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1.1: The Empirical Gas Laws

A number of important relationships describing the nature of gas samples have been derived completely empirically (meaning
based solely on observation rather making an attempt to define the theoretical reason these relationships may exist. These are the
empirical gas laws.

Boyle’s Law

One of the important relationships governing gas samples that can be modeled mathematically is the relationship between pressure
and volume. Robert Boyle (1627 — 1691) (Hunter, 2004) did experiments to confirm the observations of Richard Towneley and
Henry Powers to show that for a fixed sample of gas at a constant temperature, pressure and volume are inversely proportional.

pV = constant
or
mVe =pVa

Boyle used a glass u-tube that was closed at one end and with the lower portion filled with mercury (trapping a sample of air in the
closed end.) By adding mercury to the open end, he was able to observe and quantify the compression of the trapped air.
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Figure 1.1.1: An apparatus similar to that used by Robert Boyle (1627 - 1691). Image taken from (Fazio, 1992).

Charles’ Law

Charles’ Law states that the volume of a fixed sample of gas at constant pressure is proportional to the temperature. For this law to
work, there must be an absolute minimum to the temperature scale since there is certainly an absolute minimum to the volume

scale!
14 tant
— = constan
T
or
Vi W
T T

The second law of thermodynamics also predicts an absolute minimum temperature, but that will be developed in a later chapter.

Gay-Lussac’s Law

Gay-Lussac’s Law states that the pressure of a fixed sample of gas is proportional to the temperature. As with Charles’ Law, this
suggests the existence of an absolute minimum to the temperature scale since the pressure can never be negative.
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Combined Gas Law

Boyle’s, Charles’, and Gay-Lussac’s Laws can be combined into a single empirical formula that can be useful. For a given amount
of gas, the following relationship must hold:

pV
—_— = tant
T constan
or
AN
T Ty

Avogadro’s Law

Amedeo Avogadro (1776-1856) (Encycolopedia, 2016) did extensive work with gases in his studies of matter. In the course of his
work, he noted an important relationship between the number of moles in a gas sample. Avogadro’s Law (Avogadro, 1811) states
that at the same temperature and pressure, any sample of gas has the same number of molecules per unit volume.

n
— = constant
Vv

or

n N2
i W

Figure 1.1.2: Amedeao Avogadro (1776 - 1856)

This page titled 1.1: The Empirical Gas Laws is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick

Fleming.

e 2.1: The Empirical Gas Laws by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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1.2: The Ideal Gas Law

The ideal gas law combines the empirical laws into a single expression. It also predicts the existence of a single, universal gas
constant, which turns out to be one of the most important fundamental constants in science.

[Math Processing Error]

The ideal gas law constant is of fundamental importance and can be expressed in a number of different sets of units.

Value Units
0.08206 atm L mol™* K!
8.314 Jmol ! Kt
1.987 cal mol't K

The ideal gas law, as derived here, is based entirely on empirical data. It represents “limiting ideal behavior.” As such, deviations
from the behavior suggested by the ideal gas law can be understood in terms of what conditions are required for ideal behavior to
be followed (or at least approached.) As such, it would be nice if there was a theory of gases that would suggest the form of the
ideal gas law and also the value of the gas law constant. As it turns out, the kinetic molecular theory of gases does just that!

This page titled 1.2: The Ideal Gas Law is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

o 2.2: The Ideal Gas Law by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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1.3: The Kinetic Molecular Theory of Gases

Theoretical models attempting to describe the nature of gases date back to the earliest scientific inquiries into the nature of matter
and even earlier! In about 50 BC, Lucretius, a Roman philosopher, proposed that macroscopic bodies were composed of atoms that
continually collide with one another and are in constant motion, despite the observable reality that the body itself is as rest.
However, Lucretius’ ideas went largely ignored as they deviated from those of Aristotle, whose views were more widely accepted
at the time.

In 1738, Daniel Bernoulli (Bernoulli, 1738) published a model that contains the basic framework for the modern Kinetic Molecular
theory. Rudolf Clausius furthered the model in 1857 by (among other things) introducing the concept of mean free path (Clausius,
1857). These ideas were further developed by Maxwell (Maxwell, Molecules, 1873). But, because atomic theory was not fully
embraced in the early 20 century, it was not until Albert Einstein published one of his seminal works describing Brownian motion
(Einstein, 1905) in which he modeled matter using a kinetic theory of molecules that the idea of an atomic (or molecular) picture
really took hold in the scientific community.

In its modern form, the Kinetic Molecular Theory of gasses is based on five basic postulates.

1. Gas particles obey Newton’s laws of motion and travel in straight lines unless they collide with other particles or the walls of
the container.

2. Gas particles are very small compared to the averages of the distances between them.

3. Molecular collisions are perfectly elastic so that kinetic energy is conserved.

4. Gas particles so not interact with other particles except through collisions. There are no attractive or repulsive forces between
particles.

5. The average kinetic energy of the particles in a sample of gas is proportional to the temperature.

Qualitatively, this model predicts the form of the ideal gas law.

1. More particles means more collisions with the wall (\(p \propto n\))
2. Smaller volume means more frequent collisions with the wall (\(p \propto 1/V\))
3. Higher molecular speeds means more frequent collisions with the walls (\(p \propto T\))

Putting all of these together yields

x—=k—
Py =y
which is exactly the form of the ideal gas law! The remainder of the job is to derive a value for the constant of proportionality (k)
that is consistent with experimental observation.

For simplicity, imagine a collection of gas particles in a fixed-volume container with all of the particles traveling at the same
velocity. What implications would the kinetic molecular theory have on such a sample? One approach to answering this question is
to derive an expression for the pressure of the gas.

The pressure is going to be determined by considering the collisions of gas molecules with the wall of the container. Each collision
will impart some force. So the greater the number of collisions, the greater the pressure will be. Also, the larger force imparted per
collision, the greater the pressure will be. And finally, the larger the area over which collisions are spread, the smaller the pressure
will be.

(number of collisions) x (force imparted per collision)

P X
area
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Figure 1.3.1: The "collision volume" is the subset of the total volume that contains molecules that will actually collide with area A

in the time interval At.
First off, the pressure that the gas exerts on the walls of the container would be due entirely to the force imparted each time a
molecule collides with the interior surface of the container. This force will be scaled by the number of molecules that hit the area of
the wall in a given time. For this reason, it is convenient to define a “collision volume”.

‘/col = (’l)z At) A

where v, is the speed the molecules are traveling in the x direction, \(\Delta t\) is the time interval (the product of v, - AT gives
the length to the collision volume box) and A is the area of the wall with which the molecules will collide. Half of the molecules
within this volume will collide with the wall since half will be traveling toward it and half will be traveling away from it. The
number of molecules in this collision volume will be given by the total number of molecules in the sample and the fraction of the
total volume that is the collision volume. And thus, the number of molecules that will collide with the wall is given by

1 col
Nogt = = Ny Yok
! 9 tot V

And thus the number of molecules colliding with the wall will be

The magnitude of that force imparted per collision will be determined by the time-rate of change in momentum of each particle as
it hits the surface. It can be calculated by determining the total momentum change and dividing by the total time required for the
event. Since each colliding molecule will change its velocity from vy to —vy, the magnitude of the momentum change is 2(mvy).
Thus the force imparted per collision is given by

2(mw;)
F=—5
and the total force imparted is
2(mv
Eot :Ncol (Atx) (131)
1 (vzAt)AT [2(muy)
= ENtot [ v A7 (1.3.2)
2
— Nt (m;’m) A (1.3.3)

Since the pressure is given as the total force exerted per unit area, the pressure is given by

F; mu2 Nigim
b= ;;t = Niot <_Vm) = _t€; Ua%

The question then becomes how to deal with the velocity term. Initially, it was assumed that all of the molecules had the same
velocity, and so the magnitude of the velocity in the x-direction was merely a function of the trajectory. However, real samples of
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gases comprise molecules with an entire distribution of molecular speeds and trajectories. To deal with this distribution of values,
we replace (v2) with the squared average of velocity in the x direction <v1>2.

- Nigym

|4

The distribution function for velocities in the x direction, known as the Maxwell-Boltzmann distribution, is given by:

P

z) = X
2nkgT P\ 2T
—————

normalization term exponential term

(vz)? (1.3.4)

This function has two parts: a normalization constant and an exponential term. The normalization constant is derived by noting
that

/°° f(vz)dv, =1 (1.3.5)

X Normalizing the Maxwell-Boltzmann Distribution

The Maxwell-Boltzmann distribution has to be normalized because it is a continuous probability distribution. As such, the sum
of the probabilities for all possible values of v, must be unity. And since v can take any value between -co and oo, then
Equation 1.3.5 must be true. So if the form of f(v,) is assumed to be

2
f(vy) =Nexp— (;ZZ;)

The normalization constant N can be found from

© o —muv2
/;Oo f(vg)dv, —/_ooNexp( 2kBT>dv$ =1

The expression can be simplified by letting o = m /2kgT. It is then more simply written
0 2
—mu;
N dvy =1

[m exp( kT ) v

/ ) e dr = [T

ez a

N T m 1/2
«a 2wkgT

And thus the normalized distribution function is given by

m \? mu’
flvg) = (27rkBT> exp <2kB > (1.3.6)

A table of definite integrals says that

So

X cCalculating an Average from a Probability Distribution

Calculating an average for a finite set of data is fairly easy. The average is calculated by

But how does one proceed when the set of data is infinite? Or how does one proceed when all one knows are the probabilities
for each possible measured outcome? It turns out that that is fairly simple too!
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E = i szl
i=1

where P; is the probability of measuring the value ;. This can also be extended to problems where the measurable properties
are not discrete (like the numbers that result from rolling a pair of dice) but rather come from a continuous parent population.
In this case, if the probability is of measuring a specific outcome, the average value can then be determined by

B= /xP(x)dm

where P(z) is the function describing the probability distribution, and with the integration taking place across all possible
values that x can take.

X Calculating the average value of v,

A value that is useful (and will be used in further developments) is the average velocity in the x direction. This can be derived
using the probability distribution, as shown in the mathematical development box above. The average value of v, is given by

wo) = [ (s )iz

o0

This integral will, by necessity, be zero. This must be the case as the distribution is symmetric, so that half of the molecules are
traveling in the +x direction, and half in the —x direction. These motions will have to cancel. So, a more satisfying result will be
given by considering the magnitude of v,, which gives the speed in the x direction. Since this cannot be negative, and given
the symmetry of the distribution, the problem becomes

(el =2 [ "

In other words, we will consider only half of the distribution, and then double the result to account for the half we ignored.

For simplicity, we will write the distribution function as

f(v;) = N exp(—av?)

where
1/2
m
N:
(27TkBT)
and
_m
& kT

A table of definite integrals shows

SO

Substituting our definitions for /N and « produces

R V2 okpT\ [ 2xksT\'?
2\ 2wkgT m a ™m

This expression indicates the average speed for motion of in one direction.
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However, real gas samples have molecules not only with a distribution of molecular speeds and but also a random distribution of
directions. Using normal vector magnitude properties (or simply using the Pythagorean Theorem), it can be seen that

(V)% = (va)? + (v)* + (v2)?

Since the direction of travel is random, the velocity can have any component in X, y, or z directions with equal probability. As such,
the average value of the X, y, or z components of velocity should be the same. And so

<'U>2 = 3<'Uz>2
Substituting this into the expression for pressure (Equation 1.3.4) yields

_ Niotm (1))2
3V
All that remains is to determine the form of the distribution of velocity magnitudes the gas molecules can take. One of the first
people to address this distribution was James Clerk Maxwell (1831-1879). In his 1860 paper (Maxwell, Illustrations of the
dynamical theory of gases. Part 1. On the motions and collisions of perfectly elastic spheres, 1860), proposed a form for this
distribution of speeds which proved to be consistent with observed properties of gases (such as their viscosities). He derived this
expression based on a transformation of coordinate system from Cartesian coordinates (z, y, z) to spherical polar coordinates (v, 8,
¢). In this new coordinate system, v represents the magnitude of the velocity (or the speed) and all of the directional data is carried
in the angles 8 and ¢. The infinitesimal volume unit becomes

dz dy dz = v? sin(6) dvdf de
Applying this transformation of coordinates, and ignoring the angular part (since he was interested only in the speed) Maxwell’s
distribution (Equation 1.3.6) took the following form
2

£(v) = NoZexp ( ;Z;’T) (1.3.7)

This function has three basic parts to it: a normalization constant ('), a velocity dependence (v?), and an exponential term that
contains the kinetic energy (¥»mu?). Since the function represents the fraction of molecules with the speed v, the sum of the
fractions for all possible velocities must be unity. This sum can be calculated as an integral. The normalization constant ensures that

/0 ¥ Fo)dv=1

Choosing the normalization constant as

3
N =dr m
27TkBT

yields the final form of the Maxwell distribution of molecular speeds.

3 2
B m 9 muv
N =4r (27rkBT) v exp (2kBT) (1.3.8)

At low velocities, the v* term causes the function to increase with increasing v, but then at larger values of v, the exponential term
causes it to drop back down asymptotically to zero. The distribution will spread over a larger range of speed at higher temperatures,
but collapse to a smaller range of values at lower temperatures (Table 2.3.1).
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Figure 2.3.1: Maxwell Distribution of speeds for hydrogen molecules at differing temperatures.

X cCalculating the Average Speed

Using the Maxwell distribution as a distribution of probabilities, the average molecular speed in a sample of gas molecules can
be determined.

(v) = / " o f()do (1.3.9)

i
5 m O\, >
/7001)471"/ (27rkBT) v exp(szT) dv (1.3.10)
m 3 foo 3 muv?
=dmy | (27rkBT> /_oov exp (2kBT> dv (1.3.11)

The following can be found in a table of integrals:

€2 |
—ax? nt
2n+le az® g
0 2a™ 1

So

2
(557

o= ()"

Note: the value of (v) is twice that of (v, ) which was derived in an earlier example!

(v) = 2{vz)

Which simplifies to

v/ Example 1.3.1:

What is the average value of the squared speed according to the Maxwell distribution law?

Solution
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(v2) :/mzﬂ F)dv (1.3.12)
00 3
:/_ o 47”/(27::31,) v2exp(27z;’;) dv (1.3.13)

3 poo 2
B / m 4 mu
=4r (271'/{:3T> /_oov exp <2kBT) dv (1.3.14)

/“xzne_amzdx: 1-3cdot5...(2n—1) [
0

A table of integrals indicates that

2n+1 an a

Substitution (noting that n = 2) yields

3
1-3
V) =4n ( mn )
< > 27l'kBT 3 m

which simplifies to

Note: The square root of this average squared speed is called the root mean square (RMS) speed, and has the value

s =) = (22T

The entire distribution is also affected by molecular mass. For lighter molecules, the distribution is spread across a broader range of
speeds at a given temperature, but collapses to a smaller range for heavier molecules (Table 2.3.2).

M99 Maxwell Distribution of Speeds at 800 K

1.20E-03 # He
WAr
Xe

1.00E-03 -+

8.00E-04 -

6.00E-04 -

fraction of molecules

4.00E-04

2.00E-04 -

0.00E+00 1 Yobtootonneeeey™™" oo TTRVTTRVTNRRYYYYYYYYYYYYY shiiAAAAAAS) T

0 200 400 600 800 1000 1200 1400 1600
speed (m/s)

Figure 2.3.2: Maxwell Distribution of speeds at 800 K for different gasses of differing molecular masses.
The probability distribution function can also be used to derive an expression for the most probable speed (vy,,), the average (vgye),
and the root-mean-square (v;,s) speeds as a function of the temperature and masses of the molecules in the sample. The most
probable speed is the one with the maximum probability. That will be the speed that yields the maximum value of f(v). It is
found by solving the expression

d
%f(v)zo
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for the value of v that makes it true. This will be the value that gives the maximum value of f(v) for the given temperature.
Similarly, the average value can be found using the distribution in the following fashion

Vave = <’U>

and the root-mean-square (RMS) speed by finding the square root of the average value of v. Both demonstrated above.

This page titled 1.3: The Kinetic Molecular Theory of Gases is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming.

« 2.3: The Kinetic Molecular Theory of Gases by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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1.4: Kinetic Energy

Using expressions for vy, Vaye, OF Upms , it is fairly simple to derive expressions for kinetic energy from the expression

Ekin = Emv2

It is important to remember that there will be a full distribution of molecular speeds in a thermalized sample of gas. Some
molecules will be traveling faster and some more slowly. It is also important to recognize that the most probable, average, and
RMS kinetic energy terms that can be derived from the Kinetic Molecular Theory do not depend on the mass of the molecules
(Table 2.4.1). As such, it can be concluded that the average kinetic energy of the molecules in a thermalized sample of gas depends
only on the temperature. However, the average speed depends on the molecular mass. So, for a given temperature, light molecules

will travel faster on average than heavier molecules.

Table 2.4.1: Kinetic Properties of a Thermalized Ensemble (i.e., follows Maxwell-Boltzmann Distribution)

Property Speed Kinetic Energy
2k, T
Most probable i kT
m
Average 8ky T 4kpT
™ T
T
Root-mean-square 3ks 3 kgT
m 2

The ldeal Gas Law

The expression for the root-mean-square molecular speed can be used to show that the Kinetic Molecular model of gases is
consistent with the ideal gas law. Consider the expression for pressure

o Nigtm | (o
Replacing (v)? with the square of the RMS speed expression yields

o Ntotm 3kBT
-3V m

which simplifies to

o NtothT
N \%4

Noting that Nyt = n°Na, where n is the number of moles and Np is Avogadro’s number

o nNAkBT
B V

or
pV =nNykgT
Finally, noting that N4 e kg = R
pV =nRT

That’s kind of cool, no? The only assumptions (beyond the postulates of the Kinetic Molecular Theory) is that the distribution of
velocities for a thermalized sample of gas is described by the Maxwell-Boltzmann distribution law. The next development will be
to use the Kinetic Molecular Theory to describe molecular collisions (which are essential events in many chemical reactions.)
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Collisions with the Wall

In the derivation of an expression for the pressure of a gas, it is useful to consider the frequency with which gas molecules collide
with the walls of the container. To derive this expression, consider the expression for the “collision volume”.

VVcol = ’UwAt CA

All of the molecules within this volume, and with a velocity such that the x-component exceeds v, (and is positive) will collide
with the wall. That fraction of molecules is given by

N (v)At-A
|4 2
and the frequency of collisions with the wall per unit area per unit time is given by
_N@
vV 2
In order to expand this model into a more useful form, one must consider motion in all three dimensions. Considering that

(o) =/ (0a)+ () + (v2)

Ncol =

Z

and that

(V) = <vy> = (vz)

it can be shown that

or

and so

The factor of N/V is often referred to as the “number density” as it gives the number of molecules per unit volume. At 1 atm
pressure and 298 K, the number density for an ideal gas is approximately 2.5 x 10' molecule/cm?. (This value is easily calculated
using the ideal gas law.) By comparison, the average number density for the universe is approximately 1 molecule/cm®.

This page titled 1.4: Kinetic Energy is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.
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1.5: Graham'’s Law of Effusion

An important consequence of the kinetic molecular theory is what it predicts in terms of effusion and diffusion effects. Effusion is
defined as a loss of material across a boundary. A common example of effusion is the loss of gas inside of a balloon over time.

The rate at which gases will effuse from a balloon is affected by a number of factors. But one of the most important is the
frequency with which molecules collide with the interior surface of the balloon. Since this is a function of the average molecular
speed, it has an inverse dependence on the square root of the molecular weight.

1
Rate of effusion o
vV MW

This can be used to compare the relative rates of effusion for gases of different molar masses.

X The Knudsen Cell Experiment

A Knudsen cell is a chamber in which a thermalized sample of gas is kept, but allowed to effuse through a small orifice in the
wall. The gas sample can be modeled using the Kinetic Molecular Theory model as a collection of particles traveling
throughout the cell, colliding with one another and also with the wall. If a small orifice is present, any molecules that would
collide with that portion of the wall will be lost through the orifice.

Figure 1.5.1: Effusion of gas particles through an orifice. (CC BY-SA 3.0; Astrang13).

This makes a convenient arrangement to measure the vapor pressure of the material inside the cell, as the total mass lost by
effusion through the orifice will be proportional to the vapor pressure of the substance. The vapor pressure can be related to the

g 27 RT
P=Ane N Mw

where g is the mass lost, A is the area of the orifice, At is the time the effusion is allowed to proceed, T is the temperature and
MW is the molar mass of the compound in the vapor phase. The pressure is then given by p. A schematic of what a Knudsen
cell might look like is given below.

mass lost by the expression
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1.6: Collisions with Other Molecules

A major concern in the design of many experiments is collisions of gas molecules with other molecules in the gas phase. For
example, molecular beam experiments are often dependent on a lack of molecular collisions in the beam that could degrade the
nature of the molecules in the beam through chemical reactions or simply being knocked out of the beam.

In order to predict the frequency of molecular collisions, it is useful to first define the conditions under which collisions will occur.
For convenience, consider all of the molecules to be spherical and in fixed in position except for one which is allowed to move
through a “sea” of other molecules. A molecular collision will occur every time the center of the moving molecule comes within
one molecular diameter of the center of another molecule.

One can easily determine the number of molecules the moving molecule will “hit” by determining the number of molecules that lie
within the “collision cylinder”. Because we fixed the positions of all but one of the molecules, we must use the relative speed of the
moving molecule, which will be given by

Vet =V2 X v
The volume of the collision cylinder is given by
Vol =V2vAt A
The collisional cross section, which determined by the size of the molecule is given by
o =nd’

Some values of ¢ are given in the table below:

Table 2.6.1: Collisional cross-section of Select Species

Molecule o (nm?)
He 0.21
Ne 0.24
N, 0.43

Co, 0.52
C,H, 0.64

Since the number of molecules within the collision cylinder is given by

N
Ncol = V col

and since the number density (N /V) is given by
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N D

V  kgT

the number of collisions is given by

p
Ny = 2 (V2vA
y kBT(fU to)

The frequency of collisions (number of collisions per unit time) is then given by

V2po
Z = ToT (v)

Perhaps a more useful value is the mean free path (\), which is the distance a molecule can travel on average before it collides
with another molecule. This is easily derived from the collision frequency. How far something can travel between collisions is
given by the ratio of how fast it is traveling and how often it hits other molecules:

Thus, the mean free path is given by
kgT
A= —2
\@pa

The mere fact that molecules undergo collisions represents a deviation from the kinetic molecular theory. For example, if molecules

were infinitesimally small (¢ /= 0) then the mean free path would be infinitely long! The finite size of molecules represents one
significant deviation from ideality. Another important deviation stems from the fact that molecules do exhibit attractive and
repulsive forces between one another. These forces depend on a number of parameters, such as the distance between molecules and
the temperature (or average kinetic energy of the molecules.)

This page titled 1.6: Collisions with Other Molecules is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

¢ 2.6: Collisions with Other Molecules by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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1.7: Real Gases
While the ideal gas law is sufficient for the prediction of large numbers of properties and behaviors for gases, there are a number of

times that deviations from ideality are extremely important.

The van der Waals Equation

Several equations of state have been suggested to account for the deviations from ideality. One simple, but useful, expression is that
proposed by Johannes Diderik van der Waals (1837 — 1923) (Johannes Diderik van der Waals - Biographical, 2014)

Figure 1.7.1: Johannes van der Waals (1837 — 1923)

van der Waals’ equation introduced corrections to the pressure and volume terms of the ideal gas law in order to account for
intermolecular interactions and molecular size respectively.

a
(p—l——vn%) (Vi —b) = RT (1.7.1)
or
RT a
p= Vm—b _V_n% (172)

In this expression, a and b are variables of a given substance which can be measured and tabulated. In general, molecules with
large intermolecular forces will have large values of a, and large molecules will have large values of b. Some van der Waals
constants are given in Table 1.7.1.

Table 1.7.1: van der Waals constants for select Species

Gas frequency of collisions a (atm L2 mol-2) b (L/mol)
He 0.0341 0.0238
N, 1.352 0.0387
CO; 3.610 0.0429
CyHy 4.552 0.0305

The van der Walls model is useful because it makes it so simple to interpret the parameters in terms of molecular size and
intermolecular forces. But it does have limitations as well (as is the case of every scientific model!) Some other useful two-
parameter and three-parameter (or more) equations of state include the Redlich-Kwong, Dieterici, and Clausius models (Table
1.7.2). These have the advantage that they allow for temperature dependence on some of the parameters, which as will be seen
later, is necessary to model certain behaviors of real gases.

Table 1.7.2: Other equations of State

Model Equation of State

RT

Ideal = —

p v
der Waals (van der Waals J. D., 1867) __RT_ o
van der Waals (van der Waals J. D., P Ve b V2
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Model Equation of State
Redlich-K (Redlich & K 1949) P AT 2
edlich-Kwong (Redlic wong, = -
& & Vio=b TV, (Vi +)
Dieterici (Dieterici, 1899) p= AT exp( — >
Vin =0 V. RT
. RT a
Clausius p=

Vin—b  T(Vi +0)?

:E(l @+@)

Virial Equations
: L Ve | Vi,

The Virial Equation

A very handy expression that allows for deviations from ideal behavior is the Virial Equation of state. This is a simple power
series expansion in which the higher-order terms contain all of the deviations from the ideal gas law.

pE(1+@+C(T) )

— ... 1.7.3
Vin Vin Vi (1.7:3)

In the limit that B(T") (the Second Virial Coefficient) and C(T’) are zero, the equation becomes the ideal gas law. Also, the molar
volume of gases are small, the contributions from the third, fourth, etc. terms decrease in magnitude, allowing one to truncate the
series at a convenient point. The second virial coefficient can be predicted from a theoretical intermolecular potential function by

o0 U(r) ) }
B(T)=N, 1—exp| —= )| 272 dr
( ) r=0 |: p( kgT
The quality of an intermolecular potential can be determined (partially) by the potential’s ability to predict the value of the second
virial coefficient, B(T').

The Leonard-Jones Potential

An intermolecular potential function is used to describe the interactions between molecules. These interactions will have to include
attractive forces, which will draw molecules together, and repulsive forces which will push them apart. If the molecules are hard
spheres, lacking any attractive interactions, the potential function is fairly simple.

oo forr<go
U(r) = {O forr > 0.

In this function, o is determined by the size of the molecules. If two molecules come within a distance r of one another, they
collide, bouncing off in a perfectly elastic collision. Real molecules, however, with have a range of intermolecular separations

through which they will experience attractive forces (the so-called “soft wall” of the potential surface.) And then at very small
separations, the repulsive forces will dominate, pushing the molecules apart (the so-called “hard wall” of the potential surface.)

A commonly used intermolecular potential, U(r), is the Leonard-Jones potential. This function has the form

o] ()" (2)

r r

repulsive term  attractive term

where o governs the width of the potential well, and € governs the depth. The distance between molecules is given by 7. The
repulsive interactions between molecules are contained in the first terms and the attractive interactions are found in the second
term.
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r (A)

Figure 1.7.2: The estimation of Lennard-Jones potential parameters for mixed pairs of atoms. (CC BY-SA 4.0; Cnrowley).

X Taylor Series Expansion

A commonly used method of creating a power series based on another equation is the Taylor Series Expansion. This is an
expansion of a function about a useful reference point where each of the terms is generated by differentiating the original
function.

For a function f(z), the Taylor series F'(z) can be generated from the expression

(m—a)—l—%%f(:c) (@—a)’+...

r=a T=a

F(z) = f(a) + = f(z)

This can be applied to any equation of state to derive an expression for the virial coefficients in terms of the parameters of the
equation of state.

X Application to the van der Waals equation

The van der Waals equation can be written in terms of molar volume (Equation 1.7.2). When multiplying the right hand side
by = (where u = 1/v) yields:
RTu 5

P= 10

This expression can be "Talyor" expanded (to the first three terms) about w =0 (which corresponds to an infinite molar
volume.) The coefficient terms that are needed for the expansion are

p(u=0)=0
du 'v=0 |: 1—bu + (1 — bu)Z au:| u=0 F
d’p 1 [ bRT bRT 262 RT'u ]
i + - ~2au|  =RT-a
du’ o = 3 (1-bu)?  (1-bu)® (1—bu) u=0
d3p 2
%M:o = RTb

And the virial equation can then be expressed in terms of the van der Waals parameters as
p=0+RT(u)+ (bRT — a)(u)? + RTH?W’

Substituting w = 1/V and simplifying gives the desired result:

_a_ b2
L

p=RT V2 V3

V-f-
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And the second virial coefficient is given by

The Boyle Temperature

A useful way in which deviations from ideality can be expressed is by defining the compression factor (Z) given by

PV

Z ==

RT
where V,,, is the molar volume. For an ideal gas, Z =1 under all combinations of P, V,,, and T'. However, real gases will show
some deviation (although all gases approach ideal behavior at low p, high Vy;, and high T.) The compression factor for nitrogen at

several temperatures is shown below over a range of pressures.

Compression Factor - Nitrogen
4
100K
3.5
/
3 /
. 25
% 5 ] 200 K
=3 300 K
18 b 400K
,
05 N
0
0 200 400 600 800
Pressure | Bar

Figure 1.7.3: Compressibility of select gases as a function of applied pressure.

As can be seen, the gas behaves closer to ideally over a longer range of pressure at the higher temperatures. In general, there is one
temperature, the Boyle temperature, at which a gas will approach ideal behavior as the pressure goes to zero asymptotically, and
thus behave ideally over a broad range of lower pressures. The Boyle temperature is found by solving

. (0Z\
;g%(a—p)—o

or

. 07z
1/111/7120 3(‘%) =0

Using the virial equation of state (Equation 1.7.3), the Boyle temperature can be expressed in terms of the virial coefficients.
Starting with the compression factor

B
Z=14+—+...
v

m

and then differentiating with respect to 1/V,, yields
\[\dfrac{\partial Z}{\partial \left(\frac{1}{V_m}\right)} = B \nonumber \]

So it can be concluded that at the Boyle temperature, the second virial coefficient B is equal to zero. This should make some sense
given that the first virial coefficient provides most of the deviation from the ideal gas law, and so it must vanish as the gas behaves
more ideally.
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Critical Behavior

The isotherms (lines of constant temperature) of CO, reveal a very large deviation from ideal behavior. At high temperatures, CO,
behaves according to Boyle’s Law. However, at lower temperatures, the gas begins to condense to form a liquid at high pressures.
At one specific temperature, the critical temperature, the isotherm begins to display this critical behavior. The temperature,
pressure, and molar volume (p,, T¢, and V) at this point define the critical point. In order to solve for expressions for the critical
constants, one requires three equations. The equation of state provides one relationship. The second can be generated by
recognizing that the slope of the isotherm at the critical point is zero. And finally, the third expression is derived by recognizing
that the isotherm passes through an inflection point at the critical point. Using the van der Waals equation as an example, these
three equations can be generated as follows:

40=C
31=C

saturate: unsstursted
I wapour A wvapour
Al

v
Figure 1.7.4: Condensation of a van der Waal gas.

Solving these expressions for p., T, and V, yields

_a

pc—ﬁ
8a

©~ 27bR
V. =3b

The critical variables can be used in this fashion to determine the values of the molecular parameters used in an equation of state
(such as the van der Waals equation) for a given substance.

The Principle of Corresponding States

The principle of corresponding states was proposed by van der Waals in 1913 (van der Waals J. D., 1913). He noted that the
compression factor at the critical point
&:m%
RT,
is very nearly the same for any substance. This is consistent with what is predicted by the van der Waals equation, which predicts
Z. = 0.375 irrespective of substance.

Further, it can be noted that based on reduced variables defined by

p
Pr=—
Pe

v
V;:Vc
T
T, = —
r T,

several physical properties are found to be comparable for real substances. For example (Guggenheim, 1945), for argon, krypton,
nitrogen, oxygen, carbon dioxide and methane the reduced compressibility is

pVe

~0.292
[RTC
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Also, the reduced compression factor can be plotted as a function of reduced pressure for several substances at several reduced
isotherms with surprising consistency irrespective of the substance.

This page titled 1.7: Real Gases is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.

o 2.7: Real Gases by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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1.8: Intermolecular Forces

Intermolecular forces are the attractive or repulsive forces between molecules. They are separated into two groups; short range and
long range forces. Short range forces happen when the centers of the molecules are separated by three angstroms (10 cm) or less.
Short range forces tend to be repulsive, where the long range forces that act outside the three angstroms range are attractive. Long
range forces are also known as Van der Waals forces. They are responsible for surface tension, friction, viscosity and differences
between actual behavior of gases and that predicted by the ideal gas law. Intermolecular forces are responsible for most properties
of all the phases. The viscosity, diffusion, and surface tension are examples of physical properties of liquids that depend on
intermolecular forces. Vapor pressure, critical point, and boiling point are examples of properties of gases. Melting and sublimation
are examples of properties of solids that depend on intermolecular forces.

1.8.1: Van der Waals Forces

1.8: Intermolecular Forces is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.8.1: Van der Waals Forces

Van der Waals forces' is a general term used to define the attraction of intermolecular forces between molecules. There are two
kinds of Van der Waals forces: weak [.ondon Dispersion Forces and stronger dipole-dipole forces.

Introduction

The chance that an electron of an atom is in a certain area in the electron cloud at a specific time is called the "electron charge
density." Since there is no way of knowing exactly where the electron is located and since they do not all stay in the same area 100
percent of the time, if the electrons all go to the same area at once, a dipole is formed momentarily. Even if a molecule is nonpolar,
this displacement of electrons causes a nonpolar molecule to become polar for a moment.

Since the molecule is polar, this means that all the electrons are concentrated at one end and the molecule is partially negatively
charged on that end. This negative end makes the surrounding molecules have an instantaneous dipole also, attracting the
surrounding molecules' positive ends. This process is known as the I.ondon Dispersion Force of attraction.

The ability of a molecule to become polar and displace its electrons is known as the molecule's "polarizability." The more electrons
a molecule contains, the higher its ability to become polar. Polarizability increases in the periodic table from the top of a group to
the bottom and from right to left within periods. This is because the higher the molecular mass, the more electrons an atom has.
With more electrons, the outer electrons are easily displaced because the inner electrons shield the nucleus' positive charge from the
outer electrons which would normally keep them close to the nucleus.

When the molecules become polar, the melting and boiling points are raised because it takes more heat and energy to break these
bonds. Therefore, the greater the mass, the more electrons present, and the more electrons present, the higher the melting and
boiling points of these substances.

London dispersion forces are stronger in those molecules that are not compact, but long chains of elements. This is because it is
easier to displace the electrons because the forces of attraction between the electrons and protons in the nucleus are weaker. The
more readily displacement of electrons means the molecule is also more “polarizable.”

Dipole-Dipole Forces

These forces are similar to London Dispersion forces, but they occur in molecules that are permanently polar versus momentarily
polar. In this type of intermolecular interaction, a polar molecule such as water or H,O attracts the positive end of another polar
molecule with its negative end of its dipole. The attraction between these two molecules is the dipole-dipole force.

Van der Waals Equation

Van der Waals equation is required for special cases, such as non-ideal (real) gases, which is used to calculate an actual value. The
equation consist of:

(P+ %) (V —nb) =nRT (1)

The V in the formula refers to the volume of gas, in moles n. The intermolecular forces of attraction is incorporated into the
2
equation with the % term where a is a specific value of a particular gas. P represents the pressure measured, which is expected to

be lower than in usual cases. The variable b expresses the eliminated volume per mole, which accounts for the volume of gas
molecules and is also a value of a particular gas. R is a known constant, 0.08206 L atm mol! K1, and T stands for temperature.

Unlike most equations used for the calculation of real, or ideal, gases, van der Waals equation takes into account, and corrects for,
the volume of participating molecules and the intermolecular forces of attraction.
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1.9: Specific Interactions

Intermolecular forces are forces of attraction or repulsion which act between neighboring particles (atoms, molecules or ions). They
are weak compared to the intramolecular forces, which keep a molecule together (e.g., covalent and ionic bonding).

Topic hierarchy

1.9.1: Dipole-Dipole Interactions

1.9.2: Dipole Moment
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1.9.4: Hydrogen Bonding
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1.9.1: Dipole-Dipole Interactions

Dipole-Dipole interactions result when two dipolar molecules interact with each other through space. When this occurs, the
partially negative portion of one of the polar molecules is attracted to the partially positive portion of the second polar molecule.
This type of interaction between molecules accounts for many physically and biologically significant phenomena such as the
elevated boiling point of water.

Definition of a Dipole

Molecular dipoles occur due to the unequal sharing of electrons between atoms in a molecule. Those atoms that are more
electronegative pull the bonded electrons closer to themselves. The buildup of electron density around an atom or discreet region of
a molecule can result in a molecular dipole in which one side of the molecule possesses a partially negative charge and the other
side a partially positive charge. Molecules with dipoles that are not canceled by their molecular geometry are said to be polar.

v Example 1.9.1.1: Carbon Dioxide and Hydrogen Flouride

> 6-0

Figure 1.9.1.1.

In Figure 1 above, the more electronegative Oxygen atoms pull electron density towards themselves as demonstrated by the
arrows. Carbon Dioxide is not polar however because of its linear geometry. A molecule's overall dipole is directional, and is
given by the vector sum of the dipoles between the atoms. If we imagined the Carbon Dioxide molecule centered at 0 in the
XY coordinate plane, the molecule's overall dipole would be given by the following equation:

pcos(0) + —pcos(0) =0. (1.9.1.1)

Where p is the dipole moment of the bond (given by p=Q x r where Q is the charge and r is the distance of separation).
Therefore, the two dipoles cancel each other out to yield a molecule with no net dipole.

o®

Figure 1.9.1.2.

In contrast, figure 2 demonstrates a situation where a molecular dipole does result. There is no opposing dipole moment to
cancel out the one that is shown above. If we were to imagine the hydrogen flouride molecule placed so that the Hydrogen sat
at the origin in the XY coordinate plane, the dipole would be given by pcos(0) = .

Potential Energy of Dipole Interaction

Potential energy is the maximum energy that is available for an object to do work. In physics, work is a quantity that describes the
energy expended as a force operates over a distance. Potential energy is positional because it depends on the forces acting on an
object at its position in space. For instance, we could say that an object held above the ground has a potential energy equal to its
mass x acceleration due to gravity x its height above the ground (i.e., mgh). This potential energy that an object has as a result of
its position can be used to do work. For instance we could use a pulley system with a large weight held above the ground to hoist a
smaller weight into the air. As we drop the large weight it converts its potential energy to kinetic energy and does work on the rope
which lifts the smaller weight into the air. It is important to remember that due to the second law of thermodynamics, the amount of
work done by an object can never exceed (and is often considerably less) than the objects potential energy.

On a subatomic level, charged atoms have an electric potential which allows them to interact with each other. Electric potential
refers to the energy held by a charged particle as a result of it's position relative to a second charged particle. Electric potential
depends on charge polarity, charge strength and distance. Molecules with the same charge will repel each other as they come closer
together while molecules with opposite charges will attract.
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For two positively charged particles interacting at a distance r, the potential energy possessed by the system can be defined using
Coulomb's Law:

_ kQq

r

14 (1.9.1.2)

where

o k is the Coulomb constant and
e ( and g refer to the magnitude of the charge for each particle in Coulombs.

The above equation can also be used to calculate the distance between two charged particles (r) if we know the potential energy of
the system. While Coulomb's law is important, it only gives the potential energy between two point particles. Since molecules are
much larger than point particles and have charge concentrated over a larger area, we have to come up with a new equation.

The potential energy possessed by two polar atoms interacting with each other depends on the dipole moment, 1, of each molecule,
the distance apart, r, and the orientation in which the two molecules interact. For the case in which the partially positive area of one
molecule interacts only with the partially negative area of the other molecule, the potential energy is given by:

Vir) = —2Hb (1.9.1.3)

47e,r3

where €, is the permeability of space. If it is not the case that the molecular dipoles interact in this straight end to end manor, we
have to account mathematically for the change in potential energy due to the angle between the dipoles. We can add an angular
term to the above equation to account for this new parameter of the system:

H1p2
3
dmegrs,y

V(r)= (cosb12 —3cos b cosby) (1.9.1.4)
In this formula 6,5 is the angle made by the two oppositely charged dipoles, and 7;2 is the distance between the two molecules.
Also, 6; and 6, are the angles formed by the two dipoles with respect to the line connecting their centers.

It is also important to find the potential energy of the dipole moment for more than two interacting molecules. An important
concept to keep in mind when dealing with multiple charged molecules interacting is that like charges repel and opposite charges
attract. So for a system in which three charged molecules (2 positively charged molecules and 1 negatively charged molecule) are
interacting, we need to consider the angle between the attractive and repellant forces.

+q

The potential energy for the dipole interaction between multiple charged molecules is:

y — kpcost (1.9.1.5)

r2

where
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e k is the Coulomb constant, and
o 7 is the distance between the molecules.

Figure 1.9.1.3: Dipole-Dipole Interaction in the Gas Phase. image used with permission (Gary L. Bertrand).

v/ Example 1.9.1.2

Calculate the potential energy of the dipole-dipole interaction between 2 HF' molecules oriented along the x axis in an XY
coordinate plane whose area of positive charge is separated by 5.00 Angstroms from the area of negative charge of the adjacent
molecule:

Solution

The Dipole moment of the HF molecules can be found in many tables, p=1.92 D. Assume the molecules exist in a vacuum
such that €y = 8.8541878 x 107 '2C?N ~1m 2

C
p=1.92D x 3.3356 x 10*?’0?m =6.4044 x 10°°Cm (1.9.1.6)

Now use Equation 1.9.1.3to calculate the interaction energy

2(6.4044 x 107%°C'm)?
4(8.8541878 x 10 12C2 N 1m~2)(5.0 x 10710)3

=1.4745 x 107 Nm

v/ Example 1.9.1.3

Now imagine the same two HF molecules in the following orientation:

Dipale 1 |r=5.00}\ngstroms | |Dip0le2 |

. 3 ™ 5T
Given: 0; = T,Gg =3 and 6,2 = D]

Solution
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(6.4044 x 1073°C'm)?

V=-— (cos 57l-—SCos 37l-cosﬂ-)
47(8.8541878 x 10" 202N —1m~2(5.00 x 10 0m)3 " 12 4773

=-9.73x102Nm =9.73 x1072°J

Dipole-Dipole Interactions in Macroscopic Systems

It would seem, based on the above discussion, that in a system composed of a large number of dipolar molecules randomly
interacting with one another, V should go to zero because the molecules adopt all possible orientations. Thus the negative potential
energy of two molecular dipoles participating in a favorable interaction would be cancelled out by the positive energy of two
molecular dipoles participating in a high potential energy interaction. Contrary to our assumption, in bulk systems, it is more
probable for dipolar molecules to interact in such a way as to minimize their potential energy (i.e., dipoles form less energetic,
more probable configurations in accordance with the Boltzmann's Distribution). For instance, the partially positive area of a
molecular dipole being held next to the partially positive area of a second molecular dipole is a high potential energy configuration
and few molecules in the system will have sufficient energy to adopt it at room temperature. Generally, the higher potential energy
configurations are only able to be populated at elevated temperatures. Therefore, the interactions of dipoles in a bulk Solution are
not random, and instead adopt more probable, lower energy configurations. The following equation takes this into account:

pipy 1

V = "3 ameg)2r0 FpT

(1.9.1.7)

v/ Example 1.9.1.4

Looking at Equation 1.9.1.7 what happens to the potential energy of the interaction as temperature increases.

Solution

The potential energy of the dipole-dipole interaction decreases as T increases. This can be seen from the form of the above
equation, but an explanation for this observation is relatively simple to come by. As the temperature of the system increases,
more molecules have sufficient energy to occupy the less favorable configurations. The higher, less favorable, configurations
are those that give less favorable interactions between the dipoles (i.e., higher potential energy configurations).

v/ Example 1.9.1.5

Calculate the average energy of HF molecules interacting with one another in a bulk Solution assuming that the molecules are
4.00 Angstroms apart in room temperature Solution.

Solution
Using Equation 1.9.1.7to calculate the bulk potential energy:

v 2 (6.4044 x 1073°Cm)* 1
3 (47(8.8541878 x 10 2 C2N1m2)2(4.00 x 10 m)® (1.381 x 10723 Jk~1)(298k)
=-5.46 x10721J

v/ Example 1.9.1.6

What is the amount of energy stabilization that is provided to the system when 1 mole of HF atoms interact through dipole-
dipole interactions.

Solution
Since we have already calculated above the average potential energy of the HF dipole-dipole interaction this problem can be
easily solved.

V =-5.46 x 10721 x (6.022 x 10?*mol 1)

= —3288i = 3.29ﬂ
mol mol
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X Biological Importance of Dipole Interactions

The potential energy from dipole interactions is important for living organisms. The biggest impact dipole interactions have on
living organisms is seen with protein folding. Every process of protein formation, from the binding of individual amino acids
to secondary structures to tertiary structures and even the formation of quaternary structures is dependent on dipole-dipole
interactions.

A prime example of quaternary dipole interaction that is vital to human health is the formation of erythrocytes. Erythrocytes,
commonly known as red blood cells are the cell type responsible for the gas exchange (i.e. respiration). Inside the erythrocytes,
the molecule involved in this crucial process, is 'hemoglobin', formed by four protein subunits and a heme group'. For an heme
to form properly, multiple steps must occur, all of which involve dipole interactions. The four protein subunits—two alpha
chains, two beta chains—and the heme group, interact with each other through a series of dipole-dipole interactions which
allow the erythrocyte to take its final shape. Any mutation that destroys these dipole-dipole interactions prevents the
erythrocyte from forming properly, and impairs their ability to carry oxygen to the tissues of the body. So we can see that
without the dipole-dipole interactions, proteins would not be able to fold properly and all life as we know it would cease to
exist.
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1.9.2: Dipole Moment

Let's go back to that first ion pair which was formed when the positive ion and the negative ion came together. If the
electronegativities of the elements are sufficiently different (like an alkali metal and a halide), the charges on the paired ions will
not change appreciably - there will be a full electron charge on the blue ion and a full positive charge on the red ion. The bond
formed by the attraction of these opposite charges is called an ionic bond. If the difference in electronegativity is not so great,
however, there will be some degree of sharing of the electrons between the two atoms. The result is the same whether two ions
come together or two atoms come together:

Figure 1.9.2.1: Polar Molecule

The combination of atoms or ions is no longer a pair of ions, but rather a polar molecule which has a measureable dipole moment.
The dipole moment (D) is defined as if there were a positive (+q) and a negative (-q) charge separated by a distance (r):

D=gqr (1.9.2.1)

If there is no difference in electronegativity between the atoms (as in a diatomic molecule such as O or F5) there is no difference
in charge and no dipole moment. The bond is called a covalent bond, the molecule has no dipole moment, and the molecule is said
to be non-polar. Bonds between different atoms have different degrees of ionicity depending on the difference in the
electronegativities of the atoms. The degree of ionicity may range from zero (for a covalent bond between two atoms with the same
electronegativity) to one (for an ionic bond in which one atom has the full charge of an electron and the other atom has the opposite
charge).

Figure 1.9.2.1: Non-polar Molecule

In some cases, two or more partially ionic bonds arranged symmetrically around a central atom may mutually cancel each other's
polarity, resulting in a non-polar molecule. An example of this is seen in the carbon tetrachloride (C'Cl,) molecule. There is a
substantial difference between the electronegativities of carbon (2.55) and chlorine (3.16), but the four chlorine atoms are arranged
symmetrically about the carbon atom in a tetrahedral configuration, and the molecule has zero dipole moment. Saturated
hydrocarbons (C,, H,,2) are non-polar molecules because of the small difference in the electronegativities of carbon and hydrogen
plus the near symmetry about each carbon atom.
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1.9.3: Dipole moments

The intermolecular forces have important contribution in helping us to understand the interaction between atoms in same or
different kind of molecules. The interaction can involve polar or non polar molecules and ions. There are three common
intermolecular forces and this module will focus more in-depth the interaction involving polar molecules and interaction between

polar molecules and ions.

Introduction

Dipole moment (u) is the measure of net molecular polarity, which is the magnitude of the charge @ at either end of the molecular
dipole times the distance r between the charges.

p=Qxr (1.9.3.1)

Dipole moments tell us about the charge separation in a molecule. The larger the difference in electronegativities of bonded atoms,
the larger the dipole moment. For example, NaCl has the highest dipole moment because it has an ionic bond (i.e. highest charge

separation).

v/ Example 1: Chloromethane

In the Chloromethane molecule (CH3Cl), chlorine is more electronegative than carbon, thus attracting the electrons in the C—
Cl bond toward itself (Figure 1). As a result, chlorine is slightly negative and carbon is slightly positive in C—Cl bond. Since
one end of C-Cl is positive and the other end is negative, it is described as a polar bond. To indicate the increased in electron
density, the dipole is represented by an arrow with a cross at one end. The cross end of the arrow represents the positive end
and the point of the arrow represents the negative end of the dipole.

.

Figure 1

The vector will point from plus to minus charge and run parallel with the bond between 2 atoms. The symbol § indicates the
partial charge of an individual atom. In addition, the direction of vector implies the physical movement of electrons to an atom
that has more electronegativity when 2 atoms are separated by a distance of r. In other words, the electrons will spend more
time around atom that has larger electronegativity.

Table 1: Dipole Moments of Some Compounds

Compound Dipole Moment (Debyes)
NaCl 9.0 (measured in the gas phase)
CH;Cl 1.87
H,0 1.85
NH; 1.47
CO, 0
CCly 0
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Polar molecules and Dipole-Dipole Interaction

A polar molecule is a molecule where one end has a positive electrical charge and the other end has a negative charge due to the
arrangement or geometry of its atoms. Because polar molecules have a positive and negative charge ends, the positive charge end
of a molecule will attract to the negative end of adjacent molecule with the same or different kind of molecule. The attraction
beween two polar molecules is called dipole-dipole interaction. The attraction between two dipoles create a very strong
intermolecular force, which have great influence in the evaporation of liquid and condensation of gas.

Since water are polar molecules, the interaction between water molecules are so strong that it takes a lot of energy to break the
bond between the water molecules. Therefore, the boiling point of polar substances are higher than those of nonpolar substance

due to stronger intermolecular force among polar molecules.

Polar molecules and lons Interaction
When a polar molecule is mixed with ion, the positive charge end of the polar molecule will be attracted to the negative charge
called anion on the ion. Also, the positive charge called cation on the ion will be attracted to the negative charge end of the polar
molecule. This ion-dipole interaction is stronger than the dipole-dipole interaction between polar molecules, but is weaker than the
ion-ion interaction.

Since ions and polar molecule have positive and negative charge, we can use Coulomb's law to evaluate the force between them

9192
F:ker_2 (1.9.3.2)

with

e ¢; and g are the charges on atoms

e k. is the proportionality constant

e 719 is the distance between 2 separated charges

The strength of ion-dipole interaction is based on the distance between ion and polar molecule, the charge of the ion, and dipole
magnitude. The closer ion and polar molecule are, the stronger the intermolecular force is between polar molecule and ion. An ion
with higher charge will make the attraction stronger. Last, a greater magnitude of dipole will cause stronger attraction.
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1.9.4: Hydrogen Bonding

A hydrogen bond is an intermolecular force (IMF) that forms a special type of dipole-dipole attraction when a hydrogen atom
bonded to a strongly electronegative atom exists in the vicinity of another electronegative atom with a lone pair of electrons.
Intermolecular forces (IMFs) occur between molecules. Other examples include ordinary dipole-dipole interactions and dispersion
forces. Hydrogen bonds are are generally stronger than ordinary dipole-dipole and dispersion forces, but weaker than true covalent
and ionic bonds.

The evidence for hydrogen bonding

Many elements form compounds with hydrogen. If you plot the boiling points of the compounds of the group 14 elements with
hydrogen, you find that the boiling points increase as you go down the group.
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Figure 1: Boiling points of group 14 elemental halides.

The increase in boiling point happens because the molecules are getting larger with more electrons, and so van der Waals
dispersion forces become greater. If you repeat this exercise with the compounds of the elements in groups 15, 16, and 17 with
hydrogen, something odd happens.
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Figure 2: Boiling points of group 15-17 elemental halides.

Although the same reasoning applies for group 4 of the periodic table, the boiling point of the compound of hydrogen with the first
element in each group is abnormally high. In the cases of N Hs, H,O and H F' there must be some additional intermolecular forces
of attraction, requiring significantly more heat energy to break the IMFs. These relatively powerful intermolecular forces are
described as hydrogen bonds.

Origin of Hydrogen Bonding

The molecules capable of hydrogen bonding include the following:

lone pairs

P S

_-’5‘: 5+ . 59 5'}!_:*
T VU

Figure 3: The lone pairs responsible for hydrogen bonding in N H3, H,O, and HF'. The solid line represents a bond in the plane of
the screen or paper. Dotted bonds are going back into the screen or paper away from you, and wedge-shaped ones are coming out
towards you.

Notice that in each of these molecules:

e The hydrogen is attached directly to a highly electronegative atoms, causing the hydrogen to acquire a highly positive charge.

o Each of the highly electronegative atoms attains a high negative charge and has at least one "active" lone pair. Lone pairs at the
2-level have electrons contained in a relatively small volume of space, resulting in a high negative charge density. Lone pairs at
higher levels are more diffuse and, resulting in a lower charge density and lower affinity for positive charge.

I If you are not familiar with electronegativity, you should follow this link before you go on.

Consider two water molecules coming close together.
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hydrogen bonds

Hs.

Figure 4: Hydrogen bonding in water

The 0 hydrogen is so strongly attracted to the lone pair that it is almost as if you were beginning to form a co-ordinate (dative
covalent) bond. Tt doesn't go that far, but the attraction is significantly stronger than an ordinary dipole-dipole interaction.
Hydrogen bonds have about a tenth of the strength of an average covalent bond, and are constantly broken and reformed in liquid
water. If you liken the covalent bond between the oxygen and hydrogen to a stable marriage, the hydrogen bond has "just good
friends" status.

Water is an ideal example of hydrogen bonding. Notice that each water molecule can potentially form four hydrogen bonds with
surrounding water molecules: two with the hydrogen atoms and two with the with the oxygen atoms. There are exactly the right
numbers of §* hydrogens and lone pairs for every one of them to be involved in hydrogen bonding.

This is why the boiling point of water is higher than that of ammonia or hydrogen fluoride. In the case of ammonia, the amount of
hydrogen bonding is limited by the fact that each nitrogen only has one lone pair. In a group of ammonia molecules, there are not
enough lone pairs to go around to satisfy all the hydrogens. In hydrogen fluoride, the problem is a shortage of hydrogens. In water,
two hydrogen bonds and two lone pairs allow formation of hydrogen bond interactions in a lattice of water molecules. Water is thus
considered an ideal hydrogen bonded system.

More complex examples of hydrogen bonding

The hydration of negative ions

When an ionic substance dissolves in water, water molecules cluster around the separated ions. This process is called hydration.
Water frequently attaches to positive ions by co-ordinate (dative covalent) bonds. It bonds to negative ions using hydrogen bonds.

If you are interested in the bonding in hydrated positive ions, you could follow this link to
co-ordinate (dative covalent) bonding.
The diagram shows the potential hydrogen bonds formed with a chloride ion, Cl-. Although the lone pairs in the chloride ion are at

the 3-level and would not normally be active enough to form hydrogen bonds, they are made more attractive by the full negative
charge on the chlorine in this case.
’57 5+
0—H

ool
5 . 5+
/0— H-- @I~ H—0
a+H “HET He*
N
0
sy

Figure 5: Hydrogen bonding between chloride ions and water.

However complicated the negative ion, there will always be lone pairs that the hydrogen atoms from the water molecules can
hydrogen bond to.

Hydrogen bonding in alcohols

An alcohol is an organic molecule containing an -OH group. Any molecule which has a hydrogen atom attached directly to an
oxygen or a nitrogen is capable of hydrogen bonding. Hydrogen bonds also occur when hydrogen is bonded to fluorine, but the HF
group does not appear in other molecules. Molecules with hydrogen bonds will always have higher boiling points than similarly
sized molecules which don't have an -O-H or an -N-H group. The hydrogen bonding makes the molecules "stickier," such that more
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heat (energy) is required to separate them. This phenomenon can be used to analyze boiling point of different molecules, defined as
the temperature at which a phase change from liquid to gas occurs.

Ethanol, CH;CH,—O—H, and methoxymethane, CH, —O—CHj, both have the same molecular formula, C,H;O.

sthanol CHzCH20H

methexymethans CHsDCHs w

They have the same number of electrons, and a similar length. The van der Waals attractions (both dispersion forces and dipole-
dipole attractions) in each will be similar. However, ethanol has a hydrogen atom attached directly to an oxygen; here the oxygen
still has two lone pairs like a water molecule. Hydrogen bonding can occur between ethanol molecules, although not as effectively
as in water. The hydrogen bonding is limited by the fact that there is only one hydrogen in each ethanol molecule with sufficient s+
charge.

In methoxymethane, the lone pairs on the oxygen are still there, but the hydrogens are not sufficiently s+ for hydrogen bonds to
form. Except in some rather unusual cases, the hydrogen atom has to be attached directly to the very electronegative element for
hydrogen bonding to occur. The boiling points of ethanol and methoxymethane show the dramatic effect that the hydrogen bonding
has on the stickiness of the ethanol molecules:

ethanol (with hydrogen bonding) 78.5°C

methoxymethane (without hydrogen bonding) -24.8°C

The hydrogen bonding in the ethanol has lifted its boiling point about 100°C. It is important to realize that hydrogen bonding exists
in addition to van der Waals attractions. For example, all the following molecules contain the same number of electrons, and the
first two have similar chain lengths. The higher boiling point of the butan-1-ol is due to the additional hydrogen bonding.

nentane CH3CH2CH2CHzCH3 B.Pt 36.3°C

butan-1-ol CH3CHaCH2CH2OH BPt  117°C

2-methyipropan-1-ol CH3CHCH2OH B.PE  108°C
CHz

Comparing the two alcohols (containing -OH groups), both boiling points are high because of the additional hydrogen bonding;
however, the values are not the same. The boiling point of the 2-methylpropan-1-ol isn't as high as the butan-1-ol because the
branching in the molecule makes the van der Waals attractions less effective than in the longer butan-1-ol.

Hydrogen bonding in organic molecules containing nitrogen

Hydrogen bonding also occurs in organic molecules containing N-H groups; recall the hydrogen bonds that occur with ammonia.
Examples range from simple molecules like CH;NH, (methylamine) to large molecules like proteins and DNA. The two strands of
the famous double helix in DNA are held together by hydrogen bonds between hydrogen atoms attached to nitrogen on one strand,
and lone pairs on another nitrogen or an oxygen on the other one.

Donors and Acceptors

In order for a hydrogen bond to occur there must be both a hydrogen donor and an acceptor present. The donor in a hydrogen bond
is usually a strongly electronegative atom such as N, O, or F that is covalently bonded to a hydrogen bond.

The hydrogen acceptor is an electronegative atom of a neighboring molecule or ion that contains a lone pair that participates in the
hydrogen bond.
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Acceptor

Why does a hydrogen bond occur?

Since the hydrogen donor (N, O, or F) is strongly electronegative, it pulls the covalently bonded electron pair closer to its nucleus,
and away from the hydrogen atom. The hydrogen atom is then left with a partial positive charge, creating a dipole-dipole attraction
between the hydrogen atom bonded to the donor and the lone electron pair of the acceptor. This results in a hydrogen bond.(see
Interactions Between Molecules With Permanent Dipoles)

Types of hydrogen bonds

Although hydrogen bonds are well-known as a type of IMF, these bonds can also occur within a single molecule, between two
identical molecules, or between two dissimilar molecules.

Intramolecular hydrogen bonds

Intramolecular hydrogen bonds are those which occur within one single molecule. This occurs when two functional groups of a
molecule can form hydrogen bonds with each other. In order for this to happen, both a hydrogen donor a hydrogen acceptor must
be present within one molecule, and they must be within close proximity of each other in the molecule. For example,
intramolecular hydrogen bonding occurs in ethylene glycol (CoH4(OH),) between its two hydroxyl groups due to the molecular

geometry.

Intramolecular h-bonding in Ethylene
Gyeol motecule

Intermolecular hydrogen bonds

Intermolecular hydrogen bonds occur between separate molecules in a substance. They can occur between any number of like or
unlike molecules as long as hydrogen donors and acceptors are present in positions where they can interact with one another. For
example, intermolecular hydrogen bonds can occur between NH3 molecules alone, between H,O molecules alone, or between NH3
and H,O molecules.

- H H
H---N:-—H —N; H---N:---H —--O:
H H H H
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Properties and effects of hydrogen bonds

On Boiling Point

When we consider the boiling points of molecules, we usually expect molecules with larger molar masses to have higher normal
boiling points than molecules with smaller molar masses. This, without taking hydrogen bonds into account, is due to greater
dispersion forces (see Interactions Between Nonpolar Molecules). Larger molecules have more space for electron distribution and
thus more possibilities for an instantaneous dipole moment. However, when we consider the table below, we see that this is not
always the case.

Compound Molar Mass Normal Boiling Point
H,0 18 g/mol 373 K
HF 20 g/mol 2925 K
NH;j 17 g/mol 239.8K
H,S 34 g/mol 2129 K
HCI 36.4 g/mol 1979 K
PHj 34 g/mol 185.2 K

We see that H,O, HF, and NH; each have higher boiling points than the same compound formed between hydrogen and the next
element moving down its respective group, indicating that the former have greater intermolecular forces. This is because H,O, HF,
and NH; all exhibit hydrogen bonding, whereas the others do not. Furthermore, HoO has a smaller molar mass than HF but
partakes in more hydrogen bonds per molecule, so its boiling point is higher.

On Viscosity

The same effect that is seen on boiling point as a result of hydrogen bonding can also be observed in the viscosity of certain
substances. Substances capable of forming hydrogen bonds tend to have a higher viscosity than those that do not form hydrogen
bonds. Generally, substances that have the possibility for multiple hydrogen bonds exhibit even higher viscosities.

Factors preventing Hydrogen bonding

Electronegativity

Hydrogen bonding cannot occur without significant electronegativity differences between hydrogen and the atom it is bonded to.
Thus, we see molecules such as PH3, which do not participate in hydrogen bonding. PH3 exhibits a trigonal pyramidal molecular
geometry like that of ammonia, but unlike NHj3 it cannot hydrogen bond. This is due to the similarity in the electronegativities of
phosphorous and hydrogen. Both atoms have an electronegativity of 2.1, and thus, there is no dipole moment. This prevents the
hydrogen atom from acquiring the partial positive charge needed to hydrogen bond with the lone electron pair in another molecule.
(see Polarizability)

Atom Size

The size of donors and acceptors can also affect the ability to hydrogen bond. This can account for the relatively low ability of Cl
to form hydrogen bonds. When the radii of two atoms differ greatly or are large, their nuclei cannot achieve close proximity when
they interact, resulting in a weak interaction.
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large RB=weak interaction

Hydrogen Bonding in Nature

Hydrogen bonding plays a crucial role in many biological processes and can account for many natural phenomena such as the
Unusual properties of Water. In addition to being present in water, hydrogen bonding is also important in the water transport system
of plants, secondary and tertiary protein structure, and DNA base pairing.

Plants

The cohesion-adhesion theory of transport in vascular plants uses hydrogen bonding to explain many key components of water
movement through the plant's xylem and other vessels. Within a vessel, water molecules hydrogen bond not only to each other, but
also to the cellulose chain that comprises the wall of plant cells. Since the vessel is relatively small, the attraction of the water to the
cellulose wall creates a sort of capillary tube that allows for capillary action. This mechanism allows plants to pull water up into
their roots. Furthermore, hydrogen bonding can create a long chain of water molecules, which can overcome the force of gravity
and travel up to the high altitudes of leaves.

Proteins

Hydrogen bonding is present abundantly in the secondary structure of proteins, and also sparingly in tertiary conformation. The
secondary structure of a protein involves interactions (mainly hydrogen bonds) between neighboring polypeptide backbones which
contain nitrogen-hydrogen bonded pairs and oxygen atoms. Since both N and O are strongly electronegative, the hydrogen atoms
bonded to nitrogen in one polypeptide backbone can hydrogen bond to the oxygen atoms in another chain and vice-versa. Though
they are relatively weak, these bonds offer substantial stability to secondary protein structure because they repeat many times and
work collectively.

In tertiary protein structure, interactions are primarily between functional R groups of a polypeptide chain; one such interaction is
called a hydrophobic interaction. These interactions occur because of hydrogen bonding between water molecules around the
hydrophobe that further reinforces protein conformation.

References
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1.9.5: lon - Dipole Interactions

Polar molecules can interact with ions:

Figure 1: Ion-Dipole Interactions (Gary L Bertrand)

1.9.5: Ton - Dipole Interactions is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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1.9.6: lon - Induced Dipole Interactions

The charges on ions and the charge separation in polar molecules explain the fairly strong interactions between them, with very
strong ion - ion interactions, weaker ion - dipole interactions, and considerably weaker . Even in a non-
polar molecule, however, the valence electrons are moving around and there will occasionally be instances when more are on one
side of the molecule than on the other. This gives rise to fluctuating or instantaneous dipoles:

Figure 1: Fluctuating Dipole in a Non-polar Molecule

These instantaneous dipoles may be induced and stabilized as an ion or a polar molecule approaches the non-polar molecule.

Figure 2: (Left) Ion - Induced Dipole Interaction. (Right) Dipole - Induced Dipole Interaction
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1.9.7: lon - lon Interactions

The interactions between ions (ion - ion interactions) are the easiest to understand: like charges repel each other and opposite
charges attract. These Coulombic forces operate over relatively long distances in the gas phase. The force depends on the product
of the charges (Z,, Z,) divided by the square of the distance of separation (d?):

— 212y

Two oppositely-charged particles flying about in a vacuum will be attracted toward each other, and the force becomes stronger and

stronger as they approach until eventually they will stick together and a considerable amount of energy will be required to separate
them.

Figure 1: Ion - Ion Interactions in the Gas Phase

They form an ion-pair, a new particle which has a positively-charged area and a negatively-charged area. There are fairly strong
interactions between these ion pairs and free ions, so that these the clusters tend to grow, and they will eventually fall out of the gas
phase as a liquid or solid (depending on the temperature).
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1.9.8: Lennard-Jones Potential

Proposed by Sir John Edward Lennard-Jones, the Lennard-Jones potential describes the potential energy of interaction between two
non-bonding atoms or molecules based on their distance of separation. The potential equation accounts for the difference between
attractive forces (dipole-dipole, dipole-induced dipole, and I.ondon interactions) and repulsive forces.

Introduction

Imagine two rubber balls separated by a large distance. Both objects are far enough apart that they are not interacting. The two balls
can be brought closer together with minimal energy, allowing interaction. The balls can continuously be brought closer together
until they are touching. At this point, it becomes difficult to further decrease the distance between the two balls. To bring the balls
any closer together, increasing amounts of energy must be added. This is because eventually, as the balls begin to invade each
other’s space, they repel each other; the force of repulsion is far greater than the force of attraction.

- -

1. Both balls are an infinite distance apart and are not
interacting

%

2. The balls are brought closer together with minimal energy
input to @ certain distance, r. At this distance, the balls have
an attractive force between them

3. The attractive force between the two objects brings the objects
even further together until they reach an equilibrium distance
apart at which their minimum bending potential is reached.

P

4. To further decrease the distance between both objects,
additional energy is required because as the balls overlap, repulsive
forces act and push both balls further apart. At these distances, the
force of repulsion is greater than the force of attraction. Figure A

This scenario is similar to that which takes place in neutral atoms and molecules and is often described by the Lennard-Jones
potential.

