at all temperatures, similar to the convention for A;H*° values discussed in Sec. 11.3.2. For a reaction with aqueous
ions as reactants or products, these values correctly give A, S° using Eq. 11.8.22, or A,G* using Eq. 11.8.24.

Note that the values of 3, in Appendix H for some ions, unlike the values for substances, are negative; this simply means
that the standard molar entropies of these ions are less than that of H*(aq).

The relation of Eq. 11.8.23 does not apply to an ion, because we cannot write a formation reaction for a single ion. Instead,
the relation between A¢G°, AfH° and Sy, is more complicated.

Consider first a hypothetical reaction in which hydrogen ions and one or more elements form H2 and a cation M* with
charge number z,:
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For this reaction, using the convention that A¢H*, S5, and A¢G” are zero for the aqueous H+* ion and the fact that A¢H*° and
A:G® are zero for the elements, we can write the following expressions for standard molar reaction quantities:

2+H" (aq) + elements — (z./2)Ha(g) + M**(aq)

AH® = AfH*(M*) (11.8.25)
AS° = (24/2) 85 (Hy) + Sp(M™) — > S; (11.8.26)
elements
A,G° = AG°(M*) (11.8.27)
Then, from A,G° = A H* — TA,S°, we find
AG°(M*) = AiH (M*)  —T | Sp (M%) — Z S; + (2+/2)8;,(Hs) (11.8.28)
elements

For example, the standard molar Gibbs energy of the aqueous mercury(I) ion is found from
AG* (Hga™) = AH*(Hgy™) — TS (Hga?) + 2T, (Hg) — 2T (Hy) (11.8.29)
For an anion X* with negative charge number z_, using the hypothetical reaction
|z—/2|H2(g) + elements — |z_|H*(aq) + X* (aq)
we find by the same method
AG° (X)) = AH (X)) —T | Sp(X*) — E S; — |2—/2|Sm (Hy) (11.8.30)
elements
For example, the calculation for the nitrate ion is
A:G°(NO3™) (11.8.31)
= A¢H*(NO3™) — TS8;,(NOs™) + 3 TS(N2) + §T57,(02) + 3 TS5, (Ha)

This page titled 10.3: Standard Gibbs Energies of Formation Can Be Used to Calculate Equilibrium Constants is shared under a not declared
license and was authored, remixed, and/or curated by Howard DeVoe.
o 26.3: Standard Gibbs Energies of Formation Can Be Used to Calculate Equilibrium Constants by Howard DeVoe is licensed CC BY-
NC-SA 4.0.
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10.4: Gibbs Energy of a Reaction vs. Extent of Reaction is a Minimum at Equilibrium

As discussed in Section 26.4, we defined the extent of the reaction (¢) as a quantitative measure of how far along the reaction has
evolved. For simple reactions like A = B, the extent of reaction is easy to define and is simply the number of moles of A that has
been converted to B. Since d¢ has the same value as dn, we can write that

dG = padng + ppdnp
= —pAd€ + ppdé.

The minus sign comes from the fact that when the reaction goes in the left to right direction, the amount of A is decreasing, while
the amount of B is increasing. Looking at these equations, it is reasonable to suggest that:
( G ) u u
v =B — H4
0¢ / pr
This is the slope of the free energy with respect to the extent of the reaction. This relationship will have a region where the sign is
negative, one point where the value is zero and a region where the value is positive (Figure 10.4.1). If we look at a plot of G as a
function of ¢, we can see that the point where is the minimum of the curve:
oG
(%) ="
o€ ) pr
This is the point where p4 and pp are the same. On one side of the minimum, the slope is negative and on the other side, the slope
is positive. In both cases, the reaction is spontaneous (i.e, dG@ < 0) as long as the reaction is evolving towards the minimum, which
will be called the equilibrium position. Hence, all reactions spontaneously move towards equilibrium; the immediate question is
what value of ¢ corresponds to the equilibrium position of a reaction?

Gibbs Energy, G

Extent of reaction, &

Figure 10.4.1: Reactive Gibbs Energy and Equilibria. (CC BY-NC 4.0; Umit Kaya via LibreTexts)

X Terminology

o Areaction for which A,G < 0is called exergonic.
o Areaction for which A,G > 0is called endergonic.
e A,G <0, the forward reaction is spontaneous.

e A,G > 0, the reverse reaction is spontaneous.

e A,G =0, the reaction is at equilibrium.
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10.4.1: Ideal Gas Equilibrium

To understand how we can find the minimum and what the Gibbs free energy of a reaction depends on, let's first start with a
reaction that converts one ideal gas into another.

A+=B
Let's assume the reaction enthalpy is zero and hence the only thing that determines what the ratio of product to reactant should be is
the entropy term (the mixing term), which is the most favorable when the mixture is half and half.
AGmix =nRT (xalnxa+ xlnxa) (10.4.1)

Remember that the Gibbs free energy of mixing is not a molar quantity and depends on = (unlike the reaction Gibbs free energy).
Also, the Gibbs free energy of mixing is defined relative to pure A and B. The free energy of mixing in Equation 10.4.1 is at a
minimum when the amounts of A equal B.

Thus, if we have a reaction A = B and there is no enthalpy term (and no change in the inherent entropy of A vs. B), we would
expect the system to have the minimum Gibbs free energy when the mole fraction of A and B are each 0.5.

X Think about it

If A can form B and B can form A and there is no other forces involved (no heat/enthalpy) that would favor one product over
the other, probability would just state that eventually you will have statistically the same amount of both A and B present -- this
is the lowest free energy state. (This, of course, will not be true if the enthalpy for the reaction is not zero or if A and B have
different inherent entropies). Usually there are additional terms for the reaction.

Lets work through this for an ideal gas reaction:
AG=pp—pa
Pp Py

Pg

= HOB - u% + RT'In P_

A

What we normally do at this point is to give the first two terms a special name. Since it is the difference between the chemical

potentials at standard conditions, we refer to it as the Gibbs free energy of reaction at standard conditions or the standard Gibbs
free energy of reaction.

AG° = ﬂ'% - qu
P,
AG=A,G°+RTn -2 (10.4.2)
Py
There are two parts to Equation 10.4.2. The first term (A,G°) is the Gibbs free energy for converting one mole of A to B under
standard conditions (1 bar of both A and B). The second term is the mixing term that is minimized when the amounts of A and B

are equal to one another (Figure 10.4.2). The first term you look up in a reference book and is specific for a specific reaction. The
second term is calculated knowing the partial pressures of A and B in the gas.
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Gibbs energy of the system

Without rmxmg/ decreases as the reaction progress

Including
mixing

Gibbs Energy, G

Extent of reaction,

Mixing \ Gibbs energy of a system
consisting of different portions

of reactants and products

Figure 10.4.2: Molecular interpretation of the minimum in the reaction Gibbs energy Gibbs energy of the system decreases as the
reaction progress Gibbs energy of a system consisting of different portions of reactants and products. (CC BY-NC 4.0; Umit Kaya
via LibreTexts)

Now the minimum absolute Gibbs free energy will occur at the bottom of the curve where the slope is zero. Thus, the lowest free
energy will occur when the reaction free energy (i.e., the slope of that curve in Figure 10.4.1) is equal to zero. The chemical
potentials of A and B are equal.

pa = pB

At this point, the reaction will neither go forwards or backwards and we call this equilibrium. Hence, at equilibrium:

P
AG=A,G°+RTn =2
Py
=0
and the specific ratio of P4 and Pg necessary to ensure A,G = 0 is characteristic of the reaction and is called the equilibrium
constant for that reaction.

Pp

Keq:P_A

We can now relate thermodynamic quantities to concentrations of molecules at equilibrium. We can also see that at equilibrium:

0=A,G° + RTInK,,

A,G° = —RThK,,
AG°

Koy = e RT

10.4: Gibbs Energy of a Reaction vs. Extent of Reaction is a Minimum at Equilibrium is shared under a CC BY 4.0 license and was authored,
remixed, and/or curated by Delmar Larsen.

¢ 26.4: Gibbs Energy of a Reaction vs. Extent of Reaction is a Minimum at Equilibrium by Delmar Larsen is licensed CC BY 4.0.
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10.5: Reaction Quotient and Equilibrium Constant Ratio Determines Reaction
Direction

The Gibbs free energy function was constructed to be able to predict which changes could occur spontaneously. If we start with a
set of initial concentrations we can write them in a reaction quotient

AG=A,G°+RTInQ
if we subtract the equilibrium version of this expression:
0=A,G°+RTInK
we get

A,G=RTIn (%)
That gives us the sign of A.G. If this is negative the reaction will spontaneously proceed from left to right as written, if positive it
will run in reverse. In both case the value of @ will change until @ = K and equilibrium has been reached.

The main difference between K and @ is that K describes a reaction that is at equilibrium, whereas @ describes a reaction that is
not at equilibrium. To determine @, the concentrations of the reactants and products must be known. For a given general chemical

equation:
aA+bB=cC+dD (10.5.1)

the @ equation is written by multiplying the activities for the species of the products and dividing by the activities of the reactants.
If any component in the reaction has a coefficient, indicated above with lower case letters, the concentration is raised to the power
of the coefficient. @ for the above equation is therefore:

_ oo (10.5.2)

Q= {l(ar

A comparison of @ with K indicates which way the reaction shifts and which side of the reaction is favored:

o If @ > K, then the reaction favors the reactants. This means that in the @ equation, the ratio of the numerator (the
concentration or pressure of the products) to the denominator (the concentration or pressure of the reactants) is larger than
that for K, indicating that more products are present than there would be at equilibrium. Because reactions always tend
toward equilibrium (I.e Chatelier's Principle), the reaction produces more reactants from the excess products, therefore
causing the system to shift to the LEFT. This allows the system to reach equilibrium.

o If Q < K, then the reaction favors the products. The ratio of products to reactants is less than that for the system at
equilibrium—the concentration or the pressure of the reactants is greater than the concentration or pressure of the products.
Because the reaction tends toward reach equilibrium, the system shifts to the RIGHT to make more products.

o If @ = K, then the reaction is already at equilibrium. There is no tendency to form more reactants or more products at this
point. No side is favored and no shift occurs.

10.5: Reaction Quotient and Equilibrium Constant Ratio Determines Reaction Direction is shared under a CC BY 4.0 license and was authored,

remixed, and/or curated by LibreTexts.

e 26.5: Reaction Quotient and Equilibrium Constant Ratio Determines Reaction Direction is licensed CC BY 4.0.
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10.6: The Sign of AG and not AG° Determines the Direction of Reaction Spontaneity

It is important to distinguish between the Gibbs energy of reaction, A,G and the standard state Gibbs energy of reaction, A,G°. The
° refers to standard state conditions. That is, each reactant and product has a partial pressure of 1 bar if a gas, a concentration of 1 M
if a solution, and they are all unmixed from each other. Such idealized conditions, while convenient for serving as a reference state,
do not actually represent real reaction conditions. Consider the reaction of nitrogen with hydrogen to form ammonia:

N2 (g) + 3H2 (g) = 2NH3(g)

kJ
mol K

AG° =—32.9

If the reaction was run under standard state conditions (1 bar partial pressure of each gas), the reaction would shift towards the
products since A,G° < 0. That is, the partial pressures of N, and O, will decrease and the partial pressure of NH;3 will increase until
equilibrium is reached. The Gibbs energy of reaction is dependent on the composition:

o o Pl%Hs
AG=A,G°+RTInQ=A,G°+RTIn 5
PNZPHg

At equilibrium, the minimum Gibbs energy of reaction will be reached:

kJ
AC=00%

And the reaction quotient will equal the equilibrium constant:
Q=K

10.6: The Sign of AG and not AG® Determines the Direction of Reaction Spontaneity is shared under a not declared license and was authored,

remixed, and/or curated by LibreTexts.
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10.7: The van 't Hoff Equation

We can use Gibbs-Helmholtz to get the temperature dependence of K
O[AG°/T —AH®
P N T2

oT

At equilibrium, we can equate AG° to —RT'In K S0 we get:
OlnK]\  AH°
9T )p RT?

We see that whether K increases or decreases with temperature is linked to whether the reaction enthalpy is positive or negative. If
temperature is changed little enough that AH° can be considered constant, we can translate a K value at one temperature into

K(T;) —AH® (L_L)
T, T

another by integrating the above expression, we get a similar derivation as with melting point depression:
In =
K(Ty) R

If more precision is required we could correct for the temperature changes of AH® by using heat capacity data.

How K increases or decreases with temperature is linked to whether the reaction enthalpy

Is positive or negative.
The expression for K is a rather sensitive function of temperature given its exponential dependence on the difference of
(10.7.1)

stoichiometric coefficients One way to see the sensitive temperature dependence of equilibrium constants is to recall that
K= e—A,-G“/RT

However, since under constant pressure and temperature
AG°® = AH° —TAS°

Equation 10.7.1 becomes
K = e AH°/RTAS/R (10.7.2)
Taking the natural log of both sides, we obtain a linear relation between In Kand the standard enthalpies and entropies:
AH° 1 AS°
InK = _TT + T (10.7.3)

which is known as the van ’t Hoff equation. It shows that a plot of In K vs. 1/T should be a line with slope —A,H®°/R and intercept

Exothermic Reaction

A,S°/R.

Endothermic Reaction

slope=-AH/R
interception= AS/R

InKeq

InKeq

slope=-AH/R
interception= AS/R

T (1K)

T (1/K)

Figure 26.7.1 : Endothermic Reaction (left) and Exothermic Reaction van 't Hoff Plots (right). Figures used with permission of
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Hence, these quantities can be determined from the In K vs. 1/T data without doing calorimetry. Of course, the main assumption
here is that A,H° and A,S° are only very weakly dependent on T', which is usually valid.

This page titled 10.7: The van 't Hoff Equation is shared under a not declared license and was authored, remixed, and/or curated by Mark E.

Tuckerman.

e 26.7: The van 't Hoff Equation by Mark E. Tuckerman is licensed CC BY-NC-SA 4.0.
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10.8: Equilibrium Constants in Terms of Partition Functions

Consider the general gas phase chemical reaction represented by
vaA +vgB = voC + vpD (10.8.1)

where A, B, C and D are the reactants and products of the reaction, and v, is the stoichiometric coefficient of chemical A, vp is the
stoichiometric coefficient of chemical B, and so on. Each of the gases involved in the reaction will eventually reach an equilibrium
concentration when the forward and reverse reaction rates become equal. The distribution of reactants to products at the
equilibrium point is represented by the equilibrium constant (K,):

_ lg=iope
K= TapaEr

If the system is not at equilibrium, a shift in the number of reactants and products will occur to lower the overall energy of the
system. The difference in the energy of the system at this non-equilibrated point and the energy of the system at equilibrium for any
particular species is termed chemical potential. When both temperature and volume are constant for both points aforementioned,
the chemical potential x of species 4 is expressed by the equation

0A
I»Li=(

—_— 10.8.2
ON; ) T,V,Nj ( )

where A is the Helmholtz energy, and N; is the number of molecules of species i. The Helmholtz energy can be determined as a
function of the total partition function, @:

A=—kgTlhQ
where kg is the Boltzmann constant and T is the temperature of the system. The total partition function is given by

qi(Va T)Ni
@="

where g; is the molecular partition function of chemical species i. Substituting the molecular partition function into the equation for

Helmbholtz energy yields:

. N;
A= —kgTn (M)

N;!

and then further substituting this equation into the definition of chemical potential (Equation 10.8.2) yields:

i V’T i

Hi = AN,

T,V,Nju

rearranging this equation the following derivative can be set-up:

. _kBT[ ( ON;In (¢:(V, T)) ) _ (6111 (Vi) ):IT,V,NJ-#

ON; ON;
From this point Sterling's approximation
InN!'=NIlhN-N

can be substituted into the derivative to yield:

= _knT 6N,-1n(q,'(V,T)) _ 6(NZIDN,—N,)
fi=—ne aN; oN; ——

From here the derivative can be rearranged and solved:
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pi = —kgT
6Ni Oln q; V,T aN,- dln N,'
In (V1)) oty ORGVTD) (g Oy Ol )
4 aN,-]
ON; T,V,Nju

- —kBT(ln (@:(V,T)) +0—Tn (Vi) — N‘% * 1)

= —kpT(n (¢:(V,T)) —In (N;))

q.;(V, T)
v ) (10.8.3)

i

= —kBT].Il (

A variable, ), is then defined such that dN; = v;d), where j = A, B, C or D and v; is taken to be positive for products and negative

for reactants. A change in X\ therefore corresponds to a change in the concentrations of the reactants and products. Thus, at

0A
(a)w =0

equilibrium,

Helmholtz Energy with respect to Equilibrium Shifts

From Classical thermodynamics, the total differential of A is:

dA=—SdT —pdV + ) p;dN;
J

For a reaction at a fixed volume and temperature (such as in the canonical ensemble), dT" and dV equal 0. Therefore,
dA= " p;dN;
J
= Z [le/jd)\
J
=d\) s
j
with
Z [l,jI/j =0
J
Substituting the expanded form of chemical potential (Equation 10.8.3):
gi
—kBT;m (V,) vj=0
Z In (%) v;=0
]' 1
> vjlin(g;) —In(N;)] =0
j

For the reaction in Equation 10.8.1:

[veIn(ge) — veIn(N¢)] + [vp In(gp) — vp In(Np)]
— [valn(ga) — valn(N4)] — [veln(g) — veIn(Np)] =0
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This equation simplifies to

(gc)*(ap)”” _ (Ne)**(Np)*™
(ga)*4(g8)>  (Na)*4(NB)"™

By dividing all terms by volume, and noting the relationship % = % = pa = [A] where p is referred to a number

density, the following equation is obtained:

o _ PO (ao/V)elan/V)”
T P%PE T (aa/V)*A(gB/V)*E

(10.8.4)

Hence, knowledge of the molecular partition function for all species in the reaction will ensure the calculation of the equilibrium
constant.

v Example 10.8.1: Reacting Diatomic Molecules

Calculate the equilibrium constant (K,) for the reaction of H, (g) and Cl, (g) at 650 K.
H, (g) + Cl (g) = 2HCl(g)

Solution

We will use Equation 10.8.4 that uses Molecular Partition Functions to evaluate K.
( qHCI )2
_\V/
(5) (5%)
|4 v
This equation is expanded into the rotational, vibrational, translational and electronic molecular partition functions of each
species.

K(T) = (10.8.5)

( Gtrans HC19rotHC1vibHC1delecHCL ) 2
|4

( QtransH, Grot Hyo QuibHy GelecH, ) ( QtransCly Qrot Cly @vibCly@elecCly )
14 14

K.(T) =

A simple problem solving strategy for finding equilibrium constants via statistical mechanics is to separate the equation into

the molecular partition functions of each of the reactant and product species, solve for each one, and recombine them to arrive
at a final answer (e.g., for HCL

guol (21rmk:BT)3/2 o ZosTpre 1 X o ox ( Dy )
v U m oh? (—hu) TP\ kT
translation rotation kgT electronic

vibration

To simplify the calculations of molecular partition functions, the characteristic temperature of rotation (8,) and vibration (8,)
are used.

qHOl _ ( 2rmkgT ) 3/2 T

1 Do
Do 10.8.6
% h? x50, 1—exp (=) XglexP(RT) (10.86)

These values are constants that incorporate the physical constants found in the rotational and vibrational partition functions of
the molecules. Tabulated values of ©, and ©,, for select molecules can be found here.

Species 6, (K) O, (K) Dy (kJ mol™)
Cly (g) 6125 0.351 239.0
H, (g) 808 87.6 431.9
HCI(g) 4303 15.2 427.7
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We need to evaluate Equation 10.8.6 for each species then then evaluate Equation 10.8.5 directly.