The Lennard-Jones Potential

The Lennard-Jones model consists of two 'parts’; a steep repulsive term, and smoother attractive term, representing the London
dispersion forces. Apart from being an important model in itself, the Lennard-Jones potential frequently forms one of 'building
blocks' of many force fields. It is worth mentioning that the 12-6 Lennard-Jones model is not the most faithful representation of the
potential energy surface, but rather its use is widespread due to its computational expediency. The Lennard-Jones Potential is given
by the following equation:

V(r) = 4e [(5)12 - (E)G] (1.9.8.1)

or is sometimes expressed as:

A B
Vi) =5 (1.9.8.2)

where
o V is the intermolecular potential between the two atoms or molecules.
o ¢ is the well depth and a measure of how strongly the two particles attract each other.

e 0 is the distance at which the intermolecular potential between the two particles is zero (Figure 1.9.8.1). o gives a measurement
of how close two nonbonding particles can get and is thus referred to as the van der Waals radius. Tt is equal to one-half of the
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internuclear distance between nonbonding particles.

o 7 is the distance of separation between both particles (measured from the center of one particle to the center of the other
particle).

o A=4ec'?, B=14e0"

e Minimum value of ®15(r) at 7 = 7y, -
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NOTE: The deeper the well depth [¢), the
stronger the interaction between the two
particles. When the bonding potantial
energy is equai to zero, the distance of
separation, r, will be equal o

Figure B

Figure 1.9.8.1: The Lennard-Jones potential describes both the attraction and repulsion between nonionic particles. The first part of
the equation, the short-ranged o/r)!2 term describes the repulsive forces between particles while the latter part of the equation and
the longer-ranged o /5 term denotes the attraction.

v/ Example 1.9.8.1: The van der Waals Radius

The € and o values for Xenon (Xe) are found to be 1.77 kJ/mol and 4.10 Angstroms, respectively. Determine the van der Waals
radius for the Xenon atom.

Solution
Recall that the van der Waals radius is equal to one-half of the internuclear distance between nonbonding particles. Because o
gives a measure of how close two non-bonding particles can be, the van der Waals radius for Xenon (Xe) is given by:

r = 0/2 = 4.10 Angstroms/2 = 2.05 Angstroms

Bonding Potential

The Lennard-Jones potential is a function of the distance between the centers of two particles. When two non-bonding particles are
an infinite distance apart, the possibility of them coming together and interacting is minimal. For simplicity's sake, their bonding
potential energy is considered zero. However, as the distance of separation decreases, the probability of interaction increases. The
particles come closer together until they reach a region of separation where the two particles become bound; their bonding potential
energy decreases from zero to a negative quantity. While the particles are bound, the distance between their centers continue to
decrease until the particles reach an equilibrium, specified by the separation distance at which the minimum potential energy is
reached.

If the two bound particles are further pressed together, past their equilibrium distance, repulsion begins to occur: the particles are so
close together that their electrons are forced to occupy each other’s orbitals. Repulsion occurs as each particle attempts to retain the
space in their respective orbitals. Despite the repulsive force between both particles, their bonding potential energy increases
rapidly as the distance of separation decreases.

v/ Example 1.9.8.2

Calculate the intermolecular potential between two Argon (Ar) atoms separated by a distance of 4.0 Angstroms (use €=0.997
kJ/mol and 0=3.40 Angstroms).

Solution
To solve for the intermolecular potential between the two Argon atoms, we use equation 2.1 where V is the intermolecular
potential between two non-bonding particles.
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The data given are:

e €=0.997 kJ/mol,
e o0 =3.40 Angstroms, and
o the distance of separation, r = 4.0 Angstroms.

We plug these values into Equation 1.9.8.1and solve as follows:

40 A 2 40 A 6
V:4(0.997kJ/mol)l(3 0 ngstroms) _(3 0 ngstroms)

4.0 Angstroms 4.0 Angstroms

=3.988(0.14 —0.38)
=3.988(—0.24)
= —0.96kJ/mol

Stability and Force of Interactions

Like the bonding potential energy, the stability of an arrangement of atoms is a function of the Lennard-Jones separation distance.
As the separation distance decreases below equilibrium, the potential energy becomes increasingly positive (indicating a repulsive
force). Such a large potential energy is energetically unfavorable, as it indicates an overlapping of atomic orbitals. However, at long
separation distances, the potential energy is negative and approaches zero as the separation distance increases to infinity (indicating
an attractive force). This indicates that at long-range distances, the pair of atoms or molecules experiences a small stabilizing force.
Lastly, as the separation between the two particles reaches a distance slightly greater than o, the potential energy reaches a
minimum value (indicating zero force). At this point, the pair of particles is most stable and will remain in that orientation until an
external force is exerted upon it.

Lennard-Jones Potential
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Figure C

v/ Example 1.9.8.3

Two molecules, separated by a distance of 3.0 angstroms, are found to have a ¢ value of 4.10 angstroms. By decreasing the
separation distance between both molecules to 2.0 angstroms, the intermolecular potential between the molecules becomes
more negative. Do these molecules follow the Lennard-Jones potential? Why or why not?

Solution

Recall that o is the distance at which the bonding potential between two particles is zero. On a graph of the Lennard-Jones
potential, then, this value gives the x-intersection of the graph. According to the Lennard-Jones potential, any value of r
greater than o should yield a negative bonding potential and any value of r smaller than o should yield a positive bonding
potential. In this scenario, as the separation between the two molecules decreases from 3.0 angstroms to 2.0 angstroms, the
bonding potential is becomes more negative. In essence however, because the starting separation (3.0 angstroms) is already
less than o (4.0 angstroms), decreasing the separation even further (2.0 angstroms) should result in a more positive bonding
potential. Therefore, these molecules do not follow the Lennard-Jones potential.
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? Exercise 1.9.8.1

The second part of the Lennard-Jones equation is (o/r)® and denotes attraction. Name at least three types of intermolecular
interactions that represent attraction.

Answer

From section 2.1, dipole-dipole, dipole-induced dipole, and L.ondon interactions are all attractive forces.

? Exercise 1.9.8.2

At what separation distance in the Lennard-Jones potential does a species have a repulsive force acting on it? An attractive
force? No force?

Answer

See Figure C. A species will have a repulsive force acting on it when r is less than the equilibrium distance between the
particles. A species will have an attractive force acting on it when r is greater than the equilibrium distance between the
particles. Lastly, when 7 is equal to t1he equilibrium distance between both particles, the species will have no force acting

upon it.
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1.9.10: Polarizability

The term polarizability refers to the tendency of molecules to generate induced electric dipole moments when subjected to an
electric field. It originates from the fact that nuclei and electrons are generally not fixed in space and that when molecules are
subject to an electric field, the negatively charged electrons and positively charged atomic nuclei are subject to opposite forces and
undergo charge separation. Polarizability allows us to better understand the interactions between nonpolar atoms and molecules and
other electrically charged species, such as ions or polar molecules with dipole moments.

Introduction

Neutral nonpolar species have spherically symmetric arrangements of electrons in their electron clouds. When in the presence of an
electric field, their electron clouds can be distorted (Figure 1.9.10.1). The ease of this distortion is the polarizability of the atom or
molecule. The created distortion of the electron cloud causes the originally nonpolar molecule or atom to acquire a dipole moment.
This induced dipole moment is related to the polarizability of the molecule or atom and the strength of the electric field by the
following equation:

Ping = B (1.9.10.1)

where E denotes the strength of the electric field and « is the polarizability of the atom or molecule with units of C m?V-".

Figure 1.9.10.1: A neutral nonpolar species's electron cloud is distorted by an externally applied electric field. (top) Before the

electric field is turned on the electron cloud is isotropically distributed. (bottom) Once the electric field is turned on, an induced

dipole moment is generated. If we turn off the electric field, the dipole moment goes away (not shown). (CC BY-NC 4.0; Umit

Kaya via LibreTexts).
In general, polarizability correlates with the interaction between electrons and the nucleus. The amount of electrons in a molecule
affects how tight the nuclear charge can control the overall charge distribution. Atoms with fewer electrons will have smaller,
denser electron clouds, as there is a strong interaction between the few electrons in the atoms’ orbitals and the positively charged
nucleus. There is also less shielding in atoms with fewer electrons contributing to the stronger interaction of the outer electrons and
the nucleus. With the electrons held tightly in place in these smaller atoms, these atoms are typically not easily polarized by
external electric fields. In contrast, large atoms with many electrons, such as negative ions with excess electrons, are easily
polarized. These atoms typically have very diffuse electron clouds and large atomic radii that limit the interaction of their external
electrons and the nucleus.

X Factors that Influence Polarizability

The relationship between polarizability and the factors of electron density, atomic radii, and molecular orientation is as
follows:

1. The greater the number of electrons, the less control the nuclear charge has on charge distribution, and thus the increased
polarizability of the atom.
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2. The greater the distance of electrons from nuclear charge, the less control the nuclear charge has on the charge distribution,
and thus the increased polarizability of the atom.

3. Molecular orientation with respect to an electric field can affect polarizability (labeled Orientation-dependent), except for
molecules that are: tetrahedral, octahedral or icosahedral (labeled Orientation-independent). This factor is more important
for unsaturated molecules that contain areas of electron-dense regions, such as 2,4-hexadiene. Greatest polarizability in
these molecules is achieved when the electric field is applied parallel to the molecule rather than perpendicular to the
molecule.

Polarizability Influences Dispersion Forces

The dispersion force is the weakest intermolecular force. It is an attractive force that arises from surrounding temporary dipole
moments in nonpolar molecules or species. These temporary dipole moments arise when there are instantaneous deviations in the
electron clouds of the nonpolar species. Surrounding molecules are influenced by these temporary dipole moments and a sort of
chain reaction results in which subsequent weak, dipole-induced dipole interactions are created (Figure 1.9.10.2).

\+ —_
o+ - o} o)
Q.4 T -l
"ﬁh‘\-—/’.

Figure 1.9.10.2: A neutral nonpolar species's electron cloud (yellow) can be distorted by the electric field of a nearby ion (e.g.,
sodium cation) or polar molecule (e.g., hydrogen chloride) to induce a dipole moment. (CC BY-NC 4.0; Umit Kaya via
LibreTexts).
These cumulative dipole-induced dipole interactions create attractive dispersion forces. Dispersion forces are the forces that make
nonpolar substances condense to liquids and freeze into solids when the temperature is low enough.

Polarizability affects dispersion forces in the following ways:

e As polarizability increases, the dispersion forces also become stronger. Thus, molecules attract one another more strongly and
melting and boiling points of covalent substances increase with larger molecular mass.

o Polarizability also affects dispersion forces through the molecular shape of the affected molecules. Elongated molecules with
electrons that are delocalized (e.g., with double or triple bonds) will have some of those electrons easily shifted over a greater
distance. This is manifested in an greater polarizability and thus greater dispersion forces.

X Structure Dependence to Dispersion Forces

The influence of polarizability on the strength of the dispersion forces is also modulated by the 3-D structure of the molecules.
For example, neo-pentane and n-pentane (Figure 1.9.10.3) exhibit comparable polarizabilities, but have different boiling
points. The lack of polar bonding in both indicates that dispersion is the dominant interaction responsible in both substances.
The higher boiling point of n-pentane indicates there are stronger intermolecular interactions.

Table 1.9.10.3: Properties of neopentane and n-pentane

molecule Boiling Points (°C) o (A3
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molecule Boiling Points (°C) a (A%
neopentane 9.5 10.24
n-pentane 36.0 9.879

Both neopentane and n-pentane would be expected to exhibits comparable dispersion forces since they have comparable
polarizabilities. However, the structure of the n-pentane molecule facilitates greater dispersion forces due to more contacts
between n-pentane molecules. In contrast, neopentane has a smaller dispersion force since the interactions between neopentane
are reduced since neopentane is more compact and symmetrical.

Figure 1.9.10.3: (left) Neopentane, an isomer of n-pentane, is an example of a more compact and less polarizable molecule.
(right) n-Pentane is an example of an elongated molecule that is more easily polarized.

The relationship between polarizability and dispersion forces can be seen in the following equation, which can be used to quantify
the interaction between two like nonpolar atoms or molecules (e.g., A with A):

3 o?I

V(r) 7 s

(1.9.10.2)

where r is the distance between the atoms or molecules, I is the first ionization energy of the atom or molecule, and « is the
polarizability constant expressed in units of m?.
This expression of « is related to o’ by the following equation:

«

r_ 1.9.10.3
@ 47e, ( )

To quantify the interaction between unlike atoms or molecules (A and B), Equation 1.9.10.2becomes:

-3 Iyulgp agap
2 Iy+Ig o

V(r)= (1.9.10.4)
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1.S: Gases (Summary)

Learning Objectives
After mastering the material covered in this chapter, one will be able to:

1. Understand the relationships demonstrated by and perform calculations using the empirical gas laws (Boyle’s Law, Charles’
Law, Gay-Lussac’s Law, and Avogadro’s Law, as well as the combined gas law.)
2. Understand and be able to utilize the ideal gas law in applications important in chemistry.
. State the postulates of the Kinetic Molecular theory of gases.
4. Utilize the Maxwell and Maxwell-Boltzmann distributions to describe the relationship between temperature and the distribution
of molecular speeds.
5. Derive an expression for pressure based on the predictions of the kinetic molecular theory for the collisions of gas molecules
with the walls of a container.
6. Derive and utilize an expression for the frequency with which molecules in a gas sample collide with other molecules.
7. Derive and utilize an expression for the mean-free-path of molecules based on temperature, pressure, and collisional cross
section.
8. Explain how the van der Waals (and other) model(s) allow for deviations from ideal behavior of gas samples.
9. Derive an expression for the Boyle temperature and interpret the results based on how a gas’s behavior approaches that of an
ideal gas.
10. Explain and utilize the Principle of Corresponding States.

w

Vocabulary and Concepts

e average

o Boyle temperature

o collisional cross section

e compression factor

e critical point

e critical temperature

o diffusion

o effusion

e empirical

o empirical gas laws

o frequency of collisions

o frequency of collisions with the wall
e gas law constant

o ideal gas law

¢ intermolecular potential

e isotherm

o Kinetic Molecular Theory

o Knudsen cell

o Leonard-Jones potential

e maximum probability

e Maxwell’s distribution

e Maxwell-Boltzmann distribution
¢ mean free path

e normalization constant

o number density

o principle of corresponding states
o reduced variables

e root-mean-square

e Second Virial Coefficient

o Taylor Series Expansion
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e van der Waals’ equation
e Virial Equation
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2.1: The Boltzmann Factor

Statistical Mechanics provides the connection between microscopic motion of individual atoms of matter and macroscopically
observable properties such as temperature, pressure, entropy, free energy, heat capacity, chemical potential, viscosity, spectra,
reaction rates, etc.

The Microscopic Laws of Motion

Consider a system of N classical particles. The particles are confined to a particular region of space by a container of volume V. In
classical mechanics, the state of each particle is specified by giving its position and its velocity, i.e., by telling where it is and where
it is going. The position of particle ¢ is simply a vector of three coordinates r; = (&;, y;, z; ) » and its velocity v; is also a vector
(vmi s Uy, Uz, ) of the three velocity components. Thus, if we specify, at any instant in time, these six numbers, we know everything
there is to know about the state of particle 7.

The particles in our system have a finite kinetic energy and are therefore in constant motion, driven by the forces they exert on each
other (and any external forces which may be present). At a given instant in time ¢, the Cartesian positions of the particles are

ri(t),...,ry(t), and the velocities at ¢ are related to the positions by differentiation:
dr; .
vi(t) = —- =1 (2.1.2)

In order to determine the positions and velocities as function of time, we need the classical laws of motion, particularly, Newton’s
second law. Newton’s second law states that the particles move under the action of the forces the particles exert on each other and
under any forces present due to external fields. Let these forces be denoted 'y, Fs, ..., Fy . Note that these forces are functions of
the particle positions:

Fi:Fi(rl,...,rN) (213)

which is known as a force field (because it is a function of positions). Given these forces, the time evolution of the positions of the
particles is then given by Newton’s second law of motion:

mzrz :Fi(rla PN ,I‘N)

where Fi,...,Fy are the forces on each of the IV particles due to all the other particles in the system. The notation
I‘Z = dzl‘i/dt2 .

N Newton’s equations of motion constitute a set of 3NV coupled second order differential equations. In order to solve these, it is
necessary to specify a set of appropriate initial conditions on the coordinates and their first time derivatives,
{r1(0),...,rx(0),r1(0),...,rx(0)}. Then, the solution of Newton’s equations gives the complete set of coordinates and
velocities for all time ¢.

The Ensemble Concept (Heuristic Definition)

For a typical macroscopic system, the total number of particles is N ~ 10?%. Since an essentially infinite amount of precision is
needed in order to specify the initial conditions (due to exponentially rapid growth of errors in this specification), the amount of
information required to specify a trajectory is essentially infinite. Even if we content ourselves with quadrupole precision, however,
the amount of memory needed to hold just one phase space point would be about 128 bytes = 27 ~ 10 bytes for each number or
10% x 6 x 10%® ~ 107 gigabytes which is also 10? yottabytes! The largest computers we have today have perhaps 10° gigabytes
of memory, so we are off by 11 orders of magnitude just to specify 1 classical state.

Fortunately, we do not need all of this detail. There are enormous numbers of microscopic states that give rise to the same
macroscopic observable. Let us again return to the connection between temperature and kinetic energy:

3 1
= — —m.v2
2NI<:T—ZE:1 5 MV (2.1.4)
which can be solved to give:
N
2 (1 1
T— Zm;v2 2.1.5
3k N;f”’ (2.1.5)
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Here we see that T is related to the average kinetic energy of all of the particles. We can imagine many ways of choosing the
particle velocities so that we obtain the same average. One is to take a set of velocities and simply assign them in different ways to
the NV particles, which can be done in IN! ways. Apart from this, there will be many different choices of the velocities, themselves,
all of which give the same average.

Since, from the point of view of macroscopic properties, precise microscopic details are largely unimportant, we might imagine
employing a construct known as the ensemble concept in which a large number of systems with different microscopic
characteristics but similar macroscopic characteristics is used to “wash out” the microscopic details via an averaging procedure.
This is an idea developed by individuals such as Gibbs, Maxwell, and Boltzmann.

Consider a large number of systems each described by the same set of microscopic forces and sharing a common set of
macroscopic thermodynamic variables (e.g. the same total energy, number of moles, and volume). Each system is assumed to
evolve under the microscopic laws of motion from a different initial condition so that the time evolution of each system will be
different from all the others. Such a collection of systems is called an ensemble. The ensemble concept then states that macroscopic
observables can be calculated by performing averages over the systems in the ensemble. For many properties, such as temperature
and pressure, which are time-independent, the fact that the systems are evolving in time will not affect their values, and we may
perform averages at a particular instant in time.

The questions that naturally arise are:

1. How do we construct an ensemble?

2. How do we perform averages over an ensemble?

3. How do we determine which thermodynamic properties characterize an ensemble?

4. How many different types of ensembles can we construct, and what distinguishes them?

These questions will be addresses in the sections ahead.

Thermal energy

A confined monatomic gas can be seen as a box with a whole bunch of atoms in it. Each of these particles can be in one of the
states given by the last formula. If all of them have large n values there is obviously a lot of kinetic energy in the system. The
lowest energy is when all atoms have 1,1,1 as quantum numbers. Boltzmann realized that this should relate to temperature. When
we add energy to the system (by heating it up without changing the volume of the box), the temperature goes up. At higher
temperatures we would expect higher quantum numbers, and at lower T', lower ones. But how exactly are the atoms distributed
over the various states?

This is a good example of a problem involving a discrete probability distribution. The probability that a certain level (e.g.,
n = (n1,ng, ng) with energy E;) is occupied should be a function of temperature: P;(7T'). Boltzmann postulated that you could
look at temperature as a form of energy. The thermal energy of a system is directly proportional to an absolute temperature.

Ethe?‘mal =kT

The proportionality constant k£ (or kp) is named after him: the Boltzmann constant. It plays a central role in all statistical
thermodynamics. The Boltzmann factor is used to approximate the fraction of particles in a large system. The Boltzmann factor is
given by:

e PEi (2.1.6)
where:

e E; is the energy in the state 7,
e T'is the kelvin temperature, and
e k is Boltzmann constant.

As the following section demonstrates, the term S in Equation 2.1.6 is expressed as:

1
=17

The rates of many physical processes are also determined by the Boltzmann factor. For a random particle, its thermal energy of a
particle is a small multiple of the energy k7'. An increase in temperature results in more particles crossing the energy barrier
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characteristic of activation processes. If this is to occur, particles need to carry sufficient energy. This energy is needed for the
particles to successfully cross the energy barrier and is usually called activation energy. The fraction of molecules that have
sufficient energy to escape the original material surface is approximately proportional to the Boltzmann factor.

References

1. Hakala, R.W. (1961). A new derivation of the Boltzmann distribution law. Journal of Chemical Education. dei:
10.1021/ed038p33.

2. Claudio Fazio, Onofrio R Battaglia, Ivan Guastella. (2012).Two experiments to approach the Boltzmann factor: chemical
reaction and viscous flow. European Journal of Physics, 33, 2, 359.doi:10.1088/0143-0807/33/2/359.

Problems

1. How are temperature and the average energy per particle for a system related?

2. What does the Boltzmann factor tell you? Why is it important?

3. When is it possible for particles to get extra energy?

4. Give three examples of activation processes.

5. What do "separate arrangements" mean? What are the differences between these arrangements?

2.1: The Boltzmann Factor is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 17.1: The Boltzmann Factor is used to Approximate the Fraction of Particles in a Large System by Mark Tuckerman is licensed CC BY
4.0.
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2.2: The Thermal Boltzman Distribution

Consider a N-particle ensemble. The particles are not necessarily indistinguishable and possibly have mutual potential energy.
Since this is a large system, there are many different ways to arrange its particles and yet yield the same thermodynamic state. Only
one arrangement can occur at a time. The sum of the probabilities of each separate arrangement equals the total number of separate
arrangements. Then the probability of a system is:

N = Wnp;

where py is the probability of the system, Wy is the total number of different possible arrangements of the N particles in the
system, and p; is the probability of each separate arrangement. Heisenberg's uncertainty principle states that it is impossible to
simultaneously know the momentum and the position of an object with complete precision. In agreement with the uncertainty
principle, the total possible number of combinations can be defined as the total number of distinguishable rearrangements of the N
particles.

The most practical ensemble is the canonical ensemble with IV, V, and T" fixed. We can imagine a collection of boxes with equal
volumes and number of particles with the entire collection kept in thermal equilibrium. Based on the Boltzmann factor, we know
that for a system that has states with energies e, ez, e3..., the probability p; that the system will be in the state j with energy E; is
exponentially proportional to the energy of state j. The partition functions of the state places a very important role in calculating
the properties of a system, for example, it can be used to calculate the probability, as well as the energy, heat capacity, and pressure.

The Boltzmann Distribution

We are ultimately interested in the probability that a given distribution will occur. The reason for this is that we must have this
information in order to obtain useful thermodynamic averages. Let's consider an ensemble of A systems. We will define a; as the
number of systems in the ensemble that are in the quantum state j. For example, a; represents the number of systems in the
quantum state 1. The total number of possible microstates is:

Al

W(ahaz,---):W

The overall probability that P; that a system is in the j® quantum state is obtained by averaging a;/A over all the allowed
distributions. Thus, P; is given by:

A
W
A YW

where the angle brackets indicate an ensemble average. Using this definition we can calculate any average property (i.e. any
thermodynamic property):

(M) =" M;P, (2.2.1)

The method of the most probable distribution is based on the idea that the average over P; is identical to the most probable
distribution. Physically, this results from the fact that we have so many particles in a typical system that the fluctuations from the
mean are extremely (immeasurably) small. The equivalence of the average probability of an occupation number and the most
probable distribution is expressed as follows:

The probability function is subject to the following constraints:

o Constraint 1: Conservation of energy requires:
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Etotar = Z a;e; (2.2.2)
J

where e; is the energy of the jth quantum state.
o Constraint 2: Conservation of mass requires:

A=) "a; (2.2.3)
J
which says only that the total number of all of the systems in the ensemble is A.

As we will learn in later chapters, the system will tend towards the distribution of a; that maximizes the total number of
microstates. This can be expressed as:

Our constraints becomes:

The method of Lagrange multipliers (named after Joseph Louis Lagrange is a strategy for finding the local maxima and minima of
a function subject to equality constraints. Using the method of LaGrange undetermined multipliers we have:

Z [( 6:,91;:;[/) da; + ada; —,Bejdaj] =0

J

We can use Stirling's approximation:

Inz!~zlnz—=z
OlnW
Baj

(3) (%)=

to evaluate:

to get:

as outlined below.

Application of Stirling's Approximation

First step is to note that:

InW =InA! —Zlnaj!a == AlnA—A—Zaj Ina; —Zaj
J J J

Since (from Equation 2.2.3):
A= Z a]-
J
these two cancel to give:

InW = AlnA—Zaj Ina;
J
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The derivative is:

OlnW\ 0AlnA _Z Oa;Ina;
6aj o Baj 7 6aj

Therefore we have:

(PAA) 04, 04y
6(1]' 8aj a;

Oa; Ina; Oa; Oa;
((;T]Z) = —Zlnai — a—l = lIlaj +].

These latter derivatives result from the fact that:

The simple expression that results from these manipulations is:

—ln(ﬁ) +o—pPej=0

A
The most probable distribution is:
as
Z’ =t j e Pe (2.2.4)
Now we need to find the undetermined multipliers o and 3.
The left hand side of Equation 2.2.4is 1. Thus, we have:
o a; o e—ﬁej

By Ty om
E].e !

This determines a and defines the Boltzmann distribution. We will show that 5 from the optimization procedure of method of
Lagrange multipliers is:

1
ﬁ:k_T

This identification will show the importance of temperature in the Boltzmann distribution. The distribution represents a thermally
equilibrated most probable distribution over all energy levels (Figure 17.2.1).

https://chem.libretexts.org/@go/page/199153



https://libretexts.org/
https://chem.libretexts.org/@go/page/199153?pdf

LibreTexts"

Rotational Vibrational Electronic
AE = 0.012kJ mol™ AE =12 kJ mol” AE =120k) mol”
ﬁ
—_—_— e
—0000
DOO0000: 0000006 S00000m

Figure 17.2.1 : At lower temperatures, the lower energy states are more greatly populated. At higher temperatures, there are more

higher energy states populated, but each is populated less. kgT 2.5 kJ mol~! at 300 K. (CC SA-BY 3.0;
Mysterioso via Wikiversity).

X Boltzmann Distribution

The Boltzmann distribution represents a thermally equilibrated most probable distribution over all energy levels. There is
always a higher population in a state of lower energy than in one of higher energy.

Once we know the probability distribution for energy, we can calculate thermodynamic properties like the energy, entropy, free
energies and heat capacities, which are all average quantities (Equation 2.2.1). To calculate P;, we need the energy levels of a
system (i.e., {€; }). The energy ("levels") of a system can be built up from the quantum energy levels

It must always be remembered that no matter how large the energy spacing is, there is
always a non-zero probability of the upper level being populated. The only exception is a
system that is at absolute zero. This situation is however hypothetical as absolute zero can
be approached but not reached.

Partition Function

The sum over all factors e ¢/ is given a name. It is called the molecular partition function, g:
J

The molecular partition function ¢ gives an indication of the average number of states that are thermally accessible to a molecule at
the temperature of the system. The partition function is a sum over states (of course with the Boltzmann factor 8 multiplying the
energy in the exponent) and is a number. Larger the value of g, larger the number of states which are available for the molecular
system to occupy (Figure 17.2.2).
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Figure 17.2.2 : At lower temperatures, the lower energy states are more greatly populated. At higher temperatures, there are more
higher energy states populated, but each is populated less. (CC SA-BY 3.0; Mysterioso via Wikiversity).

We distinguish here between the partition function of the ensemble, () and that of an individual molecule, g. Since () represents a
sum over all states accessible to the system it can written as:

Q(N, V, T) = Z e_ﬁ(ei+e]+ek---)

iygken.
where the indices ¢, j, k represent energy levels of different particles.

Regardless of the type of particle the molecular partition function, ¢ represents the energy levels of one individual molecule. We
can rewrite the above sum as:

Q =44k - - -
or:
N
Q=q
for N particles. Note that ¢; means a sum over states or energy levels accessible to molecule ¢ and g; means the same for molecule
j. The molecular partition function, g counts the energy levels accessible to molecule ¢ only. ) counts not only the states of all of
the molecules, but all of the possible combinations of occupations of those states. However, if the particles are not distinguishable

then we will have counted N! states too many. The factor of N! is exactly how many times we can swap the indices in
Q(N,V,T) and get the same value (again provided that the particles are not distinguishable). See this video for more information.
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Problems

1. Complete the justification of Boltzmann's distribution law by computing the proportionality constant a.

2. A system contains two energy levels F1, E5. Using Boltzmann statistics, express the average energy of the system in terms of
Ey, E,.

3. Consider a system contains N energy levels. Redo problem #2.

4. Use the property of exponential function, derive equation (17.9).

5. What are the uses of partition functions?

2.2: The Thermal Boltzman Distribution is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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2.3: The Average Ensemble Energy

We will be restricting ourselves to the canonical ensemble (constant temperature and constant pressure). Consider a collection of N
molecules. The probability of finding a molecule with energy E; is equal to the fraction of the molecules with energy E;. That is,
in a collection of N molecules, the probability of the molecules having energy FE;:

n;
P=—
N

This is the directly obtained from the Boltzmann distribution, where the fraction of molecules n; /N having energy E; is:

. —E;/kT
n; e
P =—= 2.3.2
N Q ( )
The average energy is obtained by multiplying E; with its probability and summing over all ¢:
(E)=Y_EP, (2.3.3)

Equation 2.3.3 is the standard average over a distribution commonly found in quantum mechanics as expectation values. The
quantum mechanical version of this Equation is

(| H|)

where W2 is the distribution function that the Hamiltonian operator (e.g., energy) is averaged over; this equation is also the
starting point in the Variational method approximation.

Equation 2.3.3 can be solved by plugging in the Boltzmann distribution (Equation 2.3.2):

Ei efEi /kT
(E) ZZ—Q (2.3.4)
i
Where @ is the partition function:
E;
Q=Y
i
We can take the derivative of In ) with respect to temperature, 7':
oln@Q\ 1 E;e Ei/kT 9.3.5
or )  kI? Z Q (2.8.5)
Comparing Equation 2.3.4 with 2.3.5, we obtain:
0lnQ
E)=kT? [ —==
&) -1 (252
It is common to write these equations in terms of 3, where:
1
=T

The partition function becomes:

We can take the derivative of In Q) with respect to 3:

Ban) __ Eie*ﬁEi
( B 2 Q

i
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And obtain:

olnQ
E)=—
®=--(%")
Replacing 1/kT with 8 often simplifies the math and is easier to use.

It is not uncommon to find the notation changes: Z instead of Q and F instead of (E).
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CHAPTER OVERVIEW

3.1: The Schrédinger Equation and a Particle in a Box

a small space surrounded by impenetrable barriers. The model is mainly used as a hypothetical example to illustrate the differences
between classical and quantum systems. In classical systems, for example a ball trapped inside a large box, the particle can move at
any speed within the box and it is no more likely to be found at one position than another. However, when the well becomes very
narrow (on the scale of a few nanometers), quantum effects become important. The particle may only occupy certain positive

energy levels. The particle in a box model provides one of the very few problems in quantum mechanics which can be solved
analytically, without approximations. This means that the observable properties of the particle (such as its energy and position) are
related to the mass of the particle and the width of the well by simple mathematical expressions. Due to its simplicity, the model
allows insight into quantum effects without the need for complicated mathematics. It is one of the first quantum mechanics
problems taught in undergraduate physics courses, and it is commonly used as an approximation for more complicated quantum
systems.

2

3.1.1: The Schrédinger Equation

3.1.2: Linear Operators in Quantum Mechanics

3.1.3: The Schrodinger Equation is an Eigenvalue Problem

3.1.4: Wavefunctions Have a Probabilistic Interpretation

3.1.5: The Energy of a Particle in a Box is Quantized

3.1.6: Wavefunctions Must Be Normalized

3.1.7: The Average Momentum of a Particle in a Box is Zero

3.1.8: The Uncertainty Principle - Estimating Uncertainties from Wavefunctions

2

3.1.9: A Particle in a Three-Dimensional Box

3.1.E: The Schrodinger Equation and a Particle in a Box (Exercises)

Thumbnail: The quantum wavefunction of a particle in a 2D infinite potential well of dimensions L, and L,. The wavenumbers are
ng = 2 and n, = 2. Image used with permission (Public Domain; Inductiveload).
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3.1.1: The Schrodinger Equation

4 Learning Objectives

e To be introduced to the general properties of the Schrodinger equation and its solutions.

De Broglie’s doctoral thesis, defended at the end of 1924, created a lot of excitement in European physics circles. Shortly after it
was published in the fall of 1925 Pieter Debye, Professor of Theoretical Physics at Zurich and Einstein's successor, suggested to
Erwin Schrodinger that he give a seminar on de Broglie’s work. Schrédinger gave a polished presentation, but at the end Debye
remarked that he considered the whole theory rather childish: why should a wave confine itself to a circle in space? It wasn’t as if
the circle was a waving circular string, real waves in space diffracted and diffused, in fact they obeyed three-dimensional wave
equations, and that was what was needed. This was a direct challenge to Schrodinger, who spent some weeks in the Swiss
mountains working on the problem and constructing his equation. There is no rigorous derivation of Schrodinger’s equation from
previously established theory, but it can be made very plausible by thinking about the connection between light waves and photons,
and construction an analogous structure for de Broglie’s waves and electrons (and, later, other particles).

The Schrodinger Equation: A Better Approach

While the Bohr model is able to predict the allowed energies of any single-electron atom or cation, it by no means, a general
approach. Moreover, it relies heavily on classical ideas, clumsily grafting quantization onto an essentially classical picture, and
therefore, provides no real insights into the true quantum nature of the atom. Any rule that might be capable of predicting the
allowed energies of a quantum system must also account for the wave-particle duality and implicitly include a wave-like
description for particles. Nonetheless, we will attempt a heuristic argument to make the result at least plausible. In classical
electromagnetic theory, it follows from Maxwell's equations that each component of the electric and magnetic fields in vacuum is a
solution of the 3-D wave equation for electronmagnetic waves:

62\1’(:1:7 Y, % t)
ot2

The wave equation in Equation 3.1.1.1is the three-dimensional analog to the wave equation presented earlier (Equation 2.1.1) with
2

1
V2\Il(:c,y,z,t)—§ =0 (3.1.1.1)

the velocity fixed to the known speed of light: c. Instead of a partial derivative ) in one dimension, the Laplacian (or "del-
z
squared") operator is introduced:
0? 0? 0?
Vie——t—+— 3.1.1.2
Ox? + Oy? + 022 ( )

Corresponding, the solution to this 3D equation wave equation is a function of four independent variables: z, y, z, and ¢ and is
generally called the wavefunction .

We will attempt now to create an analogous equation for de Broglie's matter waves. Accordingly, let us consider a only 1-
dimensional wave motion propagating in the x-direction. At a given instant of time, the form of a wave might be represented by a
function such as

U(z)=f (%Tm) (3.1.1.3)

0

where f(6) represents a sinusoidal function such as sin#é, cos#, e e ® or some linear combination of these. The most suggestive

form will turn out to be the complex exponential, which is related to the sine and cosine by Euler's formula
et =cosf+isind (3.1.1.4)

Each of the above is a periodic function, its value repeating every time its argument increases by 27. This happens whenever x
increases by one wavelength \. At a fixed point in space, the time-dependence of the wave has an analogous structure:

T(t) = f(2mvt) (3.1.1.5)

where v gives the number of cycles of the wave per unit time. Taking into account both  and ¢ dependence, we consider a
wavefunction of the form
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U(x,t) =exp {27ri (%—Vt)} (3.1.1.6)

representing waves traveling from left to right. Now we make use of the Planck formula (E = hv) and de Broglie formulas (
p= %) to replace v and A by their particle analogs. This gives

U(z,t) zexp[i(px—r:Et)] (3.1.1.7)
where
h
= (3.1.1.8)

Since Planck's constant occurs in most formulas with the denominator 27, the i symbol was introduced by Paul Dirac. Equation
3.1.1.5represents in some way the wavelike nature of a particle with energy £ and momentum p. The time derivative of Equation

3.1.1.7gives
ov iE i(pz — Et)
—=—| = _— 3.1.1.9
ot ( h )eXp[ h ( )
Thus from a simple comparison of Equations 3.1.1.7and 3.1.1.9
ov
ih— = EY¥ 3.1.1.10
ih— (3.1.1.10)
or analogously differentiation of Equation 3.1.1.9with respect to
ov
—th— =p¥ 3.1.1.11
ihoe =p ( )
and then the second derivative
0*v
—h? =p’¥ 3.1.1.12
50z P ( )
The energy and momentum for a nonrelativistic free particle (i.e., all energy is kinetic with no potential energy involved) are
related by
1 p?
E=-mv=-— 111
5 MY = o (3 3)
Substituting Equations 3.1.1.12and 3.1.1.10into Equation 3.1.1.13shows that ¥(z, t) satisfies the following partial differential
equation
)\ h? 0%V
zha— = 0 (3.1.1.14)

ot 2m 92
Equation 3.1.1.141s the applicable differential equation describing the wavefunction of a free particle that is not bound by any
external forces or equivalently not in a region where its potential energy V' (z, t) varies.
For a particle with a non-zero potential energy V'(z), the total energy FE is then a sum of kinetics and potential energies

2
E=L 1v@) (3.1.1.15)
2m

we postulate that Equation 3.1.1.3for matter waves can be generalized to

2 52
ih—a\ll(:z:,t) = _h_a_

ot om a2 TV @) 1) (3.1.1.16)

time-dependent Schrédinger equationin 1D

For matter waves in three dimensions, Equation 3.1.1.6is then expanded
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ih%\Il(F, t) = [—;—mvz +V(F)] (7, ) (3.1.1.17)

time-dependent Schrédinger equation in 3D

Here the potential energy and the wavefunctions ¥ depend on the three space coordinates x, y, z, which we write for brevity as 7.
Notice that the potential energy is assumed to depend on position only and not time (i.e., particle motion). This is applicable for
conservative forces that a potential energy function V'(¥) can be formulated.

X The Laplacian Operator

The three second derivatives in parentheses together are called the Laplacian operator, or del-squared,

VZ=V-V
02 02 02
= <ﬁ+8_yz+@> (3.1.1.18)
with the del operator,
_0 .0 .0
vV = (‘”%“’a_yﬂé) (3.1.1.19)

Remember from basic calculus that when the del operator is direclty operates on a field (e.g, V f(z,y,z) it denotes the
gradient (i.e, the locally steepest slope) of the field. The symbols with arrows in Equation 3.1.1.19are unit vectors.

Equation 3.1.1.17 is the time-dependent Schrédinger equation describing the wavefunction amplitude ¥(7,¢) of matter waves
associated with the particle within a specified potential V(7). Its formulation in 1926 represents the start of modern quantum
mechanics (Heisenberg in 1925 proposed another version known as matrix mechanics).

For conservative systems, the energy is a constant, and the time-dependent factor from Equation 3.1.1.7can be separated from the
space-only factor (via the Separation of Variables technique discussed in Section 2.2)

(7, t) = ¢(r)e E/h (3.1.1.20)

where 1 (7) is a wavefunction dependent (or time-independent) wavefuction that only depends on space coordinates. Putting
Equation 3.1.1.20 into Equation 3.1.1.17 and cancelling the exponential factors, we obtain the time-independent Schrédinger
equation:

[_%w +v(;~*)} ¥(F) = E¢(7) (3.1.1.21)

time-independent Schrsdinger equation

The overall form of the Equation 3.1.1.21is not unusual or unexpected as it uses the principle of the conservation of energy. Most
of our applications of quantum mechanics to chemistry will be based on this equation (with the exception of spectroscopy). The
terms of the time-independent Schrodinger equation can then be interpreted as total energy of the system, equal to the system
kinetic energy plus the system potential energy. In this respect, it is just the same as in classical physics.

X Time Dependence to the Wavefunctions

Notice that the wavefunctions used with the time-independent Schrédinger equation (i.e., % (7)) do not have explicit ¢
dependences like the wavefunctions of time-dependent analog in Equation 3.1.1.17 (i.e., (7, t)). That does not imply that
there is no time dependence to the wavefunction. Equation 3.1.1.20 argues that the time-dependent (i.e., full spatial and
temporal) wavefunction (¥(7,t)) differs from from the time-independent (i.e., spatial only) wavefunction 1 (7) by a "phase
factor" of constant magnitude. Using the Euler relationship in Equation 3.1.1.4 the total wavefunction above can be expanded

U(r,t) =9(7) (cos % —1i sin %) (3.1.1.22)
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This means the total wavefunction has a complex behavior with a real part and an imaginary part. Moreover, using the
trigonometry identity sin(f) = cos(6 —7/2) Equation 3.1.1.22can further simplified to

. . Et . Et =
U(r,t) = —_— | —3 - _
(r,t) =9(r) cos( 7 ) ih(r) cos( 5 2)
This shows that both the real and the imaginary components of the total wavefunction oscillate, the imaginary part of the total

wavefunction oscillates out of phase by 7 with respect to the real part.

Note that while all wavefunctions have a time-dependence, that dependence may not impact in simple quantum problems as
the next sections discuss and can often be ignored.

Before we embark on this, however, let us pause to comment on the validity of quantum mechanics. Despite its weirdness, its
abstractness, and its strange view of the universe as a place of randomness and unpredictability, quantum theory has been subject to
intense experimental scrutiny. It has been found to agree with experiments to better than 1072°% for all cases studied so far. When
the Schrodinger Equation is combined with a quantum description of the electromagnetic field, a theory known as quantum
electrodynamics, the result is one of the most accurate theories of matter that has ever been put forth. Keeping this in mind, let us
forge ahead in our discussion of the quantum universe and how to apply quantum theory to both model and real situations.

3.1.1: The Schrodinger Equation is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 3.1: The Schrodinger Equation by Michael Fowler is licensed CC BY-NC-SA 4.0.
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3.1.2: Linear Operators in Quantum Mechanics

&) Learning Objectives

e Classical-Mechanical quantities are represented by linear operators in Quantum Mechanics
e Understand that "algebra" of scalars and functions do not always to operators (specifically the commutative property)

The bracketed object in the time-independent Schrodinger Equation (in 1D)

[ ik V2 +V(F)} Y(7F) = By(7) (3.1.2.1)

“2m

is called an operator. An operator is a generalization of the concept of a function applied to a function. Whereas a function is a rule
for turning one number into another, an operator is a rule for turning one function into another. For the time-independent
Schrodinger Equation, the operator of relevance is the Hamiltonian operator (often just called the Hamiltonian) and is the most
ubiquitous operator in quantum mechanics.

- h2

—_ L 2 pos
H= 2mV +V(r)

We often (but not always) indicate that an object is an operator by placing a 'hat' over it, eg, H. So time-independent Schrodinger
Equation can then be simplified from Equation 3.1.2.1to

Hy(7) = By(7) (3.1.2.2)

Equation 3.1.2.2says that the Hamiltonian operator operates on the wavefunction to produce the energy, which is a scalar (i.e., a
number, a quantity and observable) times the wavefunction. Such an equation, where the operator, operating on a function,
produces a constant times the function, is called an eigenvalue equation. The function is called an eigenfunction, and the resulting
numerical value is called the eigenvalue. Eigen here is the German word meaning self or own. We will discuss this in detail in later
Sections.

Fundamental Properties of Operators
Most properties of operators are straightforward, but they are summarized below for completeness.

1. The sum and difference of two operators A and B are given by

(A+B)f = Af + Bf
2. The product of two operators is defined by
ABf = A[Bf]
3. Two operators are equal if
Af = Bf
for all functions f.
4. The identity operator 1 does nothing (or multiplies by 1)

1f=f
5. The n-th power of an operator A" is defined as n successive applications of the operator, e.g.
Alf = AAf
6. The associative law holds for operators

A(BC) = (AB)C

7. The commutative law does not generally hold for operators. In general, but not always,

3.1.2.1 https://chem.libretexts.org/@go/page/199158
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AB+ BA. (3.1.2.3)

To help identify if the inequality in Equation 3.1.2.3holds for any two specific operators, we define the commutator.

& Definition: The Commutator

It is convenient to define the commutator of A and B

A A A A

[A,B]= AB— BA

If Aand B commute, then
(A, B] =o0.

If the commutator is not zero, the order of operating matters and the operators are said to "not commute." Moreover, this property
applies

[Av B] = _[B, A]
Linear Operators

The action of an operator that turns the function f(z) into the function g(z) is represented by

Af(z) = g(z) (3.1.2.4)
The most common kind of operator encountered are linear operators which satisfies the following two conditions:
O(f(z) +g(z)) = Of (z) + Og(x) (3.1.2.5)
Condition A
and
Ocf(z) =cOf () (3.1.2.6)
Condition B
where

o Oisalinear operator,
e cis a constant that can be a complex number (¢ = a +1b ), and
e f(z)and g(x) are functions of =

If an operator fails to satisfy either Equations 3.1.2.50r 3.1.2.6then it is not a linear operator.

v/ Example 3.2.1

A d
Is this operator O = —ihd— linear?
T

Solution

To confirm is an operator is linear, both conditions in Equation 3.1.2.6must be demonstrated.

Condition A (Equation 3.1.2.5):

a . d
O(f(z)+g(z)) = —Zﬁa(f(w) +9(z))
From basic calculus, we know that we can use the sum rule for differentiation

O(f(@) +9(@)) = —ih= (@) —ih-—g(a)

— Of(z) + Ogla) v

Condition A is confirmed. Does Condition B (Equation 3.1.2.6) hold?
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A d
Ocf(z) = —ih%cf(w)
Also from basic calculus, this can be factored out of the derivative
Ocf(z) = —cihif(w)
o dz

=cOf(z) v

Yes. This operator is a linear operator (this is the linear momentum operator).

? Exercise 3.2.1
Confirm if the square root operator / f () linear or not?

Answer

To confirm is an operator is linear, both conditions in Equations 3.1.2.5and 3.1.2.6must be demonstrated. Let's look first at
Condition B.

Does Condition B (Equation 3.1.2.6) hold?

Ocf(z) = cOf (z)

Vel (@) #ey/1(z)

Condition B does not hold, therefore the square root operator is not linear.

The most operators encountered in quantum mechanics are linear operators.

Hermitian Operators
An important property of operators is suggested by considering the Hamiltonian for the particle in a box:
) K2 42
T 2mda?

Let f(z) and g(x) be arbitrary functions which obey the same boundary values as the eigenfunctions of H (e.g., they vanish at
z =0 and z = a). Consider the integral

¢ > h2 ¢ "
| @) fg@)ae =~ [ 16" @)@

Now, using integration by parts,

a

. (3.1.2.7)

/ "f(a) " (@) de = / F@)g (@) de+ f(2) g ()
0 0

The boundary terms vanish by the assumed conditions on f and g. A second integration by parts transforms Equation 3.1.2.7to

a

0

/ (@) o) de — f(@) g(a)

It follows therefore that

| 1@ Eate)da = [ g(o) B f(a) o
0 0
An obvious generalization for complex functions will read

[ r@ad@ = ([ 5@ fea)

*
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In mathematical terminology, an operator A for which

/f*flngz(/g*jlde)*

for all functions f and g which obey specified boundary conditions is classified as Hermitian or self-adjoint. Evidently, the
Hamiltonian is a Hermitian operator. It is postulated that all quantum-mechanical operators that represent dynamical variables are
Hermitian. The term is also used for specific times of matrices in linear algebra courses.

I All quantum-mechanical operators that represent dynamical variables are Hermitian.

3.1.2: Linear Operators in Quantum Mechanics is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 3.2: Linear Operators in Quantum Mechanics by S. M. Blinder is licensed CC BY-NC-SA 4.0.
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3.1.3: The Schrddinger Equation is an Eigenvalue Problem

&) Learning Objectives

e To recognize that each quantum mechanical observable is determined by solve by an eigenvalue problem with different
operators for different observable

o Confirm if a specific wavefunction is an eigenfunction of a specific operation and extract the corresponding obserable (the
eigenvalue)

o To recognize that the Schrodinger equation, just like all measurable, is also an eigenvalue problem with the eigenvalue
ascribed to total energy

e Identity and manipulate several common quantum mechanical operators

As per the definition, an operator acting on a function gives another function, however a special case occurs when the generated
function is proportional to the original

Ay ocyp (3.1.3.1)
This case can be expressed in terms of a equality by introducing a proportionality constant &
Ay = ky (3.1.3.2)

Not all functions will solve an equation like in Equation 3.1.3.2 If a function does, then 1 is known as an eigenfunction and the
constant k is called its eigenvalue (these terms are hybrids with German, the purely English equivalents being "characteristic
function" and "characteristic value", respectively). Solving eigenvalue problems are discussed in most linear algebra courses.

In quantum mechanics, every experimental measurable a is the eigenvalue of a specific operator (21):
Ay =ayp (3.1.3.3)

The a eigenvalues represents the possible measured values of the A operator. Classically, a would be allowed to vary continuously,
but in quantum mechanics, a typically has only a sub-set of allowed values (hence the quantum aspect). Both time-dependent and
time-independent Schrodinger equations are the best known instances of an eigenvalue equations in quantum mechanics, with its
eigenvalues corresponding to the allowed energy levels of the quantum system.

h? - - -
[ T V2 +V(T)} (1) = Ep(7) (3.1.3.4)
The object on the left that acts on () is an example of an operator.
R? _,
- 7 .1.3.
[ 2mV +V(r)} (3.1.3.5)

In effect, what is says to do is "take the second derivative of 1 (z ), multiply the result by —(A*/2m) and then add V (z)v(z) to the
result of that." Quantum mechanics involves many different types of operators. This one, however, plays a special role because it
appears on the left side of the Schrodinger equation. It is called the Hamiltonian operator and is denoted as

H= —%VQJrV(F) (3.1.3.6)
Therefore, the time-dependent Schrodinger equation can be (and it more commonly) written as
Hy(x,t) = ih%ap(m, t) (3.1.3.7)
and the time-independent Schrédinger equation
Hi(z) = Ey() (3.1.3.8)

Note that the functional form of Equation 3.1.3.8is the same as the general eigenvalue equation in Equation 3.1.3.2where the
eigenvalues are the (allowed) total energies (E).
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The Hamiltonian, named after the Irish mathematician Hamilton, comes from the formulation of Classical Mechanics that is based
on the total energy, H =T + V , rather than Newton's second law, F' = ma. Equation 3.1.3.8says that the Hamiltonian operator
operates on the wavefunction to produce the energy F, which is a scalar (e.g., expressed in Joules) times the wavefunction.

X Correspondence Principle

Note that H is derived from the classical energy p?/2m + V (a) simply by replacing p — —ik(d/dz). This is an example of
the Correspondence Principle initially proposed by Niels Bohr that states that the behavior of systems described by quantum
theory reproduces classical physics in the limit of large quantum numbers.

It is a general principle of Quantum Mechanics that there is an operator for every physical observable. A physical observable is
anything that can be measured. If the wavefunction that describes a system is an eigenfunction of an operator, then the value of the
associated observable is extracted from the eigenfunction by operating on the eigenfunction with the appropriate operator. The
value of the observable for the system is then the eigenvalue, and the system is said to be in an eigenstate. Equation 3.1.3.8 states
this principle mathematically for the case of energy as the observable. If the wavefunction is not the eigenfunction of the operation,
then the measurement will give an eigenvalue (by definition), but not necessarily the same one for each measurement (this will be
discussed in more detail in later section).

Common Operators

Although we could theoretically come up with an infinite number of operators, in practice there are a few which are much more
important than any others.

e Linear Momentum:

The linear momentum operator of a particle moving in one dimension (the z-direction) is

b, = —ihai (3.1.3.9)
X

and can be generalized in three dimensions:
p = —ihV (3.1.3.10)
o Position

The position operator of a particle moving in one dimension (the x-direction) is
z==z (3.1.3.11)

and can be generalized in three dimensions:

(3.1.3.12)

=S
Il
=31

where 7 = (z,y, 2).
¢ Kinetic Energy

Classically, the kinetic energy of a particle moving in one dimension (the z-direction), in terms of momentum, is

p2
KE ossical = = 1.3.1
tssical = 2 (3.1.3.13)

Quantum mechanically, the corresponding kinetic energy operator is

2 g2
KE quantum :f:—m% (3.1.3.14)
and can be generalized in three dimensions:
N R _,
KE pontum = —%V (3.1.3.15)

o Angular Momentum:
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Angular momentum requires a more complex discussion, but is the cross product of the position operator 7 and the
momentum operator p

L=—ih(f xV) (3.1.3.16)
¢ Hamiltonian:

The Hamiltonian operator corresponds to the total energy of the system

. 2 g2
H:—h—8—+V(w) (3.1.3.17)
2m g2

and it represents the total energy of the particle of mass m in the potential V(). The Hamiltonian in three dimensions is

S T
H=——V*+V(7) (3.1.3.18)

o Total Energy:

The energy operator from the time-dependent Schrédinger equation

ih%\lf(:c,t) = HY(x,1) (3.1.3.19)

The right hand side of Equation 3.1.3.6 is the Hamiltonian Operator. In addition determining system energies, the
Hamiltonian operator dictates the time evolution of the wavefunction

- 0% (z,t)

HU =1 .1.3.2
(z,t) =ik 5 (3.1.3.20)

This aspect will be discussed in more detail elsewhere.

Eigenstate, Eigenvalues, Wavefunctions, Measurables, and Observables

In general, the wavefunction gives the "state of the system" for the system under discussion. It stores all the information available
to the observer about the system. Often in discussions of quantum mechanics, the terms eigenstate and wavefunction are used
interchangeably. The term eigenvalue is used to designate the value of measurable quantity associated with the wavefunction.

o If you want to measure the energy of a particle, you have to operate on the wavefunction with the Hamiltonian operator
(Equation 3.1.3.6).

o If you want to measure the momentum of a particle, you have to operate on wavefunction with the momentum operator
(Equation 3.1.3.9).

o If you want to measure the position of a particle, you have to operate on wavefunction with the position operator (Equation
3.1.3.1D).

o If you want to measure the kinetic energy of a particle, you have to operate on wavefunction with the kinetic energy operator
(Equation 3.1.3.14).

When discussing the eigenstates of the Hamiltonian (H), the associated eigenvalues represent energies and within the context of
the momentum operators, the associated eigenvalues refer to the momentum of the particle. However, not all wavefunctions (1)) are
eigenstates of an operator (¢) — and if they are not, they can be usually be written as superpositions of eigenstates.

Y= Zcﬂi)i

This will be discussed in more detail in later sections.

While the wavefunction may not be the eigenstate of an observable, when that operator operates on that wavefunction, the
wavefunction becomes an eigenstate of that observable and only eigenvalues can be observed. Another way to say this is that the
wavefunction "collapses" into an eigenstate of the observable. Because quantum mechanical operators have different forms, their
associated eigenstates are similarly often (i.e., most of the time) different. For example, when a wavefunction is an eigenstate of
total energy, it will not be an eigenstate of momentum.
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If a wavefunction is an eigenstate of one operator, (e.g., momentum), that state is not
necessarily an eigenstate of a different operator (e.g., energy), although not always.

The wavefunction immediately after a measurement is an eigenstate of the operator associated with this measurement. What
happens to the wavefunction after the measurement is a different topic.

v/ Example 3.3.1

Confirm that the following wavefunctions are eigenstates of linear momentum and kinetic energy (or neither or both):
a. ¥ = Asin(az)
b. ¢ = Ne 2/h

Strategy

This question is asking if the eigenvalue equation holds for the operators and these wavefunctions. This is just asking if these
wavefunctions are solutions to Equation 3.1.3.2using the operators in Equations 3.1.3.9and 3.1.3.14 i.e., are these equations
true:

Do =Pot) (3.1.3.21)
KEy = KEy (3.1.3.22)
where p, and KE are the measurables (eigenvalues) for these operators.

Solution a

Let's evaluate the left side of the linear momentum eigenvalue problem (Equation 3.1.3.21)

—ihiAsin(ax) = —ihAacos(ax)

Oz
and compare to the the right side of Equation 3.1.3.21

prAsin(az)
These are not the same so this wavefunction is not an eigenstate of momentum.

Let's look at the left side of the kinetic energy eigenvalue problem (Equation 3.1.3.22)

2 52 2
—h—a—Asin(a:c): R

o B — Aacos(az)
z

" 2m Oz
h2
= —i—% Ad’ sin(az)
and compare to the right side
KEAsin(az)

These are same, so this specific wavefunction is an eigenstate of kinetic energy. Moreover, the measured kinetic energy will be

hZ
KE =+—a?
2m

Solution b
Let's look at the left side of Equation 3.1.3.21for linear momentum

_in 2 Neialh — _pye-iein
Oz
and the right side of Equation 3.1.3.21

pa;Ne_iz/h

These are the same so this wavefunction is an eigenstate of momentum with momentum p, = —N .
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Let's look at the left side of Equation 3.1.3.22for kinetic energy

Kh2 92 . h 0O :
- N —iz/h - i =N —iz/k
2m dz2 € * 2m Oz €
L yeiam
2m
and the right side
KENe /h

These are same so this wavefunction is an eigenstate of kinetic energy. And the measured kinetic energy will be

1
KFE=—
2m

This wavefunction is an eigenstate of both momentum and kinetic energy.

Exercise 3.3.1

Are ¢ = Me " functions eigenstates of linear momentum and kinetic energy (or neither or both)?

Answer

1 is an eigenstate of linear momentum with a eigenvalue of bih and also an eigenstate of kinetic energy with an eigenvalue
of b?.

3.1.3: The Schrodinger Equation is an Eigenvalue Problem is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

¢ 3.3: The Schrodinger Equation is an Eigenvalue Problem by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is
licensed CC BY-NC-SA 4.0.
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3.1.4: Wavefunctions Have a Probabilistic Interpretation

&b Learning Objectives

e To understand that wavefunctions can have probabilistic interpretations.
e To calculate the probabilities directly from a wavefunctions

For a single-particle system, the wavefunction ¥(7, ), or 9 (r) for the time-independent case, represents the amplitude of the still
vaguely defined matter waves. Since wavefunctions can in general be complex functions, the physical significance cannot be found
from the function itself because the 1/—1 is not a property of the physical world. Rather, the physical significance is found in the
product of the wavefunction and its complex conjugate, i.e. the absolute square of the wavefunction, which also is called the
square of the modulus (also called absolute value).

P(F t) = U* (7, t) 0 (7, t) (3.1.4.1)
=¥ (7, 1) (3.1.4.2)

where 7 is a vector (z, ¥, z) specifying a point in three-dimensional space. The square is used, rather than the modulus itself, just
like the intensity of a light wave depends on the square of the electric field.

Born proposed in 1926, the most commonly accepted interpretation of the wavefunction that the square of the modulus (Equation
3.1.4.9) is proportional to the probability density (probability per unit volume) that the electron is in the volume dr located at r;.
Since the wavefunction represents the wave properties of matter, the probability amplitude P(z,t) will also exhibit wave-like
behavior. Probability density is the three-dimensional analog of the diffraction pattern that appears on the two-dimensional screen
in the double-slit diffraction experiment for electrons. The idea that we can understand the world of atoms and molecules only in
terms of probabilities is disturbing to some, who are seeking more satisfying descriptions through ongoing research.

The Born interpretation therefore calls the wavefunction the probability amplitude, the
absolute square of the wavefunction is called the probability density, and the probability
density times a volume element in three-dimensional space (d) is the probability P

The probability that a single quantum particle moving in one spatial dimension will be found in a region z € [a,b] if a
measurement of its location is performed is

b
P(z e [a,b}):/ [ (z)|*da (3.1.4.3)

In three dimensions, Equation 3.1.4.3is represented differently

Plzcla, b]):/v|¢(F)|2dT (3.1.4.4)

This integration extends over a specified volume (V') with the symbol d7 designating the appropriate volume element (including a
Jacobian) of the coordinate system adopted:

o Cartesian:
dr=dzdydz
o Spherical:
dr =r*singdrdfde
¢ Cylindrical:
dr =rdrd¢dz.

For rectilinear Cartesian space, Equation 3.1.4.4can be is expanded with dimension explicitly indicated
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b, b, pb.
P(z € [a,b]) :/ / / 1(x,y, ) de dy dz (3.1.4.5)

where the limits of integration are selected to encompass the volume V' of consideration.

The Born interpretation (Equation 3.1.4.2) of relating the wavefunction to probability forces certain demands on its mathematical
behavior of wavefunctions and not any mathematical function can be a valid wavefunction.

X Required Properties of Wavefunction

e The wavefunction must be a single-valued function of all its coordinates, since the probability density ought to be uniquely
determined at each point in space.

o The wavefunction should be both finite as an infinite probability has no meaning.

o The wavefunction should be continuous everywhere, as expected for a physically-meaningful probability density.

The conditions that the wavefunction be single-valued, finite and continuous--in short, "well behaved"-- lead to restrictions on
solutions of the Schrodinger equation such that only certain values of the energy and other dynamical variables are allowed. This is
called quantization and is in the feature that gives quantum mechanics its name.

It is important to note that this interpretation implies the wavefunction does net mean the particle is distributed over a large region
as a sort of "charge cloud". The wavefunction is used to describe the electron motion that behaves like waves and satisfies a wave
equation. This is akin to how a grade distribution in a large class does not represent a smearing of grades for a single student, but
only makes sense when taking into account that the distribution is the result of many measurables (e.g., student performances).

v/ Example 3.4.1

Show that the square of the modulus of ¥(7,¢) = t(7)e ™" is time independent. What insight regarding stationary states do
you gain from this proof?

v/ Example 3.4.2

According to the Born interpretation, what is the physical significance of ey*(rq)(ro)d7?

3.1.4: Wavefunctions Have a Probabilistic Interpretation is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

« 3.4: Wavefunctions Have a Probabilistic Interpretation by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is
licensed CC BY-NC-SA 4.0.
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3.1.5: The Energy of a Particle in a Box is Quantized

Learning Objectives

¢ Solve the particle-in-a-box model used to describing a trapped particle in 1 D well

o Characterize the particle-in-a-box eigenstates (i.e., wavefunctions) and the eigenenergies as a function of the quantum
number

o Demonstrate that the eigenstates are orthogonal

The particle in the box model system is the simplest non-trivial application of the Schrédinger equation, but one which illustrates
many of the fundamental concepts of quantum mechanics. For a particle moving in one dimension (again along the x- axis), the
Schrédinger equation can be written

h2 1
o ¥ @) +V(2)$(z) = Ey(z)

Assume that the particle can move freely between two endpoints =0 and = L, but cannot penetrate past either end. This is
equivalent to a potential energy dependent on x with

0 0<z<L
V($)_{oo z<0andz>L

This potential is represented in Figure 3.5.1 . The infinite potential energy constitutes an impenetrable barrier since the particle
would have an infinite potential energy if found there, which is clearly impossible.

V= o V=0

v=20

X
0 L

Figure 3.5.1 : The barriers outside a one-dimensional box have infinitely large potential, while the interior of the box has a
constant, zero potential. (CC-BY 4.0; OpenStax).

The particle is thus bound to a "potential well" since the particle cannot penetrate beyond z =0 or x = L
Y(x)=0 for <0 and z>L (3.1.5.1)

By the requirement that the wavefunction be continuous, it must be true as well that
¥(0)=0 and ¢¥(L)=0 (3.1.5.2)

which constitutes a pair of boundary conditions on the wavefunction within the box. Inside the box, V' (z) =0, so the Schrodinger
equation reduces to the free-particle form:

@) - Boa) (5.153)
with0 <z <L.
We again have the differential equation

¢ (@) + K (x) =0 (3.1.5.4)

with
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2mE
K= = (3.1.5.5)
The general solution can be written
Y(z) = A sin kz + B cos kz (3.1.5.6)

where A and B are constants to be determined by the boundary conditions in Equation 3.1.5.2 By the first condition, we find
¥(0)=Asin0+ Bcos0 =B =0 (3.1.5.7)
The second boundary condition at = L then implies
Y(a)=AsinkL =0 (3.1.5.8)

It is assumed that A # 0, for otherwise (z) would be zero everywhere and the particle would disappear (i.e., the trivial solution).
The condition that sin kz = 0 implies that

kL = nm (3.1.5.9)

where n is a integer, positive, negative or zero. The case n =0 must be excluded, for then £k =0 and again ¢ (z) would vanish
everywhere. Eliminating k£ between Equation 3.1.5.4and 3.1.5.9 we obtain
h27'('2 2 h2 2
n = n = n
2mL2 8mL2

(3.1.5.10)

withn=1,2,,3...

These are the only values of the energy which allows solutions of the Schrodinger Equation 3.1.5.3 consistent with the boundary

conditions in Equation 3.1.5.2 The integer n, called a quantum number, is appended as a subscript on E to label the allowed

energy levels. Negative values of n add nothing new because the energies in Equation 3.1.5.10depends on n?.

E,
|l _—|n=3 9r?h? | n=3
2mL?
4r*h? i n=2
2mL?
w2h? =1
2mL? |

(a) (b)
Figure 3.5.2 : A plot of 9, () for the first four wavefunctions. (CC-BY 4.0; OpenStax).
Figure 3.5.2 shows part of the energy-level diagram for the particle in a box. The occurrence of discrete or quantized energy levels
is characteristic of a bound system, that is, one confined to a finite region in space. For the free particle, the absence of confinement
allowed an energy continuum. Note that, in both cases, the number of energy levels is infinite-denumerably infinite for the particle
in a box, but nondenumerably infinite for the free particle.

The particle in a box assumes its lowest possible energy when n = 1, namely
h2

= — 3.1.5.11
8mL? ( )

E;

The state of lowest energy for a quantum system is termed its ground state.

X Zero Point Energy
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An interesting point is that F4 > 0, whereas the corresponding classical system would have a minimum energy of zero. This is
a recurrent phenomenon in quantum mechanics. The residual energy of the ground state, that is, the energy in excess of the
classical minimum, is known as zero point energy. In effect, the kinetic energy, hence the momentum, of a bound particle
cannot be reduced to zero. The minimum value of momentum is found by equating E; to p* /2m, giving p, = +h/2L. This
can be expressed as an uncertainty in momentum given by Ap ~ h/L. Coupling this with the uncertainty in position,
Az ~ L, from the size of the box, we can write

AzAp=~h (3.1.5.12)

This is in accord with the Heisenberg uncertainty principle.

The particle-in-a-box eigenfunctions are given by Equation 3.1.5.13 with B=0 and k =nx/L = a, in accordance with Equation
3.1.5.9

%bn(m):Asin% (3.1.5.13)

withn=1,2,3....

These, like the energies, can be labeled by the quantum number n. The constant A, thus far arbitrary, can be adjusted so that ¥, (z)
is normalized. The normalization condition is, in this case,

/Oa[wn(w)]2da::1 (3.1.5.14)
the integration running over the domain of the particle 0 < z < L. Substituting Equation 3.1.5.13into Equation 3.1.5.14,
A? /L sin? e — a2 L [ 02 9ap (3.1.5.15)
0 L nmw Jo
:A2§:1 (3.1.5.16)

We have made the substitution § =nmz /L and used the fact that the average value of sin? @ over an integral number of half
wavelengths equals 1/2 (alternatively, one could refer to standard integral tables). From Equation 3.1.5.16 we can identify the
general normalization constant

Yn(z) = \/%sin nzm (3.1.5.17)

The first few eigenfunctions and the corresponding probability distributions are plotted in Figure 3.5.3 . There is a close analogy
between the states of this quantum system and the modes of vibration of a violin string. The patterns of standing waves on the
string are, in fact, identical in form with the wavefunctions in Equation 3.1.5.17

withn=1,2,3....
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[P, P

(a)

¥,

(b)

[¥ 50l

x=0 (c) x=L

Figure 3.5.3 : The probability density distribution |1/, (z)|? for a quantum particle in a box for: (a) the ground state, n = 1; (b) the
first excited state, n = 2; and, (c) the nineteenth excited state, n = 20. (CC-BY 4.0; OpenStax).