For HCI:
gua [ 2m(2:1957 x 1072 kg) (1.38065 x 10~JK ) (650K) \ ** L _ 650K
4 (6.62607 x 10~%Js) 1) (152 K)
% 1 « (1)ex 427,700Jmol *
1 ex ( —4303 K ) P\ (83145 TK mol7) (650 K)
P 7650 K
% = (1.4975 x 10% m~?) (42.76)(1.0013) (2.3419 x 10**)
For Hy:
am,  ((27(1.2140 x 107 kg) (1.38065 x 102JK ) (650 K) \ ** 650K
V (6.62607 x 10-%Js)? 2) 876 K)
% 1 « (1) 431,900Jmol *
—i IS P\ (83145 J Kmol ) (650 K)
1—ex ( )
650 K
q‘ljz = (1.9468 x 10% m™*) (3.71)(1.41) (5.0942 x 10**)
For Cly:

acy, 27 (4.2700 x 1072 kg) (1.38065 x 10~*JK ') (650K) K& 650 K
= X ————
14 (6.62607 x 10-34Js? (2)(0.351 K)

x L « (1) exp 239, 000Jmol
T (ﬂ) (83145 J K mol ") (650 K)
650 K
q‘c," = (5.4839 x 10* m™) (925.9)(1.00) (1.606 x 10'°)

Combining the terms from each species, the following expression is obtained:

(1.9468 x 10% m=3)’ (42.76)? (1.0013)2
X X
(1.9468 x 10 m—3) (5.4839 x 10%¥ m—3) = (3.71)(925.9) = (1.41)(1.00)
(2.3419 x 10%)?
X
(1.606 x 10'9) (5.0942 x 10%)
= (0.003550)(0.1333)(0.711) (6.7037 x 10™)

= (2.26 x 10™)

=

At 650 K, the reaction between H,(g) and Cl,(g) proceeds spontaneously towards the products. From a statistical mechanics
point of view, the product HCl(g) molecule has more states accessible to it than the reactant species. The spontaneity of this
reaction is largely due to the electronic partition function: two very strong H—CI bonds are formed at the expense of a very
strong H—H bond and a relatively weak CI—Cl bond.

This page titled 10.8: Equilibrium Constants in Terms of Partition Functions is shared under a CC BY-SA 4.0 license and was authored, remixed,
and/or curated by Wikipedia via source content that was edited to the style and standards of the LibreTexts platform.

e 26.8: Equilibrium Constants in Terms of Partition Functions by Wikipedia is licensed CC BY-SA 4.0. Original source:
https://en.wikibooks.org/wiki/Statistical_Thermodynamics_and_Rate_Theories/Chemical_Equilibrium.
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10.9: Molecular Partition Functions and Related Thermodynamic Data Are
Extensively Tabulated

Real molecules can be significantly more complicated than the simple models that we often use to approximate them. To obtain a
high degree of accuracy, calculations include complex corrections that can significantly decrease the efficiency of the calculations.
For this reason, numerical tables of partition functions and other thermodynamical data are extensively tabulated. By placing these
data in tables, they become readily accessible. The tables include experimental data combined with theoretical calculations that

represent a collection of thermodynamic properties of substances.

The tabulated thermochemical properties of a substance are often given in JANAF (joint, army, navy, air force) tables. NIST
contains are a large database of JANAF tables for many substances. Consider the JANAF table for methane (CHy). The table
contains the constant pressure heat capacity (Cp), standard state entropy (S°), standard state Gibbs energy (G°), standard state
enthalpy (H°), standard state enthalpy of formation (A ;H°), standard state Gibbs energy of formation (A;H*), equilibrium constant
of formation expressed as a log value (log(Ky)). G° and H* are expressed relative to the standard molar enthalpy at 298.15 K,

H°(298.15 K).

10.9: Molecular Partition Functions and Related Thermodynamic Data Are Extensively Tabulated is shared under a not declared license and was
authored, remixed, and/or curated by LibreTexts.
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10.10: Real Gases Are Expressed in Terms of Partial Fugacities

The relationship for chemical potential
u=uW+RTm(§J

was derived assuming ideal gas behavior. But for real gases that deviate widely from ideal behavior, the expression has only
limited applicability. In order to use the simple expression on real gases, a “fudge” factor is introduced called fugacity. Using
fugacity instead of pressure, the chemical potential expression becomes

p=p’+RTIn (%)

where f is the fugacity. Fugacity is related to pressure, but contains all of the deviations from ideality within it. To see how it is
related to pressure, consider that a change in chemical potential for a single component system can be expressed as

dp — Vdp — SdT

and so

(%%L;:V (10.10.1)

Differentiating the expression for chemical potential above with respect to pressure at constant volume results in

()= {35 ber (2]}

which simplifies to

Multiplying both sides by p/RT gives

oln(f) ] _v_,
dp |y RT
where Z is the compression factor as discussed previously. Now, we can use the expression above to obtain the fugacity coefficient

7, as defined by
f=w
Taking the natural logarithm of both sides yields
Inf=Iny+Inp
or
Iny=Inf—Inp

Using some calculus and substitutions from above,

(25 - (252

J(G3)e

)%
T

Finally, integrating from 0 to p yields
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If the gas behaves ideally, v = 1. In general, this will be the limiting value as p — 0 since all gases behave ideal as the pressure
approaches 0. The advantage to using the fugacity in this manner is that it allows one to use the expression

p=p°+ RTn (%)

to calculate the chemical potential, insuring that Equation 10.10.1 holds even for gases that deviate from ideal behavior!

10.10: Real Gases Are Expressed in Terms of Partial Fugacities is shared under a not declared license and was authored, remixed, and/or curated
by LibreTexts.

« 7.5: Non-ideality in Gases - Fugacity by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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10.11: Thermodynamic Equilibrium Constants Are Expressed in Terms of Activities

The above is a general principle that can be extended to other concentration units and to liquid solutions, ideal or not. In non-ideal
systems we could replace

Hi= |.119+RT1H Pj/Pie
by:
1= pi°+RTIn a;

and follow the same procedure as above. In stead of an expression for K involving pressures or concentrations it now read in
activities:

K:[t"leq,YvY':‘leq,ZVZ / aeq,AvAaeq,BvB]
For each species we could write the activity as:
ai = yici/ci®

Here ¢;® is unity in whatever concentration measure we wish to choose. Again its function is to cancel the dimension of c;.

With this split in three factors we can write K as three factors as well:
K =K,K/Kq

KY:[Y eq,YVYY eq,ZVZ / qu,AVAqu,BVB]

= A% Vi v v
Kc_[ceq,Y YCeq,Z z/ Ceq,A ACeq,B B]
Keo=[ce YCe 2 ey 8y 8]

The last factor is unity, it cancels the dimensions of K. and is often omitted. The factor K, is unity if the solution is ideal.
Obviously, for ionic solutions that is seldom the case.

10.11.1: activities of pure condensed phases

Sometimes one of the reactants or products is a pure solid (precipitate) or liquid (more solvent e.g.). What activity should we assign
in such a case?

We start by choosing a suitable standard state, say the pure compound at 1 bar and temperature of interest, we then have:

H=H
but also:
p = p® +RTlna

So a=1 at standard conditions

Any change can be written as
dp = RTdlna
We can study the pressure dependence by considering:

0 H /0P |T = Vpartial molar ( Vbar)

For a solid or liquid Vi, is a relatively small and constant value. Thus we can write:

10.11.1 https://chem.libretexts.org/@go/page/390878
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dl-l = VbardP
RTdIna = Vi, dP
dlna = V,, dP/RT

Upon integration to a different pressure P' we find

Ina' = (P'-1) Vi, /RT

S&McQ
1083

Example 26-12 shows that for graphite the activity is only 1.01 at 100 bars, so the activity is not very pressure dependent. Mostly if
pure condensed compounds are involved in reactions the activity can taken as unity.

This is also in line with what we said previously about the solvent following Raoult's law. In the limit of the solvent going to pure
solvent we have that its P goes to P*. As the activity is defined as P/P* this converges to unity. If a reaction produces more solvent
molecules we can usually consider their activity equal to one in very good approximation for dilute solutions, even if they are
already non-ideal.

The fact that a=1 for pure condensed phases has an important consequence for reactions (in general: processes) that only involve
such phases. If all activities are unity, Q=1 and InQ=0 which means that A;G = A;G® + 0. Thus A,G can only be zero -i.e. an
equilibrium achieved- if A;G® happens to be zero, which is generally not the case. In fact there can only be an equilbrium at one
specific temperature:

AG®=0
AH®-TA,S®
Tequilibrium™ AH®/A,S®

If the process is the transformation from a solid to a liquid this is the well-known melting point. At temperature other than 0°C only
one phase can exist: either ice or water. If the other is present, that is an unstable condition and it will transform entirely to the
stable form. In other words the process will go to completion, not equilbirium. Only at 0°C can the two coexist in equilibrium. This
holds for all melting points but it also holds for e.g. a solid-solid chemical reactions only producing, say, another solid.

Another way of expressing the above is to say that in order to have equilibrium at a series of temperatures, one needs at least one
species involved for which activity depends on composition, e.g. a dilute solute or a gas.

10.11: Thermodynamic Equilibrium Constants Are Expressed in Terms of Activities is shared under a not declared license and was authored,
remixed, and/or curated by LibreTexts.
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10.12: Activities are Important for lonic Species

10.12.0.1: Weak electrolytes

We have seen that strong electrolytes are non-ideal even at tiny concentrations and that even the Debye-Hiickel theory only allowed
us to work at very small concentrations of strong electrolytes. The same problems are encountered with weak electrolytes but they
are compounded by the equilibrium that is inherent to their solutions. Take acetic acid as in household vinegar:

HAc+ HyO & Ac™ + H30%

We can write the equilibrium constant as:

_ QA QH;0t
QHACCH,0

ageo =1

Q@ Ac—-AQH, O+
GHAc

K=

At an initial concentration of say 0.1 mol/l the activity coefficient for HAc (being a neutral species) is essentially one, but for the
other species we should write:

(e4c-amo+) = [AcT|[H30%:
The value of 42 is not unity and this will affect the equilibrium. In first approximation we will ignore that fact and write:

_ [4c][H0]

=1.74%107°
[HAd 74 x 10

K

(We can either write [mol.1] as dimensions or drop them, depending on whether we are talking about K or K.)

At equilibrium we would get:

=1.74 x 107°
T

which yields
z = 1.31 x 103mol/l

We can now use Debye-Hiickel theory to estimate the means ionic activity coefficient but the concentrations are already to high for
that. Instead we will use one of its extensions:

VI
Iny, =—-1.173|2;2_
T+ |zyz_| 14+ VI
The ionic strength is ¥ ([Ac]+[H307]) =x

Although we do not know x precisely the value we have is at least a starting point. We can use it to calculate a first approximation
for y,%. We find a value of 0.921. We then divide the value of K by this value and recalculate x. It changes from x=1.31 10> mol/l
to x=1.365 10 mol/l. Now we can repeat this process until the value of x does not change appreciably anymore (converges). This
process is called iteration. The final value is about x=1.37 10~> mol/L.

As can be seen the non-ideality does change the values from the ones you would have calculated before entering this course, but
the difference is not staggering, at least if no other solutes are present.

Question: does the equilibrium change if we add 0.5 mol/l NaCl to the solution?

10.12.1 https://chem.libretexts.org/@go/page/390879
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10.12.1: Solubility products

For solubility products the differences can be more important. Take BaF, in water K= 1.7 105
K = [Ba™|[F 2
Let's start by assuming ideality and say that y,3=1 and say that :[Ba?*]=x
[F =2z
Thus K= x (4x%) so x= 7.52 102 mol/lit

The ionic strength is
I= %(+2)2x +(—=1)2z = 3z

The extended Debye-Hiickel theory gives y. =0.736 this raises x to 0.0102. Repeating the process a few times we find x=0.011.
This means an increase of about 30% due to non-ideal behavior for this sparingly soluble salt. Again the presence of other solutes

may induce larger effects because they add to the ionic strength.

Even pure water contains OH™ and H3O" ions. The K for this equilibrium is 10"'4. How does the pH change if we add 0.5 m/lit
of a strong electrolyte M2 X*? CH 431/Lecture 17/answer2

10.12: Activities are Important for lonic Species is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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10.13: Homework Problems

In the mid 1920's the German physicist Werner Heisenberg showed that if we try to locate an electron within a region Az; e.g. by
scattering light from it, some momentum is transferred to the electron, and it is not possible to determine exactly how much
momentum is transferred, even in principle. Heisenberg showed that consequently there is a relationship between the uncertainty in
position Az and the uncertainty in momentum Ap.

ApAz > g (10.13.1)

You can see from Equation 10.13.1 that as Ap approaches 0, Az must approach oo, which is the case of the free particle discussed
previously.

This uncertainty principle, which also is discussed in Chapter 4, is a consequence of the wave property of matter. A wave has some
finite extent in space and generally is not localized at a point. Consequently there usually is significant uncertainty in the position
of a quantum particle in space. Activity 1 at the end of this chapter illustrates that a reduction in the spatial extent of a wavefunction
to reduce the uncertainty in the position of a particle increases the uncertainty in the momentum of the particle. This illustration is
based on the ideas described in the next section.

? Exercise 10.13.1

Compare the minimum uncertainty in the positions of a baseball (mass = 140 gm) and an electron, each with a speed of 91.3
miles per hour, which is characteristic of a reasonable fastball, if the standard deviation in the measurement of the speed is 0.1
mile per hour. Also compare the wavelengths associated with these two particles. Identify the insights that you gain from these
comparisons.

10.13: Homework Problems is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 26.13: Homework Problems is licensed CC BY-NC-SA 4.0.
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11: Chemical Kinetics | - Rate Laws

11.1: The Time Dependence of a Chemical Reaction is Described by a Rate Law

11.2: Rate Laws Must Be Determined Experimentally

11.3: First-Order Reactions Show an Exponential Decay of Reactant Concentration with Time

11.4: Different Rate Laws Predict Different Kinetics

11.5: Reactions can also be Reversible

11.6: The Rate Constants of a Reversible Reaction Can Be Determined Using Relaxation Techniques
11.7: Rate Constants Are Usually Strongly Temperature Dependent

11.8: Transition-State Theory Can Be Used to Estimate Reaction Rate Constants

11.E: Chemical Kinetics I - Rate Laws (Exercises)
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11.1: The Time Dependence of a Chemical Reaction is Described by a Rate Law

11.1.1: The Reaction Rate

The rate of a chemical reaction (or the reaction rate) can be defined by the time needed for a change in concentration to occur. But
there is a problem in that this allows for the definition to be made based on concentration changes for either the reactants or the
products. Plus, due to stoichiometric concerns, the rates at which the concentrations are generally different! Toward this end, the

following convention is used.

For a general reaction

aA+bB — cC+dD
the reaction rate can be defined by any of the ratios
rato— —LAM __1AB_ 1AIC]_ 1A[D]
a dt b dt c dt d dt
Or for infinitesimal time intervals

v/ Example 11.1.1:

Under a certain set of conditions, the rate of the reaction
N2 +3H; — 2NH;3
the reaction rate is 6.0 x 107 M/s. Calculate the time-rate of change for the concentrations of N, Hp, and NH3.

Solution:

Due to the stoichiometry of the reaction,

te— _GIN2| _ 1 d[Hp] _ 1 d[NHy)
T d 3 dt 2 dt
SO

Vol _ 60 x 10~ M]/s
dt '

diH,] 4
S = 20107 M/s

d[zfﬂ =3.0x107*M/s

Note: The time derivatives for the reactants are negative because the reactant concentrations are decreasing, and those of
products are positive since the concentrations of products increase as the reaction progresses.

11.1.2: The Rate Law

As shown above, the rate of the reaction can be followed experimentally by measuring the rate of the loss of a reactant or the rate
of the production of a product. The rate of the reaction is often related to the concentration of some or all of the chemical species
present at a given time. An equation called the rate law is used to show this relationship. The rate law cannet be predicted by
looking at the balanced chemical reaction but must be determined by experiment. For example, the rate law for the reaction

Cls (g) + CO (g) — Cl,CO(g)
was experimentally determined to be

rate = k[Cl,]*2[CO|

11.1.1 https://chem.libretexts.org/@go/page/390882
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In this equation, k is the rate constant, and [Cl,] and [CO] are the molar concentrations of Cl; and of CO. Each exponent is called the
order of the given species. Thus, the rate law is second order in Cl; and first order in CO. The sum of the individual reactant orders
is called the reaction order. This reaction has a reaction order of two and a half.

In the next section, we will discuss methods to experimentally determine the rate law.

11.1.3: Contributors and Attributions
o Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

e Tom Neils (Grand Rapids Community College)

11.1: The Time Dependence of a Chemical Reaction is Described by a Rate Law is shared under a not declared license and was authored,

remixed, and/or curated by LibreTexts.

e 28.1: The Time Dependence of a Chemical Reaction is Described by a Rate Law is licensed CC BY-NC-SA 4.0.
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11.2: Rate Laws Must Be Determined Experimentally

There are several methods that can be used to measure chemical reactions rates. A common method is to use spectrophotometry to
monitor the concentration of a species that will absorb light. If it is possible, it is preferable to measure the appearance of a product
rather than the disappearance of a reactant, due to the low background interference of the measurement. However, high-quality
kinetic data can be obtained either way.

11.2.1: The Stopped-Flow Method

The stopped-flow method involves using flow control (which can be provided by syringes or other valves) to control the flow of
reactants into a mixing chamber where the reaction takes place. The reaction mixture can then be probed spectrophotometrically.
Stopped-flow methods are commonly used in physical chemistry laboratory courses (Progodich, 2014).

Reactant A syringe
Stop syringe

Reactant B syringe

Some methods depend on measuring the initial rate of a reaction, which can be subject to a great deal of experimental uncertainty
due to fluctuations in instrumentation or conditions. Other methods require a broad range of time and concentration data. These
methods tend to produce more reliable results as they can make use of the broad range of data to smooth over random fluctuations
that may affect measurements. Both approaches (initial rates and full concentration profile data methods) will be discussed below.

11.2: Rate Laws Must Be Determined Experimentally is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

¢ 11.2: Measuring Reaction Rates by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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11.3: First-Order Reactions Show an Exponential Decay of Reactant Concentration
with Time

A first order rate law would take the form

d[A]
o~ HA

Again, separating the variables by placing all of the concentration terms on the left and all of the time terms on the right yields

i)
(4]

[4] M _ t=t
/[;]:0 [A] B k/t:o b

=—kdt

This expression is also easily integrated as before

Noting that
% — d(Ina)
The form of the integrated rate law becomes
In[A] —In [A4], = kt
or
In[A] = In[A], — kt (11.3.1)

This form implies that a plot of the natural logarithm of the concentration is a linear function of the time. And so a plot of In[A] as a
function of time should produce a linear plot, the slope of which is -k, and the intercept of which is In[A],,.

v/ Example 11.3.1:

Consider the following kinetic data. Use a graph to demonstrate that the data are consistent with first order kinetics. Also, if the
data are first order, determine the value of the rate constant for the reaction.

Time (s) 0 10 20 50 100 150 200 250 300
[A] (M) 0.873 0.752 0.648 0.414 0.196 0.093 0.044 0.021 0.010
Solution

The plot looks as follows:

First Order

y =-0.0149x - 0.1358

0 50 100 150 200 250 300 350

time (s)

11.3.1 https://chem.libretexts.org/@go/page/390884
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From this plot, it can be seen that the rate constant is 0.0149 s™'. The concentration at time ¢ = 0 can also be inferred from the
intercept.

It should also be noted that the integrated rate law (Equation 11.3.1) can be expressed in exponential form:
[A] = [Ale™

Because of this functional form, 1% order kinetics are sometimes referred to as exponential decay kinetics. Many processes,
including radioactive decay of nuclides follow this type of rate law.

11.3: First-Order Reactions Show an Exponential Decay of Reactant Concentration with Time is shared under a not declared license and was
authored, remixed, and/or curated by LibreTexts.

« 28.3: First-Order Reactions Show an Exponential Decay of Reactant Concentration with Time is licensed CC BY-NC-SA 4.0.
« 11.5: 1st order rate law by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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11.4: Different Rate Laws Predict Different Kinetics

Difference rate laws predict different kinetics

11.4.1: Zero-order Kinetics

If the reaction follows a zeroth order rate law, it can be expressed in terms of the time-rate of change of [A] (which will be negative
since A is a reactant):

dl4] _
& F

In this case, it is straightforward to separate the variables. Placing time variables on the right and [A] on the left
d[A] = —kadt

In this form, it is easy to integrate. If the concentration of A is [A], at time t = 0, and the concentration of A is [A] at some arbitrary

(4] ¢
/ d[A] = —k / dt
(4L, \

[A] - [Alo = —kt

time later, the form of the integral is

which yields

or
[4] = [A]o — Kt
This suggests that a plot of concentration as a function of time will produce a straight line, the slope of which is —k, and the

intercept of which is [Alo. If such a plot is linear, then the data are consistent with 0™ order kinetics. If they are not, other
possibilities must be considered.

11.4.2: Second Order Kinetics

If the reaction follows a second order rate law, the some methodology can be employed. The rate can be written as

d[A]
— = K[A]? (11.4.1)

The separation of concentration and time terms (this time keeping the negative sign on the left for convenience) yields

_dA_
gy ket

The integration then becomes

Mg
/[AL, (A2 /t _ kb (11.4.2)

And noting that

(1)
T T
the result of integration Equation 11.4.2 is
1 1
=kt
(Al Al
or
1 1
=kt
(4 4,

11.4.1 https://chem.libretexts.org/@go/page/390885
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And so a plot of 1/[A] as a function of time should produce a linear plot, the slope of which is k, and the intercept of which is
1/[A]o.

Other 2™ order rate laws are a little bit trickier to integrate, as the integration depends on the actual stoichiometry of the reaction
being investigated. For example, for a reaction of the type

A+B-—P
That has rate laws given by
4] _
——g = KlAllB]
and
dB] _
——g = kAlB]

the integration will depend on the decrease of [A] and [B] (which will be related by the stoichiometry) which can be expressed in
terms the concentration of the product [P].

[A] = [A]o—[P] (11.4.3)
and
[B] = [Bl—[P] (11.4.4)

The concentration dependence on A and B can then be eliminated if the rate law is expressed in terms of the production of the
product.

d[P]
~ = HAIB] (11.4.5)

Substituting the relationships for [A] and [B] (Equations 11.4.3 and 11.4.4) into the rate law expression (Equation 11.4.5) yields

AP _ k(41,-1PD)(B1 = (BLo-1P) (11.46)

Separation of concentration and time variables results in

d[P]
([Alo~[P)([B] = [Blo-[P])

Noting that at time ¢ = 0, [P] = 0, the integrated form of the rate law can be generated by solving the integral

g d[P] o
/[A],, AP (BlP) /t=o’“”

Consulting a table of integrals reveals that for a # [ 1],

/(a—m(;a(cb—:t) - bialn(z:z)

Applying the definite integral (as long as [A]o # [B]o) results in

=kdt

1 n [Blo —[P] [A]_ .
[15']0—[14]01 ([A]o—[P]) 0 = ktly
1 [Bo—[Py___ 1 . (I[Bb)_
[B]o—[A]oln([A]g—[P]) [B]o—[A]O1 ([A]o) kt (11.4.7)

Substituting Equations 11.4.3 and 11.4.4 into Equation 11.4.7 and simplifying (combining the natural logarithm terms) yields

1 BllALY _
Blo— [l ™ ( A [B]o) =H

11.4.2 https://chem.libretexts.org/@go/page/390885
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For this rate law, a plot of In([B]/[A]) as a function of time will produce a straight line, the slope of which is
m = ([Blo-[A]o)k-
In the limit at [A]o = [B]o, then [A] = [B] at all times, due to the stoichiometry of the reaction. As such, the rate law becomes
rate = k[A]?
and integrate direct like in Equation 11.4.1 and the integrated rate law is (as before)

1 _ 1
[4] 4l

v/ Example 11.4.2: Confirming Second Order Kinetics

Consider the following kinetic data. Use a graph to demonstrate that the data are consistent with second order kinetics. Also, if
the data are second order, determine the value of the rate constant for the reaction.

+ kt

time (s) 0 10 30 60 100 150 200
[A] (M) 0.238 0.161 0.098 0.062 0.041 0.029 0.023
Solution

The plot looks as follows:

~J
(=]

Second Order

(o]
(=]

wu
(=]

y=0.2658x + 4.2052

1/[A] (M)
[ L I =)
o & & ©

[=]

0 50 100 150 200 250

time (s)

From this plot, it can be seen that the rate constant is 0.2658 M™! s1. The concentration at time ¢ = 0 can also be inferred from
the intercept.

[1] This integral form can be generated by using the method of partial fractions. See (House, 2007) for a full derivation.

v/ Example 11.4.3

Dinitrogen pentoxide (N;Os) decomposes to NO; and O at relatively low temperatures in the following reaction:
2N,0s (s0ln) — 4NO; (soln) + Oz (g)

This reaction is carried out in a CCl, solution at 45°C. The concentrations of N,Os as a function of time are listed in the
following table, together with the natural logarithms and reciprocal N,Os concentrations. Plot a graph of the concentration
versus t, In concentration versus t, and 1/concentration versus t and then determine the rate law and calculate the rate constant.

11.4.3 https://chem.libretexts.org/@go/page/390885
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Given: balanced chemical equation, reaction times, and concentrations

Asked for: graph of data, rate law, and rate constant

Strategy:

Time (s) [N>0s] (M) In[N,Os] 1/[N,0s5] (M)
0 0.0365 -3.310 27.4
600 0.0274 -3.597 36.5
1200 0.0206 -3.882 485
1800 0.0157 -4.154 63.7
2400 0.0117 -4.448 85.5
3000 0.00860 -4.756 116
3600 0.00640 -5.051 156

A Use the data in the table to separately plot concentration, the natural logarithm of the concentration, and the reciprocal of the
concentration (the vertical axis) versus time (the horizontal axis). Compare the graphs with those in Figure 13.4.2 to determine the
reaction order.

B Write the rate law for the reaction. Using the appropriate data from the table and the linear graph corresponding to the rate law
for the reaction, calculate the slope of the plotted line to obtain the rate constant for the reaction.

Solution:

A Here are plots of [N,Os] versus t, In[N,Os] versus t, and 1/[N,Os] versus t:

e

X4

(i

i —
35 -3
30—
25—
a—

—30

TAN-OT i

160 —

140

120

e

Bl —

&0

M0

Yis -
1.0
53 a0

Lo T | 33 I I = | |
o 1 Pl = 4 o 1 2 i 4 o 1 2 5 4
e

Time (s) % 104 Time dsl w107 Tirrie s} 10

The plot of In[N,Os] versus t gives a straight line, whereas the plots of [N2Os] versus t and 1/[N»Os] versus t do not. This means
that the decomposition of N,Os is first order in [NOs].
B The rate law for the reaction is therefore

rate = k [N2Os)

Calculating the rate constant is straightforward because we know that the slope of the plot of In[A] versus ¢ for a first-order reaction
is —k. We can calculate the slope using any two points that lie on the line in the plot of In[N>Os] versus t. Using the points for t = 0
and 3000 s,

ln [N205]3000 bl ln [N205]0

slope = 30005—0s =

[—4.756] — [3.310]

— -4 -1
3000 5 =4820x107"s

Thus k = 4.820 x 1074571,

11.4.3: Contributors

e Anonymous

Modified by Joshua Halpern (Howard University), Scott Sinex, and Scott Johnson (PGCC)
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11.5: Reactions can also be Reversible

Reversible and irreversible reactions are prevalent in nature and are responsible for reactions such as the breakdown of ammonia.

11.5.1: Introduction

It was believed that all chemical reactions were irreversible until 1803, when French chemist Claude Louis Berthollet introduced
the concept of reversible reactions. Initially he observed that sodium carbonate and calcium chloride react to yield calcium
carbonate and sodium chloride; however, after observing sodium carbonate formation around the edges of salt lakes, he realized
that large amount of salts in the evaporating water reacted with calcium carbonate to form sodium carbonate, indicating that the
reverse reaction was occurring.

Chemical reactions are represented by chemical equations. These equations typically have a unidirectional arrow (—) to represent
irreversible reactions. Other chemical equations may have a bidirectional harpoons (=) that represent reversible reactions (not to
be confused with the double arrows <+ used to indicate resonance structures). To review the fundamentals of chemical reactions,
click here: Chemical Reactions

11.5.2: Irreversible Reactions

A fundamental concept of chemistry is that chemical reactions occurred when reactants reacted with each other to form products.
These unidirectional reactions are known as irreversible reactions, reactions in which the reactants convert to products and where
the products cannot convert back to the reactants. These reactions are essentially like baking. The ingredients, acting as the
reactants, are mixed and baked together to form a cake, which acts as the product. This cake cannot be converted back to the
reactants (the eggs, flour, etc.), just as the products in an irreversible reaction cannot convert back into the reactants.

An example of an irreversible reaction is combustion. Combustion involves burning an organic compound—such as a hydrocarbon
—and oxygen to produce carbon dioxide and water. Because water and carbon dioxide are stable, they do not react with each other
to form the reactants. Combustion reactions take the following form:

CzHy + Oy — CO5 + Hy,O (11.5.1)

11.5.3: Reversible Reactions

In reversible reactions, the reactants and products are never fully consumed; they are each constantly reacting and being produced.
A reversible reaction can take the following summarized form:

A+B2C+D (11.5.2)
=
This reversible reaction can be broken into two reactions.
Reaction 1:
A+BE 04D (11.5.3)
Reaction 2:
C+Di45A+B (11.5.4)

These two reactions are occurring simultaneously, which means that the reactants are reacting to yield the products, as the products
are reacting to produce the reactants. Collisions of the reacting molecules cause chemical reactions in a closed system. After
products are formed, the bonds between these products are broken when the molecules collide with each other, producing sufficient
energy needed to break the bonds of the product and reactant molecules.

Below is an example of the summarized form of a reversible reaction and a breakdown of the reversible reaction N,O, < 2NO,
Reaction 1 and Reaction 2 happen at the same time because they are in a closed system.

Blue: Nitrogen Red: Oxygen
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Reaction 1 Reaction 2

N,0, = 2NO, 2N0o, = N,0,
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Imagine a ballroom. Let reactant A be 10 girls and reactant B be 10 boys. As each girl and boy goes to the dance floor, they pair up
to become a product. Once five girls and five boys are on the dance floor, one of the five pairs breaks up and moves to the
sidelines, becoming reactants again. As this pair leaves the dance floor, another boy and girl on the sidelines pair up to form a
product once more. This process continues over and over again, representing a reversible reaction.

Unlike irreversible reactions, reversible reactions lead to equilibrium: in reversible reactions, the reaction proceeds in both
directions whereas in irreversible reactions the reaction proceeds in only one direction. To learn more about this phenomenon, click
here: Chemical Equilibrium

If the reactants are formed at the same rate as the products, a dynamic equilibrium exists. For example, if a water tank is being
filled with water at the same rate as water is leaving the tank (through a hypothetical hole), the amount of water remaining in the
tank remains consistent.

11.5.4: Connection to Biology

There are four binding sites on a hemoglobin protein. Hemoglobin molecules can either bind to carbon dioxide or oxygen. As blood
travels through the alveoli of the lungs, hemoglobin molecules pick up oxygen-rich molecules and bind to the oxygen. As the
hemoglobin travels through the rest of the body, it drops off oxygen at the capillaries for the organ system to use oxygen. After
expelling the oxygen, it picks up carbon dioxide. Because this process is constantly carried out through the body, there are always
hemoglobin molecules picking or expelling oxygen and other hemoglobin molecules that are picking up or expelling carbon
dioxide. Therefore, the hemoglobin molecules, oxygen, and carbon dioxide are reactants while the hemoglobin molecules with
oxygen or carbon dioxide bound to them are the products. In this closed system, some reactants convert into products as some
products are changing into reactants, making it similar to a reversible reaction.

11.5.5: Contributors and Attributions
o Heather Yee (UCD), Mandeep Sohal (UCD)
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11.6: The Rate Constants of a Reversible Reaction Can Be Determined Using
Relaxation Techniques

The traditional experimental methods described above all assume the possibility of following the reaction after its components have
combined into a homogeneous mixture of known concentrations. But what can be done if the time required to complete the mixing
process is comparable to or greater than the time needed for the reaction to run to completion?

11.6.1: Flow methods

Flow instruments are a rapid mixing devices used to study the chemical kinetics of fast reactions in solution. There are different
flavors that can be implement depending on the nature of the reaction as discussed below.

11.6.1.1: Continuous Flow Approach

For reactions that take place in milliseconds, the standard approach since the 1950s has been to employ a flow technique of some
kind. An early example was used to study fast gas-phase reactions in which one of the reactants is a free radical such as OH that
can be produced by an intense microwave discharge acting on a suitable source gas mixture. This gas, along with the other reactant
being investigated, is made to flow through a narrow tube at a known velocity.

— j\
reactant

I

gases I -

moveable detector

Figure 11.6.1: A continuous flow fast kinetic system.

If the distance between the point at which the reaction is initiated and the product detector is known, then the time interval can be
found from the flow rate. By varying this distance, the time required to obtain the maximum yield can then be determined.
Although this method is very simple in principle, it can be complicated in practice.

11.6.1.2: Stopped Flow Approach

Owing to the rather large volumes required, continuous flow method is more practical for the study of gas-phase reactions than for
solutions, for which the stopped-flow method described below is generally preferred. These are by far the most common means of
studying fast solution-phase reactions over time intervals of down to a fraction of a millisecond. The use of reasonably simple
devices is now practical even in student laboratory experiments. These techniques make it possible to follow not only changes in
the concentrations of reactants and products, but also the buildup and decay of reaction intermediates.

fluorescence

incident light ——sl—r
4g’ ——» absorbance

&
mixing
chamber
' stopping
syringe
B l yring
injection —
syringes 4 adjustable
A A ‘L stop

rive
mechanism

Figure 11.6.2: A stop flow fast kinetic system.

The basic stopped-flow apparatus consists of two or more coupled syringes that rapidly inject the reactants into a small mixing
chamber and then through an observation cell that can be coupled to instruments that measure absorption, fluorescence, light
scattering, or other optical or electrical properties of the solution. As the solution flows through the cell, it empties into a stopping
syringe that, when filled, strikes a backstop that abruptly stops the flow. The volume that the stopping syringe can accept is
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adjusted so that the mixture in the cell has just become uniform and has reached a steady state; at this point, recording of the cell
measurement begins and its change is followed.

Figure 11.6.3: Stop-flow equipment at a biochemistry research laboratory for measuring rapid reactions and properties such as
enzyme kinetics. from Wladimir Labeikovsky.

11.6.1.3: Quenched Flow Approach

In a quenched-flow instrument, the reaction is stopped after a certain amount of time has passed after mixing. The stopping of the
reaction is called quenching and it can be achieved by various means, for example by mixing with another solution, which stops the
reaction (chemical quenching), quickly lowering the temperature (freeze quenching) or even by exposing the sample to light of a
certain wavelength (optical quenching).

Of course, there are many reactions that cannot be followed by changes in light absorption or other physical properties that are
conveniently monitored. In such cases, it is often practical to quench (stop) the reaction after a desired interval by adding an
appropriate quenching agent. For example, an enzyme-catalyzed reaction can be stopped by adding an acid, base, or salt solution
that denatures (destroys the activity of) the protein enzyme. Once the reaction has been stopped, the mixture is withdrawn and
analyzed in an appropriate manner.

to
measuring [
cell

injection
syringes

! T

delay controller

Figure 11.6.4: A quench flow fast kinetic system.
The quenched-flow technique works something like the stopped-flow method described above, with a slightly altered plumbing
arrangement. The reactants A and B are mixed and fed directly through the diverter valve to the measuring cell, which is not shown
in this diagram. After a set interval that can vary from a few milliseconds to 200 sec or more, the controller activates the quenching
syringe and diverter valve, flooding the cell with the quenching solution.

11.6.2: Relaxation Methods

To investigate reactions that are complete in less than a millisecond, one can start with a pre-mixed sample in which one of active
reactants is generated in situ. Alternatively, a rapid change in pressure or temperature can alter the composition of a reaction that
has already achieved equilibrium.
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11.6.2.1: Flash Photolysis

Many reactions are known which do not take place without light of wavelength sufficiently short to supply the activation energy
needed to break a bond, often leading to the creation of a highly reactive radical. A good example is the combination of gaseous Cl;
with Hy, which proceeds explosively when the system is illuminated with visible light. In flash photolysis, a short pulse of light is
used to initiate a reaction whose progress can be observed by optical or other means.

Photolysis refers to the use of light to decompose a molecule into simpler units, often ions or free radicals. In contrast to
thermolysis (decomposition induced by high temperature), photolysis is able to inject energy into a molecule almost
instantaneously and can be much "cleaner," meaning that there are fewer side reactions that often lead to complex mixtures of
products. Photolysis can also be highly specific; the wavelength of the light that triggers the reaction can often be adjusted to
activate one particular kind of molecule without affecting others that might be present.

X Norrish and Porter

All this had been known for a very long time, but until the mid-1940's there was no practical way of studying the kinetics of
the reactions involving the highly reactive species produced by photolysis. In 1945, Ronald Norrish of Cambridge University
and his graduate student George Porter conceived the idea of using a short-duration flash lamp to generate gas-phase CH;
radicals, and then following the progress of the reaction of these radicals with other species by means of absorption
spectroscopy.

llash

absorbance

a time ———»

Figure 11.6.5: Basic principle of a flash-photolysis relaxation experiment where an excitation pulse purturbed a system at
equilibrium and the subsequent dynamics are resolved in time.

In a flash photolysis experiment, recording of the absorbance of the sample cell contents is timed to follow the flash by an interval
that can be varied in order to capture the effects produced by the product or intermediate as it is formed or decays. Norrish and
Porter shared the 1967 Nobel Prize in Chemistry for this work.

analysis lamp sample cell spectrophotometer

S T
O }—{ll]

flash lamp —»
controller

Figure 11.6.6: A flash-photolysis relaxation experiment

Many reactions, especially those that take place in solution, occur too rapidly to follow by flow techniques, and can therefore only
be observed when they are already at equilibrium. The classical examples of such reactions are two of the fastest ones ever
observed, the dissociation of water

2H,0 — H30% + OH~ (11.6.1)
and the formation of the triiodide ion in aqueous solution
I'+L-1I; (11.6.2)

Reactions of these kinds could not be studied until the mid-1950s when techniques were developed to shift the equilibrium by
imposing an abrupt physical change on the system.
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11.6.2.2: Temperature Jumps

The rate constants of reversible reactions can be measured using a relaxation method. In this method, the concentrations of
reactants and products are allowed to achieve equilibrium at a specific temperature. Once equilibrium has been achieved, the
temperature is rapidly changed, and then the time needed to achieve the new equilibrium concentrations of reactants and products is
measured. For example, if the reaction

A=B (11.6.3)
k_y
is endothermic, then according to the Le Chatelier principle, subjecting the system to a rapid jump in temperature will shift the
equilibrium state to one in which the product B has a higher concentration. The composition of the system will than begin to shift
toward the new equilibrium composition at a rate determined by the kinetics of the process.

initial 131

equilibrium exponential A=—="B
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L 0

time ¢

For the general case illustrated here, the quantity "x" being plotted is a measurable quantity such as light absorption or electrical
conductivity that varies linearly with the composition of the system. In a first-order process, x will vary with time according to

zp = z,e (11.6.4)

After the abrupt perturbation at time ¢, the relaxation time t* is defined as the half-time for the return to equilibrium — that is, as
the time required for z, to decrease by \(Ax/e = Ax/2.718\). The derivation of t* and the relations highlighted in yellow can be
found in most standard kinetics textbooks. Temperature jumps are likely most commonly used.

The rate law for the reversible reaction in Equation 11.6.3 can be written as

d[B]
— =k A=k [B] (11.6.5)

Consider a system comprising A and B that is allowed to achieve equilibrium concentrations at a temperature, T;. After equilibrium
is achieved, the temperature of the system is instantaneously lowered to T, and the system is allowed to achieve new equilibrium
concentrations of A and B, [A], , and [B],, ,. During the transition time from the first equilibrium state to the second equilibrium
state, we can write the instantaneous concentration of A as

[A] = [Bl,y; — [B] (11.6.6)
The rate of change of species B can then be written as
d[B]
o =k (Blog — [B]) — k-1 [B] = k1 [Blg,, — (k1 + k-1) [B] (11.6.7)

At equilibrium, d[B] /dt = 0 and [B] = [B],, ,, allowing us to write
k1 [Blogy = (B1 + k1) [Bleg (11.6.8)
Using the above equation, we can rewrite the rate equation as

dB

—— = (k k_1)dt 11.6.9
([Bloa—m) 1 (1169

Integrating yields
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—In ([B] — [Bloyz) = — (k1 + k1)t + C (11.6.10)

We can rearrange the above equation in terms of B

[B] = Ce(hith-u)t 4 [Blog 2 (11.6.11)
Att =0, [B] = [B],;, SO C = [Bl,,; — [Bl,, 2 Plugging the the value of C, we arrive at
[B] — [Blagz = ([Blog — [Blegz) e~*1*" (11.6.12)
which can also be expressed as
A [B] = A [B]ye~®t+F-0t — A[B]ge " (11.6.13)

where A [B] is the difference in the concentration of B from the final equilibrium concentration after the perturbation, and r is the

relaxation time. A plot of In (A [B]/A[B],) versus t will be linear with a slope of — (k; +k&_;), where k; and k_; are the rate
constants at temperature, T5.
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11.7: Rate Constants Are Usually Strongly Temperature Dependent

In general, increases in temperature increase the rates of chemical reactions. It is easy to see why, since most chemical reactions
depend on molecular collisions. And as we discussed in Chapter 2, the frequency with which molecules collide increases with
increased temperature. But also, the kinetic energy of the molecules increases, which should increase the probability that a collision
event will lead to a reaction. An empirical model was proposed by Arrhenius to account for this phenomenon. The Arrhenius
model (Arrhenius, 1889) can be expressed as

k= Ae F/RT

Although the model is empirical, some of the parameters can be interpreted in terms of the energy profile of the reaction. E,, for
example, is the activation energy, which represents the energy barrier that must be overcome in a collision to lead to a reaction.