X Nodes and Curvature

A significant feature of the particle-in-a-box quantum states is the occurrence of nodes. These are points, other than the two
end points (which are fixed by the boundary conditions), at which the wavefunction vanishes. At a node there is exactly zero
probability of finding the particle. The nth quantum state has, in fact, » —1 nodes. It is generally true that the number of nodes
increases with the energy of the quantum state, which can be rationalized by the following qualitative argument. As the number
of nodes increases, so does the number and the steepness of the 'wiggles' in the wavefunction. It's like skiing down a slalom
course. Accordingly, the average curvature, given by the second derivative, must increase. But the second derivative is
proportional to the kinetic energy operator. Therefore, the more nodes, the higher the energy. This will prove to be an
invaluable guide in more complex quantum systems.

v Example 3.5.1 : Excited State Probabilities

For a particle in a one-dimensional box of length L, the second excited state wavefunction (n = 3) is

2 3
Yo=y /g

a. What is the probability that the particle is in the left half of the box?
b. What is the probability that the particle is in the middle third of the box?

Strategy
Probability that the particle will be found between a and b is

b
P(a,b) = / Y dz

For this problem,

therefore,
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Solution a
The probability that the particle is in the left half of the box is
L L
_ 6m | —
plo L) _2° () oo
3 ) =7 el R T sin{ —
_L
2

Solution b
The probability that the particle is in the middle third of the box

oL L 2L (L)

2L L 6 ( == 6 | =

p L 2L 3 3 1 . 3 . 3
3’ 3) T L 6r |°" L ST

? Exercise 3.5.1 : Ground State Probability

For a particle in a one-dimensional box, the ground state wavefunction is
2 . xm
Y1 =4/ 7 sin—

What is the probability that the particle is in the left half of the box in the ground state?

Answer
L

L 2 2, T
P<0,5> _E/o sin Tdm

Lﬂ—i—s’ 0 +si Lm
—_ 111 11 —
2 L L

L 4n
L

_1

2

This is the same answer as for the 13 state in Example 3.5.1 . This is because the eigenstate squared (.e., probability
density) for the particle in a 1D box will always be symmetric around the center of the box. So there will be equal

probability to be on either side (i.e., no side is favored).
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X Time Dependence and Complex Nature of Wavefunctions

Recall that the time-dependence of the wavefunction with time-independent potential was discussed in Section 3.1 and is
expressed as

U(z,t) = y(z)e /"

so for the particle in a box, these are

2 .
Yu(z) =/ sin %e_zE”t/ﬁ (3.1.5.18)

with E,, given by Equation 3.1.5.10

The phase part of Equation 3.1.5.18can be expanded into a real part and a complex components. So the total wavefunction for

a particle in a box is
U(z,t) = 3 . nwx E,t . 3 . nwx . E,t
z,t)= 7 sin—— ) (cos—— i 7 sin—— ) (sin—

~
real part imaginary part

which can be simplified (slightly) to

U(z,t) = 2 . nrz E.t\ . 2 . nmz Et w
z,t) = 1/Lsm - cos — i N/Lsm 7 cos — 5

real part imaginary part

As discussed previously, the imaginary part of the total wavefunction oscillates out of phase by /2 with respect to the real
part (we call this "out of phase"). This is demonstrated in the time-dependent behavior of the first three eigenfunctions in
Figure 3.5.4 .

~ | oA
T TV

Figure 3.5.4 : Some trajectories of a particle in a box according to Newton's laws of classical mechanics (A), and according to
the Schrodinger equation of quantum mechanics (B-D). In (B-D), the horizontal axis is position, and the vertical axis is the real
part (blue) and imaginary part (red) of the wavefunction. The states (B, C, D) are energy eigenstates. (Public Domain;
Sbyrnes321 via Wikipedia).

Note that as n increased, the energy of the wavefunction increases (Equation 3.1.5.1() and both the number of nodes and
antinodes increase and the frequency of oscillation of the wavefunction increases.

It is generally true in quantum systems (not just for particles in boxes) that the number of
nodes in a wavefunction increases with the energy of the quantum state.

Orthonormality of the Eigenstates

Another important property of the eigenfunctions in Equation 3.1.5.17 applies to the integral over a product of two different
eigenfunctions (Equation 3.1.5.17). It is easy to see from Figure 3.5.5 that the integral

L
A ()1 (z)dz =0 (3.1.5.19)

The integral in Equation 3.1.5.19is zero when the two eignestates differ and when integrated over the entire range of the system
(from —oo to oo for a 1-D particle in the box, but this can be a narrow region of 0 to L since the eigenstates are zero outside of the
box).
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1 1 1
Y Y
¥, ' m ("8 ! !
0 L 0 L 0 L

/\ N
0 \/ L 0 \/ \] L 0 \S v \/ L
Figure 3.5.5 : (Top Row): Select plots of the n =1 (red curves), n = 2 (purple curves), n =3 (green curves), and n =4 (blue
curves) eigenfunctions. (Bottom Row): Product of different eigenstates with positive (tan) and negative (cyan) areas emphasized.

Note that the negative and positive areas perfectly cancel when added together. Created via fooplot (CC BY-NC; Umit Kaya via
LibreTexts)

To prove Equation 3.1.5.19for a particle in a box model, we can use the trigonometric identity

1
sin « sin 8 = 5[ cos(a—B) —cos(a+p) | (3.1.5.20)
to show that
L
/ Y (@)Yn(x)de =0 if m#n (3.1.5.21)
0
This property is called orthegonality. We will show in the next chapter, that this is a general result from quantum-mechanical

eigenfunctions. The normalization (Equation 3.1.5.19) together with the orthogonality (Equation 3.1.5.21) can be combined into a
single relationship

L
A Ym ()9 (€)dz = O (3.1.5.22)
In terms of the Kronecker delta
1 ifm=n
Omn = (3.1.5.23)
0 ifm#n

A set of functions { ¢,, } which obeys Equation 3.1.5.22is called orthonormal.

v/ Example 3.5.2

Evaluate

a. (Y3la3)
b. (14 |14)
c. (¥3]v4)
d. (Y4|93)

for the normalized wavefunctions:

and
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Strategy
These are four different integrals and we can solve them directly or use orthonormality (Equation 3.1.5.23) to evaluate.

rE 2 . 3nzx 2 . 3nzx
(13 |13) —[m (”fSlnT) (HfsmT) dx
2 /+°° G2 37 4o
“7). 7

This is an integration over an even function, so it cannot be tossed out via symmetry. We can use the Trigonometry relationship

in Equation 3.1.5.20to get
2/+°° o 37z 2/+°°1 ) 6z
- Sl —— adr — — - —COS — X
L) L L), 2 L

and we can continue the fun. However, there is no need. Since the we can recognize that (13|ts) is 1 by the normalization
criteria which is folded into the orthonormal criteria (Equation 3.1.5.23).

Therefore (13]|t3) =1.

Solution a

Solution b

o 2 4 2 . 4
<’L/)4|’(/)4> :/ ( fsin%m) ( fsin%x) dz
—00
2 / TEE sin? Az
= — in® —
L/ L *
We can expand and solve, but again there is no need. The wavefunctions are normalized therefore (1p4]14) = 1.
TEE 2 3z 2 Anz
(Y3|hs) = 7 Sin - 7 Sin - dz
—00
2 T (3mx | (4w ;
=7 /_ N sin| —— ) sin{ — z

We can expand this integral and evaluate, but since the integrand is odd (and even function times an odd), this integral is zero.
Alternatively, we can use the orthogonality criteria into the greater orthonormal criteria (Equation 3.1.5.23).

(4]th3) :/+0° (@sin%) (@sin%) dx
= % /_:o sin(%) sin(?) dz

We can expand this integral and evaluate, but since the integrand is odd (and even function times an odd function), this integral
is zero. Alternatively, we can use the orthogonality criteria into the greater orthonormal criteria (Equation 3.1.5.23).

Solution ¢

Solution d

However, since the wavefunctions are real, then

(Yalth3) = (¥3]tha)

which also means

(Yaltp3) =0
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l from the results of section c.

3.1.5: The Energy of a Particle in a Box is Quantized is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

« 3.5: The Energy of a Particle in a Box is Quantized by S. M. Blinder is licensed CC BY-NC-SA 4.0.
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3.1.6: Wavefunctions Must Be Normalized

&b Learning Objectives

o Calculate the probability of an event from the wavefunction
e Understand the utility and importance of normalizing wavefunctions
o Demonstrate how to normalize an arbitrary wavefunction

Extracting Probabilities

Since wavefunctions can in general be complex functions, the physical significance of wavefunctions cannot be found from the
functions themselves because the 4/—1 is not a property of the physical world. Rather, the physical significance is found in the
product of the wavefunction and its complex conjugate, i.e. the absolute square of the wavefunction, which also is called the
square of the modulus.

T (r, ) (r, t) = |O(r, t)[? (3.1.6.1)

where r is a vector specifying a point in three-dimensional space. The square is used, rather than the modulus itself, just like the
intensity of a light wave depends on the square of the electric field. Remember that the Born interpretation is that ¢* (r; )i (r;) d7
is the probability that the electron is in the volume d7 located at ;. The Born interpretation therefore calls the wavefunction the
probability amplitude, the absolute square of the wavefunction is called the probability density, and the probability density times a
volume element in three-dimensional space (d7) is the probability.

Since the squared magnitude |¢|2 of the wavefunction of a particle can be interpreted as the probability density, then the probability
for a one-dimensional wavefunction between the points £ = a and z = b can be calculated by

b
Pib :/|z/)(:1:)|2d:r (3.1.6.2)

This is just the area under the under the \¢|2 curve (Figure 3.6.1).

|

_/\ | |

& A B C x

Figure 3.6.1 : The probability can be interpreted as an area under the probability density |1/)|2. (CC BY-NC 4.0; Umit Kaya via
LibreTexts)

If the probability of a two-dimensional wavefunction is being evaluated, then Equation 3.1.6.2 will be amended to included a
double integral:

blabZ
Py — // (2, ) dedy

ay,a
and similarly a triple integral would be used for calculating probabilities of three-dimensional wavefunctions:

b1,b2,b3
Pp = /// |"/J($a Y, z)|2d$dydz

a1,a2,a3

? Example 3.6.1 : Probability of a Particle in a Box
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L
Calculate the probability of finding an electron at L/2 in a box of infinite height within an interval ranging from > 3200 to
L

L
5 + 300 for the n =1 and n =2 states. Since the length of the interval, L/100, is small compared to L, you can get an

approximate answer without explicitly integrating.

Solution
The wavefunction for the particle in a box is

and the wavefunction for the n =1 state is

From the interpretation that the wavefunction modulus squared is the probability density, we can establish the following
integral to solve the problem (note the limits of integration)

1011

. sin2(E)dx (3.1.6.3)

2
2 _
o] L L

99L
200

We can solve this, but we can also recognize that Equation 3.1.6.3is just calculating an area that can be approximated as the
area of a rectangle with a height (Zsin” (22 ) at z = L/2) and width Az = L/100 (Figure 3.6.2).

|,

0 e
dx
(a)

Figure 3.6.2 : The probability can be interpreted as an area under the probability density |11
LibreTexts)

. (CC BY-NC; Umit Kaya via
This area can be computed:

1

~ (%) (L/100)
~1/50 = 0.02

Given that the wavefunction is sinusoidal, the actual probability of finding an electron within the given interval at % should be
slightly less because of the behavior of the sinusoid at % is at its peak of the wavefunction (Figure 3.6.2).

The wavefunction for the n = 2 state

so the integral that we need to construct and solve is

101L

2 0 2nx
|9pn=al” = I sin’ (T) dz

99L
200

We can use the same graphical interpretation as above, but using the probability density of the 1), wavefunction (Figure 3.6.3 ).
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|,

Figure 3.6.3 : The probability can be interpreted as an area under the probability density |12 |2. (CC BY-NC Copyright; Umit

Kaya via LibreTexts)

2r(L/2)

2 .
[ |* & I sin? ( Az

~0

The probability of finding an electron in a box at % for n = 2 is approximately zero.

? Exercise 3.6.1

Show that the square of the modulus of ¥(r,¢) = 1(r)e ™* is time independent. What insight regarding stationary states do
you gain from this proof?

Solution
The square of the modulus of a wavefunction is ¥(r, ¢)* ¥(r, t) so for wavefunctions of this form, the square of the modulus is

U(r, t)*U(r,t) =9(r) etSp(r) e >
— 4y

Hence, there is no time dependence to the modulus of wavefunctions of this work, which from the probability interpretation of
the wavefunction means that the probability density is time-independent.

Normalizing of the Wavefunction

A probability is a real number between 0 and 1, inclusive. An outcome of a measurement which has a probability 0 is an impossible
outcome, whereas an outcome which has a probability 1 is a certain outcome. According to Equation 3.1.6.1, the probability of a
measurement of z yielding a result between —oo and +oo is

Prc s (t) = /fo (z, £)|2dz. (3.1.6.4)

o0

However, a measurement of & must yield a value between —oo and +00, since the particle has to be located somewhere. It follows
that Pre o000 (£) =1, or

/_0o (z, t)2de =1, (3.1.6.5)

o0

which is generally known as the normalization condition for the wavefunction.

v Example 3.6.2 : Normalizing a Gaussian Wavepacket

Normalize the wavefunction of a Gaussian wave packet, centered on = x, with characteristic width o
B(z) = hoe(@=o0)/ (45 (3.1.6.6)

Solution
To determine the normalization constant 1y, we simply substitute Equation 3.1.6.6into Equation 3.1.6.5 to obtain
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(o @]
ol [ ertene s 1,

Changing the variable of integration to y = (z — z¢)/(v/20), we get

o 2

|¢0|2ﬂa/ e ¥dy=1.
—0o0
However, from an integral table we know
b 2
/ e ¥V dy=./m,

which implies that

1

2 _
ol = (2mo2)1/2°

Hence, a general normalized Gaussian wavefunction takes the form

B() = — o e~lae o)

(271'0'2)1/4

where ¢ is an arbitrary real phase-angle.

? Exercise 3.6.2

Normalize this wavefunction for a particle in a harmonic well:

P = ze ™

1/4
=2 (2> ze ™
™

Answer

Time Dependence to the Wavefunction

Now, it is important to demonstrate that if a wavefunction is initially normalized then it stays normalized as it evolves in time
according to the time-dependent Schrodinger's equation. If this is not the case then the probability interpretation of the
wavefunction is untenable, since it does not make sense for the probability that a measurement of x yields any possible outcome
(which is, manifestly, unity) to change in time. Hence, we require that

d oo

E . |’¢(1‘,t)|2d.’1! =0

for wavefunctions satisfying the time-dependent Schrodinger's equation (this results from the time-dependent Schrodinger's
equation and Equation 3.1.6.5). The above equation gives

d [ ey L),
Now, multiplying Schrédinger's equation by ¢*/ (ik), we obtain
* 8¢ i * 821/) 1 2
P o 2m1/1 oz hV|¢| (3.1.6.8)
The complex conjugate of this expression yields
o+ i 9% i 9
=—— +=V 3.1.6.9
b =~y S+ VY (3.1.6.9)
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since

. (AB)*=A*B*,
e A=A and

o *=—1.

Summing Equation 3.1.6.8and 3.1.6.9results in

8¢* *% B ; *a2¢ 62'(,0*

ot vte ot 2m( Ox2 —¥ 922 ) (3.1.6.10)
_ L0 (0
= 2m oz (¢ oz ¥ oz ) : (3.1.6.11)

Equations 3.1.6.7and 3.1.6.11can be combined to produce

d [ s i oy o>
= dex = — | — — =0. .1.6.12
dt J_o Y[ dz 2m [¢ ox ¥ or | _ 0 (3.1.6.12)
The above equation is satisfied provided the wavefunction converges
lim [¢]| =0 (3.1.6.13)

|z| =00

However, this is a necessary condition for the integral on the left-hand side of Equation 3.1.6.5to converge. Hence, we conclude
that all wavefunctions which are square-integrable [i.e., are such that the integral in Equation 3.1.6.5converges] have the property
that if the normalization condition Equation 3.1.6.5is satisfied at one instant in time then it is satisfied at all subsequent times.

X Not all Wavefunctions can be Normalized

Not all wavefunctions can be normalized according to the scheme set out in Equation 3.1.6.5 For instance, a planewave
wavefunction for a quantum free particle

\I’(m, t) — ,d)oei(km—wt)

is not square-integrable, and, thus, cannot be normalized. For such wavefunctions, the best we can say is that

b
Prcoy(t) o / 10 (z, 1) 2da.

a

In the following, all wavefunctions are assumed to be square-integrable and normalized, unless otherwise stated.

3.1.6: Wavefunctions Must Be Normalized is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 3.6: Wavefunctions Must Be Normalized by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is licensed CC BY-
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3.1.7: The Average Momentum of a Particle in a Box is Zero

&b Learning Objectives

o Calculate the expectation value for a measurement

o Apply the expectation value concept to calculate average properties of a participle in a box model
o Understand the origin of a zero-point energy/zero-point motion.

o Extend the concept of orthogonality from vectors to mathematical functions (and wavefunctions).

Now that we have mathematical expressions for the wavefunctions and energies for the particle-in-a-box, we can answer a number
of interesting questions. The answers to these questions use quantum mechanics to predict some important and general properties
for electrons, atoms, molecules, gases, liquids, and solids. Key to addressing these questions is the formulation and use of
expectation values. This is demonstrated below and used in the context of evaluating average properties (momentum of the particle
in a box for the case below).

Classical Expectation Values

The expectation value is the probabilistic expected value of the result (measurement) of an experiment. It is not the most probable
value of a measurement; indeed the expectation value may even have zero probability of occurring. The expected value (or
expectation, mathematical expectation, mean, or first moment) refers to the value of a variable one would "expect" to find if one
could repeat the random variable process an infinite number of times and take the average of the values obtained. More formally,
the expected value is a weighted average of all possible values.

v Example 3.7.1 : Classical Expectation Value of Exam Scores (a discretized example)

A classical example is calculating the expectation value (i.e. average) of the exam grades in the class. For example if the class
scores for an exam were

65 67 94 43 67 76 94 67

The discrete way is to sum up all scores and divide by the number of students:

(s) = —— (3.1.7.1)

which of this example of scores is

(s) = 65 +67+94+43+67+76+94+ 76
B 8

=71.625

Notice that the average is not an allowable score on an individual exam. Equation 3.1.7.1 can be rewritten with "probability"”
or "probability weights"

(s) =) s(i)Pu(i) (3.1.7.2)

where P (7) is the probability of observing a score of s. This is just the number of times it occurs in a dataset divided by the
number of elements in that data set. Applying Equation 3.1.7.2to the set of scores, we need to calculate these weights:

Score 65 67 94 43 76

P 1/8 3/8 2/8 1/8 1/8

As with all probabilities, the sum of all probabilities possible must be one. These confirm that for the weights here:
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1,8,2,1,1 8
8 8 8 8 8 8
This is the discretized "normalization" criterion (the same as why we normalize wavefunctions).
So, now we can use Equation 3.1.7.2properly

1 3 2 1 1
(s) —65><8—1—67><8—1—94><8—1—43><8—|—76><8

=71.625

Hence, Equation 3.1.7.2gives the same result, as expected, from Equation 3.1.7.1.

Quantum Expectation Values
The extension of the classical expectation (average) approach in Example 3.7.1 using Equation 3.1.7.2 to evaluating quantum

mechanical expectation values requires three small changes:

1. Switch from descretized to continuous variables
2. Substitute the wavefunction squared for the probability weights (i.e., the probability distribution)
3. Use an operator instead of the scalar
Hence, the quantum mechanical expectation value (o) for an observable, o, associated with an operator, O, is given by

(0) = - VO da (3.1.7.3)

—00

where x is the range of space that is integrated over (i.e., an integration over all possible probabilities). The expectation value
changes as the wavefunction changes and the operator used (i.e, which observable you are averaging over).

In general, changing the wavefunction changes the expectation value for that operator for
a state defined by that wavefunction.

Average Energy of a Particle in a Box

If we generalize this conclusion, such integrals give the average value for any physical quantity by using the operator
corresponding to that physical observable in the integral in Equation 3.1.7.2 In the equation below, the symbol (H) is used to
denote the average value for the total energy.

= /%b*(w)ﬁiﬁ(m)dw (3.1.7.4)
/w* VKEY(x dw+/¢* Wep(z)da (3.1.7.5)
[ AN |
- /¢ () ( 2m) 2)do+ /¢ (2)da (3.1.7.6)
- average kinetic energy average potential energy

The Hamiltonian operator consists of a kinetic energy term and a potential energy term. The kinetic energy operator involves
differentiation of the wavefunction to the right of it. This step must be completed before multiplying by the complex conjugate of
the wavefunction. The potential energy, however, usually depends only on position and not momentum (i.e., it involves
conservative forces). The potential energy operator therefore only involves the coordinates of a particle and does not involve
differentiation. For this reason we do not need to use a caret over V in Equation 3.1.7.6

Equation 3.1.7.6can be simplified
(Hy=(KE)+ (V) (3.1.7.7)
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The potential energy integral then involves only products of functions, and the order of multiplication does not affect the result, e.g.
6x4 = 4x6 = 24. This property is called the commutative property. The average potential energy therefore can be written as

(V) = / V(@) (@)(z)dz (3.1.7.8)

This integral is telling us to take the probability that the particle is in the interval dz at @, which is 9" (z)¢(z)d=, multiply this
probability by the potential energy at z, and sum (i.e., integrate) over all possible values of z. This procedure is just the way to
calculate the average potential energy (V') of the particle.

v/ Exercise 3.7.2 : Particle in Box

2
Evaluate the two integrals in Equation 3.1.7.6 for the PIB wavefunction () = 4/ 7 sin(kz) with the potential function

V(x) =0 from O to the length of a box L with k = %

Solution
The average kinetic energy is

e [ () e () i () st

_ (%) /L () (2—712) ~—cos(kz) (k)da
:( )/len (im2> SN

(2) (55) [

We can solve this intergral using the standard half-angle representation from an integral table. Or we can recognize that we
already did this integral when we normalized the PIB wavefunction by rewriting this integral:

(KE) — (%) (k;f) O/L sin? (ko) do

Thus, the average value for the total energy of this particular system is

k*h*>  7?hR?

) = om  2mlI?
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Hence, the average kinetic energy of the wavefunction is dependent on the 7 quantum number

The average potential energy is

(V)= / sin(kz)0 sin(kz)dz =0
Thus, the average potential energy of the PIB is 0 irrespective of the wavefunction.
Hence via Equation 3.1.7.7for this system and set of wavefunctions
252
T“h
H =
(H) 2mL>?

This is the same result obtained from solving the eigenvalue equation for the PIB. However, if the wavefunctions used were
NOT eigenstates of energy, then we cannot use the eigenvalue approach and need to rely on the expectation values to describe
the energy of the system.

What is the lowest energy for a particle in a box? The lowest energy level is F4, and it is important to recognize that this lowest
energy of a particle in a box is not zero. This finite energy is called the zero-point energy, and the motion associated with this
energy is called the zero-point motion. Any system that is restricted to some region of space is said to be bound. The zero-point
energy and motion are manifestations of the wave properties and the Heisenberg Uncertainty Principle, and are general properties
of bound quantum mechanical systems.

? Exercise 3.7.2 : Progressing to the Classical Limit

What happens to the energy level spacing for a particle-in-a-box when m L? becomes much larger than h?? What does this
result imply about the relevance of quantization of energy to baseballs in a box between the pitching mound and home plate?
What implications does quantum mechanics have for the game of baseball in a world where A is so large that baseballs exhibit
quantum effects?

Answer

As mL? becomes much larger than h2, as everyday objects are, the spacing between energy levels becomes much smaller.
This shows how the quantizations of energy levels become irrelevant for an everyday object, as the quantizations of the
energy of baseballs in a box between the pitching mound and home plate would appear particularly continuous for such a
relatively large mass and box length. If h were so large that a baseball experiences quantum effects then a game of baseball
would be far less predictable, in a classical world the position of a baseball can be easily predicted by the everyday
understanding of projectile motion, however, in such a quantum world the baseball would not behave with expected
projectile motion but instead behave wave-like with a probability of being in a certain position.

The first derivative of a function is the rate of change of the function, and the second derivative is the rate of change in the rate of
change, also known as the curvature. A function with a large second derivative is changing very rapidly. Since the second
derivative of the wavefunction occurs in the Hamiltonian operator that is used to calculate the energy by using the Schrodinger
equation, a wavefunction that has sharper curvatures than another, i.e. larger second derivatives, should correspond to a state
having a higher energy. A wavefunction with more nodes than another over the same region of space must have sharper curvatures
and larger second derivatives, and therefore should correspond to a higher energy state.

? Exercise 3.7.3 : Nodes and Energies

Identify a relationship between the number of nodes in a wavefunction and its energy by examining the graphs you made
above. A node is the point where the amplitude passes through zero. What does the presence of many nodes mean about the
shape of the wavefunction?
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Average Position of a Particle in a Box

We can calculate the most probable position of the particle from knowledge of probability distribution, 1*. For the ground-state
particle in a box wavefunction with n =1 (Figure 3.1.7.1q)

Y1 = \/%sin(%m) (3.1.7.9)

This state has the following probability distribution (Figure 3.1.7.19):

. _ 2 o7z
Vi1 Yot = psin ( L )

A 1 B 1
N
> 0 =
14 14
00 02 04 06 08 10 00 02 04 06 08 1

Figure 3.7.1 : (left) The ground-state (n = 1) wavefunction for a particle in a box. (right) The ground-state (n = 1) probability for
a particle in a box.

The expectation value for position with the Z = z operation for any wavefunction (Equation 3.1.7.3) is

+o00

(z) = Yz de

which for the ground-state wavefunction (Equation 3.1.7.9 shown in Figure 3.7.1 is

(x) = /_:o \/%sin(%x)w\/%sin(%) dx (3.1.7.10)
_ %/::owsin2(%) (3.1.7.11)

X Solution by Inspection

Without even having to evaluate Equation 3.1.7.1], we can get the expectation value from simply inspecting 1)} _;,— in
(Figure 3.1.7.1; righd. This is a symmetric distribution around the center of the box (L/2) so it is just as likely to be found in
the left half than the right half. Moreover, specifically at any point a fixed distance away from the mean, i.e.

Prg¥n=1 (L/2+ Az) = 5 o1 (L/2 - Az)

Therefore, the particle is most likely to be found at the center of the box. So

(@) =3

? Exercise 3.7.4

Use the general form of the particle-in-a-box wavefunction for any n to find the mathematical expression for the position
expectation value (z) for a box of length L. How does (z) depend on n?

Average Momentum of a Particle in a Box

What is the average momentum of a particle in the box? We start with Equation 3.1.7.3and use the momentum operator

https://chem.libretexts.org/@go/page/199163



https://libretexts.org/
https://chem.libretexts.org/@go/page/199163?pdf

LibreTexts"

0
p, = —th— 3.1.7.12
28 o ( )
We note that the particle-in-a-box wavefunctions are not eigenfunctions of the momentum operator (Exercise 3.7.4 ). However, this

does not mean that Equation 3.1.7.3is inapplicable as Example 3.7.2 demonstrates.

v/ Example 3.7.3 : The Average Momentum of a Particle in a Box is Zero

Even though the wavefunctions are not momentum eigenfunctions, we can calculate the expectation value for the momentum.
Show that the expectation or average value for the momentum of an electron in the box is zero in every state (i.e., arbitrary
values of n).

Strategy

First write the expectation value integral (Equation 3.1.7.3 with the momentum operator. Then insert the expression for the
wavefunction and evaluate the integral as shown here.

Solution

(p) = O/L V() (—ih%) Y ()de

Note that this makes sense since the particles spends an equal amount of time traveling in the +z and — z direction.

Interpretation

It may seem that this means the particle in a box does not have any momentum, which is incorrect because we know the energy
is never zero. In fact, the energy that we obtained for the particle-in-a-box is entirely kinetic energy because we set the
potential energy at 0. Since the kinetic energy is the momentum squared divided by twice the mass, it is easy to understand
how the average momentum can be zero and the kinetic energy finite

? Exercise 3.7.5

Show that the particle-in-a-box wavefunctions are not eigenfunctions of the momentum operator (Equation 3.1.7.12).

Answer

The easiest way to address this question is asking if the PIB wavefunction also satisfies the eigenvalue equation using the
momentum operation instead of the Hamiltonian operator (3rd postulate of QM). That is

DY (n) =pp(n)

with the following PIB wavefunctions

and

https://chem.libretexts.org/@go/page/199163


https://libretexts.org/
https://chem.libretexts.org/@go/page/199163?pdf

LibreTexts"

and p is a real scalar (since it is a measurable).

beto =it [\ [Z sn(722)|
—ny (") ()

# pYn

Hence, the PIB wavefunctions are NOT eigenfunctions of the momentum operator.
Alternative Solution

An alternative, albeit more complicated, approach is to recognize that the uncertainty of p must be zero if the wavefunction
is an eigenstate of the momentum operator. Hence

)~ p)’ =0

This requires calculating the (p?) and (p) expectation values:
L d
o =[ v [—ma} $dz
= —ih/L 3sin(w) iw sin(m)d:c
o L L ) dz L

=i [ (7)o e
0
=0

This integral is zero via orthonormality of the sine and cosine functions (although you can expand the integrand and
confirm this).

I d 12
W)= [ v |-inet] vas
0 dzx
= h%/Lsin(?)%sin(%ﬂ)dm
0
:_ThZ OLsin(%) sin(%)ds:

L

Now the integral above is 1 using orthonormality (although you can expand the integrand and confirm this). Now we
calculate the uncertainty in momentum in the PIB wavefunctions:

Since the uncertainty is not 0, different measurements (experiments) will results in different values of momentum being
quantified. Hence, the PIB wavefunctions are not eigenfunctions of the momentum operator.
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It must be equally likely for the particle-in-a-box to have a momentum —p as +p. The average of +p and —p is zero, yet
p? and the average of p? are not zero. The information that the particle is equally likely to have a momentum of +p or —p
is contained in the wavefunction. In fact, the sine function is a representation of the two momentum eigenfunctions e
and e *** (Figure 3.7.2).

? Exercise 3.7.6

Write the particle-in-a-box wavefunction as a normalized linear combination of the momentum eigenfunctions e*** and e~**

by using Euler’s formula. Show that the momentum eigenvalues for these two functions are p = +hk and —hk.

The interpretation of the results of Exercise 3.7.6 is physically interesting. The exponential wavefunctions in the linear combination
for the sine function represent the two opposite directions in which the electron can move. One exponential term represents
movement to the left and the other term represents movement to the right (Figure 3.7.2).

Figure 3.7.2 : Two waves traveling in opposite directions across the same medium combine linearly. In this animation, both waves
have the same wavelength and the sum of amplitudes results in a standing wave. (Public Domain; LucasVB).

The electrons are moving, they have kinetic energy and momentum, yet the average
momentum is zero.

X Did we just Violate the Uncertainty Principle?

Does the fact that the average momentum of an electron is zero and the average position is L/2 violate the Heisenberg
Uncertainty Principle? No, because the Heisenberg Uncertainty Principle pertains to the uncertainty in the momentum and in
the position, not to the average values. Quantitative values for these uncertainties can be obtained to compare with the limit set
by the Heisenberg Uncertainty Principle for the product of the uncertainties in the momentum and position. However, to do this
we need a quantitative definition of uncertainty, which is discussed in the following Section.

Orthogonality

In vector calculus, orthogonality is the relation of two lines at right angles to one another (i.e., perpendicularity), but is generalized
into n dimensions via zero amplitude "dot products" or "inner products." Hence, orthogonality is thought of as describing non-
overlapping, uncorrelated, or independent objects of some kind. The concept of orthogonality extends to functions
(wavefunctions or otherwise) too. Two functions ¥4 and g are said to be orthogonal if

YyvpdT =0 (3.1.7.13)

allspace

In general, eigenfunctions of a quantum mechanical operator with different eigenvalues are orthogonal. Are the eigenfunctions of
the particle-in-a-box Hamiltonian orthogonal?

Evaluate the integral [ Yi1psdz for all possible pairs of particle-in-a-box eigenfunctions from n =1 to n =3 (use symmetry
arguments whenever possible) and explain what the results say about orthogonality of the functions.
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3.1.8: The Uncertainty Principle - Estimating Uncertainties from Wavefunctions

&b Learning Objectives

o Expand on the introduction of Heisenberg's Uncertainty Principle by calculating the Az or Ap directly from the
wavefunction

As will be discussed in Section 4.6, the operators & and p are not compatible and there is no measurement that can precisely
determine the coresponding observables (z and p) simultaneously. Hence, there must be an uncertainty relation between them that
specifies how uncertain we are about one quantity given a definite precision in the measurement of the other. Presumably, if one
can be determined with infinite precision, then there will be an infinite uncertainty in the other. The uncertainty in a general
quantity A is

AA= /(A% —(A)? (3.1.8.1)

where (A?) and (A) are the expectation values of A? and A operators for a specific wavefunction. Extending Equation 3.1.8.1to
z and p results in the following uncertainties

Az =/ (z?) —(z)? (3.1.8.2)

Ap=./(*) - (p)? (3.1.8.3)

These quantities can be expressed explicitly in terms of the (time-dependent) wavefunction ¥(z, t) using the fact that

(z) = (¥(t)|z]¥(¢)) (3.1.8.4)
:/\Il*(m,t)m\ll(:c,t) do (3.1.8.5)
and
(@®) = (B(t)|2*|W(t)) (3.1.8.6)
~ [ ¥ (@00 (e, 1) do (3.1.8.7)

The middle terms in both Equations 3.1.8.4and 3.1.8.6 are the integrals expressed in Dirac's Bra-ket notation. Similarly using the
definition of the linear momentum operator:

—
So
(p) = (¥(t)Ip|¥(2)) (3.1.8.8)
:/W*(w,t)—ih%@(m,t)da: (3.1.8.9)
and
(p*) = ((t)[p*|¥(1)) (3.1.8.10)
_/ * 2 82
= [ T*(z,t) <—h %) U(z,t) de (3.1.8.11)

X Time-dependent vs. time-independent wavefunction

The expectation values above are formulated with the total time-dependence wavefunction (z, t) that are functions of z and
t. However, it is easy to show that the same expectation value would be obtained if the time-independent wavefunction ()

that are functions of only z are used. If V(z) in H is time independent, then the wavefunctions are stationary and the
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expectation value are time-independent. You can easily confirm that by comparing the expectation values using the general
formula for a stationary wavefunction

U(z,t) = p(x)e /P
and for ¥(z).

The Heisenberg uncertainty principle can be quantitatively connected to the properties of a wavefunction, i.e., calculated via the
expectation values outlined above:

ApAzx > g (3.1.8.12)

This essentially states that the greater certainty that a measurement of « or p can be made, the greater will be the uncertainty in the
other. Hence, as Ap approaches 0, Az must approach co, which is the case of the free particle (e.g, with V(z) =0) where the
momentum of a particles can be determined precisely.

v/ Example 3.8.1 : Uncertainty with a Gaussian wavefunction

A particle is in a state described by the wavefunction

s

¥(z) = (@> %e"””z (3.1.8.13)

where a is a constant and —oo < x < oo . Verify that the value of the product Ap A z is consistent with the predictions from
the uncertainty principle (Equation 3.1.8.12).

Solution
Let's calculate the average of x:

(z) :/_ Yz de
:/oo(2a/7r)%e_“z2x(2a/7r)%e_am2 dx
:/ooa:(2a/7r)§e’2‘“”2 dz

o0
=0

since the integrand is an odd function (an even function times an odd function is an odd function). This makes sense given that
the gaussian wavefunction is symmetric around z = 0.

Let's calculate the average of z:
oo
@)= [ wetpdo
:/(mﬁﬁamwmmmﬁfmm

o]

= / z? (2a/7r)%e_2‘””2 dx

00

1
4a

Let's calculate the average in p:

3.1.8.2 https://chem.libretexts.org/@go/page/199164


https://libretexts.org/
https://chem.libretexts.org/@go/page/199164?pdf

LibreTexts"

=
I

[ wds

o0

1 1
[ 2a\* d (2a\*
:/ (_a) e —jh— (_a) e dz
o \ T de \ m
1 1
® (2a\1 2a\ *
/ (_a) "o (—ih) (_a) fea (—2az) dz
e \ T ™

=0

since the integrand is an odd function.

Let's calculate the average of p?:

p*) = [ " Y p*pda

9g\ 12 o
=—h? (?a) / 2a(az? —1)e 2% d
1/2 1/2
= —4h2a? (2_a> / /oowze_zaxzdm+4h2a(2—a) / /ooe_2a’”2dw
™ 0 ™ 0
=ah?

We use Equation 3.1.8.1to check on the uncertainty

Ar? = (@) —(z)>=-—-0

1

4qa
1

Az =/ Az’ = ——

”“' W

Ap® = (p?) —(p)* =ah® —0

Ap:\/A»p?=ﬁ\/5

Finally we have

AL

ApAz = (m) (hﬂ:%

Not only does the Heisenburg uncertainly principle hold (Equation 3.1.8.12), but the equality is established for this
wavefunction. This is because the Gaussian wavefunction (Equation 3.1.8.13) is special as discussed later.

? Exercise 3.8.1

A particle is in a state described by the ground state wavefunction of a particle in a box

2
v=yzon(T)
where L is the length of the box and 0 < = < L. Verify that the value of the product Ap A z is consistent with the predictions
from the uncertainty principle (Equation 3.1.8.12).

The uncertainty principle is a consequence of the wave property of matter. A wave has some finite extent in space and generally is
not localized at a point. Consequently there usually is significant uncertainty in the position of a quantum particle in space.

3.1.8: The Uncertainty Principle - Estimating Uncertainties from Wavefunctions is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.

¢ 3.8: The Uncertainty Principle - Estimating Uncertainties from Wavefunctions by David M. Hanson, Erica Harvey, Robert Sweeney,
Theresa Julia Zielinski is licensed CC BY-NC-SA 4.0.
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3.1.9: A Particle in a Three-Dimensional Box

&) Learning Objectives

e To demonstrate how the particle in 1-D box problem can extend to a particle in a 3D box
¢ Introduction to nodal surfaces (e.g., nodal planes)

The quantum particle in the 1D box problem can be expanded to consider a particle within a higher dimensions as demonstrated
elsewhere for a quantum particle in a 2D box. Here we continue the expansion into a particle trapped in a 3D box with three lengths
L., Ly, and L,. As with the other systems, there is NO FORCE (i.e., no potential) acting on the particles inside the box (Figure

3.9.1).
Z
L L,
L
© z

y
Figure 3.9.1 : A particle in 3D box with three lengths L,, Ly, and L. (CC BY-NC 4.0; Umit Kaya via LibreTexts)

The potential for the particle inside the box
V(F)=0

e 0<z< L,

e 0<y<L,

e 0 S z S Lz

o L, <xz<0

. Ly <y<0

o L,<2z<0

7 is the vector with all three components along the three axes of the 3-D box: 7 = L, & + L,y + L,z . When the potential energy

is infinite, then the wavefunction equals zero. When the potential energy is zero, then the wavefunction obeys the Time-
Independent Schrodinger Equation

)+ V() = Er) (3191

Since we are dealing with a 3-dimensional figure, we need to add the 3 different axes into the Schrondinger equation:

B2 (dP(r) | d*y(r) | d*y(r)
_2m< dz? * dy? * dz?

) = Ey(r) (3.1.9.2)
The easiest way in solving this partial differential equation is by having the wavefunction equal to a preduct of individual function

for each independent variable (e.g., the Separation of Variables technique):

Y(z,y,2) = X(2)Y (y)Z(2) (3.1.9.3)
Now each function has its own variable:

e X(z)is a function of variable z only
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e Y(y) is a function of variable y only
e Z(z) is a function of variable z only

Now substitute Equation 3.1.9.3into Equation 3.1.9.2and divide it by the zyz product:

&y _ X 1 dX

- = —_— = =
dz? dz? X dzx?
d?y —XZdQY N 1 d?Y
dy? B dy? Y dy?
> d*Z _ 1 d*Z
dz? dz? Z dz?
R? d’X R? d’Y R? d’Z
— — —_— — — | =F 3.1.9.4
< 2dez2)+( 2mYdy2)+< 2mZdz2> ( )
FE is an energy constant, and is the sum of x, y, and z. For this to work, each term must equal its own constant. For example,
d’X 2m
TS
Now separate each term in Equation 3.1.9.4to equal zero:
d’X 2m
P + h—QEwX =0
d’Y  2m
— +—5Y =0
dy2  h2 Y
d?Z 2m
4 TR ef =0

Now we can add all the energies together to get the total energy:

€z t+eyt+e,=E (3.1.9.5)

Do these equations look familiar? They should because we have now reduced the 3D box into three particle in a 1D box problems!
d?’X  2m d?y 4n?
—+—EX=0~r —=—— 3.1.9.6
dz2 A2 " dz? A2 ( )

Now the equations are very similar to a 1-D box and the boundary conditions are identical, i.e.,

n=1,2,..00

Use the normalization wavefunction equation for each variable:

2 nwe
—sin if0<z <L
Y)=4 VL. L -
0 fL<z<0
Normalization wavefunction equation for each variable (that substitute into Equation 3.1.9.9):

2 . [ ngmx
”Lm sm( I ) (3.1.9.7)
[ 2 nymYy
Y(y)=,/— sin( ) (3.1.9.8)
L, L,
2
L,

sin(nz:z) (3.1.9.9)

The limits of the three quantum numbers
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e n,=1,2,3,...00
e n,=1,2,3,...00
e n,=1,2,3,...00

For each constant use the de Broglie Energy equation:

n2h?
. - 3.1.9.10
‘T 8mIL? ( )

withn, =1...00

Do the same for variables n, and n,. Combine Equation 3.1.9.3with Equations 3.1.9.7%3.1.9.9to find the wavefunctions inside a

3D box.
w(r) = |2 sin( 22T gin ( Y gin (22T (3.1.9.11)
v L, Ly L,

V=L, xLyxL,

with

volume of box
To find the Total Energy, add Equation 3.1.9.10and Equation 3.1.9.5
h? [ n2 n:121 n?
Epnpn=—|—=+—+— 3.1.9.12
= (B T+ ) (3.1.9.12)

Notice the similarity between the energies a particle in a 3D box (Equation 3.1.9.12) and a 1D box.

Degeneracy in a 3D Cube

The energy of the particle in a 3-D cube (i.e., L, = Ly, = L) in the ground state is given by Equation 3.1.9.12 with n, =1,
ny =1, and n, = 1. This energy (¥ 1,1) is hence

3h?
8mL2
The ground state has only one wavefunction and no other state has this specific energy; the ground state and the energy level are
said to be non-degenerate. However, in the 3-D cubical box potential the energy of a state depends upon the sum of the squares of
the quantum numbers (Equation 3.1.9.11). The particle having a particular value of energy in the excited state MAY has several
different stationary states or wavefunctions. If so, these states and energy eigenvalues are said to be degenerate.

Ei11=

For the first excited state, three combinations of the quantum numbers (n,, ny, n.) are (2, 1, 1), (1,2,1), (1,1,2) The sum of
squares of the quantum numbers in each combination is same (equal to 6). Each wavefunction has same energy:

6h?
8mL?

Corresponding to these combinations three different wavefunctions and three different states are possible. Hence, the first excited
state is said to be three-fold or triply degenerate. The number of independent wavefunctions for the stationary states of an energy
level is called as the degree of degeneracy of the energy level. The value of energy levels with the corresponding combinations
and sum of squares of the quantum numbers

Ey11=FEi121=Fi12=

n? = n2 +nl+n?
as well as the degree of degeneracy are depicted in Table 3.9.1 .
Table 3.9.1 : Degeneracy properties of the particle in a 3-D cube with Ly = Ly = L.

Combinations of Degeneracy Total Energy ~ Degree of

2 2 2
nz +ny +n;
(g, My, M) (En,n,n.)  Degeneracy
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2 24 2 Combinations of Degeneracy Total Energy  Degree of
ng+n;+n
o (ng, ny, ;) (Enainyn.)  Degeneracy
2
3 (1,1,1) 3 1
8mL?
6h2
6 (2)1’1) (1)2,1) (1’112) R —— 3
8mIL?
2
9 (2.2,1) (1.2,2) (2,1,2) o 3
8mL?
2
11 (3,1,1) (1,3,1) (1,1,3) 11h 3
8mL?
2
12 2,2,2) 12h” 1
8mL?
14h2
14 (3.2,1) (3.1,2) (2,3,1) (2,1,3) (1,3,2) (1,2,3) 6
8mL?
2
17 (2,2,3) (3,2,2) (2,3,2) ATh” 3
8mIL?
2
18 WL a4 @Ln 18 3
8mIL?
19h2
19 (1’3’3) (3)1)3) (3:311) T e 3
8mL?
21h2
21 (1)2’4) (1)4,2) (2’114) (2’4’1) (4)1’2) (4!2)1) R —— 6
8mIL?

v/ Example 3.9.1 : Accidental Degeneracies

When is there degeneracy in a 3-D box when none of the sides are of equal length (i.e., L, # L, # L, )?

Solution

From simple inspection of Equation 3.1.9.120or Table 3.9.1, it is clear that degeneracy originates from different combinations
of n2 /L%, nZ/L% and n? /L2 that give the same value. These will occur at common multiples of at least two of these quantities
(the Least Common Multiple is one example). For example

if
ny 1y
212
there will be a degeneracy. Also degeneracies will exist if
ny _ n
21
or if
n? 2
Ly L2
and especially if
nZ ny  nl
2 12 I

3.1.9.4 https://chem.libretexts.org/@go/page/199165


https://libretexts.org/
https://chem.libretexts.org/@go/page/199165?pdf
https://math.libretexts.org/TextMaps/Map%3A_Prealgebra_(OpenStax)/2%3A_Introduction_to_the_Language_of_Algebra/2.5%3A_Prime_Factorization_and_the_Least_Common_Multiple_(Part_1)

LibreTexts*

There are two general kinds of degeneracies in quantum mechanics: degeneracies due to a symmetry (i.e., L, = L,) and
accidental degeneracies like those above.

? Exercise 3.9.1

The 6™ energy level of a particle in a 3D Cube box is 6-fold degenerate.

a. What is the energy of the 7th energy level?
b. What is the degeneracy of the 7th energy level?

Answer a

17h?
8mL?
Answer b

three-fold (i.e., there are three wavefunctions that share the same energy.
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3.1.E: The Schrodinger Equation and a Particle in a Box (Exercises)

Solutions to select questions can be found online.
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3.2
Determine from the following operators which are linear and nonlinear:

a. f:lf(w) = f(z)? [square f(x)]

b. Af(z) = f*(x)[form the complex conjugate of f(x)]
c. Af(z) = 0 [multiply f(x) by zero]

d /Alf(x) = [f(z)] ! [take the reciprocal of f(x)]

e. fif(:c) = f(0) [evaluate f(x) at x=0]

£ Af(z) = In f(z)[take the log of f(x)]
Solution

It is important to note that an operator A is linear if

Ale f(2) +erfo(2)] = 1 Afi (2) + s Afo(2)

left side right side

and the operator is nonlinear if

Ales fi(2) + eafol@)] # a1 Afi (2) + 2 Af(2)

left side right side

a)

Evaluate the left side

Ale1f(2) + 2 fo(2)] = [erfile) +cafo(x))?
=cdfi(z)’ 421 fi(x)cr fo(z) + ¢ folz)?

Evaluate the right side
aAfi(z) +eAf(z) = alfi(@)]? +elfa(2)]? # Ale fi(z) + e fo(a)]
This operator is nonlinear
b)
Evaluate the left side
Alesfi(2) + 2 fo(@)] = cifi () + e f3 (x)

Evaluate the right side

aAfi(x) +erAf(2) = fi(2) + e fi (o)

= Ale1 fi(2) +e2 fo(a)]
This operator is linear
c)
Evaluate the left side
Alerfi(@) +c2fa(x)] =0

Evaluate the right side

1 Afi(z) + 2 Afa(z) = 1 fi(z) +cafa(z) =0

= Aler fi(2) + &2 ()]
This operator is linear
d)
Evaluate the left side
N 1
Aleifi(z) + 2 fo(z)] = ——————
R ek e an®
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Evaluate the right side

This operator is nonlinear
e)

Evaluate the left side
Evaluate the right side

This operator is linear

f)

Evaluate the left side

Evaluate the right side

This operator is nonlinear

C1 C2

fi(z) * fa(z)
£ Aler fi() + 2 fo(x))]

Clz‘ifl (.’I}) +02Af2(.’13) =

Ales fi(2) +ea fo(@)] = 1 £1(0) +c2£2(0)

= ClAfl (113) +62Af2 (.’Il)

Ale1fi(2) + e f2(2)] = Inle1 fi(2) + e2 fo(a)]

cljlfl(:t) +sz‘1f2(x) =clln fi(z) +cy In fo(z)
£ fi[c1f1($) +c2 fa(x)]
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3.8

Show that for a particle in a box with length a with state n = 3 that there are 3 locations along the x axis where the probability density is at a
maximum.

Solution

The probability density for a particle in a box for state n = 3 is

* _ 2 2 3])(13
Y = —sin”—
To maximize the probability density, take its derivative and set it equal to zero and solve for x .
d [2 . ,3mx 2 . 3mx 3mx 37
—|—sin®°— | ==-2-sin— -cos — -— =0
dz | a a a a
3rz 3rx

sin —— cos — =
a a

3rz
We want to not choose values of x that make sin —— =0, as that means that the probability density will be zero. We will only choose the
a

3
zeros of cos o . So the possible values for x which make
a

3nx
cos — =
a
are
3 2 1
spr_ZmAl o _01,2,...
a 2
_ (2m+1)a
6
. wa . :
We only choose m = 0, 1,2 and not 3 because m = 3 would give z = o which is outside the box. So the locations are
a
==
6
a
rT==
2
,_ b
6
3.13
What range for L is possible for o, given:
oz =4/ (2?) — (z)*

where L is the length of the 1-D box? Hint: Remember that o, is the uncertainty in the position of a particle in a box.

Solution

For a particle in a box:

L
(#)=35
and
L? L?
(@) = =
3 2n2n?

By inspection, only values of o less than L will make this statement true.
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3.14
Using the trigonometric identity

cos(2x) =2cos?z —1

show that
a
/ 2 cos? e —1dx =0
0 a
a
2
/ cos nre der =0
0 a
a
2 _sin(2n7m) =0
py sin(2n)
3.18
. 2 . nmz . .
Is the wavefunction ¢,, = 7 sin (T) orthonormal over 0 < z < L. Explain your reasoning.
Solution

For a wavefunction to be orthonormal, it has to satisfy these conditions 1.) it has to be orthogonal and 2.) it has to be normalized.

To show that it is orthogonal:

/OLqud)*ndx:O

when m #n

To show that that the wavefunction is normalized it must follow that

/Oqunqs*ndz:l

when m=n
Because our wavefunction satisfies both conditions, it is an orthonormal function.

We find that

and

3z drx

(Yaltha) = / %(sin T)(sm T)dmzo

From orthogonality, we can learn that if n is not equal to m, our dot product will always be zero. But if n = m our dot product will equal 1.
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3.22

What is the Heisenberg Uncertainty Principle? Do position and momentum follow the uncertainty principle; why or why not? If they do, what is
the minimum uncertainty in the velocity of an electron if it is known to be within 1.5nm of a nucleus?

Solution

The Heisenberg Uncertainty Principle states that two properties that follow cannot be simultaneously measured to arbitrary precision.
Position and momentum follow the principle. If one were to try and commute these two operators, one would not get zero and therefore the
properties do not commute. If they do not commute then they cannot be measured to arbitrary precision.

‘We know that

AzxAp > g

And that p = mv. This gives
h
mAzAv > 3

The mass of an electron is known is m. &~ 9.1 x 107! kg . The problem also gives Az to be 1.5 nm. From here, it becomes a plug and chug
to solve for Av.

Av = 3.86 x 10*
3.23
Describe the degeneracies of a two-dimensional box whose two sides have different lengths.

Solution

The energies of a two-dimensional box is given by,

h? (n2 nd
E = — _w+_y
8m <a2 b2

We can see that even if a # b, the energy levels will not necessarily be degenerate.

3.26

How many degenerate states do the first three energy levels for a three-dimensional particle in a box haveifa =b=c?

3.27

Metal porphyrin molecules are commonly in many proteins and it has the general structure.

This molecule is planar, so we can approximate 1 electrons as being confined inside a square. What are energy levels and corresponding
degeneracies of a particle in a square of side m? Porphyrin molecules have 18 7 electrons. If the length of the molecule is 850 pm, what is the
lowest energy absorption of the porphyrin molecules? (the experimental value ~ 17,000 cm ™ 1)

Solution
The first energy level is E(y,1,1) which has no degeneracy.
The second energy state is E(» 1,1y=E(1,2,1)=E(1,1,2), therefore it has three degenerate states.

The third energy state is E( 5 1)=E(2,1,2)=E(1,2,2), therfeore it has three degenerate states.

3.1.E.6 https://chem.libretexts.org/@go/page/199166



https://libretexts.org/
https://chem.libretexts.org/@go/page/199166?pdf

LibreTexts*

3.26

For a two dimensional box of width w and height h = ,/aw, calculate all possible energy combinations between Ei; and FEj33 note any
degeneracy.

Solution

The energy of a two dimensional particle in the box has the form,
8Sm w2 h2
In this specific case h = y/aw so we can simplify the problem to,

o I (k2
8m ,w2 ,w2

Now we can tabulate the energy level indicating degeneracy.

By Degeneracy ESZZMZ
Ey, 1 3
Ei5. E5 2 5
Exn 1 4
Es 1 6
Ei3. E3s 2 7
Es; 1 8
E3; 1 9
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3.32

In this problem, we will explore the quantum-mechanical problem of a free particle that is not restricted to a finite region. Remember quantized
energies of a particle in a box is a direct result from the boundary conditions set by the confines of the box.

When the potential energy V() is equal to zero and the Schrodinger equation become

d2_1/) N 2mE
dx? h2

P(z) =0

The two solutions to this Schrodinger equation are
P1(z) = A e
Pa(z) = Age
where

(2mE)(1/2)
h

Show that 1 () and v (z) are solution to the Schrodinger equation where the potential energy V() is equal to zero

Solution

In order to prove that ¢, (z) and 1, (z) are solutions we need to mention a few values

(2mE)Y?
p=hk—k=p/h—k= — 5
Now we have
d? Ae*ikz 2mEAei““ _o
dx? h2
A(£ik)? e + @Aeﬂ’“ =0— -k + 2:2]3 =0

Cancel the like terms
(2mE)1/?

Thus, k =
h

, which equals the original k& value

3.32

Show that E had to be a positive value, since when E is negative the wave function become unbounded for large x values

Solution
If E <0 then k becomes imaginary, k = ik
= Aetikz — peti(ikz gotke
For 91 (z) = Aje™ " this will blow up for x - - 0o

For ¢, (z) = Aye™® this will blow up for x - co

https://chem.libretexts.org/@go/page/199166
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3.32
With P ¢, () and P 1), (z) as eigenvalue equations, show that

iy

Py, (z) = —ih——~ = Rk
&£
and
R d
Pis(z) = —ih% — Rk
Solution
- . A d tike . N ik iks
Py (z) = fzhﬂ = fzhEAle = —ihA; (ik)e"™ = +hkA, "™ = +hkiy,
~ d ) . )
Pipy(z) = —ih% = —ih%Aze"’“ = —ihAy(—ik)e™ = —hkAje " = —Rk,

Now we can show that

3.1.E.9 https://chem.libretexts.org/@go/page/199166
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3.32
Show that ¥y, (z) = AT A; = |A;|? and that P}y (z) = A3 Ay = |4,
Solution
w;’d)l(w) _ (Aleikz)*Aleilm:
= A’{Ale_i’“eik’
= AjAje TR = Ax A€
=ATA
P3a(z) = (Age )" Aye™ ™
— A;AQeik‘wfikm
= AjAre’ = A3 4,
% has equal probability to be everywhere when Az = co and Ap =0

3.33A

Assuming that a particle is characterized by a standing de Broglie wave, come up with an equation for the allowed energies of a particle in a one-

dimensional box.

Solution

The de Broglie relationship is

h
A=—
p
Because the waves are standing waves, an integral number of half wave-lengths will fit in the box or:
nA
a=—
2
and
_nh
=2
Solving for p yields
_nh
P=%
and the corresponding energy is
B_ muv? -~ i _ anhQ _ n2h?
2 2m 2m 4a®>  8ma?
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3.33B

Derive the lowest allowed velocity for a proton in a box of length 104 m (approximate size of nucleus), assuming the particle is described by a
standing deBroglie wave.

Solution

The de Broglie wavelength is

Substituting this wavelength in the de Broglie relationship, one gets
_ hn
o 2m L

lowest allowed velocity will have n =1

~ (6626 x107*)(1)
T 2% (1.67 x 10-27)(10-14)

=19.8 x10%m /s

3.33C

If a particle in a one-dimensional box is described by standing de Broglie waves within the box, derive an equation for the allowed energies. Then
use that equation to find the transition energy from n=1 to n=2 given the length of the box is 350 pm and the mass of an electron is

9.109 x 10 31 kg.

Solution

The de Broglie formula is

h
A=—
p
An integral number of half-wavelengths will fit in the box because the waves are standing waves so
nA
=2 _a
2
h
— —qa
2p
Then solving for p
__nh
p= 2a
Therefore the energy equation is
B mu? _ p? 1 n?h? _ n?h?
T2 2m 2m 4a®  8mad
Just plug into the equation to find the transition energy
h2
AE = (22 —1%)
8m.a?

(6.626 x 107347 . 5)2(3)
8(9.109 x 103 kg) (350 x 10~12/n)?2

AFE =147x10"%J
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3.35A

Consider the two wavefunctions
. nmx
Yp(z) = sin —
a
with even n numbers and

nmr

Yn(z) = cos

with odd n numbers.
Prove that the wavefunctions can be symmetric and antisymmetric by using the operation x to -x, a is a constant.
Given that the Schrédinger equation has the expression:

H(z)¢n(z) = Enthu(z)

Through the operation x to -x, the equation now becomes:

H(~2)¢n(~2) = Entpn(—1)

Show that
H(z) = H(—z)
is true to prove the Schrodinger equation.
Solution
Substituting by —z, for odd n numbers,
12)n(—:v) = cos —= — cos % = 1/;,,(:0) (3.1.E.1)
For even n numbers,
1/;,1(—:2) = sin—2% — —sin%tm = —&n(m) (3.1.E.2)
Thus, the wavefunction for odd n number is symmetric and even n numbers is antisymmetric.
And,
2 g2
H(z) = —2%% = H(z) (3.LE.3)
2 2
i(—x) = —:—mﬁ = H(z) (3.1.E.4)
Thus,
H(x) = H(-x)
and
H{(x)

is an even function of x.
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3.35B

Show that the Hamiltonian for a Rigid Rotor Model is odd.

Solution
H(z) = H(—z)
)
s _h_2 )
Lagn
2 dy &y dy
dz? dy? dz?
so
%(w) 0
and
2
()=
)
H(z) =0
and
H(—z) =0
S0
H(z) = H(—z)

3.1.E: The Schrodinger Equation and a Particle in a Box (Exercises) is shared under a not declared license and was authored, remixed, and/or
curated by LibreTexts.
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CHAPTER OVERVIEW

3.2: The Harmonic Oscillator and the Rigid Rotor

circuit), standing waves on a string, etc. It's trivial to set up demonstrations of these phenomena, and we see them constantly. The
harmonic oscillator is intuitive: We can picture the forces on systems such as pendulum or a plucked string. This makes it simple
to study in the classroom. In contrast, there are many "everyday" examples that are not intuitive. The harmonic oscillator is
mathematically simple: Math is part of physics. In studying simple harmonic motion, students can immediately use the formulas
that describe its motion. These formulas are understandable: for example, the equation for frequency shows the intuitive result that
increasing spring stiffness increases frequency.

3.2.1: A Harmonic Oscillator Obeys Hooke's Law

3.2.2: The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule Contains the Reduced Mass of the Molecule
3.2.3: The Harmonic Oscillator Approximates Vibrations

3.2.4: The Harmonic Oscillator Energy Levels

3.2.5: The Harmonic Oscillator and Infrared Spectra

3.2.6: The Harmonic-Oscillator Wavefunctions involve Hermite Polynomials

3.2.7: Hermite Polynomials are either Even or Odd Functions

3.2.8: The Energy Levels of a Rigid Rotor

3.2.9: The Rigid Rotator is a Model for a Rotating Diatomic Molecule

3.2.E: The Harmonic Oscillator and the Rigid Rotor (Exercises)

3.2: The Harmonic Oscillator and the Rigid Rotor is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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3.2.1: A Harmonic Oscillator Obeys Hooke's Law

The motion of two atoms in a diatomic molecule can be separated into translational, vibrational, and rotational motions. Both
rotation and vibrational motions are internal motions that do not change the center of mass for the molecule (Figure 5.1.1 ), which
is described by translational motion. Quantum translational motions can be modeled with the particle in a box model discussed
previously and rotation and vibration can be modeled via the rigid rotor and harmenic oscillator models, respectively.

@\\VWWWW\@

Figure 5.1.1 : Two atoms connected by a vibrating bond. There is a rotation around the common center of mass, and oscillation in

bond distance. (CC SA-BY, 3.0; www.cleonis.nl).
Before delving into the quantum mechanical harmonic oscillator, we will introduce the classical harmonic oscillator (i.e., involving
classical mechanics) to build an intuition that we will extend to the quantum world. A classical description of the vibration of a
diatomic molecule is needed because the quantum mechanical description begins with replacing the classical energy with the
Hamiltonian operator in the Schrodinger equation. It also is interesting to compare and contrast the classical description with the
quantum mechanical picture.

The Classical Harmonic Oscillator

Simple harmonic oscillators about a potential energy minimum can be thought of as a ball rolling frictionlessly in a curved dish or a
pendulum swinging frictionlessly back and forth (Figure 5.1.2 ). The restoring forces are precisely the same in either horizontal
direction.

—L piw =0

F -x'prfng ’

Bmwn@

i x = 0 (equilibrium position)

Figure 5.1.2 : A mass connected to a spring that follows Hooke's law is a system that, when displaced from its equilibrium position

(z, = 0), experiences a restoring force, F' that is proportional to the displacement, z from the equilibrium length (z,). (CC BY-

NC; Umit Kaya via LibreTexts)
If we consider the bond to behave like a mass on a spring (Figure 5.1.2 ), then this restoring force (F') is proportional to the
displacement (z) from the equilibrium length (z,) - this is Hooke's Law:

F=—kz (3.2.1.1)

where k is the force constant. Hooke's Law says that the force is proportional to, but in opposite direction to, the displacement ().
The force constant reflects the stiffness of the spring. The idea incorporated into the application of Hooke's Law to a diatomic
molecule is that when the atoms move away from their equilibrium positions, a restoring force is produced that increases
proportionally with the displacement from equilibrium. The potential energy for such a system increases quadratically with the
displacement.
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V(z)= %kxz (3.2.1.2)

Hooke's Law or the harmonic (i.e. quadratic) potential given by Equation 3.2.1.2is an excellent approximation for the vibrational
oscillations of molecules. The magnitude of the force constant & depends upon the nature of the chemical bond in molecular
systems just as it depends on the nature of the spring in mechanical systems. The larger the force constant, the stiffer the spring or
the stiffer the bond. Since it is the electron distribution between the two positively charged nuclei that holds them together, a double
bond with more electrons has a larger force constant than a single bond, and the nuclei are held together more tightly.

A stiff bond with a large force constant is not necessarily a strong bond with a large dissociation energy. A harmonic oscillator
has no dissociation energy since it CANNOT be broken - there is always a restoring force to keep the molecule together. This
is one of many deficiencies in using the harmonic oscillator model to describe molecular vibrations.

X Two atoms or one?

You may have questioned the applicability of the harmonic oscillator model involving one moving mass bound to a fix wall via
a spring like in Figure 5.1.2 for the vibration of a diatomic molecule with two moving masses like in Figure 5.1.1 . It turned out
the two are mathematically the same with internal vibration motion described by a single reduced particle with a reduced mass

.
a) cenfer b)
o mass
roo

A F=F.-F

-
&

cenfer

/ of miaissy
e

Figure 5.1.3 : Diagrams of the coordinate systems and relevant vectors for the motion of (a) a two-particle diatomic molecule

with atoms of mass m; and m, and (b) the equivalent one-particle pseudo-particle of reduced mass p. (CC BY-NC; Umit

Kaya via LibreTexts)
For a diatomic molecule, Figure 5.1.3 , the vector 7 corresponds to the internuclear axis. The magnitude or length of r is the
bond length, and the orientation of r in space gives the orientation of the internuclear axis in space. Changes in the orientation
correspond to rotation of the molecule, and changes in the length correspond to vibration. The change in the bond length from
the equilibrium bond length is the vibrational coordinate for a diatomic molecule.

v/ Example 5.1.1

a. Show that minus the first derivative of the harmonic potential energy function in Equation 3.2.1.2with respect to « is the
Hooke's Law force in Equation 3.2.1.1.

b. Show that the second derivative is the force constant, k.

c. At what value of z is the potential energy a minimum; at what value of « is the force zero?

d. Sketch graphs to compare the potential energy and the force for a system with a large force constant to one with a small
force constant.

Solution a
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Hooke's Law for a spring entails that the force applied on a spring F' is equal to the force constant, —k times the distance
compressed or stretched, z (Equation 3.2.1.7). The derivative of V (z) = 0.5kz? is

V'(z)=(2) (%) kz = ka.

The negative of this is —V'(z) = —kz which is exactly equal to Hooke's Law.
Solution b
The second derivative

v (m):d;ika:zk

Thus, the second derivative of this equation for potential energy is equal to the force constant, k.
Solution ¢

To find the minimum potential energy, it is easiest to set the first derivative equal to zero and solve for x. When
V'(z) = kx =0 then x must be equal to zero. Thus, the minimum potential energy is when x=0. Plugging this into Hooke's

Law, F'(0) = —k(0) =0 so this is also the value for x when the force is zero.
Solution d
| | T | 8
Q=052 @7, =05 f
k=01 c=10

L

.

bt
|

|t

\x\\ //, /

T—

The force constant has a drastic effect on both the potential energy and the force. A system with a large force constant requires
minimal change in z to have a drastic change in potential energy or force, whereas a system with a small force constant is the
exact opposite phenomenon.

Solving the Harmonic Oscillator Model

The classical equation of motion for a one-dimensional simple harmonic oscillator with a particle of mass m attached to a spring
having spring constant k is

m— = —ka(t) (3.2.1.3)
which can be rewritten in the standardform:
d*z(t) k&
—z(t)=0 3.2.1.4
— all) (3.2.1.4)

Equation 3.2.1.3 is a linear second-order differential equation that can be solved by the standard method of factoring and
integrating. The resulting solution to Equation 3.2.1.3is

z(t) =, sin(wt + @) (3.2.1.5)

with
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w= \/g (3.2.1.6)

p=mu

and the momentum has time dependence

= mz,wcos(wt + @)

Figure 5.1.4 show the displacement of the bond from its equilibrium length as a function of time. Such motion is called harmonic.

Figure 5.1.4 : Solution to the Harmonic Oscillator. Displacement (y-axis) is plotted as a function of time.

v/ Example 5.1.2

Substitute the following functions into Equation 3.2.1.4to demonstrate that they are both possible solutions to the classical
equation of motion.

a. z(t) = moet

b. z(t) = zoe ™t

where

k
w=4/—
m

Note that the Greek symbol w for frequency represents the angular frequency 27v.

Solution a

t

This requires simply placing the given function z(t) = z¢e™! into Equation 3.2.1.4

d’z(t) k
7 + mz(t) =0
d2 twt k twt
@(%e’“’ ) + —oe™ =0
a2 . E
moﬁ(e""t) —+ Emoe“"t = 0

IL‘O’L2(.U2 (ezwt) + _woezwt =0
m

22 2 _iwt

k .
¢

Toi w e + —zx,e™ =0
m

. k
zoitw? +—z, =0
m

k k [k
—2o— +—x,=0 with w =,/ —
m m m

This requires simply placing the given function z(t) = zge~** into Equation 3.2.1.4

Solution b
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d*z(t) k
W —:Z:(t) =0
2
‘ k .
—twt —twt
w (zoe ) + Emoe =0
d2 —iwt k —iwt
ZEOE (6 ) + Ea:oe =0

) i L
$022w2 (6 zwt)+_xoe iwt -0
m
2 2

i E
Toitwie W —g e =0
m

. k
zoitw? +—z, =0
m

E k /
—z,— +—z, =0 with w = L]
m m m

? Exercise 5.1.1

Show that sine and cosine functions also are solutions to Equation 3.2.1.4

Answer

Using Equation 3.2.1.4

withw = \/g .
For

z(t) = z, sin(wt + @)
Take the second derivative of z(t)

d?z(t)
dt

= —w?z, sin(wt + ¢)

=Wz, sin(wt + @)

= —iwo sin(\/zt +¢)
m m

Plug in z(¢) and the second derivative of z(t) into Equation 3.2.1.4

k ) ( [k ) k ) ( [k )
——x,sin —t+¢ | +—=x,sin —t+¢ ) =0
m m m m

Hence, the sine equation is a solution to Equation 3.2.1.4

We do the same for the cosine function
z(t) = z, cos(wt + @)

Take the second derivative of ()
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d?z(t)
dt

= —w?z, cos(wt + ¢)

= —w’x, cos(wt + @)

= —ﬁzo cos<\/zt —|—¢)
m m

Plug in z(¢) and the second derivative of z(¢) into Equation 3.2.1.4

—ﬁwocos( ﬁt—l—d))—l—ﬁxocos( ﬁt—i—(ﬁ):O
m V m m V m

The cosine equation is also a solution to Equation 3.2.1.4

? Exercise 5.1.2

Identify what happens to the frequency of the motion as the force constant increases in one case and as the mass increases in
another case. If the force constant is increased 9-fold and the mass is increased by 4-fold, by what factor does the frequency
change?

Answer

This is a simple application of Equation 3.2.1.6 As the force constant increases, the frequency of the motion increases,
while as the mass increases, the frequency of the motion decreases. If the force constant increased 9-fold and the mass

increased 4-fold,
9 _3(k
“Vam  2\m

The entire frequency of motion would increase by a factor of 3/2.

Harmonic Oscillator Energies

The energy of the vibration is the sum of the kinetic energy and the potential energy. The momentum associated with the harmonic
oscillator is

dx
=m— 3.2.1.7
p=m— ( )
so combining Equations 3.2.1.7and 3.2.1.2 the total energy can be written as
E=T+V (3.2.1.8)
2

p k 2
= 4= 3.2.1.9
om 27 ( )

The total energy of the harmonic oscillator is equal to the maximum potential energy stored in the spring when z = +A, called the
turning points (Figure 5.1.5 ). The total energy (Equation 3.2.1.9 is continuously being shifted between potential energy stored in
the spring and kinetic energy of the mass.
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Figure 5.1.5 : The potential V(z) for a harmonic oscillator. Vertical axis energy; horizontal axis displacement z. The potential

energy V(z) = vika? is shown in red. (Paul Wormer Wikipedia).
The motion of a classical oscillator is confined to the region where its kinetic energy is nonnegative, which is what the energy
relation Equation 3.2.1.9says. Physically, it means that a classical oscillator can never be found beyond its turning points, and its
energy depends only on how far the turning points are from its equilibrium position. The energy of a classical oscillator changes in
a continuous way. The lowest energy that a classical oscillator may have is zero, which corresponds to a situation where an object
is at rest at its equilibrium position. The zero-energy state of a classical oscillator simply means no oscillations and no motion at all
(a classical particle sitting at the bottom of the potential well in Figure 5.1.5 ). When an object oscillates, no matter how big or
small its energy may be, it spends the longest time near the turning points, because this is where it slows down and reverses its
direction of motion. Therefore, the probability of finding a classical oscillator between the turning points is highest near the turning
points and lowest at the equilibrium position. (Note that this is not a statement of preference of the object to go to lower energy. It
is a statement about how quickly the object moves through various regions.)

v/ Example5.1.3

a. What happens to the frequency of the oscillation as the vibration is excited with more and more energy?
b. What happens to the maximum amplitude of the vibration as it is excited with more and more energy?

Solution
a. Frequency

The energy of the harmonic oscillator can be written as

1
E,=h —
b v<v+2>

and the frequency of oscillation is w = 4/ % . Notice that the frequency depends only on the stiffness (k) and reduced mass (@)

of the oscillator and not on the energy. Hence, increasing the energy of the vibrations does not affects its frequency.
b. Amplitude
The kinetic and potential terms for energy of the harmonic oscillator can be written as

E=K+V

1 1
= §'mw2A2 sin?® wt + §kA2 cos’ wt

withw:w/i SO
m

1
E = §kA2 (sin2 wt + cos® wt)
1

— 2142
—2kA
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l The maximum amplitude of the vibration will increase as the energy increases.

? Exercise 5.1.3

If a molecular vibration is excited by collision with another molecule and is given a total energy Ep; as a result, what is the
maximum amplitude of the oscillation? Is there any constraint on the magnitude of energy that can be introduced?

Answer

The equation that defines the energy of a molecular vibration can be approximated is:

2
k
By =T+V=212g
2m 2

The maximum amplitude of a harmonic oscillator is equal to x when the kinetic energy term of total energy equals zero
By =~z
hit 9

Solving for x gives the maximum amplitude:

2
=4/ T Ep
7 hit
The constraint for the energy that can be introduced cannot be greater than the energy required to break the bond between

atoms.

3.2.1: A Harmonic Oscillator Obeys Hooke's Law is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

« 5.1: A Harmonic Oscillator Obeys Hooke's Law by Michael Fowler is licensed CC BY-NC-SA 4.0.
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3.2.2: The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule
Contains the Reduced Mass of the Molecule

For studying the energetics of molecular vibration we take the simplest example, a diatomic heteronuclear molecule AB. Let the
respective masses of atoms A and B be m 4 and mp. For diatomic molecules, we define the reduced mass 45 by:

piap = ——2— (3.2.2.1)

Reduced mass is the representation of a two-body system as a single-body one. When the motion (displacement, vibrational,
rotational) of two bodies are only under mutual interactions, the inertial mass of the moving body with respect to the body at rest
can be simplified to a reduced mass.

Reduced Mass

Viewing the multi-body system as a single particle allows the separation of the motion: vibration and rotation, of the particle from
the displacement of the center of mass. This approach greatly simplifies many calculations and problems.

center
——~ of mass

center
———___of mass

center
——___of mass >

(b) (©
Figure 5.2.1 : a) the individual vectors to the particles m; and ms in the coordinate space and the resultant vector. b) center of
mass. ) reduced mass. (CC BY-NC; Umit Kaya via LibreTexts)

This concept is readily used in the general motion of diatomics, i.e. simple harmonic oscillator (vibrational displacement between
two bodies, following Hooke's Law), the rigid rotor approximation (the moment of inertia about the center of mass of a two-body
system), spectroscopy, and many other applications.

v/ Example 5.2.1 : Reduced Mass

Determine the reduced mass of the two body system of a proton and electron with myrot0n = 1.6727 X 10727 kg and
Melectron = 9.110 x 10_31 kg )

Answer
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(1.6727 x 10727)(9.110 x 10731)
1.6727 x 10727 +9.110 x 10731
=9.105 x 103 kg

Hpe =

The Quantum Harmonic Oscillator

The classical Harmonic Oscillator approximation is a simple yet powerful representation of the energetics of an oscillating spring
system. Central to this model is the formulation of the quadratic potential energy

1
V(z)~ 51@1:2 (3.2.2.2)

One problem with this classical formulation is that it is not general. We cannot use it, for example, to describe vibrations of
diatomic molecules, where quantum effects are important. This require the formulation for Schrédinger Equation using Equation
3.2.2.2

H|y) = [—7 +—km“‘] |¥) = E|¢)

Solving this quantum harmonic oscillator is appreciably harder than solving the Schrédinger Equation for the simpler particle-in-
the-box model and is outside the scope of this text. However, as with most quantum modules (and in contrast to the classical
harmonic oscillator), the energies are quantized in terms of a quantum number (v in this case):

E,=h (\/§> <v+%) (3.2.2.3)

1
=hv (v+ 5) (3.2.2.4)
with the natural vibrational frequency of the system given as

1 [k
Lad (3.2.2.5)

V:E 0

and the mass, u, is the reduced mass of the system (Equation 3.2.2.1).

Be careful to distinguish v, the symbol for the natural frequency (as a Greek nu) from v the quantum harmonic oscillator
quantum number (Latin v).

d Caution: Do Not Use Atomic Weights to Calculate Reduced Masses

The vibrational frequencies given by Equation 3.2.2.5depend on the force constants (k) and the atomic masses of the vibrating
nuclei via the reduced mass (u). It should be clear that the substitution of one isotope of an atom in a molecule for another
isotope will affect the atomic masses and therefore the reduced mass (via Equation 3.2.2.1) and therefore the vibrational
frequencies (via Equation 3.2.2.5).

It is important to remember that the Periodic Table gives only atomic weights of elements, which are scaled averages of atoms
normally encountered in the laboratory (Table 5.2.1). To properly discuss vibrational frequencies of molecules, we need to
know (or denote) the specific isotopes in the molecule. Check Table A4 for that information.

Table 5.2.1: Atomic Mass and Isotope Composition. Consult Table A4 for more extensive table.

isotope atomic mass (in amu) isotopic abundance (%)
H 1.007825 99.985
’H 2.0140 0.015
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isotope atomic mass (in amu) isotopic abundance (%)
a1 35.968852 75.77
a1 36.965903 24.23
"9Br 78.918336 50.69
81pr 80.916289 49.31

v/ Example 5.2.1 : Isotope Effect

What are the reduced mass for 'H3*Cl and 'H3"CI? If the spring constants for vibrations of both molecules are equal and
estimated at 478 N /m, what are the natural vibrational frequencies of these two molecules?

Solution
The periodic table gives an atomic weight of 35.45 amu for chlorine, but remember this is the the average of the natural
abundances of different chlorine isotopes which is dictated primary by two isotopes: %501 and *"CL. For this problem, we need

the exact mass of the lH, 35Cl, and 2"Cl isotopes. Check Table A4 for that information.

For 'H3*CL

mim

Reduced mass = ————2—

mi +mg
TNHM3s a1

my + M3
(1.0078)(34.9688)

= amu
1.0078 +34.9688)

=0.9796 amu

or when converted into kg is 1.629 x 107 kg.

For 'H*'CL:

mim

Reduced mass = 12
mi +mo

MyMmMsr cl

my + My

(1.0078)(36.965)
= amu
1.0078 +36.965)

=0.9810 amu

or when converted into kg is 1.6291 x 10727 kg. This is only 0.29% bigger.

Equation 3.2.2.5is used to predict the respective vibrational frequencies of these two molecules.

For 1H3°CL
,o L [k
27\
1 478 N/m
-~ 27w\ 1.629 x 102 kg
=8.6394 x 103571
For 'H*'Cl:
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1 |k
2\l
1 478 N/m

T 27\ 1.629 % 10 2 kg

=8.621 x 10357}

As with the differences in the reduced masses, the differences in the vibrational frequencies of these two molecules is quite
small. However, high resolution IR spectroscopy can easily distinguish the vibrations between these two molecules. Exercise
5.2.1 will demonstrate that this "isotope effect" is not always a small effect.

? Exercise 5.2.1 : Hydrogen Chloride

The force constant is weakly sensitive to the specific isotopes in a molecule (and we typically assume it is isotope
independent). If the k =478 N /m for both H**Cl and H3"Cl. What are the vibration frequencies in these two diatomic
molecules.

Answer
H35Cl: 2886 cm’!
D?3CL: 2081 cm’!

3.2.2: The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule Contains the Reduced Mass of the Molecule is shared under a not
declared license and was authored, remixed, and/or curated by LibreTexts.

¢ 5.2: The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule Contains the Reduced Mass of the Molecule by Eugene
Lee is licensed CC BY-NC-SA 4.0.
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3.2.3: The Harmonic Oscillator Approximates Vibrations

&) Learning Objectives

e Understand the utility and limits of using the quantum harmonic oscillator as a model for molecular vibrations

The quantum harmonic oscillator is one of the most important model systems in quantum mechanics. This is due in partially to the
fact that an arbitrary potential curve V(z) can usually be approximated as a harmonic potential at the vicinity of a stable
equilibrium point. Furthermore, it is one of the few quantum-mechanical systems for which an exact, analytical solution exists.
Solving other potentials typically require either approximations or numerical approaches to identify the corresponding eigenstates
and eigenvalues (i.e., wavefunctions and energies).

A general potential energy (V' (z)) curve for a molecular vibration can be expanded as a Taylor series

av(z)|”
dx

1d*v(z)|" )
(w—zg)—i—i—d%2 (z —xp) +...—|—m T

o o o

V(z) = V(o) + 1 d"V(z)[*

(x —zo)" (3.2.3.1)

It is important to note that this approximation is only good for x near x, and that zy stands for the equilibrium bond distance.
V' (z) is often (but not always) shortened to the cubic term and can be rewritten as

1 1
V() = Ska® + gya’ (3.2.3.2)
where V(z) =0, k is the harmonic force constant (harmonic term), and -y is the first anharmonic term (i.e., cubic). As Figure
5.3.2 demonstrates, the harmonic oscillator (red curve) is a good approximation for the exact potential energy of a vibration (blue
curve).

40000

30000

20000

10000

0.3 0.4

I [nm]
1

Figure 5.3.1 : The vibration of the HCI molecule is really an anharmonic oscillator, but can be approximated as a harmonic
oscillator at low energies. In this animation, HCI is vibrating at the E3 energy level. Dq is dissociation energy here, 7o bond
length, V' potential energy. Energy is expressed in wavenumbers. The hydrogen chloride molecule is attached to the coordinate
system to show bond length changes on the curve. (CC BY-SA 3.0; Darekk?2 via Wikipedia).
Adding anharmonic perturbations to the harmonic oscillator (Equation 3.2.3.9) better describes molecular vibrations. Anharmonic
oscillation is defined as the deviation of a system from harmonic oscillation, or an oscillator not oscillating in simple harmonic
motion. Anharmonic oscillation is described as the restoring force is no longer proportional to the displacement. Adding the cubic
term (Figure 5.3.2 ; green curve) improves the harmonic oscillation approximation especially under greater displacement from
equilibrium.
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Figure 5.3.2 : (left) Deviation from simple harmonic potential approximation (red curve) of true/exact potential (blue curve) with
cubic term (green). (right) Expansion with positive or negative quartic terms. (CC BY-NC; Umit Kaya via LibreTexts)

Naturally, adding higher order anharmonic terms, like quartic terms (Figure 3.2.3.2; righ® improve the approximation. Almost all
diatomics have experimentally determined potentials for their lowest energy states. H,, Li,, O,, N,, and F, with terms up to
n < 10 determined of Equation 3.2.3.1.

Figure 5.3.1 shows the the general potential with (numerically) calculated energy levels (Ey, E; etc.). D, is the dissociation
energy, which is different from the well depth D,. These vibrational energy levels of this plot can be calculated using the harmonic
oscillator model (i.e., Equation 5.3.1 with the Schrédinger equation) and have the general form

2 3
1 1 1
E,= (v+ 5) Ve — (v+ 5) Ve + (v+ 5) UeYe + higher terms

where v is the vibrational quantum number and z. and y. are the first and second anharmonicity constants, respectively.

The v=0 level is the vibrational ground state. Because this potential is less confining than a parabola used in the harmonic
oscillator, the energy levels become less widely spaced at high excitation (Figure 5.3.1 ; top of potential).

X Limitations of the Harmonic Oscillator Model for Molecular Vibrations

The harmonic oscillation is a great approximation of a molecular vibration, but has key limitations:

o Due to equal spacing of energy, all transitions occur at the same frequency (i.e. single line spectrum). However
experimentally many lines are often observed (called overtones).
e The harmonic oscillator does not predict bond dissociation; you cannot break it no matter how much energy is introduced.

X Morse Potentials are better Approximations of Vibrational Motion

A more powerful approach than just "patching up" the harmonic oscillator solution with anharmonic corrections is to adopt a
different potential (V'(z)). One such approach is the Morse potential, named after physicist Philip M. Morse, and a better
approximation for the vibrational structure of the molecule than the harmonic oscillator because it explicitly includes the
effects of bond breaking and accounts for the anharmonicity of real bonds (Figure 5.3.4 ).
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Figure 5.3.4 : The Morse potential (blue) and harmonic oscillator potential (green). Unlike the energy levels of the harmonic
oscillator potential, which are evenly spaced by hw, the Morse potential level spacing decreases as the energy approaches the
dissociation energy. The dissociation energy D, is larger than the true energy required for dissociation Dy due to the zero point
energy of the lowest (v = 0) vibrational level. from Wikipedia.

The Morse Potential is a good approximation to V'(z) and is best when looking for a general formula for all z from 0 to oo, not
just applicable for the local region around the z,:

V(z) = D(1 —e Alem0))2 (3.2.3.3)
with V(z =29) =0 and V(z =o00) = D.

The Morse Potential (Figure 5.3.4 ) approaches zero at infinite 7. and equals —D, at its minimum (i.e. 7 =7,). It clearly
shows that the Morse potential is the combination of a short-range repulsion term (small  values) and a long-range attractive
term (large r values).

Solving the Schrodinger Equation with the Morse Potential (Equation 3.2.3.9) is not trivial, but can be done analytically.
with
H=T+V
—h2d?

= omag TP

The solutions and energies for the Morse potential will not be used in this course and will not be discussed in more detail.

3.2.3: The Harmonic Oscillator Approximates Vibrations is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

¢ 5.3: The Harmonic Oscillator Approximates Molecular Vibrations by Peter Kelly is licensed CC BY 4.0.
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3.2.4: The Harmonic Oscillator Energy Levels

For a classical oscillator, we know exactly the position, velocity, and momentum as a function of time. The frequency of the
oscillator (or normal mode) is determined by the reduced mass p and the effective force constant k of the oscillating system and
does not change unless one of these quantities is changed. There are no restrictions on the energy of the oscillator, and changes in
the energy of the oscillator produce changes in the amplitude of the vibrations experienced by the oscillator.

Figure 5.4.1 : Potential energy function and first few energy levels for harmonic oscillator. (CC BY-NC 4.0; Umit Kaya via
LibreTexts)

For the quantum mechanical oscillator, the oscillation frequency of a given normal mode is still controlled by the mass and the
force constant (or, equivalently, by the associated potential energy function). However, the energy of the oscillator is limited to
certain values. The allowed quantized energy levels are equally spaced and are related to the oscillator frequencies as given by
Equation 3.2.4.1and Figure 5.4.1 .

1 1
E, = (v—l— 5) hw = (’U—FE) hv (3.2.4.1)
with
v=0,1,2,3,--- 00
In a quantum mechanical oscillator, we cannot specify the position of the oscillator (the exact displacement from the equilibrium

position) or its velocity as a function of time; we can only talk about the probability of the oscillator being displaced from
equilibrium by a certain amount. This probability is given by

Q+dQ
Poqiaq = /Q Y5 (Q)1n(Q)dQ (3.2.4.2)

We can, however, calculate the average displacement and the mean square displacement of the atoms relative to their equilibrium
positions. This average is just (@), the expectation value for @, and the mean square displacement is <Q2>, the expectation value

for Q2. Similarly we can calculate the average momentum (Pg), and the mean square momentum <P2>, but we cannot specify
the momentum as a function of time.
Physically what do we expect to find for the average displacement and the average momentum? Since the potential energy function

is symmetric around @ = 0, we expect values of @ > 0 to be equally as likely as @ < 0. The average value of @ therefore should
be zero.
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These results for the average displacement and average momentum do not mean that the harmonic oscillator is sitting still. As for
the particle-in-a-box case, we can imagine the quantum mechanical harmonic oscillator as moving back and forth and therefore

. . : . . hw .
having an average momentum of zero. Since the lowest allowed harmonic oscillator energy, Ey, is > and not 0, the atoms in a

molecule must be moving even in the lowest vibrational energy state. This phenomenon is called the zero-point energy or the zero-
point motion, and it stands in direct contrast to the classical picture of a vibrating molecule. Classically, the lowest energy available
to an oscillator is zero, which means the momentum also is zero, and the oscillator is not moving.

? Exercise 5.4.1

Compare the quantum mechanical harmonic oscillator to the classical harmonic oscillator at v =1 and v = 50.

Answer

At v=1 the classical harmonic oscillator poorly predicts the results of quantum mechanical harmonic oscillator, and
therefore reality. At v=1 the particle will be near the ground state and the classical model will predict the particle to spend
most it's time on the outer edges when the KE goes to zero and PE is at a maximum, while the quantum model says the
opposite and that the particle will be more likely to be found in the center. At v=50 the quantum model will begin to match
the classical much more closely, with the particle most likely to be found at the edges. The quantum model looking more
like the classical at higher quantum numbers can be referred to as the correspondence principle.

Since the average values of the displacement and momentum are all zero and do not facilitate comparisons among the various
normal modes and energy levels, we need to find other quantities that can be used for this purpose. We can use the root mean
square deviation (see also root-mean-square displacement) (also known as the standard deviation of the displacement) and the root-
mean-square momentum as measures of the uncertainty in the oscillator's position and momentum.

For a molecular vibration, these quantities represent the standard deviation in the bond length and the standard deviation in the
momentum of the atoms from the average values of zero, so they provide us with a measure of the relative displacement and the
momentum associated with each normal mode in all its allowed energy levels. These are important quantities to determine because
vibrational excitation changes the size and symmetry (or shape) of molecules. Such changes affect chemical reactivity, the
absorption and emission of radiation, and the dissipation of energy in radiationless transitions.

The harmonic oscillator wavefunctions form an orthonormal set; this means that all functions in the set are normalized individually

/ Vi (@) (z)dz =1 (3.2.4.3)
and are orthogonal to each other.
/zﬁ:,(w)wv(w)dw =0 for v'#v (3.2.4.4)

The fact that a family of wavefunctions forms an orthonormal set is often helpful in simplifying complicated integrals. We will use
these properties when we determine the harmonic oscillator selection rules for vibrational transitions in a molecule and calculate
the absorption coefficients for the absorption of infrared radiation.

Finally, we can calculate the probability that a harmonic oscillator is in the classically forbidden region. What does this tantalizing
statement mean? Classically, the maximum extension of an oscillator is obtained by equating the total energy of the oscillator to the
potential energy, because at the maximum extension all the energy is in the form of potential energy. If all the energy weren't in the
form of potential energy at this point, the oscillator would have kinetic energy and momentum and could continue to extend further
away from its rest position. Interestingly, as we show below, the wavefunctions of the quantum mechanical oscillator extend
beyond the classical limit, i.e. beyond where the particle can be according to classical mechanics.

hw
The lowest allowed energy for the quantum mechanical oscillator is called the zero-point energy, Ey = - - Using the classical

picture described in the preceding paragraph, this total energy must equal the potential energy of the oscillator at its maximum
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extension. We define this classical limit of the amplitude of the oscillator displacement as (. When we equate the zero-point
energy for a particular normal mode to the potential energy of the oscillator in that normal mode, we obtain

hw  kQ2
- (3.2.4.5)

The zero-point energy is the lowest possible energy that a quantum mechanical physical
system may have. Hence, it is the energy of its ground state.

Recall that k is the effective force constant of the oscillator in a particular normal mode and that the frequency of the normal mode
is given by Equation 3.2.4.1which is

w= (3.2.4.6)

3.2.4: The Harmonic Oscillator Energy Levels is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

e 5.4: The Harmonic Oscillator Energy Levels by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is licensed CC
BY-NC-SA 4.0.
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3.2.5: The Harmonic Oscillator and Infrared Spectra

&b Learning Objectives

e Understand how the quantum harmonic oscillator model can be used to interpret the infrared spectra of diatomic molecules
e Understand the origin of the transition moment integral and selection rules and how they are related

Infrared (IR) spectroscopy is one of the most common and widely used spectroscopic techniques employed mainly by inorganic
and organic chemists due to its usefulness in determining structures of compounds and identifying them. Chemical compounds
have different chemical properties due to the presence of different functional groups. IR spectroscopy is one of the most common
and widely used spectroscopic techniques. Absorbing groups in the infrared region absorb within a certain wavelength region. The
absorption peaks within this region are usually sharper when compared with absorption peaks from the ultraviolet and visible
regions. In this way, IR spectroscopy can be very sensitive to determination of functional groups within a sample since different
functional group absorbs different particular frequency of IR radiation. Also, each molecule has a characteristic spectrum often
referred to as the fingerprint. A molecule can be identified by comparing its absorption peak to a data bank of spectra. IR
spectroscopy is very useful in the identification and structure analysis of a variety of substances, including both organic and
inorganic compounds. It can also be used for both qualitative and quantitative analysis of complex mixtures of similar compounds.

IR Spectroscopy

Transitions between vibrational energy levels can be induced about by absorption or emission of radiation. To understand this,
knowledge of both the initial and final eigenstates is needed. The energy of the v** eigenstate of a harmonic oscillator can be

written as
1 h |k

where h is Planck's constant and v is the vibrational quantum number and ranges from 0, 1, 2, 3,..., co. Equation 3.2.5.11is often
rewritten as

1
E, = (v+ 5) hvy, (3.2.5.2)

where v, is the vibrational frequency of the vibration. Equation 3.2.5.2is often written as
1
Ev =[(v+ 5 ﬁw

Transitions in vibrational energy levels can be brought about by absorption of radiation, provided the energy of the radiation (
hVphoton) exactly matches the difference in energy (AE,,) between the vibrational quantum state v to quantum state v'. This can
be expressed as

where w is the angular frequency (i.e., 27v).

thhoton =AE,y

= E, - E,
1 1

B _ —

—(U+2)h1/m (v+2)hum

= (V' —v) hvpy, (3.2.5.3)

Let's consider only transitions between adjacent eigenstates (discussed in more details below) so
v —v=41

which is positive if an IR photon is absorbed and negative if it is emitted. For the absorption of a IR photon, Equation 3.2.5.3
simplifies to
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hVphoton = AV,

ho [k
=, /= 3.2.5.4
2\l ( )

The frequency of radiation ¥pp,40n that will bring about this change is identical to the classical vibrational frequency of the bond v.

X The Wavenumber as a Unit of Energy

The cm™ is the wavenumber scale and it can also be defined as 1/wavelength in cm. A wavenumber is often used due to its
direct relationship with both frequency and energy. The frequency of the absorbed radiation causes the molecular vibrational
frequency for the absorption process:

Hlem™) = /\(:m) x 10* (‘CL—Z) (3.2.5.5)
_ v(H?)
= <onTs) (3.2.5.6)

Equation 3.2.5.3can be modified so that the radiation can be expressed in wavenumbers

1 k
Up =—,/— (3.2.5.7)
2we\l p

where c is the velocity of light (cm/s) and # is the wavenumber of an absorption maximum (cm™).

v/ Example 5.5.1: Hydrogen Halides

The force constants for typical diatomic molecules are in the range between 400 to 2000 N -m ! .
Molecule HF HCI HBr HI CO NO

Force constant,

1 970 480 410 320 1860 1530
k (N.m™)

For the diatomic molecules listed above, calculate the following:

a. angular frequency (rad-s1)

b. natural frequency (Hz)

c. period (s)

d. separation between energy levels

e. wavelength X of the electromagnetic radiation absorbed in the transitionv=0 v =1 .

Solution
For HCI:

a. angular frequency
w=>5.45 x 10'*rad - s7!
b. natural frequency:
v =— =8.68 x 10"
2
c. period (s):
1 —14
T=-=1.15x10
v

d. separation between energy levels:
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e. wavelength X of the electromagnetic radiation absorbed in the transitionv =0 - v=1 :

AE=E, —E, c=ho=5.75x10"2J

3.46 x 10 " m

The electromagnetic radiation released (and absorbed) for vibrations is primarily in the infrared (IR) part of the spectrum.
Calculating the above properties for the other molecules remains as an exercise.

Note: We did not designate the specific isotopes in the hydrogen halides above because that information was not required to
solve these questions.

IR deals with the interaction between a molecule and radiation from the electromagnetic region ranging (4000- 40 cm!). The IR
region of the electromagnetic spectrum ranges in wavelength from 2 -15 pm. Conventionally the IR region is subdivided into three
regions (Table 5.5.1): near IR, mid IR and far IR. Most of the IR used originates from the mid IR region.

Table 5.5.1: Regions of the IR Spectrum

Region Wavelength Wavenumbers (#), cm™t Frequencies (v), HZ
Near 0.78 -2.5 12800 - 4000 3.8x10™-1.2x10™
Middle 2.5-50 4000 - 200 3.8x10™-1.2x 10
Far 50 -100 200 -10 3.8x10“-1.2x 101
Most Used 2.5-15 4000 -670 3.8x10“-1.2x 10

? Example 5.5.2: Hydrogen Chloride

The H33C1 equilibrium bond length is 0.127 nm and the v=0 to v =1 transition is observed in the infrared at 2,886 cm™.
Compute the vibrational energy of H**Cl in its lowest state.

a. Compute the classical limit for the stretching of the HC1 bond from its equilibrium length in this state.
b. What percent of the equilibrium bond length is this extension?

Solution
The H—C1 bond length is 0.127 nm = 1.27 x 10~ 'm and the IR transition is observed at 2886 cm 1. We first convert this
to Hertz

2886 cm ' (3 x 10'%cm /s) = 8.646 x 10"3s ' =8.646 x 10" Hz
The equations for the energy of the v eigenstate of a harmonic oscillator is
E, =(v+1/2)hw
So the ground state (v = 0) energy is

1
By = 5w

with
w=2mv
=5.54 x 10" rad/s

We can then extra the ground state vibrational energy (aka zero-point energy) from
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E, = -hw

| = D[

F(5.54 x 10"rad) s)

2
=2916x1020 g

The classical limit of the stretch is denoted as @), this can be equated as potential energy in relation to the total Ey found
above as, at Ej, all of the energy would be potential energy in the form of the stretch. In comparison to the classic spring
potential

V= %ng
As described above, we can relate the two as
1 1
=5
or,
2.916 x 107207 = %481623

where Qp =1.10 x 107 "'m = 0.0110 nm.

Lastly, this classical limit to length can be compared to the equilibrium bond length by a simple relation of

Q 100%

Percent bond length =
BBy

_ 0.110 nm
T 0.127nm

=86.6%

x 100%

Selection Rules for IR Transitions

Photons can be absorbed or emitted, and the harmonic oscillator can transition from one vibrational energy state to another. Which
transitions between vibrational states are allowed? When discussing the Bohr hydrogen atom in Chapter 1, we identified multiple
transitions between different states as being responsible for the line spectra emission of the hydrogen atom. No limitations were
identified so that any transition between any starting state and ending state was possible and this resulted in a complex pattern in
the spectra. As we will identify later on, when considering mulit-electron atoms, there are selection rules that limits which
transitions will be observed (i.e., are allowed).

A similar situation exist for the harmonic oscillator and IR transitions and a set of selection rules must be satisfied to ensure a
particular transition is allowed. Selection rules result from evaluating a transition moment integral that expresses the probability
of a transition from the v to the v/ eigenstates:

pr = (v | @(z)|9P0) (3.2.5.8)
~ [ s @ite)(e)da (3.2.5.9)

When the transition moment integral is zero for two specific eigenstates (i.e., 1, (z) and v, (x)), then the probability of observing
that transition is zero. In this case, this transition is called a forbidden transition (i.e., it will not be obversed). Transitions with
low probabilities are call "weakly allowed transitions" since they will have small amplitudes in spectra and transitions with high
probabilities are "strongly allowed transitions" and will exhibit high amplitudes in spectra.
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Figure 5.5.1: Possible transitions for a harmonic oscillator. Allowed transitions are labeled with blue arrows and forbidden
transitions are labeled with red arrows. (CC BY-NC; Umit Kaya via LibreTexts)

To evaluate Equation 3.2.5.9 we need to express the dipole moment operator, ji, in terms of the magnitude of the vibration z. The
dipole moment operator is defined as

p= > e+ Y qR (3.2.5.10)
electrons nuclei
where the two sums are over all the electrons and nuclei and involve the particle charge (—e or ¢) multiplying the position vector (
T or ]_?:, respectively). We can obtain this dipole moment operator in terms of the magnitude of the displacement coordinate, , in a
simple way by using a Taylor series expansion for the dipole moment around the equlibrium position (x = 0).
dp(z) d’p(x)

ot — _ +— _|_— 2+... 3.2.5.11
[.L(.’E) Hz=0 dz o dz? o z ( )

Retaining only the first two terms and substituting into Equation 3.2.5.9produces

o0 d o0
pr=paco [ oe)@da+ NECIo (3.2.5.12)

where p,—9 = 0 is the dipole moment of the molecule when the nuclei are at their equilibrium positions, and

dp(z)
dzx

=0
is the linear change in the dipole moment due to the displacement of the nuclei in the normal mode. The derivative is the linear
change because it multiplies  and not a higher power of « in Equation 3.2.5.11. Both p and

dp(z)

dzx

=0
are moved outside of the integral because they are constants that no longer depend on x because they are evaluated at x = 0.

The integral in the first term in Equation 3.2.5.121is 0 because any two harmonic oscillator wavefunctions are orthogonal. The
integral in the second term of Equation 3.2.5.12is zero except when v' =v=+1 as demonstrated in Exercise 5.5.1 . Also note that
the second term is zero if

dp(z)
dz

—0 (3.2.5.13)
=0

Hence we can identify two "rules" that need to be satisfied for an IR photon to be absorb (or emitted) by a vibrating molecule.

X Rules for IR Absorption

For IR absorption to occur two conditions must be met:
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1. There must be a change in the dipole moment of the molecule as a result of a molecular vibration (or rotation). The change
(or oscillation) in the dipole moment allows interaction with the alternating electrical component of the IR radiation.
Symmetric molecules (or bonds) do not absorb IR radiation since there is no dipole moment.

2. If the frequency of the radiation ¥/pp,0n, matches the natural frequency of the vibration (2, ), the IR photon can be absorbed
and the amplitude of the vibration increases.

Use one of the Hermite polynomial recursion relations to verify that the second integral in Equation 3.2.5.12is O unless
/
v =v+£l.

If we are to observe absorption of infrared radiation due to a vibrational transition in a molecule, the transition moment cannot be
zero. This condition requires that the dipole moment derivative Equation 3.2.5.13cannot be zero and that the vibrational quantum
number change by one unit. The normal coordinate motion must cause the dipole moment of the molecule to change in order for a
molecule to absorb infrared radiation. If the normal coordinate oscillation does not cause the dipole moment to change then pur =0
and no infrared absorption is observed. So we can

Av=+1 (3.2.5.14)
——

For allowed transitions

Consider oxygen and nitrogen molecules. Because they are symmetrical, their dipole moments are zero, u =0. Since the
vibrational motion (only bond stretching for a diatomic molecule) preserves this symmetry, the change in the dipole moment due to
du(z)

the vibrational motion also is zero, )
T

= 0. Consequently, oxygen and nitrogen do not absorb infrared radiation as a result of

vibrational motion.

? Exercise 5.5.2

Explain why the molar absorptivity or molar extinction coefficients (¢) in Beer's Law for the IR absorption of some vibrations
are greater than others.
Answer

Qualitatively, if the probability of transition is large, then the molar absorptivity is large. And similar if the transition were
not allowed, then there will be no intensity and no observed peak in the spectrum. Transitions can be "partially allowed" as
well, and these bands appear with a lower intensity than the full allowed transitions.

When looking at the Beer's Law
A=cecl
where A is absorbance. € is the molar absorptivity, ¢ is the molar concentration and [ is the optical path length

We are only looking at the change in the molar absorptivity as the IR absorptions of vibrations vary. To do this we have to
look at the transition moment integral

pr = (Yu| L(Z)|9s)

When the transition moment integral is zero, there is no transition as it is not allowed under the selection rules. This means
that the IR is not absorbing any vibrations and therefore the molar absorptivity is zero, which means that absorbance
according to Beer's Law is zero. As the transition moment integral increases, the molar absorptivity also increases and the
overall absorbance increases.

The case v/ =v+1 corresponds to going from one vibrational state to a higher energy one by absorbing a photon with energy hv.
The case v =v—1 corresponds to a transition that emits a photon with energy hv. In the harmonic oscillator model infrared
spectra are very simple; only the fundamental transitions, A = +1, are allowed. The associated transition energy is fAw, according
to Equation 3.2.5.4 The transition energy is the change in energy of the oscillator as it moves from one vibrational state to another,
and it equals the photon energy.
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AE = Efinal — Einitial
= hvphoton

= hWosciliator

For perfect harmonic oscillators, the only possible allowed transitions are A = +1 with all other transitions forbidden (Figure
5.5.1). This conclusion predicts that the vibrational absorption spectrum of a diatomic molecule consists of a single line since the
energy levels are equally spaced in the harmonic oscillator model (Figure 5.5.1). If the vibration were anharmonic, then the levels
would not be equally spaced and then transitions from v =0 to v=1 and from v=1 to v =2, etc. would occur at different
frequencies.

Only the fundamental transitions, A = +1, are observed in infrared spectra within
harmonic oscillator model.

The actual IR spectrum is more complex, especially at high resolution. There is a fine structure due to the rotational states of the
molecule. These states will be discussed in the next chapter. The spectrum is enriched further by the appearance of lines due to
transitions corresponding to A = 4n where n > 1. These transitions are called overtone transitions and their appearance in
spectra despite being forbidden in the harmonic oscillator model is due to the anharmonicity of molecular vibrations.
Anharmonicity means the potential energy function is not strictly the harmonic potential. The first overtone, Av = 2, generally
appears at a frequency slightly less than twice that of the fundamental, i.e. the frequency due to the Av =1 transition.

? Exercise 5.5.3: Hydrogen Chloride

Compute the approximate transition frequencies in wavenumber units for the first and second overtone transitions in HCI
given that the fundamental is at 2,886 cm™..

3.2.5: The Harmonic Oscillator and Infrared Spectra is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

« 5.5: The Harmonic Oscillator and Infrared Spectra by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa Julia Zielinski is
licensed CC BY-NC-SA 4.0.
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3.2.6: The Harmonic-Oscillator Wavefunctions involve Hermite Polynomials

&b Learning Objectives

e The Equation for a Harmonic-Oscillator Model of a Diatomic Molecule Contains the Reduced Mass of the Molecule

For a diatomic molecule, there is only one vibrational mode, so there will be only a single set of vibrational wavefunctions with
associated energies for this system. For polytatomic molecules, there will be a set of wavefunctions with associated energy
associated with each vibrational mode.

The Hamiltonian operator, the general quantum mechanical operator for energy, includes both a kinetic energy term, 7', and a

potential energy term, V.
H=T+V (3.2.6.1)

For the free particle and the particle in a box, the potential energy term used in the Hamiltonian was zero. As shown in Equation
3.2.6.1, the classical expression for the energy of a harmonic oscillator includes both a kinetic energy term and the harmonic
potential energy term. Transforming this equation into the corresponding Hamiltonian operator gives,
- 1 2 ko
Hg=—P,+— 3.2.6.2

(@) =7 REREY ( )
where § is the operator for the length of the normal coordinate, and Pq is the momentum operator associated with the normal
coordinate. y is an effective (reduced) mass, and & is an effective force constant, and these quantities will be different for each of
the normal modes (vibrations).

Substituting the definitions for the operators yields

o h2 d2 k 2
(@) =355+ 54 (3.2.6.3)

since the operator for position or displacement is just the position or displacement. The time-independent Schrédinger Equation
then becomes

R du()
2p dg?

+50%%(0) = Butula) (32.6.4)

or upon rearranging

d*¢y(q) . 2#( k )

2
dq2 B2 E,—=q

59 | Yo(@) =0 (3.2.6.5)

This differential equation is not straightforward to solve. Rather than fully develop the details of the solution, we will outline the
method used because it represents a common strategy for solving differential equations. The steps taken to solve Equation 3.2.6.5
are to simplify the equation by collecting constants in the parameter 3

h
g =— (3.2.6.6)
v/ k
and then changing the variable from ¢ to  where
z= % (3.2.6.7)
so that
> 1 d°
—_— = 3.2.6.8
dg®> B2 da? ( )

After substituting Equations 3.2.6.6 and 3.2.6.8 into Equation 3.2.6.5 the differential equation for the harmonic oscillator
becomes

3.2.6.1 https://chem.libretexts.org/@go/page/199173



https://libretexts.org/
https://chem.libretexts.org/@go/page/199173?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/03%3A_Quantum_Review/3.2%3A_The_Harmonic_Oscillator_and_the_Rigid_Rotor/3.2.06%3A_The_Harmonic-Oscillator_Wavefunctions_involve_Hermite_Polynomials

LibreTexts"

2 2
: ;/ng) * (2N§2Ev —wQ) by(2) =0 (3.2.6.9)

? Exercise 5.6.1

Make the substitutions given in Equations 3.2.6.6and 3.2.6.8into Equation 3.2.6.5to get Equation 3.2.6.9

Solving for the Quantum Wavefunctions

A common strategy for solving differential equations, which is employed here, is to find a solution that is valid for large values of
the variable and then develop the complete solution as a product of this asymptotic solution and a power series. Since the potential
energy approaches infinity as « and the coordinate g approach infinity, the wavefunctions must approach zero (this is, the
wavefunctions must converge to zero):

lim t,(z) =0 (3.2.6.10)

T—00

The function that has this property and satisfies the differential equation for large values of z is the exponential function, i.e.,

—z?
lim (,‘b,,(:r)exp(T) =0 (3.2.6.11)

T—00

where the wavefunctions are
—z?
Uy () o Py () exp(T)
The general expression for a power series of ¢, (z) is
o0
do(z) = Z cn(v)z"
n=0

= ¢y (V) + ¢ (V)2 +cn (V)2® +- - -

which can be truncated after the first term, after the second term, after the third term, etc. to produce a set of polynomials. There is
one polynomial for each value of v where v can be equal to any integer value including zero.

v
> cpam (3.2.6.12)
n=0

Each of the truncations of the power series in Equation 3.2.6.12can be multiplied by the exponential function in Equation 3.2.6.11
to create a family of valid solutions to the differential equation in Equation 3.2.6.9

Po(T) Zicnw” eXP(_TzJ) (3.2.6.13)
n=0

? Exercise 5.6.2

Write the first four polynomials, v=0 tov=1, v=12, v=13, v= 14 for Equation 3.2.6.12and use suitable software to
prepare plots of these polynomials. Identify the curves in the plots.

? Exercise 5.6.3

Confirm that the wavefunction given by Equation 3.2.6.13is a solution to the harmonic oscillator Schrédinger Equation in
Equation 3.2.6.9forv=0 andv=1.

Hermite Polynomials

While polynomials in general approach oo (or —oo) as = approaches co, the decreasing exponential term overpowers the
polynomial term so that the overall wavefunction exhibits the desired approach to zero at large values of « or —z. The exact forms
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of polynomials that solve Equation 3.2.6.9are the Hermite polynomials, which are standard mathematical functions known from
the work of Charles Hermite. The first eight Hermite polynomials, H, (), are given below.

e Hy=1

. Hl =2z

° H2 = —2 +4.’B2

o Hy=-12x+8z3

o Hy=12—4822 41624

e H; =120z —160x3 + 32z°

e Hg= 120472022 —480z* + 6425

o H; =—-1680z + 33603 — 134425 + 12827

The first six Hermite polynomials are plotted in Figure 5.6.1 . Hermite polynomials will be discussed in more detail in the
following Section.

Hermite Polynomials

H, (x)

20 +

-30 +

[ L VA Vi (A 1
abhwWNEFO
w4| | || |

3533533553

N
-
o
-
N

Figure 5.6.1 : The first six Hermite polynomials H,(z). (CC BY-SA 3.0 Unported; Alessio Damato, Vulpecula and others via
Wikipedia)

? Exercise 5.6.4

Determine the units of 5 and the units of z in the Hermite polynomials.

Because of the association of the wavefunction with a probability density, it is necessary for the wavefunction to include a
normalization constant, IV,.

1
N, = —(2”v!ﬁ)1/2 (3.2.6.14)
The final form of the harmonic oscillator wavefunctions is thus
Yo(z) = N,H,(z)e /? (3.2.6.15)

X Alternative and More Common Formulation of Harmonic Oscillator Wavefunctions

The harmonic oscillator wavefunctions are often written in terms of ), the unscaled displacement coordinate (Equation
3.2.6.7) and a different constant o:

k
azl/\/ﬁ: h_l;

so Equation 3.2.6.15becomes

bo(z) = NI H,(VaQ)e @/
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with a slightly different normalization constant

Ny= /e (2)"

? Exercise 5.6.5

Compute the normalization factor for 1, (z) where v =0 and v =4 . What is the purpose of N,,?

The energy eigenvalues for a quantum mechanical oscillator also are obtained by solving the Schrédinger equation. The energies
are restricted to discrete values

E, = <v—|—%) hw (3.2.6.16)

withv=20,1,2,3,--

The energies depend both on the quantum number, v, and the oscillator frequency

which in turn depends on the spring constant k£ and the reduced mass of the vibration p.

? Exercise 5.6.6

Determine the energy for the first ten harmonic oscillator energy levels in terms of Aw. Sketch an energy level diagram of these
energies.

1. What insights do you gain from Equation 3.2.6.16 your calculations, and your diagram?

2. Is it possible to have a molecule that is not vibrating?

3. In terms of Aw, what is the energy of the photon required to cause a transition from one vibrational state to the next higher
one?

4. If a transition from energy level v=9 to v = 10 were observed in a spectrum, where would that spectral line appear
relative to the one for the transition from level v=0 tov =17

5. If a vibrational transition is observed at 3000 cm-1 in an infrared spectrum, what is the value of Aw for the normal mode?

6. Identify all the possible meanings of AE = hv and the definition of the frequency, v, in each case.

The normalized wavefunctions for the first four states of the harmonic oscillator are shown in Figure 5.6.2 , and the corresponding
probability densities are shown in Figure 5.6.3 . You should remember the mathematical and graphical forms of the first few
harmonic oscillator wavefunctions, and the correlation of v with E,. The number of nodes in the wavefunction will help you to
remember these characteristics. Also note that the functions fall off exponentially and that the symmetry alternates. For v equal to
an even number, v, is gerade; for v equal to an odd number, ¥, is ungerade.

W) 05 - - W00 0 W) 0 W 0

Figure 5.6.2 : The harmonic oscillator wavefunctions describing the four lowest energy states.

? Exercise 5.6.7
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Write a few sentences describing and comparing the plots in Figure 5.6.2 . How many nodes are there as a function of v? Do
the wavefunctions converge at extreme displacement? Where is the most likely displacements for the oscillator to be found?

Wx) 0.5 - — W2x) 0.3 — W2(x) 0.2 (- - W2(x) 0.2 - -

Figure 5.6.3 : The probability densities for the four lowest energy states of the harmonic oscillator.

? Exercise 5.6.8

Explain how Figure 5.6.3 is related to Figure 5.6.2 . Explain the physical significance of the plots in Figure 5.6.3 in terms of
the magnitude of the normal coordinate Q). Couch your discussion in terms of the HCI] molecule. How would you describe the
location of the atoms in each of the states? How does the oscillator position correspond to the energy of a particular level?

Answer

Figure 5.6.2 is simply the wavefunction in Figure 5.6.1 squared. The normal coordinate is the linear combination of the
atomic cartesian coordinates. As Q is often in relation to the energy (kinetic and potential), they would be displaced by a
certain amount dependent on Q (energy) along with an increase in nodes. This displacement is apparent when comparing
the ascending energy levels of each of the wavefunctions. In the n=0 (first) energy state, it is most probable to be found
between -2, 2. (in a range of -4, 4) In the second energy state, it is likely to be between -2.5, 2.5 (range -5, 5), third level:
(-3,3) (range -6,6), fourth level (-4,4) (range -6,6).

? Exercise 5.6.9

Plot the probability density for energy level 10 of the harmonic oscillator. How many nodes are present? Plot the probability
density for energy level 20. Compare the plot for level 20 with that of level 10 and level 1. Compare these quantum mechanical
probability distributions to those expected for a classical oscillator. What conclusion can you draw about the probability of the
location of the oscillator and the length of a chemical bond in a vibrating molecule? Extend your analysis to include a very
high level, like level 50.

In completing Exercise 5.6.9 , you should have noticed that as the quantum number increases and becomes very large, the
probability distribution approaches that of a classical oscillator. This observation is very general. It was first noticed by Bohr, and is
called the Bohr Correspondence Principle. This principle states that classical behavior is approached in the limit of large values for
a quantum number. A classical oscillator is most likely to be found in the region of space where its velocity is the smallest. This
situation is similar to walking through one room and running through another. In which room do you spend more time? Where is it
more likely that you will be found?

Examination of the quantum mechanical wavefunction for the lowest-energy state reveals that the wavefunction 1g(z) extends
beyond the classical limit (i.e., outside of the harmonic oscillator well, albeit slightly). Higher energy states have higher total
energies, so the classical limits to the amplitude of the displacement will be larger for these states.

Tunneling in the Quantum Harmonic Oscillator

The observation that the wavefunctions are not zero at the classical limit means that the quantum mechanical oscillator has a finite
probability of having a displacement that is larger than what is classically possible. The oscillator can be in a region of space where
the potential energy is greater than the total energy. Classically, when the potential energy equals the total energy, the kinetic energy
and the velocity are zero, and the oscillator cannot pass this point. A quantum mechanical oscillator, however, has a finite
probability of passing this point. For a molecular vibration, this property means that the amplitude of the vibration is larger than
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what it would be in a classical picture. In some situations, a larger amplitude vibration could enhance the chemical reactivity of a
molecule.

? Exercise 5.6.10

Plot the probability density for v=0 and v =1 states. Mark the classical limits on each of the plots, since the limits are
different because the total energy is different for v =0 and v = 1. Shade in the regions of the probability densities that extend
beyond the classical limit.

We should be able to calculate the probability that the quantum mechanical harmonic oscillator is in the classically forbidden
region for the lowest energy state of the harmonic oscillator, the state with v = 0. The classically forbidden region is shown by the
shading of the regions beyond Qg in the graph you constructed for Exercise 5.6.3 . The area of this shaded region gives the
probability that the bond oscillation will extend into the forbidden region (Figure 5.6.3 ). To calculate this probability, we use

Plforbidden] =1 — P[allowed] (3.2.6.17)

because the integral from 0 to @ for the allowed region can be found in integral tables and the integral from @ to co cannot. The
form of the integral, P[allowed] to evaluate is

Qo
Plallowed] =2 / B (Q)tho(Q)dQ (3.2.6.18)

The factor 2 appears in Equation 3.2.6.18from the chancing the limits of integration from —@Q)( to +@) into 0 to +; we can do
this since the integrand is an even function, i. e., f(—z)= f(z). To evaluate the integral in Equation 3.2.6.18 use the
wavefunction and do the integration in terms of x. Recall that for v=0, Q = Qo corresponds to « =1. Including the
normalization constant, Equation 3.2.6.18produces

Plallowed] = % /exp(—:z:2)dac (3.2.6.19)

The integral in Equation 3.2.6.19is called an error function (ERF) and can only be evaluated numerically. Values can be found in
books of mathematical tables. When the limit of integration is 1, ERF(I) = 0.843 and P[forbidden] = 0.157. This result means that
the quantum mechanical oscillator can be found in the forbidden region 16% of the time. This effect is substantial and leads to the
phenomenon called quantum mechanical tunneling.

? Exercise 5.6.11

Numerically verify that P[allowed]in Equation 3.2.6.19equals 0.843. To obtain a value for the integral do not use symbolic
integration or symbolic equals.

3.2.6: The Harmonic-Oscillator Wavefunctions involve Hermite Polynomials is shared under a not declared license and was authored, remixed,
and/or curated by LibreTexts.

¢ 5.6: The Harmonic Oscillator Wavefunctions involve Hermite Polynomials by David M. Hanson, Erica Harvey, Robert Sweeney, Theresa
Julia Zielinski is licensed CC BY-NC-SA 4.0.
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3.2.7: Hermite Polynomials are either Even or Odd Functions

&) Learning Objectives

o Understand key properties of the Hermite polynomials including orthogonality and symmetry.
e Be proficient at using symmetries of integrands to quickly solve integrals.

Hermite polynomials were defined by Laplace (1810) though in scarcely recognizable form, and studied in detail by Chebyshev
(1859). Chebyshev's work was overlooked and they were named later after Charles Hermite who wrote on the polynomials in 1864
describing them as new. They were consequently not new although in later 1865 papers Hermite was the first to define the
multidimensional polynomials. The first six Hermite polynomial are plotted in Figure 5.7.1 .

Hermite Polynomials(n=0) Hermite Polynomials (n=1) Hermite Polynomials (n=2)
50 T T 50 T T 50 T T
40 | B 40 | — 40 | 7
30 B 30 B 30 - B
20 |- B 20 - B 20 P B
10 - B 10 - ~q 10 - B
z ) &
= 0 Ea 0
10 | B 10 F E 10 | E
n=0 ——
20 | B 20 | he1 E 20 | E
n=2 —
30 | B 30 | E 30 | E
40 | B 40 |- 4 40 | i
I I I I I I I I I I I I I I I
2 1 0 1 2 3 2 1 0 1 2 3 2 1 0 1 2 3
x x x
Hermite Polynomials (n=3) Hermite Polynomials (n=4) Hermite Polynomials (n=5)
50 T T 50 T T 50 T T
40 B 40 | — 40 | E
30 B 30 B 30 - B
20 |- B 20 - B 20 B
10 - B 10 - B 10 - B
z ) &
= 0 0 0
10 | B 10 F E 10 | E
20 | B 20 | E 20 | E
30 | n=3 B 30 | 7 30 | E
n=4 ——
a0 b B 40 | 4 40 |- n=5 —
1 I I I I I I I I I I I I I I
2 1 0 1 2 3 2 1 0 1 2 3 2 1 0 1 2 3
x x x

Figure 5.7.1 : The first six Hermite polynomials [Math Processing Error]. (CC BY-SA 3.0 Unported; Alessio Damato, Vulpecula
and others via Wikipedia)

X Generating Formula

Any Hermite polynomial [Math Processing Error] can be generated from a previous one [Math Processing Error] via the
following using the recurrence relation

[Math Processing Error]

Hermite Polynomials are Symmetric
Let [Math Processing Error] be a real-valued function of a real variable.

o Then [Math Processing Error] is even if the following equation holds for all x and -x in the domain of f [Math Processing
Error]

o Then [Math Processing Error] is odd if the following equation holds for all x and -x in the domain of f [Math Processing
Error]

Even and odd are terms used to describe particularly well-behaved functions. An even function is symmetric about the y-axis
(Figure 5.7.2 ; left). That is, if we reflect the graph of the function in the [Math Processing Error]-axis, then it does not change.
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Formally, we say that [Math Processing Error] is even if, for all [Math Processing Error] and [Math Processing Error] in the
domain of [Math Processing Error], we have

[Math Processing Error]
Two examples of even functions are [Math Processing Error] and [Math Processing Error].

An odd function has rotational symmetry of order two about the origin (Figure 5.7.2 ; middle). That is, if we rotate the graph of the
function 180° about the origin, then it does not change. Formally, we say that ff is odd if, for all [Math Processing Error] and
[Math Processing Error] in the domain of [Math Processing Error], we have

[Math Processing Error]
Examples of odd functions are [Math Processing Error] and [Math Processing Error].

Naturally, not all functions can be classified as even or odd. For example [Math Processing Error] shown in the right side of Figure
5.7.2 , is neither.

You can also think of these properties as symmetry conditions at the origin. More symmetries in 3D space are discussed in
Group Theory.

Without proof, we can identify several key features involving multiplication properties of even and odd functions:

o The product of two even functions is an even function.
o The product of two odd functions is an even function.
o The product of an even function and an odd function is an odd function.

This can be shown graphically as a product table like that in Table 5.7.1 .
Table 5.7.1 : Product table of 1D Functions

Product table Odd Function (anti-symmetric) Even Function (symmetric) No symmetry (neither)
0Odd Function (anti-symmetric) Even Function (symmetric) Odd Function (anti-symmetric) who knows
Even Function (symmetric) Odd Function (anti-symmetric) Even Function (symmetric) who knows
No symmetry (neither) who knows who knows who knows

Notice that the Hermite polynomials in Figure 5.7.1 oscillate from even to odd. We can take advantage of that aspect in our
calculation of Harmonic Oscillator wavefunctions. Hermite Polynomial is an even or odd function depends on its degree [Math
Processing Error]. Based on

[Math Processing Error]
e [Math Processing Error] is an even function, when [Math Processing Error] is even.
e [Math Processing Error] is an odd function, when [Math Processing Error] is odd.
Integration over Symmetric Functions
You often consider integrals of the form

[Math Processing Error]

If [Math Processing Error] is odd or even, then sometimes you can make solving this integral easier. For example, we can rewrite
that integral in the following way:

[Math Processing Error]

For an even function, we have [Math Processing Error] and Equation [Math Processing Error] can be simplified
[Math Processing Error]

For an odd function, we have [Math Processing Error] and Equation [Math Processing Error] can be simplified

[Math Processing Error]
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That’s what it means to simplify the integration: the integral of an odd or even function over the interval [Math Processing Error]
can be put into a nicer form (and sometimes we can see that it vanishes without ever computing an integral).

v/ Example 5.7.1

Technically, evaluating the orthogonality of Hermite polynomials requires integrating over the [Math Processing Error] weight
function (Equations [Math Processing Error] and [Math Processing Error]).

Solution
For the Hermite polynomials [Math Processing Error], the relevant inner product (using Dirac Notation)
[Math Processing Error]

While the [Math Processing Error] product is indeed an odd function (Table 5.7.1 ), while [Math Processing Error] is even.
Their product is odd, and thus [Math Processing Error] certainly ought to be zero.

Symmetry is an important aspect of quantum mechanics and mathematics, especially in calculating integrals. Using this symmetry,
integrals can be identified to be equal to zero without explicitly solving them. For example, the integral of an odd integrand over all
possible values will always be zero irrespective of the exact nature of the function:

[Math Processing Error]

This simplifies calculations greatly as demonstrated in the following chapters.

Hermite Polynomials are Orthogonal

Hermite polynomials [Math Processing Error] are nth-degree polynomials for n = 0, 1, 2, 3 and form an orthogonal set of functions
for the weight function [Math Processing Error]. The exact relation is:

[Math Processing Error]
if [Math Processing Error] and

[Math Processing Error]
if [Math Processing Error].

This will not be proved, but can the demonstrated using any of the Hermite polynomials listed in the previous section. The
orthogonality property becomes important when solving the Harmonic oscillator problems. Note that the integral of Equation
[Math Processing Error] is important for normalizing the quantum harmonic oscillator wavefunctions discussed in last Section.

v/ Example 5.7.2 : Hermite Polynomials are Orthogonal

Demonstrate that [Math Processing Error] and [Math Processing Error] are orthogonal.
Solution
We need to confirm
[Math Processing Error]
or when substituted
[Math Processing Error]

because it says I need to show it's orthogonal on [Math Processing Error] or we can just evaluate it on a finite interval [Math
Processing Error], where [Math Processing Error] is a constant.

[Math Processing Error]

Concluding

Hermite polynomials are a component in the harmonic oscillator wavefunction that dictates the symmetry of the wavefunctions. If
your integration interval is symmetric around 0, then the integral over any integrable odd function is zero, no exception. Therefore
as soon as you've found that your integrand is odd and your integration interval is symmetric, you're done. Also, for general
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functions, if you can easily split them into even and odd parts, you only have to consider the integral over the even part for
symmetric integration intervals.

Another important property is that the product of two even or of two odd functions is even, and the product of an even and an odd
function is odd. For example, if ff is even, [Math Processing Error] is odd, and therefore the integral over it is zero (provided it is
well defined).

3.2.7: Hermite Polynomials are either Even or Odd Functions is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.

« 5.7: Hermite Polynomials are either Even or Odd Functions by Delmar Larsen is licensed CC BY-SA 4.0.
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3.2.8: The Energy Levels of a Rigid Rotor

&b Learning Objectives

e Compare the classical and quantum rigid rotor in three dimensions

e Demonstrate how to use the Separation of Variable technique to solve the 3D rigid rotor Schrédinger Equation

e Identify and interpret the two quantum numbers for a 3D quantum rigid rotor including the range of allowed values

o Describe the wavefunctions of the 3D quantum rigid rotor in terms of nodes, average displacements and most probable
displacements

o Describe the energies of the 3D quantum rigid rotor in terms of values and degeneracies

Rigid rotor means when the distance between particles do not change as they rotate. A rigid rotor only approximates a rotating
diatomic molecular if vibration is ignored.

The Classical Rigid Rotor in 3D

The rigid rotor is a mechanical model that is used to explain rotating systems. The linear rigid rotor model consists of two point
masses located at fixed distances from their center of mass. The fixed distance between the two masses and the values of the
masses are the only characteristics of the rigid model. However, for many actual diatomics this model is too restrictive since
distances are usually not completely fixed and corrections on the rigid model can be made to compensate for small variations in the
distance. Even in such a case the rigid rotor model is a useful model system to master.

For a rigid rotor, the total energy is the sum of kinetic (7") and potential (V') energies
Etot :T+V (3281)

The potential energy, V, is set to 0 because the distance between particles does not change within the rigid rotor approximation.
However, In reality, V' # 0 because even though the average distance between particles does not change, the particles still vibrate.
The rigid rotor approximation greatly simplifys our discussion.

Since V' =0 then E;,; =T and we can also say that:

1
T = EZmiv? (3.2.8.2)
However, we have to determine v; in terms of rotation since we are dealing with rotation motion. Since,
v
w=— (3.2.8.3)
r
where w is the angular velocity, we can say that:
v; = wXr; (3.2.8.4)
Thus we can rewrite Equation 3.2.8.2as:
1
T:§Zmivi (wXr;) (3.2.8.5)
Since w is a scalar constant, we can rewrite Equation 3.2.8.5as:
w w L
where [; is the angular momentum of the i" particle, and L is the angular momentum of the entire system. Also, we know from
physics that,
L=1Iw (3.2.8.7)
where I is the moment of inertia of the rigid body relative to the axis of rotation. We can rewrite Equation 3.2.8.2as
I 1
T=w7°’ = 51w (3.2.8.8)
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Equation 3.2.8.8 shows that the energy of the rigid rotor scales with increasing angular frequency (i.e., the faster is rotates) and
with increasing moment of inertia (i.e, the inertial resistance to rotation). Also, as expected, the classical rotational energy is not
quantized (i.e., all possible rotational frequencies are possible).

The Quantum Rigid Rotor in 3D

It is convenient to discuss rotation with in the spherical coordinate system rather than the Cartesian system (Figure 5.8.1).

Z
x(1 0, 0)
re
9/
DR
| y
RS

“
“
=

X
Figure 5.8.1 : The spherical coordinate system in terms of the Cartesian system. (Public Domain; Andeggs via Wikipedia).
To solve the Schriodinger equation for the rigid rotor, we will separate the variables and form single-variable equations that can be
solved independently. Only two variables 6 and ¢ are required in the rigid rotor model because the bond length, 7, is taken to be
the constant 7. We first write the rigid rotor wavefunctions as the product of a theta-function depending only on € and a phi-
function depending only on ¢

%(6, %)) = |©(0)2(p)) (3.2.8.9)
We then substitute the product wavefunction and the Hamiltonian written in spherical coordinates into the Schrédinger Equation
3.2.8.10
H|6(0)2(0)) = E|lO(0)2(0)) (3.2.8.10)
to obtain

9,0 1 9. .0 1 &
drg "Arg  sinh 80 80  sin® @ Op?

Rz [ 0
2

2 ] 1©(0)2(p)) = E[6(6)2(¢)) (3.2.8.11)
KTy

Since r =1 is constant for the rigid rotor and does not appear as a variable in the functions, the partial derivatives with respect to
r are zero; i.e. the functions do not change with respect to r. We also can substitute the symbol I for the moment of inertia, ,ur% in
the denominator of the left hand side of Equation 3.2.8.11, to give

K2 1 0 0 1 8?
—— | — —sinf— + ———| |6(0)® =FE|0(0)® 3.2.8.12
57 |5 35+ 3| 19O (0) = Ele@)# (o) (3.2.812)
. . . . . . . 21 —sin’ 6
To begin the process of the Separating of Variables technique, multiply each side of Equation 3.2.8.12by — and ———— to
h? 0(0)2(¢)
give
1 0 a 02 —2IEsin® 6
—— |sinf—sinf—+ ——| O(0)® = — 3.2.8.13
ST T ) 00R) = (8.2.8.13)
Simplify the appearance of the right-hand side of Equation 3.2.8.13by defining a parameter A:
2IF
A= (3.2.8.14)

B2
Note that this A has no connection to a wavelength; it is merely being used as an algebraic symbol for the combination of constants
shown in Equation 3.2.8.14
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Inserting A, evaluating partial derivatives, and rearranging Equation 3.2.8.13produces

1 2

% [sin&% <sin92> 0(0) + (Asin’6) ©(0) | = —

? Exercise 5.8.1

Carry out the steps leading from Equation 3.2.8.13to Equation 3.2.8.15 Keep in mind that, if y is not a function of z,

dy _d
dx _ydm

Equation 3.2.8.15 says that the function on the left, depending only on the variable 6, always equals the function on the right,
depending only on the variable ¢, for all values of 6 and . The only way two different functions of independent variables can be
equal for all values of the variables is if both functions are equal to a constant (review separation of variables). We call this constant
m?, because soon we will need the square root of it. The two differential equations to solve are the #-equation

sin0-L (sing-L 0(8) + (Asin?—m2) ©(6) =0 (3.2.8.16)
do dé
and the p-equation
1 (0) +mi®(p) =0 (3.2:8.17)

The partial derivatives have been replaced by total derivatives because only a single variable is involved in each equation.

I Often m is referred to as just m for convenience.

? Exercise 5.8.2

Show how Equations 3.2.8.16and 3.2.8.17are obtained from Equation 3.2.8.15

Solving the ¢ Equation

The @-equation is similar to the Schrodinger Equation for the free particle. Since we already solved this previously, we
immediately write the solutions:

&, () = Netimse (3.2.8.18)

where we introduce the number m to track how many wavelengths of the wavefunction occur around one rotation (similar to the
wavelength description of the Bohr atom).

? Exercise 5.8.3

Substitute Equation 3.2.8.18into Equation 3.2.8.17to show that it is a solution to that differential equation.

Answer
Substitute
Bpn(p) = Netime
into
d? 9
d—soz‘ﬁ(so) +m5®(p) =0
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d2 d . +im,

i) 43 ) = 2L (N (ims) ™) 4
= N(:I:imJ)2eﬂ"”“’) —|—m3 (Neﬁ””‘p)
= —ngeﬂmJ 7 —i—ng-eﬂmJ =0

Thus

is a solution to the differential equations.

The normalization condition, Equation 3.2.8.19is used to find a value for N that satisfies Equation 3.2.8.18&

/ " (0)@(p)dp =1 (3.2.8.19)

The range of the integral is only from 0 to 27 because the angle ¢ specifies the position of the internuclear axis relative to the x-
axis of the coordinate system and angles greater than 27 do not specify additional new positions.