T

Energy

reactants

products

Reaction Coordinate
Figure 11.9.1: Reaction profile for an elementary sttep over an activated barrier of height E,.

If the rate constant for a reaction is measure at two temperatures, the activation energy can be determined by taking the ratio. This

leads to the following expression for the Arrhenius model:

kY E. (1 1
m(2)=-%(5-7) (11.7.1)

v/ Example 11.7.1;

For a given reaction, the rate constant doubles when the temperature is increased form 25 °C to 35 °C. What is the Arrhenius

activation energy for this reaction?

Solution
The energy of activation can be calculated from the Arrhenius Equation (Equation 11.7.1).
0(2) =B (- )
ki) J 308 K 298K
8.314 ——
mol K

From this reaction:

E, =52.9kJ/mol

Preferably, however, the rate constant is measured at several temperatures, and then the activation energy can be determined using

all of the measurements, by fitting them to the expression

E,
RT

In(k) = — + In(A)
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This can be done graphically by plotting the natural logarithm of the rate constant as a function of 1/T" (with the temperature
measured in K). The result should be a straight line (for a well-behaved reaction!) with a slope of -F,/R.

There are some theoretical models (such as collision theory and transition state theory) which suggest the form of the Arrhenius
model, but the model itself is purely empirical. A general feature, however, of the theoretical approaches is to interpret the
activation energy as an energy barrier which a reaction must overcome in order to lead to a chemical reaction.

11.7: Rate Constants Are Usually Strongly Temperature Dependent is shared under a not declared license and was authored, remixed, and/or
curated by LibreTexts.

¢ 11.9: Temperature Dependence by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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11.8: Transition-State Theory Can Be Used to Estimate Reaction Rate Constants

11.8.1: Transition State Theory

In Figure 28.8.1, the point at which we evaluate or measure E, serves as a dividing line (also called a dividing surface) between
reactants and products. At this point, we do not have A + B, and we do not have C. Rather, what we have is an activated complex of
some kind called a transition state between reactants and products. The value of the reaction coordinate at the transition state is
denoted ¢*. Recall our notation x for the complete set of coordinates and momenta of all of the atoms in the system. Generally, the
reaction coordinate ¢ is a function ¢(x) of all of the coordinates and momenta, although typically, ¢ (x) is a function of a subset of
the coordinates and, possibly, the momenta.

As an example, let us consider two atoms A and B undergoing a collision. An appropriate reaction coordinate could simply be the
distance r between A and B. This distance is a function of the positions r, and rg of the two atoms, in that

g=r=|ra—rs| (11.8.1)
When A and B are molecules, such as proteins, ¢ (x) is a much more complicated function of x.
Now, recall that the mechanical energy & (x) is given by

N

p?

E(x) =
=35

+U(I‘1,...,l‘N) (11.8.2)

and is a sum of kinetic and potential energies. Transition state theory assumes the following:
1. The system is classical, and the time dependence of the coordinates and momenta is determined by Newton’s laws of motion

2. We start a trajectory obeying this equation of motion with an initial condition x that makes ¢(x) = ¢* and such that § (x) > 0 so
that the reaction coordinate proceeds initial to the right, i.e., toward products.

3. We follow the motion x; of the coordinates and momenta in time starting from this initial condition x, which gives us a unique
function x; (x).

4. If g (x¢ (x)) > ¢* at time ¢, then the trajectory is designated as “reactive” and contributes to the reaction rate.

Define a function 6 (y), which is 1 if y > 0 and 0 if 4 < 0. The function # (y) is known as a step function.
We now define a flux of reactive trajectories k (t) using statistical mechanics

1

[ dxe g[8 (alx ) ~ ) (11.84)
q(x)=¢*
where 4 is Planck’s constant. Here @), is the partition function of the reactants

Q,= / dx P9 (¢t — ¢ (x)) (11.8.5)

The meaning of Equation 11.8.4 is an ensemble average over a canonical ensemble of the product |¢(x)| and 6 (g (x: (x)) — g*). The
first factor in this product |§(x)| forces the initial velocity of the reaction coordinate to be positive, i.e., toward products, and the
step function 6 (q(x¢ (x)) —g*) requires that the trajectory of q(x;(x)) be reactive, otherwise, the step function will give no
contribution to the flux. The function k (¢) in Equation 11.8.4 is known as the reactive flux. In the definition of @, the step function
0 (¢* — g (x)) measures the total number of microscopic states on the reactive side of the energy profile.

A plot of some examples of reactive flux functions & () is shown in Figure 28.8.2 . These functions are discussed in greater detail in
J. Chem. Phys. 95, 5809 (1991). These examples all show that k(¢) decays at first but then finally reaches a plateau value. This
plateau value is taken to be the true rate of the reaction under the assumption that eventually, all trajectories that will become
reactive will have done so after a sufficiently long time. Thus,

k= limk(¢) (11.8.6)
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gives the true rate constant. On the other hand, a common approximation is to take the value k(0) as an estimate of the rate
constant, and this is known as the transition state theory approximation to k, i.e.,

ETSD = £ (0) (11.8.7)
_1 —BE®) | gt
o /q(x)=qt dxe lg(x)| 6 (qg(x) —g*) (11.8.8)

However, note that since we require ¢ (x) to initially be toward products, then by definition, at £ = 0, g (x) > ¢*, and the step function
in the above expression is redundant. In addition, if ¢ (x) only depends on momenta (or velocities) and not actually on coordinates,
which will be true if q(x) is not curvilinear (and is true for some curvilinear coordinates g(x)), and if ¢(x) only depends on
coordinates, then Equation ??? reduces to

prsm) - L / dxpe PTPI2m |g (p . py)| dxype PUE-TN) (11.8.9)
hQ: q(rs,erN)=¢*

1.0 e T T L
0.8

0.6

04l | e

k(t)/kegr

02 | / Ry =t
oofb 1 ;O\ '

02} Vi -

~0.4 1 I 1 1 ]
] 5 10 15 20 25 30

Figure 28.8.2 : Examples of the reactive flux k (z).

The integral

Zt— / dxpe—PUELiN)
q(ry,.rh)=g

counts the number of microscopic states consistent with the condition g(ri,...,rn) =4¢* and is, therefore, a kind of partition
function, and is denoted @*. On the other hand, because it is a partition function, we can derive a free energy AF* from it

F} o« —kpTn Z* (11.8.10)
Similarly, if we divide @, into its ideal-gas and configurational contributions
Q- =Q¥z, (11.8.11)
then we can take
Z, =e Pl (11.8.12)

where F, is the free energy of the reactants. Finally, setting ¢ = p/u, where p is the associated mass, and p is the corresponding
momentum of the reaction coordinate, then, canceling most of the momentum integrals between the numerator and Qside"“l), the
momentum integral we need is

o0 5 p
/ e /2ﬂ; = kpT (11.8.13)
1]

which gives the final expression for the transition state theory rate constant

£ — ’“’TTe—ﬂ(F*—Fr) = ’“’TTe—ﬂAF* (11.8.14)
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Figure 28.8.2 actually shows k (£) /k(™T), which must start at 1. As the figure shows, in addition, for ¢ > 0, k() < k™5T). Hence,
k(T5T) is always an upper bound to the true rate constant. Transition state theory assumes that any trajectory that initially moves
toward products will be a reactive trajectory. For this reason, it overestimates the reaction rate. In reality, trajectories can cross the
dividing surface several or many times before eventually proceeding either toward products or back toward reactants.

i T T T T 1 T T T
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Figure 28.8.3 : Examples of the trajectories in a typical system, some of which are reactive but some of which return to reactants.

Figure 28.8.3 shows that one can obtain trajectories of both types. Here, the dividing surface lies at ¢ = 0. Left, toward ¢ = —1 is the
reactant side, and right, toward ¢ = 1 is the product side. Because some trajectories return to reactants and never become products,

the true rate is always less than £(T5T), and we can write
k= kk(TST) (11.8.15)

where the factor x < 1 is known as the transmission factor. This factor accounts for multiple recrossings of the dividing surface and
the fact that some trajectories do not become reactive ones.
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12.1: A Mechanism is a Sequence of Elementary Reactions

The mechanism of a reaction is a series of steps leading from the starting materials to the products. After each step, an intermediate
is formed. The intermediate is short-lived, because it quickly undergoes another step to form the next intermediate. These simple
steps are called elementary reactions. Because an overall reaction is composed of a series of elementary reaction, the overall rate of
the reaction is somehow dependent on the rates of those smaller reactions. But how are the two related? Let's look at two cases.

We'll keep it simple and both cases will be two-step reactions.
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12.2: The Principle of Detailed Balance

The principle of detailed balance is formulated for kinetic systems which are decomposed into elementary processes (collisions, or
steps, or elementary reactions): At equilibrium, each elementary process should be equilibrated by its reverse process. Lewis put
forward this general principle in 1925:

Corresponding to every individual process there is a reverse process, and in a state of equilibrium the average rate of every

process is equal to the average rate of its reverse process.'"

According to Ter Haar, |?! the essence of the detailed balance is:

...at equilibrium the number of processes destroying situation A and creating situation B will be equal to the number of
processes producing A and destroying B

The principle of detailed balance was explicitly introduced for collisions by Ludwig Boltzmann. In 1872, he proved his H-theorem
using this principle. The arguments in favor of this property are founded upon microscopic reversibility. In 1901, R. Wegscheider
introduced the principle of detailed balance for chemical kinetics. In particular, he demonstrated that the irreversible cycles

A—-B—~+C.Y—>Z (12.2.1)

are impossible and found explicitly the relations between kinetic constants that follow from the principle of detailed balance. This
system is more accurately described thusly:

A=2BaC.Y_27 (12.2.2)
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12.3: Multiple Mechanisms are often Indistinguishable

The great value of chemical kinetics is that it can give us insights into the actual reaction pathways (mechanisms) that reactants
take to form the products of reactions. Analyzing a reaction mechanism to determine the type of rate law that is consistent (or not
consistent) with the specific mechanism can give us significant insight. For example, the reaction

A+B—>C

might be proposed to follow one of two mechanistic pathways:

A+A£>A2
step 1

A, +B2 0
N — —

step 2

or

Al 4

step 1

A +B3 ¢
step 2
The first rate law will predict that the reaction should be second order in A, whereas the second mechanism predicts that it should
be first order in A (in the limit that the steady state approximation, discussed in the following sections, can be applied to A, and
A*). Based on the observed rate law being first or second order in A, one can rule out one of the rate laws. Unfortunately, this kind
of analysis cannot confirm a specific mechanism. Other evidence is needed to draw such conclusions, such as the spectroscopic
observation of a particular reaction intermediate that can only be formed by a specific mechanism.

In order analyze mechanisms and predict rate laws, we need to build a toolbox of methods and techniques that are useful in certain
limits. The next few sections will discuss this kind of analysis, specifically focusing on

o the Rate Determining Step approximation,
o the Steady State approximation, and
o the Equilibrium approximation.

Each type of approximation is important in certain limits, and they are oftentimes used in conjunction with one another to predict
the final forms of rate laws.
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12.4: The Steady-State Approximation

One of the most commonly used and most attractive approximations is the steady state approximation. This approximation can be
applied to the rate of change of concentration of a highly reactive (short lived) intermediate that holds a constant value over a long
period of time. The advantage here is that for such an intermediate (1),
d
L
dt
So long as one can write an expression for the rate of change of the concentration of the intermediate I, the steady state
approximation allows one to solve for its constant concentration. For example, if the reaction

A+B—C (12.4.1)

is proposed to follow the mechanism
A+ABs 4, (12.4.2)
A +B2 044 (12.4.3)

The time-rate of change of the concentration of the intermediate A, can be written as

dis]

T k1[A]* — k3[AJ][B]

In the limit that the steady state approximation can be applied to A,

d[d‘i?] = k1[A]? — ko[As][B] ~ 0
or
_ kilA]?
[A2] ~ kg [B]

So if the rate of the overall reaction is expressed as the rate of formation of the product C,

d[C]
ek ka[A5][B]

the above expression for [A5] can be substituted

d[C] ki[A]?
= ()

of

and the reaction is predicted to be second order in [A].

Alternatively, if the mechanism for Equation 12.4.1 is proposed to be

AL, 4 (12.4.4)
A*+BE ¢ (12.4.5)

then the rate of change of the concentration of A* is

4] :
= k] — kal4"|[B]

And if the steady state approximation holds, then
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k1[A]
A ~
47 k[B]
So the rate of production of C is
d
% = ky[A*][B] (12.4.6)

=g, ( \klz[fljf) Jgf (12.4.7)

or

dic]
o~ Ml

and the rate law is predicted to be first order in A. In this manner, the plausibility of either of the two reaction mechanisms is easily
deduced by comparing the predicted rate law to that which is observed. If the prediction cannot be reconciled with observation,
then the scientific method eliminates that mechanism from consideration.

This page titled 12.4: The Steady-State Approximation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

o 12.5: The Steady-State Approximation by Patrick Fleming is licensed CC BY-NC-SA 4.0.

@ 0 e @ 12.4.2 https://chem.libretexts.org/@go/page/390895


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/390895?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/12%3A_Chemical_Kinetics_II-_Reaction_Mechanisms/12.04%3A_The_Steady-State_Approximation
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84369
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

12.5: Rate Laws Do Not Imply Uniqgue Mechanism

Because a proposed mechanism can only be valid if it is consistent with the rate law found experimentally, the rate law plays a
central role in the investigation of chemical reaction mechanisms. The discussion above introduces the problems and methods
associated with collecting rate data and with finding an empirical rate law that fits experimental concentration-versus-time data. We
turn now to finding the rate laws that are consistent with a particular proposed mechanism. For simplicity, we consider reactions in
closed constant-volume systems.

In principle, numerical integration can be used to predict the concentration at any time of each of the species in any proposed
reaction mechanism. This prediction can be compared to experimental observations to see whether they are consistent with the
proposed mechanism. To do the numerical integration, it is necessary to know the initial concentrations of all of the chemical
species and to know, or assume, values of all of the rate constants. The initial concentrations are known from the procedure used to
initiate the reaction. However, the rate constants must be determined by some iterative procedure in which initial estimates of the
rate constants are used to predict concentration-versus-time data that can be compared to the experimental results to produce
refined estimates.

In practice, we tailor our choice of reaction conditions so that we can use various approximations to test whether a proposed
mechanism can explain the data. We now consider the most generally useful of these approximations.

In this discussion, we assume that the overall reaction goes to completion; that is, at equilibrium the concentration of the reactant
whose concentration is limiting has become essentially zero. If the overall reaction involves more than one elementary step, then an
intermediate compound is involved. A valid mechanism must include this intermediate, and more than one differential equation
may be needed to characterize the time rate of change of all of the species involved in the reaction. We focus on conditions and
approximations under which the rate of appearance of the final products in a multi-step reaction mechanism can be described by a
single differential equation, the rate law.

We examine the application of these approximations to a particular reaction mechanism. When we understand the application of
these approximations to this mechanism, the ways in which they can be used in other situations are clear.

Consider the following sequence of elementary steps

A+BEclyp
ko

whose kinetics are described by the following simultaneous differential equations:

diAl _ diB] _

o= === = —h[A][B] + k[C]
%ﬂl[A][B]—kz[O]—ks[Cﬂ
%=k3[01

The general analytical solution for this system of coupled differential equations can be obtained, but it is rather complex, because
[C] increases early in the reaction, passes through a maximum, and then decreases at long times. In principle, experimental data
could be fit to these equations. The numerical approach requires that we select values for k;, ks, ks, [Al,, [Bly, [Cly, and [D],, and
then numerically integrate to get [A], [B], [C], and [D] as functions of time. In principle, we could refine our estimates of ki, ks, and
ks by comparing the calculated values of one or more concentrations to the experimental ones. In practice, the approximate
treatments we consider next are more expedient.

When we begin a kinetic study, we normally have a working hypothesis about the reaction mechanism, and we design our
experiments to simplify the differential equations that apply to it. For the present example, we will assume that we always arrange
the experiment so that [C], = 0 and [D], = 0. In consequence, at all times:

[4]y = [4] +[C] + [D].-

Also, we restrict our considerations to experiments in which [B], > [A],. This exemplifies the use of flooding. The practical effect
is that the concentration of B remains effectively constant at its initial value throughout the entire reaction, which simplifies the
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differential equations significantly. In the present instance, setting [B], > [4], means that the rate-law term k;[A][B] can be
replaced, to a good approximation, by kg, [A], where kos = k1[B],.

Once we have decided upon the reaction conditions we are going to use, whether the resulting concentration-versus-time data can
be described by a single differential equation depends on the relative magnitudes of the rate constants in the several steps of the
overall reaction. Particular combinations of relationships that lead to simplifications are often referred to by particular names; we
talk about a combination that has a rate-determining step, or one that involves a prior equilibrium, or one in which a steady-state
approximation is applicable. To see what we mean by these terms, let us consider some particular relationships that can exist
among the rate constants in the mechanism above.

12.5.1: Case |

Suppose that k;[A][B] > k2 [C] and ks > ks. We often describe this situation by saying, rather imprecisely, that the reaction to
convert C to D is very fast and that the reaction to convert C back to 4 and B is very slow—compared to the reaction that forms C
from A and B. When C is produced in these circumstances, it is converted to D so rapidly that we never observe a significant
concentration of C in the reaction mixture. The formation of a molecule of C is tantamount to the formation of a molecule of D, and
the reaction produces D at essentially the same rate that it consumes A or B. We say that the first step, A + B = C, is the rate-
determining step in the reaction. We have

_d[A] _ d[B] _d[D]
dat dt ot
The assumption that ki[A][B] > k2[C] means that we can neglect the smaller term in the equation for d[A]/dt, giving the
approximation
di4] _ dB] _  d[D] _
I

Letting [D] = = and recognizing that our assumptions make [C] ~ 0, the mass-balance condition, [A], = [A] + [C] + [D], becomes [A]
= [A], — z. Choosing [B], > [A], means that k;[B] ~ k1[B], = kres- The rate equation becomes first-order:

dw
S = ko (141, —2)

Since kjqs is not strictly constant, it is a pseudo-first-order rate constant. The disappearance of A is said to follow a pseudo-first-
order rate equation.

The concept of a rate-determining step step is an approximation. In general, the consequence we have in mind when we invoke
this approximation is that no intermediate species can accumulate to a significant concentration if it is produced by the rate-
determining step or by a step that occurs after the rate-determining step. We do not intend to exclude the accumulation of a species
that is at equilibrium with another product. Thus, in the mechanism

ALB=C

we suppose that the conversion of A to B is rate-determining and that the interconversion of B and C is so rapid that their
concentrations always satisfy the equilibrium relationship

(]
K==,
(B]
For the purpose at hand, we do not consider B to be an intermediate; B is a product that happens to be at equilibrium with the co-
product, C.
12.5.2: Case Il

Suppose that k1[A][B] > k3 [C]. In this case A+ B — C is fast compared to the rate at which C is converted to D, and we say that C
— D is the rate-determining step. We can now distinguish three sub-cases depending upon the way [C] behaves during the course of
the reaction.
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Case IIa: Suppose that k;[A][B] > k3 [C] and k3 > ko. Then A + B — C is rapid and essentially quantitative. That is, within a short
time of initiating the reaction, all of the stoichiometrically limiting reactant is converted to C. Letting [D] = z and recognizing that
our assumptions make [A] ~ 0, the mass-balance condition,

[4]o = [A] + [C] + [D]

becomes
[C] =[Aly—=-
After a short time, the rate at which D is formed becomes
d[D] _
—i ~kl
or
dzx
S =ks (14, —2)

The disappearance of C and the formation of D follow a first-order rate law.