? Exercise 5.8.4

Use the normalization condition in Equation 3.2.8.19to demonstrate that N =1/4/27.

Answer

We need to evaluate Equation 3.2.8.19with ¢ (p) = NeX™m/¢
P (p)Y(p) = Netimle pe—imJe

=N?
27
1= N*Ndp=1
0
N%(2m) =1
N=,/1/2%

Values for m are found by using a cyclic boundary condition. The cyclic boundary condition means that since ¢ and ¢ + 2¢ refer
to the same point in three-dimensional space, ®(¢) must equal ® (¢ + 27), i.e.

imie _ gimy(o+2m) (3.2.8.20)
— gimip gimy2m (3.2.8.21)

For the equality in Equation 3.2.8.21to hold, €™ 2™ must equal 1, which is true only when
my=--+,-3,-2,-1,0,1,2,3,- (3.2.8.22)

In other words m s can equal any positive or negative integer or zero.

? Exercise 5.8.5 : Cyclic Boundary Conditions

Use Euler’s Formula to show that ™2™ equals 1 for m equal to zero or any positive or negative integer.

/1 .
(I)mJ (90) = Eeilmﬂp

Thus, the ® function is
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with
my=0,+1,42,--
Solving the ®(8) Equation

Finding the ©(0) functions that are solutions to the §-equation (Equation 3.2.8.16) is a more complicated process. Solutions are
found to be a set of power series called Associated Legendre Functions (Table M2), which are power series of trigonometric
functions, i.e., products and powers of sine and cosine functions. The ©(6) functions, along with their normalization constants, are
shown in the third column of Table 5.8.1 .

Table 5.8.1 : Spherical Harmonic Wavefunctions

m, J o7 (6) 2(p) Y7 (6, )
1 1 1
0 0 — — —
\/5 V2 4
/3 1 3
0 1 = — =
3 cosf NG o cos
3 1 [3 . ..
1 1 Z sin @ \/% e g sin fe*¥
3 1 3 . .
-1 1 T sin@ \/ﬂe e 3, sin fe—®
/5 1 5
0 2 - 20 _ ye— _— 2p9_
8(?,cos 0-1) Nor T6m (3cos®0—1)
15 1 (15 .
1 2 —_ ] e =Y ip
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The solution to the #-equation requires that A in Equation 3.2.8.15be given by

A=J(J+1) (3.2.8.23)
where
J > |my| (3.2.8.24)

J can be 0 or any positive integer greater than or equal to m ;. Each pair of values for the quantum numbers, J and m , identifies a
rotational state with a wavefunction (Equation 3.2.8.9 and energy (below). Equation 3.2.8.24means that J controls the allowed
values of m.

Each pair of values for the quantum numbers, J and m , identifies a rotational state and
hence a specific wavefunction with associated energy.

The combination of Equations 3.2.8.14and 3.2.8.23reveals that the energy of this system is quantized.

R2\ h?
E=—= 1)— .2.8.2
7 = JU+1) 57 (3.2.8.25)
Using Equation 3.2.8.25 you can construct a rotational energy level diagram (Figure 5.8.2 ). For simplicity, use energy units of
h2
ﬂ.
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e J =0: The lowest energy state has J =0 and m = 0. This state has an energy Ey = 0. There is only one state with this

energy, i.e. one set of quantum numbers, one wavefunction, and one set of properties for the molecule.
2

e J =1:The next energy level is J =1 with energy Y There are three states with this energy because m can equal +1, 0,
or -1. These different states correspond to different orientations of the rotating molecule in space. States with the same energy

are said to be degenerate. The degeneracy of an energy level is the number of states with that energy. The degeneracy of the
h2
J =1 energy level is 3 because there are three states with the energy oL

2
e J =2:The next energy level is for J = 2. The energy is Y and there are five states with this energy corresponding to

my =42, +1, 0, -1, -2. The energy level degeneracy is five. Note that the spacing between energy levels increases as J
increases. Also note that the degeneracy increases. The degeneracy is always 2J + 1 because m  ranges from +J to - J in
integer steps, including 0.

2

1
J=0

Figure 5.8.2 : Energy spacing for a rigid rotor (in 3D). Notice the energy depends only on J and not depend on m ;. That is, the
energy of the rotor is not affected by its orientation.

Each allowed energy of rigid rotor is (2J + 1)-fold degenerate. Hence, there exist
(2J + 1) different wavefunctions with that energy.

? Exercise 5.8.6
h2

Compute the energy levels for a rotating molecule for J =0 to J =5 using units of CYa

Answer

This rotating molecule can be assumed to be a rigid rotor molecule. From solving the Schrodinger equation for a rigid rotor
we have the relationship for energies of each rotational eigenstate (Equation 3.2.8.2%:

E=J(J+1)(R*/2I)
Using this equation, we can plug in the different values of the J quantum number so that
For J=0, E = (0)(1)(h*/2I) = 0 ForJ=1, E = (1)(2)(k*/2I) = 2(K*/2I)
This shows that as J increases, the energy levels get farther apart (Figure 5.8.2 ).
o ForJ=2, E=(2)(3)(K*/2I) = 6(k*/2I)

e ForJ=3, E = (3)(4)(R?/2I) = 12(k%/2I)
o ForJ=4, E = (4)(5)(K*/2I) = 20(K*/2I)
o ForJ=5, E = (5)(6)(k*/2I) = 30(k*/2I)

? Exercise 5.8.7

For J =0 to J =5, identify the degeneracy of each energy level and the values of the m; quantum number that go with each
value of the J quantum number. Construct a rotational energy level diagram including J = 0 through J = 5. Label each level
with the appropriate values for the quantum numbers J and mj. Describe how the spacing between levels varies with
increasing J.
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Answer

This rotating molecule can be assumed to be a rigid rotor molecule. From solving the Schrédinger equation for a rigid rotor,
we have:

\=2IE/Rh?
Where A is an arbitrary parameter not related to wavelength. Additionally, A is assigned a quantum relation so that
A=J(J+1)
Thus, combining the two equations and solving for E yields
E=J(J+1)(R*/21)

Using this equation, we can plug in the different values of J so that

)
o ForJ=1, E=(1)(2)(K*/2I) = 2(K*/2I)
e ForJ=2, E = (2)(3)(h?/2I) = 6(R?/2I)
e ForJ=3, E = (3)(4)(R?/2I) = 12(k%/2I)
o ForJ=4, E = (4)(5)(h*/2I) = 20(k?/2I)
e ForJ=5, E = (5)(6)(h*/2I) = 30(K*/2I)

This shows that as J increases, the energy levels get closer and closer together.

X Interpretation of Quantum Numbers for a Rigid Rotor

The mj quantum number reflects the component of the angular momentum along the z direction (and hence is sometimes
called the azimuthal quantum number). For a fixed value of J, the different values of m; reflect the different directions the
angular momentum vector could be pointing — for large, positive m s the angular momentum is mostly along +z; if m is zero
the angular momentum is orthogonal to z. Physically, the energy of the rotation does not depend on the direction, which is
reflected in the fact that the energy depends only on J (Equation 3.2.8.25), which measures the length of the vector, not its
direction given mb m ;.

v/ Example 5.8.7 : Molecular Oxygen

Calculate J =0 to J = 1 rotational transition of the O, molecule with a bond length of 121 pm.

Solution
2 2
E = h_ = h_
I pr?
15.9994)(15.9994
i = —2D ( X )_ 79907

mo +mo 15.9994 4-15.9994
convert from atomic units to kilogram using the conversion: 1 au = 1.66 x 107> kg. Plug and chug.

E=5.71x10"%" Joules

Spherical Harmonics

A wavefunction that is a solution to the rigid rotor Schrédinger Equation (Equation 3.2.8.9 can be written as a single function
Y (6, ), which is called a spherical harmonic function.

Y7 (0,0) = 0 (0) @, () (3.2.8.26)

The spherical harmonic wavefunction is labeled with m; and J because its functional form depends on both of these quantum
numbers. These functions are tabulated above for J =0 through J =2 and for J =3 in the Spherical Harmonics Table (M4)
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Polar plots of some of the #-functions are shown in Figure 5.8.3 .

The z axis in this figure is the horizontal. X axis points to the back
of the image and the y axis points up in the plane of the page.

240 300

v, 210 (Yﬁ)

2
1 1
v, (v!)

Figure 5.8.3 : Polar plots in which the distance from the center gives the value of the function Y for the indicated angle 6.

The two-dimensional space for a rigid rotor is defined as the surface of a sphere of radius r, as shown in Figure 5.8.2 .

z-axis

Figure 5.8.4 : Space for a rigid rotor is restricted to the surface of a sphere of radius ry. The only degrees of freedom are motions
along 6 or ¢ on the surface of the sphere.

The probability of finding the internuclear axis at specific coordinates 6y and ¢y within an infinitesimal area ds on this curved
surface is given by

Pr 0o, 0ol =Y (60, p0)Y ;" (60, po)ds (3.2.8.27)

where the area element ds is centered at 6y and (.

Within the Copenhagen interpretation of wavefunctions, the absolute square (or modulus squared) of the rigid rotor wavefunction
Y (0, 0)Y;" (6, ) gives the probability density for finding the internuclear axis oriented at # to the z-axis and ¢ to the x-axis.
In spherical coordinates the area element used for integrating 6 and ¢ is

ds =sinfdfdy (3.2.8.28)

? Exercise 5.8.8

Use calculus to evaluate the probability of finding the internuclear axis of a molecule described by the J=1, mj; =0
wavefunction somewhere in the region defined by a range in 6 of 0° to 45°, and a range in of 0° to 90°. Note that a double
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l integral will be needed. Sketch this region as a shaded area on Figure 5.8.1 .

Consider the significance of the probability density function by examining the J =1, m; =0 wavefunction. The Spherical

Harmonic for this case is
3
Y =,/—cosd (3.2.8.29)
47

The polar plot of (Y10)2 is shown in Figure 5.8.1 . For J =1 and mj =0, the probability of finding the internuclear axis is
independent of the angle ¢ from the x-axis, and greatest for finding the internuclear axis along the z-axis, but there also is a
probability for finding it at other values of 6 as well. So, although the internuclear axis is not always aligned with the z-axis, the
probability is highest for this alignment. Also, since the probability is independent of the angle ¢, the internuclear axis can be
found in any plane containing the z-axis with equal probability.

The J =1, my =0 function is 0 when 6 = 90°. Therefore, the entire xy-plane is a node. This fact means the probability of finding
the internuclear axis in this particular horizontal plane is 0 in contradiction to our classical picture of a rotating molecule. In the
classical picture, a molecule rotating in a plane perpendicular to the xy-plane must have the internuclear axis lie in the xy-plane
twice every revolution, but the quantum mechanical description says that the probability of being in the xy-plane is zero. This
conclusion means that molecules are not rotating in the classical sense, but they still have some, but not all, of the properties
associated with classical rotation. The properties they retain are associated with angular momentum.

? Exercise 5.8.9

For each state with J =0 and J =1, use the function form of the Y spherical harmonics and Figure 5.8.1 to determine the
most probable orientation of the internuclear axis in a diatomic molecule, i.e., the most probable values for § and 6.

? Exercise 5.8.10

Write a paragraph describing the information about a rotating molecule that is provided in the polar plot of Pr[6, 6] for the
J =1, my = =1 state in Figure 5.8.1 . Compare this information to the classical picture of a rotating object.

Summary

There are two quantum numbers that describe the quantum behavior of a rigid rotor in three-deminesions: J is the total angular
momentum quantum number and my is the z-component of the angular momentum. The spherical harmonics called YJmJ are
functions whose probability [Y;™/ |2 has the well known shapes of the s, p and d orbitals etc learned in general chemistry.
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3.2.9: The Rigid Rotator is a Model for a Rotating Diatomic Molecule

&b Learning Objectives

e Demonstrate how to use the 3D regid rotor to describe a rotating diatomic molecules
e Demonstate how microwave spectroscopy can get used to characterize rotating diatomic molecules
o Interprete a simple microwave spectrum for a diatomic molecule

To develop a description of the rotational states, we will consider the molecule to be a rigid object, i.e. the bond lengths are fixed
and the molecule cannot vibrate. This model for rotation is called the rigid-rotor model. It is a good approximation (even though a
molecule vibrates as it rotates, and the bonds are elastic rather than rigid) because the amplitude of the vibration is small compared
to the bond length.

The rotation of a rigid object in space is very simple to visualize. Pick up any object and rotate it. There are orthogonal rotations
about each of the three Cartesian coordinate axes just as there are orthogonal translations in each of the directions in three-
dimensional space (Figures 5.9.1 and 5.9.2 ). These rotations are said to be orthogonal because one can not describe a rotation
about one axis in terms of rotations about the other axes just as one can not describe a translation along the x-axis in terms of
translations along the y- and z-axes. For a linear molecule, the motion around the interatomic axis (x-axis) is not considered a

rotation.
r4 z z
B) h) c}
y y ¥
X x X

Figure 5.9.1 : Cartesian rotations of a chair. Rotations about the (a) x axis, (b) y axis, and (c) z axis.

In this section we examine the rotational states for a diatomic molecule by comparing the classical interpretation of the angular
momentum vector with the probabilistic interpretation of the angular momentum wavefunctions. We want to answer the following
types of questions. How do we describe the orientation of a rotating diatomic molecule in space? Is the molecule actually rotating?
What properties of the molecule can be physically observed? In what ways does the quantum mechanical description of a rotating
molecule differ from the classical image of a rotating molecule?

z

z Z
a) b) / c)

Figure 5.9.2 : Rotation of a diatomic molecule about the x axis.

Introduction to Microwave Spectroscopy

The permanent electric dipole moments of polar molecules can couple to the electric field of electromagnetic radiation. This
coupling induces transitions between the rotational states of the molecules. The energies that are associated with these transitions
are detected in the far infrared and microwave regions of the spectrum. For example, the microwave spectrum for carbon monoxide
spans a frequency range of 100 to 1200 GHz, which corresponds to 3 - 40 cm~*.

The selection rules for the rotational transitions are derived from the transition moment integral by using the spherical harmonic
functions and the appropriate dipole moment operator, fi.

https://chem.libretexts.org/@go/page/199176



https://libretexts.org/
https://chem.libretexts.org/@go/page/199176?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/03%3A_Quantum_Review/3.2%3A_The_Harmonic_Oscillator_and_the_Rigid_Rotor/3.2.09%3A_The_Rigid_Rotator_is_a_Model_for_a_Rotating_Diatomic_Molecule

LibreTexts"

pr :/YJ';‘f*;}YJTf sinfdf dep (3.2.9.1)
or in braket notation
pr = (Y A Y™ (3.2.9.2)

Evaluating the transition moment integral involves a bit of mathematical effort. This evaluation reveals that the transition moment
depends on the square of the dipole moment of the molecule, 2 and the rotational quantum number, J, of the initial state in the

transition,
pr = u® 2‘{;;11 (3.2.9.3)
and that the selection rules for rotational transitions are
AJ=+1 (3.2.9.4)
and
Amjy=0,+1 (3.2.9.5)

A photon is absorbed for AJ = +1 and emitted for AJ = —1.

? Exercise 5.9.1

Explain why your microwave oven heats water, but not air. Hint: draw and compare Lewis structures for components of air and
for water.

The energies of the J% rotational levels are given by
hZ
EJ:J(J"‘].)E (3.2.9.6)

with each J* energy level having a degeneracy of 2J + 1 due to the different possible m.; values.

Microwave Transition Energies

The transition energies for absorption of radiation are given by

Ephoton = AE (3.2.9.7)
=E;—E; (3.2.9.8)
=hv (3.2.9.9)
= hcv (3.2.9.10)

Substituting the relationship for energy (Equation 3.2.9.6) into Equation 3.2.9.8results in
Ephoton = E5— E; (3.2.9.11)
2 K2
:Jf(Jf‘i‘l)ﬁ—Ji(Ji'i‘l)ﬁ (3.2.9.12)

with J; and J; representing the rotational quantum numbers of the initial (lower) and final (upper) levels involved in the
absorption transition.

Since microwave spectroscopists use frequency units and infrared spectroscopists use wavenumber units when describing rotational
spectra and energy levels, both v and & are important to calculate. When we add in the constraints imposed by the selection rules to
identify possible transitions, Jy in Equation 3.2.9.12can be replaced by J; + 1, since the selection rule requires Jy—J; = 1 for the
absorption of a photon (Equation 3.2.9.4). The equation for absorption transitions (Equation 3.2.9.12) then can be written in terms
of the only the quantum number J; of the initial state.
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Ephoton =hv (32913)
= hcv (3.2.9.14)

h2
_2(Ji+1)ﬁ (3.2.9.15)

Equation 3.2.9.15can be rewritten as
Ephoton =2B(J; +1)
where B is the rotational constant for the molecule and is defined in terms of the energy of the absorbed photon

h2

B=—
21

(3.2.9.16)

Often spectroscopists want to express the rotational constant in terms of frequency of the absorbed photon and do so by dividing
Equation 3.2.9.16by h

B
B(in freq) = " (3.2.9.17)
h
_ (3.2.9.18)
82 urg

More often, spectroscopists want to express the rotational constant in terms of wavenumbers (¥) of the absorbed photon by
dividing Equation 3.2.9.16by hc,

. B h
B=—=—— (3.2.9.19)
he  8m2cur?
The rotational constant depends on the distance (R) and the masses of the atoms (via the reduced mass) of the nuclei in the
diatomic molecule.

? Exercise 5.9.2

Construct a rotational energy level diagram for J =0, 1, and 2 and add arrows to show all the allowed transitions between
states that cause electromagnetic radiation to be absorbed or emitted.

? Exercise 5.9.3

Complete the steps going from Equation 3.2.9.12to Equation 3.2.9.16and identify the units of B at the end.

Answer
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AEpoton = Ey — Ei

B2
E, rotor =J(J+ 1)5
B2 B2
Ephoton =hy =hev = Jg(Jf +1)§ —Ji(J; —i—l)ﬁ
Ji—Ji =1
Jp=1+J;
h? h?

Ephoton S h,, = hCl; = (1 +J1)(2 +JZ)E _Jz(Jl +1)E

2
2r
h2
= —=2(Ji+1)

= 2B(J,‘ +1)

[2 +3J; +Ji2 = Ji2 = Jl]

Now we do a standard dimensional analysis

? Exercise 5.9.4

Infrared spectroscopists use units of wavenumbers. Rewrite the steps going from Equation 3.2.9.12to Equation 3.2.9.16 to
obtain expressions for hv and B in units of wavenumbers. Note that to convert B in Hz to B in ¢m !, you simply divide the
former by c.

relative absorbance

2 4 [ 8 10 12

frequency of electromagnetic radiation (1011 Hz)
Figure 5.9.3: The rotation spectrum of 2C60 at 40 K. The peaks are tabulated in Table 5.9.1.
Figure 5.9.3 shows the rotational spectrum as a series of nearly equally spaced lines. The line positions v, line spacings, and the
maximum absorption coefficients ( Y4z, the absorption coefficients associated with the specified line position) for each line in this
spectrum are given here in Table 5.9.1.
Table 5.9.1 : Rotational Transitions in 12C160 at 40 K

Spacing from previous line
J vy (MHz) pacng (M}fz) Vmas

0—1 115,271.21 0 0.0082
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Spacing from previous line

J vy (MHz) (MHz) Ymaz
12 230,538.01 115,266.80 0.0533
2—3 345,795.99 115,257.99 0.1278
3—4 461,040.76 115,244.77 0.1878
4—5 576,267.91 115,227.15 0.1983
6—6 691,473.03 115,205.12 0.1618
6—7 806,651.78 115,178.68 0.1064
7—8 921,799.55 115,147.84 0.0576
8—9 1,036,912.14 115,112.59 0.0262
9—10 1,151,985.08 115,072.94 0.0103

Let’s try to reproduce Figure 5.9.3 from the data in Table 5.9.1 by using the quantum theory that we have developed so far.
Equation 3.2.9.19predicts a pattern of exactly equally spaced lines. The lowest energy transition is between J; =0 and J; =1 so
the first line in the spectrum appears at a frequency of 2B. The next transition is from J; =1 to J; =2 so the second line appears
at 4 B. The spacing of these two lines is 2B. In fact the spacing of all the lines is 2B, which is consistent with the experimental data
in Table 5.9.1 showing that the lines are very nearly equally spaced. The difference between the first spacing and the last spacing is

less than 0.2%.

4
8B

3
6B

2

4B
1
2B ],7 J=0

JeTJ=0«1 1«2 23 3«4

2B 2B 2B

Intensity

- e MMy
Marpip Panphp PR L e L Y

2B 4B 6B 8B

Energy
Figure 5.9.4 : Energy levels and line positions calculated in the rigid rotor approximation. (CC BY-SA 3.0; Nrrw via Wikipedia)

? Exercise 5.9.5

Use Equation 3.2.9.19to prove that the spacing of any two lines in a rotational spectrum is 2B, i.e. derive:
V41 —vy, =2B
Answer
To prove the relationship, evaluate the LHS. First, define the terms:
vy, =2B(J; +1),v541 =2B((J; +1)+1)

Substitute into the equation and evaluate:
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2B((J; +1)+1) —2B(J; +1) =2B
2B(J; +1)+2B—2B(J; +1) =2B
2B=2B

LHS equals RHS.Therefore, the spacing between any two lines is equal to 2B.

v/ Example 5.9.1 : Rotation of Sodium Hydride

The molecule NaH undergoes a rotational transition from J=0 to J=1 when it absorbs a photon of frequency
2.94 x 10" Hz. What is the equilibrium bond length of the molecule?

Solution
We use J = 0 in the formula for the transition frequency

h h
v=2B=—=
2wl 27(-HR2
Solving for R, gives
h
R, =
2muy
The reduced mass is given by
_ MNMH
MNq + My

(22.989)(1.0078)
22.989 +1.0078

=0.9655

which is in atomic mass units or relative units. To convert to kilograms, we need the conversion factor
1 au =1.66 x 10727 kg . Multiplying this by 0.9655gives a reduced mass of 1.603 x 1027 kg. Substituting in for R, gives

P (1.055 x 10734 J - 5)
‘ 27(1.603 x 10727 kg)(2.94 x 10'! Hz)

=1.899 x 10710

o

=189 A

? Example 5.9.6

Use the frequency of the J =0 to J = 1 transition observed for carbon monoxide to determine a bond length for 12C*60.

Solution
o J=0:vy =115271.21 MHz
e J=1:v; =230538.01 MHz

Av =230538.01 MHz —115271.21 MHz
=115266.8 MHz
=1.153 x 10'! Hz

__h
- 27uR2

The reduced mass is
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memo
moe +mo
. 12.01 x 16.00

©12.01+16.00
=6.86 amu

Convert to kg

1.661 x 10727 k
6.86amu (00110 ke ;499 1020 1g
12 amu
h
R = 2 pAv

1.055 x 10734 J- s
27-1.139 x 10726 kg - 1.153 x 10'! Hz

=1.131 x 10 'm

o

=1.131 A

X Advanced: Non-Rigid Rotors

Centrifugal stretching of the bond as J increases causes the decrease in the spacing between the lines in an observed spectrum
(Table 5.9.1 ). This decrease shows that the molecule is not really a rigid rotor. As the rotational angular momentum increases
with increasing J, the bond stretches. This stretching increases the moment of inertia and decreases the rotational constant
(Figure 5.9.5).

oV VWWWWW\@

Figure 5.9.5 : Two atoms connected by a vibrating bond. There is a rotation around the common center of mass, and oscillation

in bond distance. (CC SA-BY 3.0; www.cleonis.nl).
The effect of centrifugal stretching is smallest at low J values, so a good estimate for B can be obtained from the J =0 to
J =1 transition. From B, a value for the bond length of the molecule can be obtained since the moment of inertia that appears
in the definition of B (Equation 3.2.9.16) is the reduced mass times the bond length squared. When the centrifugal stretching
is taken into account quantitatively, the development of which is beyond the scope of the discussion here, a very accurate and
precise value for B can be obtained from the observed transition frequencies because of their high precision. Rotational
transition frequencies are routinely reported to 8 and 9 significant figures.

As we have just seen, quantum theory successfully predicts the line spacing in a rotational spectrum. An additional feature of the
spectrum is the line intensities. The lines in a rotational spectrum do not all have the same intensity, as can be seen in Figure 5.9.3
and Table 5.9.1. This is related to the populations of the initial and final states. This aspect of spectroscopy will be discussed in
more detail in the following chapters
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CHAPTER OVERVIEW

4: Partition Functions of Model Systems

case of a dilute gas, we can approximately treat the system as an ideal gas system and ignore the intermolecular forces. The present
chapter deals with systems in which intermolecular interactions are ignored. In ensemble theory, we are concerned with the
ensemble probability density, i.e., the fraction of members of the ensemble possessing certain characteristics such as a total energy
E, volume V, number of particles N or a given chemical potential p and so on. The molecular partition function enables us to
calculate the probability of finding a collection of molecules with a given energy in a system. The equivalence of the ensemble
approach and a molecular approach may be easily realized if we treat part of the molecular system to be in equilibrium with the rest
of it and consider the probability distribution of molecules in this subsystem (which is actually quite large compared to systems
containing a small number of molecules of the order of tens or hundreds).

4.1: Translational Partition Functions of Monotonic Gases

4.2: Most Atoms are in the Ground Electronic State

4.3: The Energy of a Diatomic Molecule Can Be Approximated as a Sum of Separate Terms
4.4: Most Molecules are in the Ground Vibrational State

4.5: Most Molecules are Rotationally Excited at Ordinary Temperatures
4.6: Rotational Partition Functions of Diatomic Gases

4.7: Vibrational Partition Functions of Polyatomic Molecules

4.8: Rotational Partition Functions of Polyatomic Molecules

4.9: Molar Heat Capacities

4.E: Partition Functions and Ideal Gases (Exercises)

4.10: Ortho and Para Hydrogen

4.11: The Equipartition Principle

Symmetry and Group Theory
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4.1: Translational Partition Functions of Monotonic Gases

Let us consider the translational partition function of a monatomic gas particle confined to a cubic box of length L. The particle
inside the box has translational energy levels given by:

h? (ni —i—n%, —|—n§)
8mUL?2

where n;, n, and n are the quantum numbers in the three directions. The translational partition function is given by:
—&;/kT
Gtrans — Z e /
i

which is the product of translational partition functions in the three dimensions. We can write the translation partition function as
the product of the translation partition function for each direction:

Etrans =

Gtrans = 9z 9y9q> (411)
00 00 00
_ Z efe$/kT Z efey/kT Z efez/kT (412)
ng=1 ny=1 n,=1

Since the levels are very closely spaced (continuous), we can replace each sum in Equation 4.1.2 with an integral. For example:

=) e (4.1.3)

ny=1
~ / e~/ (4.1.4)
ng=1

and after substituting the energy for the relevant dimension:
_ h2n2

T SmL?

we can extend the lower limit of integration in the approximation of Equation 4.1.4:

© h2n2 o h2n2,
g = e sml2T RS € 8mL2kT
1 0

We then use the following solved Gaussian integral:
/ " e mdn = |
0 4a

with the following substitution:

B2
a=———
8SmL2kT
we get:
1 [/ 1 [78mKT I
L=9\Va "2V R
or more commonly presented as:
L
qz = X
where A is the de Broglie wavelength and is given by
h

vV 2r8mkT
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Multiplying the expressions for ¢, g, and g, (Equation 4.1.1) and using V" as the volume of the box L3, we arrive at:

. (\/27r8ka)3/2V 1%
trans — | — 5

- =3 (4.1.5)

This is usually a very large number (10°%) for volumes of 1 cm? for small molecular masses. This means that such a large number
of translational states are accessible and available for occupation by the molecules of a gas. This result is very similar to the result
of the classical kinetic gas theory that said that the observed energy of an ideal gas is:

U= inRT
2

We postulate therefore that the observed energy of a macroscopic system should equal the statistical average over the partition
function as shown above. In other words: if you know the particles your system is composed of and their energy states you can use
statistics to calculate what you should observe on the whole ensemble.

Calculate the translational partition function of an I molecule at 300K. Assume V to be 1 liter.

Solution
Mass of I is 2 x 127 x 1.6606 x 10727 kg
2rmkT =2 x 3.1415 x (2 x 127 x 1.6606 x 1027 kg) x 1.3807 x 10> J/K x 300K
=1.0969 x107** J kg
h
V21mkT
6.6262 x 10724 J s

\/ 1.0969 x 1044 J kg

=6.326 x10712 m

The via Equation 4.1.5

1 1 —6,.,3
Gtrans = K = 000 > 10" m =3.95 x 10%

A (6.326 x 10712 m)3

This means that 3.95 x 10*° quantum states are thermally accessible to the molecular system
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4.2: Most Atoms are in the Ground Electronic State

Writing the electronic energies as E7, Es, Ej3, . .. with corresponding degeneracies g1, g2, g3, - - .. The electronic partition function
is then given by the following summation:

—E, /kT —E,/kT

qa(T) = gre +gse +gze BT 4 (4.2.1)

Usually, the differences in electronic energies are significantly greater than thermal energy £7:
kT < E1 < E2 < E3

If we treat the lowest energy electronic state E; as the reference value of zero of energy, the electronic partition function (Equation
4.2.1) can be approximated as:

B, /kT —E,/kT

Getec (T) = g1 +goe™ +gse +... (4.2.2)

Typically electronic states are tens of thousands of wave numbers above the ground state. For example, the first excited electronic
state of nitric oxide (NO) is ~40,000 cm-!. Using this value:

E, 40000cm~!  10°K
KT~ kT T

That means, that even at 1,000 K, the value of the second term in {\reference{3.24}} is:

926710 =g24.5 X 10°°

The result is that the higher electronic states are not accessible under ordinary temperatures. There are some cases, however, where
the first excited state lies much closer to the ground state, but these are the exception rather than the rule.

v/ Example 18.2.1

Find the electronic partition of H,, at 300 K.

Solution
The lowest electronic energy level of H,, is near —32 eV and the next level is about 5 eV higher. Taking -32 eV as the zero (or
reference value of energy), then

—5eV/kT

Qel — €0+ € oo c
At 300 K, T =0.02\; eV and
gq =1+e 204 .
~1.0

Where all terms other than the first are essentially 0. This implies that g;; = 1.

The physical meaning of the result from Example 18.2.1 is that only the ground electronic state is generally thermally accessible at
room temperature.
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4.3: The Energy of a Diatomic Molecule Can Be Approximated as a Sum of
Separate Terms

A monatomic gas has three degrees of freedom per molecule, all of them translational:

1. movement in x-direction
2. movement in y-direction
3. movement in z-direction

A polyatomic gas, including diatomic molecules, has other levels that you can 'stuff' energy into. Polyatomic molecules can rotate
and vibrate, and if enough energy is available you could also excite the electrons involved in the o and 7 bonds. A reasonable
approximation of the partition function of the molecule would become:

Gtot (V, T) = GtransqvibqrotGelec

The partition function of a molecular idea gas is then:

(QtraHSQVib GrotQelec )N

The total energy of the molecule is then the sum of the translation, vibrational, rotational, and electronic energies:
Etot = EtransEvibErotEelec

We will only scratch the surface of the additional degrees of freedom and their partition functions.

Electronic

At room temperature the system is usually in its ground electronic state. This means that the electronic partition function
Qelec = 1. Usually we do not have to worry about these degrees of freedom. If we do, there are usually just a few levels to worry
about. This includes their degeneracy g. If there is a single state at a certain energy (¢ = 1), two states (g = 2, or more states, we
must multiply the Boltzmann factor by this degeneracy number.

If there are more than one state to worry about, we could follow the same procedure as we did for the translational states:

1. Define the energy states and their degeneracies

2. Compose the partition function g for the molecule and @ for the gas

3. Use the (8 or T') derivative of In @ to determine (E)

4. Use the T derivative of U ~ (E) to find the contribution to the heat capacity

4.3: The Energy of a Diatomic Molecule Can Be Approximated as a Sum of Separate Terms is shared under a not declared license and was
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4.4: Most Molecules are in the Ground Vibrational State

The vibrational energy levels of a diatomic are given by:
E,=(v+1/2)hv

where is v the vibrational frequency and v is the vibrational quantum number. In this case, it is easy to sum the geometric series
shown below:

0
Qoib, = Z e—(v+1/2)h1//kT
v=0

— /2T (1 L e /KT | —2h/2KT | )
or rewritten as:
guib =€ M/HT (14 +2 +2°+...) (4.4.1)

where z = e~"/kT_ Given the following power series expansion:

1
—— =1+4z+2? 4+ +zi+. ...

1—2
Equation 4.4.1 can be rewritten as:
e (1_;)
or:
o—hv/2kT

A (4.4.2)

If the zero of energy scale is at hv/2kT, then Equation 4.4.2 can be rewritten as:
1
A a——y (4.4.3)

A vibrational temperature ©,;, may be defined as:

hcv
@vib = T

where 7 is the vibrational frequency in cm™. ©.;, is a good way to express the stiffness of the vibrating bond in units of the
Boltzmann constant. Because the stiffness obviously depends on what bond your are talking about, this is a good way to do the
same thing we did for the critical temperature of the non-ideal gases.

Table 18.4.1 : Representative molecular data for a few diatomics

Force

Molecule g Bon;:lp]r;e)ngth w (cml) Oy (K) B (cml) Oret (K) constant k D(;n((l)(l;al/
(dynes/cm)
H, 1 0.7474 4400 6332 60.9 87.6 5.749 103.2
D, 1 0.7415 3118 4487 30.45 43.8 5.77 104.6
N, 1 1.097 2358 3393 2.001 2.99 22.94 225.1
O, 3 1.207 1580 2274 1.446 2.08 11.76 118.0
Cl, 1 1.987 560 805 0.244 0.351 3.2 57.0
(6/0)] 1 1.128 2170 3122 1.931 2.78 19.03 255.8
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Force
Bond Length ~ Dy (kcal/
Molecule g . w (cm™) O (K) B (cm™) O, (K) constant k o (
(pm) mol)
(dynes/cm)
NO 2 1.15 190 2719 1.695 2.45 15.7 150.0
HCl 1 1.275 2938 4227 10.44 15.02 4.9 102.2
HI 1 1.609 2270 3266 6.46 9.06 3.0 70.5
Nas 1 3.096 159 229 0.154 0.221 0.17 17.3
K 1 3.979 92.3 133 0.0561 0.081 0.10 11.8

v/ Example 18.4.1

The vibrational frequency of of I is 214.57 ¢m ™. Calculate the vibrational partition function of I, at 300 K.

Solution:
hv  214.57
BT~ o007 10232
SO
e /T —0.3595
and
- ! =1.561
Wb =170 3505

This implies, as before, that very few vibrational states are accessible and much less than rotation states and many orders less
than translation states.

Vibrational Heat Capacity

The vibrational energy is given by the above expression and the molar heat capacity at constant volume, Cy is given by:

- OF
o=(37),
We have:
9 _9%59 (4.4.4)
oTr  oT 9B
-1 0
— mﬁ_ﬂ (4.4.5)
o aay [ 9
= (—kp?) (a;s) (4.4.6)
Therefore:

O = (-457) (5522

and when the vibrational partition function (Equation 4.4.3) is introduced:
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[(1 _ efhcu/kT)(_hcﬂ) _ €7hcy/kT(+hCI;)] efhcu/kT

_ 2 =
¢vib = —kp (1 e ter/iTy2 hvo (4.4.7)
_ k( i ) et (4.4.8)
T (1 _ e*@vib/T) 2
For large T', the C'y becomes:
Njsk=R

and for small T, C'y goes to zero as demonstrated in Figure 18.4.1 .

o)

T

Figure 18.4.1 : Vibrational heat capacity of a diatomic

The vibrational heat capacity is shown as function of the reduced temperature 7'/© to get a general picture valid for all diatomic
gases. Compare the parameters on Table 18.4.1 to see on what different absolute scales we have to think for different gases. Clearly
the vibrational contribution to the heat capacity depends on temperature. For many molecules (especially light ones), the
vibrational contribution only kicks in at quite high temperatures.

The value of Oy}, is determined mostly by

1. the strength of a bond (the stronger the higher ©;}, )
2. the (effective) mass of the molecule (the lighter the higher O;, )

Molecules with low ©y;, often dissociate at lower temperatures, although the harmonic oscillator model is not sufficient to
describe that phenomenon.

Vibrational Populations

We can calculate the fraction of molecules in each vibrational state. The fraction of molecules in the vth vibrational state is given
by:

e—hv(v+3)/kT

fo=—7"""

Qvib

Substituting in Equation 4.4.2, we get:
fo = (1 _e—hu/kT) o ~hvo/KT

= (1 — e—evib/T) e~ Ovie/T

We can plot the fraction molecules in each vibrational state.
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The vibrational population of Cl, at 300 K. Most of the molecules are in the ground vibrational state, v = 0.

From the figure, we can see that most of the Cl, molecules are in the ground vibrational state at room temperature (300 K). This is
true for most molecules. Only molecules with very weak bonds and low vibrational temperatures will populate a significant
fraction of molecules in excited vibrational states.
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4.5: Most Molecules are Rotationally Excited at Ordinary Temperatures

The rotational quantum number is J and the energy of the rotations is:
E(J)=BJ(J+1)
Where B is in units of cm™ and is equivalent to:
h
8m2lc
Where c is the speed of light in units of cm™. However, with the exception of the ground state (i.e., J = 0), multiple eigenstates
exist for a given value of J. This is a form of degeneracy, (g), and the number of levels per energy goes as 1, 3, 5, 7, 9 etc or:
g(J)=2J+1

Therefore, the summation to find the partition function g;o(7") contains an extra factor g=2J+1 . This factor is mathematically
very handy, because it is the derivative of:

9(J) =J(J+1)

This makes it possible to change variables to X = J(J+1) and the integration becomes very easy. Notice that just like in the
translation partition function, we approximate the summation with an integral. However, because we are dealing with far fewer
levels, this is less justified in the rotational case. How justified it is depends on the gas and the temperature we consider. Roughly
speaking we should be at a temperature 7' >> O, .

? Exercise 18.5.1

Look at table 18.2. When do we need to actually work out the (discrete) summation instead of making a (continuous)
integration out of it?

Answer

Only for the lightest gases like He and H, do we need to worry and then only at pretty low cryogenic circumstances. At
room temperature, we can take the rotational levels as a continuous set and use an integral. Notice that the vibrational ©
values are much larger! At T'=300 K, usually only a single level is occupied and we are in the discrete limit. On the
surface of the sun that would be a different matter of course.

The rotational constant B is directly linked to the moment of inertia:
I = pr?
Where p is the reduced mass of the molecule:

1 1 1

_7_+_

12 my mo
and r is the bond length. Again we can scale the behavior of different systems to one and the same picture by introducing a

characteristic temperature:

hb h?

Orot =7 = 2Tk,

As we did for the translations, we can calculate the moment (€). For vibrations we get a relatively complicated function of
temperature. However, for rotations, the moment is simply equal to NkT' and this means that the rotational contribution to the
molar C, of a diatomic is simply R. As the vibrational and electronic contributions to the heat capacity are typically negligible at
room temperature, we get:

e monatomic gas

Cv — Cgmns — %RR
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o diatomic
C, = Cirns 4 Cet (4.5.1)
3
5
=—-nR (4.5.3)
2
Rotational energies are less than vibrational and electronic energies and, at room temperature, many rotational states will be
populated.
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The normalized rotational population of HCI at room temperature.
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4.6: Rotational Partition Functions of Diatomic Gases

The rotational energy levels of a diatomic molecule are given by:

Erot(J) = BJ(J +1) (4.6.1)
where:
go_n
8m2lc

Here, B is the rotational constant expressed in cm™. The rotational energy levels are given by:

g _ J(J+1)h?
7 8l

where T is the moment of inertia of the molecule given by ur? for a diatomic, and 4 is the reduced mass, and r the bond length
(assuming rigid rotor approximation). The energies can be also expressed in terms of the rotational temperature, 0., defined as:

,,,2

0. 5 B6_-— 4.6.2
LT 82k (46.2)
The interpretation of ,; is as an estimate of the temperature at which thermal energy (= kT') is comparable to the spacing
between rotational energy levels. At about this temperature the population of excited rotational levels becomes important. See

Table 1.
Table 1: Select Rotational Temperatures. In each case the value refers to the most common isotopic species.
Molecule Hz Nz 02 F2 HF HCI 002 HBr CcO
Orot 87.6 2.88 2.08 1.27 30.2 15.2 0.561 12.2 2.78

In the summation for the expression for rotational partition function (g;.t), Equation 4.6.3, we can do an explicit summation:

Grot = Y _ (2T +1)e /T (4.6.3)

J=0

if only a finite number of terms contribute. The factor (2J+1) for each term in the expansion accounts for the degeneracy of a
rotational state J. For each allowed energy E; from Equation 4.6.1 there are (2J + 1) eigenstates. The Boltzmann factor must be
multiplied by (2J + 1) to properly account for the degeneracy these states:

(2J +1)e Fo/kT

If the rotational energy levels are lying very close to one another, we can integrate similar to what we did for gy.,s previously to
get:

o ~
Grot = / (2JJr 1)R—BJ(J+1)/deJ
0

This integration can easily be done by substituting = J(J +1) and dz = (2J+1)dJ :

kT
Grot = —=- (4.6.4)
B

For a homonuclear diatomic molecule, rotating the molecule by 180° brings the molecule into a configuration which is
indistinguishable from the original configuration. This leads to an overcounting of the accessible states. To correct for this, we
divide the partition function by o, which is called the symmetry number and is equal to the distinct number of ways by which a
molecule can be brought into identical configurations by rotations. The rotational partition function becomes:

kT
Grot = = (465)

Bo

or commonly expressed in terms of ©:
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T
Grot = @rota

(4.6.6)

v/ Example 18.6.1

What is the rotational partition function of Hj at 300 K?

Solution

The value of B for H» is 60.864 cm™. The value of kT in cm™ can be obtained by dividing it by hc, i.e., which is
kKT /hc =209.7 em ™" at 300 K. o = 2 for a homonuclear molecule. Therefore from Equation 4.6.5,

kT
Grot = =
(o2

_209.7cm™!
(2)(60.864 cm 1)

=1.723

Since the rotational frequency of H> is quite large, only the first few rotational states are accessible at 300 K
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4.7: Vibrational Partition Functions of Polyatomic Molecules

As with diatomic molecules, the energies of polyatomic molecules can be approximated by the sum of its individual degrees of
freedom. Therefore, we can write the partition function as:
[g(V, T)]?
QN,V,T)= =
We can write the polyatomic analog to diatomic molecules:

(QtranSQrotqvib Gelec )N
N!

When derived for diatomic molecules, we assumed the rigid rotor model for rotations and the harmonic oscillator for vibrations.
This allowed us to separate the rotational motion from the vibrational motion of the molecule. Polyatomic molecules are a bit more
complicated, but we will still make use of these approximations.

Q(NaV7T) =

The number of translational states available to any given molecule is far greater than the number of molecules in the system. g;;ans
is given by:

27 MET %/

Qtrans = T

where M is the mass of the particle. Moving to the electronic partition function:

Gelec = Z gieiEi/kT
7

where FE; is the energy of the electronic state ¢ and {g_i} is its degeneracy. Electronic states are typically spaced far apart from
each other. The probability of the system being in any state but the ground state is extremely small. We can therefore simplify the
electronic partition function to include only the ground electronic state:

D, /kT
Qelec = Jel € e/

where —D), is the energy of the ground electronic state. To complete the polyatomic partition function, we still need gy;p and gro.
We will finish this section with gy, and talk about g in the next.

The vibrational motion of diatomic molecules can be expressed as a set of independent harmonic oscillators. For polyatomic
molecules, the independent vibrational motions are referred to as normal modes of vibration. The vibrational energy is then the sum
of the energies for each normal mode:

= 1
Evib = Z <Ui -+ 5) hv

i
where v; is the vibrational frequency for the ith normal mode and « is the number of vibration degrees of freedom. A linear

molecule has 3n — 5 vibrational degrees of freedom and a nonlinear molecule has 3n — 6 vibrational degrees of freedom. Because
the normal modes are independent of each other, we can take out results from previous sections:

ﬁ efavib,i/QT
vib = 1 —e%ini/T

i

a J
9Vib,‘ e a‘llb,l/T
B =NkY (T +ovib,i1—)

e Ovini/T

o Ovlbﬂ 2 eievib,i/T
Cvyib = ng: (( 2 ) + (1— e 0w/ T)?

where 8y, ; is the characteristic vibrational temperature defined by:

hy;
Ovin,i = Tl
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Vibrational Entropy

There is a great deal of utility for thermodynamic functions calculated from the vibrational normal modes of a molecule. The
vibrational energy and entropy depend on the shape a multidimensional potential energy surface. If one performs a conformational
search of macromolecule it is one obtains energies and structures but little direct information concerning the shape of the potential
energy surface for each conformation. The vibrational entropy gives a means determining whether there are significant entropic
differences in the structures and therefore whether certain conformations will be favored based on the entropy.

However, it is possible to take appropriate linear combinations of the coordinates so that the cross terms are eliminated and the
classical Hamiltonian as well as the operator corresponding to it contains no cross terms and in terms of the new coordinates, the
Hamiltonian can be written as,

(4.7.1)

w|§‘
“M

I g
;2——2+Z

i=1

Here, the degrees of freedom f is 3N —5 for a linear molecule and 3N — 6 for a nonlinear molecule. Here, k; is the force
constant and p; is the reduced mass for that particular vibrational mode which is referred to as a normal mode.

H H H\ /H H\ /H
N~
O O Ko
antisymmetric SyYrnmetric scissoring
stretch stretch bend

Figure 18.7.1 : The three vibrational modes of water, the symmetric stretch (3656.7 cm™, 5160 K ), the asymmetric stretch (3755.8

-1, 5360 K ) and the bending mode (1594.8 cm™! ,2290 K) are shown. The vibrational frequencies and the characteristic
temperature for each mode are shown in parenthesis. Although not shown in the animation, the oxygen atom also moves with each
of these normal modes.

The Equation 4.7.1 represents f linearly independent harmonic oscillators and the total energy for such a system is
! 1
€vib = ; ('Ui + 5) hy;

The vibrational frequencies are given by

The vibrational partition function is given by the product of f vibrational functions for each frequency.

f e_@m'b,i/2T

Quib = 11 10wl (4.7.2)
with
hy;
Ouip,i = kf:

As with the previous discussion regarding simple diatomics, ©,,; is called the characteristic vibrational temperature. The
molar energies and the heat capacities are given by

— Nk Z mb i mb,ie_@m’i/T
vzb _ e*@vib,i/T
and
f O, 2 —Ouin,i /T
= vib,i e ’
Gy = Nks ( ’ )
[ ]
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The three characteristic vibrational temperatures for NO,, are 1900 K, 1980 K and 2330 K. Calculate the vibrational partition
function at 300 K.

Solution
The vibrational partition is (Equation 4.7.2)

f C_em‘i/2T
Quib = u 1— e*@mb,i/T

1=

If we calculate g,; by taking the zero point energies as the reference points with respect to which the other energies are
measured

o 1 B 1 1 1
Qoib = g 1 _e9wi/T ~ \ 1 _ —1900/300 1 _ ¢—1980/300 1 — e—2330/300

= (1.0018)(1.0014)(1.0004) = 1.0035

The implication is that very few vibrational states of NO, (other than the ground vibrational state) are accessible at 300 K.
This is standard of the vibrations of most molecules.
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4.8: Rotational Partition Functions of Polyatomic Molecules

For a polyatomic molecule containing /N atoms, the total number of degrees of freedom is 3N. Out of these, three degrees of
freedom are taken up for the translational motion of the molecule as a whole. For nonlinear molecules, there are three rotational
degrees of freedom and the 3 N—6 vibrational degrees. For linear molecules, the rotational motion along the molecular axis is
quantum mechanically not meaningful as the rotated configuration is indistinguishable from the original configuration. Therefore,
linear molecules have two rotational degrees of freedom and 3 .N— 5 vibrational degrees of freedom.

To investigate the rotational motion, we need to fix the center of mass of the molecule and calculate the three principal moments of
inertia I4, Ig, and I of the ellipsoid of inertia. The center of mass is defined as the point for which the following identities hold:

Z m;T; = Z mYi = Z m;zi
The inertia products are defined by:

Ly =) mi (47 +27)
[
Izy = Z m; (wzyz)

The other components I, I,.,.. are defined analogously. To find the direction cosines o, 85, ; of the three principle moments of
inertia, we need to solve the following matrix equations:

(Ize —n) = Bloy = vLz: =0
aly —p(Iy—n) —vI,. =0
—aly, — Bl +v(L: —n) =0
If the off diagonal terms I, are zero in the above equations, then the z, y, z axis will be the principal axis. The energy of a rotor

with the three moments of inertia I 4, I5. and I¢ is given by:

1 1 1

€ = EIAwi + 5130-123 + EICw%
21, 2Ip 2I¢

Each of the rotational degrees of freedom will have a characteristic rotational temperature in terms of the moment of inertia:

hbar? .
@mt,i = _2Ilk 1= A, B, C

There are many different shapes of molecules and these shapes affect the rotational behavior of the molecules. Molecules are
therefore classified according to symmetry into different groups called tops. The three different tops are:

Spherical top Orot,A = Orot, B = Orot,c
Symmetric top Orot, A = Orot, B 7# Orot,C
Asymmetric top Orot, 4 7 Orot,B 7 Orot,c
Spherical Tops
The spherical top can be solved exactly to give:

J(J+1)R?
EJ:%

gr=02J+1%) J=0,1,2,...

The rotational partition function is:
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oo

ot = Y (2T + 1)2h ) 21T

J=0
o)

_ Z(2J+ 1)269mtJ(J+1)/T
J=0

For almost all spherical top molecules:
@rot >> T

Therefore, we can convert the sum to an integral:
1 o0
o Jo

where we have now included the symmetry term, ¢. Solving for this integral, we get:
l/2 ( T )3/ 2
Grot = ——
g Grot

Here, w4, wp, and we are the three angular speeds and L4, Lp, and L¢ are the three angular momenta. For a symmetric top
molecule such as ammonia, or chloromethane, two components of the moments of inertia are equal, i.e., Ip = I . The rotational
energy levels of such a molecule are specified by two quantum numbers J and K. The total angular momentum is determined by J
and the component of this angular momentum along the unique molecular axis is determined by K. The energy levels are given by:

Symmetric Tops

€7k = BJ(J+1)+(A-B)K?

with rotational constants in units of wavenumbers:

B—_n
8m2clp
and:
i-_h
8m2cly
where
o J takes on values 0,1, 2,....occand

e K=—-J,—-J+1,-J+2,...0,1,2,...J.
The rotational partition function is given by:
x 2
Grot = Z 2J—|—]_ —BJ(J+1) /kT Z 2J—|—1) —-B)K?/kT
7 7= K=/J

This can be converted to an integral and the result is:

VT ( 87rIBkT> (87rIAkT>1/2
()

Qrot = 2 2

Asymmetric Tops

For asymmetric tops, the expressions for rotational energies are more complex and the conversions to integrations are not easy. One
can actually calculate the sum of terms using a computer. An intuitive answer can be obtained by integrating over the angular
momenta L 4, L and L¢ as:

/ / / He0/NT 4, dLg dLc = /27 IART/2n IgRT /27 IGKT
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And then multiplying by a factor of 872 /ah?®, we get the rotational partition function. The factor of 872 accounts for the angular
integration. For any axis chosen in a molecule, a complete rotation contributes a factor of 2. Integration over all possible
orientations of this axis contribute another factor of 4. The factor of h3 is for the conversion from the classical phase space to the
quantum mechanical phase space.

X Symmetry Number

As discussed previously, the symmetry number o corrects for overcounting of rotational configurations. If the molecule has
no center of symmetry (e.g. HCN) o = 1 whereas if the molecule has a center of symmetry (e.g. CO,) then o = 2.

The final result is:

w2 8wl kT [8mwIgkT |8l kT
qmt—7\/ 4 \/ B \/ ¢ (4.8.1)

h2 h2 h2
X Classical Derivation (Optional)

We can explicitly obtain the classical rotational partition function of an asymmetric top by writing the classical expression for
the rotational energy in terms of the Euler angles. The orientation of a rigid rotor can be specified by there Euler angles 6, ¢,
and v with the ranges of angles 0 to 7, 0 to 27w and 0 to 27 respectively. The rotational Hamiltonian for the kinetic energy can
be written in terms of the angles and their conjugate momenta ( pg, pg, Py)

o 9 2
_ sin" 9 cos
H= 214 (pg sinfsiny (py —cos 0p¢))

2
1
(pg —cos 0p¢)) + —pi

+ 21c

cos? ( sinp

2Ip o cosfcosp

The classical rotational partition function is given by

o) [eS) oo m 27 27 1
au= [ [ [T e e any dpy dpy avapa
—00 J —00 J —00

The integrations can be simplified by rewriting H (p, q)/kT as

H 1 sin?+  cos?y 1 1 sin cos
—_ = o _ 0
kT 2IAkT( Iy * I ) 0 (IB IA) (sin“/’ cos%/;) (py —cosbpy)
sinf [ — + ——
Iy Ip
2
1 1 1
+ —cos 6 + —p2
2T I Ipsin?6 | (sinw cosqu) ®s Po) 9KTI, %
sin@ +
Iy Ip

Using the following integral,

/OO e~ (@) g — /oo e~ dp = \ |z
—00 —00 a

Integration over py gives using the above expression

. 9 2.0\ ~1/2
w/27rkT<Sm ¥ cos d’) (4.8.2)
7 7t

Integration over p,, gives the factor,
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. 2 2 1 / 2
IR Ipsing [ 32 ¥ | S5 ¥
Iy I
This cancels partly the second square root in Equation 4.8.2. Integration over py, gives the factor

v/ 27kT1,

/ sinfdf =2
0
27
/ do =2m
0
27
/ dy =2m
0

Combining all the integrals, we finally get Equation 4.8.1 after reintroduced the symmetry number o as before with diatomic
molecular rotation.

Integration over , o and ) gives a factor of 872,

We can simplify calculations by defining characteristic rotational temperatures for each axis of rotational:

The polyatomic rotational partition function expressed in Equation 4.8.1 can then be re-expressed as:

Vi [

Grot = ~_— ©,6,00 (4.8.3)

or alternatively:

7T

In g = ln ——
Trot = 519 050,02

v Example: Nitrogen Dioxide

The three characteristic rotational temperatures for NO, are 111.5 K, 0.624 K and 0.590 K. Calculate the rotational partition
function at 300 K.

Solution

The rotational temperature is given by Equation 4.8.3:

VT T3
=l =
@t =71/ ©,0560
The rotational partition function becomes,

Grot = 1'772\/ 300 K =2242.4

2 \/ (11.5 K)(0.624 K)(22.55 K)
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Thermodynamics Properties

The molar thermodynamic functions can be readily calculated including average rotation energy and molar heat capacity:
3
E, = ERT
and:
- 3
Cy=-R
V2

Improvements over the classical approximation for the rotational partition function derived above have been obtained. One of the
improved versions (with no derivation) is:

h? 2 2 2 Ic I4 I
ot =q°, |14+ ———— | — + — + — _ _
Grot. = Grot [ Y6kt \T, T T To T Tl Talo  Talo
where q?ot is the classical approximation in Equation 4.8.1.

Comparing this result with the vibrational partition function calculation before (g, = 1.0035), give the implication that while
multiple rotational states are accessible at room temperature, very few vibrational states (other than the ground vibrational state) are
accessible.
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4.9: Molar Heat Capacities

e Goal: Specific heat capacity data for a wide range of elements are used to assess the accuracy and limitations of the
Dulong-Petit Law.

o Prerequisites: An introductory knowledge of statistical thermodynamics including the derivation of the vibrational
(harmonic oscillator) contributions to the heat capacity are recommended.

¢ Resources you will need: This exercise should be carried out within a data analysis software environment which is capable
of graphing and generating a best-fit line for an x-y data set.

The heat capacity (C) of a substance is a measure of how much heat is required to raise the temperature of that substance by one
degree Kelvin. For a simple molecular gas, the molecules can simultaneously store kinetic energy in the translational, vibrational,
and rotational motions associated with the individual molecules. In this case, the heat capacity of the substance can be broken down
into translational, vibrational, and rotational contributions;

C= Ctrans + Cvib + Crot (491)

Monoatomic crystalline solids represent a much simpler case. Einstein proposed a simple model for such substances whereby the
atoms only have vibrational energy (each atom can vibrate in three perpendicular directions around its lattice position).
Specifically, the ‘Einstein Solid Model’ assumes that the atoms act like three-dimensional harmonic oscillators (with the vibrational
motion of each atom in each perpendicular dimension entirely independent). Statistical mechanics provides a relatively simple
expression for the constant volume molar heat capacity (Cy,y, ) of a one-dimensional harmonic oscillator

0.\?2 e—©u/2T 2
1-D _ v
oo (%) (o o)
where R is the universal gas constant, 7" is absolute temperature, and ©, is called the ‘characteristic vibrational temperature’ of the

oscillator and depends on the vibrational frequency (v) according to

_h
Ok

with h representing Plank’s constant and k representing Boltzmann’s constant.

e, (4.9.3)

Since the vibrations in each dimension are assumed to be independent, the expression for the constant volume molar heat capacity
of a 'three-dimensional' Einstein Solid is obtained by simply multiplying Equation 4.9.2 by three;

0.\2/ e©/2T \?
3-D _ )
i -on( %) (3200 ) s
The temperature variation of the heat capacity of most metallic solids is well described by Equation 4.9.4. Furthermore, plots of

Equation 4.9.4 as a function of temperature for metals with widely varying vibrational frequencies reveal that the heat capacity
always approaches the same asymptotic limit of 3R at high temperatures. Stated another way, at high temperatures

0,\2/ e ©/2T 2
(3 ()]

lim [cgf;t} = 3R (4.9.6)

T—o00

lim
T—o00

and Equation 4.9.4 reduces to

(You will be asked to verify this result in the exercise below). According to Equation 4.9.6, the molar heat capacities of metallic
solids should approach 24.9 J/(K mol) at high temperatures, regardless of the identity of the metal.

The vibrational frequencies of most metallic solids are usually small enough so that ©, lies considerably below room temperature (
0, < 298 K). For these substances, the limits implied by Equations 4.9.5 and 4.9.6 are well approximated even at room
temperature, leading to the result that C, ,, = 24.9 J/(K - mol) for most metals at room temperature.
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In the early 1800s, two French scientists by the names of Pierre Louis Dulong and Alexis Therese Petit empirically discovered the
same remarkable result. The Dulong-Petit Law is normally expressed in terms of the specific heat capacity (Cs) and the molar
mass (M) of the metal

C.M = Cy,m ~25(J KL mol™?) (4.9.7)

where C represents how much heat is required to raise the temperature of 'one gram' of that substance by one degree Kelvin.
Dulong and Petit, as well as other scientists of their time, used this famous relationship as a means of establishing more accurate
values for the atomic weight of metallic elements (by instead measuring the specific heat capacity of the element and using the
Dulong-Petit relationship, which is a relatively simple method of establishing weights in comparison to the more disputable
gravimetric methods that were being used at the time to establish the equivalent weights of elements).

In the exercise below, you will look up the specific heat capacities of a number of elements that exist as simple monoatomic solids
at room temperature and assess the accuracy of the Dulong-Petit law.

Experimental Data

Consult the CRC Handbook of Chemistry and Physics (CRC Press: Boca Raton, FL) and compile a table of specific heat capacities
for a large number of elements that are known to exist as monoatomic solids at room temperature. Also look up and record the
molar mass of these elements. The elements that you consider should be restricted to those appearing in groups 1-14 of the periodic
table. Make sure you generate a fairly large list which includes a number of elements that are normally considered as metallic in
character (such as copper, iron, sodium, lithium, gold, platinum, barium, and aluminum), but also some non-metallic elements that
are nonetheless monoatomic isotropic solids (such as carbon-diamond, beryllium, boron, and silicon). Heat capacities that are
usually reported in the literature are not actual constant volume heat capacities (C,), but are instead constant pressure heat
capacities (Cp). Fortunately, C,, and C), are essentially equal for simple solids (within the level of precision that we consider in this
exercise), and you can assume that the values from the CRC Handbook represent C.

Exercises

1. Enter the element name, the specific heat capacity, and the molar mass of each element in a spreadsheet. Calculate the product
of specific heat and molar mass for each element and calculate how much this product differs from the Dulong-Petit prediction
(express your result as a percent difference relative to 3 R).

2. Assess the generality of the Dulong-Petit law in an alternate way by generating a plot of specific heat as a function of reciprocal
Molar Mass (Cs versus 1/ M), which should be linear with a slope equal to 3R if the data behave according to Equation 4.9.7.

3. Inspect your results from 1 and 2 above and identify any elements that significantly deviate from the Dulong-Petit law. When
they occur, do deviations tend to be smaller or larger than 3R? Does the degree of deviation from the Dulong-Petit law seem to
correlate with periodic trends in metallic (or covalent) bonding for these elements? Do deviations tend to occur more readily for
elements of smaller or higher atomic weight? Explain how the type of bonding and the magnitude of the atomic weight can lead
to deviations from the arguments made in Equations 4.9.5-4.9.7 above.

4. Use the plotting method that you employed in step 2 above as a means of determining a value for the universal gas constant (R)
- but make sure you throw-out any specific heat data for elements that you suspect do not fall within the limit ®, < 298 K.
Calculate the percent error in the value of R that you determine.

5. Verify that the limit expressed in Equation 4.9.5 above is true (HINT: expand each of the exponential terms in a power series
and note that higher-order terms are negligible in the limit 7" > ©,,).

4.9: Molar Heat Capacities is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.

« Specific Heat Capacities and the Dulong-Petit Law by Tandy Grubbs is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199187



https://libretexts.org/
https://chem.libretexts.org/@go/page/199187?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/04%3A_Partition_Functions_of_Model_Systems/4.09%3A_Molar_Heat_Capacities
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/04%3A_Partition_Functions_of_Model_Systems/4.09%3A_Molar_Heat_Capacities?no-cache
https://chem.libretexts.org/@go/page/96248
http://www.stetson.edu/other/faculty/profiles/william-grubbs.php
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

4.E: Partition Functions and Ideal Gases (Exercises)

A Libretexts Textmap organized around McQuarrie and Simon's textbook

Physical Chemistry: A Molecular Approach

Template:HideTOC

These are homework exercises to accompany Chapter 18 of McQuarrie and Simon's "Physical Chemistry: A Molecular Approach"
Textmap.

1) If the nucleus has a spin of s, then its spin degeneracy g, = 2s,, + 1 . The diatomic molecule formed from such a nucleus will
have g n 2 spin functions which have to be combined to form symmetric and antisymmetric functions. Carry out an analysis similar
to that of H 2 for D 2 where the deuterium nucleus has a spin of 1.

2) Derive the thermodynamic functions from the polyatomic rotational partition function. 3) Carry out the integration for the
rotational partition function of the symmetric top.

4) Calculate the total partition function and the thermodynamic functions of water at 1000K. The three moments of inertia of water
are 1.02, 1.91 and 2.92 in 10 - 47 kg m 2 . The symmetry number is 2. The vibrational data in given in Fig. 3.5. Assume a non-
degenerate electronic ground state.

5) Verify that the symmetry numbers for methane, benzene and SF 6 are 12, 12 and 24 respectively.

6) The ground state of Na is a doublet (two states with the same energy). Assuming this to be the zero of energy and assuming that
the next energy level to be 2 eV higher than the ground state, calculate q el .

7) The bond length 7, of Oy is 1.2 A. The moment of inertia I is mr%, /2 where m of O is 16X 1.66times1072" kg Calculate B
and the rotational partition function of Oy at 300 K.

8) The vibrational frequency v of ICl is 384 ¢cm -1 . What is its vibrational partition function at 300 K? What is the fraction of
molecules in the ground state (n = 0) and the first excited state n = 1? 9) Calculate the translational partition function of N 2 at 300
K. For volume, use the molar volume at 300 K.

10) An isotope exchange reaction between isotopes of bromine is 79 79 81 81 79 81 2 Br Br Br Br Br Br +

The fundamental vibrational frequency of 79 81 Br Br 323.33 cm -1 . All the molecules can be assumed to have the same bond
length and have a singlet ground electronic state. Calculate the equilibrium constant at 300K and 1000K.

11) For the reaction I 2 < 21, calculate the equilibrium constant at 1000K. The relevant data are as follows. The ground electronic
state of I is 2 3/ 2 P whose degeneracy is 4. The rotational and vibrational frequencies of I 2 are 0.0373 cm -1 and 214.36 cm -1
respectively. The dissociation energy of I 2 is 1.5422 eV.

12) The representative molecular data for a few molecules is given in table 3.1. Using the relevant data, calculate the equilibrium
constant for the reaction H 2 + CI 2 I HCI at 1000K. What is the value of the equilibrium constant as T — o0?

13) Eq. (3.50) is related to the Giauque function. Estimate the total molar Giauque function for molecules that behave as harmonic
oscillators-rigid rotors.

14) The energy of a molecule in the rigid rotor — harmonic oscillator approximation is E vib, rot is (n +1/2) hv + B J (J+1) Real
molecules deviate from this behaviour due to the existence of anharmonicity (anharmonicity constant x e ), centrifugal distortion
(centrifugal distortion constant D ) and the interaction between vibration and rotation (« is the coupling constant between the
vibrational and rotational modes). The expression for the energy when these affects are includedis222111222,()(1)()(1)
()(1)vibroteEnhBJJxnhDJJnJJvva=+++—+++—++ Here, the third term is due to anharmonicity, the fourth term
is due to centrifugal distortion and the last term is due to the interaction between vibration and rotation. Calculate the q vib, rot
which includes the effects of these distortions.

Q18.4

Using the data in Table 8.6, calculate the fraction of sodium atoms in the first excited state at temperatures 300 K, 1000 K, and
2000 K.
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S18.4

Using Equation 18.10, we can calculate the fraction of sodium atoms in the first excited state, with
g1 =2,9e2 =2,9e3 =4,0es =2 :

26_,8562
f2= — — = (4.E.1)
2 +2e Peer  dePees 2Pt 4.
Using the data in Table 8.6, the numerator of this fraction becomes
16956.183cm ™!
2exp[— o (4.E.2)

(0.6950cm 1K1 )T]
and the denominator becomes

16956.183em 1 o 16978.379m L 25739 86em !
(0.6950cm KT P (0.6950em KT P (0.6950em 1K )T

24 2exp[—

]+

Using these values, we can find the values of f at the different temperatures.
f2(T =300K) = 4.8210736
f2(T =1000K) =2.5z107!
fo(T =2000K) = 5.0210°

Q185
Using the data in the table, calculate the fraction of hydrogen atoms in the first excited state at 400 K, 1800 K, and 2100 K.
Electronic Configuration Term Symbol Degeneracy g. = 2J + 1 energy/cm !
1s 2812 2 0
2p 2Py 2 82 258.907
2s 2812 2 82 258.942
2p ’p, /2 4 82 259.272
S18.5
Use the equation:
—Bee2
e
fr= e — (4.E.3)
ge1 +ge2€ o2 + gege™Fes - -
and
fr - (4E.4)
" T0.6950 cm 1K1 -
to get:
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fa=

82 258.907 cm
2¢ T0.6950 cm 1K
82 258.907 cm 82 258.942 cm 82259.272 cm
2+2e T0.6950cm K- +2¢ T0.6950cm'K-1 44¢ T0.6950 cm 1K~

£2(400 K) = 0.2498
£2(900 K) = 0.2499
£2(2100 K) = 0.2500

(4.E.5)

4.E: Partition Functions and Ideal Gases (Exercises) is shared under a not declared license and was authored, remixed, and/or curated by
LibreTexts.
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4.10: Ortho and Para Hydrogen

The molecules of hydrogen can exist in two forms depending on the spins on the two hydrogen nuclei. If both the nuclear spins are
parallel, the molecule is called ortho and if the spins are antiparallel, it is referred to as para (in disubstituted benzene, para refers
to the two groups at two opposite ends, while in ortho, they are adjacent or “parallel” to each other). The spin on the hydrogen
nucleus has a magnitude of %h. The presence of nuclear spins leads to very interesting consequences for the populations of the
rotational states and on a macroscopic scale, has consequences on measured entropies and heat capacities as well. The total
partition function of H, can be written as:

Gtot = Gelec@vibgrotdtransdnuc

where, the subscripts refer to the respective motions. After “half” a rotation, the nuclei are superimposed on each other. Since a
proton is a spin half nucleus, the total wave function must be antisymmetic with respect to the exchange of the particles. i.e.:

"/)(17 2) = —7#(2, 1)

The translational motion refers to the motion of the molecular center of mass and has no influence on the symmetry of the nuclear
wave function. Vibrational motion depends on the magnitude of the internuclear distance and has no effect on the particle
exchange. The electronic motion also has no effect on the symmetry properties of the nuclear wave function. Therefore, the product
of the nuclear spin and rotational wave functions must be antisymmetric with respect to the particle exchange. For the nuclear spin
functions, there are four combinations. One combination is a singlet:

|tv,s) = a(1)B(2) —(2)B(1)
And the other three combinations are the three states of a triplet:

[Pv,s) = a(1)a(2)

[%hv,s) = (1)8(2) +a(2)B(1)

|¢u,s> = ﬂ(l)ﬂ(2)

The rotational wavefunctions (¢, ) are given in terms of the associated Legendre polynomials Pl‘m| (x) where z = cos6:

|%,) = & P (cos ) (4.10.1)
with:
P (z) = (1&)"’”% (4.10.2)
U( 2 !
Piz) = 2%' d (f”dx: Y (4.10.3)
When the nuclei are interchanged, 6 becomes 7 — 6 and ¢ is changed to ¢ + 7. The polynomials change as:
P(-z)=(-1YR(z); B"(-z)=(-1)" "I (z) (4.10.4)
The exponential function changes as:
gmotm — gimmgime _ (_1)lml gimp (4.10.5)
Therefore, the rotational wave function changes as:
P(-=) = (-1)'P(z) (4.10.6)
Pllm‘(—a:) _ (—1)’7‘7”‘]31‘7”' (z) (4.10.7)

e |4,) is symmetrical for even J, and
e |4,) is antisymmetrical for odd J

Combining the nuclear spin and the rotational parts, we see that, the product 1, 1,,, must be antisymmetrical (with respect to the
exchange of nuclei) for half integral nuclear spins and symmetrical for integral spins. To accomplish this, the singlet nuclear states
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(para) must be combined with the even rotational functions and the triplet nuclear states must be combined with the odd rotational
states. The rotational partition functions for ortho and para hydrogens are, thus:

GQortho = Qv,tdr,odd = 3 Z (2J+ 1)€_J(J+1)®R/T (4108)
J=1,35,...
and:
9para = Q\nu,s 9r,even = 1 Z (2J+ 1)67‘](]+1)®R/T (4.10.9)
J=0,2.4,...

where Ogp, is the rotational temperature defined previously. The total partition function consisting both ortho and para hydrogens is
given by:

Gotmu=1 Y (2J+1)e/IOT 13 N " (2] 41)e /(IHOW/T (4.10.10)
j=0.2.4 e
The ratio of ortho to para hydrogens at thermal equilibrium is given by:
N, 3305 (2741 UrNONT

Np >0 2(2J + 1)~ +1Ow/T (4.10.11)

At high temperature, the two summations become equal and therefore, the high temperature limit of N,/N, is 3. At low
temperature, the ratio becomes:
N, 3(3e T4 .. .. )

— = —0,asT —0 4.10.12
N, 1(1+5¢ 071 .) (4.10-12)

A good experimental verification of the above analysis is a comparison between the calculated rotational heat capacities at constant
volume (CYy) rot, nu (calculated from:

o, 0(B)
V=TT
where:
81 rot,v
(B) = =
op

The heat capacities are shown as a function of temperature in Figure 18.10.1 .
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Figure 18.10.1 : The heat capacities of o- and p- hydrogens as a function of temperature. The curve marked Exp depicts the

experimental data, the curve eq represents the data for an equilibrated mixture of o- and p- at a given temperature and the curves o-

and p-represent the heat capacities of pure o- and pure p- hydrogens. (CC-SA-BY 3.0; Gadolinist).
The purple curve marked 3:1 gives the experimental data, the curve eq represents the data for an equilibrated mixture of o- and p-
at a given temperature. The curves o- and p- represent the heat capacities of pure o- and pure p- hydrogens calculated from the o-
and p- partition functions given by Equations 4.10.8and 4.10.9 respectively. Initially it was a puzzle as to why the experimental
data differs from the calculated values. In fact, the experimental data seemed to agree very well with the following equation:

3 1
(CV)rotyy = Z(CV)rot,v(OrthO) + Z(C’V)mt,,,(para) (4.10.13)

The reason for this is that, when Hs is cooled down from a higher temperature, the ortho:para ratio continues to remain 0.75 / 0.25
(the high temperature value) because the ortho — para interconversion rate is very very small and we do not reach the equilibrium
composition unless a catalyst such as activated charcoal is added to the gas mixture. Equation 4.10.13 corresponds to a “frozen
high temperature mixture” of ortho:para hydrogens. In the presence of the catalyst, the experiments also give the curve labeled as
eq in the graph. This in indeed a very nice case where the experiments support not only the methods of statistical thermodynamics
but also of the antisymmetry principle for bosons and fermions. If we consider the case of 1602, where the nuclear spins are zero,
the rotational wave function has to be symmetric as only symmetric wave functions are permitted for bosons. Thus, only even
rotational states contribute to the partition function:

Grot,v(1°0,) = Z (2J +1)e T D0R/T
J=0,2.4,...

Contributors and Attributions
¢ www.chem.iitb.ac.in/~bltembe/pdfs/ch_3.pdf

4.10: Ortho and Para Hydrogen is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.
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4.11: The Equipartition Principle

The equipartition theorem, also known as the law of equipartition, equipartition of energy or simply equipartition, states that every
degree of freedom that appears only quadratically in the total energy has an average energy of %kgT in thermal equilibrium and
contributes %kp to the system's heat capacity. Here, kp is the Boltzmann constant, and T is the temperature in Kelvin. The law of
equipartition of energy states that each quadratic term in the classical expression for the energy contributes 2kBT to the average
energy. For instance, the motion of an atom has three degrees of freedom (number of ways of absorbing energy), corresponding to
the x, y and z components of its momentum. Since these momenta appear quadratically in the kinetic energy, every atom has an
average kinetic energy of 3/2kpT in thermal equilibrium. The number of degrees of freedom of a polyatomic gas molecule is 3N
where IV is the number of atoms in the molecule. This is equal to number of coordinates for the system; e.g. for two atoms you
would have x, y, z for each atom.

Translations

The translational contribution to the average energy is derived in terms of the derivative of the translational partition:

1 8Qt7‘ans
Qtrans OB

Introducing the translational partition function derived earlier, Equation 4.11.1becomes

<Etmns> =

(4.11.1)

AoV 30A 3
= aop 2T

T VBN
Thus, the three translational degrees of freedom in three dimensions satisfy the equipartition theorem with each translational degree
providing %kpT of energy.
Rotations

Consider the molecular partition functions. The average rotational energy to the average energy is derived in terms of the derivative
of the translational partition:

1 8qrot
Grot 0B

which when you introduce the rotational partition function, Equation 4.11.2becomes

<E7‘ot> =

(4.11.2)

(Brot) = —0BB— =2 =
The classical expression for the rotational energy of a diatomic molecule is

classical 1
Er(ot )= §I(wn2v —l—w;)

where I is the moment of inertia and w, and w, are the angular velocities in the = and y directions. The rotation along the
molecular axis (the z axis here) has no meaning in quantum mechanics because the rotations along the molecular axis lead to
configurations which are indistinguishable from the original configuration. The two rotational degrees of freedom have thus given a
value of kT with with each rotational degree providing %kpT of energy.

Vibrations

Consider vibrational motions. The average vibrational energy to the average energy is derived in terms of the derivative of the
translational partition:

_ 1 6qm'b
Quib 6,3

which when you introduce the partition function for vibration, Equation 4.11.3becomes

(Byip) = (4.11.3)
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-1 e—hc&/kBT e—ha:/kBT
(Buvib) = —het————— | =he"V—— (4.11.4)
Qib (1 — e hev/ksT)2 (1 _ e—ha:/kBT>
—hev kT

This can be simplified by dividing both numerator and denominator of Equation 4.11.4by e

(Eyip) = hei (;) (4.11.5)

ehev /[kpT _ 1

Equation 4.11.5is applicable at all temperatures, but if hew/kpT < 1 (i.e., the high temperature limit), then the exponential in the
denominator can be expanded

/%7 _1 1+ hei kT —1 = heir/ kT (4.11.6)

and Equation 4.11.5becomes

(Evib) = hgwr <W>

with each vibrational degree providing kg7 of energy (since there ar two quadratic terms in the Hamiltonian for a harmonic
oscillator (kinetics energy and potential energy).

Compare Equation 4.11.7with the classical expression for the vibrational energy

(classical) 2
B = vskax® + vopv
At high temperature the equipartition theorem is valid, but at low temperature, the expansion in Equation 4.11.6 fails (or more
terms are required). In this case, only a few vibrational states are occupied and the equipartition principle is not typically

applicable.

Heat Capacity

Heat capacity at constant volume C,,, is defined as

oU
o= (%),

The equipartition theorem requires that each degree of freedom that appears only quadratically in the total energy has an average
energy of ¥kgT in thermal equilibrium and, thus, contributes %kB to the system's heat capacity. Thus the three translational
degrees of freedom each contribute %R to (3/2 R). The contribution of rotational kinetic energy will be R for the linear, and 3/2R
for the nonlinear molecules. For the vibration, an oscillator has quadratic kinetic and potential terms, making the contribution of
each vibrational mode R. However, kgT has to be much greater than the spacing between the quantum energy levels. If this is not
satisfied, the heat capacity will be reduced and which drop to zero at low temperatures. The corresponding degree of freedom is
said to be frozen out; this is the situation for the vibrational degrees of freedom at room temperature and that is why the usual
assumption is that they will not contribute.

https://chem.libretexts.org/@go/page/199190



https://libretexts.org/
https://chem.libretexts.org/@go/page/199190?pdf

LibreTexts"

-~

-

(38
L

5/2 1

oy
<

3/2 4

0 Trm T -I.\.'ih

Figure 18.11.1 : Idealized plot of the molar specific heat of a diatomic gas against temperature. It agrees with the value (7/2)R
predicted by equipartition at high temperatures (where R is the gas constant), but decreases to (5/2)R and then (3/2)R at lower
temperatures, as the vibrational and rotational modes of motion are "frozen out". The failure of the equipartition theorem led to a
paradox that was only resolved by quantum mechanics. For most molecules, the transitional temperature Ty, is much less than
room temperature, whereas Ty, can be ten times larger or more. A typical example is carbon monoxide, CO, for which T,y = 2.8 K
and Ty, ~ 3103 K. For molecules with very large or weakly bound atoms, Ty, can be close to room temperature (about 300 K); for
example, Ty, ~ 308 K for iodine gas, Ip. (Public domain; PD-Self)

22/ Example: CO vs. NO

For comparing the molar heat capacities of nitrogen dioxide and carbon dioxide at constant volume (at room temperature), let
us use the law of equipartition and assume the vibrations to be frozen out at room temperature. The predicted molar for the
linear C O, (with three translational and two rotational degrees of freedom) is 5/2R 20.8 JK ~'mo'™1).

The estimated molar for NO; (a bent molecule, with three translational and three rotational degrees of freedom) is
3R (25.0 JK 'mol ™). These estimations are close to the experimental values:

e 30.1 JKmol™ for CO,
e 29.5JK ! mol’! for NO,

Especially for CO,, the deviation is significant. This suggests that, although not all vibrational degrees of freedom are
available, they cannot be totally ignored. The bigger deviation in the prediction of molar heat capacities is probably due to the
existence of the lower frequency-bending vibration in carbon dioxide.
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5.1: First Law of Thermodynamics (Summary)

Learning Objectives
After mastering the material covered in this chapter, one will be able to:

1. Define the internal energy of a system as a measure of its capacity to do work on its surroundings.

. Define work and heat and relate them to changes in the internal energy of a system.

. Explain the difference between path dependent variables and path independent variables.

. Define enthalpy in terms of internal energy, pressure, and volume.

. Calculate First Law quantities such as ¢, w, AU and AH, for an ideal gas undergoing changes in temperature, pressure, and/or

volume along isothermal, isobaric, isochoric, or adiabatic pathways.

. Perform calculations using data collected using calorimetry (at either constant pressure or constant volume).

. Write a formation reaction (the reaction for which the standard enthalpy of formation is defined) for any compound.

. Use enthalpies of formation to calculate reaction enthalpies.

. Estimate reaction enthalpies from average bond dissociation enthalpies.

10. Define and utilize enthalpies for phase changes such as AHf,;, AHgy, and AH,q, to calculate the heat energy transferred in
the corresponding phase change processes.

11. Define important thermodynamic functions such as ionization energy, electron affinity, bond dissociation energy, and lattice
energy. Construct a Born-Haber cycle diagram using these values to describe the formation of an ionic crystalline compound.

U~ W N

© 00N

Vocabulary and Concepts

o adiabatic

e Bomb calorimetry

o bond dissociation energy

e Born-Haber cycle

o calorimetry

e combustion reactions

o constant pressure heat capacity
e constant volume

o constant volume heat capacity
o electron affinity

o endothermic

o enthalpy

o enthalpy of combustion

e exothermic

e First Law of Thermodynamics
e heat

o heat capacity

e Hess’ Law

o internal energy

¢ ionization potential

e isothermal

e maximum work

¢ Reaction enthalpies

o reversible

o reversibly

o specific heat

o standard enthalpy of formation
o standard formation reaction

e state variables

e work
o work of expansion
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5.2: Prelude to Thermodynamics

Albert Einstein, a noted physicist, said of thermodynamics (Einstein, 1979)

“A law is more impressive the greater the simplicity of its premises, the more different are
the kinds of things it relates, and the more extended its range of applicability. (..) It is the
only physical theory of universal content, which I am convinced, that within the
framework of applicability of its basic concepts will never be overthrown.”

Thermodynamics is the study of how energy flows into and out of systems and how it flows through the universe. People have been
studying thermodynamics for a very long time and have developed the field a great deal, including the incorporation of high-level
mathematics into the process. Many of the relationships may look cumbersome or complicated, but they are always describing the
same basic thing: the flow of energy through the universe.

Energy, of course, can be used to do many useful things, such as allow us to drive our cars, use electronic devices, heat our homes,
and cook our food. Chemistry is important as well since many of the processes in which we generate energy depend on chemical
reactions (such as the combustion of hydrocarbons to generate heat or electron transfer reactions to generate electron flow.) The
previous chapter investigated gases which are convenient systems to use to frame many discussions of thermodynamics since they
can be modeled using specific equations of state such as the ideal gas law or the van der Waals law. These relationships depend on
an important class of variables known as state variables.

State variables are those variables which depend only upon the current conditions affecting a system. Pressure, temperature and
molar volume are examples of state variables. A number of variables required to describe the flow of energy in a system do depend
on the pathway a system follows to come into its current state.

To illustrate the difference, consider climbing a mountain. You may choose to walk straight up the side of the mountain, or you
may choose to circle the mountain several times in order to get to the top. These two pathways will differ in terms of how far you
actually walk (a path-dependent variable) to attain the same change in altitude (an example of a state variable.)

This page titled 5.2: Prelude to Thermodynamics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Patrick Fleming.
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5.3: Work and Heat

One of the pioneers in the field of modern thermodynamics was James P. Joule (1818 - 1889). Among the experiments Joule
carried out, was an attempt to measure the effect on the temperature of a sample of water that was caused by doing work on the
water. Using a clever apparatus to perform work on water by using a falling weight to turn paddles within an insulated canister
filled with water, Joule was able to measure a temperature increase in the water.

Figure 5.3.1: (left) James Prescott Joule (1818 - 1889) (right) Joule's apparatus for measuring the work equivalent of heat. (CC BY-
SA 3.0; Dr. Mirko Junge)

Thus, Joule was able to show that work and heat can have the same effect on matter — a change in temperature! It would then be
reasonable to conclude that heating, as well as doing work on a system will increase its energy content, and thus it’s ability to
perform work in the surroundings. This leads to an important construct of the First Law of Thermodynamics:

The capacity of a system to do work is increased by heating the system or doing work on
it.
The internal energy (U) of a system is a measure of its capacity to supply energy that can do work within the surroundings,

making U the ideal variable to keep track of the flow of heat and work energy into and out of a system. Changes in the internal
energy of a system (AU) can be calculated by

AU =U; —U; (5.3.1)

where the subscripts ¢ and f indicate initial and final states of the system. U as it turns out, is a state variable. In other words, the
amount of energy available in a system to be supplied to the surroundings is independent on how that energy came to be available.
That’s important because the manner in which energy is transferred is path dependent.

There are two main methods energy can be transferred to or from a system. These are suggested in the previous statement of the
first law of thermodynamics. Mathematically, we can restate the first law as

AU =q+w
or
dU =dq+dw
where q is defined as the amount of energy that flows into a system in the form of heat and w is the amount of energy lost due to

the system doing work on the surroundings.

Heat

Heat is the kind of energy that in the absence of other changes would have the effect of changing the temperature of the system. A
process in which heat flows into a system is endothermic from the standpoint of the system (gsystem > 0, Gsurroundings < 0).
Likewise, a process in which heat flows out of the system (into the surroundings) is called exothermic (gsysiem <0,
Qsurroundings > 0). In the absence of any energy flow in the form or work, the flow of heat into or out of a system can be measured
by a change in temperature. In cases where it is difficult to measure temperature changes of the system directly, the amount of heat
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energy transferred in a process can be measured using a change in temperature of the soundings. (This concept will be used later in
the discussion of calorimetry).

An infinitesimal amount of heat flow into or out of a system can be related to a change in temperature by

dg=CdT
where C is the heat capacity and has the definition
dg
C=—
oT

Heat capacities generally have units of (J mol-! K1) and magnitudes equal to the number of J needed to raise the temperature of 1
mol of substance by 1 K. Similar to a heat capacity is a specific heat which is defined per unit mass rather than per mol. The
specific heat of water, for example, has a value of 4.184 J gl K1 (at constant pressure — a pathway distinction that will be
discussed later.)

v/ Example 5.3.1: Heat required to Raise Temperature

How much energy is needed to raise the temperature of 5.0 g of water from 21.0 °C to 25.0 °C?

Solution
q =mCAT

= (5.0 g)(4.184 )(25.0 "¢ —21.0 °¢¥)

o

=84J

X What is a partial derivative?

A partial derivative, like a total derivative, is a slope. It gives a magnitude as to how quickly a function changes value when
one of the dependent variables changes. Mathematically, a partial derivative is defined for a function f(z1, z2, . .. @, )by

(6f) " ( f(x1+Aac1,x2+Ax2,...,wi—{—Ami,...mn+Axn)—f(m1,ac2,...mi,...mn))
= 11m
xjFi

8wi A;—0 A.’L‘l

Because it measures how much a function changes for a change in a given dependent variable, infinitesimal changes in the in
the function can be described by

=3 ()

So that each contribution to the total change in the function f can be considered separately.

z;#

For simplicity, consider an ideal gas. The pressure can be calculated for the gas using the ideal gas law. In this expression,
pressure is a function of temperature and molar volume.

RT
V,T)=—
p( ) ) V
The partial derivatives of p can be expressed in terms of 7" and V' as well.
Op RT
— | =—— 5.3.2
(), 7 (52)
and
op R
— | == 5.3.3
(%), -7 633

So that the change in pressure can be expressed
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([ Op Jp
= (2) ave (L) ar 530

or by substituting Equations 5.3.2and 5.3.3

p(V, T) (atm)

V(L)

Macroscopic changes can be expressed by integrating the individual pieces of Equation 5.3.4 over appropriate intervals.

Va T
Ap :/ (@) dV+/ (@> dT
v ov ) , \oT/,
This can be thought of as two consecutive changes. The first is an isothermal (constant temperature) expansion from V; to V2

at T} and the second is an isochoeric (constant volume) temperature change from 73 to T, at V5. For example, suppose one
needs to calculate the change in pressure for an ideal gas expanding from 1.0 L/mol at 200 K to 3.0 L/mol at 400 K. The set up

might look as follows.
v ( RT (R
Ap = dav — | dT
= J. (7)o (7)

isothermal expansion isochoric heating

3.0 L/mol 400 K) 400, K R
/ dV+/ — | dT
1.0 L/mol Ve 200k \1.0L/mol
200 K 3.0 L/mol RT 400 K
3.0 L/mol

or

200 K

_R 200 K 200 K i 400 K _ 200 K
3.0L/mol 1.0 L/mol 3.0L/mol 3.0L/mol

=—-5.47atm

1.0 L/mol

Alternatively, one could calculate the change as an isochoric temperature change from 77 to 7% at V; followed by an
isothermal expansion from V; to V5 at T5:

T, v;
(R 2 RT
Ap:/ <—>dT+/ ( )dV
n \V Vi V2

or
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400, K 3.0 L/mol
8= [ (T0270) T* Ly ()
200k \1.0L/mol 1.0 L/mol Vv

|: :|400K |:R(4OO K):|3.0 L/mol
1.0 L/moal | 590 x v

R[( 400 K 200 K )+( 400 K 400 K )}
1.0L/mol 1.0 L/mol 3.0L/mol 1.0L/mol

=—-5.47atm

1.0 L/mol

This results demonstrates an important property of pressure in that pressure is a state variable, and so the calculation of
changes in pressure do not depend on the pathway!

Work

Work can take several forms, such as expansion against a resisting pressure, extending length against a resisting tension (like
stretching a rubber band), stretching a surface against a surface tension (like stretching a balloon as it inflates) or pushing electrons
through a circuit against a resistance. The key to defining the work that flows in a process is to start with an infinitesimal amount of
work defined by what is changing in the system.

Table 3.1.1: Changes to the System

Type of work Displacement Resistance dw
Expansion dV (volume) -Pext (pressure) PextdV
Electrical dQ (charge) W (resistence) -W dQ
Extension dL (length) -t (tension) tdL
Stretching dA -s (surf. tens.) sdA

The pattern followed is always an infinitesimal displacement multiplied by a resisting force. The total work can then be determined
by integrating along the pathway the change follows.

v/ Example 5.3.2: Work from a Gas Expansion

What is the work done by 1.00 mol an ideal gas expanding from a volume of 22.4 L to a volume of 44.8 L. against a constant
external pressure of 0.500 atm?

Solution
dw = —peye dV

since the pressure is constant, we can integrate easily to get total work

VA
W = —Pezp / av
Vi

- _pezp (‘/2 - Vi)

—(0.500am)(44.8L—22.4L)( 8.314 )

0.08206 atm L
=-1130J=-1.14 kJ

Note: The ratio of gas law constants can be used to convert between atm-L and J quite conveniently!

This page titled 5.3: Work and Heat is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.

o 3.2: Work and Heat by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.4: Reversible and Irreversible Pathways

The most common example of work in the systems discussed in this book is the work of expansion. It is also convenient to use the
work of expansion to exemplify the difference between work that is done reversibly and that which is done irreversibly. The
example of expansion against a constant external pressure is an example of an irreversible pathway. It does not mean that the gas
cannot be re-compressed. It does, however, mean that there is a definite direction of spontaneous change at all points along the
expansion.

Imagine instead a case where the expansion has no spontaneous direction of change as there is no net force push the gas to seek a
larger or smaller volume. The only way this is possible is if the pressure of the expanding gas is the same as the external pressure
resisting the expansion at all points along the expansion. With no net force pushing the change in one direction or the other, the
change is said to be reversible or to occur reversibly. The work of a reversible expansion of an ideal gas is fairly easy to calculate.

= OF

If the gas expands reversibly, the external pressure (p,.; ) can be replaced by a single value (p) which represents both the pressure

of the gas and the external pressure.

dw = —pdV

w:—/pdV

But now that the external pressure is not constant, p cannot be extracted from the integral. Fortunately, however, there is a simple
relationship that tells us how p changes with changing V' — the equation of state! If the gas is assumed to be an ideal gas

oo for ()

And if the temperature is held constant (so that the expansion follows an isethermal pathway) the nRT term can be extracted from
the integral.

or

v,
2 dV Vs
=-—-nRT — =-—nRTIn| = 4.1
w=-nR /V v nR n(Vl) (5.4.1)

1

Equation 5.4.1 is derived for ideal gases only; a van der Waal gas would result in a different version.

v/ Example 5.4.1: Gas Expansion

What is the work done by 1.00 mol an ideal gas expanding reversibly from a volume of 22.4 L to a volume of 44.8 L at a
constant temperature of 273 K?

Solution
Using Equation 5.4.1 to calculate this

44.8 L)

;> (273 &) ln( 2241

w =—(1.00 mok) (8.314
mek Bz
=-1570J =1.57 kJ

Note: A reversible expansion will always require more work than an irreversible expansion (such as an expansion against a
constant external pressure) when the final states of the two expansions are the same!
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The work of expansion can be depicted graphically as the area under the p-V curve depicting the expansion. Comparing examples
5.4.1 and 3.1.2, for which the initial and final volumes were the same, and the constant external pressure of the irreversible
expansion was the same as the final pressure of the reversible expansion, such a graph looks as follows.

P13

Pz 4

Vi V2

The work is depicted as the shaded portion of the graph. It is clear to see that the reversible expansion (the work for which is
shaded in both light and dark gray) exceeds that of the irreversible expansion (shaded in dark gray only) due to the changing
pressure of the reversible expansion. In general, it will always be the case that the work generated by a reversible pathway
connecting initial and final states will be the maximum work possible for the expansion.

It should be noted (although it will be proven in a later chapter) that AU for an isothermal reversible process involving only p-V
work is 0 for an ideal gas. This is true because the internal energy, U, is a measure of a system’s capacity to convert energy into
work. In order to do this, the system must somehow store that energy. The only mode in which an ideal gas can store this energy is
in the translational kinetic energy of the molecules (otherwise, molecular collisions would not need to be elastic, which as you
recall, was a postulate of the kinetic molecular theory!) And since the average kinetic energy is a function only of the temperature,
it (and therefore U) can only change if there is a change in temperature. Hence, for any isothermal process for an ideal gas,
AU = 0. And, perhaps just as usefully, for an isothermal process involving an ideal gas, ¢ = —w, as any energy that is expended
by doing work must be replaced with heat, lest the system temperature drop.

Constant Volume Pathways

One common pathway which processes can follow is that of constant volume. This will happen if the volume of a sample is
constrained by a great enough force that it simply cannot change. It is not uncommon to encounter such conditions with gases
(since they are highly compressible anyhow) and also in geological formations, where the tremendous weight of a large mountain
may force any processes occurring under it to happen at constant volume.

If reversible changes in which the only work that can be done is that of expansion (so-called p-V work) are considered, the
following important result is obtained:

dU =dq+dw =dqg—pdV

However, dV =0 since the volume is constant! As such, dU can be expressed only in terms of the heat that flows into or out of
the system at constant volume

dU = dg,
Recall that dgq can be found by
dg
= — T = .4,2
dq T d Cdt (5.4.2)

This suggests an important definition for the constant volume heat capacity (C'y) which is

oUu
Cr= (ﬁ%

When Equation 5.4.2 is integrated the
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T,
q:/ nCydt (5.4.3)
T

1

v Example 5.4.2: Isochoric Pathway

Consider 1.00 mol of an ideal gas with Cyy = 3 /2R that undergoes a temperature change from 125 K to 255 K at a constant
volume of 10.0 L. Calculate AU, q, and w for this change.

Solution

Since this is a constant volume process

Equation 5.4.3 is applicable for an isochoric process,

Assuming C'y is independent of temperature:

T,
qg =nCy / dt
Ty

= TLCV(TQ — Tl)

= (1.00 mol) (%8.314 )(255 K125 K)

mol K
=1620J =1.62kJ
Since this a constant volume pathway,

AU =g+ @
=1.62kJ

Constant Pressure Pathways

Most laboratory-based chemistry occurs at constant pressure. Specifically, it is exposed to the constant air pressure of the
laboratory, glove box, or other container in which reactions are taking place. For constant pressure changes, it is convenient to
define a new thermodynamic quantity called enthalpy.

H=U+pV
or

dH =dU +d(pV)

=dU +pdV +Vdp
For reversible changes at constant pressure (dp = 0) for which only p-V work is done
dH =dq+dw+pdV +Vdp (5.4.4)
0
=dq— pdy+ pd+ Vdp (5.4.5)
=dq (5.4.6)

And just as in the case of constant volume changes, this implies an important definition for the constant pressure heat capacity

OH
C, E(—)
D 8Tr ,
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v/ Example 5.4.3: Isobaric Gas Expansion

Consider 1.00 mol of an ideal gas with C, =5/2R that changes temperature change from 125 K to 255 K at a constant
pressure of 10.0 atm. Calculate AU, AH, g, and w for this change.

Solution
T>
q:/ nCpdT
Tl

assuming C;, is independent of temperature:

Ty
qg=nC, dT
Ty
= nCp(T2 _Tl)
5 J
= (1.00 mol) (58.314 — K) (255 K — 125 K) = 2700 J = 1.62 kJ

So via Equation 5.4.6 (specifically the integrated version of it using differences instead of differentials)
AH=q=1.62kJ

AU = AH—A(pV)
= AH—nRAT

= 2700 J — (1.00 mol) (8.314 —

) (255 K —125 K)
=1620J =1.62kJ
Now that AU and q are determined, then work can be calculated

w=AU—q
=1.62kJ—2.70kJ =—-1.08 kJ

It makes sense that w is negative since this process is an gas expansion.

v/ Example 5.4.4: Isothermal Gas Expansion

Calculate ¢, w, AU, and AH for 1.00 mol of an ideal gas expanding reversibly and isothermally at 273 K from a volume of
22.4 L and a pressure of 1.00 atm to a volume of 44.8 L and a pressure of 0.500 atm.

Solution
Since this is an isothermal expansion, Equation5.4.1 is applicable
Vs
w=—nRTIn—
|4

= (1. 314
(1.00 mol) (83 —

J 4481
K) (255K)1n(22_4L)

=1572J=1.57kJ

AU =qg+w
=q+1.57TKJ
=0

q=-1.57TkJ

Since this is an isothermal expansion
AH=AU+A(pV)=0+0
where A(pV) =0 due to Boyle’s Law!
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Adiabatic Pathways

An adiabatic pathway is defined as one in which no heat is transferred (¢ = 0). Under these circumstances, if an ideal gas expands,
it is doing work (w < 0) against the surroundings (provided the external pressure is not zero!) and as such the internal energy must
drop (AU < 0). And since AU is negative, there must also be a decrease in the temperature (AT < 0). How big will the decrease
in temperature be and on what will it depend? The key to answering these questions comes in the solution to how we calculate the
work done.

If the adiabatic expansion is reversible and done on an ideal gas,

dw = —pdV
and
dw =nC,dT (5.4.7)
Equating these two terms yields
—pdV =nC,dT
Using the ideal gas law for an expression for p (p = nRT/V)
—ﬂ‘;TdV =nC,dT
And rearranging to gather the temperature terms on the right and volume terms on the left yields
av _ Cvdl
|4 R T

This expression can be integrated on the left between V; and V5 and on the right between T} and T%. Assuming that C,/nR is
independent of temperature over the range of integration, it can be pulled from the integrand in the term on the right.

/Vzdv__cv &oqr
w V R/, T

The result is

In Y ——ﬁln L
Vi) R \T

or
Cy
(#)=(z) "
vi) \T
or
o o
V'lTlR :‘/2T2R
or
v _k
Cy
T (= —T 4.
1(‘,2) ) (5.4.8)

Once AT is known, it is easy to calculate w, AU and AH.

v/ Example 5.4.5:

1.00 mol of an ideal gas (Cy = 3/2 R) initially occupies 22.4 L at 273 K. The gas expands adiabatically and reversibly to a final
volume of 44.8 L. Calculate AT, q, w, AU, and A H for the expansion.

Solution
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Since the pathway is adiabatic:

Using Equation 5.4.8

2
T -1, (E) Cy
Va

22.4L\%?
—(273K><m>

=172 K
So
AT =172 K—-273 K =-101 K
For calculating work, we integrate Equation 5.4.7 to get
w =AU =nC,AT

= (1.00 mal) §8 314 J (101 K)

TR 9t i K

=1.260kJ

AH = AU +nRAT

3 J
= —1260 J + (1.00 mol) (2 8.314 — K) (—101 K)

=-—2100J

The following table shows recipes for calculating g, w, AU, and AH for an ideal gas undergoing a reversible change along the

specified pathway.
Table 3.2.1: Thermodynamics Properties for a Reversible Expansion or Compression
Pathway q w AU AH
Isothermal nRTIn(Vy/V1) —nRTIn(V3/V1) 0 0
Isochoric Cy AT 0 Cy AT CyAT+VAp
Isobaric C, AT —pAV C, AT —pAV C, AT
adiabatic 0 Cy AT Cy AT C, AT

This page titled 5.4: Reversible and Irreversible Pathways is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.

¢ 3.3: Reversible and Irreversible Pathways by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.5: The Joule Experiment

Going back to the expression for changes in internal energy that stems from assuming that U is a function of V and T (or U(V,T)

for short)
oUu oUu
w- () i (%)

one quickly recognizes one of the terms as the constant volume heat capacity, C'y. And so the expression can be re-written

ou
dU = (W)TdV + CydT

But what about the first term? The partial derivative is a coefficient called the “internal pressure”, and given the symbol 7.
oUu
= | ==
—\av ),

James Prescott Joule (1818-1889) recognized that 77 should have units of pressure (Energy/volume = pressure) and designed an
experiment to measure it.

He immersed two copper spheres, A and B, connected by a stopcock. Sphere A is filled with a sample of gas while sphere B was
evacuated. The idea was that when the stopcock was opened, the gas in sphere A would expand (AV > 0) against the vacuum in
sphere B (doing no work since p.;; = 0. The change in the internal energy could be expressed

dU = mrdV + CydT
But also, from the first law of thermodynamics
dU =dq+dw
Equating the two
wrdV +CydT = dg+dw
and since dw =0
wpdV + CydT = dq

Joule concluded that dg =0 (and dI" =0 as well) since he did not observe a temperature change in the water bath which could
only have been caused by the metal spheres either absorbing or emitting heat. And because dV' > 0 for the gas that underwent the
expansion into an open space, 7 must also be zero! In truth, the gas did undergo a temperature change, but it was too small to be
detected within his experimental precision. Later, we (once we develop the Maxwell Relations) will show that

(%), (),
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Application to an ldeal Gas
For an ideal gas p = RT'/V, so it is easy to show that

Op R
— | == 5.5.2
(), -7 652
so combining Equations 5.5.1 and 5.5.2 together to get
oU RT
— | =—=- 5.5.3
(57). -5 » (5.5

And since also becuase p = RT'/V, then Equation 5.5.3 simplifies to

wy

So while Joule’s observation was consistent with limiting ideal behavior, his result was really an artifact of his experimental
uncertainty masking what actually happened.

Appliation to a van der Waals Gas

For a van der Waals gas,

RT a
PEY T e (5.5.4)
so
Op R
and
oUu R
(W)T —r iy (5.5.6)

Substitution of the expression for p (Equation 5.5.4) into this Equation 5.5.6
ouU\  a
v ), V2
Op o«
oT v o KT
And so the internal pressure can be expressed entirely in terms of measurable properties

oU o)
(W)T—Ta‘p

In general, it can be shown that

and need not apply to only gases (real or ideal)!

This page titled 5.5: The Joule Experiment is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

o 4.4: The Joule Experiment by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.6: Calorimetry

As chemists, we are concerned with chemical changes and reactions. The thermodynamics of chemical reactions can be very
important in terms of controlling the production of desired products and preventing safety hazards such as explosions. As such,
measuring and understanding the thermochemistry of chemical reactions is not only useful, but essential!

Calorimetry

The techniques of calorimetry can be used to measure q for a chemical reaction directly. The enthalpy change for a chemical
reaction is of significant interest to chemists. An exothermic reaction will release heat (greaction < 0, Gsurroundings > 0) causing the
temperature of the surrounding to increase. Conversely, an endothermic reaction (Greaction > 0, Gsurroundings < 0) will draw heat
from the surroundings, causing the temperature of the surrounding to drop. Measuring the temperature change in the surroundings
allows for the determination of how much heat was released or absorbed in the reaction.

Reaction

Surroundings

Bomb Calorimetry

Bomb calorimetry is used predominantly to measure the heat evolved in combustion reactions, but can be used for a wide variety of
reactions. A typical bomb calorimetry set up is shown here. The reaction is contained in a heavy metallic container (the bomb)
forcing the reaction to occur at constant volume. As such, the heat evolved (or absorbed) by the reaction is equal to the change in
internal energy (DU,,,). The bomb is then submerged in a reproducible quantity of water, the temperature of which is monitored
with a high-precision thermometer.

For combustion reactions, the bomb will be loaded with a small sample of the compound to be combusted, and then the bomb is
filled with a high pressure (typically about 10 atm) of O,. The reaction is initiated by supplying heat using a short piece of resistive
wire carrying an electrical current.
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Motorized  |gnition
stirrer wires
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Figure 5.6.1: A Bomb Calorimeter. After the temperature of the water in the insulated container has reached a constant value, the
combustion reaction is initiated by passing an electric current through a wire embedded in the sample. Because this calorimeter
operates at constant volume, the heat released is not precisely the same as the enthalpy change for the reaction. (CC BY-SA-NC;
Anonymous by request).
The calorimeter must be calibrated by carrying out a reaction for which AU,..,, is well known, so that the resulting temperature
change can be related to the amount of heat released or absorbed. A commonly used reaction is the combustion of benzoic acid.
This makes a good choice since benzoic acid reacts reliably and reproducibly under normal bomb calorimetry conditions. The
“water equivalent” of the calorimeter can then be calculated from the temperature change using the following relationship:

nAUc ~+ €wrire T Eother
AT

where n is the number of moles of benzoic acid used, AU, is the internal energy of combustion for benzoic acid (3225.7 kJ mol™! at
25 °C), eyire accounts for the energy released in the combustion of the fuse wire, eqmer account for any other corrections (such as
heat released due to the combustion of residual nitrogen in the bomb), and DT is the measured temperature change in the
surrounding water bath.

W:

Once the “water equivalent” is determined for a calorimeter, the temperature change can be used to find AU, for an unknown
compound from the temperature change created upon combustion of a known quantity of the substance.

W AT — eyire — €other

N sample

AU, =

The experiment above is known as “isothermal bomb calorimetry” as the entire assembly sits in a constant temperature laboratory.
Another approach is to employ “adiabatic bomb calorimetry” in which the assembly sits inside of a water jacket, the temperature of
which is controlled to match the temperature of the water inside the insulated container. By matching this temperature, there is no
thermal gradient, and thus no heat leaks into or out of the assembly during an experiment (and hence the experiment is effectively
“adiabatic”).

Finding AU,

The enthalpy of combustion can be calculated from the internal energy change if the balanced chemical reaction is known. Recall
from the definition of enthalpy

AH=AU+A(pV)

and if the gas-phase reactants and products can be treated as ideal gases (pV =nRT')
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AH = AU + RT Ang,

at constant temperature. For the combustion of benzoic acid at 25 °C
C¢H,COOH(s) + 120,(g) — 7 CO,(g) +3 H,0(1)

it can be seen that An,, is -0.5 mol of gas for every mole of benzoic acid reacted.

v/ Example 5.6.1: Combustion of Naphthalene

A student burned a 0.7842 g sample of benzoic acid (C;HgO,) in a bomb calorimeter initially at 25.0 °C and saw a
temperature increase of 2.02 °C. She then burned a 0.5348 g sample of naphthalene (C,,Hy) (again from an initial temperature
of 25 °C) and saw a temperature increase of 2.24 °C. From this data, calculate AH, for naphthalene (assuming e,,;,, and eger
are unimportant.)

Solution
First, the water equivalent:

[(0.7841 9) (1;2—%)] (3225.7 kJ /mol)

2.02°C

W= =10.254kJ/°C

Then AU, for the sample:

10.254 kJ/ °C)(2.24°C
A, = /X ):5546.4kJ/"C

(0.5308 g) ( 1218??2 g)

AH, is then given by
AH, =AU, + RT Ang;
The reaction for the combustion of naphthalene at 25 °C is:
C,oHg(s) +120,(g) — 10 CO,(g) +4 H,O(1)
with Ang, = —2.
So

AH, = 5546.4 k.J /mol + (%IM/ iz K)) (208 L)(—2) = 5541 k.J /mol

The literature value (Balcan, Arzik, & Altunata, 1996) is 5150.09 kJ/mol. So that’s not too far off!

This page titled 5.6: Calorimetry is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.

o 3.4: Calorimetry by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.7: Reaction Enthalpies

Reaction enthalpies are important, but difficult to tabulate. However, because enthalpy is a state function, it is possible to use Hess’
Law to simplify the tabulation of reaction enthalpies. Hess’ Law is based on the addition of reactions. By knowing the reaction
enthalpy for constituent reactions, the enthalpy of a reaction that can be expressed as the sum of the constituent reactions can be
calculated. The key lies in the canceling of reactants and products that °Ccur in the “data” reactions but not in the “target reaction.

v/ Example 5.7.1:

Find AH,,, for the reaction
2C0(g) +01(9) = 2C0:(9)
Given
C(gr) ++0:(g) — CO(g)
with AH; = —110.53 kJ
C(gr) +02(g) — COx(g)
with AH, = —393.51 kJ

Solution
The target reaction can be generated from the data reactions.

2x[CO(g) — C(gr) + 02(9)]

plus
2x[C(gr)+20,(g) — 2C01(g)]
equals
2C0(g) +02(g) —2C0x(9)

2xAH; =—-787.02kJ
2xAH, =221.06 kJ

Standard Enthalpy of Formation

One of the difficulties with many thermodynamic state variables (such as enthalpy) is that while it is possible to measure changes,
it is impossible to measure an absolute value of the variable itself. In these cases, it is necessary to define a zero to the scale
defining the variable. For enthalpy, the definition of a zero is that the standard enthalpy of formation of a pure element in its
standard state is zero. All other enthalpy changes are defined relative to this standard. Thus it is essential to very carefully define a
standard state.

# Definition: the Standard State

The standard state of a substance is the most stable form of that substance at 1 atmosphere pressure and the specified
temperature.

Using this definition, a convenient reaction for which enthalpies can be measured and tabulated is the standard formation
reaction. This is a reaction which forms one mole of the substance of interest in its standard state from elements in their standard
states. The enthalpy of a standard formation reaction is the standard enthalpy of formation (A H.). Some examples are
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e NaCl(s):
Na(s)+%Cla(g) — NaCl(s)

with AHY = —411.2 kJ/mol
. C3H8(g)l

3C(gr) +4H2(g) — C3Hs(g)
with AH{ = —103.8 kJ/mol

It is important to note that the standard state of a substance is temperature dependent. For example, the standard state of water at
-10 °C is solid, whereas the standard state at room temperature is liquid. Once these values are tabulated, calculating reaction
enthalpies becomes a snap. Consider the heat combustion (A H,) of methane (at 25 °C) as an example.

CHy(g) +20:(g) — COs(g) +2H>0(l)
The reaction can expressed as a sum of a combination of the following standard formation reactions.
C(gr) +2H,(g) — CHa(g)
with AH? = —74.6 kJ/mol
C(gr) +02(9) = COx(g)
with AH]? =—-393.5kJ/mol
H;(g) +%02(g) — H20(1)
with AH? = —285.8 kJ/mol
The target reaction can be generated from the following combination of reactions
—1x[C(gr)+2H2(g) — CHa(g)]
CHy(g) = Clgr)+2H,(g)
with AH¢ = —1x [-74.6 kJ/mol] = 74.6 kJ /mol
C(gr) +02(9) = COx(g)
with AHg = —393.5 kJ/mol
2x [Hy(g) +%01(g) — H20(1)]
2H3(9) + 02(9) = 2H,0(1)
with AH = 2x [—-285.8 kJ/mol| = —571.6 kJ/mol.
CHy(g) +20:(g) — CO2g) +2H,0(1)
with AH? = —890.5 kJ/mol

Alternately, the reaction enthalpy could be calculated from the following relationship

AHup= Y, v-AH}— Y v-AH?

products reactants

where v is the stoichiometric coefficient of a species in the balanced chemical reaction. For the combustion of methane, this
calculation is

Aren = (1mol) (AH;(CO2)) +(2mol) (AH;(HZO)) — (1 mol) (AH;(0H4)) (5.7.1)
= (1 mol)(—393.5 kJ/mol) + (2 mol) (—285.8 kJ/mol) — (1 mol) (—74.6 kJ/mol) (5.7.2)
— —890.5 kJ/mol (5.7.3)
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A note about units is in order. Note that reaction enthalpies have units of kJ, whereas enthalpies of formation have units of kJ/mol.
The reason for the difference is that enthalpies of formation (or for that matter enthalpies of combustion, sublimation, vaporization,
fusion, etc.) refer to specific substances and/or specific processes involving those substances. As such, the total enthalpy change is
scaled by the amount of substance used. General reactions, on the other hand, have to be interpreted in a very specific way. When
examining a reaction like the combustion of methane

CHy(g) +20:(g9) — CO1(g) +2H,0(1)

with AH,,, = —890.5 kJ. The correct interpretation is that the reaction of one mole of CHy(g) with two moles of Ox(g) to form
one mole of CO,(g) and two moles of HoO(]) releases 890.5 kJ at 25 °C.

lonization Reactions

Tonized species appear throughout chemistry. The energy changes involved in the formation of ions can be measured and tabulated
for several substances. In the case of the formation of positive ions, the enthalpy change to remove a single electron at 0 K is
defined as the ionization potential.

M(g) — M*(g)+e”
with AH(0K) = 1* ionization potential (IP)
The removal of subsequent electrons requires energies called the 2" Ionization potential, 3™ ionization potential, and so on.
M*(g) = M**(g) +e”
with AH(0K) = 2™ 1P
M*(g) — M*(g) +e
with AH(0K) = 3IP

An atom can have as many ionization potentials as it has electrons, although since very highly charged ions are rare, only the first
few are important for most atoms.

Similarly, the electron affinity can be defined for the formation of negative ions. In this case, the first electron affinity is defined
by

X(9)+e =X (9)
with —AH(0K) = 1% electron affinity (EA)

The minus sign is included in the definition in order to make electron affinities mostly positive. Some atoms (such as noble gases)
will have negative electron affinities since the formation of a negative ion is very unfavorable for these species. Just as in the case
of ionization potentials, an atom can have several electron affinities.

X (g)+e =X (g
with ~AH(0K) =2"EA.

X (g)+e — X% (g)
with —~AH(0K) =3"EA.
Average Bond Enthalpies

In the absence of standard formation enthalpies, reaction enthalpies can be estimated using average bond enthalpies. This method is
not perfect, but it can be used to get ball-park estimates when more detailed data is not available. A bond dissociation energy D is
defined by

XY (9) — X(9)+Y(9)
with AH=D(X-Y)

In this process, one adds energy to the reaction to break bonds, and extracts energy for the bonds that are formed.
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AH,,, = Z(bonds broken) — Z(bonds formed)

As an example, consider the combustion of ethanol:

HH 0=C=0
H-C-C-O-H + 0=0 —— + H-O-H
HH 0=C=0

In this reaction, five C-H bonds, one C-C bond, and one C-O bond, and one O=0 bond must be broken. Also, four C=0 bonds, and
one O-H bond are formed.

Bond Average Bond Energy (kJ/mol)
C-H 413
C-C 348
Cc-0 358
0=0 495
C=0 799
O-H 463

The reaction enthalpy is then given by

AH, = 5(413 kJ /mol) + 1(348 kJ /mol) + 1(358 kJ /mol)
+1(495 kJ/mol) —4(799 kJ /mol)-2(463 kJ /mol)
= —856 kJ/mol (5.7.4)

Because the bond energies are defined for gas-phase reactants and products, this method does not account for the enthalpy change
of condensation to form liquids or solids, and so the result may be off systematically due to these differences. Also, since the bond
enthalpies are averaged over a large number of molecules containing the particular type of bond, the results may deviate due to the
variance in the actual bond enthalpy in the specific molecule under consideration. Typically, reaction enthalpies derived by this
method are only reliable to within + 5-10%.

This page titled 5.7: Reaction Enthalpies is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

« 3.6: Reaction Enthalpies by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.8: Lattice Energy and the Born-Haber Cycle

An important enthalpy change is the Lattice Energy, which is the energy required to take one mole of a crystalline solid to ions in
the gas phase. For NaCl(s), the lattice energy is defined as the enthalpy of the reaction

NaCl(s) — Na* (g) +Cl™ (g)
with AH called the lattice energy (AHpq;).

The Born-Haber Cycle

A very handy construct in thermodynamics is that of the thermodynamic cycle. This can be represented graphically to help to
visualize how all of the pieces of the cycle add together. A very good example of this is the Born-Haber cycle, describing the
formation of an ionic solid.

Two pathways can be envisioned for the formation. Added together, the two pathways form a cycle. In one pathway, the ionic solid
if formed directly from elements in their standard states.

Na(s) + %Cl2 — NaCl(s)

with AH¢(NaCl).
The other pathway involves a series of steps that take the elements from neutral species in their standard states to ions in the gas
phase.
Na(s) — Na(g)
with AHg (Na)
Na(g) — Na"(g) +e”
with 1% TP(Na)

1Cly(g) — Cl(g)
with %xD(CI — CI)
Cl(g)+e —Cl (9)
with 1% EA(CI)
Na*(g)+Cl (9) = NaCl(s)
with AHp, (NaCl)

It should be clear that when added (after proper manipulation if needed), the second set of reactions yield the first reaction. Because
of this, the total enthalpy changes must all add.

AHg;(Na)+1*IP(Na)+%D(Cl—Cl) + 1% EA(Cl) + AHy(NaCl) = AH;(NaCl)

This can be depicted graphically, the advantage being that arrows can be used to indicate endothermic or exothermic changes. An
example of the Born-Haber Cycle for NaCl is shown below.
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+502 kJ/maol -355 kJ/mol

[ Na*(g) + Cl(g) + e

+121 kJ/mol Na*(g) + Cl-(g)

1 Na(g) + Cl(g)

W Na(g) + 1/2 Cha(g)

+107 kl/mol

-786 kJ/mol
l Na(s) + 1/2 Clx(g)
-411 kJ/mol

NaCl(s)
Figure 3.6.1: the Born-Haber Cycle for NaCl.

In many applications, all but one leg of the cycle is known, and the job is to determine the magnitude of the missing leg.

v Exercise 5.8.1: Potassium Bromide

Find AH for KBr given the following data.
K(s) = K(g)
with AHg, =89 kJ/mol
Br, (1) — Br,y(g)
with AH,qp = 31 kJ/mol
Br,(g) — 2 Br(g)
with D(Br — Br) =193 kJ/mol
K(g) » K" (g) +e
with 1% IP(K) = 419kJ/mol
Br(g)+e — Br—(g)
with 1% EA(Br) = 194kJ/mol
K™ (g) +Br—(g) — KBr(s)
with AH,; =672kJ/mol
Answer
AHf=—246 kJ/mol

Note: This cycle required the extra leg of the vaporization of Brp. Many cycles involve ions with greater than unit charge
and may require extra ionization steps as well!

This page titled 5.8: Lattice Energy and the Born-Haber Cycle is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming.

« 3.7: Lattice Energy and the Born-Haber Cycle by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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5.E: First Law of Thermodynamics (Exercises)

This page titled 5.E: First Law of Thermodynamics (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by Patrick Fleming.
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6.1: Introduction to the Second Law

Rudolph Clausius is kind enough in his 1879 work “The Mechanical Theory of Heat” (Clausius, 1879) to indicate where we have
been in our discussion of thermodynamics, as well as where we are going.

“The fundamental laws of the universe which correspond to the two fundamental theorems of the mechanical
theory of heat:

1. The energy of the universe is constant.

2. The entropy of the universe tends to a maximum.”

— Rudolf Clausius, The Mechanical Theory Of Heat

The second law of thermodynamics, which introduces us to the topic of entropy, is amazing in how it constrains what we can
experience and what we can do in the universe. As Sean M. Carroll, a CalTech Theoretical physicist, suggests in a 2010 interview
with Wired Magazine (Biba, 2010),

I’m trying to understand how time works. And that’s a huge question that has lots of
different aspects to it. A lot of them go back to Einstein and spacetime and how we
measure time using clocks. But the particular aspect of time that I’m interested in is the
arrow of time: the fact that the past is different from the future. We remember the past but
we don’t remember the future. There are irreversible processes. There are things that

happen, like you turn an egg into an omelet, but you can’t turn an omelet into an egg.

We, as observers of nature, are time travelers. And the constraints on what we can observe as we move through time step from the
second law of thermodynamics. But more than just understanding what the second law says, we are interested in what sorts of
processes are possible. And even more to the point, what sorts of processes are spontaneous.

A spontaneous process is one that will occur without external forces pushing it. A process can be spontaneous even if it happens
very slowly. Unfortunately, Thermodynamics is silent on the topic of how fast processes will occur, but is provides us with a
powerful toolbox for predicting which processes will be spontaneous. But in order to make these predictions, a new thermodynamic
law and variable is needed since the first law (which defined AU and A H) is insufficient.

Consider the following processes:
NaOH(s) = Na*(aq) + OH (aq)
with AH <0
NaHCO3(s) = Na+(aq) + HCOj5 (aq)
with AH >0

Both reactions will occur spontaneously, but one is exothermic and the other endothermic. So while it is intuitive to think that an
exothermic process will be spontaneous, there is clearly more to the picture than simply the release of energy as heat when it comes
to making a process spontaneous. The Carnot cycle because a useful thought experiment to explore to help to answer the question
of why a process is spontaneous.

Contributors

e Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

This page titled 6.1: Introduction to the Second Law is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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6.2: Heat Engines and the Carnot Cycle

Heat Engines

Sadi Carnot (1796 — 1832) (Mendoza, 2016), a French physicist and engineer was very interested in the improvement of steam
engines to perform the tasks needed by modern society.

Figure 6.2.1: Sadi Carnot (1796 - 1832)

To simplify his analysis of the inner workings of an engine, Carnot devised a useful construct for examining what affect engine
efficiency. His construct is the heat engine. The idea behind a heat engine is that it will take energy in the form of heat, and
transform it into an equivalent amount of work.

Heat Engine

Unfortunately, such a device is impractical. As it turns out, nature prevents the complete conversion of energy into work with
perfect efficiency. This leads to an important statement of the Second Law of Thermodynamics.

It is impossible to convert heat into an equivalent amount of work without some other
changes occurring in the universe.

As such, a more reasonable picture of the heat engine is one which will allow for losses of energy to the surroundings.

q —

| |
Heat Engine

The fraction of energy supplied to the engine that can be converted to work defines the efficiency of the engine.

The Carnot Cycle

The Carnot cycle is a theoretical cyclic heat engine that can used to examine what is possible for an engine for which the job is
convert heat into work. For simplicity, all energy provided to the engine occurs isothermally (and reversibly) at a temperature 73
and all of the energy lost to the surroundings also occurs isothermally and reversibly at temperature 7. In order to insure this, the
system must change between the two temperatures adiabatically.

@ 0 g @ 6.2.1 https://chem.libretexts.org/@go/page/199204
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Heat Engine

Thus, the cycle consists of four reversible legs, two of which are isothermal, and two of which are adiabatic.

I. Isothermal expansion from p; and V; to p; and V; at Th.
II. Adiabatic expansion from py, Vo, T to p3, V3, T}.
III. Isothermal compression from p3 and V3 to p4 and V4 at T).
IV. Adiabatic compression from p4, V4, T) to p1, V1, Th.

Plotted on a pressure-volume diagram, the Carnot cycle looks as follows:

] A Carnot Cycle
5.00 A
4.00 A

3.00 -

pressure (atm)

2.00 -

1.00 -

0.00 T T T

molar volume (Lfmol)

Because this is a closed cycle (the ending state is identical initial state) any state function must have a net change of zero as the
system moves around the cycle. Furthermore, the efficiency of the engine can be expressed by the net amount of work the engine
produces per unit of heat supplied to power the engine.

Wnet
qn

In order to examine this expression, it is useful to write down expressions fo the heat and work flow in each of the four legs of the
engine cycle.

Leg Heat Work
I qp = -NRT}, In(V,/V;) nRT}, In(V,/V,)
1 0 Cy(Ty - Ty)
I q = -nRT; In(V/V5) nRT, In(V,/V3)
v 0 Cu(Ty~ T
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The total amount of work done is given by the sum of terms in the thirst column. Clearly the terms for the two adiabatic legs cancel
(as they have the same magnitude, but opposite signs.) So the total work done is given by

V; Vi
Wit = nRT 1n<7j> +nRT, 1n(7§>

The efficiency of the engine can be defined as the total work produced per unit of energy provided by the high temperature

reservoir.
_ Wt
qh
or
nRT}, In E +nRI;In E
1% V3
€= v (6.2.1)
nRT}, In ( Vi)

That expression has a lot of variables, but it turns out that it can be simplified dramatically. It turns out that by the choice of
pathways connecting the states places a very important restriction on the relative values of V;, V,, V5 and V,. To understand this,
we must consider how the work of adiabatic expansion is related to the initial and final temperatures and volumes. In Chapter 3, it
was shown that the initial and final temperatures and volumes of an adiabatic expansion are related by

WT;CV/R _ VfoCV/R

I/;' Tf CV/R
v (7)

Using the adiabatic expansion and compression legs (II and IV), this requires that

ﬁ B E Cv/R
Vo \T
Vi

:1-2 Cv/R
Vi (TT)

Since the second terms are reciprocals of one another, the first terms must be as well!

or

and

Va W

Va
A simple rearrangement shows that

V. Vs

Vi W

This is very convenient! It is what allows for the simplification of the efficiency expression (Equation 6.2.1) becomes

n@T, In (/%E)/ + nETIn (}2)’
nT;, In @/

Canceling terms in the numerator and denominator yields
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T, —Ti
= — 2.2
=~ (622

This expression gives the maximum efficiency and depends only on the high and low temperatures!

Also, it should be noted that the heat engine can be run backwards. By providing work to the engine, it can be forces to draw heat
from the low temperature reservoir and dissipate it into the high temperature reservoir. This is how a refrigerator or heat pump
works. The limiting efficiency of such a device can also be calculated using the temperatures of the hot can cold reservoirs.

v/ Example 6.2.1:

What is the maximum efficiency of a freezer set to keep ice cream at a cool -10 °C, which it is operating in a room that is
25°C? What is the minimum amount of energy needed to remove 1.0 J from the freezer and dissipate it into the room?

Solution
The efficiency is given by Equation 6.2.2 and converting the temperatures to an absolute scale, the efficiency can be calculated
as

298 K263 K

- 298K

This value can be used in the following manner

energypansferred = E(WOrkyequired )
So
1.0 J = 0.1174(w)
or

w=8.5J

It is interesting to note that any arbitrary closed cyclical process can be described as a sum of infinitesimally small Carnot cycles,
and so all of the conclusions reached for the Carnot cycle apply to any cyclical process.
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6.3: Entropy

In addition to learning that the efficiency of a Carnot engine depends only on the high and low temperatures, more interesting
things can be derived through the exploration of this system. For example, consider the total heat transferred in the cycle:

Qiot =NRT}, ln(%) —nRT; ln<%)
Making the substitution
o _ ¥
ViV
the total heat flow can be seen to be given by
Vi \%
Grot = nRT}, 1n(—4) —nRT; ln<—4)
Vs Vs

It is clear that the two terms do not have the same magnitude, unless Ty = T;. This is sufficient to show that ¢ is not a state
function, since it’s net change around a closed cycle is not zero (as any value of a state function must be.) However, consider what
happens when the sum of ¢/T is considered:

anyln(E) anZ/’/ln(E)
Zi _ V3 _ V3
T Ly Ly
:ann(E> —ann(E)
Vs V3

=0
This is the behavior expected for a state function! It leads to the definition of entropy in differential form,

_ dge
T

In general, dg,, will be larger than dq (since the reversible pathway defines the maximum heat flow.) So, it is easy to calculate
entropy changes, as one needs only to define a reversible pathway that connects the initial and final states, and then integrate dgq/T'

over that pathway. And since \(\Delta S\) is defined using g for a reversible pathway, AS is independent of the actual path a system
follows to undergo a change.

ds
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6.4: Calculating Entropy Changes

Entropy changes are fairly easy to calculate so long as one knows initial and final state. For example, if the initial and final volume
are the same, the entropy can be calculated by assuming a reversible, isochoric pathway and determining an expression for ‘;,—q. That

term can then be integrated from the initial condition to the final conditions to determine the entropy change.

Isothermal Changes

If the initial and final temperatures are the same, the most convenient reversible path to use to calculate the entropy is an isothermal
pathway. As an example, consider the isothermal expansion of an ideal gas from V; to V5. As was derived in Chapter 3,

dq:nRTﬂ
v
So dg/T is given by
da _ pV
T v
and so
dq Ve qv Va
AS= | —= —_— = In| — 4.1
S T nR/V1 v nR n(v1 (6.4.1)

v Example 6.4.1: Entropy Change for a Gas Expansion

Calculate the entropy change for 1.00 mol of an ideal gas expanding isothermally from a volume of 24.4 L to 48.8 L.

Solution
Recognizing that this is an isothermal process, we can use Equation 6.4.1

- Va
AS —ann(V )

1

= (1.00 mol)(8.314J/ (mol K)) ln( ;3:2 ﬁ)

—5.76 J/K

Isobaric Changes

For changes in which the initial and final pressures are the same, the most convenient pathway to use to calculate the entropy
change is an isobaric pathway. In this case, it is useful to remember that

dq =nCydT
So

d dT

T T

Integration from the initial to final temperature is used to calculate the change in entropy. If the heat capacity is constant over the

temperature range
g Lqr T
q 2
— =nC — =nC 1n<_>
L 1 P T1 1 P 1 1

1

If the temperature dependence of the heat capacity is known, it can be incorporated into the integral. For example, if C), can be
expressed as

Cc
Cp:a—l—bT—i—F

AS takes the form
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which simplifies to

or
- T2 c 1 1
AS—nlaln(ﬂ)—kb(Tz ) 5 <T22 Tf)]

Similarly to the cast of constant pressure, it is fairly simple to calculate AS. Since

Isochoric Changes

dqg =nCydt
% is given by
dq dT
T =T

And so for changes over which CYy is independent of the temperature A S is given by

AS=nC, ln<2)
T

Adiabatic Changes

The easiest pathway for which to calculate entropy changes is an adiabatic pathway. Since dg =0 for an adiabatic change, then
dS =0 as well.

Phase Changes

The entropy change for a phase change at constant pressure is given by

- i o Athase
AS= & - = (6.4.2)

v Example 6.4.2: Entropy Change for Melting Ice

The enthalpy of fusion for water is 6.01 kJ/mol. Calculate the entropy change for 1.0 mole of ice melting to form liquid at 273

K.
Solution
This is a phase transition at constant pressure (assumed) requiring Equation 6.4.2:
1
AS (Lmol)(6010 J/mol)
273 K
=22J/K
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6.5: Comparing the System and the Surroundings

It is oftentimes important (for reasons that will be discussed in the next section) to calculate both the entropy change of the system
as well as that of the surroundings. Depending on the size of the surroundings, they can provide or absorb as much heat as is
needed for a process without changing temperature. As such, it is oftentimes a very good approximation to consider the changes to
the surroundings as happening isothermally, even though it may not be the case for the system (which is generally smaller.)

v/ Example 6.5.1

Consider 18.02 g (1.00 mol) of ice melting at 273 K in a room that is 298 K. Calculate DS for the ice, the surrounding room,
and of the universe. (DHg, = 6.01 kJ/mol)

Solution
For the process under constant pressure: g;ce = —qroom
g=nAH/,, =(1.00mol)(6010 J/mol) = 6010 J
For the ice:
Gice 6010 J
ASjpe = — = =22.0J/K
“ T, 273K /

For the room:

o Qroom _ _6010J _
ASroom = T, — 208K 20.2J/K

For the universe:

ASum'v = ASice + ASroom
=22.0J/K—20.2J/K=18J/K

Note: AS,ni is positive, which is characteristic of a spontaneous change!

v/ Example 6.5.2

A 10.0 g piece of metal (C = 0.250 J/g °C) initially at 95 °C is placed in 25.0 g of water initially at 15 °C in an insulated
container. Calculate the final temperature of the metal and water once the system has reached thermal equilibrium. Also,
calculate the entropy change for the metal, the water, and the entire system.

Solution
Heat will be transferred from the hot metal to the cold water. Since it has nowhere else to go, the final temperature can be
calculated from the expression

Qu = —qm
where g, is the heat absorbed by the water, and g,, is the heat lost by the metal. And since
q=mCAT
it follows that
(25 9)(4.184 /9" C))(T; —15 °C) = —(10.0 g)(0.250 J /g  C))(T — 95 J /g “ C)
A bit of algebra determines the final temperature to be:
Ty=16.9°C.

To get the entropy changes, use the expression:

g
AS=mCpln T
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So, for the water:
And for the metal:

For the system:

. 289.9 K
ASyater = (25 9)(4.184 J /g c))m(m)
=0.689J/K
: 289.9 K
ASpeta = (10.0 g)(0.250 J /g C))ln( S8 K )

—0.596 J/ K

ASsys = Aswater + Asmetal
—0.689 J/K +—0.596 J/K = 0.093 J/ K

Note: The total entropy change is positive, suggesting that this will be a spontaneous process. This should make some sense
since one expects heat to flow from the hot metal to the cool water rather than the other way around. Also, note that the sign of
the entropy change is positive for the part of the system that is absorbing the heat, and negative for the part losing the heat.

In summary, AS can be calculated for a number of pathways fairly conveniently.

Table 6.5.1: Summary of different ways to calculate AS depending on the pathway. * for an ideal gas.

Pathway

Adiabatic

Isothermal

Isobaric

Isochoric

Phase Change

And

dqrev Gsys
ASgys = ASgrr = ——
sys Tsys surr T
0
Grev E o
T and nR1n ( ™ )
Tf Gsys
1 e ASsurr -
me n( T; ) Tourr
Ty
mCV In f
Athase
T

ASuniv = AS'sys + Assurr .

This calculation is important as AS,,;, provides the criterion for spontaneity for which we were searching from the outset. This

also suggests a new way to state the second law:

I The entropy of the universe increases in any spontaneous change.

If we think of “the direction of spontaneous” to be the natural direction of chance, we can see that entropy and the second law are
tied inexorably with the natural direction of the flow of time. Basically, we can expect the entropy of the universe to continue to

increase as time flows into the future. We can overcome this natural tendency to greater entropy by doing work on a system. This is
why it requires such great effort, for example, to straighten a messy desk, but little effort for the desk to get messy over time.

X Clausius Inequality

The Second Law can be summed up in a very simple mathematical expression called the Clausius Inequality.

ASuniverse Z 0
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which must be true for any spontaneous process. It is not the most convenient criterion for spontaneity, but it will do for now.
In the next chapter, we will derive a criterion which is more useful to us as chemists, who would rather focus on the system
itself rather than both the system and its surroundings. Another statement of the Clausius theorem is

dq
—_ >
?{T—O

with the only condition of the left hand side equaling zero is if the system transfers all heat reversibly.