Case IIb: If the forward and reverse reactions in the first elementary process are rapid, then this process may be effectively at
equilibrium during the entire time that D is being formed. (This is the case that k1[A][B] > k3 [C] and k2 > k3.) Then, throughout the
course of the reaction, we have

Keq = [C]/[A][B]

Letting [D] = z and making the further assumption that [A] > [C] ~ 0 throughout the reaction, the mass-balance condition, [A],
= [A] + [C] + [D], becomes [4] = [A], — z. Substituting into the equilibrium-constant expression, we find

[C] = K¢y[Bl, ([A]y — =)
Substituting into d[D]/dt = k3 [C] we have

8 ksKulBly (141~ 7) = krroots (4], — 2)

where kireos = k3Keg[ Bl The disappearance of A and the formation of D follow a pseudo-first-order rate equation. The pseudo-
first-order rate constant is a composite quantity that is directly proportional to [B]j,.

Case IIc: If we suppose that the first step is effectively at equilibrium during the entire time that D is being produced (as in case
IIb) but that [C] is not negligibly small compared to [A], we again have K., = [C]/[A][B]. With [D] = z, the mass-balance condition
becomes [A] = [A], — [C] — =. Eliminating [A] between the mass-balance and equilibrium-constant equations gives

KEq[B]O ([A]O —x)

[C'] - 1 +K69[B]0

so that d[D]/dt = k3 [C] becomes

dr ( k3K of[Bl,

dt 1+K—eq[B]o) ([Alo — 2) = krzeobs ([A]o — 2)

The formation of D follows a pseudo-first-order rate equation. (The disappearance of A is also pseudo-first-order, but the pseudo-
first-order rate constant is different.) As in Case IIb, the pseudo-first-order rate constant, krzcebs, iS @ cOomposite quantity, but now its
dependence on [B], is more complex. The result for Case IIc reduces to that for Case IIb if K,[B], < 1.

12.5.3: Case lll

In the cases above, we have assumed that one or more reactions are intrinsically much slower than others are. The differential
equations for this mechanism can also become much simpler if all three reactions proceed at similar rates, but do so in such a way
that the concentration of the intermediate is always very small, [C] ~ 0. If the concentration of C is always very small, then we
expect the graph of [C] versus time to have a slope, d [C]/dt, that is approximately zero. In this case, we have
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% = k1[A][B] — k2 [C] — k3 [C] ~ 0
so that
_ k48]
[C]= T2+ ks

With [D] = z, d[D]/dt = k3 [C] becomes

@ (%[BI;]O) ([4l = 2) = krzron (4], = =)

As in the previous cases, the disappearance of A and the formation of D follow a pseudo-first-order rate equation. The pseudo-first-
order rate constant is again a composite quantity, which depends on [B], and the values of all of the rate constants.

Case 11T illustrates the steady-state approximation, in which we assume that the concentration of an intermediate species is much
smaller than the concentrations of other species that affect the reaction rate. Under these circumstances, we can be confident that
the time-derivative of the intermediate’s concentration is negligible compared to the reaction rate, so that it is a good approximation
to set it equal to zero. The idea is simply that, if the concentration is always small, its time-derivative must also be small. If the
graph of the intermediate’s concentration versus time is always much lower than that of other participating species, then its slope
will be much less.

Equating the time derivative of the steady-state intermediate’s concentration to zero produces an algebraic expression that involves
the intermediate’s concentration. Solving this expression for the concentration of the steady-state intermediate makes it possible to
greatly simplify the set of simultaneous differential equations that is predicted by the mechanism. When there are multiple
intermediates to which the approximation is applicable, remarkable simplifications can result. This often happens when the
mechanism involves free-radical intermediates.

The name “steady-state approximation” is traditional. When we use it, we do so on the understanding that the “state” which is
approximately “steady” is the concentration of the intermediate, not the state of the system. Since a net reaction is occurring, the
state of the system is distinctly not constant.

12.5: Rate Laws Do Not Imply Unique Mechanism is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

e 5.12: Predicting Rate Laws from Proposed Mechanisms by Paul Ellgen is licensed CC BY-SA 4.0. Original source:
https://www.amazon.com/Thermodynamics-Chemical-Equilibrium-Paul-Ellgen/dp/1492114278.
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12.6: The Lindemann Mechanism

The Lindemann mechanism, sometimes called the Lindemann-Hinshelwood mechanism, is a schematic reaction mechanism.
Frederick Lindemann discovered the concept in 1921 and Cyril Hinshelwood developed it. It breaks down a stepwise reaction into
two or more elementary steps, then it gives a rate constant for each elementary step. The rate law and rate equation for the entire
reaction can be derived from this information. Lindemann mechanisms have been used to model gas phase decomposition
reactions. Although the net formula for a decomposition may appear to be first-order (unimolecular) in the reactant, a Lindemann
mechanism may show that the reaction is actually second-order (bimolecular).

A Lindemann mechanism typically includes an activated reaction intermediate, labeled A* (where A can be any element or
compound). The activated intermediate is produced from the reactants only after a sufficient activation energy is applied. It then
either deactivates from A* back to A, or reacts with another (dis)similar reagent to produce yet another reaction intermediate or the
final product.

12.6.1: General Mechanism

The schematic reaction A + M — P is assumed to consist of two elementary steps:

STEP 1: Bimolecular activation of 4

A+Ma A+ M (12.6.1)
with
o forward activation reaction rate: k;
¢ reverse deactivation reaction rate: x_;
STEP 2: Unimolecular reaction of Ax
* ks
A* 3P (12.6.2)

with
o forward reaction rate: k,
Assuming that the concentration of intermediate A* is held constant according to the quasi steady-state approximation, what is the

rate of formation of product P?

Solution

First, find the rates of production and consumption of intermediate A*. The rate of production of A* in the first elementary step
(Equation 12.6.1) and A* is consumed both in the reverse first step and in the forward second step. The respective rates of
consumption of A* are:

dar _

= KAM] — ka[AT[M] —  koA"] (12.6.3)
(forward first step)  (reverse first step)  (forward second step)
According to the steady-state approximation,
d[A*]
= 0 (12.6.4)

Therefore the rate of production of A* (first term in Equation 12.6.3) equals the rate of consumption (second and third terms in
Equation 12.6.3):

ki[A][M] = k1 [A"][M] + k[A"] (12.6.5)
Solving for [A*], it is found that
q _ _ka[AllM]
[A%] = Y (12.6.6)

The overall reaction rate is (Equation 12.6.2)
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% — ko[A"] (12.6.7)

Now, by substituting the calculated value for [A*] (Equation 12.6.6 into Equation 12.6.7), the overall reaction rate can be expressed
in terms of the original reactants A and M as follows:

d[P] _ kika[A][M]

& = Tk (12.6.8)

The rate law for the Lindemann mechanism is not a simple first or second order reaction. However, under certain conditions
(discussed below), Equation 12.6.8 can be simplified.

X Three Principles of the Lindemann Mechanism

1. Energy is transferred by collision (forward reaction of Equation 12.6.1)
2. There is a time delay At between collision and reaction (Equation 12.6.2)
3. Molecules may be de-activated by another collision during At (reverse reaction of Equation 12.6.1)

N30s5¢ Example 29.6.1 : Dissociation of

The decomposition of dinitrogen pentoxide to nitrogen dioxide and nitrogen trioxide
NyO35 =+ NO2 + NO3
is postulated to take place via two elementary steps, which are similar in form to the schematic example given above:

1. N2O5 + N2Os = N2Of + NoOs
2. N20§ — NO2+ NO;3

Using the quasi steady-state approximation soluioten (Equation 9) with [M] = [N;Os], then rate equation is:

k1ko[N2Os)?

Rate = kolNoOsl" = TN Ol +

Experiment has shown that the rate is observed as first-order in the original concentration of N,05; sometimes, and second
order at other times.
o If ky >> k_;, then the rate equation may be simplified by assuming that k_; ~ 0. Then the rate equation is

Rate = kl[N205]2

which is second order.
o If ky << k_;, then the rate equation may be simplified by assuming k&, ~ 0. Then the rate equation is

_ k1k2[N2Os]

Rate "

= kobs [N205]

which is first order with

? Exercise 29.6.1

The following first order rate constants for the gas phase decomposition of N,Os have been obtained as a function of number

density at 298 K.
obs(s72) 7.81 x 1073 12.5 x 1073 15.6 x 1073
[N2Os](mol /m~3) 10 25 50
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Confirm that these data are consistent with the Lindemann mechanism and derive a rate constant and a ratio of two rate
constants for elementary reactions in the mechanism. What are the units of the two quantities.

12.6.2: Lindemann Mechanism

Consider the isomerization of methylisonitrile gas, CHsNC, to acetonitrile gas, CH3CN:

CH3NC =3 CH,CN

If the isomerization is a unimolecular elementary reaction, we should expect to see 1% order rate kinetics. Experimentally, however,
1% order rate kinetics are only observed at high pressures. At low pressures, the reaction kinetics follow a 2™ order rate law:

d[CHsNC] _

b —k[CH3NC)? (12.6.9)

To explain this observation, J.A. Christiansen and F.A. Lindemann proposed that gas molecules first need to be energized via
intermolecular collisions before undergoing an isomerization reaction. The reaction mechanism can be expressed as the following
two elementary reactions

k:
A+Ma A +M (12.6.10)

ko

k2
A*3B (12.6.11)

where M can be a reactant molecule, a product molecule or another inert molecule present in the reactor. Assuming that the
concentration of A* is small, or k; « k; + k—;, we can use a steady-state approximation to solve for the concentration profile of
species B with time:

d [j;*] = k1 [A] [M] — k_1 [A"],, [M] — k2 [A*],, ~ 0 (12.6.12)
Solving for [A¥],
sk [M][A]
[A*] = WM (12.6.13)

The reaction rates of species A and B can be written as

_% = % =k [A"] = ZT,&*% = Fiobs [A] (12.6.14)
where
Kobs = 7,62’61’6;_[?4[1\4] (12.6.15)

At high pressures, we can expect collisions to occur frequently, such that k_; [M] > k.. Equation 12.6.14 then becomes

A
_% = ’;1__’“12 [A] (12.6.16)
which follows 1%t order rate kinetics.

At low pressures, we can expect collisions to occurs infrequently, such that k_; [M] < kq. In this scenario, Equation 12.6.14 becomes

_dIA] _

= ki [AlM] (12.6.17)

which follows second order rate kinetics, consistent with experimental observations.

12.6.3: References
o The content of this page is sourced from World Heritage Encyclopedia and licensed differently than most of the content in the
Libretexts under a CC BY-SA 3.0 license.
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12.7: Some Reaction Mechanisms Involve Chain Reactions

A large number of reactions proceed through a series of steps that can collectively be classified as a chain reaction. The reactions
contain steps that can be classified as

o initiation step — a step that creates the intermediates from stable species
e propagation step — a step that consumes an intermediate, but creates a new one
o termination step — a step that consumes intermediates without creating new ones

These types of reactions are very common when the intermediates involved are radicals. An example, is the reaction
Hy+ Bro — 2HBr

The observed rate law for this reaction is

k[H;][Bry]3/?

rate = Bral + FHE (12.7.1)
A proposed mechanism is
Bry < 2By (12.7.2)
kg
2Br + H, {=~’ HBr+H' (12.7.3)
.
H' + Bry 2 HBr + Br (12.7.4)

Based on this mechanism, the rate of change of concentrations for the intermediates (&' and Br') can be written, and the steady
state approximation applied.

% = k[Br'|[Ha) — k_y[HBr|[H'] — k3[H'|[Brg] = 0
d[i’r] = 2]€1[BT2] — 2k—1[BT']2 _ kz[BT'][Hg] + k_2[HBT][H'] + ks[H'][Brg] =0

Adding these two expressions cancels the terms involving k2, k—2, and k3. The result is
2k;|Bra] — 2k_1[Br)?=0

Solving for Br

This can be substituted into an expression for the A that is generated by solving the steady state expression for d[H"]/dt.

[ ] _ kz[BT][Hz]
k_o [HBT] + k3[B7‘2]

SO

) = 3B T kalBra]

Now, armed with expressions for H- and Br’, we can substitute them into an expression for the rate of production of the product
HBr:

d[HBr]
dt

= ko[Br'|[H2] + ks[H|[Bra] — k—o[H |[HBr]
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After substitution and simplification, the result is

[H,][Bro]'/?

dt [HBr]

[BT'Q]

1/2
2%, (ﬂ)
d[HBr] _ kL
— —
+ k_3

Multiplying the top and bottom expressions on the right by [Br,] produces

ky
dHB] 22 (k__1
dt

[Bre] + kk—_;[HBr]

which matches the form of the rate law found experimentally (Equation 12.7.1)! In this case,

k=2k2\/kk—1
—1

and

12.7: Some Reaction Mechanisms Involve Chain Reactions is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

« 29.7: Some Reaction Mechanisms Involve Chain Reactions is licensed CC BY-NC-SA 4.0.
« 12.9: Chain Reactions by Patrick Fleming is licensed CC BY-NC-SA 4.0.

12.7.2 https://chem.libretexts.org/@go/page/390898


https://libretexts.org/
https://chem.libretexts.org/@go/page/390898?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/12%3A_Chemical_Kinetics_II-_Reaction_Mechanisms/12.07%3A_Some_Reaction_Mechanisms_Involve_Chain_Reactions
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/12%3A_Chemical_Kinetics_II-_Reaction_Mechanisms/12.07%3A_Some_Reaction_Mechanisms_Involve_Chain_Reactions?no-cache
https://chem.libretexts.org/@go/page/14558
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/84603
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

12.8: A Catalyst Affects the Mechanism and Activation Energy

As can be seen from the Arrhenius equation, the magnitude of the activation energy, E,, determines the value of the rate constant,
k, at a given temperature and thus the overall reaction rate. Catalysts provide a means of reducing E, and increasing the reaction
rate. Catalysts are defined as substances that participate in a chemical reaction but are not changed or consumed. Instead they
provide a new mechanism for a reaction to occur which has a lower activation energy than that of the reaction without the catalyst.

withoul catalyst

I’—‘-\
7 with %o
L7 catalyst s
F .

Energy

Reaction coordinates

Figure 29.8.1 : Comparison of energy profiles with and without catalyst present.

Homogeneous catalysis refers to reactions in which the catalyst is in solution with at least one of the reactants whereas
heterogeneous catalysis refers to reactions in which the catalyst is present in a different phase, usually as a solid, than the reactants.
Figure 29.8.1 shows a comparison of energy profiles of a reaction in the absence and presence of a catalyst.

Consider a non-catalyzed elementary reaction
k
A—P
which proceeds at rate k at a certain temperature. The reaction rate can be expressed as

d[a) _
i - FlAl

In the presence of a catalyst C, we can write the reaction as

ke
A+C3P+C
and the reaction rate as

d[A]

i = —k[A]— ke [A] €]

where the first term represents the uncatalyzed reaction and the second term represents the catalyzed reaction. Because the reaction
rate of the catalyzed reaction is often magnitudes larger than that of the uncatalyzed reaction (i.e. keq > k), the first term can often

be ignored.

12.8.1: Example of Homogenous Catalysis: Acid Catalysis

A common example of homogeneous catalysts are acids and bases. For example, given an overall reaction is 8§ — P. If k is the rate,
then

d[P]
~a ~ kS

The purpose of an enzyme is to enhance the rate of production of the product P. The equations of the acid-catalyzed reaction are

ky
S+AH=SHt+ A" (12.8.1)
k_;
SH* + H,0 B P 4+ Hy0* (12.8.2)
k
H30% + A f AH + H,0 (12.8.3)
—3

The full set of kinetic equations is
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% = —k1[SI[AH] + k_y [SH*] [A"] (12.8.4)

. [:tH] = —k1 [S][AH] + k1 [SH'] [A7] — k3 [AH] + ks [H30™] [A7] (12.8.5)

: [Sdif L ksl Am - ke s8] (4]~ 5] (12.86)
% = k1 [S][AH] — ks [SH] [A7] — k2 [AT] [H5O™] + ks [AH] (12.8.7)
% = k2 [SH™] (12.8.8)
CHHTZOW = —kz [SH™] — k3 [H;O] [A7] + k-3 [AH] (12.8.9)

We cannot easily solve these, as they are nonlinear. However, let us consider two cases k2 > k_; [A7] and k2 <« k_; [A7]. In both
cases, SH™ is consumed quickly, and we can apply a steady-state approximation:

d[SH*]
dt

— k1 [S] [AH] — k1 [A7] [SHY] — ks [SHY] =0
Rearranging in terms of SH+ yields

si7¢] = _BSIAR]
ki [AT] + ke

and the rate of production of P can be written as

d[P k1k A
P] _ ., sz = ka1 A
dt k_1 [A ] + ko
In the case where k; > k_; [A7], Equation 29.8.17 can be written as
dP] _
S = ku[S][AH]

which is known as a general acid-catalyzed reaction. On the other hand, if k, « k_; [A~], we can use an equilibrium approximation
to write the rate of production of P as

d[P] _ kiks[S|[AH] _ kiko

dt ki[AT]  kaK

[S] [H*]

where K is the acid dissociation constant:
AT [HT
o AT
[AH]

In this case, the reaction is hydrogen ion-catalyzed.

12.8.2: Example of Heterogeneous Catalysis: Surface Catalysis of Gas-Phase Reactions

Many gas-phase reactions are catalyzed on a solid surface. For a first-order, unimolecular reaction, the reaction mechanism can be
written as

A(g)+S(s),§AS(s)

AS(s) B3P (g)+5(g)

where the first step is reversible adsorption of the gas molecule, A, onto active sites on the catalyst surface, S, to form a transition
state, AS, and the second step is the conversion of adsorbed A molecules to species P. Applying the steady-state approximation to
species AS, we can write

d[AS]

—q = Fk1A][S] — k_1[AS],, — k2 [AS],, =0
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Because the concentration of total active sites on the catalyst surface is fixed at [S],, the concentration of adsorbed species on the
catalyst surface, [AS] can be written as

[AS] =018,
and [S] can be written as
(8] = (1—06)[S],
where 6 is the fractional surface coverage of species A on the catalyst surface. We can now write Equation 29.8.23 as
k1 [A](1—0)[S]o — (k-1 + k2) 0[S], = 0
Rearranging the above equation in terms of @ yields

_ k1 [A]
k1 [A] +k_1+ko

The rate of production of P can be written as

d[P]
— = k2 [AS],, = k20[S], =

kiko

AT+ b sk Bl

From the above equation, we can observe the importance of having high surface areas for catalytic reactions.

Langmuir-Hir ism —~
= B
- O /“}“/
® T s ®erdm - @
‘*I J W B}
I T
surface ‘ ‘ surface ‘ surface
Eley-Rideal Mechanism: = =
(8 (8)
. ® ® i
® - & -
A \.f'_/ k/
¥ I
‘ surface ‘ ‘ surface ‘ ‘ surface ‘

Figure 29.8.2 : Illustrations of the Langmuir-Hinshelwood and Eley-Rideal mechanisms for heterogeneous catalysis of bimolecular
gas-phase reactions.

For bimolecular gas-phase reactions, two generally-used mechanisms to explain reactions kinetics are the Langmuir-Hinshelwood
and Eley-Rideal mechanisms, shown in Figure 29.8.2 . In the Langmuir-Hinshelwood mechanism, A and B both adsorb onto the
catalyst surface, at which they react to form a product. The reaction mechanism is

A(g)—i—S(s)k%AS(s)
B(g)—i—S(s)k%BS(s)

AS(s)+BS(s) B P

The rate law for the Langmuir-Hinshelwood mechanism can be derived in a similar manner to that for unimolecular catalytic
reactions by assuming that the total number of active sites on the catalyst surface is fixed. In the Eley-Rideal mechanism, only one
species adsorbs onto the catalyst surface. An example of such a reaction is the partial oxidation of ethylene into ethylene oxide, as
shown in Figure 29.8.3 . In this reaction, diatomic oxygen adsorbs onto the catalytic surface where it reacts with ethylene
molecules in the gas phase.