This page titled 6.5: Comparing the System and the Surroundings is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming.
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6.6: Entropy and Disorder

A common interpretation of entropy is that it is somehow a measure of chaos or randomness. There is some utility in that concept.
Given that entropy is a measure of the dispersal of energy in a system, the more chaotic a system is, the greater the dispersal of
energy will be, and thus the greater the entropy will be. Ludwig Boltzmann (1844 — 1906) (O'Connor & Robertson, 1998)
understood this concept well, and used it to derive a statistical approach to calculating entropy. Boltzmann proposed a method for
calculating the entropy of a system based on the number of energetically equivalent ways a system can be constructed.

Boltzmann proposed an expression, which in its modern form is:
S = ky In(W) (6.6.1)

This rather famous equation is etched on Boltzmann’s grave marker in commemoration of his profound contributions to the science
of thermodynamics (Figure 6.6.1).

Figure 6.6.1: Ludwig Boltzmann (1844 - 1906)

v/ Example 6.6.1:

Calculate the entropy of a carbon monoxide crystal, containing 1.00 mol of CO, and assuming that the molecules are randomly
oriented in one of two equivalent orientations.

Solution
Using the Boltzmann formula (Equation 6.6.1):

S=nKIn(W)
And using W = 2, the calculation is straightforward.

6.022 x 10%3

S = ( 1.00 mol cot
1 mol

) (1.38 x 10 2*J/K)In2
=5.76 J/ K

This page titled 6.6: Entropy and Disorder is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
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6.7: The Third Law of Thermodynamics

One important consequence of Botlzmann’s proposal is that a perfectly ordered crystal (i.e. one that has only one energetic
arrangement in its lowest energy state) will have an entropy of 0. This makes entropy qualitatively different than other
thermodynamic functions. For example, in the case of enthalpy, it is impossible have a zero to the scale without setting an arbitrary
reference (which is that the enthalpy of formation of elements in their standard states is zero.) But entropy has a natural zero! It is
the state at which a system has perfect order. This also has another important consequence, in that it suggests that there must also
be a zero to the temperature scale. These consequences are summed up in the Third Law of Thermodynamics.

I The entropy of a perfectly ordered crystal at 0 K is zero.

This also suggests that absolute molar entropies can be calculated by

T
s:/ Car
, T

where C is the heat capacity. An entropy value determined in this manner is called a Third Law Entropy.

Naturally, the heat capacity will have some temperature dependence. It will also change abruptly if the substance undergoes a phase
change. Unfortunately, it is exceedingly difficult to measure heat capacities very near zero K. Fortunately, many substances follow
the Debye Extrapolation in that at very low temperatures, their heat capacities are proportional to T2, Using this assumption, we
have a temperature dependence model that allows us to extrapolate absolute zero based on the heat capacity measured at as low a
temperature as can be found.

v/ Example 6.7.1

SiO, is found to have a molar heat capacity of 0.777 J mol"! K- at 15 K (Yamashita, et al., 2001). Calculate the molar entropy
of SiO, at 15 K.

Solution

Using the Debye model, the heat capacity is given by
ez

The value of a can be determined by

=

=2

The entropy is then calculated by

Calculating a third Law Entropy
Start at 0 K, and go from there!
This page titled 6.7: The Third Law of Thermodynamics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.
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6.8: Adiabatic Compressibility

In Chapter 4, we learned about the isothermal compressibility, «7, which is defined as

o i(w
T_VBpT

Kk is a very useful quantity, as it can be measured for many different substances and tabulated. Also, as we will see in the next
chapter, it can be used to evaluate several different partial derivatives involving thermodynamic variables.

In his seminal work, Philosophiae Naturalis Principia Mathematica (Newton, 1723), Isaac Newton (1643 - 1727) (Doc) calculated
the speed of sound through air, assuming that sound was carried by isothermal compression waves. His calculated value of 949 m/s
was about 15% smaller than experimental determinations. He accounted for the difference by pointing to “non-ideal effects”. But it
turns out that his error, albeit an understandable one (since sound waves do not appear to change bulk air temperatures) was that the
compression waves are adiabatic, rather than isothermal. As such, there are small temperature oscillations that occur due to the
adiabatic compression followed by expansion of the gas carrying the sound waves. The oversight was correct by Pierre-Simon
Laplace (1749 — 1827) (O'Connor & Robertson, Pierre-Simon Laplace, 1999).

LaPlace modeled the compression waves using the adiabatic compressibility, k¢ defined by

ws— (¥
S_V6ps

quE’U
dS = T

Since the entropy is defined by

it follows that any adiabatic pathway (dg = 0) is also isentropic (dS = 0), or proceeds at constant entropy.

I Adiabatic pathways are also isentropic.

A couple of interesting conclusions can be reached by following the derivation of an expression for the speed of sound where the
sound waves are modeled as adiabatic compression waves. We can begin by expanding the description of kg by using Partial
Derivative Transformation Type II. Applying this, the adiabatic compressibility can be expressed

_1/ovy (95
ev\es ) \ap ),

a8
1 \0p/y
o=

(&)
v/,

Using a simple chain rule, the partial derivatives can be expanded to get something a little easier to evaluate:

(). (),

or by using transformation type I

1
_ L 6.8.1
"STYV T8N [ oT (6:8.1)
or ) \av ),
The utility here is that

8s Cy
(ﬁ)v =T (6.8.2)

as o
(—)p - (6.8.3)
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This means that Equation 6.8.1 simplifies to

Simplifying what is in the parenthesis yields

_Gv(Lior) (¥
ST\ Ve ) \oT ),

As will be shown in the next chapter, C,, is always bigger than Cy, so kg is always smaller than 7.

But there is more! We can use this methodology to revisit how pressure affects volume along an adiabat. In order to do this, we
would like to evaluate the partial derivative
( . )
Op /g

B

This can be expanded in the same way as above

08
And further expand

NG
&)z

ar ), \ 8s

(6.8.4)

And as before, noting that the relationships in Equations 6.8.2 and 6.8.3, Equation 6.8.4 can be simplified to

(3_") __ﬂ(a_v) (ﬁ)
Op ) g Cp, \0T ), \0p/y

Cv(av)
_v &y 6.8.5
c, \ 3 ), (6.8.5)

Or defining v = C,, /Cy, Equation 6.8.5 can be easily rearranged to

(a0).= (),

The right-hand derivative is easy to evaluate if we assume a specific equation of state. For an ideal gas,

dV\ _ nRT 1%
Op

r P p

Substitution yields
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(5_‘/) _v
7 Oop g P

which is now looking like a form that can be integrated. Separation of variables yields

dv.  dP

v D

And integration (assuming that g is independent of volume) yields

A
1% V V41 p

or

which is easily manipulated to show that
pV, =p V'
or
pV7" = constant

which is what we previously determined for the behavior of an ideal gas along an adiabat.

Finally, it should be noted that the correct expression for the speed of sound is given by

VUsound =
PKS

where p is the density of the medium. For an ideal gas, this expression becomes

[yvRT
Vsound = 7

where M is the molar mass of the gas. Isaac Newton’s derivation, based on the idea that sound waves involved isothermal
compressions, would produce a result which is missing the factor of -y, accounting for the systematic deviation from experiment
which he observed.
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6.E: The Second Law (Exercises)
Q5.1

What is the minimum amount of work needed to remove 10.0 J of energy from a freezer at -10.0 °C, depositing the energy into a
room that is 22.4 °C?

Q5.2

Consider the isothermal, reversible expansion of 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) from 10.0 L to 25.0 L at 298 K.
Calculate q, w, AU, AH, and AS for the expansion.

Q5.3

Consider the isobaric, reversible expansion of 1.00 mol of a monatomic ideal gas (C, = 5/2 R) from 10.0 L to 25.0 L at 1.00 atm.
Calculate q, w, AU, AH, and AS for the expansion.

Q5.4

Consider the isochoric, reversible temperature increase of 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) °Ccupying 25.0 L from
298 K to 345 K. Calculate ¢, w, AU, AH, and AS for this process.

Q5.5

Consider the adiabatic expansion of 1.00 mol of a monatomic ideal gas (Cy, = 3/2 R) from 10.0 L at 273 K to a final volume of 45.0
L. Calculate AT, q, w, AU, AH, and AS for the expansion.

Q5.6

15.0 g of ice (AH s = 6.009 kJ/mol) at 0 °C sits in a room that is at 21 °C. The ice melts to form liquid at 0 °C. Calculate the
entropy change for the ice, the room, and the universe. Which has the largest magnitude?

Q5.7

15.0 g of liquid water (C, = 75.38 J mol! °C™) at 0 °C sits in a room that is at 21 °C. The liquid warms from 0 °C to 21 °C.
Calculate the entropy change for the liquid, the room, and the universe. Which has the largest magnitude?

Q5.8

Calculate the entropy change for taking 12.0 g of H,O from the solid phase (C, = 36.9 J mol ! K1) at -12.0 °C to liquid (C,=75.2
J mol"! K1) at 13.0 °C. The enthalpy of fusion for water is AH,s = 6.009 kJ/mol.

Q5.9
Using Table T1, calculate the standard reaction entropies (A.S?) for the following reactions at 298 K.
a. CH3CH, OH(l) +30, (g) —2C0, (g) +3H, O(l)
b. 012H22011(3) +1205 — 12CO0, (g) + 11H20(l)
d. 2KBr(s)+Ci2(g) — 2KCl(s) + Bry(1)
e. SiHy (g) + 2Cl(g) — SiCly (l) +2H, (g)

Q5.10

1.00 mole of an ideal gas is taken through a cyclic process involving three steps:

I. Isothermal expansion from V; to V; at Ty
I1. Tsochoric heating from, Ty to Ty at V;
III. Adiabatic compression from V; to Vy

a. Graph the process on a V-T diagram.
b. Find ¢, w, AU, and AS for each leg. (If you want, you can find AH too!)
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c. Use the fact that AS for the entire cycle must be zero (entropy being a state function and all ...), determine the relationship
between V7 and V5 in terms of Cy, T and T».

Q5.11

2.00 moles of a monatomic ideal gas (Cy = 3/2 R) initially exert a pressure of 1.00 atm at 300.0 K. The gas undergoes the
following three steps, all of which are reversible:

I. isothermal compression to a final pressure of 2.00 atm,
I1. Tsobaric temperature increase to a final temperature of 400.0 K, and
III. A return to the initial state along a pathway in which

p=a+bT (6.E.1)

where @ and b are constants. Sketch the cycle on a pressure-temperature plot, and calculate \(\Delta U\) and \(\Delta S\) for each of
the legs. Are AU and AS zero for the sum of the three legs?

Q5.12

A 10.0 g piece of iron (C = 0.443 J/g °C) initially at 97.6 °C is placed in 50.0 g of water (C = 4.184 J/g °C) initially at 22.3 °C in an
insulated container. The system is then allowed to come to thermal equilibrium. Assuming no heat flow to or from the
surroundings, calculate

a. the final temperature of the metal and water
b. the change in entropy for the metal

c. the change in entropy for the water

d. the change in entropy for the universe

Q5.13

Considers a crystal of CHF CI1Br as having four energetically equivalent orientations for each molecule. What is the expected
residual entropy at 0 K for 2.50 mol of the substance?

Q5.14

A sample of a certain solid is measured to have a constant pressure heat capacity of 0.436 J mol™* K'! at 10.0 K. Assuming the
Debeye extrapolation model

C,(T) = aT? (6.E.2)

holds at low temperatures, calculate the molar entropy of the substance at 12.0 K.

This page titled 6.E: The Second Law (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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6.S: The Second Law (Summary)

Learning Objectives
After mastering the material presented in this chapter, one will be able to:

1. Describe a Carnot engine and derive a relationship for its efficiency of converting heat into work, in terms of the two
temperatures at which the engine operates.

2. Define entropy and be able to calculate entropy changes for systems (and the surroundings) undergoing changes which are
definable as following various pathways, including constant temperature, constant pressure, constant volume, and adiabatic
pathways.

3. Relate entropy to disorder in a crystal based on the number of equivalent orientations a single formula unit may take within the
crystal.

4. State the Third Law of Thermodynamics, and use it to calculate total entropies for substances at a given temperature.

5. Understand how isothermal compressibility differs from adiabatic compressibility and relate that difference to the measurement
of the speed of sound waves traveling through a gas medium.

Vocabulary and Concepts

e adiabatic compressibility

e Carnot cycle

e Clausius theorem

o criterion for spontaneity

e Debye Extrapolation

o efficiency

e entropy

o heat engine

e isentropic

o second law of thermodynamics
o speed of sound

e spontaneous

e spontaneous process

e Third Law Entropy

e Third Law of Thermodynamics
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7.1: Calculating Entropy Changes

Entropy changes are fairly easy to calculate so long as one knows initial and final state. For example, if the initial and final volume
are the same, the entropy can be calculated by assuming a reversible, isochoric pathway and determining an expression for ‘;,—q. That

term can then be integrated from the initial condition to the final conditions to determine the entropy change.

Isothermal Changes

If the initial and final temperatures are the same, the most convenient reversible path to use to calculate the entropy is an isothermal
pathway. As an example, consider the isothermal expansion of an ideal gas from V; to V5. As was derived in Chapter 3,

dq:nRTﬂ
v
So dg/T is given by
da _ pV
T v
and so
dq Ve qv Va
AS= | —= —_— = In| — 1.1
S T nR/V1 v nR n(v1 (7.1.1)

v Example 7.1.1: Entropy Change for a Gas Expansion

Calculate the entropy change for 1.00 mol of an ideal gas expanding isothermally from a volume of 24.4 L to 48.8 L.

Solution
Recognizing that this is an isothermal process, we can use Equation 7.1.1

- Va
AS —ann(V )

1

= (1.00 mol)(8.314J/ (mol K)) ln( ;3:2 ﬁ)

—5.76 J/K

Isobaric Changes

For changes in which the initial and final pressures are the same, the most convenient pathway to use to calculate the entropy
change is an isobaric pathway. In this case, it is useful to remember that

dq =nCydT
So

d dT

T T

Integration from the initial to final temperature is used to calculate the change in entropy. If the heat capacity is constant over the

temperature range
g Lqr T
q 2
— =nC — =nC 1n<_>
L 1 P T1 1 P 1 1

1

If the temperature dependence of the heat capacity is known, it can be incorporated into the integral. For example, if C), can be
expressed as

Cc
Cp:a—l—bT—i—F

AS takes the form
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which simplifies to

or
- T2 c 1 1
AS—nlaln(ﬂ)—kb(Tz ) 5 <T22 Tf)]

Similarly to the cast of constant pressure, it is fairly simple to calculate AS. Since

Isochoric Changes

dqg =nCydt
% is given by
dq dT
T =T

And so for changes over which CYy is independent of the temperature A S is given by

AS=nC, ln<2)
T

Adiabatic Changes

The easiest pathway for which to calculate entropy changes is an adiabatic pathway. Since dg =0 for an adiabatic change, then
dS =0 as well.

Phase Changes

The entropy change for a phase change at constant pressure is given by

- i_ Athase
AS= & - = (7.1.2)

v Example 7.1.2: Entropy Change for Melting Ice

The enthalpy of fusion for water is 6.01 kJ/mol. Calculate the entropy change for 1.0 mole of ice melting to form liquid at 273

K.
Solution
This is a phase transition at constant pressure (assumed) requiring Equation 7.1.2:
AS (Lmol)(6010 J/mol)
273 K
=22J/K

This page titled 7.1: Calculating Entropy Changes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

¢ 5.4: Calculating Entropy Changes by Patrick Fleming is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199213


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199213?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/07%3A_Entropy_Part_II/7.01%3A_Calculating_Entropy_Changes
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84319
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

7.2: Trouton's rule

Trouton's rule says that for many (but not all) liquids, the entropy of vaporization is approximately the same at ~85 J mol 'K 1.
The (partial) success of the rule is due to the fact that the entropy of a gas is considerably larger than that of any liquid.

Sgas > Sliquid (721)
Therefore, the entropy of the initial state (e.g. the liquid) is negligible in determining the entropy of vaporization
ASvap = Sgas - Sliquid ~ Sgas (722)

When a liquid vaporizes its entropy goes from a modest value to a significantly larger one. This is related to the ratio of the
enthalpy of vaporization and the temperature of the transition:

AH,qp,
Asvap = T (723)
AS,qp is found to be approximately constant at the boiling point (Figure 7.2.1):
AS,qp =85 Jmol 'K (7.2.4)

This is Trouton’s rule, which is valid for many liquids (e.g, the entropy of vaporization of toluene is 87.30 J K™ mol ™, that of
benzene is 89.45 J K~! mol™%, and that of chloroform is 87.92 J K™ mol_l). Because of its convenience, the rule is used to estimate
the enthalpy of vaporization of liquids whose boiling points are known.

Enthalpy of
Transition, kd/mol
1000

* Boiling o
* Melting P

Transition
50 100 500 1000 5000 Tcmpcratu re, K

Figure 7.2.1: Enthalpies of melting and boiling for pure elements versus temperatures of transition, demonstrating Trouton's rule
(blue data). (CC BY-SA 3.0; Mgibby5).

Trouton’s rule can be used to estimate the enthalpy of vaporization of liquids whose
boiling points are known.

Experimental values vary rather more than this and for gases such as neon, nitrogen, oxygen and methane whose liquids all boil
below 150 K, have values that are in the range 65—75, benzene, many normal’ liquids and liquid sodium, lithium and iodine, in the
range 80—90 and ethanol, water, hydrogen fluoride in the range 105-115 J mol ! K™*. Thus is nothing unusual about 150 K, but
rather an influence from intermolecular interactions.

The value of ~85 J mol 'K™! corresponds to a interaction energy of ~9.5kT per molecule and so the boiling point gives an
indication of the strength of the cohesive energy holding molecules together in the condensed phase. When the cohesive energy
exceeds this value, as in water, then the ratio AH,qp /T (Equation 7.2.3) is larger and conversely the ratio is smaller when the
cohesive energy is less as in Neon or methane. The ~9.5kT minimum energy per molecule is quite a modest energy; if a molecule
has six near neighbors this corresponds to about 3kT/2 per interaction between two molecules, roughly the average thermal energy.
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There is no universal rule for the entropy of melting since a similar approximate like that used for Trouton's law (Equation
7.2.2) does not exist. However, if the mature of the interactions are consistent between a set of solids, then a crude correlation
can be identified (Figure 7.2.1; orange symbols).

Trouton Rule's does not Apply to Structured Liquids

For example, the entropies of vaporization of water, ethanol, formic acid and hydrogen fluoride are far from the predicted values.
However, if the liquid presents hydrogen bonding or any other kind of high ordered structure, its entropy will be particularly low
and the entropy gain during vaporization will greater, too. The enthalpy of vaporization is greater for hydrogen-bonding molecules
than for plain alkanes. For low-molecular weight alcohols, this effect is pronounced. The longer the alkane chain becomes, the
more the compound behaves like a pure alkane.

Table 7.2.1: Enthalpy of vaporization in kj/mol

Liquid AH,,p, (kJ/mol) AH,q, (kJ/mol per carbon)
Methanol 38 38

Ethanol 42 21
n-propanol 47 16
n-butanol 52 13
n-pentanol 57 11
n-hexanol 61 10
n-heptanol 67 10
n-octanol 71 9
n-nonanol 77 9
n-decanol 82 8

Data obtained from the NIST Webbook.

Keeping in mind the relative molecular weights of the compounds, you can see there is a decreasing effect of the hydrogen bonding
(and other) effects on the n-alcohol series as we move to larger chains and become less alcohol-like (structured liquid) and more
alkane-like (unstructure liquid). This is much more obvious when A H is normalized to a per-carbon basis.

Table 7.2.1 shows that two different processes control the enthalpy of vaporization, and similarly the saturation vapor
concentration (also known as vapor pressure) or boiling point. At the low-molecular weight end, hydrogen bonding dominates, so
we see the behavior common to polar, hydrogen-bonding compounds. At the high-molecular weight end, we see the pattern
observed for alkanes.

Trouton's rule hardly works for high ordered substances exhibiting hydrogen bonding.
Other factors like the enthalpy of vaporization for a long chained organic molecule
{strength of Van der Waals forces} may also play some significance role.

v/ Example 7.2.1: Entropy of Waporization for Water

The experimentally determined enthalpy of vaporization if water is 40.7 kJmol~!. Does water follow Trouton's rule in
predicting the enthalpy of vaporization?

Solution
From Equations 7.2.3 and 7.2.4, we get
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AH,
ASyyp = ——2 ~ 85 J K 'mol ™!
T
This predicts that (since water boils at 373.15 K under atmospheric pressure)

AH,op~ (85 J K 'mol ) (373.15 K) = 31.7kJ K "mol

This deviates from the observed enthalpy change of 40.7 J K ~*mol ! by 23%, which is a sizable deviation from experiment.
So, Trouton's law does not apply to water.

This deviation is similarly observed by comparing the determined entropy of vaporization (Equation 7.2.3) to the estimate
from Trouton's law

40.7 kJ mol 1

_ -1 -1 -1 ~1
373.15K =109.1J K "mol " >85JK "mol

ASyap =

Example 7.2.1 demostrates the general observation that the Sj;giq for structured liquids is lower than for unstructured liquids, so
the entropy gain during vaporization (i.e., A,y in Equation 7.2.2) will be greater.

Trouton Rule's does not Apply to Ordered Gasses

In contrast to water, the entropy of vaporization of formic acid has negative deviance from Trouton's rule. This fact indicates the
existence of an orderly structure in the gas phase; it is known that formic acid forms a dimer structure even in the gas phase (Figure
7.2.2). As with water, where hydrogen bonding results in structured phase and reduced entropy of the liquid (positive deviation
from Trouton's law), the dimerization in formic acid reduces the entropy of the gas (negative deviation from Trouton's law).

0---H—0
H—/< >/~—H
O—H----0

Figure 7.2.2: Cyclic dimer of formic acid; dashed green lines represent hydrogen bonds. (Public Domain; Jii).
Negative deviance can also occur as a result of a reduced gas phase entropy owing to a low population of excited rotational states
in the gas phase, particularly in small molecules such as methane. Trouton's rule validity can be increased by considering

AS,pp=45R+RInT (7.2.5)
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7.3: The Third Law of Thermodynamics

One important consequence of Botlzmann’s proposal is that a perfectly ordered crystal (i.e. one that has only one energetic
arrangement in its lowest energy state) will have an entropy of 0. This makes entropy qualitatively different than other
thermodynamic functions. For example, in the case of enthalpy, it is impossible have a zero to the scale without setting an arbitrary
reference (which is that the enthalpy of formation of elements in their standard states is zero.) But entropy has a natural zero! It is
the state at which a system has perfect order. This also has another important consequence, in that it suggests that there must also
be a zero to the temperature scale. These consequences are summed up in the Third Law of Thermodynamics.

I The entropy of a perfectly ordered crystal at 0 K is zero.

This also suggests that absolute molar entropies can be calculated by

T
s:/ Car
, T

where C is the heat capacity. An entropy value determined in this manner is called a Third Law Entropy.

Naturally, the heat capacity will have some temperature dependence. It will also change abruptly if the substance undergoes a phase
change. Unfortunately, it is exceedingly difficult to measure heat capacities very near zero K. Fortunately, many substances follow
the Debye Extrapolation in that at very low temperatures, their heat capacities are proportional to T2, Using this assumption, we
have a temperature dependence model that allows us to extrapolate absolute zero based on the heat capacity measured at as low a
temperature as can be found.

v/ Example 7.3.1

SiO, is found to have a molar heat capacity of 0.777 J mol"! K- at 15 K (Yamashita, et al., 2001). Calculate the molar entropy
of SiO, at 15 K.

Solution

Using the Debye model, the heat capacity is given by
ez

The value of a can be determined by

=

=2

The entropy is then calculated by

Calculating a third Law Entropy

Start at 0 K, and go from there!

This page titled 7.3: The Third Law of Thermodynamics is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated

by Patrick Fleming.
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8.1: Free Energy Functions

In the previous chapter, we saw that for a spontaneous process, ASyiverse > 0. While this is a useful criterion for determining
whether or not a process is spontaneous, it is rather cuambersome, as it requires one to calculate not only the entropy change for the
system, but also that of the surroundings. It would be much more convenient if there was a single criterion that would do the job
and focus only on the system. As it turns out, there is.

Since we know that

Asuniv >0

for any natural process, and
ASuniv = ASsys + ASsurr

all we need to do is to find an expression for AS,,, that can be determined by the changes in the system itself. Fortunately, we
have already done that! Recalling that at constant temperature

qT‘C’U
AS=— T
and at constant pressure
AH =g,
it follows that at constant temperature and pressure
As,,, — D
T

Substitution into the above equations yields an expression for the criterion of spontaneity that depends only on variables describing
the changes in the system!

AHgy,
ASum'v > ASsys - T
SO
AH,,,
ASsys - T Z 0
Multiplying both sides by —T" yields
AH-TAS<0 (8.1.1)

A similar derivation for constant volume processes results in the expression (at constant volume and temperature)

AU-TAS <0 (8.1.2)

Equation &.1.1 is of great use to chemists, as most of chemistry occurs at constant pressure. For geologists, however, who are
interested in processes that occur at very high pressures (say, under the weight of an entire mountain) and expansion is not a
possibility, the constant volume expression of Equation &.1.1 may be of greater interest.

All of the above arguments can be made for systems in which the temperature is not constant by considering infinitesimal changes.
The resulting expressions are

dH—-TdS <0 (8.1.3)
and

dU —TdS <0 (8.1.4)
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The Gibbs and Helmholtz Functions

Equation 8.1.3 suggests a very convenient thermodynamic function to help keep track of both the effects of entropy and enthalpy
changes. This function, the Gibbs function (or Gibbs Free Energy) is defined by

G=H-TS
A change in the Gibbs function can be expressed
AG=AH-A(TS)
Or at constant temperature
AG=AH-TAS

And the criterion for a process to be spontaneous is the DG < 0. As such, it should be clear spontaneity is not merely a function the
enthalpy change (although exothermic processes tend to be spontaneous) but also a function of the entropy change, weighted by the
temperature. Going back to an earlier example,

NaOH(s) = Na* (aq) + OH (aq)
with AH < 0.

and
NaHCOs(s) — Na*(ag) + HCOj (ag)
with AH > 0.

It is easy to see why both processes are spontaneous. In the first case, the process is exothermic (favorable) and proceeds with an
increase in entropy (also favorable) due to the formation of fragments in the liquid phase (more chaotic) from a very ordered solid
(more ordered). The second reaction is endothermic (unfavorable) but proceeds with an increase in entropy (favorable). So, so long
as the temperature is high enough, the entropy term will overwhelm the enthalpy term and cause the process to be spontaneous. The
conditions for spontaneous processes at constant temperature and pressure can be summarized in Table 6.1.1.

Table 6.1.1: Spontaneity Conditions for a Process under Constant Temperature and Pressure

AH AS Spontaneous
>0 >0 Athigh T
>0 <0 AtnoT
<0 >0 Atall T
<0 <0 Atlow T

Similarly to the Gibbs function, the Helmholtz function is defined by
A=U-TS

and provides another important criterion for spontaneous processes at constant value and temperature. At constant temperature, the
Helmholtz function can be expressed by

AA=AU-TAS

Based on similar arguments used for the Gibbs function, the Helmholtz function also can be used to predict which processes will be
spontaneous at constant volume and temperature according to Table 6.1.2.

Table 6.1.2: Spontaneity Conditions for a Process under Constant Temperature and Volume

AU AS Spontaneous?
>0 >0 Athigh T
>0 <0 AtnoT
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AU AS Spontaneous?
<0 >0 Atall T
<0 <0 Atlow T

Calculating AG for Reactions

Much like in the case of enthalpy (and unlike entropy), free energy functions do not have an unambiguous zero to the energy scale.
So, just like in the case of enthalpies of formation, by convention, the standard free energy of formation (AG"}) for elements in
their standard states is defined as zero. This allows for two important things to happen. First, AG‘]Z can be measured and tabulated
for any substance (in principle, at least.) AG; is determined to be AG%,,, for the reaction that forms one mole of a compound from
elements in their standard states (similarly to how AH j;’ is defined.) Secondly, tabulated (AG‘}) can be used to calculate standard
reaction free energies (AG%,, ) in much the same way as AH J‘j is used for reaction enthalpies.

v/ Example 8.1.1:

Given the following data at 298 K, calculate AG? at 298 K for the following reaction:

CoHy(g) + Ha(g) — C2Hg(g)

Substance AG‘} (kJ/mol)
CaHay(g) 68.4
C>Hg(g) -32.0

Solution
The AG? values can be used to calculate AG? for the reaction in exactly the same method as A H }’ can be used to calculate a
reaction enthalpy.

AG’ = (1moal)(—32.0 kJ/mol) — (1 mol)(68.4 kJ/mol)
AG° =100.4kJ

Note: H>(g) is not included in the calculation since AGY for H(g) is 0 since it is an element in its standard state.

This page titled 8.1: Free Energy Functions is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

¢ 6.1: Free Energy Functions by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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8.2: Combining the First and Second Laws - Maxwell's Relations

Modeling the dependence of the Gibbs and Helmholtz functions behave with varying temperature, pressure, and volume is
fundamentally useful. But in order to do that, a little bit more development is necessary. To see the power and utility of these
functions, it is useful to combine the First and Second Laws into a single mathematical statement. In order to do that, one notes that

since
d
as ==
for a reversible change, it follows that
dg=TdS
And since
dw=TdS —pdV

for a reversible expansion in which only p-V works is done, it also follows that (since dU = dq + dw ):
dU =TdS —pdV (8.2.1)
This is an extraordinarily powerful result. This differential for dU can be used to simplify the differentials for H, A, and G. But

even more useful are the constraints it places on the variables T', S, p, and V' due to the mathematics of exact differentials!

Maxwell Relations

The above result suggests that the natural variables of internal energy are .S and V' (or the function can be considered as U(S, V)).
So the total differential (dU') in Equation 8.2.1 can be expressed:

dU = <8—U) ds+ (6—[]) dav (8.2.2)
0S )y oV )g
Also, by inspection (comparing the two expressions for dU in Equations 8.2.1 and 8.2.2) it is apparent that:
oUu
— | =T 8.2.3
(%), (6:2:3
and
oU
— | =- 8.2.4
(57).- (8.2

But the value does not stop there! Since dU is an exact differential, the Euler relation must hold that

v (3.~ las ().,

By substituting Equations &.2.3 and 8.2.4, we see that

S -5,

(&), (55),

This is an example of a Maxwell Relation. These are very powerful relationship that allows one to substitute partial derivatives
when one is more convenient (perhaps it can be expressed entirely in terms of a and/or k7 for example.)

or

A similar result can be derived based on the definition of H.

H=U+pV

https://chem.libretexts.org/@go/page/199219
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Differentiating (and using the chain rule on d(pV)) yields
dH =dU +pdV +Vdp

Making the substitution using the combined first and second laws (dU =T'dS—pdV') for a reversible change involving on
expansion (p-V) work

dH =TdS- pd}-+ pd)+Vdp

This expression can be simplified by canceling the pdV terms.

dH=TdS+Vdp (8.2.5)
And much as in the case of internal energy, this suggests that the natural variables of H are S and p. Or
OH OH
dH = (—) ds+ (—) av (8.2.6)
oS /, Op /g
Comparing Equations 8.2.5and 8.2.6 show that
O0H
— | =T 8.2.7
(%), ©:27)
and
O0H
(—) =V (8.2.8)
Op ) g

It is worth noting at this point that both Equation 8.2.3

(%),

(),
(45), = (%),
(&) =5,
(5).~(3s),

This is the Maxwell relation on H. Maxwell relations can also be developed based on A and G. The results of those derivations are
summarized in Table 8.2.1.

and Equation 8.2.7

are equal to 7. So they are equation to each other

Moreover, the Euler Relation must also hold

SO

Table 8.2.1: Maxwell Relations

Function Differential Natural Variables Maxwell Relation
oT Op >
U dU =TdS — pdV S,V — =—| =
pd (3V>5 <6S v
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Function Differential Natural Variables Maxwell Relation
H dH = TdS+ Vdp S p (%)s: (%)p
A dA=—pdV — SdT v, T (%>V: (3_5)T
c dG = Vdp— SdT » T (Z_;)p: _(Z_E>T

The Maxwell relations are extraordinarily useful in deriving the dependence of thermodynamic variables on the state variables of
p, T,and V.

v/ Example 8.2.1

Show that

Solution
Start with the combined first and second laws:

dU =TdS —pdV
Divide both sides by dV and constraint to constant 7':

a
av

» dv
r ~av

_ TdS
r v

_<‘9_U)
T ov T
TdS| (85
av |y \av),
4
av

T
Noting that

av
dv

=1
T

U\ _ (08 _
), \av), P
Now, employ the Maxwell relation on A (Table 6.2.1)

.-,
(), 13,

The result is

to get

and since

It is apparent that
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ov
<_> 72 _p
8T p KT
Note: How cool is that? This result was given without proof in Chapter 4, but can now be proven analytically using the
Maxwell Relations!

This page titled 8.2: Combining the First and Second Laws - Maxwell's Relations is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Patrick Fleming.

¢ 6.2: Combining the First and Second Laws - Maxwell's Relations by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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8.3: AA, AG, and Maximum Work

The functions A and G are oftentimes referred to as free energy functions. The reason for this is that they are a measure of the
maximum work (in the case of A A) or non p-V work (in the case of AG) that is available from a process. To show this, consider
the total differentials.

First, consider the differential of A.
dA=dU —-TdS—SdT
Substituting the combined first and second laws for dU, but expressing the work term as dw, yields
dA=TdS —dw—-TdS — SdT
And cancelling the T'dSS terms gives
dA =dw— SdT
or at constant temperature (d1' = 0)
dA =dw

Since the only assumption made here was that the change is reversible (allowing for the substitution of T'd.S for dq), and dw for a
reversible change is the maximum amount of work, it follows that dA gives the maximum work that can be produced from a
process at constant temperature.

Similarly, a simple expression can be derived for dG. Starting from the total differential of G.
dG =dU + pdV—-pdV + Vdp—-TdS-SdT

Using an expression for dU = dg+dw , where dg =TdS and dw is split into two terms, one (dwyy) describing the work of
expansion and the other (dw, ) describing any other type of work (electrical, stretching, etc.)

dU —TdS +dW,y +dW,

dG can be expressed as

dG = Td& — pﬂ +dw, + pd)9+Vdp— Tg&—SdT
Cancelling the T'dS and pdV terms leaves
dG = +dw, +Vdp- SdT
So at constant temperature (d7" = 0) and pressure (dp = 0),
dG = dw,
This implies that dG gives the maximum amount of non p-V work that can be extracted from a process.

This concept of dA and dG giving the maximum work (under the specified conditions) is where the term “free energy” comes
from, as it is the energy that is free to do work in the surroundings. If a system is to be optimized to do work in the soundings (for
example a steam engine that may do work by moving a locomotive) the functions A and G will be important to understand. It will,
therefore, be useful to understand how these functions change with changing conditions, such as volume, temperature, and
pressure.

Contributors

e Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

This page titled 8.3: AA, AG, and Maximum Work is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

e 6.3: AA, AG, and Maximum Work by Patrick Fleming is licensed CC BY-NC-SA 4.0.

@ 0 g @ 8.3.1 https://chem.libretexts.org/@go/page/199220



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199220?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/08%3A_Gibbs_and_Helmholtz_Energies/8.03%3A_%CE%94A%2C_%CE%94G%2C_and_Maximum_Work
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/08%3A_Gibbs_and_Helmholtz_Energies/8.03%3A_%CE%94A%2C_%CE%94G%2C_and_Maximum_Work
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84325
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

@%meﬂ@uy

8.4: Volume Dependence of Helmholtz Energy

If one needs to know how the Helmholtz function changes with changing volume at constant temperature, the following expression

can be used:
2/ 9A
AA:/ (—) 1% 8.4.1
w \av ), (8.4.1)

But how does one derive an expression for the partial derivative in Equation 8.4.1? This is a fairly straight forward process that
begins with the definition of A:

A=U-TS

Differentiating (and using the chain rule to evaluate d(7'S) yields

dA=dU —-TdS — SdT (8.4.2)
Now, it is convenient to use the combined first and second laws
dU =TdS —pdV (8.4.3)
which assumes:
1. a reversible change and
2. only pV work is being done.
Substituting Equation 8.4.3 into Equation 8.4.2 yields
dA = TdS —pdV — Tds — SdT (8.4.4)
Canceling the T'dS terms gives the important result
dA = —pdV — S8dT (8.4.5)
The natural variables of A are therefore V and T"! So the total differential of A is conveniently expressed as
and by simple comparison of Equations &.4.5and 8.4.6, it is clear that
0A
(),
0A
(5),

And so, one can evaluate Equation 8.4.1 as

Va
AA=— / pdV
Vi
If the pressure is independent of the temperature, it can be pulled out of the integral.
1
M=p [ av=-p(vi-W)
Vi

Otherwise, the temperature dependence of the pressure must be included.

Vs
AA= —/ p(V)dV
W

Fortunately, this is easy if the substance is an ideal gas (or if some other equation of state can be used, such as the van der Waals
equation.)
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Calculate A A for the isothermal expansion of 1.00 mol of an ideal gas from 10.0 L to 25.0 L at 298 K.

Solution
For an ideal gas,

So

becomes

And so (Equation 8.4.1)
becomes

or

Substituting the values from the problem

AA = —(1.00 mol)(8.314 J/ (mol K))(298 K) ln( 25.0 L)

10.0L

But further, it is easy to show that the Maxwell relation that arises from the simplified expression for the total differential of A is

(or), = (),

This particular Maxwell relation is exceedingly useful since one of the terms depends only on p, V, and T'. As such it can be
expressed in terms of our old friends, o and k7!

Gp\ _

orT v o KT
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8.5: Pressure Dependence of Gibbs Energy
The pressure and temperature dependence of G is also easy to describe. The best starting place is the definition of G.
G=U+pV -T8S (8.5.1)
Taking the total differential of G yields
dG = dU + pdV-pdV +Vdp-TdS-SdT

The differential can be simplified by substituting the combined first and second law statement for dU (consider a reversible process
and pV work only).

dG = Tds ~pdl{ + PR +Vdp- Tds-SdT
Canceling the T'dS and pdV terms leaves
dG=Vdp-SdT (8.5.2)

This suggests that the natural variables of G are p and T'. So the total differential dG can also be expressed

oG oG

And by inspection of Equations &.5.2and 8.5.3, it is clear that

oG
— ) =V
<3P>T

(%),
P
It is also clear that the Maxwell relation on G is given by
ovy [0S
(5),-(5),
which is an extraordinarily useful relationship, since one of the terms is expressible entirely in terms of measurable quantities!

ov
(6_T> =Va

The pressure dependence of G is given by the pressure derivative at constant temperature

(5).-v (8.5.4)

and

which is simply the molar volume. For a fairly incompressible substance (such as a liquid or a solid) the molar volume will be
essentially constant over a modest pressure range.

v/ Example 8.5.1: Gold under Pressure

The density of gold is 19.32 g/cm?>. Calculate AG for a 1.00 g sample of gold when the pressure on it is increased from 1.00
atm to 2.00 atm.

Solution
The change in the Gibbs function due to an isothermal change in pressure can be expressed as

P2
AG— (B_G) dp
21 8p T
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And since substituting Equation 8.5.4, results in
V2
AG = / Vdp
D

Assuming that the molar volume is independent or pressure over the stated pressure range, AG becomes

AG =V (p2 —p1)
So, the molar change in the Gibbs function can be calculated by substituting the relevant values.
197.0¢g 1 1L 8.315J
AG = 2.00atm —1.00 at —_— 8.5.5
( mol  19.32¢ . 1000 cm3) (2.00atm ¢ m)(0.08206 atm L) (8:5.5)
conversion unit
=1.033J (8.5.6)
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8.6: Temperature Dependence of A and G
In differential form, the free energy functions can be expressed as

dA = —pdV — 8dT
and

dG = —Vdp — SdT

0A
(%),
oT )y
oG
(%)
o/,
And so, it should be fairly straightforward to determine how each changes with changing temperature:

Tz T2
AA:—/ (%) dT:—/ SdT
T or 14 T

T T2
AG:—/ <§> dl = — SdT
T P

So by inspection, it is easy to see that

and

and
) orT T

But the temperature dependence of the entropy needed to be known in order to evaluate the integral. A convenient work-around can
be obtained starting from the definitions of the free energy functions.

A=U-TS
and

G=H-TS
Dividing by T yields

A U

771 %
and

G H

-1 %

Now differentiating each expression with respect to 7" at constant V' or p respectively yields

()

T | T2

p

and

Or differentiating with respect to 1/ provides a simpler form that is mathematically equivalent:
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(o).

o(%)
o3

Focusing on the second expression (since all of the arguments apply to the first as well), we see a system that can be integrated.
Multiplying both sides by d(1/T) yields:
G 1
d| = )=Hd| =

o(3)-om(3

and integration, assuming the enthalpy change is constant over the temperature interval yields

L (AG = 1)
d|—)=4H | d(=
() -anf e
AGTZ_AGTIZAH(l 1)

T T T, T

and

p

Or for finite changes AG and AH:

(8.6.1)

Equation 777 is the Gibbs-Helmholtz equation and can be used to determine how AG changes with changing temperature. The
equivalent equation for the Helmholtz function is

Adg,  AAg 11
o _AU(———) (8.6.2)

v/ Example 8.6.1:

Given the following data at 298 K, calculate AG at 500 K for the following reaction:

CHy(g) +20:(g9) — COs(g) + H20(g)

Compound AG;’E (kJ/mol) AH}’ (kJ.mol)
CHa(g) -50.5 -74.6
CO4(g) -394.4 -393.5
H,0(g) -228.6 -241.8
Solution
AH and AGagg x and can be calculated fairly easily. It will be assumed that AH is constant over the temperature range of
298 K — 500 K.

AH = (1mol)(—393.5 kJ/moal) + (2 mol)(—241.8 kJ /mol)— (1 mol)(—74.5 kJ /mol) = —820.6 kJ
AGag9s = (1 mol)(—394.4 kJ/mol) + (2 mol)(—228, 6 kJ/mol)— (1 mol)(—50.5 kJ/mol) = —801.1 kJ
So using Equation 8.6.1 with the data just calculated gives

AGspox —801.1kJ 1 1
- = (-820.6kJ) [ —— — ——
500 K 38K )\ 300% “298K%
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Note: AG became a little bit less negative at the higher temperature, which is to be expected for a reaction which is
exothermic. An increase in temperature should tend to make the reaction less favorable to the formation of products, which is
exactly what is seen in this case!

AGspo g =—787.9kJ

This page titled 8.6: Temperature Dependence of A and G is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.
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8.7: When Two Variables Change at Once

So far, we have derived a number of expressions and developed methods for evaluating how thermodynamic variables change as
one variable changes while holding the rest constant. But real systems are seldom this accommodating. For example, a piece of
metal (such as a railroad rail) left in the sun will undergo both an increase in temperature and an expansion due to the absorption of
energy from sunlight. So both T" and V' are changing at the same time! If the change in a thermodynamic variable (such as G) is
needed, contributions from both changes are required to be taken into account. We’ve already seen how to express this in terms of a
total differential.

oG oG
dG = ( % )po+ <8T)pdT (8.7.1)

Fortunately, G (like the other thermodynamic functions U, H, S, and A) is kind enough to be a state variable. This means that we
can consider the changes independently and then simply add the results. Another way to think of this is that the system may follow
either of two pathways to get from the initial conditions to the final conditions:

e Pathway I:

1. An isothermal expansion from V; to V5 at T7 followed by
2. An isochoric temperature increase from 77 to T3 at V3

e Pathway 2:

1. An isochoric temperature increase from T3 to T5 at V; followed by
2. And isothermal expansion from V; to V5 at Ts

And since G has the good sense to be a state variable, the pathway connecting the initial and final states is unimportant. We are free
to choose any path that is convenient to calculate the change.

v/ Example 8.7.1: Non-Isothermal Gas Expansion

Calculate the entropy change for 1.00 mol of a monatomic ideal gas (Cy = 3/2 R) expanding from 10.0 L at 273 K to 22.0 L at
297 K.

Solution
If one considers entropy to be a function of temperature and volume, one can write the total differential of entropy as

oS oS
dS = (ﬁ) VdT+ (W)TdV

T Vs
(08 * [/ 0S
AS = — dT—I—/ (—) av
T (8T)V Vi ov T

The first term is the contribution due to an isochoric temperature change:

and thus

& /98
ASr, 2:/ (—) dT 8.7.2
hot T or |4 ( )
T nCy
_/Tl 2 ar (8.7.3)
:nCvln(%) (8.7.4)
3 J 297 K
—13.57J/K (8.7.6)

The second term is the contribution due to an isothermal expansion:
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v
(08

ASy, 2=/ (—) dv 8.7.7

=V - Pl r ( )

From the Maxwell relation on A

So Equation 8.7.7 becomes

o
2 ap
ASy, v, =/ (—> dv 8.7.8
Vi—Vs - T v ( )
V2 /nR
= — | d .
/V1 ( % > 1% (8.7.9)
:ann<%) (8.7.10)
J 22.0L
= (1.00 mol) (8.314 molK) ln< 10.0L) (8.7.11)
=6.56 J/K (8.7.12)
And the total entropy change is
AS;: = A;S’Vlﬁv2 +ASV14V2 (8713)
=13.57J/K+6.56 J/K (8.7.14)
=20.13J/K (8.7.15)

X Deriving an expression for a partial derivative (Type IlI)

Thermodynamics involves many variables. But for a single component sample of matter, only two state variables are needed to
describe the system and fix all of the thermodynamic properties of the system. As such, it is conceivable that two functions can
be specified as functions of the same two variables. In general terms: z(z, y) and w(z, y).

So an important question that can be answered is, “What happens to z if w is held constant, but z is changed?” To explore this,
consider the total differential of z:

0 0
do=(22) de+ (2 dy (8.7.16)
oz ), oy /.,
but z can also be considered a function of z and w(z, y). This implies that the total differential can also be written as
0z 0z
dz=|—) d — | d 8.7.17
= (&) 2 (&) 6117

and these two total differentials must be equal to one another!

0z 0z 0z 0z
= (%Ld“ (a—y)xdy— (a—x)wd“ (a—w)f‘“

If we constrain the system to a change in which w remains constant, the last term will vanish since dw = 0.

0z 0z 0z

but also, since w is a function x and y, the total differential for w can be written

ow ow
wo(5), 4 ().

And it too must be zero for a process in which w is held constant.
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From this expression, it can be seen that

__(%w) (%
w=—(5),(55) %
Substituting this into the Equation 8.7.1§ yields
0z 0z ow dy 0z
— | d — —| = — | de|=(—] d 8.7.19
(aw)y “(ayu (am)y(aw)z ““’] (am>w § i)
(50),22- (5).(50) == ().
oz ), ow/,\0z/, oz /.,
) (82) (ow) _(2:
o), \ow) \ox), \0z),
0z 0z 0z ow
(5),~ (). (). (%), (5720

As with partial derivative transformation types I and II, this result can be achieved in a formal, albeit less mathematically
rigorous method.

which simplifies to
So for dz # 0, implies that

or

Consider z(z, w). This allows us to write the total differential for z:

0z 0z
o= (5) o0+ (5) 2

[0z dzx o 0z\ dw
-\ 8z ), dz|, ow ), dz|,
noting that dz /dz = 1 and converting the other ratios to partial derivatives yields
(5),-(5).+ (). (&) Bt
ox ), oz /, ow/) \oz/,

which agrees with the previous result (Equation 8.7.20)! Again, the method is not mathematically rigorous, but it works so
long as w, x, y, and z are state functions and the total differentials dw, dz, dy, and dz are exact.

Now, divide by dx and constrain to constant y.

dz
dz

Y

Contributors

e Patrick E. Fleming (Department of Chemistry and Biochemistry; California State University, East Bay)

This page titled 8.7: When Two Variables Change at Once is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.

¢ 6.7: When Two Variables Change at Once by Patrick Fleming is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199224



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199224?pdf
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/08%3A_Gibbs_and_Helmholtz_Energies/8.07%3A_When_Two_Variables_Change_at_Once
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84508
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

8.8: The Difference between Cp and Cv

Constant volume and constant pressure heat capacities are very important in the calculation of many changes. The ratio
C,/Cy =+ appears in many expressions as well (such as the relationship between pressure and volume along an adiabatic
expansion.) It would be useful to derive an expression for the difference C,—Cy as well. As it turns out, this difference is
expressible in terms of measureable physical properties of a substance, such as a, k7, p, V, and T'.

In order to derive an expression, let’s start from the definitions.
and

The difference is thus

6-co- (22) - ()
ar ), \or),

In order to evaluate this difference, consider the definition of enthalpy:
H=U+pV
Differentiating this yields
dH = dU +pdV +Vdp

Dividing this expression by d1" and constraining to constant p gives

dH du dv dp
—| === tp=x +V-—>
ari, drj, ar |, ari,
The last term is kind enough to vanish (since dp =0 at constant pressure). After converting the remaining terms to partial
derivatives:
0H ) ( oUu ) ( 6V>
_ = | — —|—p —_— (881)
( 6T P 61—' V4 6T p
This expression is starting to show some of the players. For example,
0H )
—) =C,
(57),
and
8V>
— | =Va
(77),
So Equation 8.8.1 becomes
ou
Cp,= (—) +pVa (8.8.2)
or P

In order to evaluate the partial derivative above, first consider U(V', T'). Then the total differential du can be expressed

oU oU
du=(=) dv— (=) dT
¢ (aV)T (aT)V

Dividing by dT" and constraining to constant p will generate the partial derivative we wish to evaluate:
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av
dT

() & () o
, \oV),dT|,"\aT ), dT

The last term will become unity, so after converting to partial derivatives, we see that

8U) <8U) (6V) (8U)
=) (= — ) +( = (8.8.3)
( or » ov )\ oT » oT ),
(This, incidentally, is an example of partial derivative transformation type II1.) Now we are getting somewhere!
oU
=) =cC
( oT ) v
(%) v
oT »

oUu oUu
(a—T)p = (W)TV“CV

(%),

we are almost home free! Fortunately, that is an easy expression to derive. Begin with the combined expression of the first and
second laws:

p

and

So the Equation 8.8.3 can be rewritten

If we can find an expression for

d=TdS—pdV
Now, divide both sides by dV and constrain to constant 7.
wi _pds) 4V
avle T avly Faviy

The last term is unity, so after conversion to partial derivatives, we see

(%>T=T<%>T—p (8.8.4)

A Maxwell relation (specifically the Maxwell relation on A) can be used
oS\ [ Op
ov ), \oT ),
Substituting this into Equation 8.8.4 yields
and since

then

Now, substituting this into the expression into Equation 8.8.3 to get
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(),

[Ti —p] Va+Cy
KT
TV a?

= —pVa+Cy
KT

This can now be substituted into the Equation 8.8.2 yields

TV a?

c,,:[

The pV o terms will cancel. And subtracting Cy from both sides gives the desired result:

—pEerCv]erKor

_TVo?

KT

C,—Cy (8.8.5)

And this is a completely general result since the only assumptions made were those that allowed us to use the combined first and
second laws in the form
dU =TdS-pdV.

That means that this expression can be applied to any substance whether gas, liquid, animal, vegetable, or mineral. But what is the
result for an ideal gas?

Since we know that for an ideal gas

1
7T
and
1
R = —
p
Substitution back into Equation &.8.5 yields
1\2
v ()
Cp—Cy =———
)
p
_
T
=R

So for an ideal gas, C;,— Cy = R. That is good to know, no?

v/ Example 8.8.1

Derive the expression for the difference between C}, and Cy by beginning with the definition of H, differentiating, dividing by
dV (to generate the partial derivative definition of Cy/). In this approach, you will need to find expressions for

(%),
(&),

and

and also utilize the Maxwell-Relation on G.

Solution
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Begin with the definition of enthalpy.
H=U+pV
Differentiate the expression.
dH =dU +pdV +Vdp

Now, divide by dV and constrain to constant 7" (as described in the instructions) to generate the partial derivative definition of

Cy
dH|  dU dv dp
arl, = arl, Parl, TV arl,
dH dU dp
(&), ~ (), v (), ey

Now what is needed is an expression for

(&),

This can be derived from the total differential for H(p, T') by dividing by dT" and constraining to constant V.

dH dH
H=(— =) 4T
= (%), (),

(z),~(%).(@), (), 6.6

This again is an example of partial derivative transformation type III. To continue, we need an expression for

(%)
dp )
This can be quickly generated by considering the total differential of H(p, S), its natural variables:

dH =TdS+Vdp

Dividing by dp and constraining to constant 7" yields

dH ds dp
- :T_ +V_
dp |p dp |p dplr
dH ds
— ) =T — ) +V 8.8.8
< dp >T (dp>T (8:88)

Using the Maxwell Relation on GG, we can substitute
3)-(5)
arj, dp )
dH av
— ) =-T|— | +V
dp /1 dT »
Now, substitute this back into the expression for (Equation 8.8.7):
d dH
)\ | (dH
(ar).(37),

dH dVv
(ﬁ)v— ‘T(ﬁ)p”

So Equation 8.8.8 becomes
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dH
This can now substituted for the right-hand side of the initial expression for (d_T> back into Equation 8.8.6:
14

dV) (dp> <dp (dH) (dU) <dp
T 2= — ) +vi=L+ =) == +VI= (8.8.9)
(dT N\dT )y a7y, T /, ar ), a7y,

Several terms cancel one another. Equation 8.8.9 can then be rearranged to yield

(er), (&), =), ),

or

which might look familiar (Equation 8.8.5)!
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by Patrick Fleming.
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8.9: Putting the Second Law to Work (Exercises)
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8.S: Putting the Second Law to Work (Summary)

Learning Objectives

After mastering the material presented in this chapter, one will be able to:

1. Define the free energy functions A and G, and relate changes in these functions to the spontaneity of a given process and

constant volume and pressure respectively.

2. Use the definitions of entropy and reversible work of expansion to write an equation that combines the first and second laws of

thermodynamics.

3. Utilize the combined first and second law relationship to derive Maxwell Relations stemming from the definitions of U, H, A,

and G.

4. Utilize the Maxwell Relations to derive expressions that govern changes in thermodynamic variable as systems move along

specified pathways (such as constant temperature, pressure, volume, or adiabatic pathways.)

5. Derive and utilize an expression describing the volume dependence of A.

6. Derive and utilize an expression describing the pressure dependence of G.

7. Derive and utilize expressions that describe the temperature, dependence of A and G.

8. Derive an expression for, and evaluate the difference between C), and C'y for any substance, in terms of T', V, o, and k7.

Vocabulary and Concepts

free energy

Gibbs Free Energy

Gibbs function

Gibbs-Helmholtz equation

Helmholtz function

maximum work

Maxwell Relation

standard free energy of formation (AG?O

This page titled 8.S: Putting the Second Law to Work (Summary) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or

curated by Patrick Fleming.

6.S: Putting the Second Law to Work (Summary) by Patrick Fleming is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199217


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199217?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/08%3A_Gibbs_and_Helmholtz_Energies/8.0S%3A_8.S%3A_Putting_the_Second_Law_to_Work_(Summary)
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/08%3A_Gibbs_and_Helmholtz_Energies/8.0S%3A_8.S%3A_Putting_the_Second_Law_to_Work_(Summary)
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84510
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"
CHAPTER OVERVIEW

9: Phase Equilibria

Elf 2

9.1: nics ofMixiE '
9.2: Partial Molar Volume

9.3: Chemical Potential

9.4: The Gibbs-Duhem Equation
9.5: Non-ideality in Gases - Fugacity
9.6: Colligative Properties

9.7: Solubility

9.8: Non-ideality in Solutions - Activity
9.9: Prelude to Phase Equilibrium

9.E: Mixtures and Solutions (Exercises)
9.E: Phase Equilibrium (Exercises)

9.S: Mixtures and Solutions (Summary)
9.10: Single Component Phase Diagrams
9.11: Criterion for Phase Equilibrium
9.12: The Clapeyron Equation

9.13: The Clausius-Clapeyron Equation

Thumbnail: Image used with permission (Ben FinneyMark Jacobs [CCO0])

9: Phase Equilibria is shared under a not declared license and was authored, remixed, and/or curated by LibreTexts.



https://libretexts.org/
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.01%3A_Thermodynamics_of_Mixing
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.02%3A_Partial_Molar_Volume
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.03%3A_Chemical_Potential
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.04%3A_The_Gibbs-Duhem_Equation
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.05%3A_Non-ideality_in_Gases_-_Fugacity
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.06%3A_Colligative_Properties
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.07%3A_Solubility
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.08%3A_Non-ideality_in_Solutions_-_Activity
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.09%3A_Prelude_to_Phase_Equilibrium
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.0E%3A_9.E%3A_Mixtures_and_Solutions_(Exercises)
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.0E%3A_9.E%3A_Phase_Equilibrium_(Exercises)
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.0S%3A_9.S%3A_Mixtures_and_Solutions_(Summary)
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.10%3A_Single_Component_Phase_Diagrams
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.11%3A_Criterion_for_Phase_Equilibrium
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.12%3A_The_Clapeyron_Equation
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.13%3A_The_Clausius-Clapeyron_Equation
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria?no-cache
https://www.youtube.com/watch?v=3dhBHmLlsGo
https://www.youtube.com/watch?v=5U8ppevtclw
https://www.youtube.com/watch?v=x8Y4g5MdrZM
https://www.youtube.com/watch?v=GAGLvAPDIKY
https://www.youtube.com/watch?v=4P7pfc6zahQ
https://www.youtube.com/watch?v=dlZZPygAERI
https://www.youtube.com/watch?v=CNquzThdQng
https://www.youtube.com/watch?v=JjohkEu8VS0
https://www.youtube.com/watch?v=fY2R6Wz1D_M

LibreTexts"

9.1: Thermodynamics of Mixing

A natural place to begin a discussion of mixtures is to consider a mixture of two gases. Consider samples of the two gases filling
two partitions in a single container, both at the same pressure, temperature, having volumes V4 and V3g.

B

After being allowed to mix isothermally, the partial pressures of the two gases will drop by a factor of 2 (although the total pressure
will still be the original value) and the volumes occupied by the two gases will double.

A+B

Enthalpy of Mixing

Assuming ideal behavior, so that interactions between individual gas molecules are unimportant, it is fairly easy to calculate \(Delta
H) for each gas, as it is simply an isothermal expansion. The total enthalpy of mixing is then given by

AHp, =AH,+AHp
And since the enthalpy change for an isothermal expansion of an ideal gas is zero,
AHy. =0
is a straight-forward conclusion. This will be the criterion for an ideal mixture.

In general, real mixtures will deviate from this limiting ideal behavior due to interactions between molecules and other concerns.
Also, many substances undergo chemical changes when they mix with other substances. But for now, we will limit ourselves to
discussing mixtures in which no chemical reactions take place.

Entropy of Mixing

The entropy change induced due to isothermal mixing (assuming again no interactions between the molecules in the gas mixture) is
again going to be the sum of the contributions from isothermal expansions of the two gases. Fortunately, entropy changes for
isothermal expansions are easy to calculate for ideal gases.

AS:ann(%)

If we use the initial volumes V5 and Vy for the initial volumes of gases A and B, the total volume after mixing is V4 + Vg, and the
total entropy change is

Va+V, Va+V,
AS iz :nARln(u) —I—nARln(M)

Vy Vs
Noting that the term
Vat+tVe 1
Va X4

where x 4 is the mole fraction of A after mixing, and that 74 can be expresses as the product of x4 and the total number of moles,
the expression can be rewritten
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ASmic = 1ot R[—x41n(x4) — x51n(x5)]
It should be noted that because the mole fraction is always between 0 and 1, that In(xp) < 0. As such, the entropy change for a
system undergoing isothermal mixing is always positive, as one might expect (since mixing will make the system less ordered).

I The entropy change for a system undergoing isothermal mixing is always positive.

Free Energy of Mixing

Calculating AG),;; should be no more difficult than calculating AS,,;, . For isothermal mixing and constant total pressure
AGmiz = AHmzz - TAS?m
and so it follows from above that for the isothermal mixing of two gases at constant total pressure

AG iz = Mot RT [—xaIn(x4) + x5 1n(xB)]
The relationships describing the isothermal mixing of two ideal gases A and B is summarized in the graph below.
04
3 ] ASyi/NR
:: _ . [ . _ o
0.1 4
04— 6w o o o

-0.1 A

[
[

02 1 A A

03 4 4 A AG/nRT

.04 J
Xa

Again, because In(x;) < 0, then AG,;; <0 implying that mixing is always a spontaneous process for an ideal solution. This is
true for gases. But for many combinations of liquids or solids, the strong intermolecular forces may make mixing unfavorable (for
example in the case of vegetable oil and water). Also, these interactions may make the volume non-additive as well (as in the case
of ethanol and water).

I Mixing is always a spontaneous process for an ideal solution.

This page titled 9.1: Thermodynamics of Mixing is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
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9.2: Partial Molar Volume

The partial molar volume of compound A in a mixture of A and B can be defined as

Vi ( ov )
Ony p,T,np

Using this definition, a change in volume for the mixture can be described using the total differential of V'

=(g) it (g) duo
anA p7T7"B anB p,T,TLA

or
dV =V,dns+V,dng

and integration yields

ny ng
VZ/ V;dnA—i-/ Vi, dnp
0 0

V=Vona+Vynp

This result is important as it demonstrates an important quality of partial molar quantities. Specifically, if &; represents the partial
molar property X for component i of a mixture, The total property X for the mixture is given by

X= Zﬁmi

It should be noted that while the volume of a substance is never negative, the partial molar volume can be. An example of this
appears in the dissolution of a strong electrolyte in water. Because the water molecules in the solvation sphere of the ions are
physically closer together than they are in bulk pure water, there is a volume decrease when the electrolyte dissolves. This is easily
observable at high concentrations where a larger fraction of the water in the sample is tied up in solvation of the ions.
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9.3: Chemical Potential

In much the same fashion as the partial molar volume is defined, the partial molar Gibbs function is defined for compound ¢ in a
mixture:

i = (2G> (9.3.1)
i/ p,Tns#i

This particular partial molar function is of particular importance, and is called the chemical potential. The chemical potential tells
how the Gibbs function will change as the composition of the mixture changes. And since systems tend to seek a minimum
aggregate Gibbs function, the chemical potential will point to the direction the system can move in order to reduce the total Gibbs
function. In general, the total change in the Gibbs function (dG) can be calculated from

oG oG oG
dG = — 7} — dr dn;
( Op )Tn P (3T )p,m +§; (3714' )T,nﬁei "

Or, by substituting the definition for the chemical potential, and evaluating the pressure and temperature derivatives as was done in
Chapter 6:

dG =Vdp—SdT +» _ pidn;

But as it turns out, the chemical potential can be defined as the partial molar derivative any of the four major thermodynamic
functions U, H, A, or G:

Table 9.3.1: Chemical potential can be defined as the partial molar derivative any of the four major thermodynamic functions

ou

dU =TdS —pdV + 3", pidn; Wi = < )
On; ) sy i
O0H

dH =TdS —VdT + Y, pidn; Wi =
on; Spn;Fi
0A
On; V. Tnj#i
0G
on; p,Tinj#i

The last definition, in which the chemical potential is defined as the partial molar Gibbs function is the most commonly used, and
perhaps the most useful (Equation 9.3.1). As the partial most Gibbs function, it is easy to show that

dp=Vdp—SdT

where V is the molar volume, and S is the molar entropy. Using this expression, it is easy to show that

op/)r
7 P
/ du:/ Vdp (9.3.2)
0 pﬂ

So that for a substance for which the molar volume is fairly independent of pressure at constant temperature (i. e., K is very

small), therefore Equation 9.3.2 becomes
Iz P
/ du=V / dp
o P

p—p’ =V(p—p°)

and so at constant temperature
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or
p=u"+V(p-p°)
Where p° is a reference pressure (generally the standard pressure of 1 atm) and u° is the chemical potential at the standard

pressure. If the substance is highly compressible (such as a gas) the pressure dependence of the molar volume is needed to
complete the integral. If the substance is an ideal gas

RT
V=—
p
So at constant temperature, Equation 9.3.2 then becomes
B d
/ dp = RTint?, & (9.3.3)
o p

or
© zp"—i—RTln(ﬁ)
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9.4: The Gibbs-Duhem Equation

For a system at equilibrium, the Gibbs-Duhem equation must hold:

> nidp; =0 (9.4.1)
%

This relationship places a compositional constraint upon any changes in the chemical potential in a mixture at constant temperature
and pressure for a given composition. This result is easily derived when one considers that u; represents the partial molar Gibbs
function for component 7. And as with other partial molar quantities,

Grot = Z i i
Taking the derivative of both sides yields
dGror = Y midpi + ) pidn;
But dG can also be expressed as

dG =Vdp—sdT + Y _ pidn;
Setting these two expressions equal to one another
n;dy; + widn, =Vdp —sdT + widn

And after canceling terms, one gets

Znidpi =Vdp—sdT (9.4.2)

For a system at constant temperature and pressure
Vdp—sdT =0 (9.4.3)

Substituting Equation 9.4.3 into 9.4.2 results in the Gibbs-Duhem equation (Equation 9.4.1). This expression relates how the
chemical potential can change for a given composition while the system maintains equilibrium. So for a binary system, consisting
of components A and B (the two most often studied compounds in all of chemistry)

na
dup = ———dpa
ngp
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9.5: Non-ideality in Gases - Fugacity

The relationship for chemical potential
o p
p=p"+RTIn (E)

was derived assuming ideal gas behavior. But for real gases that deviate widely from ideal behavior, the expression has only
limited applicability. In order to use the simple expression on real gases, a “fudge” factor is introduced called fugacity. Using
fugacity instead of pressure, the chemical potential expression becomes

f
w= 'uo +RT1n ( F
where f is the fugacity. Fugacity is related to pressure, but contains all of the deviations from ideality within it. To see how it is
related to pressure, consider that a change in chemical potential for a single component system can be expressed as

dp—Vdp—SdT

(‘Z—Z)T =V (9.5.1)

Differentiating the expression for chemical potential above with respect to pressure at constant volume results in

(%), (3l

and so

which simplifies to

Multiplying both sides by p/ RT gives

Oln(f) _pV 7
op | RT
where Z is the compression factor as discussed previously. Now, we can use the expression above to obtain the fugacity
coefficient -, as defined by

f=p
Taking the natural logarithm of both sides yields
Inf=Iny+Inp
or
Iny=Inf—Inp

Using some calculus and substitutions from above,
Olnvy Olnf Olnp
dp = - dp
O )r 9p 9 J)r
Z 1
(G 3).0
Op Op/)r

PrZ—-1
o [ (522)0
0 p T

Finally, integrating from 0 to p yields
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If the gas behaves ideally, v = 1. In general, this will be the limiting value as p — 0 since all gases behave ideal as the pressure
approaches 0. The advantage to using the fugacity in this manner is that it allows one to use the expression

W =,u°+RT1n(%>

to calculate the chemical potential, insuring that Equation 9.5.1 holds even for gases that deviate from ideal behavior!

This page titled 9.5: Non-ideality in Gases - Fugacity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

o 7.5: Non-ideality in Gases - Fugacity by Patrick Fleming is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199233


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199233?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.05%3A_Non-ideality_in_Gases_-_Fugacity
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84334
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

9.6: Colligative Properties

Colligative properties are important properties of solutions as they describe how the properties of the solvent will change as solute
(or solutes) is (are) added. Before discussing these important properties, let us first review some definitions.

¢ Solution — a homogeneous mixture.
o Solvent — The component of a solution with the largest mole fraction
¢ Solute — Any component of a solution that is not the solvent.

Solutions can exist in solid (alloys of metals are an example of solid-phase solutions), liquid, or gaseous forms. For the most part,
this discussion will focus on liquid-phase solutions.
Freezing Point Depression
In general (and as will be discussed in Chapter 8 in more detail) a liquid will freeze when
Msolid < Miquid

As such, the freezing point of the solvent in a solution will be affected by anything that changes the chemical potential of the
solvent. As it turns out, the chemical potential of the solvent is reduced by the presence of a solute.