The reactions for the Eley-Rideal mechanism can be written as

A(g)+S(s)I§AS(s)

AS(s)+B(g) 3P (g) +5(s)
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i i
H,C=CH H—C—C—H H—-C—C—H
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i — | S—
Qe 0- o
Ag Ag Ag

Figure 29.8.3 : Illustrations of the reaction mechanism for the partial oxidation of ethylene to ethylene oxide. [Reproduced from
Kilty, PA and WMH Sacthler. Catal. Rev., 10, 1]

Assuming that k_; > k;, we can apply a steady-state approximation to species AS:

d[AS]
dt

= 0= k1 [A][S] - k1 [AS],, — k2 [AS],, [B]
As in the case of unimolecular catalyzed reactions, we can express the concentrations of AS and S in terms of a fraction of the total
number of active sites, So and rewrite the above equation as
0 = k1 [A] (1 —6) [S]o — k-1 [8]o — k20 [S], [B]
Solving for 6 yields

_ ki [A]
" Ky [A] + k_y + k2 [B]

Furthermore, if k; « k; and k_;, we can simplify 8 to

__ klA]
ki[A] +k_y
The rate of production of P can be expressed as
d[P] _ _ kik[A]
7 = k2 [As]ss [B] - kza [S]O [B] - kl [A] ¥ k—l [S]O [B]

We can also write the above expression in terms of the equilibrium constant, K, which is equal tok; /k_;

d[P]
= = Kka[B]

K[A]
K[A]+1
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12.9: The Michaelis-Menten Mechanism for Enzyme Catalysis

Enzymes are biological catalysts and functional proteins. Enzymes contain specificity in its protein structure in order to have its
specialized function. It usually contains more than one subunit and they are critical to sustain life. Enzymes can increase the
chemical reactions in living cells. However, enzymes are not consumed in the reaction and their main function is to assist in
bringing the substrates together so they can undergo normal reaction faster.

The first enzyme was found in the process of fermentation in milk and alcohol during the nineteenth century. Later in the early
1830s, the term enzyme was used to replace the term ferment. Some scientists believe that ferments must contain living cells and
some think ferments could be non-living cells. Finally, in the 1920s, Sumner purified the structure of enzyme and then properties of
enzyme then was more clearly understood. Until today, enzymes are still the popular research field that many people are subject to
study.

12.9.1: Michaelis-Menten Kinetics

In biological systems, enzymes act as catalysts and play a critical role in accelerating reactions, anywhere from 10® to 10%7 times
faster than the reaction would normally proceed. Enzymes are high-molecular weight proteins that act on a substrate, or reactant
molecule, to form one or more products. In 1913, Leonor Michaelis and Maude Menten proposed the following reaction
mechanism for enzymatic reactions:

E+S :‘—_\ ES B E+P
—1
where E is the enzyme, ES is the enzyme-substrate complex, and P is the product. In the first step, the substrate binds to the active
site of the enzyme. In the second step, the substrate is converted into the product and released from the substrate. For this
mechanism, we can assume that the concentration of the enzyme-substrate complex, ES, is small and employ a steady-state
approximation:

d[ES]

== = k1 [E][8] — k1 [ES],, — o [ES],, ~ 0 (12.9.1)

Furthermore, because the enzyme is unchanged throughout the reaction, we express the total enzyme concentration as a sum of
enzyme and enzyme-substrate complex:

[E], = [ES] + [E] (12.9.2)
Plugging Equation 12.9.2 into Equation 12.9.1, we obtain
0= kl ([E]O - [Es]sa) [s] - k—l [Es]ss + k2 [Es]sa (12‘9‘3)
Solving for [ES],,
k1 [E]y [S] [El, [S]
ES],, = = 12.9.4
(B8], k1 [S]+k_1+ k2 8] + k_i+ko ( )
k1
We can then write the reaction rate of the product as
d[P] _ _ Fk[E[S] _ ka[E]y[S]
— =k[ES],, = Fith = BT K (12.9.5)
S

where K3 is the Michaelis constant. Equation 12.9.5 is known as the Michaelis-Menten equation. The result for Michaelis-Menten
kinetics equivalent to that for a unimolecular gas phase reaction catalyzed on a solid surface. In the limit where there is a large
amount of substrate present ([S] > Ks) Equation 12.9.5 reduces to

% — anax = ks [E, (12.9.6)
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which is a 0 order reaction, since [E], is a constant. The value k. [E], represents the maximum rate, ryay, at which the enzymatic
reaction can proceed. The rate constant, kj, is also known as the turnover number, which is the number of substrate molecules
converted to product in a given time when all the active sites on the enzyme are occupied. Figure 29.9.4 displays the dependence of
the reaction rate on the substrate concentration, [S]. This plot is known as the Michaelis-Menten plot. Examining the figure, we can
see that the reaction rate reaches a maximum value of k; [E], at large values of [S].

R

Reaction rate, r (mol/L-s)

ST (mollL)
Figure 29.9.4 : Rate dependence on substrate concentration for an enzymatic reaction.
Another commonly-used plot in examining enzyme kinetics is the Lineweaver-Burk plot, in with the inverse of the reaction rate,
1/r, is plotted against the inverse of the substrate concentration 1/ [S]. Rearranging Equation 12.9.5,

1 Ky+[S Ky 1 1
r T TaE,S]  F2lEl 5] | k2 [Elg (12.9.7)

The Lineweaver-Burk plot results in a straight line with the slope equal to K/k; [E], and y-intercept equal to 1/k; [E],.
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13.1: Complex Numbers

13.1.1: Real Numbers

Let us think of the ordinary numbers as set out on a line which goes to infinity in both positive and negative directions. We could
start by taking a stretch of the line near the origin (that is, the point representing the number zero) and putting in the integers as
follows:

1 1 1 1 1 1 1
-3 2 -1 Q 1 2 3

Next, we could add in rational numbers, such as %, 23/11, etc., then the irrationals like v/2, then numbers like 7, and so on, so any
number you can think of has its place on this line. Now let’s take a slightly different point of view, and think of the numbers as
represented by a vector from the origin to that number, so 1 is

o
and, for example, -2 is represented by:
2 0
Note that if a number is multiplied by —1, the corresponding vector is turned through 180 degrees. In pictures,

—_— + 4
2 X -1 = -2

The “vector” 2 is turned through =, or 180 degrees, when you multiply it by —1.

v/ Example A.1

What are the square roots of 4?

Solution

Well, 2, obviously, but also —2, because multiplying the backwards pointing vector —2 by —2 not only doubles its length, but
also turns it through 180 degrees, so it is now pointing in the positive direction. We seem to have invented a hard way of
stating that multiplying two negatives gives a positive, but thinking in terms of turning vectors through 180 degrees will pay
off soon.

13.1.2: Solving Quadratic Equations

In solving the standard quadratic equation

az?+bx+c=0 (13.1.1)
we find the solution to be:
b+ VB —ae
z= W (13.1.2)

The problem with this is that sometimes the expression inside the square root is negative. What does that signify? For some
problems in physics, it means there is no solution. For example, if I throw a ball directly upwards at 10 meters per sec, and ask
when will it reach a height of 20 meters, taking g = 10 m per sec?, the solution of the quadratic equation for the time t has a
negative number inside the square root, and that means that the ball doesn’t get to 20 meters, so the question didn’t really make
sense.

We shall find, however, that there are other problems, in wide areas of physics, where negative numbers inside square roots have an
important physical significance. For that reason, we need to come up with a scheme for interpreting them.

The simplest quadratic equation that gives trouble is:

z?41=0 (13.1.3)
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the solutions being

z=+v-1 (13.1.4)

What does that mean? We’ve just seen that the square of a positive number is positive, and the square of a negative number is also
positive, since multiplying one negative number, which points backwards, by another, which turns any vector through 180 degrees,
gives a positive vector. Another way of saying the same thing is to regard the minus sign itself, -, as an operator which turns the
number it is applied to through 180 degrees. Now (—2) x (—2) has two such rotations in it, giving the full 360 degrees back to the
positive axis.

To make sense of the square root of a negative number, we need to find something which when multiplied by itself gives a negative
number. Let’s concentrate for the moment on the square root of —1, from the quadratic equation above. Think of —1 as the operator
— acting on the vector 1, so the — turns the vector through 180 degrees. We need to find the square root of this operator, the operator
which applied twice gives the rotation through 180 degrees. Put like that, it is pretty obvious that the operator we want rotates the
vector 1 through 90 degrees.

But if we take a positive number, such as 1, and rotate its vector through 90 degrees only, it isn’t a number at all, at least in our
original sense, since we put all known numbers on one line, and we’ve now rotated 1 away from that line. The new number created
in this way is called a pure imaginary number, and is denoted by s.

Once we’ve found the square root of —1, we can use it to write the square root of any other negative number—for example, 2¢ is the
square root of —4. Putting together a real number from the original line with an imaginary number (a multiple of i) gives a complex
number. Evidently, complex numbers fill the entire two-dimensional plane. Taking ordinary Cartesian coordinates, any point P in
the plane can be written as (z,y) where the point is reached from the origin by going x units in the direction of the positive real
axis, then y units in the direction defined by i, in other words, the y axis.

Thus the point P with coordinates (x, y) can be identified with the complex number z, where
z=z+1y. (13.1.5)

The plane is often called the complex plane, and representing complex numbers in this way is sometimes referred to as an Argand
Diagram.

Visualizing the complex numbers as two-dimensional vectors, it is clear how to add two of them together. If z; = x; + iy, and 2z =
Xo + iyo, then z1 + 2o = (X1 + Xx2) + i(y1 + y2). The real parts and imaginary parts are added separately, just like vector components.

Multiplying two complex numbers together does not have quite such a simple interpretation. It is, however, quite straightforward—
ordinary algebraic rules apply, with i* replaced where it appears by -1. So for example, to multiply z; = x; + iy1 by zo = X2 + iy,

2122 = (@1 +991) (%2 + 1y2) = (2122 — Y1¥2) + 4(T1y2 + T2y1)- (13.1.6)

13.1.3: Polar Coordinates

Some properties of complex numbers are most easily understood if they are represented by using the polar coordinates r, § instead
of (z,y) to locate z in the complex plane.
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Z=x+ly

rsing=y

rcost =x

Note that z = z + iy can be written r(cos@ + isin ) from the diagram above. In fact, this representation leads to a clearer picture of
multiplication of two complex numbers:

2129 = r2(cos(f1 + isin 01)ra(cos(f2 + isin 63) (13.1.7)
= 7173 [(cos 61 cos §; — sin @ sin 03) + i(sin O cos O3 + cos 0 sin b)) (13.1.8)
= 117 [cos(01 + 02) + isin(01 + 62)) (13.1.9)
So, if

z=r(cos0 +isin @) = 2122 (13.1.10)

then
r = 11 (13.1.11)

and
0 = 6,6, (13.1.12)

That is to say, to multiply together two complex numbers, we multiply the r’s — called the moduli — and add the phases, the 6 ’s. The
modulus r is often denoted by \(|z|\), and called mod z, the phase 6 is sometimes referred to as arg z. For example, [i| =1, arg i
=m/2.

sqrti

e
N

We can now see that, although we had to introduce these complex numbers to have a v—1, we do not need to bring in new types of
numbers to get v—1, or v/i. Clearly, |vi| =1, argv/i =45°. It is on the circle of unit radius centered at the origin, at 45°, and
squaring it just doubles the angle.

13.1.4: The Unit Circle

In fact this circle—called the unit circle—plays an important part in the theory of complex numbers and every point on the circle
has the form

z=cosf+isind = Cis(#) (13.1.13)
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a_p:
NI

Since all points on the unit circle have |2| =1, by definition, multiplying any two of them together just amounts to adding the

angles, so our new function Cis(0) satisfies
Cis(61)Cis(02) = Cis(61 + 62). (13.1.14)
But that is just how multiplication works for exponents! That is,
a®af = gfrté: (13.1.15)
for a any constant, which strongly suggests that maybe our function Cis(6 is nothing but some constant a raised to the power 6, that
is,
Cis(9) = a° (13.1.16)
It turns out to be convenient to write a? = e2®? = ¢48 where A = Ina. This line of reasoning leads us to write
cosf + isind = e’ (13.1.17)

Now, for the above “addition formula” to work for multiplication, A must be a constant, independent of . Therefore, we can find
the value of A by choosing 8 for which things are simple. We take 6 to be very small—in this limit:

cosf =1
sinf =49
et =1+ A0
with we drop terms of order 62 and higher.
Substituting these values into Equation 13.1.17 gives 8
So we find:
(cos @ + isin B)e™® (13.1.18)
To test this result, we expand e¥:
P () S L) M ) N L)
e = 1+if+ o + - T (13.1.19)
, 62  ie® e+ i6d
2 ¢ 03 i6°
= (I_EJFZ) +z’(0—’3—!+’5—!) (13.1.21)
=cosf+isind (13.1.22)

We write = cosf + isin@ in Equation 13.1.22 because the series in the brackets are precisely the Taylor series for cosé and siné
confirming our equation for e®. Changing the sign of 8 it is easy to see that

e ® = cosf —isinf (13.1.23)

so the two trigonometric functions can be expressed in terms of exponentials of complex numbers:
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cos(f) = % (eio + e_w)

sin(f) = % (e —e¥)

X Euler Formula

The Euler formula states that any complex number can be written:
e = cos +isind
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13.2: Probability and Statistics

A random variable X can have more than one value x as an outcome. Which value the variable has in a particular case is a matter of
chance and cannot be predicted other than that we associate a probability to the outcome. Probability p is a number between 0 and
1 that indicates the likelihood that the variable X has a particular outcome z. The set of outcomes and their probabilities form a
probability distribution. There are two kinds of distributions:

1. discrete ones
2. continuous ones

Total probability should always add up to unity.

13.2.1: Discrete Distributions
A good example of a discrete distribution is a true coin. The random variable X can have two values:

1. heads (0)
2. tails (1)

Both have equal probability and as the sum must equal unity, the probability must be % for each. 'The probability that X=heads' is
written formally as:
Pr(X = heads) = Pr(X=0)=0.5
The random function is written as a combination of three statements.
o Pr(X=0)=%
e Pr(X=1)=1%
o elsewhere Pr=0

13.2.2: Continuous Distributions
Now consider a spherical die. One could say it has an infinite number of facets that it can land on. Thus the number of outcomes n
= oo, this make each probability

p=1/00=0.

This creates a bit of a mathematical problem, because how can we get a total probability of unity by adding up zeros? Also, if we
divide the sphere in a northern and a southern hemisphere clearly the probability that it lands on a point in say, the north should be
. Still, p = 0 for all points. We introduce a new concept: probability density over which we integrate rather than sum. We assign
an equal density to each point of the sphere and make sure that if we integrate over a hemisphere we get . (This involves two
angles 0 and ¢ and an integration over them and I won't go into that).

A bit simpler example of a continuous distribution than the spherical die is the 1D uniform distribution. It is the one that the Excel
function =RAND() produces to good approximation. Its probability density is defined as

o f(x)=1 for 0<1>
o f(x) = 0 elsewhere

The figure shows a (bivariate) uniform distribution.

The probability that the outcome is smaller than 0.5 is written as Pr(X<0.5) and is found by integrating from 0 to 0.5 over f(x).
Pr(X<0.5) = [ f(x).dx from 0 to 0.5 = { 1.dx from 0 to 0.5 = [x]*°-[x]p = 0.5

Notice that in each individual outcome b the probability is indeed zero because an integral from b to b is always zero, even if the
probability density f(b) is not zero. Clearly the probability and the probability density are not the same. Unfortunately the
distinction between probability and probability density is often not properly made in the physical sciences. Moments can also be
computed for continuous distributions by integrating over the probability density,:ai

Another well-known continuous distribution is the normal (or Gaussian) distribution, defined as:
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\[f(x) = 1/[V(2m)o] * exp(-¥[(x-p)/0]?) \nonumber \]
(Notice the normalization factor 1/[V(2m)o])

We can also compute moments of continuous distribution. Instead of using a summation we now have to evaluate an integral:

0 = [17(0)"alda

o) = [if(e)"sde

For the normal distribution (X) = p

Compute 2> and 3> for the uniform distribution. answer>

13.2.3: Indistinguishable Outcomes
When flipping two coins we could get four outcomes: two heads (0), heads plus tails (1), tails plus heads (1), two tails (2)

Each outcome is equally likely, this implies a probability of % for each:

Xiot=X1+X2=0+0=0p=l

Xiot=X1+X2=0+1=1p=l

Xt =X1+X2=1+0=1p=Y

Xiot=X1+X2=1+1=2p=l
The probability of a particular outcome is often abbreviated simply to p. The two middle outcomes collapse into one with p=t4+4=
14 if the coins are indistinguishable. We will see that this concept has very important consequences in statistical thermodynamics.
If we cannot distinguish the two outcomes leading to X,,=1 we get the following random function:

o Pr(Xi=0) =%

o Pr(Xi=1) =%

o Pr(Xi=2) =%
o elsewhere Pr=0

Notice that it is quite possible to have a distribution where the probabilities differ from outcome to outcome. Often the p values are
given as f(x), a function of x. An example:
X3 defined as:

o f(x) = (x+1)/6 for x=0,1,2;
o f(x) =0 elsewhere;

The factor 1/6 makes sure the probabilities add up to unity. Such a factor is known as a normalization factor. Again this concept is
of prime importance in statistical thermodynamics.
Another example of a discrete distribution is a die. If it has 6 sides (the most common die) there are six outcomes, each with p=

1/6. There are also dice with n=4, 12 or 20 sides. Each outcome will then have p= 1/n.

13.2.4: Moments of Distributions

In important aspect of probability distributions are the moments of the distribution. They are values computed by summing over
the whole distribution.

The zero order moment is simply the sum of all p and that is unity:
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0> = yX0*p=21%p=1
The first moment multiplies each outcome with its probability and sums over all outcomes:
= ZX*p
This moment is known as the average or mean. (It is what we have done to your grades for years...)

For one coin is %5, for two coins is 1. (Exercise: verify this)

The second moment is computed by summing the product of the square of X and p:
25 = sz*p

For one coin we have 2> = 1,

For two coins 2>= [0%4 + 1*15 + 4%14] = 1.5
What is 2> for X3? answer

The notation is used a lot in quantum mechanics, often in the form <yr*yr> or <y*|h|yr>. The <.. part is known as the bra, the ..>
part as the ket. (Together bra(c)ket)

X Intermezzo: The strange employer

You have a summer job but your employer likes games of chance. At the end of every day he rolls a die and pays you the
square of the outcome in dollars per hour. So on a lucky day you'd make $36.- per hour, but on a bad day $1.-. Is this a bad
deal? What would you make on the average over a longer period?

To answer this we must compute the second moment 2> of the distribution:
2> =1/6 *[1+4+9+16+25+36] = 91/6 = $15.17 per hour.

(T have taken p=1/6 out of brackets because the value is the same for all six outcomes)

As you see in the intermezzo, the value of the second moment is in this case what you expect to be making on the long term.
Moments are examples of what is know as expectation values. Another term you may run into that of a functional. A functional is
a number computed by some operation (such as summation or integration) over a whole function. Moments are clearly an example
of that too.

13.2: Probability and Statistics is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

« 32.2: Probability and Statistics is licensed CC BY-NC-SA 4.0.
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32.03: Vectors
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13.9: Series and Limits

13.9.1: Maclaurin Series

A function f(z) can be expressed as a series in powers of z as long as f(z) and all its derivatives are finite at z = 0. For example,

we will prove shortly that the function f(z) = can be expressed as the following infinite sum:

1—=z
1
12 =1+zc+z? 4+ +a244 .. (13.9.1)
We can write this statement in this more elegant way:
1 00
= " 13.9.2
l—z ; ’ ( )

If you are not familiar with this notation, the right side of the equation reads “sum from n = 0 to n = oo of z».” Whenn =0, z" =1,
when n =1, " =z, when n =2, " = 22, etc (compare with Equation 13.9.1). The term “series in powers of z” means a sum in
which each summand is a power of the variable z. Note that the number 1 is a power of z as well (z® = 1). Also, note that both
Equations 13.9.1 and 13.9.2 are exact, they are not approximations.

Similarly, we will see shortly that the function e* can be expressed as another infinite sum in powers of z (i.e. a Maclaurin series)
as:

1 1 1
e=1+z+ sz + Ews + ﬂx“ +.. (13.9.3)

Or, more elegantly:

| =

o0
e’=§

n=0

o (13.9.4)

3

where n! is read “n factorial” and represents the product 1 x 2 x 3... x n. If you are not familiar with factorials, be sure you
understand why 4! = 24. Also, remember that by definition 0! = 1, not zero.

At this point you should have two questions: 1) how do I construct the Maclaurin series of a given function, and 2) why on earth

would I want to do this if

and e® are fine-looking functions as they are. The answer to the first question is easy, and although

you should know this from your calculus classes we will review it again in a moment. The answer to the second question is trickier,
and it is what most students find confusing about this topic. We will discuss different examples that aim to show a variety of
situations in which expressing functions in this way is helpful.

13.9.2: How to obtain the Maclaurin Series of a Function

In general, a well-behaved function (f(z) and all its derivatives are finite at 2 = 0) will be expressed as an infinite sum of powers of
z like this:

00
flz)= Zanm" =ap+ a1z + a2z® + ... + apz” (13.9.5)

n=0
Be sure you understand why the two expressions in Equation 13.9.5 are identical ways of expressing an infinite sum. The terms a,,
are called the coefficients, and are constants (that is, they are NOT functions of z). If you end up with the variable z in one of your
coefficients go back and check what you did wrong! For example, in the case of e* (Equation 13.9.3), ag =1,a; = 1,a2 =1/2,a3
=1/6,etc. In the example of Equation 13.9.1, all the coefficients equal 1. We just saw that two very different functions can be

different from e? are the coefficients a,,. As we will

expressed using the same set of functions (the powers of z). What makes T
—Z
see shortly, the coefficients can be negative, positive, or zero.

How do we calculate the coefficients? Each coefficient is calculated as:
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o= L ( d"f(z) )0 (13.9.6)

n! dz™

That is, the n-th coefficient equals one over the factorial of » multiplied by the n-th derivative of the function f(z) evaluated at
zero. For example, if we want to calculate ay for the function f(z) = %, we need to get the second derivative of f(z), evaluate it
at ¢ =0, and divide the result by 2!. Do it yourself and verify that as = 1. In the case of ap we need the zeroth-order derivative,
which equals the function itself (that is, ap = £(0), because % = 1). It is important to stress that although the derivatives are usually
functions of z, the coefficients are constants because they are expressed in terms of the derivatives evaluated at z = 0.

Note that in order to obtain a Maclaurin series we evaluate the function and its derivatives at = 0. This procedure is also called the

expansion of the function around (or about) zero. We can expand functions around other numbers, and these series are called Taylor
series (see Section 3).

v/ Example 13.9.1

Obtain the Maclaurin series of sin(z).

Solution

We need to obtain all the coefficients (ao, a1...etc). Because there are infinitely many coefficients, we will calculate a few and
we will find a general pattern to express the rest. We will need several derivatives of sin(z), so let’s make a table:

n a"f(a) (£12)
dan dz" /),

0 sin(z) 0

1 cos(z) 1

2 —sin(z) 0

3 —cos(x) -1

4 sin(2) 0

5 cos(z) 1

Remember that each coefficient equals ( d’;i("x) )0 divided by n!, therefore:

n n! an

0 1 0

1 1 1

2 2 0

3 6 -5

4 24 0

5 120 ﬁlo

This is enough information to see the pattern (you can go to higher values of = if you don’t see it yet):

1. the coefficients for even values of n equal zero.
2. the coefficients for n = 1,5,9, 13, ... equal 1/n!
3. the coefficients for n = 3,7,11, 15, ... equal —1/n!.
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Recall that the general expression for a Maclaurin series is ag + a1z + azz2...a,z"™, and replace ayg...a, by the coefficients we just

found:

1 1 1
sin(z) =z — 5333 + Eaﬁ — Faﬂ

This is a correct way of writing the series, but in the next example we will see how to write it more elegantly as a sum.

v/ Example 13.9.2

Express the Maclaurin series of sin(z) as a sum.

Solution
In the previous example we found that:

1 1 1
sin(z) =2 — —23+ 2% — — 27

%+ 52— e (13.9.7)

‘We want to express this as a sum:
0o
> o
n=0

The key here is to express the coefficients a, in terms of n. We just concluded that 1) the coefficients for even values of n equal
zero, 2) the coefficients for n = 1,5,9,13, ... equal 1/n! and 3) the coefficients for n = 3, 7,11, ... equal —1/n!. How do we put all
this information together in a unique expression? Here are three possible (and equally good) answers:

o sin(@)= Y (C1) L g

= (2n +1)!
NN~y 1 n-1
o sin(z) ; (-1) @n 1) T

00
s 1 2n+1
e SIn(Tr) = cos\nNm)— T
@)= eosom

This may look impossibly hard to figure out, but let me share a few tricks with you. First, we notice that the sign in Equation
13.9.7 alternates, starting with a “+”. A mathematical way of doing this is with a term (—1)" if your sum starts with n =0, or
(=1)®+Y if you sum starts with n = 1. Note that cos(nm) does the same trick.

n (1" (1) cos(n)
0 1 -1 1
1 -1 1 -1
2 1 -1 1
3 -1 1 -1

We have the correct sign for each term, but we need to generate the numbers 1, . Notice that the number “1” can be

3BT
expressed as % To do this, we introduce the second trick of the day: we will use the expression 2n + 1 to generate odd

. . . . 1 .
numbers (if you start your sum with n =0) or 2n —1 (if you start at n =1). Therefore, the expression Bt gives
n Y
1 1 1 Sor . . ]
30 B T which is what we need in the first and third examples (when the sum starts at zero).

Lastly, we need to use only odd powers of z. The expression z**1) generates the terms x, x3, z... when you start at n = 0, and
z@—1) achieves the same when you start your series at n = 1.

Confused about writing sums using the sum operator (_)? This video will help: http://tinyurl.com/lvwd36q
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Need help? The links below contain solved examples.

External links:

Finding the maclaurin series of a function I: http://patrickjmt.com/taylor-and-maclaurin-series-example-1/
Finding the maclaurin series of a function II: http://www.youtube.com/watch?v= dp2ovDuWhro

Finding the maclaurin series of a function III: http://www.youtube.com/watch?v= WWe7pZjc4s8

13.9.3: Graphical Representation

From Equation 13.9.5 and the examples we discussed above, it should be clear at this point that any function whose derivatives are
finite at z = 0 can be expressed by using the same set of functions: the powers of z. We will call these functions the basis set. A
basis set is a collection of linearly independent functions that can represent other functions when used in a linear combination.

\ f"{ . a'lll , Il'L Ilu'll

\/ - /| # H\\ _/;r

" I

y=x ' y=x / yEx ' y=x

2 % ] -1 . E E -3 -2 ] i L el 3

i 1 .2 1 ¥
-3 =] 5t [ 3 il 3 -3 -2 B i

Figure 13.9.1: Some of the functions of the basis set for a Maclaurin expansion (CC BY-NC-SA; Marcia Levitus)
Figure 13.9.1 is a graphic representation of the first four functions of this basis set. To be fair, the first function of the set is 2° =1,
so these would be the second, third, fourth and fifth. The full basis set is of course infinite in length. If we mix all the functions of
the set with equal weights (we put the same amount of z? than we put z?*° or £°), we obtain (1 — z)~! (Equation 13.9.1. If we use
only the odd terms, alternate the sign starting with a ‘+’, and weigh each term less and less using the expression 1/(2n — 1)! for the
n — th term, we obtain sinz (Equation 13.9.7). This is illustrated in Figure 13.9.2, where we multiply the even powers of z by zero,
and use different weights for the rest. Note that the ‘etcetera’ is crucial, as we would need to include an infinite number of functions

to obtain the function sin z exactly.
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Figure 13.9.2: Construction of sinz using the powers of z as the basis set. (CC BY-NC-SA; Marcia Levitus)

Although we need an infinite number of terms to express a function exactly (unless the function is a polynomial, of course), in
many cases we will observe that the weight (the coefficient) of each power of z gets smaller and smaller as we increase the power.
For example, in the case of sinz, the contribution of &3 is 1/6th of the contribution of « (in absolute terms), and the contribution of
2% is 1/120th. This tells you that the first terms are much more important than the rest, although all are needed if we want the sum
to represent sinz exactly. What if we are happy with a ‘pretty good’ approximation of sinz? Let’s see what happens if we use up to
z*% and drop the higher terms. The result is plotted in blue in Figure 13.9.3 together with sinz in red. We can see that the function z
—1/62% is a very good approximation of sinz as long as we stay close to z = 0. As we move further away from the origin the
approximation gets worse and worse, and we would need to include higher powers of z to get it better. This should be clear from
eq. [series:sin], since the terms z" get smaller and smaller with increasing n if = is a small number. Therefore, if z is small, we

. 1 .
could write sin(z) &~ z — 3—13, where the symbol ~ means approximately equal.
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56 78
XX X, X...

Figure 13.9.3: Approximation of sinz up to the third power of z. The curve in blue is the function £ — 1/6z%, and the curve in red is

sinz (CC BY-NC-SA; Marcia Levitus)
But why stopping at n = 3 and not n =1 or 5? The above argument suggests that the function z might be a good approximation of
sinz around = = 0, when the term z® is much smaller than the term z. This is in fact this is the case, as shown in Figure 13.9.4.

We have seen that we can get good approximations of a function by truncating the series (i.e. not using the infinite terms).
Students usually get frustrated and want to know how many terms are ‘correct’. It takes a little bit of practice to realize there is no
universal answer to this question. We would need some context to analyze how good of an approximation we are happy with. For
example, are we satisfied with the small error we see at z = 0.5 in Figure 13.9.4? It all depends on the context. Maybe we are
performing experiments where we have other sources of error that are much worse than this, so using an extra term will not
improve the overall situation anyway. Maybe we are performing very precise experiments where this difference is significant. As
you see, discussing how many terms are needed in an approximation out of context is not very useful. We will discuss this
particular approximation when we learn about second order differential equations and analyze the problem of the pendulum, so
hopefully things will make more sense then.
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Figure 13.9.4: Approximation of sin z up to the first power of z. The curve in blue is the function z, and the curve in red is sinz (CC
BY-NC-SA; Marcia Levitus)

13.9.4: Linear Approximations

If you take a look at Equation 3.1.5 you will see that we can always approximate a function as ag + a1z as long as z is small. When
we say ‘any function’ we of course imply that the function and all its derivatives need to be finite at = 0. Looking at the
definitions of the coefficients, we can write:

Label 'eq1' multiply defined

We call this a linear approximation because Equation 13.9.1 is the equation of a straight line. The slope of this line is f/(0) and the y
-intercept is £(0).

A fair question at this point is ‘why are we even talking about approximations?’ What is so complicated about the functions sinz, e®
or In (z 4 1) that we need to look for an approximation? Are we getting too lazy? To illustrate this issue, let’s consider the problem
of the pendulum, which we will solve in detail in the chapter devoted to differential equations. The problem is illustrated in Figure
13.9.1, and those of you who took a physics course will recognize the equation below, which represents the law of motion of a
simple pendulum. The second derivative refers to the acceleration, and the sin § term is due to the component of the net force along
the direction of motion. We will discuss this in more detail later in this semester, so for now just accept the fact that, for this
system, Newton’s law can be written as:

a’o(t) g
a1

sinf(t) =0

vﬁh = ’mgsme
~

! mgcoso

Figure 13.9.1: A rigid pendulum with massless and inextensible cord of length i. The motion is assumed to occur in two dimensions,

and the friction is assumed to be negligible. The mass of the object is m, and g is the acceleration due to gravity. (CC BY-NC-SA;

Marcia Levitus)
This equation should be easy to solve, right? It has only a few terms, nothing too fancy other than an innocent sine function...How
difficult can it be to obtain 6(¢)? Unfortunately, this differential equation does not have an analytical solution! An analytical solution
means that the solution can be expressed in terms of a finite number of elementary functions (such as sine, cosine, exponentials,
etc). Differential equations are sometimes deceiving in this way: they look simple, but they might be incredibly hard to solve, or
even impossible! The fact that we cannot write down an analytical solution does not mean there is no solution to the problem. You
can swing a pendulum and measure 6(t) and create a table of numbers, and in principle you can be as precise as you want to be. Yet,
you will not be able to create a function that reflects your numeric results. We will see that we can solve equations like this
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numerically, but not analytically. Disappointing, isn’t it? Well... don’t be. A lot of what we know about molecules and chemical
reactions came from the work of physical chemists, who know how to solve problems using numerical methods. The fact that we
cannot obtain an analytical expression that describes a particular physical or chemical system does not mean we cannot solve the
problem numerically and learn a lot anyway!

But what if we are interested in small displacements only (that is, the pendulum swings close to the vertical axis at all times)? In
this case, 8 << 1, and as we saw sin 8 ~ 8 (see Figure 3.1.4). If this is the case, we have now:

d?6(t)
dt?

+ %O(t) =0
As it turns out, and as we will see in Chapter 2, in this case it is very easy to obtain the solution we are looking for:
8(t) = 6(t = 0) cos ((%)1/21:)

This solution is the familiar ‘back and forth’ oscillatory motion of the pendulum you are familiar with. What you might have not
known until today is that this solution assumes sin @ ~ 6 and is therefore valid only if § << 1!

There are lots of ‘hidden’ linear approximations in the equations you have learned in your physics and chemistry courses. You may
recall your teachers telling you that a give equation is valid only at low concentrations, or low pressures, or low... you hopefully get
the point. A pendulum is of course not particularly interesting when it comes to chemistry, but as we will see through many
examples during the semester, oscillations, generally speaking, are. The example below illustrates the use of series to a problem
involving diatomic molecules, but before discussing it we need to provide some background.

The vibrations of a diatomic molecule are often modeled in terms of the so-called Morse potential. This equation does not provide
an exact description of the vibrations of the molecule under any condition, but it does a pretty good job for many purposes.

V(R) = D, (1 — e ™*®-5)’ (13.9.8)

Here, R is the distance between the nuclei of the two atoms, R, is the distance at equilibrium (i.e. the equilibrium bond length), D,
is the dissociation energy of the molecule, k is a constant that measures the strength of the bond, and V is the potential energy. Note
that R. is the distance at which the potential energy is a minimum, and that is why we call this the equilibrium distance. We would
need to apply energy to separate the atoms even more, or to push them closer (Figure 13.9.2).

At room temperature, there is enough thermal energy to induce small vibrations that displace the atoms from their equilibrium
positions, but for stable molecules, the displacement is very small: R — R, — 0. In the next example we will prove that under these
conditions, the potential looks like a parabola, or in mathematical terms, V(R) is proportional to the square of the displacement.
This type of potential is called a ~harmonic potential’. A vibration is said to be simple harmonic if the potential is proportional to
the square of the displacement (as in the simple spring problems you may have studied in physics).

V(R)4

@ w@

"R
Figure 13.9.2: The Morse potential (CC BY-NC-SA; Marcia Levitus)
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Expand the Morse potential as a power series and prove that the vibrations of the molecule are approximately simple harmonic
if the displacement R — R, is small.

Solution
The relevant variable in this problem is the displacement R — R,, not the actual distance R. Let’s call the displacement R — R,
= g, and let’s rewrite Equation 13.9.8 as

V(R) = D, (1—e7*)? (13.9.9)

The goal is to prove that V(R) = cz? (i.e. the potential is proportional to the square of the displacement) when ¢ — 0. The
constant c is the proportionality constant. We can approach this in two different ways. One option is to expand the function
shown in Equation 13.9.9 around zero. This would be correct, but it but involve some unnecessary work. The variable z appears
only in the exponential term, so a simpler option is to expand the exponential function, and plug the result of this expansion
back in Equation 13.9.9. Let’s see how this works:

We want to expand e** as ag + a1z + a2z?...a,2", and we know that the coefficients are a, = 1 (%(,,’))0 .
The coefficient ag is f(0) = 1. The first three derivatives of f(z) = e are

o fl(@)=—ke™
° f”(l‘) — kZB—k:t
. f”’(w) — _k3e—kz

When evaluated at z = 0 we obtain, —k, k2, —k3...
and therefore a, = (_Lﬁ forn=0,1,2....
Therefore,
e =1 —kz + k*z?/2! — k323/3! + Kzt /4)...
and
1—e™* = ko — K222 /2) + K32 /3] — kz?/4)...

From the last result, when z << 1, we know that the terms in z2,z3... will be increasingly smaller, so 1 —e™® ~ kz and
(1—e)? x k222

Plugging this result in Equation 13.9.9 we obtain V(R) ~ D.k?z?, so we demonstrated that the potential is proportional to the
square of the displacement when the displacement is small (the proportionality constant is D.k?). Therefore, stable diatomic
molecules at room temperatures behave pretty much like a spring! (Don’t take this too literally. As we will discuss later,
microscopic springs do not behave like macroscopic springs at all).

13.9.5: Taylor Series

Before discussing more applications of Maclaurin series, let’s expand our discussion to the more general case where we expand a
function around values different from zero. Let’s say that we want to expand a function around the number A. If A = 0, we call the
series a Maclaurin series, and if A # 0 we call the series a Taylor series. Because Maclaurin series are a special case of the more
general case, we can call all the series Taylor series and omit the distinction. The following is true for a function f(z) as long as the
function and all its derivatives are finite at h:

f(z) = ap + a1(z — h) + as(x — h)?+... + an(z — h)" = f: an(z —h)" (13.9.10)

n=0

The coefficients are calculated as

o = (ﬂ)h (13.9.11)

dx™
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Notice that instead of evaluating the function and its derivatives at z = 0 we now evaluate them at z = h, and that the basis set is
now 1, (z — h), (x — h)?, ..., (x — h)™ instead of 1,z,z?,...,z™. A Taylor series will be a good approximation of the function at values
of z close to h, in the same way Maclaurin series provide good approximations close to zero.

To see how this works let’s go back to the exponential function. Recall that the Maclaurin expansion of e® is shown in Equation
3.1.3. We know what happens if we expand around zero, so to practice, let’s expand around A = 1. The coefficient aq is f(1) = e!
= e. All the derivatives are e”, so f'(1) = f”(1) = f”(1)... = e. Therefore, a, = -5 and the series is therefore

e [1 +@—1)+ %(m —1)%4+ %(m - 1)3+...] = 2 %(m —1)" (13.9.12)

We can use the same arguments we used before to conclude that e* m~ex if z ~1. If z ~1, (z —1) ~0, and the terms
(z — 1), (z — 1) will be smaller and smaller and will contribute less and less to the sum. Therefore,

e ~e[l+(r—1)] =ez.

This is the equation of a straight line with slope e and y-intercept 0. In fact, from Equation 3.1.7 we can see that all functions will
look linear at values close to k. This is illustrated in Figure 13.9.1, which shows the exponential function (red) together with the
functions 1 + z (magenta) and ez (blue). Not surprisingly, the function 1 + z provides a good approximation of e® at values close to
zero (see Equation 3.1.3) and the function ez provides a good approximation around z = 1 (Equation 13.9.12).

a /
L
/
—

—=

x

Figure 13.9.1: Two linear approximations of the exponential function. The function e? is plotted in red together with the function y
=1+ (magenta) and y = ez (blue). (CC BY-NC-SA; Marcia Levitus)

v/ Example 13.9.1:

Expand f(z) = Inz about z =1

Solution

f(x) = ap + ay(x — h) + ag(x — h)*+... + an(z — B)", a, = % ( 3;{ ) .

a=f(1)=In(1) =0
The derivatives of Inz are:
f'(@) = 1/z, f"(2) = —1/2%, f" (2) = 2/a°, £ O (2) = —6/2*, F O (2) = 24/3°...
and therefore,
FO=1f1)=-1f"(1)=2,f91) = —6,fO(1) = 24....
To calculate the coefficients, we need to divide by n!:

o ar=f(1)/1=1
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e ax=f"(1)/2!=-1/2

o az=f"(1)/3!=2/3'=1/3

o ays=fI(1)/4 =—6/4=—1/4
° a,= (_1)n+1/n

The series is therefore:
. = (-
f@)=0+1(z—1)—1/2(z—1)* +1/3(z—1)*.. = 5 ——(@-1"
n=1
Note that we start the sum at n = 1 because ag = 0, so the term for n = 0 does not have any contribution.
Need help? The links below contain solved examples.

External links:

Finding the Taylor series of a function I: http://patrickjmt.com/taylor-and-maclaurin-series-example-2/

13.9.6: Other Applications of Mclaurin and Taylor series

So far we have discussed how we can use power series to approximate more complex functions around a particular value. This is
very common in physical chemistry, and you will apply it frequently in future courses. There are other useful applications of Taylor
series in the physical sciences. Sometimes, we may use relationships to derive equations or prove relationships. Example 13.9.1
illustrates this last point.

v/ Example 13.9.1

Calculate the following sum (A is a positive constant)

Solution
Let’s ‘spell out’ the sum:

i 1+ + 4+ o

© A=A T Al a3
=€ TR T

=0
The sum within the brackets is exactly e*. This is exact, and not an approximation, because we have all infinite terms.
Therefore,

N Lo

o — —)\e)\=1

k=0

This would require that you recognize the term within brackets as the Maclaurin series of the exponential function. One
simpler version of the problem would be to ask you to prove that the sum equals 1.

There are more ways we can use Taylor series in the physical sciences. We will see another type of application when we study
differential equations. In fact, power series are extremely important in finding the solutions of a large number of equations that
arise in quantum mechanics. The description of atomic orbitals, for example, require that we solve differential equations that
involve expressing functions as power series.