In a mixture, the chemical potential of component A can be calculated by
pa=py+RTInxy (9.6.1)
And because x 4 is always less than (or equal to) 1, the chemical potential is always reduced by the addition of another component.
The condition under which the solvent will freeze is
KA, solid = MA,liquid

where the chemical potential of the liquid is given by Equation 9.6.1, which rearrangement to

St
RT XA
To evaluate the temperature dependence of the chemical potential, it is useful to consider the temperature derivative at constant
pressure.
{i(ﬂAﬂi )] _ (31DXA)
oT RT » oT »
A — 1 1 0 o o1
_lu' Ha 4+ — KA - Ha _ nx4 (962)
RT? RT or oT oT
P P P
Recalling that
wu=H=TS
and
0
(5),-
P
Equation 9.6.2 becomes
Hy—-TS4—-HG+TSg 1 O0ln
J A 4) +==[-S4+59] = X4 (9.6.3)
RT? RT oT »

And noting that in the case of the solvent freezing, HY is the enthalpy of the pure solvent in solid form, and Hy is the enthalpy of
the solvent in the liquid solution. So

H¢ —H, = AHj,
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Equation 9.6.3 then becomes

AHy,, -S4 +859 N —SAJrSZ/_ Olny
RT? BP~ B~ ~\ or ),

or

A-vaus _ Oln XA

RT* \ oT ),

Separating the variables puts the equation into an integrable form.

T AH

fus
dl'= | dl 9.6.4
e RT? / XA ( )

where T'° is the freezing point of the pure solvent and T is the temperature at which the solvent will begin to solidify in the
solution. After integration of Equation 9.6.4:

AH 11
. fus R R
7 <T T°> Inx4 (9.6.5)

This can be simplified further by noting that
1 1 T°e-T AT

T T° TIT°  TT°
where AT is the difference between the freezing temperature of the pure solvent and that of the solvent in the solution. Also, for

small deviations from the pure freezing point, TT° can be replaced by the approximate value (7°°)2. So the Equation 9.6.5
becomes

AHj,,
R(TO)2

AT =1Inxy (9.6.6)

Further, for dilute solutions, for which 4, the mole fraction of the solvent is very nearly 1, then

Inxs ~—(1-x4)=—x3B

where xp is the mole fraction of the solute. After a small bit of rearrangement, this results in an expression for freezing point

depression of
T° 2
AT = (R( ) ) XB
AHyy,

The first factor can be replaced by K:

R(To)2 B
AH;, 7

which is the cryoscopic constant for the solvent.

AT gives the magnitude of the reduction of freezing point for the solution. Since AH,, and T are properties of the solvent, the
freezing point depression property is independent of the solute and is a property based solely on the nature of the solvent. Further,
since xp was introduced as (1 —x4), it represents the sum of the mole fractions of all solutes present in the solution.

It is important to keep in mind that for a real solution, freezing of the solvent changes the composition of the solution by decreasing
the mole fraction of the solvent and increasing that of the solute. As such, the magnitude of AT will change as the freezing process
continually removes solvent from the liquid phase of the solution.

Boiling Point Elevation

The derivation of an expression describing boiling point elevation is similar to that for freezing point depression. In short, the
introduction of a solute into a liquid solvent lowers the chemical potential of the solvent, cause it to favor the liquid phase over the
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vapor phase. As sch, the temperature must be increased to increase the chemical potential of the solvent in the liquid solution until
it is equal to that of the vapor-phase solvent. The increase in the boiling point can be expressed as

AT = Kyxs
where
R(T°)?
T
AH,qp,

is called the ebullioscopic constant and, like the cryoscopic constant, is a property of the solvent that is independent of the solute
or solutes. A very elegant derivation of the form of the models for freezing point depression and boiling point elevation has been
shared by F. E. Schubert (Schubert, 1983).

Cryoscopic and ebullioscopic constants are generally tabulated using molality as the unit of solute concentration rather than mole
fraction. In this form, the equation for calculating the magnitude of the freezing point decrease or the boiling point increase is

AT:Kfm
or
AT:Kbm

where m is the concentration of the solute in moles per kg of solvent. Some values of Ky and K} are shown in the table below.

Substance K (°C kg mol-1) T}) (°C) K3 (°C kg mol-1) Ty (°C)
Water 1.86 0.0 0.51 100.0
Benzene 5.12 5.5 2.53 80.1
Ethanol 1.99 -114.6 1.22 78.4
CCly 29.8 -22.3 5.02 76.8

v/ Example 9.6.1:

The boiling point of a solution of 3.00 g of an unknown compound in 25.0 g of CCly raises the boiling point to 81.5 °C. What
is the molar mass of the compound?

Solution

The approach here is to find the number of moles of solute in the solution. First, find the concentration of the solution:
(85.5°C'—76.8°C)=(5.02°C Kg/mol)m
m =0.936 mol/kg

Using the number of kg of solvent, one finds the number for moles of solute:
(0.936 mol/ k/q«) (0.02 kg) =0.0234mol

The ratio of mass to moles yields the final answer:

3.00g
0.0234

=128g/mol

Vapor Pressure Lowering

For much the same reason as the lowering of freezing points and the elevation of boiling points for solvents into which a solute has
been introduced, the vapor pressure of a volatile solvent will be decreased due to the introduction of a solute. The magnitude of this
decrease can be quantified by examining the effect the solute has on the chemical potential of the solvent.
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In order to establish equilibrium between the solvent in the solution and the solvent in the vapor phase above the solution, the
chemical potentials of the two phases must be equal.
Hvapor = Msolvent

If the solute is not volatile, the vapor will be pure, so (assuming ideal behavior)

/

p
ugap—l—RTlnp—o =p4 +RTInxy (9.6.7)
Where p' is the vapor pressure of the solvent over the solution. Similarly, for the pure solvent in equilibrium with its vapor
Pa
Ky =u3ap+RTlnp—o (9.6.8)

where p° is the standard pressure of 1 atm, and p4 is the vapor pressure of the pure solvent. Substituting Equation 9.6.8 into
Equation 9.6.7 yields

/

,uia,{-i-RTln;)—o = ( uﬁwf—i-RTan—f) +RTInx4

The terms for ug,, cancel, leaving

/

RTnZ — RTIm®2 | RTIny,
P P

Subtracting RT In(P,4/P°) from both side produces

/

RTInZ —RT1?4 — RTIny,
P P

which rearranges to

/

RTIn L = RTIny4

ba
Dividing both sides by RT" and then exponentiating yields
pl
— =Xa
ba
or
P =Xapa (9.6.9)

This last result is Raoult’s Law. A more formal derivation would use the fugacities of the vapor phases, but would look essentially
the same. Also, as in the case of freezing point depression and boiling point elevations, this derivation did not rely on the nature of
the solute! However, unlike freezing point depression and boiling point elevation, this derivation did not rely on the solute being
dilute, so the result should apply the entire range of concentrations of the solution.

v/ Example 9.6.2:

Consider a mixture of two volatile liquids A and B. The vapor pressure of pure A is 150 Torr at some temperature, and that of
pure B is 300 Torr at the same temperature. What is the total vapor pressure above a mixture of these compounds with the mole
fraction of B of 0.600. What is the mole fraction of B in the vapor that is in equilibrium with the liquid mixture?

Solution
Using Raoult’s Law (Equation 9.6.9)

pa = (0.400)(150 T'oor) = 60.0 T'orr
p5 = (0.600)(300 T'oor) = 180.0 Torr

Diot =PA +pp = 240Torr
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To get the mole fractions in the gas phase, one can use Dalton’s Law of partial pressures.

pp _ 180.0Torr

:M_ 240 Torr =0.750

XB

And, of course, it is also useful to note that the sum of the mole fractions is 1 (as it must be!)

xatxs=1

Osmotic Pressure

Osmosis is a process by which solvent can pass through a semi-permeable membrane (a membrane through which solvent can
pass, but not solute) from an area of low solute concentration to a region of high solute concentration. The osmotic pressure is the
pressure that when exerted on the region of high solute concentration will halt the process of osmosis.

p
(e

[ S
& =

na®(p) pA(P+7)

The nature of osmosis and the magnitude of the osmotic pressure can be understood by examining the chemical potential of a pure
solvent and that of the solvent in a solution. The chemical potential of the solvent in the solution (before any extra pressure is
applied) is given by

pa=pgy +RTInxa

And since x, < 1, the chemical potential is of the solvent in a solution is always lower than that of the pure solvent. So, to prevent
osmosis from occurring, something needs to be done to raise the chemical potential of the solvent in the solution. This can be
accomplished by applying pressure to the solution. Specifically, the process of osmosis will stop when the chemical potential
solvent in the solution is increased to the point of being equal to that of the pure solvent. The criterion, therefore, for osmosis to
cease is

15 (P) = pa(xp, +m)

To solve the problem to determine the magnitude of p, the pressure dependence of the chemical potential is needed in addition to
understanding the effect the solute has on lowering the chemical potential of the solvent in the solution. The magnitude, therefore,
of the increase in chemical potential due to the application of excess pressure p must be equal to the magnitude of the reduction of
chemical potential by the reduced mole fraction of the solvent in the solution. We already know that the chemical potential of the
solvent in the solution is reduced by an amount given by

1% —ta = RTInx,

And the increase in chemical potential due to the application of excess pressure is given by

o) =)+ ' (Z—Z)po

The integrals on the right can be evaluated by recognizing
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8,u>
— ] =V
(81’ T

where V' is the molar volume of the substance. Combining these expressions results in
ptm
—RTIny, = / Vdp
P

If the molar volume of the solvent is independent of pressure (has a very small value of x7 — which is the case for most liquids) the
term on the right becomes.

/7r VdP=Vpl'" =Vx
P
Also, for values of x 4 very close to 1
Inx, ~—(1-x4)=—x5
So, for dilute solutions
xpRT =Vm
Or after rearrangement

xsRT
g2
%
again, where V is the molar volume of the solvent. And finally, since xp/V is the concentration of the solute B for cases where
np <K n4 . This allows one to write a simplified version of the expression which can be used in the case of very dilute solutions

7 =|B|RT

When a pressure exceeding the osmotic pressure 7 is applied to the solution, the chemical potential of the solvent in the solution
can be made to exceed that of the pure solvent on the other side of the membrane, causing reverse osmosis to occur. This is a very
effective method, for example, for recovering pure water from a mixture such as a salt/water solution.

This page titled 9.6: Colligative Properties is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

o 7.6: Colligative Properties by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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9.7: Solubility

The maximum solubility of a solute can be determined using the same methods we have used to describe colligative properties. The
chemical potential of the solute in a liquid solution can be expressed

pp(solution) = p(liquid) + RT Inxp

If this chemical potential is lower than that of a pure solid solute, the solute will dissolve into the liquid solvent (in order to achieve
a lower chemical potential!) So the point of saturation is reached when the chemical potential of the solute in the solution is equal
to that of the pure solid solute.

p4(solid) = ps,(liquid) + RT Inxp
Since the mole fraction at saturation is of interest, we can solve for In(x ).

p%(solid) = p% (liquid)

1 =
nXB RT
The difference in the chemical potentials is the molar Gibbs function for the phase change of fusion. So this can be rewritten
, —AG‘}M
nxp=——-——
XB RT

It would be convenient if the solubility could be expressed in terms of the enthalpy of fusion for the solute rather than the Gibbs
function change. Fortunately, the Gibbs-Helmholtz equation gives us a means of making this change. Noting that

AG
M _am

or T2
P
Differentiation of the above expression for In( g) with respect to T' at constant p yields

Olnxp 1 AHfus
or ), R T2

Separating the variables puts this into an integrable form that can be used to see how solubility will vary with temperature:

/~1n)<3d1 1 /T AHfusdT
nxp==4 [ —F5—
0 R Jr, T?

So if the enthalpy of fusion is constant over the temperature range of T to the temperature of interest,

EETR\T, T

And xp will give the mole fraction of the solute in a saturated solution at the temperature 7". The value depends on both the
enthalpy of fusion, and the normal melting point of the solute.

This page titled 9.7: Solubility is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.
o 7.7: Solubility by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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9.8: Non-ideality in Solutions - Activity

The bulk of the discussion in this chapter dealt with ideal solutions. However, real solutions will deviate from this kind of behavior.
So much as in the case of gases, where fugacity was introduced to allow us to use the ideal models, activity is used to allow for the
deviation of real solutes from limiting ideal behavior. The activity of a solute is related to its concentration by

mp

o

ap =7

where 1 is the activity coefficient, mp is the molaliy of the solute, and m® is unit molality. The activity coefficient is unitless in
this definition, and so the activity itself is also unitless. Furthermore, the activity coefficient approaches unity as the molality of the
solute approaches zero, insuring that dilute solutions behave ideally. The use of activity to describe the solute allows us to use the
simple model for chemical potential by inserting the activity of a solute in place of its mole fraction:

pup=ugz+RTInap

The problem that then remains is the measurement of the activity coefficients themselves, which may depend on temperature,
pressure, and even concentration.

Activity Coefficients for lonic Solutes
For an ionic substance that dissociates upon dissolving
MX(s) = M™"(aq) + X (aq)

the chemical potential of the cation can be denoted - and that of the anion as . For a solution, the total molar Gibbs function of
the solutes is given by

G=pq+p-
where
p=p"+RTlna

where \(\mu/*\) denotes the chemical potential of an ideal solution, and a is the activity of the solute. Substituting his into the
above relationship yields

G=p* +RT'na; +p* +RT1na_
Using a molal definition for the activity coefficient
A =Yy
The expression for the total molar Gibbs function of the solutes becomes
G=ptL +RT'Inyym; +p* +RTIny-m_
This expression can be rearranged to yield
G=pt +p* +RT'Inm m_+RTInvy,v_

where all of the deviation from ideal behavior comes from the last term. Unfortunately, it impossible to experimentally deconvolute
the term into the specific contributions of the two ions. So instead, we use a geometric average to define the mean activity
coefficient, v_..

Y+ =1+
For a substance that dissociates according to the general process
M, X,(s) = «M"" (aq) +yX"" (aq)
the expression for the mean activity coefficient is given by

ve = (y3yY )=ty
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Debeye-Hiickel Law

In 1923, Debeye and Hiickel (Debye & Hiickel, 1923) suggested a means of calculating the mean activity coefficients from
experimental data. Briefly, they suggest that

1.824 x 10°
(6T)3/2

where € is the dielectric constant of the solvent, T is the temperature in K, z; and z_ are the charges on the ions, and I is the ionic
strength of the solution. I is given by

logyg v+ = |24 +2- |VI

I 1 m+z3—|—m,z3
2 me

For a solution in water at 25 °C,

This page titled 9.8: Non-ideality in Solutions - Activity is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.

« 7.8: Non-ideality in Solutions - Activity by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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9.9: Prelude to Phase Equilibrium

From the very elementary stages of our journey to describe the physical nature of matter, we learn to classify mater into three (or
more) phases: solid, liquid, and gas. This is a fairly easy classification system that can be based on such simple ideas as shape and

volume.
Phase Shape Volume
Solid Fixed Fixed
Liquid Variable Fixed
Gas Variable Variable

As we have progressed, we have seen that solids and liquids are not completely incompressible as they may have non-zero values
of k7. And we learn that there are a number of finer points to describing the nature of the phases about which we all learn in grade
school. In this chapter, we will employ some of the tools of thermodynamics to explore the nature of phase boundaries and see
what we can conclude about them.

This page titled 9.9: Prelude to Phase Equilibrium is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.

« 8.1: Prelude to Phase Equilibrium by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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9.E: Mixtures and Solutions (Exercises)
Q7.1

The compression factor (Z) for O, at 200 K is measured to have the following values:

p (atm) Z
1.000 0.9970
4.000 0.9880
7.000 0.9788

10.000 0.9700

Using numerical integration, calculate the fugacity constant for O at 200 K from these data.

Q7.2
The normal boiling point of ethanol is 78.4 °C. Its enthalpy of vaporization is 38.6 kJ/mol. Estimate the vapor pressure of ethanol at
24.4°C.
Q7.3
When 20.0 grams of an unknown nonelectrolyte compound are dissolved in 500.0 grams of benzene, the freezing point of the
resulting solution is 3.77 °C. The freezing point of pure benzene is 5.444 °C and the cryoscopic constant (K ) for benzene is 5.12
°C/m. What is the molar mass of the unknown compound?
Q7.4
Consider a mixture of two volatile liquids, A and B. The vapor pressure of pure liquid A is 324.3 Torr and that of pure liquid B is
502.3 Torr. What is the total vapor pressure over a mixture of the two liquids for which xg = 0.675?
Q7.5
Consider the following expression for osmotic pressure

nV =xgRT (9.E.1)

where 7 is the osmotic pressure, V' is the molar volume of the solvent, xp is the mole fraction of the solute, R is the gas law
constant, and 7 is the temperature (in Kelvin).

The molar volume of a particular solvent is 0.0180 L/mol. 0.200 g of a solute (B) is dissolved in 1.00 mol of the solvent. The
osmotic pressure of the solvent is then measured to be 0.640 atm at 298 K. Calculate the molar mass of the solute.

Q7.6

At 300 K, the vapor pressure of HCI(g) over a solution of HC! in GeCl, are summarized in the following table. Calculate the
Henry’s Law constant for HCI based on these data.

XHCL Py (kPa)
0.005 32.0
0.012 76.9
0.019 121.8

Q7.7

Consider the mixing of 1.00 mol of hexane (CgH1») with 1.00 mole of benzene (CgHg). Calculate \(\Delta H\), \(\Delta S\), and \
(\Delta G\) of mixing, of the mixing occurs ideally at 298 K.
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9.E: Phase Equilibrium (Exercises)

This page titled 9.E: Phase Equilibrium (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by

Patrick Fleming.
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9.S: Mixtures and Solutions (Summary)

Learning Objectives
After mastering the material in this chapter, one will be able to

1. Describe the thermodynamics of mixing and calculate \(\Delta H\), \(\Delta S\), and \(\Delta G\) or mixing for an ideal solution.
2. Define chemical potential, and calculate its value as a function of pressure and composition.

3. Derive expressions for the colligative properties and perform calculations using the relationships.

4. Estimate the maximum solubility of a solute in a solvent based on the concept equality of chemical potential at saturation.

5. Define fugacity and activity.

6. Calculate the mean activity coefficients of ions in solution based on the ionic strength of the solution.

Vocabulary and Concepts
e activity

e activity coefficient

o chemical potential

e cryoscopic constant

o ebullioscopic constant

o enthalpy of mixing

o fugacity

o fugacity coefficient

e Gibbs-Duhem equation

o ideal mixture

o ionic strength

e mean activity coefficient

e 0SMOSis

e osmotic pressure

¢ Raoult’s Law

e solute

¢ solution

o solvent

o the partial molar Gibbs function
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9.10: Single Component Phase Diagrams

The stability of phases can be predicted by the chemical potential, in that the most stable form of the substance will have the
minimum chemical potential at the given temperature and pressure. This can be summarized in a phase diagram like the one shown

below.
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In this diagram, the phase boundaries can be determined by measuring the rate of cooling at constant temperature. A typical cooling
curve is shown below. The temperature will decrease over time as a sample is allowed to cool. When 1 the substance undergoes a
phase change, say from liquid to solid, the temperature will stop changing while heat is extracted due to the phase change. The
temperature at which the halt occurs provides one point on the boundary at the temperature of the halt and the pressure at which the
cooling curve was measured.

halt

Temperature

Time

The same data can be obtained by heating the system using a technique such as scanning calorimetry. In this experiment, heat is
supplied to a sample at a constant rate, and the temperature of the sample is measured, with breaks occurring at the phase change
temperatures.

This page titled 9.10: Single Component Phase Diagrams is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated
by Patrick Fleming.

« 8.2: Single Component Phase Diagrams by Patrick Fleming is licensed CC BY-NC-SA 4.0.

https://chem.libretexts.org/@go/page/199238



https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199238?pdf
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.10%3A_Single_Component_Phase_Diagrams
https://chem.libretexts.org/Courses/University_of_Georgia/CHEM_3212%3A_Physical_Chemistry_II/09%3A_Phase_Equilibria/9.10%3A_Single_Component_Phase_Diagrams
https://creativecommons.org/licenses/by-nc-sa/4.0
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://chem.libretexts.org/@go/page/84337
http://www.csueastbay.edu/directory/profiles/chem/flemingpatrick.html
https://creativecommons.org/licenses/by-nc-sa/4.0/

LibreTexts"

9.11: Criterion for Phase Equilibrium

The thermodynamic criterion for phase equilibrium is simple. It is based upon the chemical potentials of the components in a
system. For simplicity, consider a system with only one component. For the overall system to be in equilibrium, the chemical
potential of the compound in each phase present must be the same. Otherwise, there will be some mass migration from one phase to
another, decreasing the total chemical potential of the phase from which material is being removed, and increasing the total
chemical potential of the phase into which the material is being deposited. So for each pair of phases present (« and () the
following must be true:

Ha = Hp

Gibbs Phase Rule

The Gibbs phase rule describes the number of compositional and phase variables that can be varied freely for a system at
equilibrium. For each phase present in a system, the mole fraction of all but one component can be varied independently. However,

the relationship
Y-t
i

places a constraint on the last mole fraction. As such, there are C—1 compositional degrees of freedom for each phase present,
where C' is the number of components in the mixture. Similarly, all but one of the chemical potentials of each phase present must
be equal, leaving only one that can be varied independently, leading to P—1 thermodynamic constraints placed on each component.
Finally, there are two state variables that can be varied (such as pressure and temperature), adding two additional degrees of
freedom to the system. The net number of degrees of freedom is determined by adding all of the degrees of freedom and
subtracting the number of thermodynamic constraints.

F =2+P(C-1)-C(P-1)
=24+PC—-P—-PC+C
=2+C-P (9.11.1)
Equation 9.11.11is the Gibbs phase rule.

v/ Example 9.11.1:

Show that the maximum number of phases that can co-exist at equilibrium for a single component system is P = 3.

Solution
The maximum number of components will occur when the number of degrees of freedom is zero.

0=2+1-P
P=3

Note: This shows that there can never be a “quadruple point” for a single component system!

Because a system at its triple point has no degrees of freedom, the triple point makes a very convenient physical condition at which
to define a temperature. For example, the International Practical Temperature Scale of 1990 (IPT-90) uses the triple points of
hydrogen, neon, oxygen, argon, mercury, and water to define several low temperatures. (The calibration of a platinum resistance
thermometer at the triple point of argon, for example, is described by Strouse (Strouse, 2008)). The advantage to using a triple
point is that the compound sets both the temperature and pressure, rather than forcing the researcher to set a pressure and then
measure the temperature of a phase change, introducing an extra parameter than can introduce uncertainty into the measurement.
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9.12: The Clapeyron Equation

Based on the thermodynamic criterion for equilibrium, it is possible to draw some conclusions about the state variables p and T
and how they are related along phase boundaries. First, the chemical potentials of the two phases @ and 8 in equilibrium with one
another must be equal.

Ha = 18 (9.12.1)

Also, any infinitesimal changes to the chemical potential of one phase must be offset by an infinitesimal change to the chemical
potential of the other phase that is equal in magnitude.

Mo + Ao = pg+dug (9.12.2)
Taking the difference between these Equations 9.12.1and 9.12.2shows that
dpra = dpg
And since dy can be expressed in terms of molar volume and molar entropy
dyp =Vdp—SdT

It is clear that there will be constraints placed on changes of temperature and pressure while maintaining equilibrium between the
phases.

VadP — 8,dT = VgdP — SgdT
Gathering pressure terms on one side and temperature terms on the other
(Vo —V3)dP = (So — Sp)dT

The differences V,, — V3 and S, — Sg are the changes in molar volume and molar entropy for the phase changes respectively. So
the expression can be rewritten

AVdp = ASdT
or
dp AS
T AT (9.12.3)

Equation 9.12.3is the Clapeyron equation. This expression makes it easy to see how the phase diagram for water is qualitatively
different than that for most substances. Specifically, the negative slope of the solid-liquid boundary on a pressure-temperature
phase diagram for water is very unusual, and arises due to the fact that for water, the molar volume of the liquid phase is smaller
than that of the solid phase.

Given that for a phase change

AH,p,
ASphase = %
the Clapeyron equation is sometimes written
dp AH
—_— = 124
dT'  TAV ® )

v/ Example 9.12.1: Freezing WAter

Calculate the magnitude of the change in freezing point for water (AHj,, =6.009 kJ/mol) and the density of ice is
pice = 0.9167 g/cm? while that for liquid water is pjiguia = 0.9999 g/cm?®) for an increase in pressure of 1.00 atm at 273 K.

Solution
The molar volume of ice is given by
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g 1moal 1000 cm? _ L
(0'9167 cm3) (18.0169) ( 1L =TT

The molar volume of liquid water at 0 °C is given by

g 1mol 1000 cm? L
0.9999 =55.50 —
( cm3) (18.016g) ( 1L mol

So AV for the phase change of solid — liquid (which corresponds to an endothermic change) is

50.88 -2 _55.50 X — _4.60 L
mol mol mol

To find the change in temperature, use the Clapeyron Equation (Equation 9.12.4) and separating the variables

B AHyy, dt

AV T

Integration (with the assumption that AH,; /AV does not change much over the temperature range) yields

/p2 AHfus / T2 dt
dp = —
pl AV T1 T

AHy, T:
p2—p1=Ap= fsln(—2)

AV Th
or
T, =T exp ( AVAp)
AHy,,
SO

(1 atm) (—4.62 L

mol)< 8.314J )

T, = (273 K) exp

J 0.08206 atm L
6009— o
mol conversion factor
T, =2525 K

AT =T, —-T1 =2525 K—-273 K =-20.5 K

So the melting point will decrease by 20.5 K. Note that the phase with the smaller molar volume is favored at the higher
pressure (as expected from Le Chatelier's principle)!
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9.13: The Clausius-Clapeyron Equation

The Clapeyron equation can be developed further for phase equilibria involving the gas phase as one of the phases. This is the case
for either sublimation (solid — gas) or vaporization (liquid — gas). In the case of vaporization, the change in molar volume can
be expressed

AV = Vgas - ‘/liqm'd

Since substances undergo a very large increase in molar volume upon vaporization, the molar volume of the condensed phase
(liquid in this case) is negligibly small compared to the molar volume of the gas (i.e., Vgas > Viiquiq ). So,

AV~ Vs
And if the vapor can be treated as an ideal gas,
RT
Vs = —
op
Substitution into the Claperyron equation yields
d_p o pAHvap
dT  RT?
Separating the variables puts the equation into an integrable form.
pAHvap dT
dp = —_— 9.13.1
p 7 T ( )
Noting that
dT 1
[ _d _—
7 -(7)

makes the integration very easy. If the enthalpy of vaporization is independent of temperature over the range of conditions,

/p2@:_AHuap TQd(i)
D p R Ty T

1

AH,, 1 1
b2y _ el 1 1
ln<p1 ) = R ( 2 ] > (9.13.2)

This is the Clausius-Clapeyron equation. It can also be used to describe the boundary between solid and vapor phases by
substituting the enthalpy of sublimation (A Hyy,)

v/ Example 9.13.1

The vapor pressure of a liquid triples when the temperature is increased from 25 °C to 45 °C. What is the enthalpy of
vaporization for the liquid?

Solution
The problem can be solved using the Clausius-Clapeyron equation (Equation 9.13.2). The following values can be used:

p2 = 3p1 T, =318K
p1=Dp1 T, =298 K

Substitution into the Clausius-Clapeyron equation yields
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()AL 1)
p1 9.314 J 318 K 298K

mol K
J kJ
AH,q, =43280 — =43.28 —
mol mol

The Clausius-Clapeyron equation also suggests that a plot of In(p) vs. 1/T should yield a straight line, the slope of which is
—AH /R (provided that A H,,,, is independent of temperature over the range of temperatures involved..

AHva
In(p) = —Tp (%) + const.

This approach in Example 9.13.1is very useful when there are several pairs of measurements of vapor pressure and temperature.
Such a plot is shown below for water.

Clausius-Clapeyron plot for H,0

In{p/1 Torr) = -5188.3 K/T + 20.552

In(p/1 Torr)

7
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1T (KY
Figure 9.13.1

For water, which has a very large temperature dependence, the linear relationship of In(p) vs. 1/T holds fairly well over a broad
range of temperatures. So even though there is some curvature to the data, a straight line fit still results in a reasonable description
of the data (depending, of course, on the precision needed in the experiment.) For this fit of the data, AH,q, is found to be 43.14
kJ/mol.

Temperature Dependence to A Hyqp

For systems that warrant it, temperature dependence of AH,,, can be included into the derivation of the model to fit vapor
pressure as a function of temperature. For example, if the enthalpy of vaporization is assumed to take the following empirical form

AH,o, = AH, +aT +bT?
and substituting it into the differential form of the Clausius-Clapeyron equation (Equation 9.13.1) generates

dp _ AH,+aT+bT* dT

p R T2
or
AH, dT
d_p = 9 d_ 4 d_T + ﬂdT
D R 72 RT R
And so the integrated form becomes
AH, (1 b
In(p) = ,To (?) + %lanL ETJrconstant

The results of fitting these data to the temperature dependent model are shown in the table below.

AH, (J mol'l) a (JmollK1) b (J mol'l K2) c
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AH, (J mol) a(Jmol' K1) b (J mol'! K?) c

43080 0.01058 0.000501 20.50

This results in calculated values of AH,q, of 43.13 kJ/mol at 298 K, and 43.15 kJ/mol at 373 K. The results are a little bit skewed
since there is no data above 100 °C included in the fit. A larger temperature dependence would be found if the higher-temperature
data were included in the fit.
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10.1: Prelude to Chemical Equilibria

The small is great, the great is small; all is in equilibrium in necessity... - Victor Hugo in
“Les Miserables”

As was discussed in Chapter 6, the natural tendency of chemical systems is to seek a state of minimum Gibbs function. Once the
minimum is achieved, movement in any chemical direction will not be spontaneous. It is at this point that the system achieves a
state of equilibrium.

AGrn >0

AGrn >0

AGrn =0

Reaction coordinate &

From the diagram above, it should be clear that the direction of spontaneous change is determined by minimizing

(%)
0¢ p’T'

If the slope of the curve is negative, the reaction will favor a shift toward products. And if it is positive, the reaction will favor a
shift toward reactants. This is a non-trivial point, as it underscores the importance of the composition of the reaction mixture in the
determination of the direction of the reaction.
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10.2: Chemical Potential

Equilibrium can be understood as accruing at the composition of a reaction mixture at which the aggregate chemical potential of
the products is equal to that of the reactants. Consider the simple reaction

A(g) = B(g)
The criterion for equilibrium will be
Ha=HB

If the gases behave ideally, the chemical potentials can be described in terms of the mole fractions of A and B

uf4+RT1n(pA ) :u"B—l—RTln(pB) (10.2.1)
Ptot Ptot
where Dalton’s Law has been used to express the mole fractions.
_ Db
Xi=_—"
Ptot

Equation 10.2.1 can be simplified by collecting all chemical potentials terms on the left

DB pa
° —u% =RT1In —RT1n 10.2.2
Ha—Hs (ptot) (Ptot> ( )

Combining the logarithms terms and recognizing that
1y — B AG?
for the reaction, one obtains

~AGe = RTln(p—B)
ba
And since p4 /pp = K, for this reaction (assuming perfectly ideal behavior), one can write

AG° = RTInK,

Another way to achieve this result is to consider the Gibbs function change for a reaction mixture in terms of the reaction
quotient. The reaction quotient can be expressed as

. Hi pl'/ ’
11,7/

where v; are the stoichiometric coefficients for the products, and v; are those for the reactants. Or if the stoichiometric coefficients
are defined by expressing the reaction as a sum
0= Z l/iXi
i

where X; refers to one of the species in the reaction, and v; is then the stoichiometric coefficient for that species, it is clear that v;

@p

will be negative for a reactant (since its concentration or partial pressure will reduce as the reaction moves forward) and positive
for a product (since the concentration or partial pressure will be increasing.) If the stoichiometric coefficients are expressed in this
way, the expression for the reaction quotient becomes
Vi
& =]]»
i

Using this expression, the Gibbs function change for the system can be calculated from
AG=AG’+RTInQ,

And since at equilibrium
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AG=0
and
Qp = Kp
It is evident that
AG%, =—RTInK, (10.2.3)

It is in this simple way that K, and AG® are related.

It is also of value to note that the criterion for a spontaneous chemical process is that AG,,, < 0, rather than AG%,,, as is
stated in many texts! Recall that AGZ,,, is a function of all of the reactants and products being in their standard states of unit
fugacity or activity. However, the direction of spontaneous change for a chemical reaction is dependent on the composition of
the reaction mixture. Similarly, the magnitude of the equilibrium constant is insufficient to determine whether a reaction will
spontaneously form reactants or products, as the direction the reaction will shift is also a function of not just the equilibrium
constant, but also the composition of the reaction mixture!

v/ Example 10.2.1:

Based on the data below at 298 K, calculate the value of the equilibrium constant (K,) for the reaction

2NO(g) +02(g9) = 2N 02(g)

NO(9) NO;(g)

G; (kJ/mol) 86.55 51.53

Solution
First calculate the value of AGY,, from the AG?c data.

AGY, =2 x (51.53 kJ /mol) — 2 x (86.55 kJ/mol) = —70.04 kJ /mol
And now use the value to calculate K, using Equation 10.2.3,
—70040 J/mol = —(8.314J/(mol K)(298 K)In K,
K, =1.89 x 10"

Note: as expected for a reaction with a very large negative AGY,,, the equilibrium constant is very large, favoring the
formation of the products.

This page titled 10.2: Chemical Potential is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick

Fleming.
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10.3: Activities and Fugacities

To this point, we have mostly ignored deviations from ideal behavior. But it should be noted that thermodynamic equilibrium
constants are not expressed in terms of concentrations or pressures, but rather in terms of activities and fugacities (both being
discussed in Chapter 7). Based on these quantities,

K,= Hfi”f (10.3.1)

and
K. = H a;

And since activities and fugacities are unitless, thermodynamic equilibrium constants are unitless as well. Further, it can be noted
that the activities of solids and pure liquids are unity (assuming ideal behavior) since they are in their standard states at the given
temperature. As such, these species never change the magnitude of the equilibrium constant and are generally omitted from the
equilibrium constant expression.

I Thermodynamic equilibrium constants are unitless.

Kp and K¢

Oftentimes it is desirable to express the equilibrium constant in terms of concentrations (or activities for systems that deviate from
ideal behavior.) To make this conversion, the relationship between pressure and concentration from the ideal gas law can be used.

ponr(2)

And noting that the concentration is given by (n/V), the expression for the equilibrium constant (Equation 10.3.1) becomes

K, = | [(RT[X:))" (10.3.2)

And since for a given temperature, RT is a constant and can be factored out of the expression, leaving

K, = (H(RT)”"> (H[Xi]”) (10.3.3)

i i

= (RT)=" [[1x:)" (10.3.4)

— (RT)>" K, (10.3.5)
This conversion works for reactions in which all reactants and products are in the gas phase. Care must be used when applying this
relationship to heterogeneous equilibria.
This page titled 10.3: Activities and Fugacities is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.
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10.4: Pressure Dependence of Kp - Le Chatelier's Principle

Since the equilibrium constant K, is a function of AGY,, which is defined for a specific composition (all reactants in their
standard states and at unit pressure (or fugacity), changes in pressure have no effect on equilibrium constants for a fixed
temperature. However, changes in pressure can have profound effects on the compositions of equilibrium mixtures.

To demonstrate the relationship, one must recall Dalton’s law of partial pressures. According to this relationship, the partial
pressure of a component of a gas-phase mixture can be expressed

Pi = XtPtot
It is the combination of mole fractions that describes the composition of the equilibrium mixture.

Substituting the above expression into the expression for K, yields
K, = H(Xiptot)ui
i

This expression can be factored into two pieces — one containing the mole fractions and thus describing the composition, and one
containing the total pressure.

— Vi Vi
K, = H Xi Hptot
i i
The second factor is a constant for a given total pressure. If the first term is given the symbol K, the expression becomes
K,=K, (ptot)zi Y
In this expression, K, has the same form as an equilibrium constant

K, =[[x>"

but is not itself a constant. The value of K, will vary with varying composition, and will need to vary with varying total pressure
(in most cases) in order to maintain a constant value of K.

v/ Example 10.4.1:

Consider the following reaction at equilibrium.
A(g)+2B(g) = C(9)+ D(9)
In which direction will the equilibrium shift if the volume of the reaction vessel is decreased?

Solution
A decrease in the volume will lead to an increase in total pressure. Since the equilibrium constant can be expressed as

-1

PcPD XpXD
Ky = 5 2 (Ptot)
pPAPE  X4AXB
An increase in pressure will lead to an increase in K, to maintain a constant value of K. So the reaction will shift to form

more of the products C' and D.

Note: This should make some sense, since a shift to the side of the reaction with fewer moles of gas will lower the total
pressure of the reaction mixture, and thus relieving the stress introduced by increasing the pressure. This is exactly what is
expected according to Le Chatelier's principle.

It should be noted that there are several ways one can affect the total pressure of a gas-phase equilibrium. These include the
introduction or removal of reactants or products (perhaps through condensation or some other physical process), a change in
volume of the reaction vessel, or the introduction of an inert gas that does not participate in the reaction itself. (Changes in the
temperature will be discussed in a later section.) The principle of Le Chatelier's can be used as a guide to predict how the
equilibrium composition will respond to a change in pressure.
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Le Chatelier's principle: When a stress is introduced to a system at equilibrium, the
system will adjust so as to reduce the stress.

Le Chatlier’s principle is fairly clear on how to think about the addition or removal of reactants or products. For example, the
addition of a reactant will cause the system to shift to reduce the partial pressure of the reactant. It can do this by forming more
products.

An important exception to the rule that increasing the total pressure will cause a shift in the reaction favoring the side with fewer
moles of gas occurs when the total pressure is increased by introducing an inert gas to the mixture. The reason is that the
introduction of an inert gas will affect the total pressures and the partial pressures of each individual species.

v/ Example 10.4.2:

A 1.0 L vessel is charged with 1.00 atm of A, and the following reaction is allowed to come to equilibrium at 298 K.
A(g) = 2B(g)
with K, = 3.10.

a. What are the equilibrium partial pressures and mole fractions of A and B?

b. If the volume of the container is doubled, what are the equilibrium partial pressures and mole fractions of A and B?

c. If 1.000 atm of Ar (an inert gas) is introduced into the system described in b), what are the equilibrium partial pressures and
mole fractions of A and B once equilibrium is reestablished?

Solution
Part a:

First, we can use an ICE[1] table to solve part a).

A 2B
Initial 1.00 atm 0
Change -X +2x
Equilibrium 1.00 atm - x 2x
So (for convenience, consider K, to have units of atm)
3.10atm = ﬂ
1.00atm —x

Solving for z yields values of
1 = —1.349 atm
z1 =0.574 atm

Clearly, 1, while a solution to the mathematical problem, is not physically meaningful since the equilibrium pressure of B
cannot be negative. So the equilibrium partial pressures are given by

pa =1.00atm —0.574 atm = 0.426 atm
pp =2(0.574 atm) =1.148 atm

So the mole fractions are given by
0.426 at
chiy = am =0.271
0.426 atm +1.148 atm

xp=1-x,4=1-0.271=0.729

Partb:

@ 0 g @ 10.4.2 https://chem.libretexts.org/@go/page/199249


https://libretexts.org/
https://creativecommons.org/licenses/by-nc-sa/4.0/
https://chem.libretexts.org/@go/page/199249?pdf

LibreTexts"

The volume is doubled. Again, an ICE table is useful. The initial pressures will be half of the equilibrium pressures found in

part a).
A 2B
Initial 0.213 atm 0.574 atm
Change -X +2x
Equilibrium 0.213 atm - x 0.574 atm + 2x

So the new equilibrium pressures can be found from

(0.574 atm +2z)?

3-10atm = o im =

And the values of z that solve the problem are
x1 = —1.4077 atm
x1 =0.05875 atm

We reject the negative root (since it would cause both of the partial pressures to become negative. So the new equilibrium
partial pressures are

pa =0.154 atm
pp =0.0692 atm
And the mole fractions are
X4 =0.182
xB =0.818

We can see that the mole fraction of A decreased and the mole fraction B increased. This is the result expected by Le
Chatlier’s principle since the lower total pressure favors the side of the reaction with more moles of gas.

Part c:

We introduce 1.000 atm of an inert gas. The new partial pressures are
pa =0.154 atm
pp =0.692 atm
par =1.000 atm

And because the partial pressures of A and B are unaffected, the equilibrium does not shift! What is affected is the
composition, and so the mole fractions will change.

0.154 atm
= = . 41
XA = 0 T5datm 10.602 atm + 1.000 atm 053
0.692 atm
pry = . 4].
XB = G5 tatm 10.692 atm 1 1.000 atm 0003
1.000 at
X dr 000 atm —0.08341

= 0.154atm +0.692 atm + 1.000 atm

And since
K p = K @ (ptot )

(0.3749)>
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Within round-off error, the value obtained is the equilibrium constant. So the conclusion is that the introduction of an inert gas,
even though it increases the total pressure, does not induce a change in the partial pressures of the reactants and products, so it
does not cause the equilibrium to shift.

[1] ICE is an acronym for “Initial, Change, Equilibrium”. An ICE table is a tool that is used to solve equilibrium problems in terms
of an unknown number of moles (or something proportional to moles, such as pressure or concentration) will shift for a system to
establish equilibrium. See (Tro, 2014) or a similar General Chemistry text for more background and information.

This page titled 10.4: Pressure Dependence of Kp - Le Chatelier's Principle is shared under a CC BY-NC-SA 4.0 license and was authored,
remixed, and/or curated by Patrick Fleming.

¢ 9.4: Pressure Dependence of Kp - Le Chatelier's Principle by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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10.5: Degree of Dissociation

Reactions such as the one in the previous example involve the dissociation of a molecule. Such reactions can be easily described in
terms of the fraction of reactant molecules that actually dissociate to achieve equilibrium in a sample. This fraction is called the

degree of dissociation. For the reaction in the previous example
A(g) = 2B(g)

the degree of dissociation can be used to fill out an ICE table. If the reaction is started with n moles of A, and a is the fraction of A
molecules that dissociate, the ICE table will look as follows.

A 2B
Initial n 0
Change —an +2na
Equilibrium n(l—a) 2na
The mole fractions of A and B can then be expressed by
B n(l —a)
xa = n(l —a)+2na
_1l-«
C1l+ta
_ 2a
XB =T +a
Based on these mole fractions
20 2
K, -1t (10.5.1)
T 1-a e
1+o
402
R (10.5.2)
And so K, which can be expressed as
Kp :Kw(ptot)zyi (1053)
is given by
4a?
K, =——(pw
p (1 _ 02) (pt t)

v/ Example 10.5.1

Based on the values given below, find the equilibrium constant at 25 °C and degree of dissociation for a system that is at a total
pressure of 1.00 atm for the reaction

N204(g) - 2N02 (g)

N2O4(g) NO,(g)

AGS (kJ/mol) 99.8 51.3

Solution
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First, the value of K, can be determined from AG?,, via an application of Hess' Law.
AG2y, =2(51.3kJ/mol) —99.8 kJ/mol =2.8kJ/mol
So, using the relationship between thermodynamics and equilibria
AG‘} =—-RTIhK,
2800 kJ/mol = —(8.314J/(mol K)(298 K)In K,
K, =0.323 atm

The degree of dissociation can then be calculated from the ICE tables at the top of the page for the dissociation of N2O4(g):

40?2
Ky = 77 (Prot)
4 2
0.323 atm = ———(1.00 atm)
1-a?
Solving for a,
a=0.273

Note: since a represents the fraction of N,0O, molecules dissociated, it must be a positive number between 0 and 1.

v/ Example 10.5.2

Consider the gas-phase reaction
A+2B=2C

A reaction vessel is initially filled with 1.00 mol of A and 2.00 mol of B. At equilibrium, the vessel contains 0.60 mol C and a
total pressure of 0.890 atm at 1350 K.

1. How many mol of A and B are present at equilibrium?
2. What is the mole fraction of A, B, and C at equilibrium?
3. Find values for K, K, and AG?z,.

Solution
Let’s build an ICE table!
A 2B 2C
Initial 1.00 mol 2.00 mol 0
Change -X -2x +2x
Equilibrium 1.00 mol - x 2.00 mol - 2x 2x = 0.60 mol

From the equilibrium measurement of the number of moles of C, x = 0.30 mol. So at equilibrium,

A 2B 2C

Equilibrium 0.70 mol 1.40 mol 0.60 mol

The total number of moles at equilibrium is 2.70 mol. From these data, the mole fractions can be determined.
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XA = % =0.259
XB = % =0.519
Xc = % =0.222
So K, is given by
K, = (02—22)2 =0.7064

(0.259)(0.519)2
And K, is given by Equation 10.5.3 so
K, =0.7604(0.890 atm) ' =0.792 atm ™"

The thermodynamic equilibrium constant is unitless, of course, since the pressures are all divided by 1 atm. So the actual value of
K, is 0.794. This value can be used to calculate AG?,, using

AGS,, = —RTIK,
SO

AGS, = —(8.314 J/(mol K))(1350 K)In(0.792)
= 2590 J/mol

This page titled 10.5: Degree of Dissociation is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
Fleming.

¢ 9.5: Degree of Dissociation by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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10.6: Temperature Dependence of Equilibrium Constants - the van’'t Hoff Equation

The value of K, is independent of pressure, although the composition of a system at equilibrium may be very much dependent on
pressure. Temperature dependence is another matter. Because the value of AG?Y,,, is dependent on temperature, the value of K, is
as well. The form of the temperature dependence can be taken from the definition of the Gibbs function. At constant temperature

and pressure

T T

T, Ty
Substituting
AG°=—-RTInK

For the two values of AG? and using the appropriate temperatures, yields

fRTganz . 7RT1 anl :AHO L_i
it T o Ty

And simplifying the expression so that only terms involving K are on the left and all other terms are on the right results in the van
’t Hoff equation, which describes the temperature dependence of the equilibrium constant.

K\  AH°[(1 1

Because of the assumptions made in the derivation of the Gibbs-Helmholtz equation, this relationship only holds if AH? is
independent of temperature over the range being considered. This expression also suggests that a plot of In(K) as a function of
1/T should produce a straight line with a slope equal to — AH®/R. Such a plot is known as a van ’t Hoff plot, and can be used to
determine the reaction enthalpy.

v/ Example 10.6.1

A certain reaction has a value of K, =0.0260 at 25 °C and AH%,,, = 32.4 kJ/mol. Calculate the value of K}, at 37 °C.

Solution
This is a job for the van ’t Hoff equation!

e T;=298K

e T,=310K

o AHS, =32.4kJ/mol
e K;=0.0260

o Ky=7

So Equation 10.6.1becomes

K2 ) 324007/mol 1 1
"\ 0.0260) ~ 8.314K/(molK) \ 310K 298K
Ky =0.0431

Note: the value of K, increased with increasing temperature, which is what is expected for an endothermic reaction. An
increase in temperature should result in an increase of product formation in the equilibrium mixture. But unlike a change in
pressure, a change in temperature actually leads to a change in the value of the equilibrium constant!

v/ Example 10.6.2

Given the following average bond enthalpies for P—Cl and C1—Cl bonds, predict whether or not an increase in temperature
will lead to a larger or smaller degree of dissociation for the reaction

PCl, = PCL +Cl,
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X-Y D(X-Y) (kJ/mol)
P-Cl 326
cl-cl 240

Solution

The estimated reaction enthalpy is given by the total energy expended breaking bonds minus the energy recovered by the
formation of bonds. Since this reaction involves breaking two P-Cl bonds (costing 652 kJ/mol) and the formation of one CI-Cl
bond (recovering 240 kJ/mol), it is clear that the reaction is endothermic (by approximately 412 kJ/mol). As such, an increase
in temperature should increase the value of the equilibrium constant, causing the degree of dissociation to be increased at the
higher temperature.

This page titled is shared under a CC BY-NC-SA 4.0 license
and was authored, remixed, and/or curated by Patrick Fleming.
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10.7: The Dumas Bulb Method for Measuring Decomposition Equilibrium

A classic example of an experiment that is employed in many physical chemistry laboratory courses uses a Dumas Bulb method to
measure the dissociation of N»Oy4(g) as a function of temperature (Mack & France, 1934). In this experiment, a glass bulb is used to
create a constant volume container in which a volatile substance can evaporate, or achieve equilibrium with other gases present.
The latter is of interest in the case of the reaction

N204(g) = 2NO:(g) (10.7.1)
The reaction is endothermic, so at higher temperatures, a larger degree of dissociation is observed.

The procedure is to first calibrate the internal volume of the Dumas bulb. This is done using a heavy gas (such as SFg) and
comparing the mass of the bulb when evacuated to the mass of the bulb full of the calibrant gas at a particular pressure and
temperature.

Figure 10.7.1:

The Dumas bulb is then charged with a pure sample of the gas to be investigated (such as N>O,4) and placed in a thermalized bath.
It is then allowed to come to equilibrium. Once Equilibrium is established, the stopcock is opened to allow gas to escape until the
internal pressure is set to the pressure of the room. The stopcock is then closed and the bulb weighed to determine the total mass of
gas remaining inside. The experiment is repeated at higher and higher temperatures (so that at each subsequent measurement, the
larger degree of dissociation creates more molecules of gas and an increase in pressure in the bulb (along with the higher
temperature), which then leads to the expulsion of gas when the pressure is equilibrated.

The degree of dissociation is then determined based on the calculated gas density at each temperature.
__P1—p2
p2(n—1)
where p; is the measured density and p2 is the theoretical density if no dissociation occurs (calculated from the ideal gas law for
the given temperature, pressure, and molar mass of the dissociating gas) and n is the number of fragments into which the
dissociating gas dissociates (ie.g., n = 2 for Equation \req{eq1}). The equilibrium constant is then calculated as

K 402 ( P )
1—a2 \1.00atm

Finally, a van’t Hoff plot is generated to determine the reaction enthalpy.

This page titled 10.7: The Dumas Bulb Method for Measuring Decomposition Equilibrium is shared under a CC BY-NC-SA 4.0 license and was
authored, remixed, and/or curated by Patrick Fleming.
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10.8: Acid-Base Equilibria

A great many processes involve proton transfer, or acid-base types of reactions. As many biological systems depend on carefully
controlled pH, these types of processes are extremely important. The pH is defined by

pH = —loga(H") = —log[H"] (10.8.1)
where a is the activity of hydronium ions and [H*] is the true concentration of hydronium ions (both in mol/L).
The dissociation of a weak acid in water is governed by the equilibrium defined by
HA(aq) = H" (aq) + A (aq)
The equilibrium constant for such a reaction, K, takes the form
K, = % (10.8.2)

As is the case for all thermodynamic equilibrium constants, the concentrations are replaced by activities and the equilibrium
constant is unitless. However, if all species behave ideally (have unit activity coefficients) the units can be used as a very useful
guide in solving problems.

v/ Example 10.8.1: Acetic Acid
What is the pH of a 0.200 M HOAC (acetic acid) solution? (K, = 1.8 x 10> M)

Solution
An ICE table will come in very handy here!

[HOAC] [HT] [OAc™]
Initial 0.200 M 0 0
Change -X +x R
Equilibrium 0.200 M - x X X

The equilibrium problem can then be set up as

_ [H*][OAcT]
‘" [HOAC]
Substituting the values that are known
2
-5 X
L8107 = 500 —=

This produces a quadratic equation, and thus two values of x which satisfy the relationship.
x; =—0.001906 M
zo =0.001888 M

The negative root is not physically meaningful since the concentrations of H* and OAc™ cannot be negative. Using the value
of x5 as [H ], the pH is then calculated (via Equation 10.8.1) to be

pH ~ —log,,(0.001888) = 2.72

The Auto-ionization of Water

Water is a very important solvent as water molecules have large dipole moments which create favorable interactions with ionic
compounds. Water also has a large dielectric constant which damps the electric field generated by ions in solutions, making the
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comparative interactions with water more favorable than with other ions in solution in many cases. But water also dissociates into
ions through the reaction

H,0(l) = H" (aq) + OH "~ (aq) (10.8.3)

The equilibrium constant governing this dissociation is highly temperature dependent. The data below are presented by Bandura
and Lvov (Bandura & Lvov, 2006)

T (°C) 0 25 50 75 100

pPK,, 14.95 13.99 13.26 12.70 12.25

From these data, a van’t Hoff plot can be constructed.

van't Hoff Plot for K,

{over the liquid range at a pressure of 1 bar)

In(K,) = -(6337.2 K)/T - 11.074

_35 T T 1
0.0025 0.003 0.0035 0.004
1/T (k)
Figure 10.8.1: van’t Hoff plot for the autoionization of water.

There is some curvature to the line, suggesting some (albeit small) temperature dependence for AH,,, for Equation 10.8.3
However, from the fit of these data, a value of AH,,, can be determined to be 52.7 kJ/mol. Of particular note is that the
dissociation is endothermic, so increases in temperature will lead to a greater degree of dissociation.

v/ Example 10.8.2: Neutral Water

What is the pH of neutral water at 37 °C (normal human body temperature)? Neutral water no excess of [H *] over [OH ] or
vice versa.

Solution
From the best-fit line in the van’t Hoff plot of Figure 10.8.1, the value of K, can be calculated:

In(K,) =—
K, =2.12x 10" M?
Since K, gives the product of [H *] and [OH ~] (which must be equal in a neutral solution),
HY)=1/2.12x10% M? =1.456 x 107 M
And the pH is given by (Equation 10.8.1):
pH = —log;((1.456 x 107") = 6.84

Note: This is slightly less than a pH of 7.00, which is normally considered to be “neutral.” But a pH of 7.00 is only neutral at
25 °C! At higher temperatures, neutral pH is a lower value due to the endothermic nature of the auto-ionization water. While it
has a nigher [H *] concentration, it also has a higher [OH ~| and at the same level, so it is still technically neutral.
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The Hydrolysis of a Weak Base

Hydrolysis is defined as a reaction with water that splits a water molecule. The hydrolysis of a weak base defines the equilibrium
constant Ky,
A"+H,O=HA+OH~
For this reaction, the equilibrium constant K} is given by
B [HA][OH]
A

The concentration (or activity) of the pure compound H>O is not included in the equilibrium expression because, being a pure
compound in its standard state, it has unit activity throughout the process of establishing equilibrium. Further, it should be noted
that when Ky, is combined with the expression for K, for the weak acid HA (Equation 10.8.2),

s () (B400) o -

As a consequence, if one knows K, for a weak acid, one also knows K} for its conjugate base, since the product results in K.

v/ Example 10.8.3:

What is the pH of a 0.150 M solution of KF? (For HF, pK, = 3.17 at 25 °C)

Solution
The problem involves the hydrolysis of the conjugate base of HF, F". The hydrolysis reaction is

F +H,O=HF+OH"

An ICE table is in order here.

F- HF OH™
Initial 0.150 M 0 0
Change -X +x +x
Equilibrium 0.150 M - x X X
So the expression for Kj, is
K, — Ky _1.0x 1071402 _ z?
K, 1031"M 150 M — =

In this case, the small value of Kj insures that the value of x will be negligibly small compared to 0.150 M. In this limit, the
value of & (which is equal to [OH])

t=[0OH |=149x10°M
So [H ] is given by

K, 1014 M2

= =6.71x10° M
[OH-] 1.49x10%M

[H"] =

And the pH is given by (Equation 10.8.1):

Note: The pH of this salt solution is slightly basic. This is to be expected as KF can be thought of being formed in the reaction
of a weak acid (HF) with a strong base (KOH). In the competition to control the pH, the strong base ends up winning the battle.
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This page titled 10.8: Acid-Base Equilibria is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick
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10.9: Buffers

Buffer solutions, which are of enormous importance in controlling pH in various processes, can be understood in terms of acid/base
equilibrium. A buffer is created in a solution which contains both a weak acid and its conjugate base. This creates to absorb excess
H* or supply H" to replace what is lost due to neutralization. The calculation of the pH of a buffer is straightforward using an ICE
table approach.

v/ Example 10.9.1:

What is the pH of a solution that is 0.150 M in KF and 0.250 M in HE?
Solution
The reaction of interest is
HF=H"+F~
Let’s use an ICE table!
HF H+ F-
Initial 0.250 M 0 0.150 M
Change -X +x +x
Equilibrium 0.250 M - x X 0.150 M + x
HY[F~
o, _ HF]
[HF]
1031731 — z(0.150 M +z)
0.250 M —z

This expression results in a quadratic relationship, leading to two values of « that will make it true. Rejecting the negative root, the
remaining root of the equation indicates

[H*]=0.00111 M
So the pH is given by
pH = —10g10(0.00111) = 2.95

For buffers made from acids with sufficiently large values of pK, the buffer problem can be simplified since the concentration of
the acid and its conjugate base will be determined by their pre-equilibrium values. In these cases, the pH can be calculated using
the Henderson-Hasselbalch approximation.

If one considers the expression for K,

+ — —
g, UAT)
[HA] [HA]
Taking the log of both sides and multiplying by -1 yields
_ [A7]
pK, =pH —log, [HA]

An rearrangement produces the form of the Henderson-Hasselbalch approxmimation.

- [A7]
pH =pK, —logy, E

It should be noted that this approximation will fail if:
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1. the pk, is too small,
2. the concentrations [A~] is too small, or
3. [HA] is too small,

since the equilibrium concentration will deviate wildly from the pre-equilibrium values under these conditions.

This page titled 10.9: Buffers is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by Patrick Fleming.

o 9.9: Buffers by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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10.E: Chemical Equilibria (Exercises)

This page titled 10.E: Chemical Equilibria (Exercises) is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or curated by
Patrick Fleming.
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10.S: Chemical Equilibria (Summary)

Vocabulary and Concepts

e common ion effect

e conjugate base

o degree of dissociation

o dissociation of a weak acid

e Dumas Bulb

o Henderson-Hasselbalch equation
e Le Chatlier’s principle

e reaction quotient

o solubility product

o thermodynamic equilibrium constant
e van’t Hoff equation

o van’t Hoff plot

o weak acid
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11.1: Phase Diagrams for Binary Mixtures

As suggested by the Gibbs Phase Rule, the most important variables describing a mixture are pressure, temperature and
composition. In the case of single component systems, composition is not important so only pressure and temperature are typically
depicted on a phase diagram. However, for mixtures with two components, the composition is of vital important, so there is
generally a choice that must be made as to whether the other variable to be depicted is temperature or pressure.

Temperature-composition diagrams are very useful in the description of binary systems, many of which will for two-phase
compositions at a variety of temperatures and compositions. In this section, we will consider several types of cases where the
composition of binary mixtures are conveniently depicted using these kind of phase diagrams.

Partially Miscible Liquids

A pair of liquids is considered partially miscible if there is a set of compositions over which the liquids will form a two-phase
liquid system. This is a common situation and is the general case for a pair of liquids where one is polar and the other non-polar
(such as water and vegetable oil.) Another case that is commonly used in the organic chemistry laboratory is the combination of
diethyl ether and water. In this case, the differential solubility in the immiscible solvents allows the two-phase liquid system to be
used to separate solutes using a separatory funnel method.

One Phase Liquid

T~~~ =

Two Phase Liquid

0 XB 1
Figure 11.1.1 :

As is the case for most solutes, their solubility is dependent on temperature. For many binary mixtures of immiscible liquids,
miscibility increases with increasing temperature. And then at some temperature (known as the upper critical temperature), the
liquids become miscible in all compositions. An example of a phase diagram that demonstrates this behavior is shown in Figure
11.1.1 An example of a binary combination that shows this kind of behavior is that of methyl acetate and carbon disufide, for
which the critical temperature is approximately 230 K at one atmosphere (Ferloni & Spinolo, 1974). Similar behavior is seen for
hexane/nitrobenzene mixtures, for which the critical temperature is 293 K.

Two Phase Liquid

TelF~——"Z-—>--- .
One Phase Liquid

0 XB 1
Figure 11.1.2 :
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Another condition that can occur is for the two immiscible liquids to become completely miscible below a certain temperature, or
to have a lower critical temperature. An example of a pair of compounds that show this behavior is water and trimethylamine. A
typical phase diagram for such a mixture is shown in Figure 11.1.2 Some combinations of substances show both an upper and
lower critical temperature, forming two-phase liquid systems at temperatures between these two temperatures. An example of a
combination of substances that demonstrate the behavior is nicotine and water.

The Lever Rule

The composition and amount of material in each phase of a two phase liquid can be determined using the lever rule. This rule can
be explained using the following diagram.

Temperature

Figure 11.1.3 :

Suppose that the temperature and composition of the mixture is given by point b in the above diagram. The horizontal line segment
that passes through point b, is terminated at points a and c, which indicate the compositions of the two liquid phases. Point a
indicates the mole faction of compound B (Xg) in the layer that is predominantly A, whereas the point c indicates the composition
(Xg )of the layer that is predominantly compound B. The relative amounts of material in the two layers is then inversely
proportional to the length of the tie-lines a-b and b-c, which are given by [ 4 and I respectively. In terms of mole fractions,

la=xB—X5
and
la=x5—-xB

The number of moles of material in the A layer (n4) and the number of moles in the B layer (np) are inversely proportional to the
lengths of the two lines [ 4 and /.

nAlA = TLBZB

Or, substituting the above definitions of the lengths [, and lp, the ratio of these two lengths gives the ratio of moles in the two

phases.
n4a lp _ Xg —XB
ng la xp—xp
This page titled 11.1: Phase Diagrams for Binary Mixtures is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
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11.2: Liquid-Vapor Systems - Raoult’s Law

Liquids tend to be volatile, and as such will enter the vapor phase when the temperature is increased to a high enough value
(provided they do not decompose first!) A volatile liquid is one that has an appreciable vapor pressure at the specified temperature.
An ideal mixture continuing at least one volatile liquid can be described using Raoult’s Law.

Raoult’s Law

Raoult’s law can be used to predict the total vapor pressure above a mixture of two volatile liquids. As it turns out, the composition
of the vapor will be different than that of the two liquids, with the more volatile compound having a larger mole fraction in the
vapor phase than in the liquid phase. This is summarized in the following theoretical diagram for an ideal mixture of two
compounds, one having a pure vapor pressure of p% = 450 T'orr and the other having a pure vapor pressure of p% = 350 T'orr. In
Figure 11.2.1, the liquid phase is represented at the top of the graph where the pressure is higher.

500

| quid
450
=\/apor

400 +

350 -

Presure (Torr)

300 +

250 L] T T L)
0 0.2 0.4 0.6 0.8

[y

Xg
Figure 11.2.1: The liquid phase is represented at the top of the graph where the pressure is higher
Oftentimes, it is desirable to depict the phase diagram at a single pressure so that temperature and composition are the variables
included in the graphical representation. In such a diagram, the vapor, which exists at higher temperatures) is indicated at the top of
the diagram, while the liquid is at the bottom. A typical temperature vs. composition diagram is depicted in Figure 11.2.2 for an
ideal mixture of two volatile liquids.

Tg0
b

Ta® P b

0 XE xg Xg Xg Xg 1
Figure 11.2.2: A typical temperature vs. composition diagram.

In this diagram, 7'y and T'g represent the boiling points of pure compounds A and B. If a system having the composition indicated
by x¢ has its temperature increased to that indicated by point ¢, The system will consist of two phases, a liquid phase, with a
composition indicated by de and a vapor phase indicated with a composition indicated by X%. The relative amounts of material in
each phase can be described by the lever rule, as described previously.

Further, if the vapor with composition X% is condensed (the temperature is lowered to that indicated by point b") and revaporized,
the new vapor will have the composition consistent with x%. This demonstrates how the more volatile liquid (the one with the
lower boiling temperature, which is A in the case of the above diagram) can be purified from the mixture by collecting and re-
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evaporating fractions of the vapor. If the liquid was the desired product, one would collect fractions of the residual liquid to achieve
the desired result. This process is known as distillation.

This page titled is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming.
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11.3: Non-ideality - Henry's Law and Azeotropes

The proceeding discussion was based on the behaviors of ideal solutions of volatile compounds, and for which both compounds
follow Raoult’s Law. Henry’s Law can be used to describe these deviations.

pB = kup%

For which the Henry’s Law constant (kp) is determined for the specific compound. Henry’s Law is often used to describe the
solubilities of gases in liquids. The relationship to Raoult’s Law is summarized in Figure 11.3.1

ku

Henry's Law (p = Xa kuy)

pressure

Raoult's Law (p = Xa pt°)

0 XB 1
Figure 11.3.1: The relationship between Raoult's Law and Henry's Law for a binary mixture.

Henry’s Law is depicted by the upper straight line and Raoult’s Law by the lower.

v Example 11.3.1: Solubility of Carbon Dioxide in Water

The solubility of CO2(g) in water at 25 °C is 3.32 x 102 M with a partial pressure of CO over the solution of 1 bar.
Assuming the density of a saturated solution to be 1 kg/L, calculate the Henry’s Law constant for C'O.

Solution
In one L of solution, there is 1000 g of water (assuming the mass of CO; dissolved is negligible.)

1 mol
18.02¢

(1000 g) ( ) =55mol H,O

The solubility of C'O can be used to find the number of moles of CO; dissolved in 1 L of solution also:

3.32 x 10 2moal

17 1L =3.32x10"2mol CO,

and so the mol fraction of CO is

~3.32x10 *mol

X0 = =g 098 X107
And so
10° Pa=15.98 x 10 kg
or
kx =1.67 x 10° Pa
Azeotropes

An azeotrope is defined as the common composition of vapor and liquid when they have the same composition.
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Figure 11.3.2: Phase diagrams for (left) a maximum boiling point azeotrope and (right) Ta maximum boiling point azeotrope.

Azeotropes can be either maximum boiling or minimum boiling, as show in Figure 11.3.2;left Regardless, distillation cannot
purify past the azeotrope point, since the vapor and quid phases have the same composition. If a system forms a minimum boiling
azeotrope and also has a range of compositions and temperatures at which two liquid phases exist, the phase diagram might look
like Figure 11.3.2; right

vapor

Temperature

one phase liquid

two phase liquid

0 Xa 1
Figure 11.3.3: Phase diagram for a binary solution with the boiling point of a minimum boiling azeotrope that is higher that when
components are miscible (single phase).

Another possibility that is common is for two substances to form a two-phase liquid, form a minimum boiling azeotrope, but for the
azeotrope to boil at a temperature below which the two liquid phases become miscible. In this case, the phase diagram will look
like Figure 11.3.3
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In the diagram, make up of a system in each region is summarized below the diagram. The point e indicates the azeotrope
composition and boiling temperature.

ﬂJ
—_
2
© A
¥
o
S a b c
& Ia le
v
I
| e
Il
two phase liquid
0 Xs 1

I. Single phase liquid (mostly compound A)
II. Single phase liquid (mostly compound B)
III. Single phase liquid (mostly A) and vapor
IV. Single phase liquid (mostly B) and vapor
V. Vapor (miscible at all mole fractions since it is a gas)

Solution

Within each two-phase region (III, IV, and the two-phase liquid region, the lever rule will apply to describe the composition of
each phase present. So, for example, the system with the composition and temperature represented by point b (a single-phase
liquid which is mostly compound A, designated by the composition at point a, and vapor with a composition designated by that
at point c), will be described by the lever rule using the lengths of tie lines I, and Ip.

This page titled 11.3: Non-ideality - Henry's Law and Azeotropes is shared under a CC BY-NC-SA 4.0 license and was authored, remixed, and/or
curated by Patrick Fleming.

« 8.8: Non-ideality - Henry's Law and Azeotropes by Patrick Fleming is licensed CC BY-NC-SA 4.0.
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