13.9: Series and Limits is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 32.9: Series and Limits is licensed CC BY-NC-SA 4.0.
e 3.1: Maclaurin Series by Marcia Levitus is licensed CC BY-NC-SA 4.0. Original source:
https://www.public.asu.edu/~mlevitus/chm240/book.pdf.
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13.10: Fourier Analysis

The Fourier transform converts a function vs. continuous (or descrete) time and maps it into a function vs. continuous (or descrete)
frequencies. Hence, the transform converts time-domain data into frequency-domain data (and vice versa). This decomposion of a
function into sinusoids of different frequencies is a powerful approach to many experimental and theoretical problems. Fourier
transform spectroscopy is an approach whereby spectra are collected based on measurements using time-domain or space-domain
measurements of the electromagnetic radiation or other type of radiation. It can be applied to a variety of types of spectroscopy
including optical spectroscopy, infrared spectroscopy (FT IR, FT-NIRS), Fourier transform nuclear magnetic resonance (NMR),
mass spectrometry and electron spin resonance spectroscopy.

13.10.1: Introduction

Fourier analysis is a subject area which grew out of the study of Fourier series. The subject began with trying to understand when
it was possible to represent general functions by sums of simpler trigonometric functions. The attempt to understand functions (or
other objects) by breaking them into basic pieces that are easier to understand is one of the central themes in Fourier analysis.
Fourier analysis is named after Joseph Fourier who showed that representing a function by a trigonometric series greatly simplified
the study of heat propagation. Today the subject of Fourier analysis encompasses a vast spectrum of mathematics with parts that, at
first glance, may appear quite different. In the sciences and engineering the process of decomposing a function into simpler pieces
is often called an analysis. In Fourier analysis, the term Fourier transform often refers to the process that decomposes a given
function into the basic pieces. This process results in another function that describes how much of each basic piece are in the
original function. However, the transform is often given a more specific name depending upon the domain and other properties of
the function being transformed, as elaborated below. Moreover, the original concept of Fourier analysis has been extended over
time to apply to more and more abstract and general situations, and the general field is often known as harmonic analysis.

13.10.2: Fourier Series

When the function f is a function of time and represents a physical signal, the transform has a standard interpretation as the
frequency spectrum of the signal. The magnitude of the resulting complex-valued function F at frequency o represents the
amplitude of a frequency component whose initial phase is given by the phase of F. However, it is important to realize that Fourier
transforms are not limited to functions of time, and temporal frequencies. They can equally be applied to analyze spatial
frequencies, and indeed for nearly any function domain.

13.10.3: Properties

http://www.math.ubc.ca/~feldman/demos/demo3.html

13.10.4: Continuous Fourier Trasnform (CFT)

Most often, the unqualified term Fourier transform refers to the transform of functions of a continuous real argument, such as
time (). In this case the Fourier transform describes a function f(t) in terms of basic complex exponentials of various frequencies.
In terms of ordinary frequency v, the Fourier transform is given by the complex number:

F)= [ TR - e gy,

Evaluating this quantity for all values of v produces the frequency-domain function.

13.10.5: Discrete Fourier Transform (DFT)

Experimentally, we collect data that is not continuous, but samples a measurements at specific point. Hence we have to deal with
the discrete version of the Fourier Transform.

13.10.5.1: Fast Fourier Transfer (FFT)

The discrete version of the Fourier transform (see below) can be evaluated quickly on computers using fast Fourier transform
(FFT) algorithms. This algortihm sympically requires a 2" number of measurements to operate. Hence you will notice data sets
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often with such dimensions. (Conte & de Boor 1980)
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13.10.1: Fourier Analysis in Matlab

Fourier analysis encompasses a vast spectrum of mathematics with parts that, at first glance, may appear quite different. In the
sciences and engineering the process of decomposing a function into simpler pieces is often called an analysis. The corresponding
operation of rebuilding the function from these pieces is known as synthesis. In this context the term Fourier synthesis describes the
act of rebuilding and the term Fourier analysis describes the process of breaking the function into a sum of simpler pieces. In
mathematics, the term Fourier analysis often refers to the study of both operations.

13.10.1.1: Introduction

In Fourier analysis, the term Fourier transform often refers to the process that decomposes a given function into the basic pieces.
This process results in another function that describes how much of each basic piece are in the original function. It is common
practice to also use the term Fourier transform to refer to this function. However, the transform is often given a more specific name
depending upon the domain and other properties of the function being transformed, as elaborated below. Moreover, the original
concept of Fourier analysis has been extended over time to apply to more and more abstract and general situations and the general
field is often known as harmonic analysis.

13.10.1.2: (Continuous) Fourier transform

Most often, the unqualified term Fourier transform refers to the transform of functions of a continuous real argument, such as time
(t). In this case the Fourier transform describes a function f(t) in terms of basic complex exponentials of various frequencies. In
terms of ordinary frequency v, the Fourier transform is given by the complex number.

Evaluating this quantity for all values of v produces the frequency-domain function.

13.10.1.3: Matlab and the FFT

Matlab's FFT function is an effective tool for computing the discrete Fourier transform of a signal.The following code examples
will help you to understand the details of using the FFT function.

13.10.1.3.1: Example 1

The typical syntax for computing the FFT of a signal is FFT(x,N) where x is the signal, x[n], you wish to transform, and N is the
number of points in the FFT. N must be at least

as large as the number of samples in x[n]. To demonstrate the effect of changing the value of N,
synthesize a cosine with 30 samples at 10 samples per period.

e n=[0:29];
e X = cos(2*pi*n/10);

Define 3 different values for N. Then take the transform of x[n] for each of the 3 values that were

defined. The abs function find the magnitude of the transform, as we are not concerned with distinguishing between real and
imaginary components.

o NI1=64;
o N2=128;
o N3 =256;

e X1 = abs(fft(x,N1));
o X2 = abs(fft(x,N2));
o X3 = abs(fft(x,N3));

The frequency scale begins at 0 and extends to N - 1 for an N-point FFT. We then normalize the scale so that it extends from 0 to 1
-1/N

e F1=[0:N1-1J]/N1;

e F2=[0:N2-1]/N2;
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e F3=[0:N3-1]/N3;
Plot each of the transforms one above the other

e subplot(3,1,1)

o plot(F1,X1,-x"),title('N = 64"),axis([0 1 0 20])
¢ subplot(3,1,2)

o plot(F2,X2,'-x"),title('N = 128"),axis([0 1 0 20])
¢ subplot(3,1,3)

o plot(F3,X3,'-x"),title('N = 256"),axis([0 1 0 20])

Upon examining the plot one can see that each of the transforms adheres to the same shape, differing only in the number of samples
used to approximate that shape. What happens if N is the same as the number of samples in x[n]? To find out, set N1 = 30. What
does the resulting plot look like? Why does it look like this?

13.10.1.3.2: Example 2

In the last example the length of x[n] was limited to 3 periods in length. Now, let's choose a large value for N (for a transform with
many points), and vary the number of repetitions of the fundamental period.

e n=[0:29];

e x1 = cos(2*pi*n/10); % 3 periods
e x2 =[x1x1]; % 6 periods

e x3=[x1x1x1]; % 9 periods

o N =2048;

e X1 = abs(fft(x1,N));
o X2 = abs(fft(x2,N));
e X3 = abs(fft(x3,N));
e F=[0:N-1]/N;

¢ subplot(3,1,1)
o plot(F,X1),title('3 periods"),axis([0 1 0 50])
¢ subplot(3,1,2)
o plot(F,X2),title('6 periods"),axis([0 1 0 50])
e subplot(3,1,3)
o plot(F,X3),title('9 periods"),axis([0 1 0 50])

The previous code will produce three plots. The first plot, the transform of 3 periods of a cosine, looks like the magnitude of 2 sincs
with the center of the first sinc at 0.1fs and the second at 0.9fs.

The second plot also has a sinc-like appearance, but its frequency is higher and it has a larger magnitude at 0:1fs and 0:9fs.
Similarly, the third plot has a larger sinc frequency and magnitude.

As x[n] is extended to a large number of periods, the sincs will begin to look more and more like impulses.

But I thought a sinusoid transformed to an impulse, why do we have sincs in the frequency domain? When the FFT is computed
with an N larger than the number of samples in x[n], it fills in the samples after x[n] with zeros. Example 2 had an x[n] that was 30
samples long, but the FFT had an N = 2048. When Matlab computes the FFT, it automatically fills the spaces from n =30 ton =
2047 with zeros. This is like taking a sinusoid and multiplying it with a rectangular box of length 30. A multiplication of a box and
a sinusoid in the time domain should result in the convolution of a sinc with impulses in the frequency domain. Furthermore,
increasing the width of the box in the time domain should increase the frequency of the sinc in the frequency domain. The previous
Matlab experiment supports this conclusion.

13.10.1.4: Identifying Signals in noise with FFT

A common use of Fourier transforms is to find the frequency components of a signal buried in a noisy time domain signal.
Consider data sampled at 1000 Hz. Form a signal containing a 50 Hz sinusoid of amplitude 0.7 and 120 Hz sinusoid of amplitude 1
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and corrupt it with some zero-mean random noise:

e Fs=1000; % Sampling frequency
o T =1/Fs; % Sample time
e L =1000; % Length of signal
e t=(0:L-1)*T; % Time vector
e x = 0.7*sin(2*pi*50*t) + sin(2*pi*120*t);
% Sum of a 50 Hz sinusoid and a 120 Hz sinusoid
e y=x+ 2*randn(size(t)); % Sinusoids plus noise
o plot(Fs*t(1:50),y(1:50))
o title('Signal Corrupted with Zero-Mean Random Noise')
o xlabel('time (milliseconds)")

It is difficult to identify the frequency components by looking at the original signal. Converting to the frequency domain, the
discrete Fourier transform of the noisy signal y is found by taking the fast Fourier transform (FFT):

e NFFT = 2/nextpow2(L); % Next power of 2 from length of y

o Y = fft(y,NFFT)/L;

o f=Fs/2*linspace(0,1,NFFT/2+1); % Plot single-sided amplitude spectrum.

o plot(f,2*abs(Y(1:NFFT/2+1)))

o title('Single-Sided Amplitude Spectrum of y(t)")

o xlabel('Frequency (Hz)")

o ylabel('|Y(f)]"

The main reason the amplitudes are not exactly at 0.7 and 1 is because of the noise. Several executions of this code (including
recomputation of y) will produce different approximations to 0.7 and 1. The other reason is that you have a finite length signal.
Increasing L from 1000 to 10000 in the example above will produce much better approximations on average.

13.10.1.5: Outside Links
e http://www.chem.uoa.gr/applets/Apple...FourAnal2.html

Contributors and Attributions

13.10.1: Fourier Analysis in Matlab is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 32.10.1: Fourier Analysis in Matlab is licensed CC BY-NC-SA 4.0.
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13.10.2: Fourier Synthesis of Periodic Waveforms

Java Developed by Dr. Constantinos E. Efstathiou, Laboratory of Analytical Chemistry, National and Kapodistrian University of
Athens

13.10.2.1 https://chem.libretexts.org/@go/page/390914


https://libretexts.org/
https://chem.libretexts.org/@go/page/390914?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/13%3A_Math_Chapters/13.10%3A_Fourier_Analysis/13.10.02%3A_Fourier_Synthesis_of_Periodic_Waveforms

LibreTexts"

EMHNIKA | ENGLISH |
@ x In

TMHMA XHMEIAX

n

=

[— P

[}

APXIKH »

SITEA-GR 404

I _
AYNOYMAZTE

H oceAida autn dgv utapxet

Avadntnote Eava auto Tou PAaxvete f eTotpePTe oTNV
apx LK oeAisa.

13.10.2.2 https://chem.libretexts.org/@go/page/390914


https://libretexts.org/
https://chem.libretexts.org/@go/page/390914?pdf
https://www.chem.uoa.gr/
https://www.chem.uoa.gr/
https://en.chem.uoa.gr/
https://www.youtube.com/watch?v=m3HkLzBmcuY
http://www.twitter.com/OurDeptTwitterLinkHere
https://www.linkedin.com/school/15094179/
https://www.chem.uoa.gr/

Li breTexts*

r 1 4
13. M:gﬁMieQS‘ﬂf,nﬂEAgeQdya\goﬂSs shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 32.10.2: Fourier Synthesis of Periodic Waveforms is licensed CC BY-NC-SA 4.0.

13.10.2.3 https://chem.libretexts.org/@go/page/390914


https://libretexts.org/
https://chem.libretexts.org/@go/page/390914?pdf
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/13%3A_Math_Chapters/13.10%3A_Fourier_Analysis/13.10.02%3A_Fourier_Synthesis_of_Periodic_Waveforms
https://chem.libretexts.org/Courses/San_Francisco_State_University/General_Physical_Chemistry_I_(Gerber)/13%3A_Math_Chapters/13.10%3A_Fourier_Analysis/13.10.02%3A_Fourier_Synthesis_of_Periodic_Waveforms?no-cache
https://chem.libretexts.org/@go/page/2340
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

13.11: The Binomial Distribution and Stirling's Appromixation

Stirling's approximation is named after the Scottish mathematician James Stirling (1692-1770). In confronting statistical problems
we often encounter factorials of very large numbers. The factorial N! is a product N(N —1)(N — 2)...(2)(1). Therefore, In N!is a
sum

N

InN!'=Inl+In2+In3+.+mN=> Ink (13.11.1)
k=1

where we have used the property of logarithms that log(abc) = log(a) + log(b) + log(c). The sum is shown in figure below.

3.0 ' ‘ T
2 20 —
£ i
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00 I | | |
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X

Using Euler-MacLaurin formula one has

iv:lnk= ‘/Nlnar:dar:+2p:i (% —1) +R, (13.11.2)
= 1 = 2k(2k —1) \ n2—

where B; = -1/2, B = 1/6, B3 = 0, B4 = —1/30, Bs = 0, Bg = 1/42, B; = 0, Bg = —1/30, ... are the Bernoulli numbers, and \(R)) is an
error term which is normally small for suitable values of \(p\).

Then, for large N,
N
lnN!N/ Inzdr~ NInN— N. (13.11.3)
1

after some further manipulation one arrives at (apparently Stirling's contribution was the prefactor of v2)

N!=+V21aN NNeNelv (18.11.4)
where
1 1
NI < Ay < T (13.11.5)

The sum of the area under the blue rectangles shown below up to N is InN!. As you can see the rectangles begin to closely
approximate the red curve as m gets larger. The area under the curve is given the integral of In .

N N
InN!= Inm ~ / Inzdz 13.11.6
2 1 (13.11.6)
To solve the integral use integration by parts
/udv =uv— /vdy (13.11.7)
Here we let u = Inz and dv = dz. Then v = z and du = .
N N
/ Inzdzr = :L'ln:z|6v—/ wd—w (13.11.8)
0 0 T

Notice that z/z = 1 in the last integral and zlnz is 0 when evaluated at zero, so we have
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N N
/ Inzde=NhhN — / dz (13.11.9)
0 0

Which gives us Stirling’s approximation: In N! = NIn N-N. As is clear from the figure above Stirling’s approximation gets better as
the number N gets larger (Table 13.11.1).

Table 13.11.1: Evaluation of Approximation with absolute values

N N! In N! NInN-N Error
10 3.63 x 108 15.1 13.02 13.8%
50 3.04 x 108 148.4 145.6 1.88%
100 9.33 x 1077 363.7 360.5 0.88%
150 5.71 x 10262 605.0 601.6 0.56%

Calculators often overheat at 200!, which is all right since clearly result are converging. In thermodynamics, we are often dealing
very large N (i.e., of the order of Avagadro’s number) and for these values Stirling’s approximation is excellent.

13.11.1: References
1. J. Stirling "Methodus differentialis, sive tractatus de summation et interpolation serierum infinitarium", London (1730). English
translation by J. Holliday "The Differential Method: A Treatise of the Summation and Interpolation of Infinite Series" (1749)

13.11: The Binomial Distribution and Stirling's Appromixation is shared under a not declared license and was authored, remixed, and/or curated

by LibreTexts.

« Stirling’s Approximation by SklogWiki, Stefan Franzen is licensed CC BY-NC-SA 4.0. Original source:
http://www.sklogwiki.org/SklogWiki/index.php/Stirling%?27s_approximation.
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23.E: Phase Equilibria (Exercises) — Undeclared
Solutions I- Liquid-Liquid Solutions — Undeclared

24.1: Partial Molar Quantities in Solutions —
Undeclared

24.2: The Gibbs-Duhem Equation — Undeclared
24.3: Chemical Potential of Each Component Has the
Same Value in Each Phase in Which the Component
Appears — Undeclared

24.4: Tdeal Solutions obey Raoult's Law —
Undeclared

24.5: Most Solutions are Not Ideal — Undeclared
24.6: Vapor Pressures of Volatile Binary Solutions —
Undeclared

24.7: Activities of Nonideal Solutions — Undeclared
24.8: Activities are Calculated with Respect to
Standard States — Undeclared

24.9: Gibbs Energy of Mixing of Binary Solutions in
Terms of the Activity Coefficient — Undeclared
24.E: Solutions I- Liquid-Liquid Solutions
(Exercises) — Undeclared

: Solutions II - Solid-Liquid Solutions — Undeclared

25.1: Raoult's and Henry's Laws Define Standard
States — Undeclared

25.2: The Activities of Nonvolatile Solutes —
Undeclared

25.3: Colligative Properties Depend only on Number
Density — Undeclared

25.4: Osmotic Pressure can Determine Molecular
Masses — Undeclared

25.5: Electrolytes Solutions are Nonideal at Low
Concentrations — Undeclared

25.6: The Debye-Hiickel Theory — Undeclared
25.7: Extending Debye-Hiickel Theory to Higher
Concentrations — Undeclared

25.8: Homework Problems — Undeclared

: Chemical Equilibrium — Undeclared

26.1: Equilibrium Results when Gibbs Energy is
Minimized — Undeclared

26.2: An Equilibrium Constant is a Function of
Temperature Only — Undeclared

26.3: Standard Gibbs Energies of Formation Can Be
Used to Calculate Equilibrium Constants —
Undeclared

26.4: Gibbs Energy of a Reaction vs. Extent of
Reaction is a Minimum at Equilibrium — CC BY 4.0
26.5: Reaction Quotient and Equilibrium Constant
Ratio Determines Reaction Direction — CC BY 4.0
26.6: The Sign of AG and not AG® Determines the
Direction of Reaction Spontaneity — Undeclared

26.7: The van 't Hoff Equation — Undeclared

26.8: Equilibrium Constants in Terms of Partition
Functions — CC BY-SA 4.0

26.9: Molecular Partition Functions and Related
Thermodynamic Data Are Extensively Tabulated —
Undeclared

26.10: Real Gases Are Expressed in Terms of Partial
Fugacities — Undeclared

26.11: Thermodynamic Equilibrium Constants Are
Expressed in Terms of Activities — Undeclared
26.12: Activities are Important for Ionic Species —
Undeclared

26.13: Homework Problems — Undeclared

: The Kinetic Theory of Gases — Undeclared

27.1: The Average Translational Kinetic Energy of a
Gas — Undeclared

27.2: The Gaussian Distribution of One Component
of the Molecular Velocity — Undeclared

27.3: The Distribution of Molecular Speeds is Given
by the Maxwell-Boltzmann Distribution —
Undeclared

27.4: The Frequency of Collisions with a Wall —
Undeclared

27.5: The Maxwell-Boltzmann Distribution Has Been
Verified Experimentally — Undeclared

27.6: Mean Free Path — CC BY-NC-SA 4.0

27.7: Rates of Gas-Phase Chemical Reactions —
Undeclared

27.E: The Kinetic Theory of Gases (Exercises) —
Undeclared

: Chemical Kinetics I - Rate Laws — Undeclared

28.1: The Time Dependence of a Chemical Reaction
is Described by a Rate Law — Undeclared

28.2: Rate Laws Must Be Determined Experimentally
— Undeclared

28.3: First-Order Reactions Show an Exponential
Decay of Reactant Concentration with Time —
Undeclared

28.4: Different Rate Laws Predict Different Kinetics
— Undeclared

28.5: Reactions can also be Reversible — Undeclared
28.6: The Rate Constants of a Reversible Reaction
Can Be Determined Using Relaxation Techniques —
Undeclared

28.7: Rate Constants Are Usually Strongly
Temperature Dependent — Undeclared

28.8: Transition-State Theory Can Be Used to
Estimate Reaction Rate Constants — Undeclared
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